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Abstract
Recent works of Roughgarden (EC’21) and Chung and Shi (SODA’23) initi-

ate the study of a new decentralized mechanism design problem called transaction
fee mechanism design (TFM). Unfortunately, Chung and Shi showed two main im-
possibility results that rule out the existence of a dream TFM. First, any TFM that
provides incentive compatibility for individual users and miner-user coalitions must
always have zero miner revenue, even if the block size is infinite. Second, assuming
a finite block size, no non-trivial TFM can simultaneously provide incentive com-
patibility for any individual user and for any miner-user coalition.

This thesis explores potential relaxations and the theoretical landscape of trans-
action fee mechanisms under these relaxations. We delve into four key directions:
1. MPC-assisted model. We introduce a new MPC-assisted model, where the TFM

is implemented through a joint multi-party computation (MPC) protocol among
miners. While this model does not get rid of the zero-miner revenue limitation, it
indeed allows us to overcome some impossibility results pertaining to the origi-
nal model (henceforth called the plain model), leading to non-trivial mechanisms
with useful guarantees that are otherwise impossible in the plain model.

2. Approximate Incentive Compatibility. Allowing strategic players to gain no more
than ϵ-additional utility compared to honest behavior, we design mechanisms
with positive miner revenues in both the plain and MPC-assisted models. Despite
achieving optimality with respect to the miner revenue, these mechanisms have
poorly scalable miner revenue, as we proved with certain impossibility results.

3. Reasonable-world assumption. We show that if we make a mildly stronger as-
sumption assuming that we know a lower bound h on the number of honest users
and an upper bound d on the number of bids controlled by the coalition, we can
circumvent the previous limitations on miner revenue, and design mechanisms
that generate optimal miner revenue linear in h.

4. Miner-user coalition proof. Here, we consider another flavor of notion capturing
incentives of the miner-user coalitions: miner-user coalition proof, which requires
that any miner-user coalition is unstable. We show that, under this new notion, we
are able to design interesting transaction fee mechanisms for finite block sizes that
satisfy incentive compatibility for any individual user and any miner coalition, as
well as miner-user coalition proofness.
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Chapter 1

Introduction

The recent success of cryptocurrency and blockchains offer innovative financial services. As
these applications continue to gain widespread adoption, the demand for blockchain is rising.
However, space on blockchains is a scarce resource. On average, the two largest blockchains,
Bitcoin and Ethereum processes roughly 5 and 15 transactions per second. To address space allo-
cation among competing transactions, transaction fee mechanisms are introduced [LSZ19, Yao,
BEOS19, BCD+, Rou20, Rou21, FMPS21, CS23, GY22, ZCZ22, SCW23, WSC24]. In a transac-
tion fee mechanism (TFM), whenever a new block is proposed, the space in the block is auctioned
off to the users who bid to get their transactions included and confirmed in the block. If the block
can contain up to k number of transactions, one can think of the transaction fee mechanism as an
auction selling k identical items to the users.

Although the transaction fee mechanism can be equivalently thought of as an auction, earlier
works [LSZ19,Yao,BEOS19,BCD+,Rou20,Rou21,FMPS21,CS23,GY22,ZCZ22] observe that
the transaction fee mechanism design departs significantly from classical auction design due to
challenges posed by the decentralized nature of blockchain.
• First, most classical auction design assumes an honest auctioneer who always implements the

prescribed mechanism. However, on the blockchain, the transaction fee mechanism is imple-
mented by the miners1 who may take advantage of profitable deviations and not implement
the mechanism honestly.

• The existence of smart contracts in blockchain makes it easy for the miners and users to form
binding coalitions. In particular, they can behave strategically to increase their joint profits
and split the gain off-chain. Such collusion is typically not handled in classical auctions.

• Most blockchains offer a permissionless environment: anyone can register for pseudonyms
and submit fake bids under these extra pseudonyms or drop off their bids. Therefore, the
transaction fee mechanism has no information about the actual number of users participating
in the auction.

In response to these challenges, earlier works [LSZ19, Yao, BEOS19, BCD+, Rou20, Rou21]
formulated the following desiderata for a “dream” transaction fee mechanism:
• User Incentive Compatibility (UIC): Each user is incentivized to bid its true value, represent-

1Throughout this thesis, we refer to those consensus nodes who propose new blocks as miners, no matter whether
the consensus protocol uses proof-of-work or proof-of-stake.
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ing the maximum amount the user is willing to pay. This guarantee should hold even if the
user decides its strategy after observing all other users’ bids.

• Miner Incentive Compatibility (MIC): The miner is incentivized to implement the mechanism
honestly, even after observing all users’ bids.

• c-Side-Contract-Proofness (c-SCP): If the miner colludes with no more than c number of users
and their goal is to maximize their joint utility, then they are incentivized to behave honestly,
even after observing all other users’ bids.

Roughgarden [Rou20,Rou21] demonstrated that assuming an infinite block size (i.e., no conges-
tion), Ethereum’s EIP-1559 [BCD+] satisfies all three properties. Roughly speaking, when there
is no congestion, EIP-155p acts as a “burning posted price auction”: there is a fixed reserved
price r, every user who bids at least r gets confirmed and pays r, all payments are burnt rather
than paid to the miners. In practice, EIP-1559 estimates the demand and dynamically adjusts the
reserved price to stay in the “infinite block size” regime.

However, congestion does happen. In practice, roughly 2.4% of the blocks experience con-
gestion in Ethereum [CRS24]. Chung and Shi [CS23] explored the landscape of TFM for the
finite block size regime and proved the following fundamental impossibility results: 1.) Any
TFM that satisfies UIC and SCP must suffer from 0-miner revenue2, and 2.) No non-trivial TFM
satisfies all three properties for a finite block size. In light of the status quo of our understanding,
we ask the following question:

Are there meaningful new models or relaxations that allow us to circumvent the impossibility
results of Chung and Shi?

Chung and Shi [CS23] made an initial effort along this line. Assuming offending bids (e.g.,
overbid or fake transactions) that have been posted to the public cannot be retracted in the future,
they give a mechanism that circumvents the impossibilities and achieve positive miner revenue
under finite block size. While this assumption holds for some cryptocurrencies like Bitcoin, it
may not be universally true for all cryptocurrencies. Therefore, an important question is what
are the other models or relaxations we can explore.

In this thesis, we explored the following four directions, aiming to understand whether they
allow us to circumvent the impossibility results of Chung and Shi [CS23] and how these different
relaxations (or a mix of several relaxations) alter the landscape of TFMs.
1. MPC-assisted model [SCW23]: Having a group of miners jointly run a multi-party computa-

tion (MPC) protocol to implement the TFM instead of having a single miner implement the
TFM.

2. Approximate incentive compatibility [SCW23]: Relaxing the incentive compatibility notion
and allowing an ϵ additive slack.

3. Resonable-world assumption [WSC24]: Assuming sufficient honesty among the number of
users: in particular, we assume that at least h number of users are honest.

4. Miner-User Coalition Proofness (MUCP): Another notion capturing incentive compatibility
for miner-user coalitions. Roughly speaking, MUCP guarantees that the miner-user coalition
is unstable and, therefore, disincentivizes the miners/users to form a coalition.

2We ignore the fixed block reward of the miner in practice since it is irrelevant to our analysis.
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Throughout the thesis, we refer to today’s model, where a single miner implements the mecha-
nism without the use of any cryptography as the plain model, and we refer to the case where the
TFM is realized with MPC as the MPC-assisted model.

1.1 Our Contributions

In our exploration of various relaxations, we contribute novel insights at both the conceptual
and technical levels. From a technical perspective, we develop new tools for characterizing the
solution space under certain relaxations. Specifically, we develop techniques for mathematical
reasoning of approximate incentive compatibility, and our mechanisms yield interesting tech-
niques which may be used in other auction designs. On the conceptual front, while existing
research has demonstrated the synergy between cryptography and game theory [HT04, KN08,
ADGH06,OPRV09,AL11,ACH11,GKM+13,GKTZ15,GTZ15,Kat08,DR07,GLR10,CGL+18,
WAS22, CCWS21, PS17, KMSW22, FW20, EFW22] (see Section 1.1.5 for further discussions),
our results reveal new connections between cryptography and game theory. Our results high-
light the potential of cryptography-meets-game-theory as a promising paradigm for addressing
challenges arising from the popularity of blockchains and decentralized applications.

Moreover, our investigation delves into the nuanced definition of “sufficient honesty” and
Miner-User Coalition Proofness (MUCP). Defining such relaxations reveals subtleties, as we
will elaborate on later in Section 1.1.3 and Section 1.1.4. Notably, certain natural notions fail to
yield new and interesting results. In presenting these conceptual contributions, we aim to inspire
future works in the captivating space of decentralized mechanism design.

We give a summary of our main results below.

1.1.1 MPC-Assisted Model

While blockchain inherently provides a decentralized environment, the original TFM model ex-
hibits some level of centralization: the miner of the current block has dictatorial control over the
content, i.e., the miner receives users’ bids and decides which bids to include in the block. To
seek avenues that allow us to circumvent the previous impossibility result, we ask: can we also
decentralize the implementation of the TFM?

New model: MPC-assisted Model.

Consider a scenario hereafter called the MPC-assisted model, where a set of miners jointly run
a multi-party computation (MPC) protocol to implement the TFM. One may think of the MPC
protocol as providing an ideal functionality FTFM:
• Each player (either user or miner) may act as any number of identities (including 0), and on

behalf of each identity, submit a bid represented by a non-negative real number to FTFM.
• The ideal functionality FTFM executes the prescribed rules of the TFM and then sends to all

players the outcome of the TFM: the set of bids that are confirmed, what price each confirmed
bid pays, and the total miner revenue.
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To ensure budget feasibility and individual rationality, we require that user payments must not
exceed their bids, and the total miner revenue should not surpass the total payment. The total
miner revenue from the TFM is split among the participating miners.

Throughout this thesis, we assume that there is a separate process to decide the set of miners
to run the MPC. For example, this decision can be made through either proof-of-work or proof-
of-stake, where the total miner revenue is effectively split among the miners proportional to their
mining power or stake, respectively.

In subsequent sections, we will analyze different incentive compatibility notions and mecha-
nisms assuming an ideal MPC-assisted model, i.e., we assume that a trusted party implements the
above ideal functionality FTFM. Later in Chapter 7, we will show how to instantiate FTFM with
real-world cryptography and how we extend the analysis to achieve computational soundness in
the real world.

Intuitively, an MPC-assisted TFM restricts the strategy space for players in comparison with
the plain model:
R1 A strategic individual or coalition must decide its strategy without having seen honest users’

bids (c.f. in the plain model, a strategic individual or coalition can decide their strategy after
seeing other players’ bids).

R2 Once the set of bids is committed to, the transaction fee mechanism must be implemented
honestly (c.f. in the plain model, the winning miner or block proposer can strategically
choose which transactions to include in the block).

Further, the MPC-assisted model enables a relaxed notion of incentive compatibility.

Ex post vs. Bayesian notions of incentive compatibility. In the plain model, because a strategic
individual or coalition can decide their bids after seeing others’ bids, prior works [Rou21,CS23]
considered an ex post notion of incentive compatibility. This notion requires that for any strategic
coalition or individual, being honest is the best strategy even after they observe other users’ bids.

However, in the new MPC-assisted model, players must submit their bids to FTFM with-
out seeing others’ bids. Hence, it also makes sense to consider a Bayesian notion of incentive
compatibility. Informally, we say that an MPC-assisted TFM satisfies Bayesian Incentive Com-
patibility for a strategic coalition (or individual) C, following the honest strategy allows C to
maximize its expected gain, assuming that the bids of users not in C are drawn independently
from some known distribution. We say that a scheme satisfies Bayesian UIC, ρ-MIC or (ρ, c)-
SCP, respectively, if the coalition C consists of a single user, at most ρ fraction of miners, or at
most ρ fraction of miners as well 1 to c number of users.

Results in the MPC-Assisted Model

Exactly because the MPC-assisted model imposes the above restrictions on the strategy space
and enables Bayesian incentive compatibility, we are hopeful that it may allow us to circumvent
impossibilities. Table 1.1 below summarizes the landscape of TFMs under the plain and the
MPC-assisted model. We have matching upper- and lower bounds with respect to the miner
revenue. In the table, ✗ represents impossibility, and results in green background are presented
in this thesis.
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Plain model MPC-assisted model

Infinite block size 0-miner revenue [CS23, Rou20] 0-miner revenue

Finite block size ✗ [CS23]
c = 1 0-miner revenue

c ≥ 2 0-social welfare

Table 1.1: Landscape for TFMs satisfying UIC, MIC and c-SCP under the plain model and the
MPC-assisted model.

Notably, the MPC-assisted model, even with Bayesian notions of incentive compatibility,
fails to circumvent the zero miner revenue lower bound, even for infinite block size.
Theorem 1.1.1 (Limit on miner revenue in MPC-assisted model). For any possibly randomized
TFM in the MPC-assisted model that satisfies Bayesian UIC, Bayesian MIC, and Bayesian 1-
SCP, the expected total miner revenue must be 0.

Now, the main question we care about here is whether the MPC-assisted model allows us to
circumvent the finite-block impossibility. It turns out that the answer is not a simple binary one.

For c = 1, i.e., when there is only one user in the miner-user coalition, we show that the
MPC-assisted model indeed circumvents the strong finite-block impossibility of Chung and
Shi [CS23]. In particular, the following posted price auction with random selection satisfies
UIC, MIC, and (ρ, 1)-SCP for any ρ ∈ (0, 1].

MPC-assisted, posted price auction with random selection

Let r be a fixed reserve price and k be the block size. Randomly choose up to k bids at least
=t r to confirm. Any confirmed bid pays r. All payments are burnt, and the miner revenue is
0.

Theorem 1.1.2 (MPC-assisted, posted price auction with random selection). The above MPC-
assisted, posted price auction with a random selection satisfies UIC, MIC, and (ρ, 1)-SCP in the
ex post setting for an arbitrary ρ ∈ [0, 1].

Since Theorem 1.1.2 holds even in the ex post setting, another interpretation is that the en-
forcement of the honest implementation (i.e., restriction R1, not R2) is what allows us to circum-
vent the finite-block impossibility when c = 1.

However, the above mechanism fails when the coalition may contain c ≥ 2 users. Imagine
the number of users n = k+1, and the coalition consists of two users and any fraction of miners.
Suppose one of the colluding users has a true value v ≫ r, and the other has a true value v′ = r.
In this case, the user with true value v′ = r should drop out and not submit a bid. This strategy
guarantees that the friend with the large true value will be confirmed, and thus, the coalition’s
joint utility increases.

It turns out that this is no accident. We prove that for c ≥ 2, no MPC-assisted TFM with
positive social welfare can achieve UIC, MIC, and SCP for (ρ, c)-sized coalitions at the same
time for any choice of ρ. Further, the impossibility holds even assuming Bayesian notions of
incentive compatibility.
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Theorem 1.1.3 (Finite-block impossibility in the MPC-assisted model for c ≥ 2). Let c ≥ 2
and let ρ ∈ [0, 1]. No (possibly randomized) MPC-assisted TFM with positive social welfare
can simultaneously achieve Bayesian UIC, Bayesian MIC, and Bayesian SCP for (ρ, c)-sized
coalitions, assuming finite block size.

Note that all our impossibility results hold for Bayesian incentive compatibility while our
mechanism satisfies ex post incentive compatibility. This makes both our upper- and lower-
bounds stronger.

1.1.2 Approximate Incentive Compatibility
While the MPC-assisted model circumvents the previous impossibility result, it does not give
rise to interesting mechanisms: the miner revenue must be 0, and even the social welfare must
be 0 for finite block size if we want to tolerate miner-user coalitions containing 2 or more users.
Consequently, we need to explore alternative approaches to achieve positive miner revenue and
social welfare. We therefore ask the following question: suppose we are willing to relax the
incentive compatibility notion and allow an ϵ additive slack, can we circumvent the zero miner
revenue lower bound? If so, exactly how much miner revenue can we hope for?

The table below summarizes the landscape for approximate incentive compatibility under
the plain and MPC-assisted models. We use k to represent the block size and n to represent
the number of users. Here, CD and M are constant terms depending on the scale of the bid
distribution of users’ true values, and Θ(·) implies asymptotically matching upper- and lower-
bounds.

Plain model MPC-assisted model

Infinite block size Θ(n · (ϵ+ CD
√
ϵ))-miner rev Θ(n · (ϵ+ CD

√
ϵ))-miner rev

Finite block size Impossibility: Õ(k3ϵ)-social welfare
Feasibility: Θ(k2ϵ)-social welfare

Θ(k ·M)-social welfare

Table 1.2: Landscape for TFMs satisfying ϵ-UIC, ϵ-MIC and ϵ-SCP against any miner-user
coalition with at most c users.

Infinite block size.

Given a slack ϵ and an integer c ≥ 1, consider a simple posted price auction with a reserve
price r ≤ ϵ

c
: all bids that bid at least r are confirmed. Each confirmed bid pays r. All payment

goes to the miner. It is not hard to show that the above auction satisfies strict UIC, strict MIC
(for an arbitrarily sized miner-coalition), and ϵ-SCP against c-sized coalitions in the plain model.
Further, the expected total miner revenue is Θ(n · ϵ

c
) when the users’ true values are not too small.

Although the above mechanism achieves a miner revenue linear in n, the drawback is that the
miner revenue is unscalable: even as the users’ bids scale up (e.g., by some multiplicative factor),
the miner revenue does not grow proportionally. We then show that the following randomized
TFM achieves scalable miner revenue:
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Proportional auction // Let r be a fixed reserve price.

• Every bid b ≥ r is confirmed with probability 1 and every candidate bid b < r is con-
firmed with probability b/r. Each confirmed bid b pays p = min{ b

2
, r
2
}.

• For each confirmed bid, the miner gets a pre-determined threshold r′ =
√

2rϵ
9c

if p ≥ r′.

For example, suppose all users’ bids are sampled independently from some distribution D, and
let m be the median of the distribution such that Prx∼D[x ≥ m] ≥ 1/2 (or any other constant).
Then, if we set r = m, the expected miner revenue (taken over the randomness of users’ bids as
well as of the TFM itself) is Ω(n ·min(m,

√
mϵ
c
)). Combining the posted price auction and the

proportional auction, we have the following theorem:
Theorem 1.1.4. Consider the hybrid auction which runs either the posted posted price auction
with reserve price ϵ

c
or the proportional auction with the reserve price of r, depending on which

one has higher expected revenue. The hybrid auction in the plain model is strict UIC, strict MIC
(for an arbitrarily sized miner coalition), and ϵ-SCP against any miner-user coalition with at
most c users. Further, it achieves Ω

(
n · (min(

√
rϵ
c
, r) + ϵ

c
)
)

expected total miner revenue.
Next, we prove a matching bound that shows the limitation of how much miner revenue can

be attained under approximate incentive compatibility, as stated in the following theorem — this
bound holds for Bayesian incentive compatibility, no matter whether the block size is finite or
infinite. This makes both our feasibility results and impossibility results stronger.
Theorem 1.1.5 (Limit on miner revenue for infinite block size). For any possibly randomized
TFM (in the MPC-assisted model) that satisfies Bayesian ϵ-UIC, ϵ-MIC, and ϵ-SCP for miner-
user coalitions with 1 user, the expected total miner revenue over a random bid vector sampled
from D = D1 × · · · × Dn must be upper bounded by

Eb∼Dn [µ(b)] ≤ 6n · (ϵ+ CD
√
ϵ),

where µ(b) denotes the total miner revenue under the bid vector b, n is the number of users, Di

denotes the true value distribution of user i ∈ [n], and CD = 1
n

∑n
i=1 EX∼Di

[
√
X].

Finite block size

Next, we discuss the landscape of approximate incentive compatibility for finite block size in
both the plain model and the MPC-assisted model.

Plain model. Unfortunately, introducing approximate incentive compatibility does not yield
substantial benefits in the plain model for finite block size. We establish a new impossibility
result which rules out the existence of “useful” mechanisms whose social welfare (i.e., the sum
of everyone’s utilities) scales up proportionally w.r.t. the bid distribution:
Theorem 1.1.6 (Scalability barrier for approximate incentive compatibility in the plain model).
Fix any ϵ > 0, and suppose the block size is k. Any (possibly random) TFM in the plain model
that simultaneously satisfies ϵ-UIC, ϵ-MIC, and ϵ-SCP (even when the miner colludes with at
most one user) has at most Õ(k3ϵ) social welfare, where k is the block size and Õ(·) hides
logarithmic factors.

7



MPC-assisted model Conversely, considering approximate incentive compatibility in the MPC-
assisted model can overcome the above scalability barrier. Specifically, we construct an MPC-
assisted TFM called the “diluted posted price auction” that can achieve asymptotically optimal
social welfare when enough users’ bids are large enough.

MPC-assisted, diluted posted price auction
// Let r be a fixed reserve price, let M be the maximum possible value of the bid, and let k
be the block size.
• Remove all bids that are less than r, and suppose that there are ℓ bids left — these bids

form the candidate pool.

• Let N = max{c ·
√

kM
2ϵ
, k}. If ℓ < N , pad the candidate pool with fake 0 bids such that

its size is N .
• Choose k bids at random from the candidate pool. All real bids chosen are confirmed and

pay the reserve price of r.
• The miner gets 2ϵ

c
for each confirmed bid.

In the above mechanism, suppose we set the reserve price r ≤ M/2, and further, imagine that
everyone’s true value is M , and they all bid their true value. Further, assume that there are many
more users than the block size k. In this case, the block will be filled with k confirmed bids, and
each confirmed bid obtains utility M/2. Thus, we can achieve Θ(M · k) social welfare, which is
optimal.
Theorem 1.1.7 (MPC-assisted, diluted posted price auction). The above MPC-assisted, diluted
posted price auction satisfies strict UIC, strict MIC, and ϵ-SCP for (ρ, c)-sized coalitions in the
ex post setting for any choice of ρ and c. Further, the mechanism is scalable, i.e., it can achieve
Θ(M · k) expected social welfare under some bid configurations.

Our results show that cryptography can help us circumvent fundamental impossibilities of
the plain model under finite block size for both strict incentive compatibility and approximate
incentive compatibility. On the other hand, cryptography is also not a panacea. For example, the
MPC-assisted model does not fundamentally help us improve miner revenue in the infinite block
size setting. In addition, the MPC-assisted model does not help with the social welfare for strict
incentive compatibility.

1.1.3 Reasonable-World Assumption
While the above two relaxations give us feasible mechanisms that satisfy all three properties as
well as positive miner revenue, the miner revenue we can hope for has weak scalability. For
strict incentive compatibility, the zero miner revenue limitation holds in a very strong sense:
regardless of whether the block size is finite or infinite and even when we consider Bayesian
incentive compatibility and the miner colludes with at most c = 1 user. For approximate incen-
tive compatibility, the miner revenue cannot enjoy linear scaling w.r.t. the magnitude of the bids
(Theorem 1.1.5). Inspired by the philosophy adopted in a line of work at the intersection of cryp-
tography and game theory [HT04,KN08,ADGH06,OPRV09,AL11,ACH11,GKM+13,GKTZ15,
GTZ15, Kat08, DR07, GLR10, CGL+18, WAS22, CCWS21, PS17, KMSW22, FW20, EFW22],
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where the game theoretic properties hold as long as sufficiently many players are honest, we ask
the following natural question:

Can we circumvent the severe limitation on miner revenue, assuming sufficient honesty?
Notably, since the game-theoretic guarantees incentivize honest behaviors, this in turn reinforces
the “sufficient honesty” assumption.

Phrasing the precise “sufficient honesty” assumption, however, turns out to be technically
subtle. One naı̈ve attempt is to assume an honest majority among the players. But this assumption
does not work because TFMs must work in an open setting where anyone can post a bid, and the
mechanism is unaware of the number of users a-priori. In Section 5.5.3, we show that even under
such an “honest majority bids” assumption, we would still suffer from an O(1)-miner revenue
limitation.

Reasonable-world assumption: known lower bound on the number of honest users.

Instead of the “honest majority bids” assumption, we make a subtly different assumption — we
assume that there is an a-priori known lower bound h on the number of honest users. Note that
this assumption also promises that at least h users will show up. We refer to this as the known-h
model.

The table below summarizes the landscape for the known h-model. We use ✗ to represent
impossibility. Still, k represents the block size. Here, ΘD(·) means that the hiding constant term
depended on users’ true value distribution. In the table, Θ(·) or ΘD(·) imply asymptotically
matching upper- and lower-bounds.

Plain model MPC-assisted model

Infinite block size
strict 0 miner rev ΘD(h)-miner rev

approx Θ(n · (ϵ+
√
mϵ))-miner rev ΘD(h)-miner rev

Finite block size
strict ✗

ΘD(min{h, k})-miner rev

c ≥ 2: 0-user social welfare

approx
ΘD(min{h, k})-miner rev

ΘD(k)-user social welfare

Table 1.3: Landscape for TFMs the known-h model. Here, strict and approx stand for strict
incentive compatibility and approximate incentive compatibility with an ϵ-slack, respectively.

In the introduction, we will give the informal results assuming every honest user’s true value
is i.i.d. sampled from some a-priori known distribution D, while the strategic users’ true values
can be arbitrary non-negative numbers. In Chapter 5, we will give the formal results where we
only need to assume that honest users’ true values are sampled independently and have the same
median m.

With the known-h model, we first observe that the zero miner revenue limitation no longer
holds. Instead, we can prove an O(h)-limit on the miner revenue as stated in the following
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theorem.
Theorem 1.1.8 (Informal: limit on miner revenue in the known-h model). In the known-h
model, no MPC-assisted mechanism that simultaneously satisfies UIC, MIC, and SCP (even
in the Bayesian setting) can achieve more than h · E(D) expected miner revenue where E(D)
denotes the expectation of the value distribution D.

More generally, in the known-h model, if the number of users is n, no MPC-assisted mech-
anism that simultaneously satisfies ϵ-UIC, ϵ-MIC, and ϵ-SCP (even in the Bayesian setting) can
achieve more than h · E(D) + 2(n−h)

ρ
(ϵ+ CD

√
ϵ) expected miner revenue, where ρ is an upper

bound on the fraction of miners controlled by the strategic coalition, and CD = EX∼D[
√
X].

Furthermore, the above limitation holds no matter when the block size is finite or infinite,
and even when the miners collude with at most c = 1 user.

One informal interpretation of the above theorem is the following: for ϵ incentive compati-
bility, Theorem 1.1.8 allows us to hope for a mechanism where roughly speaking, from each of
h users, the miners can hope to get E(D) revenue which scales proportionally w.r.t. to the bid
distributionD. For each of the remaining users, the miners can potentially get some function that
depends on ϵ and the bid distribution D, but the term does not scale linearly w.r.t. the magnitude
of the bid distribution for natural distributions.

Theorem 1.1.8 allows us to hope for a TFM in the known-h model that achieves revenue that
scales with h as well as the magnitude of the bid distribution D. So, can we indeed design a
mechanism with asymptotically optimal mine revenue matching Theorem 1.1.8?

Mechanisms for infinite block size.

For the infinite block size regime, we propose two mechanisms in the MPC-assisted model:
• The first one, called threshold-based mechanism, is a simple and practical mechanism that

satisfies almost-strict incentive compatibility except for a tiny slack ϵ that is exponentially
small in h.

• The second one, called LP-based mechanism (since it uses linear programming), is a result
of theoretical interest. It achieves strict incentive compatibility, but under one extra assump-
tion (besides a-priori knowledge of h), that the number of fake bids injected by the strategic
coalition is bounded by some a-priori fixed number d.

Both mechanisms achieve asymptotically optimal miner revenue3 w.r.t. Theorem 1.1.8. Next, we
state the corresponding theorems for the two mechanisms below.

MPC-assisted, threshold-based mechanism // Let m be the median of the distribution D.

• All bids at least m get confirmed and pay m.
• If the number of confirmed bids is at least h/4, then the miner revenue is m · h/4; Other-

wise, the total miner revenue is 0.

Theorem 1.1.9 (Informal: threshold-based mechanism). Suppose honest users’ values are sam-
pled i.i.d. from some distribution D. Then, there exists an MPC-assisted TFM in the known-h

3We achieve asymptotic optimal miner revenue w.r.t. h assuming that the expectation and median of the distri-
bution D is a constant independent of h.
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model that satisfies ex post UIC, Bayesian ϵ-MIC, and Bayesian ϵ-SCP (for any number of col-
luding users) for ϵ = OD(exp(−Ω(h))) where OD(·) hides terms related to the value distribution
D. Furthermore, the expected total miner revenue Θ(h) ·median(D).

Essentially, from each of h users, the miners can obtain revenue that scales linearly w.r.t. both
the bid magnitude. By contrast, without the known-h assumption, for our choice of ϵ which
is exponentially small in h, the miner revenue must be exponentially small in h, as shown in
Theorem 1.1.5. Observe also that the miner revenue is asymptotically optimal up to additive
factors that are exponentially small in h due to Theorem 1.1.8.

The second mechanism, the LP-based mechanism, assumes that the number of bids controlled
by strategic coalition/individual is at most d.

MPC-assisted, LP-based mechanism // Let m be the median of the distribution.

• All bids at least m get confirmed and pay m.
• Let n be the length of the bid vector, let y := (y0, y1, . . . , yn) where yi represents how

much the miner gets when the number of confirmed bids is i. Solve the following linear
program:

∀i ∈ [n] : 0 ≤ yi ≤ i ·m

∀0 ≤ j ≤ d : E[miner revenue|j bids from strategic coalition confirmed] =
m · h
4

.

• The total miner revenue is ys where s is the number of bids confirmed.

Theorem 1.1.10 (Informal: LP-based mechanism). Suppose honest users’ values are sampled
i.i.d. from some distribution D. Then, there exists an MPC-assisted TFM that satisfies ex post
UIC, Bayesian MIC, and Bayesian SCP where the MIC and SCP guarantees hold as long as the
total number of bids d contributed by the strategic coalition satisfies d ≤ 1

8

√
h

2 log h
. Further, the

expected total miner revenue is Θ(h) ·median(D).
In the above theorem, we need the extra assumption that the strategic coalition does not

control too many bids. Effectively, this assumes that the coalition cannot inject too many fake
bids. Currently, we do not know whether this extra assumption (besides known-h) is needed to
overcome the zero miner revenue limitation. We leave this as an interesting open question.

Mechanisms for finite block size.

For the finite block size case, we propose two mechanisms:
• We propose a simple mechanism called diluted threshold-based mechanism that achieves ap-

proximate incentive compatibility. Further, for sufficiently large h, the mechanism achieves
asymptotically optimal miner revenue.

• For theoretical interest, we propose another mechanism called LP-based mechanism with ran-
dom selection which achieves strict incentive compatibility and asymptotically optimal miner
revenue — but under the additional assumption that the coalition cannot inject too many fake
bids, and moreover, the miners collude with at most c = 1 user. Jumping ahead, the c = 1
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assumption will be later justified in Theorem 1.1.13.

MPC-assisted, diluted threshold-based Mechanism
// Let k be the block size amd m be the median of D, let M be the maximum value of the
distribution D.
• Let R := max

(
2c
√

kM
ϵ
, k
)

. All bids offering at least m are candidates. If the number

of candidates s ≤ R, randomly select k
R
· s candidates to confirm; else, randomly select k

candidates to confirm. Every confirmed bid pays m.
• If s ≥ h

4
, then the total miner revenue is min(h

4
· k
R
, k) · m. Otherwise, the miners get

nothing.

Theorem 1.1.11 (Informal: diluted threshold-based mechanism). Suppose the block size is k,
and that honest users’ values are sampled i.i.d. from some bounded distribution D. Then,
there exists an MPC-assisted TFM in the known-h model that satisfies ex post UIC, Bayesian
ϵ-MIC, and Bayesian ϵ-SCP (for any number of colluding users) for ϵ = OD(exp(−Ω(h))).
Furthermore, for sufficiently large h, the mechanism achieves expected total miner revenue
Θ(k) ·median(D).

The second mechanism, LP-based mechanism with random selection, assumes that the strate-
gic coalition/individual controls at most d number of bids.

MPC-assisted, LP-based mechanism with random selection
// Let m be the median of the distribution.
• All bids offering at least m are candidates. If there are more than k candidates, randomly

select k of them to confirm; else confirm all candidates. Every confirmed bid pays m.
• Let n be the length of the bid vector, let y := (y0, y1, . . . , yn) where yi represents how

much the miner gets when the number of candidates is i. Solve the following linear
program:

∀i ∈ [n] : 0 ≤ yi ≤ min(i, k) ·m

∀0 ≤ j ≤ d : E[miner revenue|j bids from strategic coalition confirmed] =
m ·min(k, h)

4
.

• The total miner revenue is ys where s is the number of bids confirmed.

Theorem 1.1.12 (Informal: LP-based mechanism with random selection). Suppose the block size
is k, and suppose that honest users’ values are sampled i.i.d. from some distribution D. Then,
there exists an MPC-assisted TFM that satisfies ex post UIC, Bayesian MIC, and Bayesian SCP,
where the MIC and SCP guarantees hold when 1) at most c = 1 user colludes when miners,
and 2) the total number of bids d contributed by the strategic coalition satisfies d ≤ 1

8

√
h

2 log h
.

Further, the expected total miner revenue is Θ(min{h, k}) ·median(D).
We justify the c = 1 assumption in the LP-based mechanism with random selection by

proving the following impossibility result: for finite block size, no “interesting” mechanism
can simultaneously achieve UIC, MIC, and SCP for c ≥ 2 even in the MPC-assisted model.

12



Specifically,
Theorem 1.1.13 (Informal: finite block, c ≥ 2). Even in the known-h model, any MPC-assisted
TFM that simultaneously satisfies Bayesian UIC, Bayesian MIC, and Bayesian SCP for c ≥ 2
must suffer from 0 expected social welfare for the users under a bid vector b ∼ Dℓ where ℓ > h.

Necessity of Bayesian equilibrium.

All of our feasibility results, namely, Theorems 1.1.9 to 1.1.12, rely on a Bayesian notion of
equilibrium (for the MIC and SCP guarantees). As argued in Section 1.1.1, the Bayesian notion
of equilibrium is suitable for the MPC-assisted model since the users cannot observe others’ bids
before submitting their own.

We show that the reliance on Bayesian notions of equilibrium is necessary (see Section 5.5.2)
— had we insisted on an ex post notion of equilibrium in the MPC-assisted model, our additional
reasonable-world assumptions would not help us overcome the previously known impossibil-
ity results. More specifically, we show that any MPC-assisted mechanism that simultaneously
achieves ex post UIC and SCP must suffer from zero miner revenue even in the known-h model.
Similarly, for approximate but ex post notions of incentive compatibility, the same miner revenue
limitation stated in Theorem 1.1.5 still applies even in the known-h model. Further, the above
restrictions on miner revenue hold no matter whether the block size is finite or infinite.

Philosophical Discussions about Our Assumptions and Modeling

Known-h assumption. Our assumption about a known upper bound h on the number of honest
users has the following justifications:
• First, as mentioned, the zero miner-revenue limitation in earlier works holds in a very strong

sense, and even when we make a cryptographic style assumptions such as “a majority of the
users or bids are honest” — see Section 5.5.3 for more details.

• Second, TFMs must work in an open setting where anyone can post a bid, and the mechanism
or players do not know the number of bids in advance. This is also an important reason
why TFMs depart from classical mechanism design. The precise assumption we need for
circumventing the zero miner revenue limitation is an absolute lower bound h on the number
of honest users. Simply assuming that the majority of the bids are honest is not sufficient (see
Section 5.5.3).

• Finally, our definitional framework ensures that honest behavior is an equilibrium, and thus
players are incentivized to behave honestly. This, in turn, reinforces the h-honest users as-
sumption (as long as enough users show up). As mentioned earlier, the same philosophy
has been adopted in a line of prior works at the intersection of game theory and cryptog-
raphy [HT04, KN08, ADGH06, OPRV09, AL11, ACH11, GKM+13, GKTZ15, GTZ15, Kat08,
DR07, GLR10, CGL+18, WAS22, CCWS21, PS17, KMSW22, FW20, EFW22].

Limited fake bids. Recall that besides the known-h assumption, our results that achieve strict
incentive compatibility require an extra assumption that the number of fake bids injected by the
coalition is limited. This assumption is motivated and justified by the following observations.
To submit fake bids, the strategic player or coalition needs to have some coin or account with a
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non-zero balance. Given that the strategic player has a limited initial budget, it cannot control in-
finitely many accounts. Moreover, if one posts multiple conflicting transactions double-spending
the same coin or units of currency, they can easily be detected and suppressed.

As mentioned, we currently do not know whether this limited fake bids assumption can be
removed while still achieving strict incentive compatibility. We pose this as an open question.

Robustness w.r.t. parameter estimation. Among our proposed mechanisms, the ones that
achieve approximate incentive compatibility, namely, threshold-based or diluted threshold-based
mechanisms are simpler and more practical. Just like how Ethereum’s EIP-1559 needs to es-
timate a suitable base fee, these mechanisms also need to estimate some parameters a-priori.
In particular, our (diluted) threshold-based mechanism needs to know an estimate of h and the
median of the value distribution D in advance. Just like Ethereum’s EIP-1559, we can estimate
these parameters from recent history. For example, one can estimate the total number of bids n
from the degree of congestion observed in recent blocks. Now, if we are willing to assume that
half of the n anticipated bids are honest (note that our mechanisms incentivize honest behavior),
we can get an estimate of h. Similarly, one can estimate the median of the distribution D from
the recent history too.

One important observation is that our threshold-based mechanism and diluted threshold-
based mechanisms are quite robust to errors in the estimates. As mentioned later in Remark 5.2.1,
if we set the threshold to ĥ/4 for some estimated ĥ, and let m̂ be the estimated median, then the
mechanisms will achieve approximate incentive compatibility as long as hreal · qreal ≥ ĥ · (1+δ)

4

for some arbitrarily small constant δ > 0, where hreal is the actual number of honest users, and
qreal is the actual percentile of the estimate m̂. For example, if hreal = 0.6h, and qreal = 40%,
then our mechanisms still satisfy approximate incentive compatibility for an exponentially small
ϵ.

1.1.4 MUCP
The previous results show that strict incentive compatibility significantly constrains users’ social
welfare when c ≥ 2, i.e., when the miners may collude with two or more users. Even in the
known-h model, where miners receive positive revenue, users’ social welfare is still limited
to 0 when the number of users exceeds h. Although we can circumvent this limitation with
approximate incentive compatibility, the dilution-based mechanisms do not always guarantee
optimal user social welfare. This observation prompts the question of whether the notion of SCP
might be overly stringent. Therefore, we ask the following question:

Is there a meaningful incentive compatibility notion for miner-user coalitions, under which
we can achieve positive user social welfare for finite block size?

Define Miner-User Coalition Proofness

Defining a meaningful notion to capture incentive compatibility for miner-user coalitions is quite
subtle. Previous work [Rou20, Rou21] considered another notion called off-chain agreement
proofness (OCA-proofness), which, roughly speaking, requires that there exists a bidding strat-
egy for all users to maximize global joint utility. [CRS24] introduces global SCP, which in-
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tuitively captures the requirement that strategic users and miners cannot extract benefits from
the protocol. Unfortunately, [CRS24] proved certain impossibility results pertaining to OCA-
proofness and global SCP.

In this thesis, we consider a notion of a different flavor called miner-user coalition proofness
(MUCP). MUCP captures the intuition that any miner-user coalition is unstable, thus disincen-
tivizing the formation of a miner-user coalition. Roughly speaking, MUCP in the plain model
(MUCP in the MPC-assisted model can be defined analogously) guarantees that for any coalition
C consisting of the minerM and a non-empty set of users U , eitherM alone has a better strategy
or U alone has a better strategy. Specifically, for any honest users’ bid b−C , for any strategy SC ,
eitherM has a miner-only strategy SM such that for any strategic bids bU from U ,

utilM((bU ,b−C), SM) ≥ utilM(b−C, SC),

where the left-hand side represents the miner’s utility when the users bid (bU ,b−C) and the
miner adopts strategy SM, and the right-hand side denotes the miner’s utility when the coalition
C adopts strategy SC; or U has a user-only strategy SU such that

utilU(b−C, SU) ≥ utilU(b−C, SC),

where the left-hand side represents the user’s utility when U adopts SU while the miner behaves
honestly, and the right-hand side denotes U’s utility when the coalition C adopts strategy SC; We
say SM is a defecting strategy forM, or SU is a defecting strategy for U w.r.t. SC .

Philosophical Discussion about MUCP

Unstable strategies. Using unstable strategies to capture incentive compatibility for the miner-
user coalition is motivated by several factors. This approach mainly addresses the limitations
imposed by SCP, which tends to rule out certain ”benign” attacks. To see this, let us revisit why
MPC-assisted posted price with random selection does not satisfy 2-SCP (Section 1.1.1). When
there is congestion, a coalition C containing user i with a small true value and a user j with a
very big true value may perform the following strategy to increase their joint utility: user i drops
off to increase the chance of user j getting confirmed. They can split the joint gain off-chain.

However, one may recognize that this attack does not “steal” utility from users outside the
coalition. In fact, every honest user’s expected utility increases when coalition C performs such a
dropping-off strategy because every honest user now gets a higher chance of getting confirmed.
Moreover, we may not always prevent such kinds of attacks in practice: Users with multiple
transactions should be able to decide their bidding strategy, including whether to drop off one
bid for the current block, based only on their private true values. In addition, a user-user coalition
is usually harder to form in a blockchain environment since users are ephemeral. Rendezvous
between them is, therefore, challenging. Hence, we need a reasonable notion which allows user-
user coalition to perform certain “benign” attacks.

Another reason is that such attacks do not involve the miners’ power. A coalition consisting
of only user i and user j is sufficient to perform such dropping-off attacks without the help of
miners, i.e., users do not need to collude with the miners to gain benefits. Consequently, this is
enough to prevent miners from gaining undue benefits through collusion with users and prevent
miners from soliciting advantageous off-chain transfers from different users.
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Connection Between c-Dominant-Strategy MIC and c-MUCP The definition of MUCP in-
troduces an interesting asymmetry: when we state that miner coalitionM has a defecting strat-
egy, user coalition U may engage in strategic bidding, whereas when the user coalition U adopts
a defecting strategy, the miner is expected to behave honestly. However, this definition alone
lacks coherence, as it does not guarantee the miner’s honesty.

To address this, we consider MUCP in conjunction with the following MIC requirements:
even if the miner sees the strategic bid of U , being honest is still the best strategy for the miner.
We call this c-dominant-strategy MIC. Note that this notion is the same as MIC in an ex post
setting but is stronger than Bayesian MIC. We make this modification to account for the sce-
nario where the miners learn information about the true values of users in U when they attempt
to negotiate a smart contract to form a miner-user coalition. Although MUCP guarantees that
neither the users nor the miners have incentives to finally form a coalition, the miners may learn
information during negotiation. We want to guarantee that even if the miners learn additional
information during negotiation, being honest is the best strategy for the miners. Therefore, when
discussing MUCP, we always consider it in conjunction with c-dominant-strategy MIC.

Results under MUCP

Table 1.4 below summarizes the landscape of TFMs satisfying UIC, c-dominant-strategy MIC,
and c-MUCP for finite block size under the plain and the MPC-assisted model. In the table below,
✗ represents impossibility. Θ(·) or ΘD(·) implies matching upper- and lower bounds, where ΘD
hides constant terms depending on users’ true value distribution D.

Plain model MPC-assisted model

Without reasonable-world assumption ✗
0-miner revenue

ΘD(k)-social welfare

With reasonable-world assumption ✗
Θ(h)-miner revenue
ΘD(k)-social welfare

Table 1.4: Landscape for TFMs satisfying UIC, c-dominant-strategy MIC, and c-MUCP for
finite block size under the plain model and the MPC-assisted model.

MUCP does not help us improve miner revenue or circumvent impossibility results in the
plain model. In fact, we show that UIC + 1-dominant-strategy MIC + 1-MUCP implies 1-SCP.
Together with the previous impossibility results under SCP, we have the following impossibility
results.
Theorem 1.1.14 (Informal: impossibility under MUCP). No non-trivial TFM satisfies UIC, 1-
dominant-strategy MIC, and 1-MUCP in the plain model for finite block size, whether with or
without the reasonable-world assumption.

Any (possibly randomized) TFM satisfying Bayesian UIC, 1-dominant-strategy Bayesian
MIC, and 1-Bayesian MUCP must suffer from 0-miner revenue. In addition, in the known-h
mode, no MPC-assisted TFM satisfying these three properties achieves expected miner revenue
more than h · E[D], where D is the distribution of users’ true values.
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Although MUCP does not help improve miner revenue, it does help us circumvent the lim-
itation on social welfare. Specifically, we show that MPC-assisted, posted price auction with
random selection satisfies c-MUCP against miner-user coalitions consisting of ρ fraction of min-
ers and no more than c users for arbitrary ρ ∈ (0, 1] and c ≥ 1. In particular, suppose all users’
bids are sampled i.i.d. from some distributionD, setting the reserved price to be the median m of
the distribution gives us k ·Ex∼D[x|x ≥ m] expected user social welfare, which is asymptotically
optimal as long as there are enough users.
Theorem 1.1.15. MPC-assisted, posted price auction with random selection (Section 1.1.1) sat-
isfies ex post UIC, ex post MIC, and ex post (ρ, c)-MUCP for arbitrary ρ ∈ (0, 1] and c ≥ 1.

By a similar reasoning, we show that MPC-assisted, LP-based mechanism also satisfies
Bayesian c-MUCP against miner-user coalitions consisting of ρ fraction of miners and no more
than c users for arbitrary ρ ∈ (0, 1] and c ≥ 1. As before, this holds with an additional reasonable-
world assumption that there is at least h number of honest users and that the strategic coalition
controls no more than d number of bids.
Theorem 1.1.16. Suppose the block size is k, and honest users’ true values are sampled i.i.d.
from some distribution D. If d ≤ 1
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2 log h
, then the MPC-assisted, LP-based mechanism with

random selection (Section 1.1.3) satisfies ex post UIC, c-dominant strategy Bayesian MIC, and
Bayesian c-MUCP against miner-user coalition consisting of no more than ρ fraction of miners
and no more than c number of users, for arbitrary ρ ∈ (0, 1] and c ≥ 1. In addition, the expected
user social welfare is k · Ex∼D[x|x ≥ m] when there are enough users.

We stress that in both mechanisms, the defecting strategy can be computed efficiently given
the honest strategy and the coalition strategy SC .

1.1.5 Additional Related Work
We now review some closely related recent works besides the prior works on transaction mech-
anism design [LSZ19, Yao, BEOS19, BCD+, Rou20, Rou21, FMPS21, CS23] already mentioned.

SCP v.s. OCA-proof. Roughgarden [Rou21] introduces the concept of off-chain agreement
(OCA) to capture the strategic behavior of a miner-user coalition. A mechanism is OCA-proof
if there exists a bidding strategy (not necessarily the honest strategy) mapping users’ true values
to a bidding strategy that maximizes social welfare. This bidding strategy must follow specific
criteria: 1) it does not modify the inclusion rule, 2) it satisfies individual rationality, and 3)
each user independently submits only one bid without knowledge of other users’ true values.
As a comparison, SCP guarantees that the honest strategy maximizes the joint utility of the
coalition rather than global utility. [CRS24] compared these two notions and demonstrated the
impossibility of finding a mechanism simultaneously satisfying UIC, MIC, and OCA-proofness
in the plain model for finite block size.

It is noteworthy that a mechanism satisfying SCP must also be OCA-proof, but the reverse
is not necessarily true. Even if a mechanism consistently maximizes social welfare, a coalition
comprising the miner and a subset of users might still gain from deviation by exploiting other
honest users. The fact that miners can extract additional gain by exploiting honest users has been
demonstrated in practice. For instance, since the miner has dictatorial control over its block, by
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reordering the transactions in a block, miners or miner-user coalitions can gain from arbitrage,
known as miner extractable value (MEV) [BDKJ23, KDC22, BCLL22, QZG22, ZQC+21, Zus,
QZLG21, AEC21]. Given these considerations, this thesis primarily focuses on SCP.

TFM in a Bayesian setting. The recent works of Zhao, Chen, and Zhou [ZCZ22] and Gafni
and Yaish [GY22] both consider TFM in a Bayesian setting. Although their works did not ex-
plicitly define the MPC-assisted model, from a practical standpoint, their results are in fact only
relevant in an MPC-assisted (or a similar) model. As explained in Section 1.1.1, plain-model
TFMs that achieve Bayesian equilibrium also achieve ex post equilibrium, since in the plain-
model game, the strategic player can decide its actions after having observed honest users’ bids.

Gafni and Yaish [GY22] suggest a mechanism that satisfies Bayesian UIC, while also satis-
fying MIC and OCA-proof (short for offchain-agreement-proof) even if the miner knows every-
one’s bid. Further, their mechanism works in the finite-block setting while achieving asymptot-
ical optimality in social welfare and revenue. We stress that their result does not contradict our
zero miner-revenue limitation Theorem 1.1.1 since their OCA-proofness notion (originally de-
fined by Roughgarden [Rou20,Rou21] ) is of a different nature from our side-contract-proofness
(SCP) notion (originally defined by Chung and Shi [CS23]). Roughly speaking, OCA-proofness
requires that a strategic coalition cannot enter an off-chain contract that increases everyone’s util-
ity (not just those in the coalition) relative to what’s achievable on-chain. In comparison, SCP
is the notion that directly captures the cryptocurrency community’s outpouring concerns about
Miner Extractable Value (MEV). In particular, middleman platforms such as Flashbot facilitate
the collusion of miners and users, where the coalition plays strategically to profit themselves
at the expense of other users. This is why we choose to use the SCP notion rather than OCA-
proofness. Moreover, the reason why the cryptocurrency community is developing encrypted
mempool techniques (which can be viewed as instantiations of the MPC-assisted model) is also
because they care about SCP (i.e., resilience to MEV).

Zhao, Chen, and Zhou [ZCZ22] suggest a mechanism that generates positive miner revenue
while achieving Bayesian UIC and Bayesian 1-SCP even for the finite block setting. Their result
does not contradict the 0-miner revenue limitation of [SCW23], since Zhao, Chen, Zhou [ZCZ22]
consider only a restricted strategy space. In their work, a strategic user or a miner-user coalition
can only deviate by bidding untruthfully; the coalition cannot inject fake bids, strategic users
cannot drop out, and nor can strategic miners alter the inclusion rule. Due to their restricted
strategy space, their results are only relevant under very stringent assumptions: 1) the TFM is
implemented in the MPC-assisted (or similar) model; 2) the TFM is fully “permissioned” and
allows only a set of pre-registered users to submit bids. In particular, the latter “permissioned”
requirement is unrealistic for major decentralized cryptocurrencies today where any user can join
and submit transactions.

Auctioneer deviation. Akbarpour and Li [AL20] introduced credible auctions, where users
only communicate with the auctioneer through private channels. A credible auction requires that
the auctioneer has no incentive to perform safe deviations: those deviations that would not be
detected by the users. Akbarpour and Li [AL20] presented a trilemma result, establishing that
no optimal auction can simultaneously satisfy credibility, efficiency (in terms of communication
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rounds), and truthful bidding for users. Although credible auctions consider a similar concept to
MIC, there are significant differences between these two concepts. See [CS23] for an in-depth
discussion.

User-user collusion. Traditional auctions, such as the Vickrey auction, do not satisfy incentive
compatibility against user-user collusion. Consequently, a line of research [GL79,GH05,CM12,
kCK09, MM12, DM17] delves into incentive compatible auction designs against user-user col-
lusion. In their elegant work, Goldberg and Hartline [GH05] demonstrated that only the class
of posted price auctions and their utility-equivalent variations can successfully resist user-user
coalitions.

Interestingly, the study of Transaction Fee Mechanisms (TFM) has not focused primarily
on user-user coalitions. As we discussed in the Section 1.1.4, forming a user-user coalition
is inherently difficult. Therefore, our primary focus is to mitigate the potential exploitation of
miner-user coalitions.

Fake transactions. In classical auction design, auctioneer injecting fake transactions is of-
ten referred to as shill bidding [GMR90, EW09, NB15], and users injecting fake transactions is
sometimes termed false name bids [YSM01, AHV14, YSM04, Yok07, TMIY12] in the context
of combinatorial auctions. Combinatorial auctions, which simultaneously auction multiple items
with interdependent values, allow users to bid for combinations of items rather than individual
items.

In this thesis, we assume users’ transactions have uniform sizes, and the items being auc-
tioned in transaction fee mechanisms are independent. The mechanisms presented here suggest
that under this assumption, it appears that users injecting fake bids is less concerning compared
to untruthful bidding. However, an intriguing open question remains: what advantages do users
gain from injecting fake bids when TFMs are modeled as combinatorial auctions? Within this
framework, users bid for different units of space to accommodate transactions of varying sizes,
thus introducing additional complexities in exploring the feasibility of TFMs.

Cryptography meets game theory. Prior to the advent of cryptocurrencies, a line of work [HT04,
KN08, ADGH06, OPRV09, AL11, ACH11, GKM+13, GKTZ15, GTZ15, Kat08, DR07, GLR10,
CGL+18, WAS22, CCWS21, PS17, KMSW22, FW20, EFW22] investigated how cryptography
and game theory can help each other. For example, cryptography can help remove the trusted me-
diator assumption in correlated equilibria [DR07]. Ferreira and Weinberg [FW20] and Essaidi,
Ferreira, and Weinberg [EFW22] showed that cryptographic commitments can help us circum-
vent impossibilities pertaining to credible auctions. On the other hand, adopting game-theoretic
fairness can allow us to circumvent lower bounds pertaining to the more stringent cryptographic
notions of fairness [HT04, ADGH06, IML05, OPRV09, CGL+18, WAS22].

1.1.6 Organization
We will discuss the above results in detail in the subsequent sections. In Chapter 2, we will
formally define models for TFM and incentive compatibilties. We will then discuss the results
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of the MPC-assisted model, approximate incentive compatibility, reasonable-world assumption,
and MUCP, respectively, in Chapter 3, Chapter 4, Chapter 5, and Chapter 6. The technical
overview is given in the corresponding sections. Finally, in Chapter 7, we discuss how to instan-
tiate the MPC-assisted model with real-world cryptography.
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Chapter 2

Models and Definitions

A mechanism specifies the strategy space for each individual, an outcome function that maps
these strategies to a social decision, and an intended honest strategy. In this thesis, we only con-
sider direct revelation mechanisms, where each individual holds a private type, and the message
space is the same as the type space. For the case of transaction fee mechanisms (TFMs), each
user’s type is its private true value, which captures the maximum amount it is willing to pay. We
make the following assumptions on honest users’ true values.
Assumption 2.1. Let D denote the joint distribution of the number of honest users and their
true values. We assume that D first samples the number of honest users, and then samples the
true value of each honest user independently. Each honest user’s true value is NOT necessarily
sampled from the same distribution.

The joint distribution D may or may not be known a-priori to the mechanism. Jumping
ahead, all our impossibility results are proven based on this assumption and that D is known to
the mechanism, while many of our constructions achieve desired incentive compatibility even if
the users’ true values are arbitrarily chosen.

Notation. We use bold letters to denote vectors. For a vector b = (b1, . . . , bN), we use bi to
represent the i-th entry of vector b. The notation b−i = (b1, b2, . . . , bi−1, bi+1, . . . , bN) represents
all except the i-th entry. We often use (b−i, bi) and b interchangeably to represent a vector.
Throughout this thesis, we use k to denote the block size, i.e., the maximum number of bids that
can be confirmed.

Given a distribution D, we use the notation Supp(D) to denote its support. We use R≥0 to
denote non-negative real numbers.

2.2 Transaction Fee Mechanism in the Plain Model
A transaction fee mechanism (TFM) in the plain model involves the miner of the current block
and some users, the number of which may be unknown in a-priori. Henceforth, we use C to
denote a coalition of strategic players or a strategic individual. In particular, C can represent a
single user, the miner of the current block, or a coalition of the miner and some users.

In the plain model, a TFM describes the following game.
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TFM in the plain model
1. Users not in C each submit a single bid, where each bid is represented by a single non-

negative real value. Let b−C denote the resulting bid vector.

2. The coalition C observes b−C , and then each user in C submits an arbitrary number of
bids, each represented by a single non-negative real value. Let bC denote the resulting
bid vector from coalition C.

3. The miner of the current block, possibly a member of C, chooses up to k bids to include
in the block, where k denotes the maximum block size.

4. Among the at most k bids included in the block, the trusted blockchain outputs 1) which
are confirmed, 2) how much each confirmed bid pays, and 3) how much revenue is paid
to the miner.

Figure 2.1: Transaction fee mechanism in the plain model

Therefore, to specify a transaction fee mechanism (TFM) in the plain model, it suffices to
specify the following rules which are possibly randomized functions:
• Inclusion rule: given a bid vector b, the inclusion rule chooses up to k bids to include in the

block;
• Confirmation rule: Given the at most k bids included in the block, the confirmation rule

decides which ones to confirm.
• Payment rule: Given the confirmed bids, the payment rule decides how much each confirmed

user pays.
• Miner revenue rule: Given the at most k bids included in the block, the miner revenue rule

decides how much the miner earns.
In particular, the inclusion rule is implemented by the miner, whereas the confirmation, payment,
and miner revenue rules are implemented by the blockchain. Thus, the latter three rules are
guaranteed to be implemented honestly.

Strategy space. Each user has a non-negative private true value. An honest user submits a
single bid that equals its true value using its identity; an honest miner does not submit any fake
bid. Moreover, an honest miner always implements the prescribed inclusion rule. However,
strategic players can choose to perform the following strategies:
• Strategic users may choose to submit zero to multiple bids, and these bids need not reflect

their true value.
• A strategic miner can post fake bids, and pick an arbitrary set of up to k bids of its own choice

to include. A strategic miner can also post fake bids.
• A coalition C’s strategy space is defined in the most natural manner, i.e., it includes any

strategic behavior of its members.
Notably, strategic players in C can decide their actions after observing the bids of other players
not in C. In this thesis, we only consider a single strategic player/coalition when talking about
incentive compatibility.
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Symmetry. We assume that the (honest) TFM is symmetric in the following sense: if we apply
any permutation π to an input bid vector b = (b1, . . . , bN), it does not change the distribution
of the random variable represented by the set {(bi, xi, pi)}i∈[N ] where xi and pi are random
variables denoting the probability that bid i is confirmed, and its payment, respectively. An
equivalent, more operational view of the above condition is the following. We may assume that
the honest mechanism can always be equivalently described in the following manner: given a
bid vector b where each bid may carry some extra information such as identity or timestamp, the
honest mechanism always sorts the vector b by the bid amount first. During this step, if multiple
bids have the same amount, then arbitrary tie-breaking rules may be applied, and the tie-breaking
can depend on the extra information such as timestamp or identity. At this point, the inclusion
rule and the confirmation rules should depend only on the amount of the bids and their relative
position in the sorted bid vector. Note that our symmetry requirement is natural and quite general
— it captures all the mechanisms we know so far [LSZ19, Yao, BEOS19, BCD+, Rou20, Rou21,
FMPS21]. In particular, due to possible tie-breaking in the sorting step, our symmetry condition
does not require two bids of the same amount to receive the same treatment, i.e., the distribution
of their outcomes can be different.

2.3 Transaction Fee Mechanism in the MPC-Assisted Model

In the MPC-assisted model, instead of having a single miner implement the mechanism, a group
of miners is selected to jointly implement the mechanism. This group of miners jointly run
a multi-party computation (MPC) protocol that implements the TFM. Figure 2.2 describes the
ideal functionality (denoted FMPC) realized by the MPC protocol. The ideal functionality is
parametrized with the allocation, payment, and miner revenue rules of a TFM.

FMPC: Ideal Functionality
1. Receive a single bid bi from each identity. Let b be the resulting bid vector.

2. Run the allocation rule, the payment rule, and the miner revenue rule with the bid vector
b. The outputs include a bit vector indicating whether each bid in b is confirmed or not,
a payment vector where all unconfirmed bids must pay 0, and the total miner revenue.
Send the outputs to everyone.

Figure 2.2: Ideal functionality realized by the MPC protocol.

The MPC protocol achieves full security with guaranteed output as long as a majority of
the miners are honest. Therefore, following the modular composition [Can00] paradigm in the
standard cryptography literature, we can simply assume that a trusted party implements FMPC

— this is often referred to as the FMPC-hybrid model. The instantiation that securely realizes
FMPC is given in Chapter 7.

A TFM in the MPC-assisted model describes the following game:
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TFM in the MPC-assisted model
1. Every player (i.e., user or miner) can take on zero to multiple identities, and every iden-

tity submits a single bid represented by a non-negative real value to FMPC defined in
Figure 2.2.

2. FMPC decides which bids to confirm, how much each confirmed bid pays, and the total
miner revenue. The total miner revenue is split among the miners.

Figure 2.3: Transaction fee mechanism in the MPC-assisted model

Therefore, to specify a TFM in the MPC-assisted model, we only need to specify the al-
location rule, the payment rule, and the miner revenue rule, which are possibly randomized,
polynomial-time algorithms, and the syntax of the rules are evident from FMPC in Figure 2.2. In
comparison with the plain model, here the inclusion rule and the confirmation rule are combined
into a single allocation rule, since both inclusion and confirmation decisions are made by FMPC.
Just like in the plain model, we assume that the (honest) TFM is symmetric.

Strategy space. A user’s honest behavior is to take on a single identity, submit a single bid
which reflects its true value. However, any strategic user can take on zero or multiple identities,
submit zero or multiple bids that need not be its true value.

An honest miner does not submit any bids. However, a strategic miner can take on one or
more identities and submit fake bids. Here, unlike the plain model, a strategic miner can no
longer choose which bids to include in the block — the allocation rule (i.e., the counterpart of
the inclusion and confirmation rules of the plain model) is enforced by FMPC.

One technicality is whether the distribution of users’ identities matters, and whether choosing
identities strategically should be part of the strategy space. Jumping ahead, all of our mechanisms
are proven to be incentive compatible even when the strategic individual or coalition can arbi-
trarily choose their identities as long as they cannot impersonate honest users’ identities. On the
other hand, all of our impossibility results hold even when the strategic individual or coalition
is forced to choose their identities from some a-priori known distribution. This makes both our
feasibility and impossibility results stronger.

2.4 Defining Incentive Compatibility
Utility. Every user i has a private true value vi ∈ R≥0. If user i’s transaction is confirmed and
the user pays pi, then its utility is defined as vi − pi. Otherwise, its utility is 0. A miner’s utility
is simply its revenue.

The utility of any strategic coalition C is the sum of the utilities of all members of C. Con-
sidering the joint utility of the coalition is appropriate since we assume that the coalition has a
binding contract (e.g., decentralized smart contracts) to split off their gains off the table.

Ex post incentive compatibility. Roughly speaking, ex post ϵ-incentive compatibility requires
that no strategy can increase a strategic player or coalition’s expected utility by more than ϵ in
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comparison with the honest strategy, and this should hold even if the coalition can decide its
strategy after having observed the remaining users’ bids. In our formal definitions below, we
define the approximate case that allows ϵ slack. Strict incentive compatibility can be achieved
when ϵ = 0.
Definition 2.4.1 (ex post incentive compatibility). We say that a mechanism satisfies ex post ϵ-
incentive compatibility for a set of players C (possibly an individual), iff for any bid vector b−C
posted by users not in C, for any vector of true values vC of users in C, no strategy can increase
C’s expected utility by more than ϵ in comparison with honest behavior. Specifically,
• UIC. We say that a TFM (in either the plain or MPC-assisted model) satisfies ex post ϵ-user

incentive compatibility (UIC), iff for any n, for any i ∈ [n], for any true value vi of user i, for
any bid vector b−i of all users other than i, no strategy can increase the user’s expected utility
by more than ϵ compared to the honest behavior.

• MIC. In the plain model, we focus on the miner of the present block when defining miner
incentive compatibility. We say a TFM in the plain model satisfies ex post ϵ-miner incentive
compatibility MIC, iff for any bid vector b, no strategy can increase the miner’s expected
utility by more than ϵ in comparison with honest behavior. Recall that that here, the miner’s
honest behavior is to honestly implement the inclusion rule and not inject any fake bids.
In the MPC-assisted model, we want MIC to hold for any coalition controlling at most ρ
fraction of the miners. Therefore, we say that an MPC-assisted TFM satisfies ex post ϵ-MIC
against ρ-sized coalitions, iff for any coalition controlling at most ρ fraction of the miners,
for any bid vector b, no strategy can increase the miner’s expected utility by more than ϵ in
comparison with honest behavior. In the FMPC-hybrid world, the miner’s honest behavior is
simply not to take on any identities and inject any fake bids.

• SCP. In the plain model, we want side-contract-proofness to hold for any miner-user coalition
that involves the miner of the present block, and up to c users. We say that a TFM in the
plain model satisfies ex post ϵ-side-contract-proofness (SCP) for c-sized coalitions, iff for any
miner-user coalition consisting of the miner and up to c users, for any bid vector b−C posted
by users not in C, no strategy can increase C’s expected utility by more than ϵ in comparison
with honest behavior.
In the MPC-assisted model, we want SCP to hold for any miner-user coalition that involves
up to ρ fraction of the miners and up to c users. We say that an MPC-assisted TFM satisfies ex
post ϵ-SCP for (ρ, c)-sized coalitions, iff for any miner-user coalition1 consisting of at most ρ
fraction of the miners and up to c users, for any bid vector b−C posted by users not in C, no
strategy can increase the coalition’s utility by more than ϵ in comparison with honest behavior.

Bayesian incentive compatibility. When the strategic players have some a-priori knowledge
about honest users’ bid distribution D, we may define the Bayesian notion of incentive compat-
ibility. In Bayesian incentive compatibility, we imagine that a strategic individual or coalition
cares about maximizing its expected utility where the expectation is taken over not just the ran-
dom coins of the mechanism, but also the remaining honest users’ bids.

1We require the miner-user coalition to consist of a non-zero fraction the miners and at least one user — otherwise
the definition would degenerate to UIC or MIC.
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Henceforth, we denote the bid vector as b. Since the strategic players can choose to inject
fake bids or drop out, the length of b is not necessarily equal to the number of users. Given a
set C of users, we use b−C to denote the bids from users outside the coalition and D−C to denote
the joint distribution of b−C . Similarly, for any fixed individual i, we use b−i to denote the bids
from the remaining users and D−i to denote the joint distribution of b−i. Again, we define ϵ-
incentive compatibility for the Bayesian setting below, where the corresponding strict incentive
compatibility notions can be obtained by setting ϵ = 0.
Definition 2.4.2 (Bayesian incentive compatibility). We say that an MPC-assisted TFM satisfies
Bayesian ϵ-incentive compatibility for a coalition or individual C, iff for any vC denoting the true
values of users in C, no strategy can increase C’s expected utility by more than ϵ in comparison
with honest bevavior, where the expectation is taken over randomness of the honest users bids
b−C sampled from D−C , as well as random coins consumed by the TFM. Specifically,
• UIC. We say that an MPC-assisted TFM satisfies Bayesian ϵ-UIC, iff for any n, for any user
i ∈ [n], for any true value vi ∈ R≥0 of user i, for any strategic bid vector bi from user i which
could be empty or consist of multiple bids,

E
b−i∼D−i

[
utili(b−i, vi)

]
≥ E

b−i∼D−i

[
utili(b−i,bi)

]
− ϵ

where utili(b) denotes the expected utility (taken over the random coins of the TFM) of user
i when the bid vector is b.

• MIC. We say that an MPC-assisted TFM satisfies Bayesian ϵ-MIC for ρ-sized coalitions, iff
for any miner coalition C controlling at most ρ fraction of the miners, for any strategic bid
vector b′ injected by the miner,

E
b−C∼D−C

[
utilC(b−C)

]
≥ E

b−C∼D−C

[
utilC(b−C,b

′)
]
− ϵ,

where utilC(b) denotes the expected utility (taken over the random coins of the TFM) of the
coalition C when the input bid vector is b.

• SCP. We say that an MPC-assisted TFM satisfies Bayesian ϵ-SCP for (ρ, c)-sized coalitions,
iff for any miner-user coalition consisting of at most ρ fraction of the miners and at most c
users, for any true value vector vC of users in C, for any strategic bid vector bC of the coalition
(whose length may not be equal to the number of users in C),

E
b−C∼D−C

[
utilC(b−C,vC)

]
≥ E

b−C∼D−C

[
utilC(b−C,bC)

]
− ϵ.

Note that in the plain model, the strategic individual or coalition can divide its strategy after
having observed the remaining honest users’ bids. Therefore, it is not reasonable to consider the
Bayesian notion of incentive compatibility in the plain model. In the MPC-assisted model, both
notions make sense, and the ex post notions are strictly stronger than the Bayesian counterparts.
Jumping ahead, all of our impossibility results for the MPC-assisted model work even for the
Bayesian notions, while all of our mechanism designs in the MPC-assisted model work for the
ex post notions. This makes both our lower and upper bounds stronger.
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Chapter 3

Characterization of Strict Incentive
Compatibility in MPC-Assisted Model

One may hope that with the Bayesian notion of incentive compatibility and MPC-assisted model,
we can achieve positive miner revenue. Unfortunately, the MPC-assisted model does not help
us circumvent the zero miner revenue lower bound, even for Bayesian notions of equilibrium.
Instead, the main question we care about here is whether the MPC-assisted model allows us to
circumvent the finite-block impossibility. It turns out that the answer is not a simple binary one.
When c = 1, i.e., the miner colludes with only one user, we can indeed circumvent the previous
impossibility result and give a mechanism that achieves all desired properties Section 3.3. For
c ≥ 2, however, it is still impossible to build a dream mechanism Section 3.4. In this chapter,
we present the formal results (Table 1.1) for characterizing strict incentive compatibility in the
MPC-assisted model. [Ke: n is the number of users and N is the number of bids]

3.1 Technical Overview

To prove the impossibility results, we make the following assumption on users’ true value dis-
tributions: We assume that honest users’ true values are sampled independently from some
bounded continuous distribution. We use Di to denote user i’s true value distribution and D̂ :=
D1 × · · · × Dn to denote the joint distribution of users’ true values. For any fixed user i, we
also use D−i := D1 × · · · × Di−1 × Di+1 × · · · × Dn to denote the distribution of other users’
true values. Without loss of generality, we assume that for any i, distribution Di has the same
support [0,M ] for some M . Jumping ahead, we will use these assumptions of distributions to
prove impossibility results, whereas our TFM design achieves incentive compatibility for any
distribution.

Technical Overview: 0-Miner Revenue

To prove the limit on the miner revenue, we use the following simplified notations to represent a
mechanism since we only care about the probability of each bid being confirmed, the expected
payment of each bid, and the miner revenue. Let n denote the number of users and N denote
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the number of bids received by the mechanism. Henceforth in this chapter, we use (x,p, µ) to
represent a TFM in the MPC-assisted model:
• Allocation rule: given a bid vector b = (b1, . . . , bN), the allocation rule outputs a vector
x(b) := (x1, . . . , xN) ∈ [0, 1]N , where each xi denotes the probability of bi being confirmed.

• Payment rule: given a bid vector b = (b1, . . . , bN), the payment rule outputs a vector p(b) :=
(p1, . . . , pN) ∈ RN , where each pi denotes the expected payment of bi.

• Miner revenue rule: given a bid vector b = (b1, . . . , bN), the miner revenue rule outputs
µ(b) ∈ R, denoting the amount paid to the miner.

For the i-th user, we define

xi(·) = E
b−i∼D−i

[xi(b−i, ·)], pi(·) = E
b−i∼D−i

[pi(b−i, ·)], µi(·) = E
b−i∼D−i

[µ(b−i, ·)].

The crux of the proof is to show that the miner revenue should not change when we lower one
user’s bid down to 0. Then applying this argument for n times, we get the desired impossibility
result. For simplicity, in the overview, we omit the ρ factor.

To quantify how much the miner revenue changes when one user lowers its bid to 0, we use
the Myerson’s Lemma [Mye81]. Myerson’s lemma implies that for a Bayesian UIC TFM, it must
be that for any user i, the allocation rule xi(·) must be monotone and that the expected payment
pi(·) is specified as

pi(b) = b · xi(b)−
∫ b

0

xi(t)dt.

Imagine that user i’s true value is 0, but it bids r instead. In this case, the user’s utility loss is
represented by the size of the gray area S in Figure 3.1a. Due to SCP, the expected miner revenue
increase when user i bids r instead of 0 must be at most S. To further bound the miner revenue
change, we split this process into two steps by introducing a mid-point r′ ∈ (0, r). If user i’s
true value is 0, but it bids r′ instead, its utility loss is the area S1 of Figure 3.1b. By SCP, we
conclude that µi(r

′) − µi(0) ≤ S1. Now, imagine user i’s true value is r′ but it bids r instead.
Using a similar argument, we conclude that µi(r)−µi(r

′) ≤ S2 (see Figure 3.1b). Summarizing
the above, we have that µi(r)− µi(0) ≤ S1 + S2.

Following a similar argument, if we take infinitely many steps, we get that µi(r) − µi(0) =
0, i.e., the expected miner revenue should not change if we lower one user’s bid down to 0.
Therefore, we have Eb∼D[µ(b)] = Eb−n∼D−n [µ(b−n, 0)]. Due to MIC, if we remove this 0 bid
from the bid vector, the miner revenue should not decrease. Otherwise, when there are n − 1
users whose true values are sampled from D−n, the miner coalition can inject a fake 0 bid to
increase its revenue. Repeating this argument for n times, we get our desired impossibility result
that Eb∼D[µ(b)] = 0. This holds even if we assume an infinite block size, and the users do not
inject fake bids.

In the proof described above, we make use of the assumption that the distribution is contin-
uous, based on which we can take infinitely many steps to bound the change in miner revenue
when we lower one bid down to 0. If the value distribution is discrete, then the miner can get
some positive revenue upper-bounded by the distance of two neighboring points in the support.
See Remark 3.2.6 for a more detailed discussion. The formal proof of 0-miner revenue result is
given in Section 3.2.
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(a) When user i changes its bid from 0 to r,
it loses utility S. Therefore, miner revenue
changes by no more than S.

0 r′ r0
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(b) When user i changes its bid from 0 to r′, it
loses utility S1. Then when it changes its bid
from r′ to r, it loses utility S2.

Figure 3.1: User’s utility change when untruthful bidding.

Achieving Incentive Compatibility in MPC-assisted Model: Finite Block Size

With the power of the MPC-assisted model, we have a mechanism that achieves ex post UIC,
ex post ρ-MIC, and ex post (ρ, 1)-SCP when the block size is k. This circumvents the previous
impossibility result in [CS23]. The mechanism is simply a burning posted price with random
selection: The mechanism is parametrized with a fixed reserve price r. It randomly confirms k
bids that are at least r to confirm. Each confirmed bid pays r, and all payments are burnt.

The incentive compatibility of this mechanism is easy to see and we give the formal proof in
Section 3.3. However, for the above mechanism to achieve (ρ, c)-SCP for c ≥ 2, we will have to
set the posted price to M , the maximum value of the users’ true value distributions. Otherwise
if r < M , there exists a scenario where miners colluding with 2 users have a strategy to increase
their joint gain: Imagine that the miners collude with user i and j, where user i’s true value is
r and user j has a sufficiently large true value. In this scenario, user i may choose not to bid to
increase the probability of user j being confirmed.

Necessity of Zero Social Welfare

It turns out that for a TFM to be ex post UIC, ex post MIC, and ex post (ρ, 2)-SCP, the social
welfare (sum of everyone’s utility) must be 0. To prove this, we use the following framework:
1. We first prove in Lemma 3.4.1 that for a TFM to satisfy the above three incentive compati-

bility, it must be that for any two users i and j, when user j changes its bid, user i’s utility
should not change. This proof has a similar flavor as the proof that a miner’s revenue should
not change when one user’s bid changes.

2. Next, we prove in Lemma 3.4.2 that for any two users i and j, user i’s utility should not
change if user j drops off.

3. Step 2 implies that for any user i with true value vi sampled from Di, its expected utility
Evi∼Di

[utili(vi)] when it is the only bidder in the world is the same as its expected utility
E(vi,b−i)∼D̂[util

i(vi,b−i)] when there are other users whose true values are sampled fromD−i.

29



Here, utili(b) represents user i’s utility when the bid vector is b. This can be proved by
repeatedly applying Step 2 to remove other users’ bids one by one from the latter world.

4. Now we are ready to prove that each user’s utility must be 0. Imagine a world with an arbi-
trarily large number of bids. There must exist some user j∗ whose utility is 0 in this crowded
world. Then by Step 3, user j∗ gets utility 0 when it is the only bidder in the world. By
symmetry of the TFM (see Section 2.2), any user has 0 utility when it is the single bidder.
Applying Step 3 again, we have that every user must have utility 0 when the bid vector b is
sampled from the joint distribution D̂.
One technicality that arises in the full proof (see Section 3.4) is the usage of the weak sym-

metry assumption. In particular, the proof would have been much easier if we could instead
assume strong symmetry which, unfortunately, is too stringent. In strong symmetry, we assume
that any two users who bid the same amount must receive the same treatment. While it is a good
approach for gaining intuition about the proof, it is too stringent since there could well be more
bids offering the same value than the block size k — in this case, a non-trivial mechanism would
treat them differently, i.e., confirm some while rejecting others. Our actual proof of needs only a
weak symmetry assumption.

3.2 Necessity of Zero Miner Revenue
Chung and Shi [CS23] showed that the posted-price auction with burning gives strict incentive
compatibility in the plain model, assuming infinite block size. One may hope that with the
Bayesian notion of incentive compatibility, we can achieve larger miner revenue. Unfortunately,
in this section we show that zero-miner revenue is the best we can hope for strict incentive
compatibility, even in the Bayesian setting.

Prelimary: Myerson’s lemma for the Bayesian setting. We first review the Bayesian version
of Myerson’s lemma. Recall that b−i denotes all but user i’s bid, and (b−i, bi) = b.
Lemma 3.2.1 (Myerson’s Lemma [Mye81]). Let (x,p, µ) be a single-parameter TFM that is
Bayesian UIC. Then, it must be that
1. The allocation rule x is monotonically non-decreasing. Formally, for any user i, and any

b′i > bi, it must be that Eb−i∼D−i
[xi(b−i, b

′
i)] ≥ Eb−i∼D−i

[xi(b−i, bi)].
2. The payment rule p is defined as follows. For any user i, and bid bi from user i, it must be

E
b−i∼D−i

[pi(b−i, bi)] = E
b−i∼D−i

[
bi · xi(b−i, bi)−

∫ bi

0

xi(b−i, t)dt

]
. (3.1)

The following technical lemma was given in [CS23].
Lemma 3.2.2 (Lemma 4.8 in [CS23]). Let (x,p, µ) be any (possibly randomized) TFM in the
Bayesian setting. If (x,p, µ) is Bayesian SCP against a (ρ, 1)-sized coalition, then for any bid
vector b, user i, and r, r′ such that r < r′, it must be

r · (xi(r
′)− xi(r)) ≤ π(r′)− π(r) ≤ r′ · (xi(r

′)− xi(r)) ,

where π(r) := pi(r)− ρµi(r).
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We first show that if a TFM is Bayesian UIC and Bayesian SCP against (ρ, 1)-sized coalition,
then the miner revenue must be independent from each user’s bid. Without loss of generality, we
assume that 0 is the minimum value in the support of Di for i ∈ [n].
Lemma 3.2.3. Let D̂ = D1×· · ·×Dn be the joint distribution of users’ true values. Let (x,p, µ)
be any (possibly randomized) TFM in the MPC model. If (x,p, µ) is Bayesian UIC and Bayesian
SCP against a (ρ, 1)-sized miner-user coalition, then for any user i, any bid b, it must be

µi(b) = µi(0). (3.2)

In other words, the miner’s revenue is a constant that is independent of user i’s bid b when
other bids b−i are drawn from the distribution D−i.

Proof. Define π̃(r) as

π̃(r) = pi(r)− ρµi(r)− (pi(0)− ρµi(0)).

By Lemma 3.2.2, and the fact that definition of π̃(r) and π(r) differs by only a fixed constant, it
must be that

r · (xi(r
′)− xi(r)) ≤ π̃(r′)− π̃(r) ≤ r′ · (xi(r

′)− xi(r)) . (3.3)

Therefore, we have the following two inequalities:

r · [xi(r
′)− xi(r)] ≤ π̃(r′)− π̃(r),

r · [xi(r
′)− xi(r)] ≥ π̃(r′)− π̃(r).

Now, observe that the above expression strictly agrees with the “payment sandwich” in the proof
of Myerson’s Lemma [Mye81, Har]. Furthermore, we have that π̃(0) = 0 by definition; and x
must be monotone because the TFM is Bayesian UIC and satisfies Myerson’s Lemma. Therefore,
it must be that π̃(·) obeys the unique payment rule specified by Myerson’s Lemma; that is,

π̃(r) =

[
bi · xi(bi)−

∫ bi

0

xi(t)dt

]
.

On the other hand, since the TFM is Bayesian UIC, its payment rule itself must also satisfy the
same expression (Eq.(3.1)), that is,

pi(bi) = bi · xi(bi)−
∫ bi

0

xi(t)dt.

This implies that
π̃(r) = pi(bi).

In other words, ρµi(r) = ρµi(0)− pi(0). Because pi(0) = 0, we conclude µi(r) = µi(0).

Note that the result in Lemma 3.2.3 holds even if users do not inject any fake bids. If, in addition,
the mechanism (x,p, µ) is Bayesian MIC, then the total miner revenue must be 0.

31



Theorem 3.2.4. Let D̂ = D1 × · · · × Dn be the joint distribution of the first n users’ true
values, where user i’s true value is drawn from Di independently. Let (x,p, µ) be any (possibly
randomized) TFM in the MPC model. If (x,p, µ) is Bayesian UIC, Bayesian MIC against ρ-sized
miner coalition and Bayesian SCP against (ρ, 1)-sized miner-user coalition, then

E
b∼D̂

[µ(b)] = 0.

Proof. For any n ≥ 2, we have the following claim:

Lemma 3.2.5. If (x,p, µ) is Bayesian MIC against ρ-sized miner coalition, then E
b∼D̂

[µ(b)] ≤

E
b′∼D−n

[µ(b′)], where D−n = D1 × · · · × Dn−1.

For now, assume Lemma 3.2.5 holds and we explain why Theorem 3.2.4 follows from it. The
proof of Lemma 3.2.5 appears right afterward. By induction on n, we have that

E
b∼D̂

[µ(b)] ≤ E
b∗∼D1

[µ(b∗)].

By Lemma 3.2.3, for any b∗ ∈ Supp(D1), it should be that µ(b∗) = µ(0). Therefore,

E
b∼D1

[µ(b∗)] = µ(0) = 0,

where the last equality comes from the requirement that the miner’s revenue cannot exceed the
payment of the single identity, who will pay at most what it bids. Theorem 3.2.4 thus follows.

Proof of Lemma 3.2.5 Since (x,p, µ) is Bayesian MIC against ρ-sized miner coalition, it must
be that,

E
b∼D−n

[ρµ(b, 0)] ≤ E
b∼D−n

[ρµ(b)]. (3.4)

Otherwise, the miners can inject a 0 and increase the miner revenue while it does not need to pay
anything for injecting the 0-bid. This violates the MIC condition.

Let f(·) denote the p.d.f. of distribution Dn. By the law of total expectation, we have that

E
b∼D̂

[µ(b)] =

∫ +∞

0

E
b′∼D−n

[µ(b′, r)]f(r)dr

=

∫ +∞

0

E
b′∼D−n

[µ(b′, 0)]f(r)dr By Lemma 3.2.3

= E
b′∼D−n

[µ(b′, 0)] ≤ E
b′∼D−n

[µ(b′)] By (3.4)

Lemma 3.2.5 thus follows.
Remark 3.2.6 (On continuity of the distribution). The formal proof of Lemma 3.2.3 makes use
of the fact that the distribution is continuous, i.e., the allocation rule and the payment rule are
well-defined in the interval [0, r] to derive the formula of Π̃(r). If the distribution is instead
discrete, then the miner can get some positive revenue. For example, imagine that the support of
each Di is the set of non-negative integers. Consider the following TFM, which is a posted price
auction with reserved price r = 1, and the miner gets revenue 1 is there is any bid confirmed.
This mechanism satisfies ex post UIC, ex post MIC, and ex post c-SCP. However, such TFMs are
tailored to the structure of the actual distribution, so we do not consider these cases in this thesis.
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3.3 Feasibility for c = 1: Finite Block Size

In the MPC-assisted model, we indeed can have a mechanism that achieves UIC, MIC, and
(ρ, 1)-SCP against a coalition controlling ρ ∈ (0, 1] fraction of the miners and c = 1 user.

MPC-assisted, burning posted price auction with random selection
Parameters: the reserved price r, and a block size k.
Input: a bid vector b = (b1, . . . , bN).
Mechanism:
• Allocation rule. Any bid that is at least r is considered as a candidate. Randomly select k

bids from the candidates to confirm.
• Payment rule. Each confirmed bid pays r.
• Miner revenue rule. Miner gets 0 revenue.

Figure 3.2: MPC-assisted, burning posted price auction with random selection. Here the
0-miner revenue is inevitable based on Theorem 3.2.4

Theorem 3.3.1. Assuming a finite block size k. The above MPC-assisted, posted price auction
with random selection in the MPC-assisted model satisfies ex post UIC, ex post MIC, and ex post
(ρ, 1)-SCP for arbitrary ρ ∈ (0, 1).

Proof. We will prove the three incentive compatibility properties separately.
UIC. Let vi denote the true value of user i. First, refusing to bid cannot increase its utility.

Moreover, injecting bids does not help either. To see this, assume that user i bids its true value
vi and injects a bid b′. If b′ < r, then it does not influence user i’s utility. If b′ ≥ r, it either
decreases the probability of user i being confirmed if vi ≥ r, or it brings user i negative expected
utility if vi < r.

Thus, we only need to argue that overbidding or underbidding does not increase the user’s
utility. If user i’s true value vi < r, then its utility when overbidding b ≥ r is q · (vi − r) < 0,
where q is the probability of b being confirmed. If user i’s true value vi ≥ r, then underbidding
b < r brings it 0-utility, whereas the honest utility q(vi− r) is positive. Therefore, no matter how
user i deviates from the protocol, its utility does not increase.

MIC. Since the total miner revenue is always 0, injecting fake bids does not increase the
colluding miner’s utility. The miner cannot increase its utility by deviating from the protocol.

SCP. No matter how the coalition deviates, the colluding miner’s revenue is always 0. There-
fore, the joint utility of the coalition is at most the utility of the colluding user. By strict UIC, the
joint utility does not increase.

Note that the above mechanism does not work for c = 2. Imagine that the miner colludes
with two users i and j, where user i has true value exactly r and user j has a sufficiently large
true value. User i may choose not to bid to increase the probability of user j being confirmed.
This brings the coalition strictly more utility than behaving honestly.
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3.4 Impossibility for c ≥ 2: Finite Block Size
Unfortunately, even in the MPC-assisted model, no mechanism with non-trivial utility achieves
UIC, MIC, and (ρ, 2)-SCP, even for Bayesian notions of incentive compatibility. To see this,
observe that under the strict incentive compatible notion, (ρ, c)-SCP implies that any coalition
of ≤ c users cannot benefit from any deviation1, since the miner revenue has to be 0 by Theo-
rem 3.2.4 of Section 3.2. Similar to the proof in Goldberg and Hartline [GH05], we show that
any mechanism that is Bayesian UIC and Bayesian SCP against a (ρ, 2)-sized coalition (for an
arbitrary ρ ∈ (0, 1] must satisfy the following condition: no matter how a user j changes its bid,
user i’s utility should not change. Formally,
Lemma 3.4.1. Given any (possibly random) mechanism in the MPC-assisted model that is
Bayesian UIC and Bayesian SCP against (ρ∗, 2)-sized coalition for some ρ∗ ∈ (0, 1]. Then,
for any user i and user j, for any bid bj and b′j ,

E
(v,b−i,j)∼D−j

[utili(v, bj,b−i,j)] = E
(v,b−i,j)∼D−j

[utili(v, b′j,b−i,j)],

where b−i,j represents all except user i and user j’s bids, and D−j denotes the joint distribution
of all except user j’s true value.

Proof. In this proof, we use the following notations for simplicity. For any user i and j, we
define the following notations:

x̂i(·, ·) = E
b−i,j∼D−i,j

[xi(·, ·,b)], p̂i(·, ·) = E
b−i,j∼D−i,j

[pi(·, ·,b)], µ̂(·, ·) = E
b−i,j∼D−i,j

[µ(·, ·,b)].

Imagine that user i has true value v and user j has true value y. Then for any feasible ρ ≤ ρ∗,
it must be that

Honest utility = [v · x̂i(v, y)− p̂i(v, y)] + [y · x̂j(v, y)− p̂j(v, y)] + ρµ̂(v, y)

≥Overbid utility = [v · x̂i(v, z)− p̂i(v, z)] + [y · x̂j(v, z)− p̂j(v, z)] + ρµ̂(v, z).

Otherwise, the miner can collude with user i with true value v and user j with true value y and
ask user j to overbid to some z ≥ y. This will increase the expected joint utility of the coalition,
which contradicts (ρ∗, 2)-SCP. For the same reason, if user j’s true value is z, then

Honest utility = [v · x̂i(v, z)− p̂i(v, z)] + [z · x̂j(v, z)− p̂j(v, z)] + ρµ̂(v, z)

≥Underbid utility = [v · x̂i(v, y)− p̂i(v, y)] + [z · x̂j(v, y)− p̂j(v, y)] + ρµ̂(v, y).

Combining these two inequalities together, we get the following payment difference sandwich.
For any z ≥ y, we have

v[x̂i(v, z)− x̂i(v, y)] + z[x̂j(v, z)− x̂j(v, y)] + ρ[µ̂(v, z)− µ̂(v, y)]

≥p̂i(v, z)− p̂i(v, y) + p̂j(v, z)− p̂j(v, y)

≥v[x̂i(v, z)− x̂i(v, y)] + y[x̂j(v, z)− x̂j(v, y)] + ρ[µ̂(v, z)− µ̂(v, y)]

1We credit Bahrani, Garimidi, Roughgarden, Shi, and Weinberg for making this observation.
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Divide the inequality with z − y and take limit y → z, we get

v · ∂
∂z

x̂i(v, z) + z · ∂
∂z

x̂j(v, z) + ρ
∂

∂z
µ̂(v, z) =

∂

∂z
p̂i(v, z) +

∂

∂z
p̂j(v, z). (3.5)

Note that Equation (3.5) should hold for at least two different values of ρ ≤ ρ∗. Hence, it must
be that ∂

∂z
µ̂(v, z) = 0. Equation (3.5) thus becomes

v[x̂i(v, z)− x̂i(v, y)] + z[x̂j(v, z)− x̂j(v, y)]

≥p̂i(v, z)− p̂i(v, y) + p̂j(v, z)− p̂j(v, y)

≥v[x̂i(v, z)− x̂i(v, y)] + y[x̂j(v, z)− x̂j(v, y)]. (3.6)

This is equivalent to say: when user j changes its bid, the joint utility of user i and user j should
not increase. That means, for any v, if a user j with true value y changes its bid from y to z, it
must be that

i-gain(v, y → z) := E
b−i,j∼D−i,j

utili(v, z,b−i,j)− E
b−i,j∼D−i,j

utili(v, y,b−i,j)

≤ E
b−i,j∼D−i,j

utilj(v, y,b−i,j)− E
b−i,j∼D−i,j

utilj(v, z,b−i,j) := j-loss(v, y → z)

Since the mechanism is UIC, by the same proof as of [GH05], we get:

E
v∼Di

[i-gain(v, y → z)] ≤ E
v∼Di

[j-loss(v, y → z)]

≤ E
v∼Di

[(z − y)(x̂j(v, z)− x̂j(v, y))].

Now consider the situation where user j changes its bid from bj to b′j . Without loss of generality,
we assume that b′j ≥ bj . If we divide the interval between [bj, b

′
j] into L equally sized segments

b
(0)
j , . . . , b

(L)
j , then the total gain for user i can be bounded by

E
v∼Di

[i-gain(v, bj → b′j)] =
L−1∑
l=0

E
v∼Di

[i-gain(v, b(l)j → b
(l+1)
j )]

≤
L−1∑
l=0

(
b
(l+1)
j − b

(l)
j

)
E

v∼Di

[
x̂j(v, b

(l+1)
j )− x̂j(v, b

(l)
j )
]

=
b′j − bj

L
E

v∼Di

[
x̂j(v, b

′
j)− x̂j(v, bj)

]
.

This holds for any L. Taking limit for L→∞, we have that

E
v∼Di

[i-gain(v, bj → b′j)] ≤ 0.

Since E
v∼Di

[i-gain(v, bj → b′j)] = − E
v∼Di

[i-gain(v, b′j → bj)], we have that E
v∼Di

[i-gain(v, bj →
b′j)] = 0, for arbitrary bj and b′j . The lemma thus follows.
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Intuitively, this lemma implies that no matter how user j changes its bid, the expected utility
of user i should not change if user i’s true value is sampled randomly from Di. Consequently,
we have the following result stating that user i’s utility should remain the same when bidding its
true value, regardless of how many users are there.
Lemma 3.4.2. Given any (possibly randomized) mechanism in the MPC-assisted model that
achieves Bayesian UIC and Bayesian SCP against (ρ, 2)-sized coalition for some ρ ∈ (0, 1], it
holds that for any user i and j, for any bid bj ,

E
(vi,b−i,j)∼D−j

[utili(vi, bj,b−i,j)] ≤ E
(vi,b−i,j)∼D−j

[utili(vi,b−i,j)],

where vid (bid) denotes a bid v (b) coming from identity id.
We first give an intuition of why this lemma is true. By Lemma 3.4.1, we have that

E
(vi,b−i,j)∼D−j

[utili(vi, bj,b−i,j)] = E
(vi,b−i,j)∼D−j

[utili(vi, 0j,b−i,j)].

Therefore, to prove Lemma 3.4.2, it suffices to prove that

E
b−i,j∼D−i,j

[utili(vi, 0j,b−i,j)] ≤ E
b−i,j∼D−i,j

[utili(vi,b−i,j)].

This claim is relatively easy to prove if we are willing to assume a strong symmetry assumption
explained below. With a technically more involved proof, we can eventually get rid of this
strong symmetry assumption and prove it under our current (much weaker) symmetry assumption
defined in Section 2.2.

Strong symmetry assumption. On top of our current symmetric assumption defined in Sec-
tion 2.2, we additionally assume that for any bid vector b := (b1, . . . , bN), if for i ̸= j, bi = bj ,
then the random variables (xi, pi) and (xj, pj) are identically distributed, where (xi, pi) are ran-
dom variables denoting i’s confirmation probability and i’s payment, respectively, and (xj, pj)
are similarly defined.

In other words, the strong symmetry assumption additionally assumes that two bids of the
same amount receive the same treatment, on top of our existing symmetry assumption — note
that this is a very strong assumption, and this is why we want to get rid of it eventually. If the
above strong symmetry assumption holds, then we have that for any identity i′ that injects a 0
bid,

E
b−i,j∼D−i,j

[utili(vi, 0j,b−i,j)] = E
b−i,j∼D−i,j

[utili(vi, 0i′ ,b−i,j)],

This is because under the strong symmetry assumption, anyone who bids the same amount as i
has the same expected utility, and moreover, this utility is not affected by whether the 0 bid is
posted by j or i′. Finally, we have for any vi,

E
b−i,j∼D−i,j

[utili(vi, 0i′ ,b−i,j)] ≤ E
b−i,j∼D−i,j

[utili(vi,b−i,j)].

Otherwise, user i can inject a 0-bid using an arbitrary identity i′, which strictly increases its
utility. This contradicts Bayesian UIC. Next, we give the formal proof of Lemma 3.4.2.
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Proof. By Lemma 3.4.1, for any i, j, bj, ℓ ≥ 1, we have

E
(vi,b−i,j)∼D−j

[utili(vi, bj,b−i,j)] = E
(vi,b−i,j)∼D−j

[utili(vi, 0j,b−i,j)].

Therefore, it suffices to prove that for any i, j, ℓ, we have

E
(vi,b−i,j)∼D−j

[utili(vi, 0j,b−i,j)] ≤ E
(vi,b−i,j)∼D−j

[utili(vi,b−i,j)].

Suppose for the sake of contradiction, the above statement is not true, that is, there exist some
i, j, ℓ, such that E

(vi,b−i,j)∼D−j

[utili(vi, 0j,b−i,j)] > E
(vi,b−i,j)∼D−j

[utili(vi,b−i,j)]. Then there must

exists a vi, such that E
b−i,j∼D−i,j

[utili(vi, 0j,b−i,j)] > E
b−i,j∼D−i,j

[utili(vi,b−i,j)].

Consider an arbitrary fake identity m registered by the miner. There are two possible cases.

Good identity m: E
b−i,j∼D−i,j

[utili(vi, 0m,b−i,j)] > E
b−i,j∼D−i,j

[utili(vi,b−i,j)].

Bad identity m: E
b−i,j∼D−i,j

[utili(vi, 0m,b−i,j)] ≤ E
b−i,j∼D−i,j

[utili(vi,b−i,j)] < E
b−i,j∼D−i,j

[utili(vi, 0j,b−i,j)].

Now, suppose the miner samples a fake identity m. Over the choice of m, either Pr(Good identity m) ≥
1
2

or Pr(Bad identity m) ≥ 1
2
. If Pr(Good identity m) ≥ 1

2
, then suppose that the world consists

of ℓ users not including j, and the miner forms a coalition with user i whose true value is vi. The
miner can sample a random identity m, and if it is a good identity, the miner can inject a fake bid
0m, and the coalition can strictly gain. This violates SCP when c = 1.

Henceforth, we focus on the case when Pr(Bad identity m) ≥ 1
2
. In this case, there are two

possibilities, either with probability at least 1/4 over the choice of the identity m, for all v′i,

E
b−i,j∼D−i,j

[utili(v′i, 0m,b−i,j)] ≤ E
b−i,j∼D−i,j

[utili(v′i, 0j,b−i,j)], (3.7)

or with probability at least 1/4 over the choice of m, there exists some v′i such that

E
b−i,j∼D−i,j

[utili(v′i, 0m,b−i,j)] > E
b−i,j∼D−i,j

[utili(v′i, 0j,b−i,j)].

If it is the latter case, then, consider a scenario where the miner colludes with user i whose true
value is v′i, and user j whose true value is 0, and the rest of the world is a random variable b−i,j .
Now, the miner can sample a random fake identity m, and see if dropping 0j and injecting 0m
can help its friend i. If so, it performs this strategic behavior. This strategy can strictly help the
coalition which violates SCP for c = 2.

It suffices to rule out the former case, that is, with probability at least 1/4 over the choice
of the identity m, for all v′i, Equation (3.7) is satisfied. Recall also, for vi specifically, we have
strict inequality, that is, E

b−i,j∼D−i,j

[utili(vi, 0m,b−i,j)] < E
b−i,j∼D−i,j

[utili(vi, 0j,b−i,j)]. Thus,

E
b−j∼D−j

[utili(0m,b−j)] < E
b−j∼D−j

[utili(0j,b−j)].
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For every bad identity m that additionally satisfies Equation (3.7), there must exist some
i′ ̸= i and i ̸= j, and some bi′ > 0, such that

E
b−j,i′∼D−j,i′

[utili
′
(0m, bi′ ,b−j,i′)] > E

b−j,i′∼D−j,i′
[utili

′
(0j, bi′ ,b−j,i′)] (3.8)

We can prove the above claim by contradiction. Suppose for the sake of contradiction that for all
i′ ̸= i and i ̸= j, and for all bi′ , E

bj,i′∼D−j,i′
[utili

′
(0m, bi′ ,b−j,i′)] ≤ E

bj,i′∼D−j,i′
[utili

′
(0j, bi′ ,b−j,i′)].

Therefore, it must be that for any i′ ̸= i and i ̸= j, E
b−j∼D−j

[utili
′
(0m,b−j)] ≤ E

b−j∼D−j

[utili
′
(0j,b−j)].

Therefore, we have that

E
b−j∼D−j

[USW(0m,b−j)] < E
b−j∼D−j

[USW(0j,b−j)] (3.9)

where USW(b) denotes the social welfare for all users (i.e., sum of all user utilities) when
the bid vector is b. However, by our symmetry assumption in Section 2.2, it must be that

E
b−j∼D−j

[USW(0m,b−j)] = E
b−j∼D−j

[USW(0j,b−j)], which contradicts Equation (3.9).

Let ℓ denote the length of |b−j|. Let i′ be a user such that Equation (3.8) happens with a
probability at least 1/4(ℓ + 1) over the choice of m — clearly, such a user must exist since we
are assuming that with probability at least 1/4 over the choice of m, where m is a bad identity
satisfying Equation (3.7). Now, imagine that the world consists of ℓ + 1 users including both i
and j, and the miner forms a coalition with users i′ and j. The miner samples a random fake
identity m, and if the identity helps i′ in the sense that Equation (3.8) holds, then the coalition
replaces j’s bid 0j with 0m. This strategy strictly increases the coalition’s joint utility, and this
violates SCP when c = 2.

Lemma 3.4.3. Given any (possibly randomized) mechanism in the MPC-assisted model that
achieves Bayesian UIC, MIC and Bayesian SCP against (ρ, 2)-sized coalitions for some ρ ∈
(0, 1], it holds that for any user i, any value vi,

E
(vi,b−i)∼D̂

[utili(vi,b−i)] = E
vi∼Di

utili(vi).

Proof. We first show that for any j, user i’s expected utility should not change if user j refuses
to bid. Formally, for any bj ,

E
(vi,b−i,j)∼Dj

[utili(vi, bj,b−i,j)] = E
(vi,b−i,j)∼D−j

[utili(vi,b−i,j)]. (3.10)

To see this, by Lemma 3.4.2, we have

E
(vi,b−i,j)∼D−j

[utili(vi, bj,b−i,j)] ≤ E
(vi,b−i,j)∼D−j

[utili(vi,b−i,j)].

Next, we are going to show that

E
(vi,b−i,j)∼D−j

[utili(vi, bj,b−i,j)] = E
(vi,b−i,j)∼D−j

[utili(vi, 0j,b−i,j)] ≥ E
(vi,b−i,j)∼D−j

[utili(vi,b−i,j)].
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To see why this holds, note that the first equality follows from Lemma 3.4.1. The inequality
comes from 2-SCP: Since by MIC, it must be that

E
b−i,j∼D−i,j

[µ(vi, 0j,b−i,j)] ≤ E
b−i,j∼D−i,j

[µ(vi,b−i,j)].

Therefore, it must be that for any vi in the support ofDi, we have E
b−i,j∼D−i,j

[utili(vi, 0j,b−i,j)] ≥

E
b−i,j∼D−i,j

[utili(vi,b−i,j)]. Otherwise, if there exists a vi such that this does not hold, the miner

can collude with user i and user j with true value 0, and ask user j not to bid. This strategy
strictly increases the coalition’s joint utility and thus contradicts Bayesian SCP against (ρ, 2)-
sized coalition. Equation (3.10) thus follows by taking expectation over vi ∼ Di.

Let D denote the joint distribution of users’ true values and fi(·) denote the p.d.f. of Di. By
definition of expectation,

E
(vi,b−i)∼D̂

[utili(vi,b−i)] =

∫ ∞

0

E
(vi,b−i,1)∼D−1

[utili(vi, z1,b−i,1)]f1(z1)dz1

=

∫ ∞

0

E
(vi,b−i,1)∼D−1

[utili(vi,b−i,1)]f1(z1)dz1 By Equation (3.10)

= E
(vi,b−i,1)∼D−1

[utili(vi,b−i,1)].

The lemma follows by repeating the above argument.

Now we are ready to prove the theorem stating that there is no mechanism that gives non-
zero utility to either users or miners and yet satisfies Bayesian UIC and SCP against (ρ, 2)-sized
coalitions.
Theorem 3.4.4. Suppose the block size is k. No MPC-assisted mechanism with non-trivial utility
simultaneously achieves Bayesian UIC, MIC and Bayesian SCP against (ρ, 2)-sized coalitions.

Proof. By Theorem 3.2.4, the miner-revenue has to be 0. Therefore, it suffices to prove that
every user must have 0-utility.

Consider a crowded world with K number of users and each user i’s bid is sampled indepen-
dently fromDi. There must exist a user j∗ whose probability of being confirmed is at most k/K,
and thus its expected utility is at most M · k/K where k is the block size and M is supreme
values in the support of Dj∗ . Thus, E

b∼D̂
[utilj

∗
(b)] = 0 by taking K to be arbitrarily large.

By Lemma 3.4.3, it must be that E
vj∗∼Dj∗

utilj
∗
(vj∗) = 0. Since users’ honest utility must be

non-negative, it must be that utilj
∗
(v) = 0 for all v /∈ Bad for some zero-measure set Bad. Since

each Di has the same support [0,M ], it must ve the for any user i, E
vi∼Di

utili(vi) = 0. Therefore,

by Lemma 3.4.3, it must be that for any user i, we have E
b∼D̂

[utili(b)] = 0.

We assume that the users’ true value distributions have the same support because other-
wise, there are artificially designed examples of TFMs that achieve positive social welfare while
achieving UIC, MIC, and (ρ, c)-SCP for c ≥ 2. For example, imagine that all users except for
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some user i’s true value are i.i.d. sampled from a uniform distribution between [0, 1], while user
i’s true value is sampled from a uniform distribution between [1, 2]. Now we can run an MPC-
assisted, burning posted price auction with random selection, where the reserved price r is set
to 1.5. This mechanism satisfies UIC, MIC, and (ρ, c)-SCP for any c. To see this, note that all
users and miners except for user i get at most 0-utility. No matter how other users change their
bids or drop off, they cannot increase user i’s utility. Therefore, this mechanism satisfies all three
properties while achieving positive social welfare. However, such mechanisms are artificially
designed and depend heavily on the structure of the underlying distributions, so we do not focus
on such scenarios in this thesis.
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Chapter 4

Characterization of Approximate Incentive
Compatibility

As we have seen that for strict incentive compatibility, no mechanism can achieve positive miner
revenue (even in the MPC-assisted model and infinite block size). Moreover, there is no dream
mechanism that satisfies all desired properties with c ≥ 2 even in the MPC-assisted model.
Therefore, we consider another dimension of relaxation: approximate incentive compatibility.
Suppose we are willing to relax the incentive compatibility notion and allow an ϵ additive slack,
can we circumvent the zero miner revenue lower bound? If so, exactly how much miner revenue
can we hope for?

In this section, we present the characterization of approximate incentive compatibility in both
the MPC-assisted model and the plain model(Table 1.2).

4.1 Technical Overview
As before, we assume that honest users’ true values are sampled independently from some
bounded continuous distribution. We use Di to denote user i’s true value distribution and D :=
D1 × · · · × Dn to denote the joint distribution of users’ true values. For any fixed user i, we also
use D−i := D1 × · · · × Di−1 × Di+1 × · · · × Dn to denote the distribution of other users’ true
values. Without loss of generality, we assume that for any i, distributionDi has the same support
[0,M ] for some M .

4.1.1 Bounds on Miner Revenue
We first prove a limit on miner revenue in the MPC-assisted model, which holds even for in the
Bayesian setting. The same limit applies to the plain model for the ex post setting as well — to
see this, observe that the strategy space is strictly larger in the plain model, and moreover, for the
plain model, we only care about ρ = 1.

We now show an MPC-assisted mechanism simultaneously satisfies ϵ-UIC, ϵ-MIC and ϵ-SCP
even for the Bayesian setting and even for c = 1 and an arbitrary choice ρ ∈ (0, 1], then the miner
can gain at most O(n · (ϵ + ·

√
m∗ · ϵ))-miner revenue, where n is the number of users, and m∗
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is a term that depends on the “scale” of the bid distribution D. The proof is similar to that of
Theorem 3.2.4. The crux is to characterize how miner revenue changes when we lower one user’s
bid to 0 (Lemma 4.2.3). We then apply this argument n times, and lower each user’s bid one by
one to 0 to get the desired bound.

To understand how much the miner revenue changes when one user lowers its bid to 0, we
start from a simplified case where a TFM (x,p, µ) is Bayesian strict-UIC and Bayesian ϵ-SCP
for c = 1 and some ρ ∈ (0, 1]. By Myerson’s Lemma Lemma 3.2.1, strict-UIC implies that,
for any user i, the allocation rule xi(·) must be non-decreasing, and the expected payment when
bidding b must be

pi(b) = b · xi(b)−
∫ b

0

xi(t)dt.

Imagine that user i’s true value is 0, but it bids r instead. In this case, the user’s loss in
utility (in comparison with truthful bidding) is represented by the area of the gray triangle S in
Figure 4.1a. Due to ϵ-SCP, the miner revenue increase when user i bids r instead of 0 must be
upper bounded by S + ϵ. This bound, however, is not tight. To make it tighter, we consider
bounding it in two steps by introducing a mid-point r′ ∈ (0, r). If user i’s true value is 0,
but it bids r′ instead, its utility loss is the area S1 of Figure 4.1b. By ϵ-SCP, we conclude that
µi(r

′) − µi(0) ≥ S1 + ϵ. Now, imagine user i’s true value is r′ but it bids r instead. Using a
similar argument, we conclude that µi(r)− µi(r

′) ≥ S2 + ϵ (see Figure 4.1b). Summarizing the
above, we have that µi(r)− µi(0) ≥ S1 + S2 + 2ϵ.

0 r0

1

x
i(
b)

S

(a) When user i changes its bid from 0 to r,
it loses utility S. Therefore, miner revenue
changes by no more than S.

0 r′ r0

1

S1

S2

(b) When user i changes its bid from 0 to r′, it
loses utility S1. Then when it changes its bid
from r′ to r, it loses utility S2.

Figure 4.1: User’s utility change when untruthful bidding.

To get a tight bound, the key is how to choose the optimal number of steps L we use in the
above argument. Taking more steps makes the total area of the gray triangles smaller; however,
every step incurs an extra ϵ. Given the number of steps L, the sum of the L triangles is upper
bounded by r/L, and since each step incurs an additive ϵ term, our goal is to minimize the
expression r/L+ ϵL. Picking L =

√
r
ϵ

minimizes the expression and thus we have that µi(r)−
µi(0) ≤ 2

√
rϵ.

The above proof works for strict-UIC and ϵ-SCP. To prove a limitation on miner revenue for
Bayesian ϵ-UIC and ϵ-SCP, the challenge is that for ϵ-UIC, Myerson’s lemma no longer holds —
in particular, the allocation rule may not even be monotone anymore. Therefore, the key idea of
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our proof is to give a generalization of Myerson’s lemma to account for the ϵ slack in incentive
compatibility. The formal proof is given in Section 4.2.

4.1.2 Approximate Incentive Compatible TFM in the Plain Model: Infinite
Block Size

We now show that the above limit on miner revenue is asymptotically tight, i.e., we can indeed
design a TFM, even in the plain model, that achieves asymptotically optimal miner revenue. The
mechanism is called proportional auction since the user’s confirmation probability is proportional
to the bid in the region [0, r], and any bid that is at least r is confirmed with probability 1.

Proportional auction // Let r be a fixed reserve price.

• Every bid b ≥ r is confirmed with probability 1 and every candidate bid b < r is con-
firmed with probability b/r. Each confirmed bid b pays p = min{ b

2
, r
2
}.

• For each confirmed bid, the miner gets a pre-determined revenue r′ =
√

2rϵ
9c

if p ≥ r′.

We now explain the intuition of why this mechanism satisfies approximate incentive compatibil-
ity, and defer the full proof to Section 4.3. First, UIC and MIC are easy to prove. Observe that
the allocation rule (i.e., the union of the inclusion and confirmation rules) is monotone, and by
design, the payment rule is the unique one that satisfies Myerson’s Lemma Lemma 3.2.1. There-
fore, the mechanism satisfies UIC. It is easy to see that injecting a bid does not help the miner,
since each bid’s contribution to the miner revenue is independent and limited by the payment.

Proving that the mechanism satisfies approximate-SCP is more technical. Here we give an
illustrative explanation to show that the joint utility of each user and the miner can increase by at
most 5

4
ϵ. Since underbidding does not increase the user’s utility or the miner’s revenue, we focus

on overbidding. Note that overbidding does not increase the joint utility for a user whose true
value is v ≥ r. Therefore, we focus in the case where the colluding user has true value v < r
and overbids.

If v ≥
√
2rϵ, the user’s utility loss when overbidding to v′ is represented by the gray triangle

in Figure 4.2a. Meanwhile, the miner’s expected revenue increases by
√
2rϵ
2

(v
′

r
− v

r
), which is the

area of the dashed rectangle in Figure 4.2a. Therefore, when the user overbids by v′− v =
√
2rϵ
2

,
the coalition’s utility increase is maximized and equals to ϵ

4
.

If v <
√
2rϵ and the colluding user overbids to v′ ≥

√
2rϵ, then the user’s utility loss when

overbidding to v′ is represented by the area of the gray triangle in Figure 4.2b. The miner’s rev-
enue now increases by v′

r
·
√
2rϵ
2

, because the user’s utility would be 0 if the user behaves honestly.
The increase in the miner’s revenue is represented by the dashed rectangle in Figure 4.2b. The
increase in the joint utility of the coalition is maximized when v is arbitrarily close to

√
2rϵ and

the user overbids by v′ − v =
√
2rϵ
2

. In this case, the joint utility of the coalition increases by 5
4
ϵ.
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√
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2

(a) An illustrative example of the coalition’s
joint utility change when the user’s true value
v ≥
√
2rϵ.

√
2rϵ r′

1

b

v′v

√
2rϵ
2

(b) An illustrative example of the coalition’s
joint utility change when the user’s true value
v <
√
2rϵ.

Figure 4.2: Coalition’s joint utility change when the miner colludes with one user.

4.1.3 Bound on Social Welfare in Plain Model: Finite Block Size

Unfortunately, although it is indeed possible to overcome the finite-block impossibility with
approximate incentive compatibility (see Section 4.4.2), we prove a new impossibility result that
rules out the existence of “useful” mechanisms whose social welfare (i.e., the sum of everyone’s
utilities) scales up proportionally w.r.t. the bid distribution. An ϵ-incentive compatible TFM in
the plain model must have a social welfare no more than Õ(k3ϵ), where k is the block size.

We will explain the proof blueprint in this overview and give the formal proof in Sec-
tion 4.4.1. To prove that the total social welfare is small, we first show that the miner revenue
must be Õ(k2ϵ) for any bid configuration. If we can show this, then given that the block size is
finite, we can show that every user i’s utility conditioned on being included is small, which then
allows us to bound the total social welfare. Suppose this is not the case, i.e., suppose that under
some bid configuration b := (b1, . . . , bN), there is a user i with expected utility (conditioned on
being included) significantly larger than the maximum possible expected miner revenue (which
is upper bounded by Õ(k2ϵ)). Then, imagine a world consisting of b and additionally (infinitely)
many users whose true value is the same as bi. In this case, there must be one such user j whose
expected utility is almost 0. Thus, if j is the miner’s colluding friend, the miner would be willing
to sacrifice all of its revenue, pretend that the world consists of b where the i-th coordinate is
replaced with j’s bid, and run the honest mechanism subject to j being included. In this case, the
coalition can increase its expected joint utility since user j would be doing much better than the
honest case.

The crux of our proof, therefore, is to show that the expected miner revenue must be bounded
for any bid vector. To show this, we take two main steps. First, we show that if the world
consists of only bids of value M , the largest possible true value, the expected miner revenue
must be small (see Lemma 4.4.5). Using the above as base case, we then go through an inductive
argument to show that in fact, for any bid vector where users do not necessarily bid M , then the
miner revenue must be small too (see Lemma 4.4.6). Note that showing the first step itself relies
on another inductive argument that inducts on the length of the bid vector.
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4.1.4 Achieving Optimal and Scalable Social Welfare in the MPC-Assisted
Model: Finite Block Size

We now show that if we consider approximate incentive compatibility in the MPC-assisted
model, we can overcome the above scalability barrier. Specifically, we construct an MPC-
assisted TFM called the “diluted posted price auction” that can achieve up to Θ(M · k) social
welfare when many people’s bids are large enough, where M is an upper bound on users’ bid.

MPC-assisted, diluted posted price auction
Let r be a fixed reserve price, let M be the maximum possible value of the bid, and let k be
the block size.
• Remove all bids that are less than r, and suppose that there are ℓ bids left — these bids

form the candidate pool.

• Let N = max{c ·
√

kM
2ϵ
, k}. If ℓ < N , pad the candidate pool with fake 0 bids such that

its size is N .
• Choose k bids at random from the candidate pool. All real bids chosen are confirmed and

pay the reserve price r.
• The miner gets 2ϵ

c
for each confirmed bid.

In the above mechanism, suppose we set the reserve price r ≤ M/2, and further, imagine that
everyone’s true value is M , and they all bid their true value. Further, assume that there are many
more users than the block size k. In this case, the block will be filled with k confirmed bids, and
for each confirmed bid obtains utility M/2. Thus, we can achieve Θ(M · k) social welfare.

The diluted posted price auction satisfies UIC, MIC, and ϵ-SCP against any (ρ, c)-sized coali-
tion. UIC and MIC are easy to see, so we explain why it satisfies approximate SCP. In particular,
this is achieved by artificially diluting the probability that a user is confirmed when the number
of eligible bids (i.e., offering at least r) is small. With the dilution, we guarantee that a coalition
of c users cannot noticeably alter their own probability of getting confirmed, nor their friend’s
probability. This implies a strategic coalition has little influence over the expected utility of all
users in the coalition. The formal proof is given in Section 4.5.

4.2 Bound on the Miner Revenue

We first prove a generalization of Myerson’s payment difference sandwich for ϵ-UIC. Still, we
use (x,p, µ) to represent a mechanism and define for the i-th user,

xi(·) = E
b−i∼D−i

[xi(b−i, ·)], pi(·) = E
b−i∼D−i

[pi(b−i, ·)], µi(·) = E
b−i∼D−i

[µ(b−i, ·)].

Lemma 4.2.1. Given any (possibly randomized) MPC-assisted TFM that is Bayesian ϵ-UIC, it
must be that for any user i, for any y ≤ z,

z · [xi(z)− xi(y)] + ϵ ≥ pi(z)− pi(y) ≥ y · [xi(z)− xi(y)]− ϵ. (4.1)
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Proof. The proof is similar to the proof of Myerson’s Lemma. Note that user i’s expected utility
is v · xi(b) − pi(b) if its true value is v and its bid is b. By the definition of Bayesian ϵ-UIC, it
must be that

z · xi(z)− pi(z) + ϵ ≥ z · xi(y)− pi(y).

Otherwise, if user i’s true value is z, bidding y can bring it strictly more than ϵ utility compared
to bidding truthfully, which contradicts Bayesian ϵ-UIC. By the same reasoning, we have

y · xi(y)− pi(y) + ϵ ≥ y · xi(z)− pi(z).

The lemma thus follows by combining these two inequalities.

Based on this payment difference sandwich, we have the following result about the expected
miner’s revenue for approximate incentive compatibility.
Lemma 4.2.2. Fix any ρ ∈ (0, 1]. For any (possibly randomized) MPC-assisted TFM that is
Bayesian ϵu-UIC and Bayesian ϵs-SCP against a (ρ, 1)-sized coalition, it must be that for any
user i, for any y ≤ z,

µi(z)− µi(y) ≤
1

ρ
(ϵu + ϵs + S(y, z)), (4.2)

where S(y, z) = (z − y)[xi(z)− xi(y)].

Proof. The utility of user i is v · xi(b) − pi(b) if its true value is v and it bids b. Imagine that
the user i’s true value is y. If user i overbids z > y instead of its true value y, then its expected
utility decreases by

∆ = y · xi(y)− pi(y)− [y · xi(z)− pi(z)]

= −y · [xi(z)− xi(y)] + (pi(z)− pi(y))

≤ −y · [xi(z)− xi(y)] + z · [xi(z)− xi(y)] + ϵu By Bayesian ϵu-UIC and (4.1)
= (z − y) · [xi(z)− xi(y)] + ϵu = S(y, z) + ϵu.

A graphical description of S(y, z) is shown in Figure 4.3 — note that S(y, z) can be negative
since the allocation rule xi(·) may not be monotone under approximate UIC.

By Bayesian ϵs-SCP, it must be that ρµi(z)− ρµi(y) ≤ ∆+ ϵs; otherwise, a strategic player
controlling ρ fraction of the miners can collude with user i, and ask user i to bid z instead of its
true value y. This increases the coalition’s utility by strictly more than ϵs compared to the honest
strategy, which contradicts Bayesian ϵs-SCP.

Lemma 4.2.3. Fix any ρ ∈ (0, 1]. For any (possibly randomized) MPC-assisted TFM that is
Bayesian ϵu-UIC and Bayesian ϵs-SCP against a (ρ, 1)-sized coalition, for any user i, for any
value r, it must be that

µi(r)− µi(0) ≤

{
2
ρ
(ϵs + ϵu), if r ≤ ϵs + ϵu

2
ρ
(
√

r(ϵs + ϵu)), if r > ϵs + ϵu.
(4.3)

Proof. Let ϵ′ = ϵs + ϵu. To prove this Lemma, we consider the following two cases.
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0 y′ z′

1

b

x
i(
b)

(a) An illustrative example of S(y, z) in in-
creasing function. The size of the gray area in
the figure is exactly S(y, z).

0 y′ z′

1

b

x
i(
b)

(b) When the function decreases, S(y, z) can be
negative. S(y, z) is the negative of the dashed
rectangle area.

Figure 4.3: User’s utility change

Case 1: If r ≤ ϵ′. In this case, by Lemma 4.2.2, we have that

µi(r)− µi(0) ≤
1

ρ
(ϵu + ϵs + S(0, r)) ≤ 1

ρ
(ϵu + ϵs + r) ≤ 2ϵ′

ρ
.

Case 2: If r > ϵ′. We choose a sequence of points that partitions the interval [0, r] as follows.
Let L = ⌊

√
r
ϵ′
⌋. Set r0 = 0 and rL+1 = r. For l = 1, . . . , L, we set rl = l ·

√
rϵ′. Each segment

except the last one is of length
√
rϵ′, while the last one has length no more than

√
rϵ′.

Now we proceed to bound µi(r)− µi(0). Note that

µi(r)− µi(0) =
L∑
l=0

[µi(rl+1)− µi(rl)]

≤
L∑
l=0

1

ρ
[ϵ′ + S(rl, rl+1)] By Lemma 4.2.2

=
Lϵ′

ρ
+

1

ρ

L∑
l=0

(rl+1 − rl) · [xi(rl+1)− xi(rl)]

≤ Lϵ′

ρ
+

1

ρ

√
rϵ′

L∑
l=0

[xi(rl+1)− xi(rl)] By the choice of rl

≤ Lϵ′

ρ
+

1

ρ

√
rϵ′ By xi(r) ≤ 1

Since L = ⌊
√

r
ϵ′
⌋ ≤

√
r
ϵ′

, we have that

µi(r)− µi(0) ≤
2
√
rϵ′

ρ
.
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Now, we want to bound the miner revenue by lowering each user’s bid to 0 one by one,
and apply Lemma 4.2.3 in each step. To make this argument work, one key insight is to rely
on approximate MIC to remove a user’s bid from consideration after lowering it to zero — see
Equation (4.5) in the proof of Theorem 4.2.4 below. This ensures that in any step of the induction,
any honest user’s bid is sampled from D.
Theorem 4.2.4 (Limit on miner revenue for approximate incentive compatibility). We useD(n) =
D1 × · · · × Dn to denote the joint distribution of the first n users’ true values, where Di is user
i’s true value distribution. Given any (possibly randomized) MPC-assisted TFM that is Bayesian
ϵu-UIC, Bayesian ϵm-MIC against a ρ-sized miner coalition and Bayesian ϵs-SCP against a
(ρ, 1)-sized coalition, it must be that for any n,

E
b∼D(n)

[µ(b)] ≤ 2n

ρ

(
ϵ+ CD

√
ϵ
)
, (4.4)

where ϵ = ϵs + ϵu + ϵm, and CD = 1
n

∑n
i=1 EX∼Di

[
√
X] is a term that depends on the “scale” of

the distribution D.

Proof. Since the TFM is Bayesian ϵm-MIC, it must be that for any ℓ,

E
b∼D(ℓ)

[ρµ(b, 0)] ≤ E
b∼D(ℓ)

[ρµ(b)] + ϵm. (4.5)

Otherwise, the strategic miner can inject a bid 0 and increase its miner revenue by strictly more
than ϵm, while it does not need pay anything for injecting this 0-bid. This violates Bayesian
ϵm-MIC.

Let f(·) be the p.d.f. of distribution D. By the law of total expectation,

E
b∼D(n)

[µ(b)] =

∫ ∞

0

E
b′∼D(n−1)

[µ(b′, r)]f(r)dr.

Let ϵ′ = ϵs + ϵu. Since the mechanism is Bayesian ϵu-UIC and Bayesian ϵs-SCP against (ρ, 1)-
sized coalition, by Lemma 4.2.3, it must be that∫ ϵ′

0

E
b′∼D(n−1)

[µ(b′, r)]f(r)dr ≤
∫ ϵ′

0

[
E

b′∼D(n−1)
[µ(b′, 0)] +

2ϵ′

ρ

]
f(r)dr;∫ ∞

ϵ′
E

b′∼D(n−1)
[µ(b′, r)]f(r)dr ≤

∫ ∞

ϵ′

[
E

b′∼D(n−1)
[µ(b′, 0)] +

2
√
rϵ′

ρ

]
f(r)dr.

Summing up the two inequalities above, we can bound the expected miner revenue with

E
b∼D(n)

[µ(b)]

=

∫ ϵ′

0

E
b′∼D(n−1)

[µ(b′, r)]f(r)dr +

∫ ∞

ϵ′
E

b′∼D(n−1)
[µ(b′, r)]f(r)dr

≤
∫ ϵ′

0

[
E

b′∼D(n−1)
[µ(b′, 0)] +

2ϵ′

ρ

]
f(r)dr +

∫ ∞

ϵ′

[
E

b′∼D(n−1)
[µ(b′, 0)] +

2
√
rϵ′

ρ

]
f(r)dr

≤ E
b′∼D(n−1)

[µ(b′, 0)] +
2ϵ′

ρ

∫ ϵ′

0

f(r)dr +
2
√
ϵ′

ρ

∫ ∞

ϵ′

√
rf(r)dr
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By (4.5), we have that E
b′∼D(n−1)

[µ(b′, 0)] ≤ E
b′∼D(n−1)

[µ(b′)] + ϵm
ρ

. Therefore,

E
b∼D(n)

[µ(b)]

≤ E
b′∼D(n−1)

[µ(b′, 0)] +
2ϵ′

ρ

∫ ϵ′

0

f(r)dr +
2
√
ϵ′

ρ

∫ ∞

ϵ′

√
rf(r)dr

≤ E
b′∼Dn−1

[µ(b′)] +
ϵm
ρ

+
2ϵ′

ρ
+

2
√
ϵ′

ρ
EX∼Dn [

√
X]

≤ E
b′∼D(n−1)

[µ(b′)] +
2ϵ

ρ
+

2
√
ϵ

ρ
EX∼Dn [

√
X],

where the last step comes from the fact that ϵ = ϵs + ϵu + ϵm. The theorem follows by induction
on n, where we repeat the argument above in each induction step.

It is easy to see that the same miner revenue limit of Theorem 4.2.4 also holds in the plain
model, as stated in the following corollary.
Corollary 4.2.5. We use D to denote the joint distribution of the n users’ true values. Given
any (possibly randomized) TFM in the plain model that is ϵu-UIC, ϵm-MIC, and ϵs-SCP even for
c = 1, it must be that for any n,

E
b∼D

[µ(b)] ≤ 2n
(
ϵ+ CD

√
ϵ
)
, (4.6)

where ϵ = ϵs + ϵu + ϵm, and CD = 1
n

∑n
i=1 EX∼Di

[
√
X] is a term that depends on the “scale” of

the distribution D.

Proof. Follows directly from Theorem 4.2.4 which holds in particular for ρ = 1, and the fact
that the strategy space in the plain model is strictly larger than in the MPC-assisted model.

4.3 Achieving Optimal Revenue: Proportional Auction
We now present the mechanism that achieves approximate incentive compatibility while achiev-
ing asymptotically optimal miner revenue, even in the plain model.
Theorem 4.3.1. The above proportional auction in the plain model is UIC, MIC and 5

4
cϵ-SCP

against c-sized coalitions for arbitrary c ≥ 1.

Proof. We prove the three properties individually.

UIC. Because the confirmation and the payment of each bid are independent of other bids,
injecting fake bids does not help to increase any user’s utility. Next, suppose user i’s true value
is vi. If user i bids bi, its expected utility is{(

vi − bi
2

)
bi
r
, if bi < r,

vi − r
2
, if bi ≥ r.

By direct calculation, the expected utility is maximized when bi = vi. Thus, proportional auction
is strict UIC.
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Proportional Auction
Parameters: the slack ϵ, the reserved price r where r ≥ 2ϵ.
Input: a bid vector b = (b1, . . . , bN).
Mechanism:
• Inclusion rule. Include all bids in b.
• Confirmation rule. For each bid b, if b < r, it is confirmed with the probability b/r;

otherwise, if b ≥ r, it is confirmed with probability 1.
• Payment rule. For each confirmed bid b, if b < r, it pays b/2; otherwise, it pays r/2.

• Miner revenue rule. For each confirmed bid b, if b ≥
√
2rϵa, then miner is paid

√
2rϵ
2

.
aThis guarantees that the miner revenue does not exceed the total payment.

Figure 4.4: Proportional auction: achieving asymptotically optimal social welfare even in the
plain model.

MIC. Since the block size is infinite, the miner’s best strategy is to include all bids to maximize
its revenue. Notice that the confirmation of each bid and the miner revenue of each bid are inde-
pendent of other bids. Thus, injecting fake bids does not change the miner revenue from “other
bids.” Moreover, for each confirmed bid, the miner revenue is upper bounded by the payment of
that bid. Thus, the increment of the miner revenue never exceeds the cost of the injected fake
bids. Thus, the miner revenue cannot increase by injecting fake bids, so the mechanism is strict
MIC.

5
4
cϵ-SCP. As we have shown in the argument for strict UIC and strict MIC, injecting fake bids

does not change the colluding miner’s revenue. Because the confirmation and the payment of
each bid are independent of other bids, injecting fake bids does not help to increase any user’s
utility. Thus, in the rest of the proof, we assume the only deviation of the coalition is to change
the bids from colluding users’ true values to other values. Let user i be a colluding user. We
will show that the joint utility increases at most by 5

4
ϵ if user i changes its bid from its true value

to other values, no matter what other bids are. Because there are at most c colluding users, the
mechanism is 5

4
cϵ-SCP for all c.

Let user i be a colluding user with true value vi, and let bi be user i’s bid. We now proceed to
analyze the utility of coalition based on how users in the coalition bid untruthfully.

1. Underbidding. Suppose bi < vi. Notice that the miner can get the payment from bi only
when bi is confirmed, and the miner is paid

√
2rϵ
2

if bi ≥
√
2rϵ. When user i underbids, the

miner’s revenue can not increase. Because the mechanism is strict UIC, underbidding does not
increase user i’s utility either. Thus, the joint utility does not increase if bi < vi.

2. Overbidding. Suppose bi > vi. We first consider the following cases based on whether the
true value vi is less than r.
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• If vi ≥
√
2rϵ. If vi ≥ r, bidding truthfully already guarantees user i’s bid to be confirmed,

and the miner is paid
√

rϵ
2

. Thus, when vi ≥ r, overbidding does not increase the joint
utility. In the following, we assume vi < r. Let ∆ = min(bi − vi, r − vi) > 0. If user i
bids truthfully, its bid is confirmed with the probability vi

r
, so its expected utility is(

vi −
vi
2

) vi
r
.

Next, suppose user i bids bi > vi. Then, bi is confirmed with the probability vi+∆
r

, and the
payment is vi+∆

2
if bi is confirmed. Thus, user i’s expected utility is(

vi −
vi +∆

2

)
vi +∆

r
.

Hence, compared to bidding truthfully, user i’s expected utility decreases by(
vi −

vi
2

) vi
r
−
(
vi −

vi +∆

2

)
vi +∆

r
=

∆2

2r
> 0.

On the other hand, if user i bids truthfully, the miner’s expected revenue is vi
r

√
rϵ
2

. If
user i bids bi > vi, the miner’s expected revenue is vi+∆

r

√
rϵ
2

. Thus, compared to bidding
truthfully, the miner’s expected utility increases by

vi +∆

r

√
rϵ

2
− vi

r

√
rϵ

2
=

∆

r

√
rϵ

2
.

Combine the argument above, the joint utility increases by

∆

r

√
rϵ

2
− ∆2

2r
. (4.7)

The maximum of Eq.(4.7) is ϵ
4
, so overbidding bi can only increase the joint utility by ϵ

4
.

• If vi <
√
2rϵ. Because the mechanism is strict-UIC, overbidding does not increase user i’s

utility. If bi <
√
2rϵ, the miner revenue is still zero. Thus, we assume bi ≥

√
2rϵ. From

the argument in the previous case, we know that compared to bidding truthfully, user i’s
expected utility decreases by ∆2

2r
. However, if user i bids truthfully, the miner’s revenue is

zero. If user i bids bi > vi, the miner’s expected revenue is vi+∆
r

√
rϵ
2

. Thus, compared to
bidding truthfully, the miner’s expected revenue increases by vi+∆

r

√
rϵ
2

. Consequently, the
joint utility increases by

vi
r

√
rϵ

2
+

∆

r

√
rϵ

2
− ∆2

2r
. (4.8)

Because the maximum of Eq.(4.7) is ϵ
4
, the maximum of Eq.(4.8) when vi <

√
2rϵ is at

most 5ϵ
4

. Thus, overbidding bi can only increase the joint utility by 5ϵ
4

.

To sum up, among all cases, overbidding bi can only increase the joint utility by at most 5
4
ϵ. The

theorem thus follows.
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4.4 Characterizing Social Welfare in the Plain Model: Finite
Block Size

4.4.1 Bound on Social Welfare
Theorem 4.4.1. Suppose the block size is upper bounded by k. Fix any ϵ > 0. Given any TFM in
the plain model that satisfies ϵ-UIC, ϵ-MIC and ϵ-SCP when the miner can collude with at most
c = 1 user, and given any bid vector b, let M = max(b) be the maximum bid of any user, it must
be that
• the miner’s expected revenue is upper bounded by 12k2ϵ log

(
M
ϵ
+ 1
)
+ 2kϵ;

• every user’s expected utility is upper bounded by 12k2ϵ log
(
M
ϵ
+ 1
)
+ (2k + 1)ϵ conditioned

on the bid being included in the block, and assuming the bid reflects its true value;
• the expected social welfare is upper bounded by O

(
k3ϵ log

(
M
ϵ
+ 1
)
+ k2ϵ

)
.

A direct corollary of Theorem 4.4.1 is that there is no non-trivial mechanism that satisfies
approximate incentive compatibility if the user’s true value is unbounded. This implies that there
is no universal mechanism that works for all bid distributions. Formally,
Corollary 4.4.2. Suppose the block size is upper bounded by k. Fix any ϵ > 0. If users’ true
values are unbounded, then no (possibly randomized) non-trivial TFM in the plain model can
simultaneously satisfy ϵ-UIC and ϵ-SCP, even if the miner colludes with only one user.

Proof. For the sake of contradiction, assume that there exists an ϵ > 0, such that there exists a
non-trivial TFM satisfying ϵ-UIC and ϵ-SCP. Recall that xi(b) denotes the probability of user i’s
bid being confirmed given that the world consists of the bid vector b (assuming the mechanism
is honestly implemented). We define x̃i(b

′) to be the probability of user i’s bid being confirmed
conditioned on its bid being included in the block configuration b′. According to the assumption
that the mechanism is non-trivial, there must exist an i ∈ [k] and a block configuration b′ =
(b∗,b−i) such that b∗ has a positive probability x̃i(b

′) of being confirmed.
Now imagine the world consists of the bid vector b where

b = (b1, b2, . . . , bk−1,M,M, . . . ,M︸ ︷︷ ︸
T

),

where T ≥ 2k
x̃i(b′)

and M is some large number (larger than max{b1, . . . , bk}) that we will specify
later.

Since the block size is bounded by k, there must exist a user j whose true value is M yet
its probability of being confirmed is no more than k

T
≤ 1

2
x̃i(b

′) by our choice of T . Therefore,
user j’s utility (assuming the mechanism is honestly implemented) is at most M · 1

2
x̃i(b

′). Now
consider the coalition of the miner and user j. By Theorem 4.4.1, their joint utility when behaving
honestly is at most

M · 1
2
x̃i(b

′) + 12k2ϵ log

(
M

ϵ
+ 1

)
+ 2kϵ.

However, the miner can ask user j to bid b∗ instead of its true value M and include (b1, . . . , bk−1, b
∗)

into the block, where the bid b∗ comes from user j. Since the payment cannot exceed the bid,
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now the utility of user j is at least
M · x̃i(b

′)− b∗.

As long as M is large enough such that

M · x̃i(b
′)− b∗ ≥M · 1

2
x̃i(b

′) + 12k2ϵ log

(
M

ϵ
+ 1

)
+ 2kϵ+ ϵ,

the coalition gains ϵ more joint utility compared to the honest strategy. This contradicts ϵ-SCP.
Note that since users’ true values can be unbounded, such M must exist. Therefore, there does
not exist a non-trivial mechanism that satisfies ϵ-UIC and ϵ-SCP simultaneously.

The rest of Section 4.4.1 is dedicated to proving Theorem 4.4.1.

Individual User’s Influence on Miner Revenue is Bounded

Before proving Theorem 4.4.1, we introduce some useful lemmas. The following lemma states
that if, given some bid configuration, a user’s expected utility is not too large, then, the miner’s
expected revenue should not drop too much when we lower that user’s bid to 0.
Lemma 4.4.3. Given any (possibly randomized) TFM in the plain model that satisfies ϵ-UIC,
ϵ-MIC and ϵ-SCP against 1-sized coalition, for any b−i and v, we have the following where
utili(b) denotes user i’s expected utility and µ(b) is the expected miner revenue when the bid
vector is b:

µ(b−i, v)− µ(b−i, 0) ≤

{
4ϵ, v ≤ 2ϵ

utili(b−i, v) + 3ϵ log v
ϵ
+ 4ϵ, v > 2ϵ.

Proof. Henceforth, we use x(b) to denote the vector of probabilities that each bid in b is included
and confirmed, and let p(b) denote the vector of expected payments for every user when the bid
vector is b.

First, observe that Lemma 4.2.1 and Equation (4.9) still hold in the plain model where the
terms xi(·), pi(·), and µ(·) are now replaced with xi(b−i, ·) pi(b−i, ·), and µ(bi, ·) respectively,
i.e., we now fix an arbitrary fixed b−i rather than taking expectation over the random choice b−i.

Specifically, Lemma 4.2.1 implies that for any b−i, for any b ≤ b′,

b′ ·[xi(b−i, b
′)−xi(b−i, b)]+ϵ ≥ pi(b−i, b

′)−pi(b−i, b) ≥ b·[xi(b−i, b
′)−xi(b−i, b)]−ϵ. (4.9)

Lemma 4.2.2 implies that for any b−i, for any b ≤ b′,

µ(b−i, b
′)− µ(b−i, b) ≤ 2ϵ+ (b′ − b) · [xi(b−i, b

′)− xi(b−i, b)]. (4.10)

Henceforth in this proof, we always fix an arbitrary b−i. For simplicity, in this proof, we
omit b−i and use the short-hand notations xi(v) := xi(b−i, v), pi(v) := pi(b−i, v), and µ(v) :=
µ(b−i, v).
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For v ≤ 2ϵ, the lemma directly follows from (4.10). In the rest of the proof, we focus on the
case where v > 2ϵ. Define a function ui(b) such that

∫ b

0
ui(t)dt = b · xi(b) − pi(b). For any

b ≤ b′, the payment when bidding b is

pi(b) = b · xi(b)−
∫ b

0

ui(t)dt.

Since we do not have the guarantee that the utility increases with the bids, it can be that ui(b) ≤ 0

for some b. However, we have that guarantee that at any point,
∫ b

0
ui(t)dt is non-negative.

By Equation (4.9), we know that for any b ≤ b′, we have pi(b′)−pi(b) ≤ b′[xi(b
′)−xi(b)]+ϵ,

i.e., [
b′ · xi(b

′)−
∫ b′

0

ui(t)dt

]
−
[
b · xi(b)−

∫ b

0

ui(t)dt

]
≤ b′ · [xi(b

′)− xi(b)] + ϵ,

which is equivalent to

ξ(b, b′) := (b′ − b) · xi(b)−
∫ b′

b

ui(t)dt ≤ ϵ. (4.11)

Intuitively, the meaning of ξ(b, b′) is how much we are over-estimating if we use a rectangle of
width b′ − b and height xi(b) to approximate the area-under-curve1 for ui, between b and b′. For
example, the blue area in Figure 4.5a represents ξ(b, b′), whereas the red area minus the gray area
is ξ(b′′, v).

Now consider the following sequence: bl = v − v
2l

for l = 0, . . . , L where L = ⌈log v
2ϵ
⌉.

By (4.10), the miner revenue

µ(bl)− µ(bl−1) ≤ 2ϵ+ S(bl−1, bl),

where S(bl−1, bl) := (bl − bl−1) · [xi(bl) − xi(bl−1)]. Summing up the miner revenue difference
together, we have

µ(v)− µ(0) = µ(v)− µ(bL) +
L∑
l=1

µ(bl)− µ(bl−1)

≤2ϵ+ (v − bL) · [xi(v)− xi(bL)] +
L∑
l=1

(S(bl−1, bl) + 2ϵ) By (4.10)

≤4ϵ+ 2Lϵ+
L∑
l=1

S(bl−1, bl). By v − bL ≤ 2ϵ

Now we proceed to bound the sum
∑L

l=1 S(bl−1, bl). For each l = 1, . . . , L, by the choice of the
sequence, we have

bl − bl−1 =
v

2l
= v − bl, and S(bl−1, bl) = (v − bl) · [xi(bl)− xi(bl−1)]

1We may assume that any area under 0 contributes negatively to the area-under-curve.
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For simplicity, let bL+1 := v. We have the following:

L∑
l=1

S(bl−1, bl) =
L∑
l=1

(v − bl) · [xi(bl)− xi(bl−1)]

=(v − bL) · xi(bL) +
L−1∑
l=1

(bl+1 − bl) · xi(bl)

=
L∑
l=1

(bl+1 − bl) · xi(bl). By v = bL+1

In other words, the sum
∑L

l=1 S(bl−1, bl) is equal to the total area of the dashed rectangles in
Figure 4.5b. We want to show that the sum

∑L
l=1 S(bl−1, bl) is not significantly greater than

utili(v), i.e., the area under the ui-curve. The following calculation says that this difference is
upper-bounded by Formally,

L∑
l=1

S(bl−1, bl)−
∫ v

0

ui(t)dt =
L∑
l=1

(bl+1 − bl)xi(bl)−
∫ v

0

ui(t)dt

≤
L∑
l=1

{
(bl+1 − bl) · xi(bl)−

∫ bl+1

bl

ui(t)dt

}
By

∫ b1

0

ui(t) ≥ 0

=
L∑
l=1

ξ(bl, bl + 1) ≤
L∑
l=1

ϵ = Lϵ. By (4.11)

[Ke: Add a label in figure]

Putting it together, the change in miner revenue µ(v)− µ(0) is upper bounded by

µ(v)− µ(0) ≤ 4ϵ+ 2Lϵ+
L∑
l=1

S(bl−1, bl)

≤4ϵ+ 2Lϵ+ Lϵ+

∫ v

0

ui(t)dt ≤ utili(b−i, v) + 3ϵ log
v

ϵ
+ 4ϵ,

where the last step comes from the fact that L ≤ log v
ϵ

by our choice of L.
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b b′ b′′ v

0

1 xi(·)
ui(·)

ξ(b, b′)

ξ(b′′, v)

(a) The green area denotes ξ(b, b′), and the red
area minus the gray area denotes ξ(b′′, v).

b0 b1 b2 b3 v

0

1 xi(·)
ui(·)

ξ(b2, b3)

ξ(b3, v)

ξ(b1, b2)

(b) The sum of the dashed rectangles is equal
to
∑L

l=1 S(bl, bl+1). The difference between∑L
l=1 S(bl, bl+1) and the area under the ui(·)

curve is upper bounded by
∑L

l=1 ξ(bl, bl+1),
represented by the sum of the blue areas minus
the gray area.

Figure 4.5: Graphical explanation of the proof to Lemma 4.4.3

Because the miner can inject a bid 0 for free, Lemma 4.4.3 implies the following corollary,
which says that if we remove a bid, the miner revenue should not be affected by too much.
Corollary 4.4.4. Let (x,p, µ) denote any (possibly randomized) TFM in the plain model that
satisfies ϵ-UIC, ϵ-MIC and ϵ-SCP against 1-sized coalition. For any b−i and v,

µ(b−i, v)− µ(b−i) =

{
5ϵ, v ≤ 2ϵ

utili(b−i, v) + 3ϵ log v
ϵ
+ 5ϵ, v > 2ϵ.

Proof. Because the miner can inject a bid 0 for free, by ϵ-MIC, it must be

µ(b−i, 0)− µ(b−i) ≤ ϵ. (4.12)

The corollary is now directly implied by Equation (4.12) and Lemma 4.4.3.

Bounds on Miner Revenue

We now prove bounds for the miner’s revenue. To do this, we first prove a bound on miner
revenue when everyone bids the same value M (see Lemma 4.4.5). Then, we generalize to the
case when everyone’s bids need not be the same (see Lemma 4.4.6).

Notation. Henceforth, for t ∈ N ∪ {0}, we define mt := (M, . . . ,M) where |mt| = t; that is,
mt consists of t copies of M . Recall that µ(b) denotes the expected miner revenue given that
the world consists of the bid vector b (assuming the mechanism is honestly implemented). We
define µ̃(b′) to be the expected miner revenue given that the block configuration is b′.
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Lemma 4.4.5. Suppose that the block size is upper bounded by k. Fix an arbitrary any ϵ > 0
and M > 2ϵ and let mt := (M,M, . . . ,M) be a vector containing t repetitions of M . Then,
for any (possibly randomized) TFM in the plain model that satisfies ϵ-UIC, ϵ-MIC and ϵ-SCP
even when the miner colludes with at most c = 1 user, it holds that µ̃(mt) ≤ 12k2ϵ log M

ϵ
for all

t ≤ k.

Proof. Imagine the world consists of the bid vector mK where K > Mk
ϵ

is sufficiently large. Let
mt∗ be the block configuration that gives the miner optimal revenue; that is t∗ = argmaxt≤k µ̃(mt).
Clearly, it must be µ̃(mt∗) ≥ µ(mK). Because of ϵ-MIC, we have µ(mt∗) ≥ µ̃(mt∗) − ϵ. Oth-
erwise, if µ(mt∗) < µ̃(mt∗) − ϵ, when the world is mt∗ , the miner could simply choose mt∗ as
the block configuration so that the revenue becomes µ̃(mt∗), which is more than ϵ higher than its
honest utility µ(mt∗). Combining the two inequalities, we have µ(mt∗) ≥ µ(mK)− ϵ.

Recall that utili(b) denotes user i’s expected utility when the bid vector is b. Next, we will
show that for any t ≤ K and any user i ∈ [t], it must be

µ(mt) + utili(mt) ≤ µ(mK) + 2ϵ. (4.13)

For the sake of reaching a contradiction, suppose there is an integer t and user i such that µ(mt)+
utili(mt) > µ(mK) + 2ϵ. Imagine that the world is mK , where K > Mk

ϵ
. There must exist a

user j whose confirmation probability is at most xj(mK) ≤ k
K

< ϵ
M

, as at most k bids can be
included in a block. Therefore, user j’s utility is at most utilj(mK) ≤ xj(mK) ·M < ϵ. Imagine
that the miner now colludes with user j. The miner implements the inclusion rule as if the world
consists of the bid vector mt where the i-th position is occupied by user j’s bid. Since the TFM
is symmetric, and both users bid M , user j’s expected utility is now utili(mt). The joint utility
of the coalition now is µ(mt) + utili(mt) > µ(mK) + 2ϵ > µ(mK) + utilj(mK) + ϵ, which
contradicts ϵ-SCP. Consequently, Equation (4.13) must hold for any t ≤ K and any user i ∈ [t].

According to Equation (4.13), we have µ(mt∗) + utili(mt∗) ≤ µ(mK) + 2ϵ for any user i.
As we have shown, it must be µ(mt∗) ≥ µ(mK)− ϵ. Combining these two inequalities, we have

utili(mt∗) ≤ µ(mK) + 2ϵ− µ(mt∗) ≤ µ(mK) + 2ϵ− µ(mK) + ϵ = 3ϵ.

Since the utility of user i is bounded, by applying Corollary 4.4.4, it must be

µ(mt∗)− µ(mt∗−1) ≤ utili(mt∗) + 3ϵ log
M

ϵ
+ 5ϵ ≤ 8ϵ+ 3ϵ log

M

ϵ
. (4.14)

Consequently, we have

utili(mt∗−1) ≤ µ(mK) + 2ϵ− µ(mt∗−1) By (4.13)

≤µ(mK) + 2ϵ− µ(mt∗) + 8ϵ+ 3ϵ log
M

ϵ
By (4.14)

≤µ(mK) + 2ϵ− µ(mK) + ϵ+ 8ϵ+ 3ϵ log
M

ϵ
By µ(mt∗) ≥ µ(mK)− ϵ

=11ϵ+ 3ϵ log
M

ϵ
.
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Then, we can apply Corollary 4.4.4 again, and we have

µ(mt∗−1)− µ(mt∗−2) ≤ utili(mt∗−1) + 3ϵ log
M

ϵ
+ 5ϵ ≤ 16ϵ+ 6ϵ log

M

ϵ
.

By the same reason, for any r ≤ t∗, we have

µ(mt∗−r)− µ(mt∗−r−1) ≤ (8r + 8)ϵ+ (3r + 3) · ϵ log M

ϵ
. (4.15)

Since M ≥ 2ϵ, we have ϵ log M
ϵ
≥ ϵ. By Eq.(4.15), we have

µ(mt∗)− µ(m0) =
t∗−1∑
r=0

µ(mt∗−r)− µ(mt∗−r−1)

≤ (8t∗ + 4(t∗ − 1)t∗) ϵ+

(
3t∗ +

3(t∗ − 1)t∗

2

)
· ϵ log M

ϵ

≤11(t∗)2ϵ log M

ϵ
. By ϵ log

M

ϵ
≥ ϵ and t∗ ≥ 1

Notice that µ(m0) = 0, so we have

µ(mt∗) ≤ 11(t∗)2ϵ log
M

ϵ
.

Recall that we define t∗ = argmaxt≤k µ̃(mt). By definition, µ̃(mt) ≤ µ̃(mt∗) for all t ≤
k. As we have shown at the beginning, it must be µ(mt∗) ≥ µ̃(mt∗) − ϵ. Thus, we have
µ̃(mt) ≤ µ̃(mt∗) ≤ µ(mt∗) + ϵ for all t ≤ k. Combine the arguments above, we have µ̃(mt) ≤
11k2ϵ log M

ϵ
+ ϵ ≤ 12k2ϵ log M

ϵ
for all t ≤ k.

Lemma 4.4.6. Suppose the block size is upper bounded by k. Fix any ϵ > 0. For any (possibly
randomized) TFM in the plain model that satisfies ϵ-UIC, ϵ-MIC and ϵ-SCP (even when the miner
only colludes with one user), for any block configuration b, the following must hold where M is
the maximum bid amount in the bid vector b:

µ̃(b) ≤

{
2kϵ, if M < 2ϵ,

12k2ϵ log M
ϵ
+ 2kϵ, if M ≥ 2ϵ.

Proof. Given any block configuration b, the miner revenue must be upper bounded by the sum
of the bids in b. Thus, if M < 2ϵ, the miner revenue is upper bounded by 2kϵ.

Henceforth, we focus on the case M ≥ 2ϵ. Throughout the proof, we say that a bid b is a low
bid if b < M . Then, any block configuration, up to reordering, can be represented by (mt,L) for
some t ≥ 1, where mt consists of t repetitions of M , L which is possibly of length 0, contains
only low bids. We prove the following claim by induction on the length of L:

For any L consisting of only low bids, for any t such that t + |L| ≤ k, the miner revenue
µ̃(mt,L) ≤ τ + 2|L|ϵ, where we set τ := 12k2ϵ log M

ϵ
.
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For the base case where |L| = 0, i.e. the block does not contain any low bid, it is proven by
Lemma 4.4.5.

Now, suppose we have proven that for any L′ of length R, for any t, the miner revenue
µ̃(mt,L

′) ≤ τ + 2Rϵ. We are going to show that for any L of length R+ 1, for any t, the miner
revenue µ̃(mt,L) ≤ τ + 2(R + 1)ϵ.

For the sake of contradiction, suppose there exists a bid L of length R + 1 and there exists a
t, such that for the block configuration (mt,L) = (mt, d1, . . . , dR, dR+1), the miner’s revenue is
τ + 2(R + 1)ϵ + δ for some δ > 0. Now, imagine that the world consists of (mK , d1, . . . , dR),
where K > kM

ϵ
. In this case, the block configuration output by the honest inclusion rule must

be of the form (mt∗ ,d) for some t∗ ≤ k − |d| and d ⊆ {d1, . . . , dR} consists of only low bids.
Since (mt∗ ,d) only contains at most R low bids, the miner revenue µ̃(mt∗ ,d) ≤ τ + 2Rϵ by
induction hypothesis.

By our choice of K, there must exist a user i with true value M , whose confirmation proba-
bility xi(mK , d1, . . . , dR) ≤ k

K
< ϵ

M
when the miner is honest. Thus, user i’s utility is at most

M · xi(mK , d1, . . . , dR) < ϵ. Now the miner can collude with user i, ask user i to bid dR+1 in-
stead of its true value M and include (mt, d1, . . . , dR, dR+1) in the block. Since dR+1 < M and
the payment never exceeds the bid, user i’s utility is at least zero. This implies that the decrease
of the utility of user i is strictly less than ϵ. Now the miner revenue is τ + 2(R + 1)ϵ+ δ by our
assumption, whereas the miner revenue in the honest case is at most τ + 2Rϵ. Thus, the miner
revenue increases by more than 2ϵ compared to the honest case. Thus, the joint utility of the
coalition increases by more than ϵ, which contradicts ϵ-SCP. Therefore, by induction, we have
that µ(mt,L) ≤ τ + 2|L|ϵ for any L and any t where |L| + t ≤ k. Finally, since |L| ≤ k, we
conclude that µ̃(b) ≤ 12k2ϵ log M

ϵ
+ 2kϵ.

Completing the Proof of Theorem 4.4.1

We now complete the proof of Theorem 4.4.1. To do so, we prove that each user’s utility
conditioned on being included must be bounded given that the miner revenue is bounded (see
Lemma 4.4.7), which then leads to our conclusion that the total social welfare must be small.
Lemma 4.4.7. Suppose that the block size is upper bounded by k. Fix any ϵ > 0. For any
(possibly randomized) TFM in the plain model satisfies ϵ-UIC and ϵ-SCP (even when the miner
colludes with only one user), for any bid vector b where M := max(b), for and any user i,
conditioned on user i being included in the block, user i’s utility must be upper bounded by U+ϵ
where U = max

|b′|≤k,max(b′)≤M
µ̃(b′), i.e., U is the maximum possible revenue the miner can get

among all possible block configurations where all bids are at most M .

Proof. For the sake of contradiction, suppose that under some bid vector b′ where all bids are
at most M , some user j’s expected utility conditioned on being included in the block is strictly
more than U+ϵ. This implies that there must exist a block configuration b = (b1, . . . , b|b|) where
all bids are at most M , and some i ≤ |b|, such that under conditioned on the block configuration
being b, the i-th bid bi in the block has expected utility at least U + ϵ + δ for some positive δ.
Let T = ⌈ bik

δ
⌉+ 1. Imagine that the world consists of the bid vector b′ of length T + |b| where

b′ = (b, bi, bi, . . . , bi︸ ︷︷ ︸
T

).
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Because the block size is upper bounded by k, there must exist a user j whose bid is bi while
its confirmation probability is at most k

T
. Therefore, if user j bids truthfully, its utility is at most

bi · k
T

< δ. By our assumption, the miner revenue is at most U under any block configuration
where bids are upper bounded by M . Thus, when behaving honestly, the miner and user j have
joint utility strictly less than U + δ. However, the miner can collude with user j and prepare
the block where the block configuration is b and the i-th position is replaced with user j’s bid
instead. In this case, user j’s utility is U + ϵ + δ. Because the coalition does not inject any fake
bid, the miner’s utility is at least zero. Thus, by deviating from the mechanism, the joint utility
of the coalition becomes at least U + ϵ+ δ, which exceeds the honest case by more than ϵ. This
contradicts ϵ-SCP.

Proof of Theorem 4.4.1. Suppose the world consists of an arbitrary bid vector b. Let M =
max(b). If M < 2ϵ, the miner can have at most 2kϵ-miner revenue by Lemma 4.4.6. For any
user i who is bidding truthfully, its true value must be upper bounded by M since M = max(b).
Moreover, each confirmed user’s utility is at most its true value, which is upper bounded by
M < 2ϵ. Since there are at most k number of confirmed user, the expected social welfare is∑

i util
i(b) plus the miner’s expected utility, which is upper bounded by 4kϵ.

In the rest of the proof, we assume M ≥ 2ϵ and we define ûtil
i
(b) to be the utility of user i

conditioned on being confirmed when the world consists of the bid vector b. By Lemma 4.4.6,
the miner can have at most

(
12k2ϵ log M

ϵ
+ 2kϵ

)
-miner revenue. By Lemma 4.4.7, for any i,

ûtil
i
(b) ≤ 12k2ϵ log M

ϵ
+ (2k + 1)ϵ. Let γi be the probability that user i is included in the block

given the bid vector b. Observe that
∑

i γi ≤ k for any b. Therefore, the expected total utility of
all users is upper-bounded by∑

i

utili(b) =
∑
i

ûtil
i
(b) · γi ≤

(
12k2ϵ log

M

ϵ
+ (2k + 1)ϵ

)
·
∑
i

γi = O

(
k3ϵ log

M

ϵ

)
.

The expected social welfare is
∑

i util
i(b) plus the miner’s expected utility. Clearly, it is also

upper bounded by O
(
k3ϵ log M

ϵ

)
.

Combine the argument above, because log
(
M
ϵ
+ 1
)

is always non-negative, the theorem fol-
lows.

4.4.2 Achieving Approximate Incentive Compatibility in Plain Model: Fi-
nite Block Size

In this section, we give a mechanism, called staircase mechanism, that is ϵ-UIC, MIC, and ϵ-SCP
for c = 1 in the plain model. The staircase mechanism can in the best case achieve Θ(k2ϵ) social
welfare. Recall that in Theorem 4.4.1, we showed that any plain-model mechanism that works
for finite block size suffers from poor scaling of the social welfare w.r.t. the bid distribution. In
particular, we showed that the social welfare is upper bounded by O(k3ϵ log(M/ϵ)) where M
is an upper bound on the social welfare. Our staircase mechanism can achieve Θ(k2ϵ) social
welfare in the best case. Thus, we still have a gap between the upper and lower bounds. Bridging
this gap is an interesting open problem.
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Staircase Mechanism

Parameters: the block size k, the upper bound c of the colluding users, the upper bound
M of the true value, the approximate factor ϵ.

Notations: We define

F0 =

{
M − kϵ, if ⌊M

ϵ
⌋ ≥ k,

M − ⌊M
ϵ
⌋ϵ, if otherwise.

For all i = 1, . . . , k, we define Fi = F0 + i · ϵ.

Input: a bid vector b = (b1, . . . , bN).

Mechanism:
1. Inclusion rule. Given the bid vector b = (b1, . . . , bN), choose the top k bids.

2. Confirmation rule.
• Let c = (c1, . . . , cN ′) denote the bid vector in the block, where c1 ≥ c2 ≥ · · · ≥ cN ′

and N ′ ≤ k.
• If c1 < F1, set t = 0. Otherwise, set t = maxi{i : ci ≥ Fi}.
• If t = 0, no one is confirmed. Otherwise, c1, . . . , ct are confirmed.

3. Payment rule. For each confirmed bid, it pays Ft.

4. Miner revenue rule. Miner is paid t · ϵ.

Figure 4.6: Staircase mechanism: achieving approximate incentive compatibility in the plain
model for finite block size.
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In the staircase mechanism, the more bids confirmed, the higher the price. For example, let
M = 10 be the maximum possible bid, let ϵ = 1, and let the block size be k = 5. Thus, if
only one user is confirmed, then the price would be set to 6; if two users are confirmed, the price
would be 7; and so on. Now, if the bid vector is 10, 9, 5, 3, 1, the mechanism would confirm
the top two bids and they each pay 7. One can see that the mechanism achieves at least Θ(k2ϵ)
social welfare in the best case: suppose ⌊M

ϵ
⌋ ≥ k and k/2 users have true value M while the

remaining users have a value of 0. Then, all the k/2 bids at M will be confirmed and each bid
pays Fk/2 = M − (kϵ/2). In this case, the mechanism achieves Θ(k2ϵ) social welfare.

Notice that the miner’s revenue grows linearly in t, the number of the confirmed bids in
the block. On the other hand, any confirmed user’s payment also grows linearly in t, so each
confirmed user’s utility actually decreases linearly in t. The miner’s revenue and any user’s
utility as the functions of t can be visualized by Figure 4.7, which explains why the mechanism
is called “staircase”.

0 1 2 3 4 5

user’s utility

miner’s revenue

the number of confirmed bids

ut
ili

ty

Figure 4.7: The miner’s revenue and any user’s utility as the functions of the number of the
confirmed bids in the block.

Intuitively, for any coalition consisting of the miner and a user, they do not have incentive
to manipulate the number of confirmed bids, as the increase in miner revenue cancels out the
decrease in the colluding user’s utility. The following example shows that a user or a miner-user
coalition may have ϵ extra utility by deviation. Suppose M = k = 10, and ϵ = 1. In this case,
F0 = 0. Imagine that there are five users with the true values 8, 7, 6, 4.95, 4.9, respectively. If
everyone bids truthfully, then 8, 7, 6, 4.95 will be confirmed, since F4 = 4 and F5 = 5. Notice
that the fifth user (with the true value 4.9) is unconfirmed, so its utility is zero. However, if the
fifth user bids 4.96 instead, its bid will be confirmed, and 4.95 will be unconfirmed. The fifth
user pays F4 = 4, and gets the utility 4.9 − 4 = 0.9. Notice that the number of the confirmed
bids does not change, so the miner is always paid 4ϵ. Thus, if the miner colludes with the fifth
user, their utility increases by 0.9. One can easily modify the true values so that the strategic gain
is arbitrarily close to ϵ.
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The following theorem shows that a strategic user or miner-user coalition cannot gain more
than ϵ.
Theorem 4.4.8. The staircase mechanism above satisfies ϵ-UIC, strict-MIC, and ϵ-SCP when
the miner colludes with at most 1 user.

Proof. We prove the three incentive compatibility properties separately.

ϵ-UIC. Let vi be user i’s true value. Without loss of generality, we assume a strategic user i
always first injects some fake bids, and then changes its true bid (not the fake bids) from the
true value to some other value. We will show that user i’s utility does not increase in either step.
Consequently, user i’s utility can never increase even if it plays strategically.

First, we show that regardless of the current bid vector. If user i injects one more fake bid,
its utility does not increase. Suppose b = (b1, . . . , bN) is the current bid vector, where some
bids might be fake bids injected by user i, and bi = vi is user i’s true bid. If bi is already con-
firmed, i.e. xi(b−i, vi) = 1, injecting another fake bid can never lower t. Thus, user i’s payment
can never be lower after injecting another fake bid. On the other hand, if bi is unconfirmed,
i.e. xi(b−i, vi) = 0, bi must still be unconfirmed after injecting another fake bid. Thus, injecting
fake bids does not increase user i’s utility.

Second, we show that no matter what the current bid vector is, if user i changes its true bid
from the true value to some other value, its utility does not increase. Suppose b = (b1, . . . , bN)
is the current bid vector, where some of the bids might be the fake bids injected by user i, and
bi = vi is user i’s true bid. Let t∗ = maxi{i : bi ≥ Fi}. There are two cases.

• Case 1: bi is confirmed under the bid vector b. Notice that the payment never exceeds
the bid, so user i’s utility is always non-negative when user i bids truthfully. Thus, if
user i’s bid becomes unconfirmed after changing the bid, user i’s utility does not increase.
On the other hand, if user i’s bid is still confirmed after changing the bid, the number of
confirmed bids in the block is still t∗ because changing the bid only permutes the order of
the top t∗ bids. Thus, user i’s payment is still Ft∗ , so user i’s utility does not change.

• Case 2: bi is unconfirmed when the bid vector is b. If user i underbids, its bid must still
be unconfirmed. If user i overbids, the number of the confirmed bids must be at least t∗,
so the payment for each confirmed bid is at least Ft∗ . Because xi(b−i, vi) = 0, it must be
vi ≤ Ft∗+1 = Ft∗ + ϵ. Thus, if user i’s bid becomes confirmed because of overbidding,
user i’s utility is at most vi − Ft∗ ≤ ϵ.

Strict-MIC. Without loss of generality, we assume the strategic miner prepares the block in
the following order: the miner chooses a subset of the bids c′ = (c′1, . . . , c

′
ℓ′) from the bid vector

(not necessarily the top k) where c′1 ≥ · · · ≥ c′ℓ′; then, the miner injects some fake bids into c′.
We will show that the miner’s utility does not increase in either step.

First, let c = (c1, . . . , ck) denote the top k bids in the current bid vector (if the number of bids
is less than k, append zeros), where c1 ≥ c2 ≥ · · · ≥ ck. Because ci ≥ c′i for all i, the number
of the confirmed bids in c′ cannot be more than the number of the confirmed bids in c. Thus, not
choosing the top k bids into the block never increases miner’s revenue.
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Second, let d = (d1, . . . , dr) denote the bid vector that the miner prepares, where d1 ≥
d2 ≥ · · · ≥ dr for some r. Here, d may or may not contain fake bids injected by the miner.
We will show that if the miner injects one more fake bid f , its utility does not increase. Let
t∗ = maxi{i : di ≥ Fi}. In this case, it must be dt∗+1 < Ft∗+1. To increase the miner’s
utility, the number of the confirmed bids after injecting f must increase, so we assume it is the
case. Because dt∗+1 < Ft∗+1, if the number of the confirmed bids increases, it must be that f is
confirmed and f ≥ Ft∗+1. Moreover, because the miner only injects one more fake bid to d, the
number of the confirmed bids after injecting the fake bid is at most t∗+1. Thus, the revenue that
the miner gets increases by at most ϵ. The extra cost for injecting f is Ft∗+1 ≥ ϵ for any t ≥ 0.
Therefore, the overall utility does not increase.

ϵ-SCP. Let user j be the colluding user. Let d = (d1, . . . , dk) denote the top k bids that the
miner includes if both the miner and user j are honest, where d1 ≥ · · · ≥ dk. Let t = maxi{i :
di ≥ Fi}; that is, if the miner is honest, t bids will be confirmed. Next, suppose the coalition
strategically includes the bids d′ = (d′1, . . . , d

′
r) for some r, where d′1 ≥ d′2 ≥ . . . ≥ d′r. Let

t′ = maxi{i : d′i ≥ Fi}.
First, to increase the joint utility of the coalition, user j’s bid must be confirmed when the

block is d′ — if user j’s bid is not included under d′, then by strict-MIC, the miner’s utility
cannot increase when it chooses d′ to be the block, and obviously user j’s utility cannot increase
either if it is not confirmed under d′. Henceforth, we assume user j’s bid is confirmed when the
block is d′. There are two possible cases.

• Case 1: User j’s bid is confirmed if the block is d. In this case, user j’s bid is confirmed
under both d and d′, so the change of user j’s utility only depends on its payment. The
payment changes from Ft to Ft′ , so user j’s utility increases by Ft − Ft′ = (t − t′)ϵ — if
t− t′ is negative, user j’s utility actually decreases. On the other hand, the miner’s revenue
decreases by (t− t′)ϵ. Therefore, the increase in user j’s utility cancels out the decrease in
the miner’s revenue, and their joint utility does not change.

• Case 2: User j’s bid is unconfirmed if the block is d. In this case, user j’s true value
vj must be smaller than Ft+1. Since user j’s bid is unconfirmed when the block is d, its
utility is zero. Since user j’s bid is confirmed when the block is d′, its utility now becomes
vj−Ft′ < Ft+1−Ft′ . Thus, user j’s utility increases by vj−Ft′ < Ft+1−Ft′ = (t+1−t′)ϵ.
On the other hand, the miner’s revenue decreases by (t − t′)ϵ. Therefore, the joint utility
increases by at most ϵ.

4.5 Diluted Posted Price Auction in the MPC-Assisted Model
Although strict (even Bayesian) incentive compatibility is impossible to achieve for c ≥ 2 in the
MPC-assisted model, we have meaningful feasibility results if we allow ϵ additive slack. Still,
we use k to denote the finite block size and M to denote the upper bound of the true values.
Specifically, we can achieve Θ(kM) social welfare as long as many people place high enough
bids, which is asymptotically the best possible social welfare one can hope for.
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MPC-assisted, Diluted Posted Price Auction

Parameters: the block size k, an upper bound c of the number of users colluding with the
miner, an upper bound M of users’ true values, a slack ϵ ≥ 0, and a posted-price r such that
r ≥ ϵ

2c
.

Input: a bid vector b = (b1, . . . , bN).

Mechanism:
1. Allocation rule.

• Given a bid vector b = (b1, . . . , bN), remove all bids which are smaller than r. Let
b̃ = (̃b1, . . . , b̃ℓ) denote the resulting vector.

• Let T = max
(
2c
√

kM
ϵ
, k
)

. If ℓ ≥ T , let d = b̃. Else, let d = (̃b1, . . . , b̃ℓ, 0, . . . , 0)

such that |d| = T . In other words, d is b̃ appended with T − ℓ zeros.
• Randomly choose a set S of size k from d, and every non-zero bid in S is confirmed.

2. Payment rule. For each confirmed bid b, it pays r.

3. Miner revenue rule. For each confirmed bid b, the miner is paid ϵ
2c

.

Figure 4.8: Diluted posted price auction: achieving approximate incentive compatible and
optimal social welfare in the plain model for finite block size.

Theorem 4.5.1. Suppose there exists an upper bound M on users’ true values. The above MPC-
assisted, diluted posted price auction satisfies UIC, MIC, and ϵ-SCP (in the ex post setting)
against (ρ, c)-sized coalitions for arbitrary ρ ∈ (0, 1] and c ≥ 1.

Proof. We will prove the three incentive compatibility properties separately. Note that in this
mechanism, refusing to bid is equivalent to underbidding some value less than r. So we mainly
focus on the strategy space of bidding untruthfully and injecting bids. When we say the expected
utility of a user, the randomness is taken over the randomness in the mechanism.

UIC. Fix any user i, and let v denote the true value of user i. In the mechanism, any confirmed
bid pays r and any bid less than r must be unconfirmed. Thus, if v ≤ r, bidding untruthfully
cannot give a positive utility, so bidding truthfully and getting 0-utility is optimal.

Below we focus on the case when v > r. In this case, the bid has a non-negative probability of
being confirmed and it pays r. So following the honest strategy leads to positive utility. Bidding
less than r will cause the bid to be unconfirmed and will not help the user. Therefore, we may
assume that the user bids at least r and may inject some fake bids. Observe that any bid that is
at least r is treated the same by the mechanism. Moreover, injecting fake bids either make no
difference (when ℓ ≤ T after injecting), or it reduces the probability of bid v being elected into
the set S (when ℓ > T after injecting). Therefore, bidding untruthfully and/or injecting fake bids
does not help the user.
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MIC. By injecting fake bids, the strategic miner cannot increase the expected number of real
bids in the vector d. Thus, injecting fake bids cannot increase other bids’ contribution towards
the miner’s revenue. Therefore, the expected gain in miner revenue must be upper bounded by
the fake bids’ contribution towards miner revenue minus the expected payments of the fake bids.
For each confirmed bid, the miner revenue is fixed to ϵ

2c
, which is no more than the payment of

the bid. Thus, the expected miner revenue cannot increase through injecting fake bids, i.e., the
mechanism is MIC.

ϵ-SCP. First, we argue that injecting bids does not help the coalition. Specifically, using a
similar proof as UIC, injecting bids does not help improve the utility of any user in the coalition.
Using a similar argument as MIC, injecting bids does not improve the miner’s revenue minus
the payment of the injected bids. Therefore, injecting bids will not increase the coalition’s joint
utility.

Now it suffices to argue that underbidding or overbidding does not increase the coalition’s
joint utility by more than ϵ. Suppose when bidding honestly, the number of bids in b̃ is ℓ. Each
bid in b̃ is confirmed with probability k

max{T,ℓ} . Assume that by bidding untruthfully, the coalition

changes the length of b̃ to ℓ′. Now each bid in b̃ is confirmed with probability k
max{T,ℓ′} .

We partition the players in the coalition into the following groups:

• Those whose true values are less than r and bid less than r. Their expected utility does not
change.

• Those whose true values are less than r and bid higher than or equal to r. Their expected
utility does not increase.

• Those whose true values are at least r and bid less than r. Their expected utility does not
increase.

• Those whose true values are at least r and bid at least r. For each of these users, its expected
utility increases by at most

(v − r)
k

max{T, ℓ′}
− (v − r)

k

max{T, ℓ}
. (4.16)

Note that for ℓ′ ≥ ℓ, then (4.16) ≤ 0. Therefore, we only need to consider the case where
ℓ′ < ℓ. If ℓ ≤ T , then (4.16) is 0. If ℓ > T , then (4.16) is upper bounded by

(4.16) ≤ (v − r)

[
k

ℓ′
− k

ℓ

]
≤ (v − r)

[
k

ℓ− c
− k

ℓ

]
≤ (v − r)

ck

ℓ(ℓ− c)

≤M · ck

T (T − c)
.

By the choice of T , we have that T (T − c) ≥ 1
2
T 2. Thus,

(4.16) ≤M · ck

T (T − c)
≤ 2Mck

T 2
≤ ϵ

2c
.
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This implies that each user’s utility can increase by at most ϵ
2c

. Meanwhile, for each user in
the coalition, it can increase the miner’s revenue by no more than ϵ

2c
via bidding untruthfully.

Since there are at most c users in the coalition, the coalition can gain at most ϵ more utility in
total, no matter how they deviate.
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Chapter 5

Reasonable-World Assumption

From previous chapters, we have seen that in both the plain and the MPC-assisted models, the 0
miner-revenue limitation holds regardless of whether the block size is finite or infinite, and even
when the miner colludes with at most c = 1 user. Although with approximate incentive compat-
ibility, we can indeed circumvent the 0 miner-revenue barrier (Theorem 3.2.4), unfortunately, it
cannot scale proportionally as the magnitude of the bids increases.

To get rid of the above limitations, we consider a mildly stronger reasonable-world assump-
tion. We will see that even with this extra assumption, it does not overcome the 0-miner revenue
limitation if we insist on ex post incentive compatibility. Therefore, in the rest of this section,
we will mostly focus on the characterization of the miner revenue for Bayesian incentive com-
patibility in the MPC-assisted model. Still, we make the assumption that each honest user i’s bid
is sampled independently from some a-priori known continuous distribution Di over the support
[0,M ] for some M . In addition, throughout this chapter, we assume that for any i, Di has the
same median m such that Prxi∼Di

[x ≥ m] = 1
2
.

5.1 (h, ρ, c, d)-Environment

Environment. In this chapter, we consider an (h, ρ, c, d)-environment, where h is the promised
lower bound on the number of honest users, ρ ∈ [0, 1] is the fraction of strategic miners, c is the
maximum number of strategic users that collude with miners, and d is the maximum number of
bids contributed by the strategic coalition, i.e. fake bids.

We can replace a subset of these variables with a wildcard ∗ if the mechanism achieves
incentive compatibility no matter what the variable turns out to be. For example, a TFM that
achieves incentive compatibility in an (∗, ρ, c, ∗)-environment if it works when the maximum
fraction of strategic miners is ρ, and the maximum number of colluding users is at most c, and
regardless of of how many honest users there are and how many bids are contributed by strategic
individuals or the coalition. In this case, we also say that the mechanism is universal in the
parameters h and d. Using this notation, the previous mechanisms in this thesis are universal
in the parameters h and d. Similarly, the limitation on miner revenue they prove can also be
interpreted as a limitation of mechanisms that are universal in h and d.
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Incentive Compatibility. The incentive compatibility notions in an (h, ρ, c, d)-environment
are similar to definitions in Section 2.4, with an extra condition that strategic players cannot
increase their own utility compared to honest strategy as long as the conditions required by the
environment are respected, i.e., there are at least h number of honest users, the strategic players
control at most d number of colluding bids, and the strategic coalition controls at most ρ fraction
of the miners and at most c number of users.

5.2 Technical Roadmap

5.2.1 Characterization under Infinite Block Size

For the infinite block setting, we can achieve Θ(h) miner revenue in (h, ρ, c, d)-environments.
To aid understanding, we first present a simple parity-based mechanism that works for h = 1,
and then we present our main results.

Glimpse of hope. First, consider the special case where we are promised that there is at least
h = 1 honest user. In this case, the following simple parity-based mechanism satisfies ex-post
UIC, Bayesian MIC, and Bayesian SCP in (1, ∗, ∗, ∗)-environments.

MPC-assisted, parity-based mechanism
// Let m be the median of honest users’ true value distribution.
• All bids that are at least m get confirmed and pay m.
• If the number of confirmed bids is odd, then the total miner revenue is m; else the total

miner revenue is 0.

In the above mechanism, as long as there is at least one honest bid, the expected miner revenue is
always m/2 no matter how the coalition behaves. This is because the strategic coalition cannot
predict whether the honest bid is bidding at least the median or not. With this key observation, it
is not hard to see that the mechanism satisfies Bayesian MIC and Bayesian SCP (for an arbitrary
c). Further, ex post UIC follows directly since the mechanism is a simple posted-price auction
from a user’s perspective.

Observe also the following subtlety: when the number of confirmed bids is odd, it implies
that there is at least one confirmed bid. Therefore, the mechanism guarantees that the miner
revenue does not exceed the total payment.

Approximate Incentive Compatibility: Threshold-based mechanism.

The parity-based mechanism overcomes the 0 miner-revenue limitation by assuming the exis-
tence of at least h = 1 honest user. However, the drawback is obvious: the total miner revenue is
severely restricted and does not increase w.r.t. the number of bids. A natural question is whether
we can achieve O(h) expected miner revenue for general h.

We give an affirmative answer. We first present a simple, practical mechanism called the
threshold-based mechanism that achieves almost-strict incentive compatibility except for a tiny
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slack ϵ that is exponentially small in h. Then, for theoretical interest, we present another mecha-
nism that achieves strict incentive compatibility but requires an extra assumption on the number
of bids contributed by strategic players.

MPC-assisted, threshold-based mechanism
// Let m be the median of honest users’ true value distribution.

• All bids that are at least m get confirmed and pay m.
• If the number of confirmed bids is at least h/4, then the miner revenue is m · h/4; else

the total miner revenue is 0.

Due to the standard Chernoff bound, except with e−Ω(h) probability, the number of confirmed
bids among the h (or more) honest bids is at least h/4. Therefore, the above mechanism achieves
at least m · h/4 · (1 − e−Ω(h)) expected miner revenue. If the number of confirmed honest bids
is h/4 or higher, then the coalition cannot increase the miner revenue no matter how it behaves.
Only when the number of confirmed honest bids is less than h/4, is it possible for the coalition to
influence the miner revenue by at most m·h/4. Therefore, it is not hard to see that the mechanism
satisfies ϵ-Bayesian MIC and ϵ-Bayesian SCP in (h, ∗, ∗, ∗)-environments, for ϵ = m·h·e−Ω(h)/4.
The formal proof is given in Section 5.3.2
Remark 5.2.1 (On the robustness of parameter estimation). The threshold-based mechanism
requires the mechanism to estimate h and the median m of the distribution D. Just like how
Ethereum EIP-1559 estimates its base price, we can estimate h and the median from recent
history. In particular, from the congestion level in recent blocks, we can estimate a lower bound
on the total number of bids. Now, assuming that at least half of them are honest (recall that our
mechanism incentivizes honesty), we can get an estimate of h correspondingly. Similarly, we
can estimate the median of the bid distribution from past history.

An advantage of the threshold-based mechanism is that it is quite tolerant of errors in the
estimation. For example, if the estimated m is actually the 40-percentile of D, and the actual
number of honest users is only 0.7h where h is the estimate used by the mechanism, the expected
number of users bidding at least m is at least 0.4·0.7h = 0.28h. In this case, we can still guarantee
that except with exponentially small in h probability, at least h/4 users will bid at least m. Thus,
the resulting mechanism would still be almost strictly incentive compatible except for a slack ϵ
that is exponentially small in h.

Strict Incentive Compatibility: LP-based mechanism.

Although the ϵ slack in the threshold-based mechanism is exponentially small which is not a
problem in practice, it is still theoretically interesting to ask whether we can get Θ(h) total
miner revenue but with strict incentive compatibility. To achieve this, our idea is to devise a
mechanism that is “close in distance” to the aforementioned threshold-based mechanism, but
correcting the “error” such that we can achieve strict incentive compatibility. Observe that the
earlier threshold-based mechanism only needs an a-priori known lower bound on h, and it is
universal in the parameters c and d. To achieve strict incentive compatibility, we additionally
assume that the the number of bids contributed by the strategic coalition is upper bounded by
some a-priori known parameter d.

71



Now, consider the following mechanism that relies on linear programming to correct the error
in the earlier threshold-based mechanism.

MPC-assisted, LP-based mechanism
Parameters: Let m be the median of honest users’ true value distributions.
Mechanism:
• Allocation and payment rule: All bids that are at least m get confirmed and pay m.
• Miner revenue rule: Let n be the length of the bid vector, let y := (y0, y1, . . . , yn) be any

feasible solution to the following linear program:

∀i ∈ [n] : 0 ≤ yi ≤ i ·m (5.1)

∀0 ≤ j ≤ d :
n−d∑
i=0

qi · yi+j =
m · h
4

(5.2)

where qi is the probability of observing i heads if we flip n− d independent fair coins.
The total miner revenue is ys where s is the number of bids confirmed.

Figure 5.1: LP-based mechanism in the MPC-assisted model

In the above, Equation (5.1) expresses a budget feasibility requirement, i.e., the total miner
revenue cannot exceed the total user payment. Equation (5.2) expresses a fixed-revenue require-
ment stipulating that the miner revenue must be exactly m · h/4 no matter how the strategic
individual or coalition behaves (as long as it controls at most d bids). More specifically, Equa-
tion (5.2) contains one requirement for each j ∈ [0, d]: conditioned on the fact that among the (at
most) d bids controlled by the strategic individual or coalition, exactly j of them are confirmed,
the expected miner revenue must be exactly m · h/4 where h is an a-priori known lower bound
on the number of honest users.
Remark 5.2.2. We know that the actual number of honest users that show up is at least max(n−
d, h). So if n − d > h, it means that more honest users showed up than the anticipated number
h. Observe that on the left-hand side of Equation (5.2), we are tossing coins for n − d honest
users’ bids. However, it is important that the right-hand-side of Equation (5.2) use the a-priori
known h rather than the observed n− d; otherwise, injecting extra (but up to d− c) fake 0-bids
can increase the expected miner revenue, which violates MIC and SCP.

If the LP in the above mechanism indeed has a feasible solution, then we can prove that
the resulting mechanism satisfies ex post UIC, Bayesian MIC, and Bayesian SCP in (h, ∗, ∗, d)-
environments. The formal proofs are presented in Section 5.3.3.

The key technical challenge is to answer the question of why the LP has a feasible solu-
tion. Intuitively, the earlier threshold-based mechanism gives an “approximate” solution ŷ :=
(ŷ0, . . . , ŷn) to the LP, where ŷi = 0 for i ≤ (n − d)/4 and ŷi =

m·h
4

otherwise. With the ap-
proximate solution ŷ, the equality constraints in Equation (5.2) may be satisfied with some small
error. We want to show that we can adjust the ŷ := (y0, y1, . . . , yn) vector slightly such that we
can correct the error, and yet without violating the budget feasibility constraints (Equation (5.1)).
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To achieve this, we will take a constructive approach. We first guess that a feasible solution
is of the form y = ŷ + e where e is a correction vector that is zero everywhere except in the
coordinates τ, τ + 1, . . . , τ + d for some appropriate choice of τ that is close to (n − d)/2.
Henceforth, let δ := e[τ : τ + d]/

(
m·h
4

)
be the non-zero coordinates of the correction vector e

scaled by m·h
4

.
By Equation (5.2), we know that the correction vector δ must satisfy the following system of

linear equations where t := n−d
4

:

(
n−d
τ

) (
n−d
τ+1

)
. . .

(
n−d
τ+d

)(
n−d
τ−1

) (
n−d
τ

)
. . .

(
n−d

τ+d−1

)
...

... . . . ...(
n−d
τ−d

) (
n−d

τ−d+1

)
. . .

(
n−d
τ

)

 · δ =



∑t
i=0

(
n−d
i

)
∑t−1

i=0

(
n−d
i

)
...∑t−d

i=0

(
n−d
i

)

 . (5.3)

In Lemma 5.3.8, we prove that as long as d ≤ 1
8

√
h

2 log h
, and that τ is an appropriate choice

close to n/2, then the solution δ to the linear system in Equation (5.3) has a small infinity norm
— specifically, ∥δ∥∞ ≤ 1 — such that the resulting y vector will respect the budget feasibility
constraints, i.e., Equation (5.1). The actual proof of this bound is somewhat involved and thus
deferred to Section 5.3.3. In particular, a key step is to bound the smallest singular value of the
matrix in Equation (5.3) (henceforth denoted A) appropriately — to achieve this, we first bound
A’s determinant, and then use an inequality proven by [YG97] which relates the smallest singular
value and the determinant.

Limit on miner revenue.

In Section 5.5.1, we prove that Θ(h) revenue is optimal in (h, ρ, c, d)-environments for strict
incentive compatibility; and further, we generalize the bound to approximate incentive compat-
ibility as well (see Theorem 5.5.1). The proof is a generalization of the techniques in Theo-
rem 4.2.4. Specifically, Theorem 4.2.4 proved that any mechanism that satisfies Bayesian UIC,
MIC, and SCP in (∗, ρ, 1, ∗)-environments must suffer from 0 miner revenue. Recall that in the
proof, we gradually remove users’ bids one by one and bound the miner revenue change during
this process. In (h, ρ, c, d)-environment, because the mechanism is promised a lower bound h on
the number of honest users, we can repeat this argument till there are h bids left.

5.2.2 Characterization under Finite Block Setting

Feasibility for c = 1: LP-Based Mechanism with Random Selection

The LP-based mechanism confirms any bid that offers to pay at least m. Thus, total number
of confirmed bids may be unbounded. Therefore, when the block size k is finite, we cannot
directly run the LP-based mechanism. We suggest the following modification to the LP-based
mechanism such that it works for the finite-block setting:
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MPC-assisted, LP-based mechanism with random selection
// Let k be the block size, let m be the median of honest users’ true value distributions
• All bids offering at least m are candidates. If there are more than k candidates, randomly

select k of them to confirm; else confirm all candidates. Every confirmed bid pays m.
• Let n be the length of the bid vector, let y = (y0, y1, . . . , yn) be any feasible solution to

the following linear program:

∀i ∈ [n] : 0 ≤ yi ≤ min(i, k) ·m (5.4)

∀0 ≤ j ≤ d :
n−d∑
i=0

qi · yi+j =
m ·min(h, k)

4
(5.5)

where qi is the probability of observing i heads if we flip n− d independent fair coins.
• The total miner revenue is ys where s is the number of candidates.

In comparison with the earlier LP-based mechanism, we modify the budget feasibility constraints
(Equation (5.4)) to make sure that the total miner revenue is constrained by the actual number
of confirmed bids which is now min(i, k) if the number of candidates is i. Further, we modify
the expected miner revenue (Equation (5.5)) to be m·min(h,k)

4
which takes into account the block

size k. In Section 5.4.1, we prove that as long as c ≤ d ≤ 1
8

√
h

2 log h
, the above LP indeed has a

feasible solution and the resulting mechanism satisfies ex post UIC, Bayesian MIC, and Bayesian
SCP in (h, ∗, 1, d)-environments.

Impossibility for c ≥ 2: 0-User Social Welfare

Unfortunately, the above mechanism fails for c ≥ 2. In this case, two users i and j may be in
the same coalition. User i can now help user j simply by dropping out and not posting a bid,
thus effectively increasing User j’s chance of getting confirmed. In the event that user i’s true
value is very small and user j’s true value is sufficiently large, this strategic action can increase
the coalition’s joint utility.

Interestingly, it turns out that this is no accident. Even with the extra reasonable-world as-
sumption, we prove that for any h ≥ 1, ρ ∈ (0, 1), and d ≥ c ≥ 2, no “interesting” mechanism
can simultaneously achieve Bayesian UIC, MIC and SCP in (h, ρ, c, d)-environments — any
such mechanism must suffer from 0 total social welfare for the users if the actual number of bids
received is greater than h (see Theorem 5.4.2 for the formal statement).

The proof blueprint is similar to that of Theorem 3.4.4, except with the difference that we are
now guaranteed the existence of at least h number of honest users. Below, consider any TFM that
satisfies Bayesian UIC, MIC and Bayesian SCP in (h, ρ, c, d)-environments where d ≥ c ≥ 2.
1. First, in Lemma 5.4.3, using techniques inspired by Goldberg and Hartline [GH05] we prove

the following: provided that there are at least h honest users (not including i and j) whose
bids are sampled at random from D, then a strategic user i changing its bid should not affect
the utility of another user j, if user j’s bid is also sampled at random from D.

2. Next, in Lemma 5.4.3, we prove a strategic user i dropping out should not affect another user
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j’s utility, assuming that at least h bids (excluding user i) sampled at random from D.

3. Next, in Corollary 5.4.4, we show that in a world of at least h random bids (excluding user i)
sampled from D, user i’s expected utility when its bid is sampled randomly from D depends
only on i’s identity, and does not depend on the identities of the other random bids. Therefore,
henceforth we can use Ui to denote this expected utility.

4. Next, in Lemma 5.4.5, we show that for any two identities i, j, it must be that Ui = Uj ,
otherwise, it violates the assumption that the mechanism is weakly symmetric (see definition
of weak symmetry below).

5. Next, we can show that Ui = 0: imagine a world with K bids sampled independently from
D whose support is bounded. There must exist some user whose confirmation probability
is upper bounded by k/K. This user’s expected utility must be arbitrarily small when K is
arbitrarily large. With a little more work, we can show that if the world consists of more than
h bids sampled independently at random from D, it must be that every user’s expected utility
is 0.
As with Theorem 3.4.4, one technicality that arises in the full proof (see Section 5.4.2) is the

usage of the weak symmetry assumption. Our actual proof of the zero user social welfare result
relies only on the weak symmetry assumption (see Section 2.2).

Approximate Incentive Compatibility: Diluted Threshold-Based Mechanism

Because of the above limitation on user social welfare, we relax the notion into approximate
incentive compatibility, and ask if we can achieve optimal miner revenue in the finite block
setting. Consider the following TFM.

MPC-assisted, diluted threshold-based Mechanism
// Let k be the block size, let m be the median of honest users’ true value distributions.

• Let R := max
(
2c
√

kM
ϵ
, k
)

. All bids offering at least m are candidates. If the number

of candidates s ≤ R, randomly select k
R
· s candidates to confirm; else, randomly select k

candidates to confirm. Every confirmed bid pays m.
• If s ≥ h

4
, then the total miner revenue is min(h

4
· k
R
, k) · m. Otherwise, the miners get

nothing.

Intuitively, here are modifying the earlier threshold-based mechanism to 1) make it compatible
with finite block size, and 2) make sure that up to c users dropping out can only minimally
increase their friend’s probability of getting confirmed. Similar to Figure 4.8, dilution guarantees
that a coalition of c users cannot noticeably alter their own probability of getting confirmed, nor
their friend’s probability. This implies a strategic coalition has little influence over the expected
utility of all users in the coalition. Moreover, we guarantee that a strategic coalition has very little
influence on the miner revenue as well: similar to the threshold-based mechanism, except with
exp(−Ω(h)) probability, the miner revenue is an a-priori fixed amount, that is, min(h

4
· k
R
, k) ·m.

Summarizing the above, we can show that the mechanism satisfies ex post UIC, Bayesian ϵ-MIC,
and Bayesian ϵ-SCP in (h, ∗, c, ∗)-environments, as long as ϵ ≥ m · h

2
· e− h

16 .

75



Finally, for sufficiently large h ≥ max(4k, 8c
√

kM
ϵ
), the mechanism achieves k · m total

miner revenue and k · CD user social welfare where CD is some constant depending on the
distribution. For example, suppose we are willing to tolerate ϵ = 0.01T , then we just need
h ≥ max(4k, 80c ·

√
k) to achieve asymptotic optimality in miner revenue and social welfare.

The full proof is deferred to Section 5.4.3.

5.3 Feasibility under Infinite Block Size

5.3.1 MPC-Assisted, Parity-Based Mechanism

MPC-assisted, parity-based mechanism
Parameters: Let m be the median of honest users’ true value distributions.
Mechanism:
• Allocation and payment rule: All bids that are at least m get confirmed and pay m.
• Miner revenue rule: If the number of confirmed bids is odd, then the total miner revenue

is m; else the total miner revenue is 0.

Figure 5.2: Parity-based mechanism in the MPC-assisted model.

Theorem 5.3.1. Fix any h ≥ 1. The MPC-assisted, parity-based mechanism satisfies ex post
UIC, Bayesian MIC, and Bayesian SCP in an (h, ∗, ∗, ∗)-environment.

Proof. We prove the three properties separately.

UIC. Since the confirmation and the payment of each bid are independent of other bids, in-
jecting fake bids or dropping out does not help to increase each user’s utility. For a fixed user
i, suppose its true value is v. When it bids b, its expected utility is v −m if b ≥ m. By direct
calculation, the expected utility is maximized when b = v no matter what other bids are. Thus,
the MPC-assisted, parity-based mechanism satisfies UIC.

MIC. MIC follows directly from the fact that as long as there is one honest bid sampled from
D, the expectation of the parity is 1

2
, no matter what other bids are. Therefore, the expected total

miner revenue is always 1
2
m.

SCP. By the same reasoning as in MIC, no matter how the coalition deviates, they cannot
increase the total miner revenue. Henceforth, we only need to argue that no matter how the
coalition deviates, it cannot increase the joint users’ utility. This follows directly from UIC and
the fact that each bid is confirmed independently from other bids.
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MPC-assisted, threshold-based mechanism
Parameters: lower bound h on the number of honest users, the distribution median m.
Mechanism:
• Allocation rule. Given a bid vector b = (b1, . . . , bℓ), for each bid bi, confirm bi if bi ≥ m.
• Payment rule. Each confirmed bid pays m.
• Miner revenue rule. Let s be the number of confirmed bids. If s ≥ h

4
, miner gets h

4
·m.

Otherwise, the miner gets nothing.

Figure 5.3: Threshold-based mechanism in the MPC-assisted model

5.3.2 MPC-Assisted, Threshold-Based Mechanism
Recall that we assume that each honest user i’s true values are drawn independently from Di,
and that m is the median of the true value distributions such that Prx∼Di

[x ≥ m] = 1
2
.

Theorem 5.3.2. Fix any h ≥ 1. The MPC-assisted, threshold-based mechanism satisfies ex post
UIC, Bayesian ϵ-MIC and Bayesian ϵ-SCP in an (h, ∗, ∗, ∗)-environment, where ϵ = h

4
·m · e− h

16 .

Proof. First, UIC follows from the same reasoning Theorem 5.3.1. We will focus on MIC and
SCP in the rest of the proof.

ϵ-MIC. Recall that the only strategy that a strategic miner can apply is injecting some fake
bids. Because injecting fake bids smaller than m does not influence the colluding miners’ utility,
we only consider injecting bids at least m. Let X denote the random variable representing the
number of honest bids at least m. The only situation where the colluding miners can increase
their expected gain by injecting fake bids is when X < h

4
. By the following Chernoff Bound,

Lemma 5.3.3 (Chernoff bound, Corollary A.1.14 [AS16]). Let X1,. . . , Xn be independent
Bernoulli random variables. Let mu = E [

∑n
i=1Xi]. Then, for any ϵ ∈ (0, 1), it holds that

Pr

[
n∑

i=1

Xi ≤ (1− ϵ)mu

]
≤ e−ϵ2mu/2.

We have

Pr

[
X <

h

4

]
≤ e−

h
16 .

Therefore, the colluding miners can gain at most h
4
·m · e− h

16 more expected revenue by injecting
fake bids.

ϵ-SCP. Since the confirmation and the payment of each bid are independent of other bids, and
the mechanism is strict UIC, the coalition cannot increase colluding users’ utilities. Therefore,
by deviating from the mechanism, the coalition can only try to increase the expected total miner
revenue. By a similar argument as MIC, the coalition can only increase the expected total miner
revenue when X < h

4
, which happens with a probability no more than e−

h
16 . It follows that no
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matter how the coalition deviates, the expected miner’s revenue can increase by at most ρ · h
4
·

m · e− h
16 .

5.3.3 MPC-Assisted, LP-Based Mechanism

We first introduce some linear algebra tools needed for analyzing the LP-based mechanism.

Preliminaries: Linear Algebra Tools

Throughout this section, all our indexing for vectors and matrices starts from 0. Given a vector
b = (b0, b1, . . . , bn) and two integers i, j such that i ≤ j, we define b[i : j] to be the subvector
(bi, . . . , bj). We use A = (aij) ∈ Rn,m to denote a matrix in which the entry of the i-th row and
j-th column is aij . Let AT denote the transpose of A, and A−1 denote the inverse of A if A is
non-singular.

Norm. Define the infinity-norm ∥b∥∞ of a vector b to be ∥b∥∞ = max{|bi| : 0 ≤ i ≤ n}. For
a square n× n matrix A = (aij), define the following matrix norms:

• Infinity norm: ∥A∥∞ = sup
∥x∥∞=1

∥Ax∥∞ = maxi

∑n
j=1 |aij|.

• ℓ2-norm: ∥A∥2 = sup
∥x∥2=1

∥Ax∥2.

• Frobenius norm: ∥A∥F =
(∑n−1

i,j=0 a
2
ij

)1/2
.

It is easy to check that ∥A∥∞ ≤ ∥A∥2, and that ∥Ax∥∞ ≤ ∥A∥∞∥x∥∞.

Singular value. For a square n × n matrix A, the singular values are the square roots of the
eigenvalues of ATA.
Fact 5.3.4. Let A ∈ Rn×n be non-singular. Let λ1 ≥ · · · ≥ λn be the singular values of A. Then
∥A−1∥2 = 1

λn
.

Lemma 5.3.5 (Yu and Gu [YG97]). Let A ∈ Rn×n be non-singular and λ be the smallest singu-
lar value of A. Then

λ ≥ | det(A)| ·
(
n− 1

∥A∥2F

)(n−1)/2

> 0.

Determinant. The determinant of a matrix A = (aij) ∈ Rn×n is det(A) =
∑

σ∈Sn
sgn(σ)

∏n
i=1 ai,σi

,
where Sn is the set of all permutations σ over the set {0, . . . , n−1}. For each permutation σ ∈ Sn,
let σi denote the value of the i-th position after reordering by σ. The signature sgn(σ) of a per-
mutation σ is +1 if the permutation can be obtained by an even number of swaps between two
entries and −1 otherwise.
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Proofs for the LP-Based Mechanism

We now prove that the MPC-assisted LP-based mechanism satisfies strict incentive compatibility
in an (h, ∗, c, d)-environment. Suppose that each honest user i’s true value is sampled indepen-
dently from Di, where m denotes the median of the distribution such that Prx∼Di

[x ≥ m] = 1
2
.

Moreover, CD = 1
|H|
∑

i∈H E
vi∼Di

[vi −mmidvi > m], where H denotes the set of actual honest

players. Here, CD is a constant that depends on the distributions of honest users’ true values.

Theorem 5.3.6. Suppose that the block size is infinite. Fix any1 h ≥ 2, and any d ≤ 1
8

√
h

2 log h
,

the MPC-assisted, LP-based mechanism guarantees ex post UIC, Bayesian MIC, and Bayesian
SCP in an (h, ∗, ∗, d)-environment, and meanwhile, the mechanism achieves Θ(h ·m) expected
miner revenue, and at least h̃ · Θ(CD) expected social welfare for the users, where h̃ ≥ h is the
actual number of honest users that show up.

We prove Theorem 5.3.6 in two steps. First, we show that if the linear program defined in
Equations (5.1) and (5.2) has a feasible solution, then the resulting mechanism satisfies incentive
compatibility, as formally stated below:
Lemma 5.3.7. When the linear program defined in Equations (5.1) and (5.2) has a feasible
solution, the LP-based mechanism satisfies ex post UIC, Bayesian MIC, and Bayesian SCP in
an (h, ∗, ∗, d)-environment. Moreover, the expected miner revenue is h·m

4
, and the user social

welfare is Θ(h̃ · CD).

Proof. First, it is easy to see that the expected total miner revenue is h·m
4

, as guaranteed by the
linear program Equations (5.1) and (5.2). Moreover, since the expected utility of a user with true
value v is v −m if v ≥ m, the expected user social welfare is at least∑

i∈H

E
vi∼Di

[vi −mmidvi > m] = h̃ · CD.

where H is the set of all honest users.
Next, we prove that the mechanism is strict incentive compatible if the linear program has

a solution. UIC is easy to see. Next, we only prove SCP since MIC follows from the same
reasoning.

SCP. Since the confirmation and the payment of each bid are independent of other bids, and the
mechanism is strict UIC, the coalition cannot increase colluding users’ expected utilities. There-
fore, we only need to show that the coalition cannot increase the expected total miner revenue by
deviating from the mechanism. Intuitively, the linear program Equations (5.1) and (5.2) ensures
that for arbitrary d bids, the total miner revenue taking an expectation over the remaining n − d
bids always remains h·m

4
.

Formally, let h̃ denote the number of real honest bids and b−C denote the random variable of
honest users’ bids sampled fromDH . Then h̃ ≥ n−d = γ. LetDHγ denote the joint distribution
of the last γ number of honest users, and D−Hγ denote the joint distribution of the first h̃ − γ

1For the special case h = 1, we can just use the parity-based mechanism of Figure 5.2.
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number of honest users. Then, for any bid bC controlled by the coalition, the expected total miner
revenue is

E
b−C∼DH

[mu(b−C,bC)] =

∫
t∼D−Hγ

E
b∼DHγ

[mu(b, t,bC)] f(t)dt, (5.6)

where f(·) is the p.d.f. for D−Hγ . For any fixed (t,bC), let I denote the number of bids that are
larger than or equal to m in (t,bC). Since the probability of an honest bid being at least m is
exactly 1

2
,

E
b∼DHγ

[mu(b, t,bC)] =

γ∑
i=0

1

2γ

(
γ

i

)
yi+I ,

which is exactly h·m
4

as guaranteed by Equation (5.2). Substituting back into (5.6), for any bid
bC , we have that

E
b−C∼DH

[mu(b−C,bC)] =

∫
t∼D−Hγ

h ·m
4
· f(t)dt = h ·m

4
.

Therefore, for any d bids controlled by the coalition, the expected miner revenue remains h·m
4

.

In the main body, we focus on proving the more challenging step, that is, as long as d ≤
1
8

√
h

2 log h
, the linear program indeed has a feasible solution, formally stated below.

Lemma 5.3.8. For h ≥ 2 and d ≤ 1
8

√
h

2 log h
, the linear program specified by Equations (5.1)

and (5.2) is guaranteed to have a feasible solution.

Proof. We will give a constructive solution to the linear program Equations (5.1) and (5.2). Let
γ := n − d denote the number of bids that are sampled randomly from D. Let t = ⌊γ

4
⌋, and

µ be our target expected miner revenue m·h
4

. We start from an “approximate” solution ŷ =
(ŷ0, . . . , ŷn) ∈ Rn+1 such that ŷi = 0 for any i ≤ t, and ŷi = µ for any i > t. Our goal
is to find a correction e = (e0, . . . , en) ∈ Rn+1 that is zero everywhere except for the indices
i ∈ [z + d, z + 2d] for some z ≥ γ

2
such that ŷ + e is a feasible solution to the linear program

Equations (5.1) and (5.2). Henceforth, let δ := e[z+d, z+2d]/µ be the non-zero coordinates of
the correction, scaled by µ. Then δ must satisfy the linear system matA(z)δ = ∆, where A(z)
and ∆ are defined as follows:

matA(z) =



(
γ

z+d

) (
γ

z+d+1

)
. . .

(
γ

z+2d

)(
γ

z+d−1

) (
γ

z+d

)
. . .

(
γ

z+2d−1

)
...

... . . . ...(
γ
z

) (
γ

z+1

)
. . .

(
γ

z+d

)

 , ∆ =



∑t
i=0

(
γ
i

)
∑t−1

i=0

(
γ
i

)
...∑t−d

i=0

(
γ
i

)

 .

If there exists a z∗ ∈ [⌈γ
2
⌉, ⌈γ

2
⌉+2d2] such that this linear system matA(z∗)δ = ∆ has a solution

δ, then choosing e such that e[z∗ + d : z∗ + 2d] = µ · δ gives a solution ŷ + e that satisfies
Equation (5.2).
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Claim 5.3.9. There exists a z∗ ∈ [⌈γ
2
⌉, ⌈γ

2
⌉+2d2] such that the matrix matA(z∗) is non-singular,

and

∥matA(z∗)−1∥∞ ≤
(z∗ + 2d)2d(d+1)(

γ
z∗

) ·
(
d+ 1√

d

)d

. (5.7)

When choosing this z∗, we have a unique solution δ = matA(z∗)−1∆. Moreover, under the
given parameter range, the solution δ has bounded infinity norm:

Claim 5.3.10. For h ≥ 2 and d ≤ 1
8

√
h

2 log h
, we have ∥δ∥∞ ≤ 1.

For now, we assume that Claim 5.3.9 and Claim 5.3.10 are true, and we show how they lead to
Lemma 5.3.8. The proofs of the two claims appear right afterward. To prove Lemma 5.3.8, it
suffices to show that ŷ + e indeed satisfies the budget feasibility specified by Equation (5.1).
Since for all i /∈ [z∗ + d, z∗ + 2d], we have ŷi + ei = ŷi ≤ i ·m, so we only need to show that
for the correction position z∗ + d, . . . , z∗ + 2d, the budget feasibility is satisfied. Substituting
∥δ∥∞ ≤ 1, for each i ∈ [z∗+d, z∗+2d], we have |ei| ≤ µ. This implies that ŷi+ei ≥ µ−µ = 0.
Moreover,

ŷi + ei ≤ 2µ ≤ γ

2
·m ≤ i ·m.

Lemma 5.3.8 thus follows.

Proof of Claim 5.3.9. We separate the proof in two parts: we first show that there exists a z∗ ∈
[⌈γ

2
⌉, ⌈γ

2
⌉+ 2d2] such that matA(z∗) is non-singular; then we show that the infinity norm of the

inverse of A(z∗) satisfies Equation (5.7).

Non-singularity. We show that there exists z∗ in the given range such that det(matA(z∗)) ̸= 0.
Define

B(z) =
A(z)(

γ
z

) · 2d∏
i=1

(z + i).

Since (
γ

z+j

)(
γ
z

) · 2d∏
i=1

(z + i) =
(γ − z − j + 1) . . . (γ − z)

(z + 1) . . . (z + j)
·

2d∏
i=1

(z + i)

=

j∏
i=1

(γ − z − j + i) ·
2d∏

i=j+1

(z + i),

B(z) is equal to the following matrix:



∏d
i=1(γ − z − d+ i)

∏2d
i=d+1(z + i)

∏d+1
i=1 (γ − z − d− 1 + i)

∏2d
i=d+2(z + i) . . .

∏2d
i=1(γ − z − 2d+ i)∏d−1

i=1 (γ − z − d+ 1 + i)
∏2d

i=d(z + i)
∏d

i=1(γ − z − d+ i)
∏2d

i=d+1(z + i) . . .
∏2d−1

i=1 (γ − z − d+ 1 + i)(z + 2d)
...

... . . . ...∏2d
i=1(z + i) (γ − z)

∏2d
i=2(z + i) . . .

∏d
i=1(γ − z − d+ i)

∏2d
i=d+1(z + i)
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It is sufficient to show that there exists a z∗ ∈ [⌈γ
2
⌉, ⌈γ

2
⌉ + 2d2] such that det(B(z∗)) ̸= 0.

To show this, note that the determinant of B(z) is a polynomial q(z) of z with a degree at most
2d2. As long as q(z) is not a zero polynomial, q(z) has at most 2d2 roots. That means, there must
exist a z∗ ∈ [⌈γ

2
⌉, ⌈γ

2
⌉+ 2d2] such that q(z∗) ̸= 0. The non-singularity of A(z∗) thus follows.

Hence, it suffices to show that q(z) is not a zero polynomial.
Indeed, when z = γ−d, the matrix B(z) becomes the following lower triangle matrix, which

has a positive determinant.

∏c
i=1 i ·

∏2c
i=c+1(z + i) 0 . . . 0∏c−1

i=1(i+ 1) ·
∏2c

i=c(z + i)
∏c

i=1 i ·
∏2c

i=c+1(z + i) . . . 0
...

... . . . ...∏2c
i=1(z + i) c ·

∏2c
i=2(z + i) . . .

∏c
i=1 i ·

∏2c
i=c+1(z + i)


This implies that q(z) is not a zero polynomial.

Infinity norm. For simplicity, we use A := A(z∗) in this part. By Fact 5.3.4, ∥matA−1∥2 = 1
λ

,
where λ is the smallest singular value of matA. By Lemma 5.3.5, the smallest singular value λ
satisfies

λ ≥ | det(matA)| ·
(

d

∥matA∥2F

) d
2

.

By the definition of Frobenius norm and the fact that the largest term in matA is
(
γ
z∗

)
,

∥matA∥2F =
c∑

i=0

d∑
j=0

a2ij ≤ (d+ 1)2 ·
(
γ

z∗

)2

.

We only need to bound the determinant of matA. Let matA′ = (a′i,j)(d+1)×(d+1) where a′i,j =
ai,j

( γ
z∗)

. Then we have that | det(matA)| =
(
γ
z∗

)(d+1) · | det(matA′)|, where

matA′ =



(γ−z∗−d+1)...(γ−z∗)
(z∗+1)...(z∗+d)

(γ−z∗−d)...(γ−z∗)
(z∗+1)...(z∗+d+1)

. . . (γ−z∗−2d+1)...(γ−z∗)
(z∗+1)...(z∗+2d)

(γ−z∗−d+2)...(γ−z∗)
(z∗+1)...(z∗+d−1)

(γ−z∗−d+1)...(γ−z∗)
(z∗+1)...(z∗+d)

. . . (γ−z∗−2d+2)...(γ−z∗)
(z∗+1)...(z∗+2d−1)

...
... . . . ...

1 γ−z∗

z∗+1
. . . (γ−z∗−d+1)...(γ−z∗)

(z∗+1)...(z∗+d)


By the definition of determinant, we have

det(matA′) =
∑

σ∈Sd+1

sgn(σ)
d+1∏
i=1

a′i,σi
.
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For each σ ∈ Sd+1, let qσ denote the product
∏d+1

i=1 a
′
i,σi

. Since all the entries in matA′ are
rational numbers, for each σ, the product qσ is also a rational number. Note that the denominator
of each entry is a factor of

∏2d
i=1(z

∗ + i), we can write each qσ = pσ∏2d
i=1(z

∗+i)(d+1)
for an integer

pσ. Thus,

| det(matA′)| =

∣∣∣∣∣∣
∑

σ∈Sd+1

sgn(σ)
d+1∏
i=1

a′i,σi

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑

σ∈Sd+1

sgn(σ)
pσ∏2d

i=1(z
∗ + i)(d+1)

∣∣∣∣∣∣
=
|
∑

σ∈Sd+1
sgn(σ)pσ|∏2d

i=1(z
∗ + i)(d+1)

≥ 1∏d
i=1(z

∗ + i)(d+1)
,

where the last step follows from the fact that matA′ is non-singular; thus the absolute value of
the nominator is at least 1. Therefore,

λ ≥ | det(matA)| ·
(

d

∥matA∥2F

) d
2

≥
(
γ

z∗

)(d+1)

· 1∏2d
i=1(z

∗ + i)(d+1)
·

(
d

(d+ 1)2
(
γ
z∗

)2
) d

2

≥
(
γ

z∗

)
· 1

(z∗ + 2d)2d(d+1)
·

( √
d

d+ 1

)d

.

The claim thus follows from the fact that ∥matA−1∥∞ ≤ ∥matA−1∥2 = 1
λ

.

Proof of Claim 5.3.10. Since matA(z∗) is non-singular, we have δ = matA(z∗)−1∆. By prop-
erties of matrix norms, we have that

∥δ∥∞ ≤ ∥matA(z∗)−1∥∞ · ∥∆∥∞. (5.8)

By Claim 5.3.9 and note that ∥∆∥∞ ≤ t ·
(
γ
t

)
, we have

∥δ∥∞ ≤ ∥matA(z∗)−1∥∞ · ∥∆∥∞ ≤
(z∗ + 2d)2d(d+1)(

γ
z∗

) ·
(
d+ 1√

d

)d

· t ·
(
γ

t

)
.

Because z∗ + 2d ≤ γ, d+1√
d
≤ γ and t ≤ γ, we have

∥δ∥∞ ≤
(z∗ + 2d)2d(d+1)(

γ
z∗

) ·
(
d+ 1√

d

)d

· t ·
(
γ

t

)
≤ γ2d2+3d+1 ·

(
γ
t

)(
γ
z∗

) . (5.9)

By the assumption that d ≤ 1
8

√
h

2 log h
, we have

(2d2 + 3d+ 1) · log(h− d) +
log 6

5

4
· d ≤ 8d2 · log h ≤ h

4
· log 6

5
.
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Re-arrange the inequality and notice that h− d ≤ γ, we have

2d2 + 3d+ 1 ≤
(h− d) log 6

5

4 log(h− d)
≤

γ log 6
5

4 log γ
, (5.10)

therefore,

γ2d2+3d+1 ≤
(
6

5

) γ
4

. (5.11)

Next, note that for any integers a, b such that a < b, we have (γa)
(γb)

= (a+1)(a+2)···b
(γ−b+1)(γ−b+2)···(γ−a)

≤

( b
γ−a

)b−a. Because z∗ ∈ [⌈γ
2
⌉, ⌈γ

2
⌉+ 2d2], we have

(
γ
z∗

)
≥
(

γ
⌈ γ
2
⌉+2d2

)
. Thus,(

γ
t

)(
γ
z∗

) ≤ (
γ
t

)(
γ

⌈ γ
2
⌉+2d2

) ≤ (⌈γ2⌉+ 2d2

γ − t

)⌈ γ
2
⌉+2d2−t

≤
( γ

2
+ 2d2 + 1

3
4
γ

)⌈ γ
2
⌉+2d2−t

. (5.12)

Because γ ≥ h − d, for any h ≥ 2 and d ≤ 1
8

√
h

2 log h
, it must be log 6

5

log γ
< 1

2
. By Equation

(5.10), we have

2d2 + 1 ≤ 2d2 + 3d+ 1 ≤
γ log 6

5

4 log γ
≤ γ

8
.

By 2d2 + 1 ≤ γ
8

and Equation (5.12), we have(
γ
t

)(
γ
z∗

) ≤ ( γ
2
+ 2d2 + 1

3
4
γ

)⌈ γ
2
⌉+2d2−t

≤
(
5

6

)⌈ γ
2
⌉+2d2−t

≤
(
5

6

) γ
4

. (5.13)

Combining Equations (5.9), (5.11), and (5.13), we have that ∥δ∥∞ ≤ 1.

5.4 Characterization for Finite Block Size
In this section, we give a characterization for finite block size. We will first focus on strict
incentive compatibility. In an (h, ρ, c, d)-environment, we can indeed circumvent the 0-miner
revenue impossibility result Theorem 3.2.4. However, it turns out that for c = 1 and c ≥ 2, the
mechanisms are different. Specifically, for c ≥ 2, each user’s utility has to be 0. Therefore, we
separately give the mechanisms for c = 1 and c ≥ 2.

5.4.1 Strict Incentive Compatibility: Feasibility for c = 1

For c = 1, the mechanism is simply the LP-based mechanism in Section 5.3.3 with a random
selection process. Still, we assume that honest users’ values are sampled independently, and the
median m of the distribution satisfies that Pr[x ≥ m] = 1

2
. For convenience, we repeat the

MPC-assisted, LP-based mechanism with random selection below.
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MPC-assisted, LP-based mechanism with random selection
Parameters: the block size k, the environment parameter (h, ∗, 1, d), the distribution median
m.
Input: a bid vector b = (b1, . . . , bn).

Mechanism:
• Allocation Rule. Let b̃ = (̃b1, . . . , b̃s) denote the bids that are at least m. If s ≤ k, confirm

all bids in b̃. Otherwise, randomly select k bids from b̃ to confirm.
• Payment rule. Each confirmed bid pays m.
• Miner revenue rule. Let y := (y0, y1, . . . , yn) be any feasible solution to the following

linear program:

∀i ∈ [n] : 0 ≤ yi ≤ min(i, k) ·m (5.14)

∀0 ≤ j ≤ d :
n−d∑
i=0

qi · yi+j =
m ·min(h, k)

4
(5.15)

where qi = 1
2n−d

(
n−d
i

)
is the probability of observing i heads if we flip n− d independent

fair coins. The total miner revenue is yt where t is the number of confirmed bids in the
block.

Figure 5.4: LP-based mechanism with random selection in the MPC-assisted model.

Theorem 5.4.1. Suppose the block size is k. Fix any2 h ≥ 2, and any d ≤ 1
8

√
h

2 log h
. The

MPC-assisted, LP-based mechanism with random selection is ex post UIC, Bayesian MIC, and
Bayesian SCP in an (h, ∗, 1, d)-environment. Moreover, the expected miner revenue is Θ(min{h, k}).

Proof. First, Equation (5.14) guarantees that total miner revenue is at most the total payment of
the confirmed users, so the mechanism satisfies budget feasibility.

Next, we show that when the linear program Equations (5.14) and (5.15) has a solution, the
mechanism satisfies all three incentive-compatible properties.

• UIC: By the same reasoning as in Theorem 5.3.1, overbidding or underbidding does not
increase the user’s utility. Injecting bids cannot increase the user’s utility either: it may
only decrease the probability that the user gets confirmed. Moreover, dropping out can
only give the user zero utility. Therefore, a user cannot increase its utility by deviating.

• SCP: By the same reasoning as in the proof of Lemma 5.3.7, the linear program Equa-
tion (5.15) guarantees that no matter how the coalition chooses the d bids it controls, the
expected total miner revenue remains unchanged. Meanwhile, the coalition cannot in-
crease the colluding user’s utility by UIC. Therefore, this mechanism is SCP.

• MIC: Follows by the same reasoning as SCP.

2For the special case h = 1, we can just use the parity-based mechanism of Figure 5.2 with the random selection.
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It remains to show that the linear program indeed has a feasible solution. We will give a con-
structive solution. Let ỹ = (ỹ1, . . . , ỹn) denote the constructive solution given in the proof of
Lemma 5.3.8 that satisfies

∀0 ≤ j ≤ d :
n−d∑
i=0

qi · ỹi+j =
m · h
4

.

In the proof of Lemma 5.3.8, ỹ satisfies that 0 ≤ ỹi ≤ min(i, h) ·m for any 0 ≤ i ≤ n. There
are two possible cases.

• h ≤ k. We have 0 ≤ ỹi ≤ min(i, h) ·m ≤ min(i, k) ·m. Thus, ỹ is a feasible solution to
the linear program in this case.

• h > k. Let y = (y0, . . . , yn) =
k
h
· ỹ. Then yi satisfies that 0 ≤ yi ≤ k

h
min(i, h) ·m ≤

min(i, k) ·m. Moreover, for any 0 ≤ j ≤ d,

n−d∑
i=0

qi · yi+j =
k

h
·
n−d∑
i=0

qi · ỹi+j =
m · k
4

.

Thus, y = k
h
· ỹ is a feasible solution to the linear program if h > k.

5.4.2 Zero Social Welfare for Users When c ≥ 2

Unfortunately, the above MPC-assisted, LP-based mechanism with random selection only works
for c = 1. When c ≥ 2, although deviating cannot increase the expected total miner revenue,
the coalition can increase a colluding user’s utility. Imagine that the coalition consists of some
colluding miners and two users i and j, where user i has true value m and user j has a large true
value. Then user i may choose to drop out to increase the probability of user j getting confirmed.
This strictly increases the expected joint utility of the coalition.

Therefore, to construct a Bayesian SCP mechanism in an (h, ρ, c, d)-environment for d ≥
c ≥ 2, we need to make sure that deviating cannot increase a colluding user’s utility. Indeed,
for some (contrived) distributions, we can construct a mechanism that generates optimal miner
revenue and achieves UIC, MIC, and SCP in an (h, ρ, c, d)-environment for d ≥ c ≥ 2. However,
the total social welfare for all users is 0. For example, imagine that honest users’ true values are
drawn i.i.d. from Bernoulli(1

2
). Now, if we run the MPC-assisted, LP-based mechanism with

random selection (see Section 5.4.1) and set m = 1, the resulting mechanism achieves ex post
UIC, Bayesian MIC, and Bayesian SCP in (h, ∗, c, d)-environments, even when c ≥ 2 (as long

as the condition d ≤ 1
8

√
h

2 log h
is satisfied). This is because setting m = 1 makes sure that

every user’s utility is always 0. Thus, no matter how the coalition deviates, it cannot increase the
strategic users’ joint utility. Moreover, as long as the linear program Equations (5.14) and (5.15)
has a feasible solution, the coalition cannot increase the expected total miner revenue either.
The mechanism achieves Θ(m) expected miner revenue but unfortunately, the total user social
welfare is always 0. It turns out that this zero user social welfare limitation is. In the proof below,
for a set S of players, we use DS to denote the joint distribution of their true values.
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Theorem 5.4.2. Suppose that the block size is finite, and fix any h ≥ 1, any d ≥ c ≥ 2, and any
ρ ∈ (0, 1). Then, any MPC-assisted TFM that simultaneously satisfies Bayesian UIC, MIC, and
SCP in an (h, ρ, c, d)-model must suffer from 0 social welfare for the users when there actually
are more than h honest bids. Equivalently, for any set S of ℓ > h number of players,

E
b∼DS

[USW(b)] = 0, (5.16)

In the above, USW(b) denotes the expected total user social welfare under the bid vector b
where the expectation is taken over the randomness of the mechanism.
The proof is similar to the proof of Theorem 3.4.4. Although Theorem 3.4.4 considers a uni-
versal MPC-assisted mechanism, the proof also holds for MPC-assisted TFM in an (h, ρ, c, d)-
environment for d ≥ c ≥ 2. Henceforth, we use utili(b) to denote the utility of identity i when
the input bid vector is b. In the proof, we use vid (bid) to denote a bid v (b) coming from identity
id.
Lemma 5.4.3. Fix any h ≥ 1, any d ≥ c ≥ 2, any ρ ∈ (0, 1). Given any (possibly random)
MPC-assisted mechanism that is Bayesian UIC, MIC and SCP in an (h, ρ, c, d)-environment, for
any identity i and identity j, for any bid bj and b′j , for any set S of ℓ number of users not including
i and j,

E
(vi,b−i,j)∼DS∪{i}

[utili(vi, bj,b−i,j)] = E
(vi,b−i,j)∼DS∪{i}

[utili(vi, b
′
j,b−i,j)], (5.17)

where b−i,j represents all except identity i and j’s bids and D(ℓ+1) denote the joint distribution
of ℓ+ 1 number of users. Moreover, it must be that

E
(vi,b−i,j)∼DS∪{i}

[utili(vi, bj,b−i,j)] = E
(vi,b−i)∼DS∪{i}

[utili(vi,b−i)]. (5.18)

Proof. The proof to this lemma is the same as Lemma 3.4.1, except that now we need to guaran-
tee that at least h bids are sampled randomly from D.

Corollary 5.4.4. Fix any h ≥ 1, any d ≥ c ≥ 2, any ρ ∈ (0, 1). Given any (possibly random)
MPC-assisted mechanism that is Bayesian UIC, MIC and SCP in an (h, ρ, c, d)-environment,
for any two sets H and H ′ consisting of at least h identities, let bH (bH′) denote the bids from
identities in H (H ′). For any i /∈ H ∪H ′, it must be that

E
(vi,bH)∼DH∪{i}

[utili(vi,bH)] = E
(vi,bH′ )∼DH′∪{i}

[utili(vi,bH′)],

where vi denotes that identity i bids v.

Proof. Let S = H ′ \ H . Without loss of generality, we assume that S consists of identities
1, . . . , |S|. By the definition of the total expectation, we have
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E
(vi,bS ,bH)∼DS∪H∪{i}

[utili(vi,bS,bH)]

=

∫ ∞

0

E
(vi,bS\{1},bH)∼DS∪H

[utili(vi, z1,bS\{1},bH)]f(z1)dz1

= E
(vi,bS\{1},bH)∼DS∪H

[utili(vi, b1,bS\{1},bH)]

∫ ∞

0

f(z1)dz1 By Equation (5.17)

= E
(vi,bS\{1},bH)∼DS∪H

[utili(vi, b1,bS\{1},bH)]

= E
(vi,bS\{1},bH)∼DS∪H

[utili(vi,bS\{1},bH)] By Equation (5.18)

= · · · = E
(vi,bH)∼DH∪{i}

[utili(vi,bH)].

By the same reasoning, consider S ′ = H \H ′. Then it must be that

E
(vi,bS′ ,bH′ )∼DS′∪H′∪{i}

[utili(vi,bS′ ,bH′)] = E
(vi,bH′ )∼DH′∪{i}

[utili(vi,bH′)].

Note that S ′ ∪H ′ = S ∪H = H ′ ∪H . Hence,

E
(vi,bS′ ,bH′ )∼DS′∪H′∪{i}

[utili(vi,bS′ ,bH′)] = E
(vi,bS ,bH)∼DS∪H∪{i}

[utili(vi,bS,bH)].

Combining the equalities, we have

E
(vi,bH)∼DH∪{i}

[utili(vi,bH)]

= E
(vi,bS ,bH)∼DS∪H∪{i}

[utili(vi,bS,bH)]

= E
(vi,bS′ ,bH′ )∼DS′∪H′∪{i}

[utili(vi,bS′ ,bH′)]

= E
(vi,bH′ )∼DH′∪{i}

[utili(vi,bH′)]

The corollary thus follows.

This corollary implies that when identity i’s bid is sampled fromDi in a world with h or more
random bids, its expected utility only depends on its identity. Henceforth, fix an arbitrary set H̃
of h + 1 number of players. For any i ∈ H , we use the following notation to denote this utility
(where the notation vi means identity i is bidding the value v):

Ui := E
(vi,bH)∼DH∪{i}

[utili(vi,bH)]. (5.19)

Lemma 5.4.5. Fix any h ≥ 1, any d ≥ c ≥ 2, any ρ ∈ (0, 1). Given any (possibly random)
MPC-assisted mechanism that is Bayesian UIC, MIC and SCP in an (h, ρ, c, d)-environment, for
any user i, j, it must be that

Ui = Uj. (5.20)
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Proof. By our symmetric assumption, it must be that

E
bH∼DH

[USW(vi,bH)] = E
bH∼DH

[USW(vj,bH)] , (5.21)

where vi (vj) denotes that identity i (j) bids v, and USW(b) denotes the expected social welfare
for all users when the input bid vector is b. For any identity l ∈ H , for any vi from identity i, let
H ′ = H \ {l}. It must be

E
(bl,bH′ )∼DH

[utill(bl, vi,bH′)] = E
(bl,bH′ )∼DH

[utill(bl,bH′)] By Equation (5.18)

= E
(bl,bH′ )∼DH

[utill(bl, vj,bH′)]

Thus, for any value v, the sum of the expected utility of every user in H is∑
l∈H

E
bH∼DH

[utill(vi,bH)] =
∑
l∈H

E
bH∼DH

[utill(vj,bH)].

Combining this with Equation (5.21), it must be that for any vi and vj (which denote that identity
i and j bid value v, respectively),

E
bH∼DH

[utili(vi,bH)] = E
bH∼DH

[utilj(vj,bH)].

The lemma follows by taking expectations over v on both sides.

Lemma 5.4.6. Fix any h ≥ 1, any d ≥ c ≥ 2, any ρ ∈ (0, 1), and suppose that the distributionD
has bounded support. Given any (possibly random) MPC-assisted mechanism that is Bayesian
UIC, MIC and SCP in an (h, ρ, c, d)-environment, for any identity i, it must be that

Ui = 0.

Proof. The proof is similar to Theorem 3.4.4. Consider a crowded world with many users and
all of their bids are sampled independently at random from D. Let K be the total number of
users. By Corollary 5.4.4 and Lemma 5.4.5, every user’s expected utility is the same where
the expectation is taken over the random coins for sampling all bids as well as random coins of
the mechanism. On the other hand, since there are K total bids, there must exist a user whose
confirmation probability is at most k/K, and thus its expected utility is at most M · k/K where
k is the block size. The lemma follows by taking K to be arbitrarily large.

Proof of Theorem 5.4.2 Fix any set H of size at least h+ 1. Then

E
b∈DH

[USW(b)] =
∑
i∈H

E
b∈DH

utili(b).

By Lemma 5.4.6, for each identity i in H ,

E
b∈DH

utili(b) = Ui = 0.

Therefore, the user social welfare is 0.
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5.4.3 Feasibility for Approximate IC: Diluted Threshold-Based Mecha-
nism

Although there is no interesting mechanism for strict incentive compatibility when c ≥ 2, there
are meaningful mechanisms if we allow approximate incentive compatibility. Still, we assume
that honest users’ values are sampled independently and m is the median of the distribution.
Without loss of generality, we assume the maximum of the true values M ≥ ϵ.

MPC-assisted, diluted threshold-based Mechanism
Parameters: the block size k, the environment parameter (h, ∗, c, ∗), the approximation
parameter ϵ, the distribution median m, and the upper bound M of the distribution.
Input: a bid vector b = (b1, . . . , bn).
Mechanism:
• Confirmation rule. Let R := max

(
2c
√

kM
ϵ
, k
)

. Given a bid vector b, let b̃ =

(̃b1, . . . , b̃s) denote the bids that are at least m. If s ≤ R, randomly select k
R
· s bids

from b̃ to confirm; otherwise, randomly select k bids from b̃ to confirm.
• Payment rule. Every confirmed bid pays m.
• Miner revenue rule. If s ≥ h

4
, the total miner revenue is µ := m · min

(
h
4
· k
R
, k
)
.

Otherwise, the total miner revenue is 0.

Figure 5.5: Diluted threshold-based mechanism in the MPC-assisted model.

Theorem 5.4.7. Suppose the block size is k. For any h ≥ 1, c ≥ 1, and ϵ ≥ m · h
2
· e− h

16 ,
the diluted threshold posted price auction satisfies strict ex post UIC, Bayesian ϵ-MIC, and
Bayesian ϵ-SCP in an (h, ∗, c, ∗)-environment. Moreover, the expected total miner revenue is
m ·min

(
h
√
kϵ

8c
√
M
, h
4
, k
)

, where M is the upper bound of users’ true values.

Proof. We first show that the budget feasibility is satisfied. Since the mechanism confirms
min

(
s · k

R
, k
)

number of bids that are at least m, the total payment is m ·min
(
s · k

R
, k
)
. When

s ≥ h
4
, the total miner revenue is at most m · h

4
· k
R
≤ m · s · k

R
, which is no more than the total

payment of the users. Next, we prove UIC, MIC, and SCP separately.
UIC. Since the mechanism is posted price auction from each user’s perspective, each user’s best
response is to follow the protocol honestly, as in the proof of Theorem 5.4.1.
MIC. By the same reasoning as in Theorem 5.3.2, by injecting fake bids, the miner can only
increase its expected miner revenue if the number of bids that are at least m from honest users is
less than h

4
. This happens with a probability at most e−

h
16 . Thus, the expected total miner revenue

increases by no more than

µ · e−
h
16 ≤ m · e−

h
16 · h

4
≤ ϵ

2
.

SCP. By the same reasoning as in MIC, the expected increase of the miner revenue is at most
ϵ/2 by any deviation. Thus, to show that the mechanism is Bayesian ϵ-SCP, it suffices to show
that the coalition cannot increase the joint utility of the “users” in the coalition by more than ϵ

2
.
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Because injecting bids smaller than m does not change the confirmation probability and the
payment of each confirmed bid is fixed, injecting bids smaller than m does not increase the users’
utilities. On the other hand, injecting bids at least m will only decrease the probability of each
colluding user getting confirmed, which does not increase the users’ utilities.

Now, it suffices to show that overbidding and underbidding do not increase the coalition’s
joint utility since dropping out is equivalent to underbidding to some value less than m. Let s be
the number of bids ≥ m when every user bids truthfully. Each bid is confirmed with probability
k
R

if s ≤ R, and k
s

if s > R. Let s′ be the number of bids ≥ m when the colluding users bid
strategically.

The colluding users can be partitioned into four groups:

• S1: Those whose true values are less than m but overbid to values larger than or equal to
m;

• S2: Those whose true values are less than m and bid values less than m;
• S3: Those whose true values are at least m but underbids to values less than m;
• S4: Those whose true values are at least m and still bid values at least m.

When the coalition bids strategically, only the utilities of the users in S4 increase compared
to the honest case. Consider a colluding user in S4 with the true value v ≥ m. Its utility increases
by at most

(v −m) · k

max{s′, R}
− (v −m) · k

max{s, R}
. (5.22)

Note that Equation (5.22) is positive only when s′ < s and s > R. In this case, Equation (5.22)
can be upper bounded by

(v −m)

[
k

max{s′, R}
− k

s

]
≤ (M −m)

[
k

s′
− k

s

]
≤(M −m) · ck

s(s− c)
By s′ ≥ s− c.

≤M · ck

R(R− c)
.

Since by the choice of R, R(R− c) ≥ 1
2
R2, we have

Equation (5.22) ≤M · 2ck
R2
≤ ϵ

2c
.

Therefore, by bidding untruthfully, each user’s utility can increase by at most ϵ
2c

. Therefore, the
joint utility of the users in the coalition by more than ϵ

2
.

5.5 Bounds on Miner Revenue
In this section, we prove bounds on the miner revenue under different settings. Henceforth,
let µ(b) denote the expected total miner revenue when the input bid vector is b, where the
expectation is taken over the mechanism’s randomness.
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5.5.1 Bounds on Miner Revenu in (h, ρ, c, d)-Environment

In this section, we prove limits on miner revenue under the (h, ρ, c, d)-environment.
Theorem 5.5.1. Fix any h ≥ 1, d ≥ c ≥ 1, and ρ ∈ (0, 1). Given any MPC-assisted mechanism
that is Bayesian ϵu-UIC, Bayesian ϵm-MIC and Bayesian ϵs-SCP in an (h, ρ, c, d)-environment,
for all n ≥ h, it must be that

E
b∼D

[µ(b)] ≤ h · ED +
2(n− h)

ρ

(
ϵ+ CD

√
ϵ
)
, (5.23)

where ϵ = ϵu + ϵm + ϵs, D = D1 × · · · × Dn is the joint distribution of n users’ true values,
ED = 1

h

∑h
i=1 EX∼Di

[X] and CD = 1
n−h

∑n
i=h+1 EX∼Di

[
√
X] are the terms that depend on the

“scale” of the distribution D. As a special case, for strict incentive compatibility where ϵ = 0,
we have that

E
b∼Dn

[µ(b)] ≤ h · E(D). (5.24)

Proof. The proof is almost the same as Theorem 4.2.4. Recall that in Theorem 4.2.4, we have

E
b∼D(n)

[µ(b)] ≤ E
b′∼D(n−1)

[µ(b′)] +
2ϵ

ρ
+

2
√
ϵ

ρ
EX∼Dn [

√
X]. (5.25)

The only difference here is that we cannot apply the above step for n times as the environment
guarantees the existence of at least h honest users. Therefore, we can only apply Equation (5.25)
for n− h times and get the desired result.

5.5.2 Necessity of Bayesian Incentive Compatibility

If we insist on ex post incentive compatibility, the additional reasonable-world assumption will
not help us overcome the limit on miner revenue for mechanisms that are universal in h (Theo-
rem 4.2.4).
Theorem 5.5.2. Fix any h ≥ 1, d ≥ c ≥ 1 and ρ ∈ (0, 1). Given any (possibly randomized)
MPC-assisted TFM that is ex post ϵu-UIC and ex post ϵs-SCP in an (h, ρ, c, d)-environment, it
must be that for any b = (b1, . . . , bn) of length n > h,

µ(b) ≤ 2nϵ

ρ
+

2
√
ϵ

ρ

n∑
i=1

√
bi, (5.26)

where ϵ = ϵs + ϵu.
As a special case, for strict incentive compatibility where ϵ = 0, we have that for any bid b,

µ(b) = 0.
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Proof. Recall that Lemma 4.2.3 still holds in the ex post setting. For any b = (b1, . . . , bn) of
length n > h, it must be that

µ(b) = µ(b1, b2, . . . , bn)

≤µ(b1, . . . , bn−1, 0) +
2

ρ
ϵ+

2

ρ

√
bnϵ By Lemma 4.2.3

≤µ(b1, . . . , bn−2, 0, 0) +
4

ρ
ϵ+

2

ρ

√
bnϵ+

2

ρ

√
bn−1ϵ

≤ · · · ≤ µ(0 . . . , 0) +
2nϵ

ρ
+

2
√
ϵ

ρ

n∑
i=1

√
bi

≤2nϵ

ρ
+

2
√
ϵ

ρ

n∑
i=1

√
bi.

5.5.3 Bounds on Miner Revenue if Assuming Honest Majority of Bids

As mentioned in Section 1.1.3, we consider a “sufficient honesty” assumption but the precise
statement of the assumption matters. In particular, had we assumed that the majority of bids are
submitted by honest users (referred to as the “honest majority bids” assumption), then we would
not be able to overcome the severe limitation on miner revenue. The theorem below states that
under the honest majority bids assumption, we should still suffer from a constant miner revenue
limitation.
Theorem 5.5.3. Assuming that a majority number of bids are submitted by honest users. Again,
we useD = D1×· · ·×Dn to denote the joint distribution of n users’ true values. If a mechanism
is Bayesian UIC, Bayesian MIC, and Bayesian SCP (even for c = 1) under the “honest majority
bids” assumption, it must be that E

b∼D
[µ(b)] ≤ E[D1] + E[D2].

Proof. The proof is based on the following lemma.

Lemma 5.5.4. Assuming that a majority of bids are submitted by honest users. Suppose that
a TFM is Bayesian UIC, Bayesian MIC, and Bayesian SCP (even for c = 1) under the “hon-
est majority bids” assumption. Then, as long as the number of bids n ≥ 3, it must be that
E

b∼D
[µ(b)] ≤ E

b′∼D−n

[µ(b′)], where D−n denotes the distribution of all but user n’s true values.

For now assume that Lemma 5.5.4 holds, and we will show how the theorem follows. The
proof of Lemma 5.5.4 appears afterwards. By induction on n, for any n ≥ 3,

E
b∼D

[µ(b)] ≤ E
b′∼D1×D2

[µ(b′)] ≤ E[D1] + E[D2],

where the last inequality follows from the fact that the miner revenue must be upper bounded by
the bids.
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Proof of Lemma 5.5.4. The proof of this is similar to Theorem 3.2.4. Suppose that the number
of bids is some arbitrary n. For any n ≥ 3, we have

E
b∼D

[µ(b)] =

∫ +∞

0

E
b′∼D−n

[µ(b′, r)]f(r)dr

=

∫ +∞

0

E
b′∼D−n

[µ(b′, 0)]f(r)dr By Lemma 3.2.3

= E
b′∼D−n

[µ(b′, 0)].

By Bayesian MIC, it must be that E
b′∼D−n

[µ(b′, 0)] ≤ E
b′∼D−n

[µ(b′)]. Otherwise, when there are

n − 1 honest bids, the miners can inject a 0 and increase the miner revenue while it does not
need to pay anything for injecting the 0-bid. This violates MIC. Notice that since n− 1 ≥ 2, the
miners injecting one bid does not violate the “honest majority bids” assumption.
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Chapter 6

Characterization of Miner-User Coalition
Proofness

So far we have explored several different relaxations. There are severe limitations on user social
welfare for strict incentive compatibility for finite block size: the user social welfare must be 0
when c ≥ 2 and when there are enough users. This limitation holds no matter whether we assume
reasonable-world assumptions or not. The fundamental reason behind this impossibility result is
that a coalition with 2 or more users may choose a strategy that drops off some bids with small
true values to increase the chance that those with large true values get confirmed. This prompts
the following question:

Is this attack really unacceptable? Is there a meaningful notion for the miner-user coalition
that tolerates such kinds of attacks?

6.1 Define Miner-User Coalition Proofness
We define a notion called miner-user coalition proofness (MUCP) that captures the intuition that
any miner-user coalition is unstable. Roughly speaking, for any miner-user coalition and any
coalition’s strategy SC , either the users have a better strategy such that the users can do better, or
the miners have a better strategy such that the miners can do better. Recall that in the plain model,
the miner’s strategy, or a miner-user coalition’s strategy can be represented by a pair (I∗,b∗),
where I∗ denotes the strategic inclusion rule and b∗ denotes the (possibly empty) strategic bid
vector. In the MPC-assisted model, miners’ strategy, or a miner-user coalition’s strategy can be
simply represented by b∗, which denotes the (possibly empty) strategic bid vector.

We assume that there is a “negotiation” phase before the transaction fee mechanism where
the miners M may attempt to sign a binding side contract/form a coalition with a set of users
U . During this process, they may decide their bidding strategy, inclusion strategy for the miners
if in the plain model, and off-chain payments. Therefore, a user i in this miner-user coalition
now gets a utility (

∑
bj submitted by i xjvj − pj)+ off-chain payment it receives, where xj, vj and pj

denotes bj’s confirmation probability, true value, and expected payment. A miner in the miner-
user coalition now gets a utility equal to the miner revenue it gets and the off-chain payment it
receives. Within the whole coalition, the off-chain payments sum up to 0. Note that during this
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negotiation, the miners may learn information about the users’ true values. Therefore, we need to
take this into consideration when defining “miners have a better strategy”, given that the miners
learn some private information from the users.

Plain Model

Definition 6.1.1 (Plain model ex post c-MUCP). We say that a TFM in the plain model with an
honest inclusion rule I satisfies ex post c-MUCP iff for any coalition C consisting of the miner
M and a set U of no more than c number of users, for any true value vector vU of users in U , for
any bid vector b−C posted by users not in C, for any strategy (I∗,b∗

C) of the coalition,
• Either there exists a miner’s strategy (I ′,b′

M) such that for any strategic bid bU from the
users, the miner alone gets higher utility compared to colluding with the users:

utilM(I ′, (bU ,b−C,b
′
M)) ≥ utilM(I∗, (b−C,b

∗
C)),

where utilM(I,b) represents the miner’s utility when it adopts inclusion rule I on bid vector
b. Here,(I ′,b′

M) is called a defecting strategy ofM.
• Or there exists a strategic vector b′

U for the set of users U , with which the user coalition gets
higher utility compared to colluding with the miner:

utilU(I, (b−C,b
′
U)) ≥ utilU(I∗, (b−C,b

∗
C)),

where utilU(I,b) represents U’s joint utility when the input bid vector is b and the miner
adopts inclusion rule I . Here, b′

U is called defecting strategy of U .

MPC-Assisted Model

We will first define MUCP in the idealized MPC-assisted model, i.e., FMPC-hybrid model, where
we assume that a trusted party implements FMPC (see Figure 2.2). Later in [Ke: fill], we will
explain how to extend the definitions in real-world instantiations to guarantee computationally
sound reasoning.
Definition 6.1.2 (MPC-assisted model ex post (ρ, c)-MUCP). We say that a TFM in the mpc-
assisted model satisfies ex post (ρ, c)-MUCP iff for any coalition C =M∪U , whereM consists
of no more than ρ fraction of the miners and C consists no more than c number of users, for
any true value vector vU of users in U , for any bid vector b−C posted by users not in C, for any
strategic bid vector b∗

C of the coalition,
• Either there exists a miner’s strategy b′

M such that for any strategic bid bU from the users, the
miner alone gets higher utility compared to colluding with the users:

utilM(bU ,b−C,b
′
M) ≥ utilM(b−C,b

∗
C),

where utilM(b) represents the miner coalition M’s utility when the input bid vector is b.
Here, b′

M is called defecting strategy ofM.
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• Or there exists a strategic vector b′
U for the set of users U , with which the user coalition gets

higher utility compared to colluding with the miner:

utilU(b−C,b
′
U) ≥ utilU(b−C,b

∗
C),

where utilU(b) represents U’s joint utility when the input bid vector is b. Here, b′
U is called

defecting strategy of U .

Bayesian MUCP

If, in addition, we assume that the honest users’ true values are sampled from some distribution
D, then we can also define Bayesian MUCP. Again, note that in the plain model, the coalition
can decide their strategy after observing honest users’ bids, it does not make sense to consider
the Bayesian notion of incentive compatibilities in the plain model. Therefore, we only define
Bayesian MUCP in the MPC-assisted model
Definition 6.1.3 (MPC-assisted model Bayesian (ρ, c)-MUCP). Let D denote the joint distribu-
tion of honest users’ true values. We say that a TFM in the mpc-assisted model satisfies Bayesian
(ρ, c)-MUCP iff for any coalition C =M∪U , whereM consists of no more than ρ fraction of
the miners and C consists no more than c number of users, for any true value vector vU of users
in U , for any strategic bid vector b∗

C of the coalition,
• Either there exists a miner’s strategy b′

M such that for any strategic bid bU from the users, the
miner alone gets higher utility compared to colluding with the users:

E
b−C∼D

[
utilM(bU ,b−C,b

′
M)
]
≥ E

b−C∼D

[
utilM(b−C,b

∗
C)
]
,

where utilM(b) represents the miner coalition M’s utility when the input bid vector is b.
Here, b′

M is called defecting strategy ofM.
• Or there exists a strategic vector b′

U for the set of users U , with which the user coalition gets
higher utility compared to colluding with the miner:

E
b−C∼D

[
utilU(b−C,b

′
U)
]
≥ E

b−C∼D

[
utilU(b−C,b

∗
C)
]
,

where utilU(b) represents U’s joint utility when the input bid vector is b. Here, b′
U is called

defecting strategy of U .
As discussed in Section 1.1.4, when U has a defecting strategy, we assume that the miners

behave honestly because we always consider MUCP in conjunction with c-dominant-strategy
MIC. This new notion assumes that even if the miner sees the bidding strategy of the users in U ,
being honest is still the best strategy. Since c-dominant-strategy MIC is equivalent to MIC in the
ex post setting, we only redefine it in the Bayesian setting in the MPC-assisted model. Formally,
Definition 6.1.4 (c-dominant-strategy ρ-MIC). Given ρ ∈ (0, 1] and an integer c ≥ 1. We say
that a TFM in MPC-assisted model satisfies c-dominant-strategy Bayesian ρ-MIC iff for any
non-empty coalitionM of at most ρ fraction of the miners, for any set U of c number of users,
for any true value vector vU of users in U , for any miner’s strategy bM, it must be that

E
b−U∼D−U

[
utilM(vU ,b−U ,bM)

]
≤ E

b−U∼D−U

[
utilM(vU ,b−U)

]
.
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[Ke: does mucp guarantee that the coalition is not stealing money from honest users? can
we prove that when colluding users perform its best strategy, honest user’s utility is at least their
honest utility? ]

6.2 Impossibility Results under MUCP

6.2.1 Relationship Between SCP and MUCP
Ex Post UIC + MIC + 1-MUCP Implies Ex Post 1-SCP

It turns out that when c = 1, i.e., when there is only one user in the coalition, ex post MUCP
and ex post SCP are equivalent assuming the mechanism satisfies ex post UIC and ex post MIC.
Formally,
Theorem 6.2.1. If a TFM satisfies ex post UIC, ex post MIC, and ex post 1-MUCP, then it satisfies
ex post 1-SCP. This holds for both the plain model and the MPC-assisted model.

Proof. We prove the statement for TFMs in the plain model since the same proof holds for
MPC-assisted model TFMs. Let I denote the honest inclusion rule of the TFM. For the sake of
contradiction, suppose that the mechanism does not satisfy 1-SCP. Then there exists a coalition
C consisting of the minerM and a user i with true value vi, an honest uses’ bid vector b−i, and
a strategy (I∗,b∗

C) such that

utilC(I, (b−i, vi)) < utilC(I∗, (b−i,b
∗
C)).

Since coalition C’s strategy (I∗,b∗
C) improves their joint utility, there must exist a way of joint

utility redistribution such that the following holds:

utilM(I, (b−i, vi)) < utilM(I∗, (b−i,b
∗
C)) and utili(I, (b−i, vi)) < utili(I∗, (b−i,b

∗
C)).

Since the mechanism satisfies 1-MUCP, it must be that either there exists a miner’s strategy
(I ′,b′

M) such that

utilM(I, (b−i, vi)) < utilM(I∗, (b−i,b
∗
C)) ≤ utilM(I ′, (b−i, vi,b

′
M)); (6.1)

or there exists a strategic bid vector b′
i for user i such that

utili(I, (b−i, vi)) < utili(I∗, (b−i,b
∗
C)) ≤ utili(I, (b−i,b

′
i)). (6.2)

However, (6.1) contradicts MIC and (6.2) contradicts UIC. Thus, it must be the case that the
mechanism also satisfies 1-SCP.

However, this result does not directly hold for the Bayesian incentive compatibility in the
MPC-assisted model. To see this, note that had we consider a Bayesian notion of incentive
compatibility, we will get the following “Bayesian” version of (6.1) 1:

E
b−i∼D−i

utilM(b−i, vi) < E
b−i∼D−i

utilM(b−i,b
∗
C) ≤ E

b−i∼D−i

utilM(b−i, vi,b
′
M), (6.3)

1we ignore the inclusion rule since Bayesian notion of incentive compatibility only makes sense in the MPC-
assisted model, which guarantees the honest implementation of inclusion rule
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where D−i denotes the joint distribution of honest users’ true values. This does NOT directly
contradict Bayesian MIC. Instead, we can get a similar conclusion either with a stronger notion
of MIC or with a weaker notion of SCP.

Bayesian UIC + 1-dominant-strategy MIC + Bayesian 1-MUCP Implies Bayesian 1-SCP

Theorem 6.2.2. For any ρ ∈ (0, 1], if a TFM in the MPC-assisted model satisfies Bayesian UIC,
1-dominant-strategy ρ-MIC, and Bayesian (ρ, 1)-MUCP, then it satisfies Bayesian (ρ, 1)-SCP.

Proof. By the same proof as with Theorem 6.2.1. If a TFM is Bayesian 1-MUCP but not 1-SCP,
then it either contradicts 1-dominant MIC (see (6.3)), or it contradicts UIC (see Bayesian version
of (6.2)).

6.2.2 Bounds on Miner Revenue
Combining the previous bounds on miner revenues under SCP and Theorem 6.2.1, we get the
following results.
Theorem 6.2.3. We have the following impossibility results for TFMs under MUCP:
1. If a TFM in the plain model satisfies ex post UIC, ex post MIC, and ex post 1-MUCP, then the

miner revenue must be 0. In addition, if the block size is finite, there is no non-trivial TFM
that satisfies three properties simultaneously.

2. For any ρ ∈ (0, 1], if a TFM in the MPC-assisted model satisfies Bayesian UIC, 1-dominant
strategy ρ-MIC, and (ρ, 1)-MUCP, then the miner revenue must be 0.

3. Suppose honest user i’s true values is sampled independently from Di for i = 1, . . . , n. For
any ρ ∈ (0, 1], h ≥ 1 and any d ≥ c ≥ 1, if an MPC-assisted TFM in the (h, ρ, c, d)-
environment satisfies Bayesian UIC, 1-dominant MIC, and MUCP, then the miner revenue is
at most

∑h
i=1 EXi∼Di

[Xi].

Proof. Results 1 can be obtained by combining Theorem 6.2.1 and results in [CS23]. Results 2
can be obtained by combining Theorem 6.2.1 and Theorem 3.2.4. Results 3 can be obtained by
combining Theorem 6.2.1 and Theorem 5.5.1.

[Ke: how about approx? add approx if time allows]

6.3 Feasibility under MUCP
With the relaxation of MUCP, we now revisit the mechanisms for finite block sizes and prove
that these mechanisms satisfy MUCP.

6.3.1 Burning Posted Price with Random Selection
For easier reading, we restate the burning posted price auction with random selection below.
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MPC-assisted, burning posted price auction with random selection
Parameters: the reserved price r, and a block size k.
Input: a bid vector b = (b1, . . . , bN).
Mechanism:
• Allocation rule. Any bid that is at least r is considered as a candidate. Randomly select k

bids from the candidates to confirm.
• Payment rule. Each confirmed bid pays r.
• Miner revenue rule. Miner gets 0 revenue.

Theorem 6.3.1. The MPC-assisted posted price with random selection satisfies ex post UIC, ex
post ρ-MIC, and ex post (ρ, c)-MUCP for arbitrary ρ ∈ (0, 1], arbitrary c ≥ 1.

Proof. UIC and MIC of the mechanism have been proved in Theorem 3.3.1. In this proof, we
focus on proving (ρ, c)-MUCP. For any coalition C consisting of a non-empty set U of no more
than c users and a non-empty setM of no more than ρ fraction of minersM, let v denote the
vector of true values of U .

For any strategy SC(v) of C, consider the following user-only strategy SU(v) for U : Upon
observing honest users’ bid vector b−C , SU(v) runs SC(v) on bH and gets b∗. The user coalition
U then bids b∗.

Now we show that for any b−C , either SU(v) is a defecting strategy of U w.r.t. strategy SC ,
or the honest strategy HSM is a sensible defecting strategy ofM w.r.t. strategy SC . To see why
this is the case, note that the miner revenue is always 0. Therefore, by the construction of SU(v)

utilC(SC(v),b−C) = utilU(SU(v),b−C). (6.4)

There are two possible cases:

• If utilU(SC(v),b−C) ≤ utilU(SU(v),b−C), then SU(v) is a defecting strategy of U by defini-
tion;

• If utilU(SC(v),b−C) > utilU(SU(v),b−C), then by Equation (6.4), it must be that

utilM(SC(v),b−C) = utilC(SC(v),b−C)− utilU(SC(v),b−C) < 0.

Note that whenM acts honestly on its own, its utility is 0. Therefore, the honest strategy HS
is a defecting strategy ofM.

Therefore, the mechanism is (ρ, c)-MUCP by Definition 6.1.2.

6.3.2 LP-Based Mechanism with Random Selection
For easier reading, we restate the LP-based mechanism with random selection below. Here,
we make one modification of the mechanism, which is emphasized with a green background .
Still, here we assume that each honest user i’s true value is sampled independently from some
distribution Di, and that each Di has the same median m such that Prx∼Di

[x ≥ m] = 1
2

for any
i. Meanwhile, strategic user’s true value can be any arbitrary value.
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MPC-assisted, LP-based mechanism with random selection
Parameters: the block size k, the environment (h, ∗, 1, d), the distribution median m.
Input: a bid vector b = (b1, . . . , bn).
Mechanism:
• Allocation Rule. Let d′ = c+ d. Let b̃ = (̃b1, . . . , b̃s) denote the bids that are at least m.

If s ≤ k, confirm all bids in b̃. Otherwise, randomly select k bids from b̃ to confirm.
• Payment rule. Each confirmed bid pays m.
• Miner revenue rule.

Let y := (y0, y1, . . . , yn) be any feasible solution to the following linear program:

∀i ∈ [n] : 0 ≤ yi ≤ min(i, k) ·m (6.5)

∀0 ≤ j ≤ d :

n− d′∑
i=0

qi · yi+j =
m ·min(h, k)

4
(6.6)

where qi = 1
2n−d′

(
n−d′

i

)
is the probability of observing i heads if we flip n−d′ independent

fair coins. The total miner revenue is yt where t is the number of confirmed bids in the
block.

Theorem 6.3.2. Suppose the block size is k. Fix any h ≥ 2, and any d ≤ 1
16

√
h

2 log h
. The

LP-based mechanism with random selection satisfies ex post UIC, c-dominant strategy Bayesian
MIC, and Bayesian MUCP in an (h, ∗, c, d)-environment.

Proof. First, UIC has been proved in Theorem 5.4.1. For c-dominant strategy MIC, note that
we replace d in the original LP-based mechanism with d′ = c + d. This guarantees that as
long as there are n − d′ honest users’ bids that are kept private from the miners, the expected
miner revenue does not change (Theorem 5.4.1). Therefore, following a similar reasoning as in
Theorem 5.4.1, even if the miner sees c bids from c users and controls at most d bids, its expected
miner revenue does not change. c-dominant strategy MIC thus follows.

In the rest of this proof, we focus on proving that the mechanism satisfies MUCP. Fix an
arbitrary coalition C consisting of a non-empty set U of no more than c users and a non-empty
set M of no more than ρ fraction of miners M. Let v denote the vector of true values of U .
For any strategy SC(v) of C, define the following user-only strategy SU(v) for U : It simply runs
SC(v) and gets b∗. The user coalition then bids b∗.

Next, we show that either SU(v) is a defecting strategy of U w.r.t. coalition strategy SC ,
or the honest strategy HSM is a defecting strategy of M w.r.t. SC . To see why this is the
case, note that the linear program guarantees that no matter how the coalition bids, as long as
it meets the requirement of the environment, the expected miner revenue is always the same:

E
b−C∼D−C

[µ(b−C,b
∗)] = m·min(h,k)

4
. Therefore, by the construction of SU(v),

E
b−C∼D−C

utilC(SC(v),b−C) = E
b−C∼D−C

utilU(SU(v),b−C) +
m ·min(h, k)

4
. (6.7)
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There are two possible cases.

• If E
b−C∼D−C

utilU(SC(v),b−C) ≤ E
b−C∼D−C

utilU(SU(v),b−C), then SU(v) is a defecting strategy

of U by definition;
• If E

b−C∼D−C
utilU(SC(v),b−C) > E

b−C∼D−C
utilU(SU(v),b−C), then by Equation (6.4), it must be

that E
b−C∼D−C

utilM(SC(v),b−C) <
m·min(h,k)

4
. Note that whenM acts honestly on its own, its

utility is m·min(h,k)
4

. Therefore, the honest strategy HS is a defecting strategy ofM.

Therefore, the mechanism is (ρ, c)-MUCP by Definition 6.1.2.
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Chapter 7

Multi-Party Computation Protocol
Realizing FMPC

So far in the paper, we have assumed that the MPC-assisted transaction fee mechanisms are
implemented by a trusted ideal functionality FMPC. In this section, we show how to instantiate
FMPC in the real world with cryptography. The protocol described in this section uses generic
MPC, since this is a good starting point as an initial exploration. All the impossibility results
in our paper hold even with generic MPC. However, as we will discuss in Section 7.5, some
MPC-assisted mechanisms described in this thesis actually need not employ generic MPC to
be instantiated in practice — we describe efficient instantiations for our specific protocols in
Section 7.5. In Section 7.4, we will discuss how to modify the instantiation such that it can
tolerate a majority of corrupted miners. In Section 7.6, we will formally define computational
incentive compatibility and show that all our MPC-assisted TFMs, when implemented in a real-
world MPC-assisted model, satisfy computational incentive compatibility.

Terminology and model. Imagine that there are m miners and a set of user identities. Since
each user can assume multiple identities, henceforth, we often use the term identities to refer
to the set of purported user identities. Each player is modeled as probabilistic poltnomial-time
(p.p.t.) algorithms. Specifically, the execution of the mechanism is parametrized with some
security parameter λ. A p.p.t. algorithm (or efficient algorithms henceforth) runs in time upper
bounded by some polynomial function in λ. We assume that the miners can communicate with
each other through a pairwise private channel. Further, every user identity can communicate with
every miner through a pairwise private channel. Morever, there is a broadcast channel among the
miners and the user identities. We assume that all channels are authenticated, i.e., every message
is marked with the true sender. Further, we assume a synchronous model of communication, i.e.,
the protocol proceeds in rounds and messages sent by honest parties will be received by honest
recipients at the beginning of the next round.

We assume that at the beginning of the protocol, the miners have reached consensus on the
set of user identities that will participate in the auction. For example, the consensus can be
achieved in the following manner: every user identity announces itself to all miners. Then, each
of the m miners broadcasts to all miners a candidate set consisting of the identities it has heard.
Any identity that appears in the majority of the miners’ candidate sets will be permitted into the
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auction. As long as the majority of the miners are honest, then any honest user identity will be
included in the final permitted list.

The parties now execute an interactive protocol at the end of which all parties, including the
miners and user identities, learn the outcome of the auction, including which identities’ bids are
confirmed and how much each confirmed bid pays. In our actual protocol, the user identities
need not communicate with each other. Each user identity communicates only with the miners
— either it sends a direct message to a miner over the pairwise private channel, or it broadcasts
a message which can be seen by all miners.

During the protocol, if a subset of parties (miners or user identities) form a coalition, we
assume that the coalition has the advantage of performing a so-called “rushing attack”. Specifi-
cally, in any round r, parties in the coalition can observe honest parties’ messages sent to coalition
members or posted on the broadcast channel, before deciding what messages coalition members
want to send in the same round r.

A function f(·) is negligible iff for any polynomial function poly(·), f(x) ≤ 1/poly(x). We
say that two distribution ensembles {Xλ}λ and {Yλ}λ are computationally indistinguishable,
denoted as {Xλ}λ ≡c {Yλ}λ, iff for all non-uniform p.p.t. algorithm A, there exists a negligible
function negl(·) such that for any λ ∈ N, |Pr[x ← Xλ,A(x) = 1] − Pr[y ← Yλ,A(y) = 1]| ≤
negl(λ).

7.1 Building Blocks
We first introduce some building blocks used in the protocol.

Commitment Scheme

A commitment scheme, parametrized by a security parameter λ, and a message space {0, 1}ℓ(λ)
where ℓ(·) is a polynomial in λ, has two phases:

• Commitment phase: the committer who has a message X ∈ {0, 1}ℓ(λ) samples some
random coins r $←{0, 1}λ, and computes the commitment X̂ ← comm(X, r). It sends the
commitment X̂ to the receiver.

• Open phase: The committer sends the pair (X, r) to the receiver. The receiver outputs
“accept” if comm(X, r) = X̂; otherwise, it outputs “reject”.

In our protocol, we require that the commitment scheme must satisfy the following two proper-
ties.

• Perfect binding: for any X ̸= X ′, and for any r, r′, it must be that

comm(X, r) ̸= comm(X ′, r′).

• Computationally hiding: for any X and X ′, it must be that

{comm(X, r), r
$←{0, 1}λ} ≡c {comm(X ′, r), r

$←{0, 1}λ},

where ≡c denotes computational indistinguishability.
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Shamir Secret Sharing

In our final protocol, each user identity will split its bid into m shares, one for each miner, using
a t-out-of-m Shamir secret sharing scheme. Henceforth let F denote some finite field. A t-out-
of-m Shamir secret sharing consists of two algorithms, share and reconstruct.

• share takes as an input a secret s ∈ F, and outputs m shares (s1, . . . , sm) ∈ Fm of the
secret.

• reconstruct takes as input a set I ⊆ [m], and the corresponding shares {si}i∈I , and outputs
the corresponding secret if and only if |I| ≥ t. Otherwise, the algorithm returns ⊥.

A t-out-of-m secret sharing satisfies the following two properties:
• Correctness: For any secret s and any set I ⊆ [m] such that |I| ≥ t, it must be that

Pr[(s1, . . . , sm)← share(s) : reconstruct(I, {si}i∈I) = s] = 1.

• Security: For any two secret s and s′, and for all set I ⊆ [m] such that |I| ≤ t− 1, it must
be that

{{si}i∈I : (s1, . . . , sm)← share(s)} ≡ {{si}i∈I : (s1, . . . , sm)← share(s′)}.

where ≡ denotes identically distributed. In addition, Shamir secret sharing also satisfies
the following properties. For any set I such that |I| < t,

{{si}i∈I : (s1, . . . , sm)← share(s)} ≡ {{ui}i∈I : ui uniformly randomly chosen from F}.

Honest-Majority Multi-CRS NIZK

In our protocol, user identities will need to rely on zero-knowledge proofs to prove that they
have correctly shared their bids. We will use a non-interactive zero-knowledge proof (NIZK).
Since we assume the majority of the miners are honest, NIZK can be instantiated without a
common reference string (CRS), using an honest-majority multi-CRS NIZK scheme [GO14].
Specifically, every miner j ∈ [m] acts as a CRS contributor, and posts a CRS denoted crsj to the
broadcast channel. For any miner j′ who did not post a CRS, we treat its crsj′ as 0. Given the
collection of all CRSes {crsj}j∈[m], a prover can prove an NP statement given a valid witness. As
long as a majority of the miners (i.e., CRS contributors) are honest, the NIZK scheme satisfies
completeness, zero-knowledge, and simulation sound extractability, as defined below.

For an NP language L, letRL(stmt, w) denote the NP relation corresponding to the language
L, i.e., stmt ∈ L if and only if there exists a w such that RL(stmt, w) = 1. An honest-majority
multi-CRS NIZK with m CRS contributors for an NP language L, parameterized with a security
parameter λ, consists of the following algorithms, where part of the definition is taken verbatim
from Guo, Pass, and Shi [GPS19].

• crs← K(1λ): each CRS contributor j ∈ [m] runs K(1λ) to generate a CRS crsj .
• τ ← P({crsj}j∈[m], stmt, w): given a statement stmt and a witness w such thatRL(stmt, w) =
1, and the set of all CRSes denoted {crsj}j∈[m], compute a proof denoted π.

• {0, 1} ← V({crsj}j∈[m], stmt, π): given a statement stmt, the set of all CRSes {crsj}j∈[m],
and a proof π, the verifier algorithm V outputs either 0 or 1 denoting either reject or accept.
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• (c̃rs, τ) ← K̃(1λ): a simulated CRS generation algorithm that generates a simulated c̃rs
and a trapdoor τ .

• π ← P̃(stmt, {c̃rsj}j∈[m], {τj}j∈H) where H ⊆ [m] and |H| ≥ ⌊m
2
⌋+1: a simulated prover

algorithm produces a proof for the statement stmt without any witness, and the simulated
prover has to have access to at least ⌊m

2
⌋+ 1 number of trapdoors.

Henceforth, we use AO(·)(x) to mean that A is given oracle access to the oracle O(·). Next,
we give the security properties we want from the NIZK.

Completeness. Completeness says that an honest prover can always produce a proof that veri-
fies, if it knows a valid witness to the statement. Formally, completeness requires that for every
λ, for any set of CRSes {crsj}j∈[m] where every crsj is in the support of K(1λ), for every state-
ment stmt and witness w such thatRL(stmt, w) = 1, with probability 1, the following holds: let
π ← P({crsj}j∈[m], stmt, w), it must be that V({crsj}j∈[m], stmt, π) = 1.

Zero-knowledge. An honest-majority multi-CRS NIZK system satisfies zero knowledge iff the
following properties hold. First, we require that simulated reference strings are indistinguishable
from real ones, i.e., for every non-uniform p.p.t. A, there exists a negligible function negl(·),
such that∣∣∣Pr [crs← K(1λ) : A(1λ, crs) = 1

]
− Pr

[
(c̃rs, τ)← K̃(1λ) : A(1λ, c̃rs) = 1

]∣∣∣ ≤ negl(λ).

Moreover, we require that as long as the majority of the CRSes are honestly generated, then
any efficient adversary cannot distinguish an interaction with a real prover using real witnesses
to prove statements and an interaction with a simulated prover who proves statements without
using witnesses — even if A obtains the trapdoors of the simulated CRSes.

More formally, let AK̃ denote and adversary A who is allowed to call the simulated key
generation algorithm K̃(1λ) multiple times. We say that A is minority-constrained, if among the
set of CRSes {crsj}j∈[m] output by A, the majority of them are CRSes returned to Afrom K. We
want that for any non-uniform p.p.t. minority-constrained adversary A, there exists a negligible
function negl(·) such that∣∣∣Pr [({crsj}j∈[m], stmt, w)← AK̃(1λ), π ← P({crsj}j∈[m], stmt, w) : A(π) = 1 andRL(stmt, w) = 1

]
−Pr

[
({crsj}j∈[m], stmt, w)← AK̃(1λ), π ← P̃({crsj}j∈[m],

−→τ , stmt) : A(π) = 1 andRL(stmt, w) = 1
] ∣∣∣

≤negl(λ)

where −→τ is the following vector: for every CRS in the set {crsj}j∈[m] that is output by the
simulated key generation algorithm K̃, the vector −→τ includes its corresponding trapdoor. Note
that there are at least ⌊m

2
⌋+ 1 entries in −→τ since A is minority-constrained.

Simulation sound extractability. Intuitively, simulation sound extractability requires that even
though anAmay adaptively interact with a simulated prover and obtain simulated proofs of false
statements, if A ever produces a fresh proof for some purposed statement stmt, then except with
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negligible probability, some p.p.t. extractor must be able to extract a valid witness from the
proof, using an extraction key that is produced during a simulated setup procedure.

More formally, an honest-majority multi-CRS NIZK system satisfies simulation sound ex-
tractability iff there exist p.p.t. algorithms K̃0 and E such that the following is satisfied:
• K̃0(1

λ) outputs a triple denoted (c̃rs, τ, ek) where the first two terms have an output distribution
identical to that of K̃(1λ); and

• for any non-uniform p.p.t. minority-constrained adversary A, there exists a negligible func-
tion negl(·), such that the following holds:

Pr

[ (
{crsj}j∈[m], stmt, π

)
← AO(1λ,·) :

w ← E({crsj}j∈[m],
−→
ek, stmt, π)

(stmt, π) not output from O(1λ, ·), and
RL(stmt, w) = 0 but V({crsj}j∈[m], stmt, π) = 1

]
≤negl(λ),

where O(1λ, ·) is the following oracle:

1. Upon receiving crs generation query gen from A, it runs (crs, τ, ek) ← K̃0(1
λ); it then

records τ and returns crs and ek to A.

2. Then, at some point, A outputs {crsj}j∈[m] — this set of CRSes must be consistent with
the CRSes in A’s final output. A is required to be minority-constrained, meaning that at
least ⌊m

2
⌋+ 1 number of entries in {crsj}j∈[m] must be output from K̃0.

At this moment, define the following notation:
−→τ is the following vector: for every CRS in the set {crsj}j∈[m] that is output by K̃0,
the vector −→τ includes its corresponding trapdoor. Note that −→τ must contain at least
⌊m

2
⌋+ 1 such trapdoors since A is minority-constrained.

Similarly, the notation
−→
ek denotes the following vector: for every CRS in the set

{crsj}j∈[m] that is output by K̃0, the vector
−→
ek includes its corresponding extraction

key ek included in the triple.

3. At this moment, A is allowed to send (prove, stmt) to the oracle multiple times; and for
each such invocation, the oracle would call π̃ ← P̃({crsj}j∈[m],

−→τ , stmt) and return the
resulting π̃ to A.

Groth and Ostrovsky [GO14] showed how to construct a multi-CRS NIZK from standard cryp-
tographic assumptions, resulting in the following theorem.
Theorem 7.1.1 (Multi-CRS NIZK [GO14]). Assume the existence of enhanced trapdoor permu-
tations. Then, there exists a multi-CRS NIZK system that satisfies completeness, zero-knowledge,
and simulation sound extractability.

7.2 Protocol Description
Below we give the final multi-party computation protocol ΠMPC. Roughly speaking, the user
identities first secret share their bids among the miners and prove in zero-knowledge the cor-
rectness of the sharings. Then, the miners run an MPC protocol using the shares they have
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received as inputs. The MPC protocol will securely compute the rules of the auction, and de-
termine which bids are confirmed and how much each confirmed bid pays. We will use the
honest-majority multi-CRS NIZK defined in Section 7.1. Moreover, we will describe our pro-
tocol ΠMPC assuming that players have access to an ideal functionality FTFM which computes
the rules of the auction — the formal description of FTFM will be provided at the end of ΠMPC.
The ideal functionality FTFM can be realized using standard techniques — in particular, we can
use an MPC protocol that secures against minority corruptions providing fairness and guaranteed
output [GMW87,RBO89]. Finally, our ΠMPC protocol also makes use of a perfectly binding and
computationally hiding commitment scheme denoted comm.

During the protocol, miners will keep track of a set C containing the set of user identities who
have misbehaved. The bids of those in C will be treated as 0. All miners have the same view of
C since C is determined using only messages sent on the broadcast channel.

Protocol ΠMPC instantiating FMPC

Parameters: Let λ be the security parameter. Let m be the number of miners running the
protocol. Let t = ⌈m

2
⌉ be the reconstruction threshold of secret sharing. Let ID be the

agreed-upon set of user identities that are participating in the protocol. Let C be an initially
empty set.

Building blocks:
• Shamir secret sharing.
• A perfectly binding, computationally hiding commitment scheme comm.
• An honest-majority multi-CRS non-interactive zero-knowledge proof (NIZK) system

denoted as NIZK := (K,P,V).
Input: Each user identity i ∈ ID has a bid bi ∈ F. Each miner has no input.

Sharing phase
1. Each miner j runs NIZK.K(1λ) and obtains crsj . Each miner j broadcasts crsj to all

user identities and miners. If a miner j fails to broadcast crsj , set crsj = 0. Let
CRS := {crsj}j∈[m].

2. Each user identity i splits bi into m secret shares using a t-out-of-m secret sharing
scheme. Let Xi,j denote the j-th share of bi. Let X̂i,j = comm(Xi,j, ri,j) where the
ri,js are fresh randomness. Broadcast the commitments of shares {X̂i,j}j∈[m] to the
miners.
If a user identity i fails to broadcast all the commitments, each miner adds i to C.

3. Each user identity i ∈ ID calls πi ← NIZK.P(CRS, stmti, wi) with the statement
stmti = (i, {X̂i,j}j∈[m]) and the witness wi = (bi, {Xi,j, ri,j}j∈[m]) to prove that

• For each j ∈ [m], (Xi,j, ri,j) is the correct opening of X̂i,j;
• {Xi,j}j∈[m] forms a valid t-out-of-m secret sharing of bi.

Each user identity i broadcasts πi.
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4. For each user identity i, if it fails to broadcast πi, or NIZK.V(CRS, stmti, πi) outputs
0, i.e., the verifier algorithm rejects the proof, each miner adds i to C.

5. Each user identity i ∈ ID sends (Xi,j, ri,j) to miner j for all j ∈ [m].

6. Each miner j does the following: for all i ∈ ID \ C, if it receives a message (Xi,j, ri,j)

that is a correct opening with respect to X̂i,j , record (Xi,j, ri,j) and broadcast (ok, i, j).
Otherwise, broadcast (complain, i, j) to complain about user identity i.

7. Each user identity i ∈ ID does the following: for all j such that there is a complaint
(complain, i, j) from miner j at Step 6, user identity i broadcasts the corresponding
opening (i, j,Xi,j, ri,j). Every miner records every correct opening (i, j,Xi,j, ri,j) it
hears.

8. If there exists a complaint (complain, i, j) from miner j in Step 6 such that user identity
i has not broadcast the correct opening (i, j,Xi,j, ri,j), each miner adds i to C.

Computation Phase Miners invoke FTFM parameterized with ID, C, the commitments of
shares {X̂i,j}i∈ID\C,j∈[m], and the transaction fee mechanism. Each miner outputs the output
of FTFM.

Ideal Functionality FTFM

Parameters: The sets ID and C, as well as commitments of shares {X̂i,j}i∈ID\C,j∈[m] and
the transaction fee mechanism.

Input: Each miner j has input {(Xi,j, ri,j)}i∈ID\C , where (Xi,j, ri,j) is a correct opening of
X̂i,j .

Functionality:
1. Each miner sends its input {(Xi,j, ri,j)}i∈ID\C to FTFM.

2. For each j ∈ [m], the functionality FTFM checks if (Xi,j, ri,j) is an correct opening of
X̂i,j for all i ∈ ID \ C.

3. For each i ∈ ID\C, the functionality reconstructs bi only using those correct openings.
If the reconstruction fails, treat bi as 0. For each i ∈ C, set bi = 0.

4. Let b = {bi}i∈ID denote all the bids. The functionality then computes the output of
the transaction fee mechanism on input b and sends the output to every miner.

Theorem 7.2.1. If the commitment scheme comm is perfectly binding and computationally hid-
ing, and the honest-majority multi-CRS NIZK satisfies completeness, zero-knowledge and sim-
ulation sound extractability, then ΠMPC securely realizes FMPC (See Figure 2.2) in the FTFM-
hybrid model as long as the number of colluding miners is less than m

2
.
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7.3 Proof of Theorem 7.2.1
Below we use ≡ to denote identically distributed and ≡c to denote computationally indistin-
guishability. Let ExpRealA denote the joint distribution of the honest parties and the adversary A’s
view in the real-world experiment, where the adversary A who controls a subset of the miners
and users interact with honest parties running the real-world protocol ΠMPC. Let ExpIdealS denote
the joint distribution of the honest parties and the ideal-world adversary S’s view in the ideal-
world experiment, where S controls the same subset of miners and users, and all parties interact
with FMPC to compute the outputs. We want to show that ExpRealA and ExpIdealS are computation-
ally indistinguishable assuming A is p.p.t.. In the proof, we useHminer and Kminer to denote the
set of honest miners and corrupted miners, respectively. Formally, the simulator S interacting
with FMPC behaves as follows.

Simulator S interacting with FMPC

Sharing Phase
1. Let C be an empty set.

2. Emulate honest miner h ∈ Hminer as follows: run the simulated CRS generation algo-
rithm K̃0 of NIZK and get a triple (crsh, τh, ekh). Send {crsh} to A.
At the end of this step, define the following notation: Let−→τ be the vector of {τh}h∈Hminer

,
and
−→
ek be the vector of {ekh}h∈Hminer

.

3. For each corrupted miner k ∈ Kminer, wait for its crsk. If a corrupted miner k fails to
send crsk, set crsk = 0. Let CRS = {crsj}j∈[m] be the set of all CRSes generated by
miners.

4. Emulate honest user identity i as follows: For every corrupted miner k ∈ Kminer, let
the share Xi,k be a uniformly random element in the finite field F. For every honest
miner h ∈ Hminer, let the share Xi,h = 0.

5. Emulate honest user identity i as follows: commit to the shares X̂i,j = comm(Xi,j, ri,j)

using fresh randomness ri,j for each miner j ∈ [m]. Send the commitments {X̂i,j}j∈[m]

to A.

6. For each corrupted user identity ℓ ∈ ID, wait for its commitments {X̂ℓ,j}j∈[m]. If a
corrupted user identity ℓ fails to send all the commitments, add ℓ to set C.

7. Emulate honest user identity i as follows: call πi ← NIZK.P̃(CRS,−→τ , stmti), where
stmti := (i, {X̂i,j}j∈[m]). Send πi to A.

8. For each corrupted user identity ℓ, wait for πℓ. If a corrupted identity ℓ fails to send a
proof πℓ, or that NIZK.V(CRS, stmtℓ, πℓ) = 0 for stmtℓ := (ℓ, {X̂ℓ,j}j∈[m]), add ℓ to C.

9. For each corrupted user identity ℓ ∈ ID \ C, the simulator S calls the extraction algo-
rithm E of NIZK and gets wℓ ← E(CRS,

−→
ek, stmtℓ, πℓ). If there exists an ℓ such that

wℓ is not a valid witness of stmtℓ, the simulator S aborts.

10. Emulate each honest identity i ∈ ID to send the shares for each corrupted miners
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{(Xi,k, ri,k)}k∈Kminer
to A.

11. Receive the shares {(Xℓ,h, rℓ,h)}h∈Hminer
for honest miners from each corrupted iden-

tities ℓ ∈ ID.

12. Emulate honest miner h as follows: for each corrupted user identity ℓ ∈ ID, it checks
whether (Xℓ,h, rℓ,h) it received is a correct opening of X̂ℓ,h. If yes, send (ok, h, ℓ) to
A. Otherwise, send (complain, h, ℓ) to A. Meanwhile, send (ok, h, i) for each honest
user identity i ∈ ID to A.

13. Emulate honest user identity i as follows: If it received (complain, k, i) from a cor-
rupted miner k, send (i, k,Xi,k, ri,k) to A.

14. For each corrupted user identity ℓ ∈ ID, if there exists a complaint (complain, h, ℓ)
from an honest miner h, wait for ℓ’s opening (ℓ, h,Xℓ,h, rℓ,h).

15. For each corrupted user identity ℓ ∈ ID: if there exists a miner j that broadcast a
complaint (complain, ℓ, j) but ℓ did not broadcast the correct opening (ℓ, j,Xℓ,j, rℓ,j),
then add ℓ to C.

Computation Phase Note that by this point, if the simulator did not abort, for each cor-
rupted user identity ℓ ∈ ID \ C, the simulator S has extracted a valid witness wℓ = (bℓ,
{Xℓ,j, rℓ,j}j∈[m]). The simulator sets bℓ = 0 for ℓ ∈ C. It then sends bℓ for all corrupted user
identities ℓ ∈ ID to the ideal functionality FMPC.

After the simulator S receives the output from FMPC, it sends the output of the mecha-
nism to A on behalf of FTFM.

We construct the following sequence of hybrid experiments.

Hyb0. This experiment is identical to a real execution of ΠMPC, except that now the adversary
A interacts with a fictitious simulator S ′ which internally emulates the execution of all honest
players. Moreover, the simulator S ′ also emulates FTFM. We use Hyb0 to denote the joint
distribution of honest players’ outputs and the adversary’s view in this experiment.

By definition, ExpRealA ≡ Hyb0.

Hyb1. This experiment is almost identical to the experiment in Hyb0, except the following modi-
fications:

• Instead of calling NIZK.K to generate the CRS, the simulator S ′ calls the simulated CRS
generation algorithm K̃0, such that for each honest miner h ∈ Hminer, the simulator gets
(c̃rsh, τh, ekh). The simulator uses c̃rsh as miner h’s NIZK CRS, and keeps the trapdoor τh
and extraction key ekh to itself.

• Whenever the simulator S ′ needs to compute a proof on behalf of an honest user identity
i, it calls the simulated prover algorithm P̃ supplying the trapdoor −→τ := {τh}h∈Hminer

to
compute a simulated proof without using the witness.

We use Hyb1 to denote the joint distribution of honest players’ outputs and the adversary’s view
in this experiment.
Claim 7.3.1. Assuming that NIZK satisfies zero-knowledge, then Hyb0 ≡c Hyb1.

Proof. The proof can be done via a sequence of hybrid experiments. First, one by one for each
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honest miner, we replace the real generation algorithm K with the simulated generation algorithm
K̃. Next, one by one for each NIZK proof of an honest user identity, we replace the proof with
a simulated proof computed using P̃ without using the witness. Since the number of corrupted
miners is less than half, the adversary is minority-constrained (as defined in Section 7.1), the
adjacent hybrids in each step are indistinguishable by a straightforward reduction to the zero-
knowledge property of NIZK.

Hyb2. This experiment is almost identical to the experiment in Hyb1, except that whenever A
supplies a correct NIZK proof πℓ on behalf of a corrupted user identity ℓ for statement stmtℓ, the
simulator S ′ calls the NIZK’s extraction algorithm E(CRS,

−→
ek, stmtℓ, πℓ) to extract the witness

wℓ. If wℓ is not a valid witness yet NIZK.V(CRS, stmtℓ, πℓ) = 1, the simulator S ′ aborts. We use
Hyb2 to denote the joint distribution of honest players’ outputs and the adversary’s view in this
experiment.
Claim 7.3.2. Assuming that NIZK satisfies simulation sound extractability, then Hyb1 ≡c Hyb2.

Proof. Given that the simulator S ′ does not abort, the two experiments are identical. Since
the adversary controls less than half corrupted miners, by the simulation sound extractability
property of NIZK, the probability of S ′ aborting in Hyb2 is negligible. Specifically, for applying
the simulation sound extractability, all NIZK statements in the protocol are tagged with the user
identity (identity of the prover), thus no statement can be reused. Therefore, Hyb1 ≡c Hyb2.

Hyb3. This experiment is almost identical to the experiment of Hyb2, except for the following
difference:

• In the sharing phase, for each honest user identity i, instead of committing to the m shares
{Xi,j}j∈[m] of the t-out-of-m secret sharing scheme, the simulator S ′ commits to Xi,k for
corrupted miner k ∈ Kminer, and commits to 0 for honest miner h ∈ Hminer.

• S ′ uses the simulated prover algorithm P̃ of NIZK to vouch for honest user identities.
• Upon receiving the openings, it sends (ok, h, i) for all honest user identities i ∈ ID and all

honest miners h ∈ Hminer, without actually checking the openings of the commitments.
We use Hyb3 to denote the joint distribution of honest players’ outputs and the adversary’s view
in this experiment.
Claim 7.3.3. Assuming that the commitment scheme comm is computationally hiding, then
Hyb2 ≡c Hyb3.

Proof. The proof can be done via a sequence of hybrid experiments, where one by one for each
honest user identity i, we replace the commitments {X̂i,h}h∈Hminer

of the shares Xi,h with com-
mitments of 0. The adjacent hybrids in each step are indistinguishable by a direct reduction to
the computational hiding property of comm.

Recall that ExpIdealS denotes the honest players’ outputs computed by FMPC and the view
simulated by S which interacts with FMPC.
Claim 7.3.4. If the commitment scheme comm is perfect binding and that the t-out-of-m secret
sharing scheme is secure, then Hyb3 ≡ ExpIdealS .
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Proof. The only differences in Hyb3 and ExpIdealS are:

1. In ExpIdealS , the simulator is generating honest-to-corrupt shares at random; whereas in
Hyb3, the honest-to-corrupt shares are generated honestly. By the security of Shamir secret
sharing, the two approaches result in the same distribution since the adversary controls
fewer than m/2 miners.

2. In Hyb3, if the experiment did not abort, then the simulator sends the shares actually opened
by corrupt user identities to FTFM. By contrast, in ExpIdealS , the simulator uses the shares
output by the NIZK’s extractor E instead. Since the commitment is perfectly binding, the
two approaches result in the same outcome as long as the simulator did not abort.

Therefore, the two hybrids are identically distributed.

By the hybrid lemma, we have that ExpRealA ≡c ExpIdealS . Therefore, the protocol ΠMPC se-
curely realizesFMPC in theFTFM-hybrid model as long as the adversary controls only a minority
number of miners.

7.4 MPC Protocol in the Presence of Majority-Miner Coali-
tions

So far, we have focused on instantiating the MPC protocol when the coalition controls only a
minority of the miners. But our game-theoretic analyses also naturally extend to the case when
the coalition may control majority of the miners.

In this case, we can modify our MPC protocol as follows to achieve security with abort under
corrupt majority. First, instead of threshold secret sharing, the user identities may use additive
secret sharing to share their bids among the miners. As before, each user identity will broadcast
commitments of all shares of its bid, and then it gives the corresponding opening to every miner.
There is no more need to prove that the committed values are internally consistent secret shares.
If a miner did not receive the correct opening from a user identity, it can broadcast a complaint in
which case the corresponding user identity must reveal the correct opening or it will get kicked
out. During the reconstruction phase, if any miner fails to open, then the protocol just aborts and
no output is produced, i.e., no block will be mined. Finally, FTFM should also be instantiated
with a corrupt majority MPC protocol.

7.5 Efficient Instantiations of MPC-Assisted Mechanisms
Certain MPC-assisted mechanisms proposed in this paper, including [Ke: list them] achieve
incentive compatibility in the ex-post setting. This allows us to instantiate these mechanisms
without using the above generic MPC, which can be expensive to implement in practice. Instead,
we can use the following efficient protocols:
• Instead of having the user identities verifiably secret share their bids with the miners, they

can simply post the bids in the clear over a broadcast channel. In practice, we can use any
consensus mechanism to realize the broadcast channel, such that the miners agree on the set
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of all bids posted. In particular, we can use the underlying blockchain itself to reach this
consensus — importantly, if we do this, we stress that the initial set of bids agreed upon
need not be permanently stored by the blockchain, i.e., here we are using the blockchain for
(transient) consensus but not for storage.

• Once the miners agree on the initial set of bids, they can then run any coin toss protocol to
decide a randomness seed, which can be used to generate the random coins and perform the
random selection needed by the mechanisms.

7.6 Computational Incentive Compatibility

For computational sound reasoning, we additionally make the following assumption for the true
value distributions: we assume that D(1λ) outputs an n that is upper bounded by some fixed
polynomial function in λ; and moreover, every player’s type can be encoded as some string
whose length is upper bounded by some fixed polynomial function in λ.
Definition 7.6.1 (Utility-equivalent emulation). We say that a mechanism Π is a utility-equivalent
emulation of another mechanism Π′ w.r.t. a coalition C and the distribution D, iff for any vector
vC denoting the true values of the users in C, for any non-uniform p.p.t. strategy SC(vC) in the
mechanism Π, there exists a non-uniform p.p.t. strategy S ′

C(vC), such that
1. The following probability ensembles are computationally indistinguishable:

• Real-world experiment. Call v−C ∼ D(1λ) to sample the number of honest players and
their true values, execute the real-world mechanism Π with a set of honest players with
true values v−C , and a coalition C with true values vC and executing the strategy SC(vC);
and output the utilities of every member of C in the execution.

• Ideal-world experiment. Call v−C ∼ D(1λ) to sample the number of honest users and their
true values, execute the mechanism Π′ with honest users whose true values are denoted
v−C , and a coalition C which has the types vC executing the strategy S ′

C(vC); finally, output
the utilities of every member of C in the mechanism Π′.

2. Furthermore, the above also holds if SC(vC) is the honest strategy of C in mechanism Π and
S ′
C(vC) is the honest strategy of C in Π′.

Henceforth, we also refer to S ′
C(vC) a utility-equivalent strategy of SC(vC) in the mechanism

Π.
Definition 7.6.2 (Computational incentive compatibility). We say that an MPC-assisted transac-
tion fee mechanism Π is computationally UIC (resp. ρ-MIC, (ρ, c)-SCP) in an environment E iff
the following hold: there exists an ideal mechanism Π′ such that Π is a utility-equivalent emula-
tion of Π′ w.r.t. C and D; and moreover, Π′ is UIC (resp. ρ-MIC, (ρ, c)-SCP) in an environment
E .
Definition 7.6.3 (Computational MUCP). We say that an MPC-assisted transaction fee mecha-
nism Π satisfies computational MUCP iff for any miner-user coalition C consisting of a set of
minersM and a set of users U with any true value vector vU , any coalition’s strategy SC(vU),
there exists an ideal mechanism Π̃ such that
• Π is a utility-equivalent emulation of Π̃ w.r.t. C and D;
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• Either there exists a p.p.t. strategy S∗
M for the miners M, and a utility equivalent strategy

S̃∗
M in Π̃ such that S̃∗

M is a defecting strategy forM w.r.t. S̃C(vU), where S̃C(vU) is a utility
equivalent strategy of SC(vU) in Π̃;
Or there exists a p.p.t. strategy S∗

U(vU) for the users U , and a utility equivalent strategy
S̃∗
U(vU) in Π̃ such that S∗

U(vU) is a defecting strategy for U w.r.t. S̃C(vU), where S̃C(vU) is a
utility equivalent strategy of SC(vU) in Π̃;
If a real-world mechanism Π securely realizes a ideal-world mechanism Π̃, then Π is a utility-

equivalent emulation of Π̃ w.r.t. any coalition C that involves less than 1
2
M fraction of miners by

Theorem 7.2.1. Thus, we have the following results:
Theorem 7.6.4. Given some ρ ∈ (0, 1

2
) and an integer c ≥ 1. Let Π̃ be a mechanism that satisfies

UIC (resp. ρ-MIC or (ρ, c)-SCP) in the idealized MPC-assisted model. Let Π be a mechanism
in the real-world MPC-assisted model that securely instantiates an ideal-world mechanism Π̃.
Then Π satisfies computational UIC (resp. computational ρ-MIC or computational (ρ, c)-SCP).

Proof. By Theorem 7.2.1 and Definition 7.6.1, Π is a utility-equivalent emulation of Π̃ w.r.t. any
coalition C that involves less than half miners. Therefore, the theorem follows by Definition 7.6.2.

Therefore, all the mechanisms described in this thesis in the idealized MPC-assisted model
still satisfy computational incentive compatibility in real-world instantiations. Next, we prove
that the two mechanisms, posted price auction with random selection and LP-based mechanism
with random selection, also satisfy computational MUCP when instantiated with real-world cryp-
tography.
Theorem 7.6.5 (Computational MUCP of MPC-assisted posted price auction with random se-
lection). Given some ρ ∈ (0, 1

2
) and an integer c ≥ 1. Let Π be a mechanism in the real-world

MPC-assisted model that securely instantiates posted-price auction with random selection Π̃
(Figure 3.2). Then Π satisfies computational (ρ, c)-MUCP for arbitrary c ≥ 1.

Proof. By Theorem 7.2.1 and Definition 7.6.1, Π is a utility-equivalent emulation of Π̃ w.r.t.
any coalition C that involves less than half miners. Consider an arbitrary miner-user coalition C
that consists of no more than half fraction of the minersM and a set of no more than c users U
with true value vU . For any strategy SC(vU) of coalition C in Π, there exists a utility-equivalent
S̃C(vU) in Π̃.

Now consider the following p.p.t. strategies: The miner’s strategy S∗
M, which is the honest

strategy ofM in Π; and S∗
U(vU) simply runs SC(vU). By definition, these two strategies are p.p.t.

algorithms. Since by Theorem 6.3.1, either the honest strategy S̃∗
M of M in Π̃ is a defecting

strategy w.r.t. S̃C(vU), or the users’ strategy S̃∗
U(vU) which simply runs S̃C(vU) is a defecting

strategy of U . The theorem then follows by observing that S̃∗
M is a utility equivalent strategy of

S∗
M and S̃∗

U(vU) is a utility equivalent strategy of S∗
U(vU).

Theorem 7.6.6. Suppose the block size is k. Fix any ρ ∈ (0, 1
2
), h ≥ 2, and any d ≤ 1

16

√
h

2 log h
.

Let Π be a mechanism in the real-world MPC-assisted model that securely instantiates the LP-
based mechanism with random selection (Figure 5.4). Then Π satisfies computational MUCP in
an (h, ρ, c, d)-environment for arbitrary c ≥ 1.
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Proof. By the same proof as Theorem 7.6.5.
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