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Abstract

In this work, we explore the possibility of applying sketching, or dimensional-
ity reduction, in the least squares regression (LLS) problem in differentiable pro-
gramming settings. To motivate automatic differentiation (AD) for systems with a
sketched regression component, we need to answer the following questions: do we
yield similar derivatives (AD transformations) in differentiable programming sys-
tems with LLS and sketched LLS? In practice, does a system containing sketched
LLS converge faster than the same system with LLS in training? How close are the
results after convergence? To answer them, we first provide a bound on the operator
norm of a sketched pseudoinverse matrix product, which is useful when analyzing
the derivatives of sketched regression. We then give analysis on the approximation
errors of derivatives in two proposed ways of sketched regression. Finally, we run
experiments on both synthetic and real-world datasets to test the performance of our
sketching methods.
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Chapter 1

Introduction

E]A sketch is a sub-linear space data structure that can answer certain types of queries in the
original data with approximation guarantees. Since the space usage of the sketch is sub-linear to
the input size, a lot of times we benefit from a small sketch size and therefore achieve run time
acceleration. The method to convert the original data into a sketch is called sketching.

Consider the well-known linear least squares regression (LLS) problem. A least squares
regression takes in a matrix A of size n x d (n > d) and a vector b of size n x 1, and aims
to find argmin,, || Ay — b||,. For a sketched least squares regression (LLSs), we convert LLS to
argmin,, [|[S Ay — Sb||, by multiplying a sketching matrix S} Suppose S has size m xn withm <
n. The original problem takes in a matrix of size nx d and a vector of size n, whereas the sketched
problem involves a matrix of size m X d and a vector of size m. Note the problem size becomes
a lot smaller given S A can be calculated fast and m < n. Moreover, for sketching matrices that
form (1 £ €) ¢, subspace embeddings, it is guaranteed that || Ay% — bl = (1 £ €)||Ay*™ — b2
where y* is the solution to the unsketched problem and y is the solution to the sketched problem.
There has been extensive research on the type and size of the sketching matrix that can be used
as the sketching matrix of LLSg. See [15] for a survey.

In this paper, however, we are not going to design new sketching matrices. Instead, we
mainly use the sketching matrix property as a black box and try to answer the question that
whether LLSg can replace LLS in a differentiable programming system which internally uses
LLS. Although LLS; provides a good approximation to argmin,, || Ay — b||,, the derivatives are
not necessarily close to those of LLS. As a result, after training with gradient descent method, a
neural network containing LLS s might converge differently and yield higher test loss compared
with the same neural network with LLS.

To address these concerns, we first provide necessary background on sketching and automatic
differentiation. After exploring a novel bound on a sketched pseudoinverse matrix product, we
analyze the two proposed ways of sketched regression, namely the “Regular Sketch” and the
“Partial Sketch”, how the forward and reverse AD transformations of LLSg can be expressed, and
the approximation error bound on the transformations. Finally, we test the actual loss and running

IThis work is based on [8].

ZInformally, we say a matrix is a sketching matrix if we apply the matrix and the input with certain operations to
get the sketch.

*We use || Sz|3 = (1 + ¢)[|z3 to denote (1 — €)[|z(13 < ||S[|3 < (1 + ¢)]|]|3.



speed of our sketched regression in the diffentiable programming context on both synthetic and
real-world datasets to see if the sketching methods enjoy the favorable accuracy and complexity.



Chapter 2

Preliminaries

2.1 Sketching in Least Squares Regression

”

We use ||-||2 as the operator norm for matrices, ||| - as the Frobenius norm for matrices. and ||-
||-||l2 interchangeably as the {5 norm for vectors.
Definition 2.1.1. (Least Squares Regression, or Linear Regression, {5 Regression) Given an nxd
matrix A withn > d, an n x 1 vector b, output a vector x that minimizes || Az — bl|o.
Throughout the document, we assume n > d with rank(A) = d. We can view each row of
the matrix A as a data point and each column as a feature. For real world data, typically there are
far more number of data points than the number of features. This motivates us to only consider
the case when n > d.

It is well-known that for a matrix A, argmin,, || Az —b||o = ATb where AT is the pseudoinverse
of A. If A has full column rank, AT = (ATA)"*AT.

Definition 2.1.2. (¢5-Subspace Embedding) Let V' be a fixed d-dimensional subspace in R". A
matrix S is a (1 & €) ly-subspace embedding for V if for all x € V, ||Sz||3 = (1 + €)||z||%
Equivalently, fix A to be an n x d matrix with column space V., an m x n matrix S is a (1 £ ¢)
lo-subspace embedding for V if for all v € RY, ||SAz||2 = (1 + €)|| Ax]]3.

Since we are working in the /5 norm throughout the document, we sometimes omit the ¢, for
simplicity. When we say a matrix S is a subspace embedding for a matrix A, we mean S is a
(1 + €) ¢5-subspace embedding for the column space of A.

A limitation with the subspace embedding is that we need to know the subspace we are trying

to embed beforehand. This motivates the following definition.
Definition 2.1.3. (Oblivious (5-Subspace Embedding) A matrix S is a (d,e€,d) oblivious (-
subspace embedding if for any fixed d-dimensional subspace V- € R™, for all x € V, ||Sx||3 =
(1 =+ €)||z||3 with probability at least 1 — 6. Equivalently, a matrix S is a (d, €, 0) oblivious (-
subspace embedding if for any n x d matrix A, for all x € R, ||SAz||2 = (1 & €)||Az||? with
probability at least 1 — ).

Let U be a matrix with orthonormal columns and v be a unit vector. ||SUv||% = (14¢)||Uv||3
implies (SUv)T(SUv) — (Uv)T(Uv) < € and can be further simplified to |[UTSTSU — I, < e.
This also implies the singular values of UTSTSU are in [1 — ¢, 1 + €], and the singular values of
SU are in [1 — €, 1 4 €] for small €. These properties are useful in later chapters.
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We use OSE to denote the oblivious ¢»-subspace embedding for short. In literature (and this
document), sometimes “oblivious” are dropped for convenience, and “subspace embedding” is
used interchangeably with “oblivious /5-subspace embedding”.

Definition 2.1.4. (Singular Value Decomposition) Any n x d matrix A can be decomposed as
UXVT, where U is an n x d matrix with orthonormal columns, ¥ is a d x d diagonal matrix
with singular values on its diagonal, V' is a d X d orthogonal matrix.

2.2 Notations for Automatic Differentiation

e Automatic Differentiation, or AD for short, refers to the derivative evaluation algorithms.
Forward and reverse mode AD transformations refer to the actual derivative(s).

e Standard notation from AD community is used. Consider an independent variable x and a
dependent variable y. We use & for an infinitesimal perturbation of x, and y for g—‘z (notation
used in forward mode AD). We use Z for % (notation used in reverse mode AD). See [1]
for a thorough survey on automatic differentiation.

e We can write a computation process as a directed acyclic graph with circles representing

variables and squares representing operators. Say we compute g(z,y) = f(z) + y where
f(2) = cosz. Then the computation of g(a,b) for values a, b can be represented by the

following graph:
+
S
Computation graphs can be helpful in the computation of forward and reverse mode AD

transformations.

2.3 The Problem

Formally, given an n x d matrix A (with n > d), an n x 1 vector b and an m x n sketching matrix
S, we want to show a tight bound on the sketched regression’s approximation error of forward
and reverse mode AD transformations.

2.4 Motivation

Sketching is a useful technique to accelerate linear regression. However, to our best knowledge,
the relationship between the derivatives of the sketched and unsketched linear regression is yet
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unknown. At the same time, there is burgeoning interest in extending deep learning (aka differ-
entiable programming) to allow more complicated building boxes to appear inside the computa-
tional process being differentiated. This includes optimization of various sorts (learning-to-learn,
bi-level optimization), AD of fixed point computations [2] recently rediscovered in the ML com-
munity [7/] and even AD of discrete optimization processes [10]. In a nutshell, if a subroutine is
useful, people will want to use it in programs they write, and it is increasingly desired that we
are able to differentiate the programs we write. This has resulted in a systematic effort to explore
how to efficiently calculate appropriate derivatives of a variety of numerical processes. Here, we
consider differentiating a linear regression subroutine—in particular, linear regression computed
using sketching methods.

2.5 Related Work

There is a recent work on sketching for speeding up distributed communication of gradients [6]].
More specifically, the work focuses on shortening the run time of distributed stochastic gradient
descent methods using CountSketch matrices.

In addition to gradient sketching, Hessian sketching has also been considered since second-
order methods have better convergence rate compared with first-order methods. For instance, [3]]
is a recent work on Hessian sketching for serverless systems.

Instead of designing a general scheme of solving various kinds of problems with the tradi-
tional ““sketch and solve” approach, our work focuses on the least squares regression, explicitly
reveals the derivative computation steps, and studies the errors resulted from sketching in deriva-
tives and the overall network.






Chapter 3

A bound on the Opertor Norm of Sketched
Pseudoinverse

We need theorem for proving theorem [3.0.2]

Theorem 3.0.1. (By Cohen et al. [3)]) Let A € R"*? and B € R™ P withn > d,n > p. For
sketching matrix S drawn from (¢, 6, 2k)-OSE,

|ATSTSB — ATB||, < 6\/(HA||§ + [AIE/R)UIBIS + 1 BlIE/k)

holds with probability 1 — 6.

Theorem [3.0.2] says the pseudoinverse and sketched pseudoinverse terms cannot differ by
much in terms of the opertor norm, and the difference is small compared to the norm of the
pseudoinverse itself. Since we apply sketching on the least squares regression problem, we
will encounter pseudoinverse and sketched pseudoinverse terms in derivative computations. In
particular, terms like (SA)*(SB), where B is not a vector, come into the picture. Under these
circumstances, the bound in theorem [3.0.2] becomes useful as we need to bound the difference
between the unsketched and sketched pseudoinverse terms. This result also extends previous
results in which B is considered as a vector [12] [4].

The intuition for proving the bound is that after singular value decomposition, (SA)"SB and
A7 B have similar structureq'} For the parts of the structures that differ between the two terms,
there are enough tools to bound them. The former term has a UTSTSU factor and the latter
term has a corresponding factor /. It is easy to bound the difference as [|[UTSTSU — I||; < e.
Also note the former term consists of a UTSTS B factor, and in the latter term the corresponding
factor is UT B. These two terms are exactly in the form of the left-hand side of theoremm

Theorem 3.0.2. Let A € R™% and B € R™P withn > d,n > p. Let S be a matrix drawn
from a distribution D with (e, §, 2k)-OSE property for some k > d. With probability 1 — 0,

I(SA)TSBll2 < |ATBll2 + O(e)\/(l +d/E)(IBI3 + |BI17:/ %)/ Tmin(A)
WSA)*SB =V L(UTSTSU)"tUTSTSB and A*B =V~ 1UTB.

7



Proof. Let UXV'T be the SVD of A. By Triangle Inequality,

I(SA)*SBll2 = [[(SA)"SB — A*B+ A" Bl||,

<||ATB2 +[[(SA)"SB — AT Bl|,

= |AT Bl + [V N UTSTSU) T UTSTSB - VETIUT B,

= |AT By + [V (UTSTSU) T UTSTSB — U B,

< AT By + |17 o[(UTSTSU) Ut STSB — (UTSTSU)Y U B
+ (UTSTSU)'UTB - UT B,

<JA*Bllo + 1= H((UTSTSU) o UTSTSB = UT B2
+[(UTSTSU) ™ = Lllo U Bll2)

Recall the singular values of UTSTSU are in [1 — €, 1 + ¢] when S is an OSE. Therefore the
singular values of (UTSTSU)™! are also roughly in [1 — ¢, 1 + €] for small ¢, and the singular
values of (UTSTSU) ! ~1 are in [—¢, ¢]. Also by[theorem 3.0.1} we have |UTSTSB—-UTB||; <
V(1 +d/k)(| Bl + || B||%/k). Now we can continue the proof as follows:

I(SA)FSBlx < [|ATBll2 + IS~ ([(UTSTSU) | UT ST SB — UT B,
+ (U STSU) T = LaolUTBll2)

- d IBI% -
<[ATB[2 + 1% 1||2(1+6)6\/(1+E)(HBH%ﬂL )+ el 2T LU B2

; a IBIE, . s
< 1A% Bl + 2615 oy 1+ 0815 + P 1 sz,

HBH%)
k
3e d | B
<||ATB —\/1 =)(|| B2 £
<IATBlla + —5y/ (1 + DB+ 75)

. d
< [ATB|2 + 3¢/ = 1||2\/(1 + ) UIBIIE +

]

Notice that if k/€* > d, we have e1/1 + d/k < 1, and the term || B||2/€mnin(A) roughly
equals to | A" B||2, which translates to ||(SA)TSB|l, < (1+4c¢)||AT B||» where ¢ is a constant de-
pends on k, d, € and is small when & /e* > d. In words, we have shown that ||(SA)TSB|y/||AT B2 &~
1 in practice.

We simultaneously get a lower bound on ||(SA)TSB||2 as well. If we interchange (SA)*SB
and A" B in the proof, as every term is in norm, we would get

|AT B2 < [(SA)TSB> + 0(6)\/(1 +d/k)(IBII3 + [ BIE/k)/omin(A).



Chapter 4

Forward and Reverse Mode AD of
Sketched Regression

¢ Regular Sketch: We define the “Regular Sketch” to be the scheme that approximates
argmin_ || Az — b|| with argmin_||SAz — Sb|| = (ATSTSA)~1 AT ST Sh and computes the
AD transformations accordingly for both the forward and reverse mode.

e Partial Sketch: We define the “Partial Sketch” to be the scheme that uses (ATSTSA)~1ATh
as primal, and for both forward and reverse mode, sketches the (ATA)_1 term only. We
call it “Partial Sketch” because the derivatives yielded by this method is an approximation
of the real derivative if the sketched solution is given by (ATSTSA)~' ATb. This sketch
is desirable because theoretically it still accelerates the computation, as finding (AT A)™!
is the most expensive operation in calculating the AD transformations. More importantly,
this sketch makes it easier to analyze the AD transformations. Sketching A™ A only is first
considered by Pilanci et al. [9].

We summarize the results for the [forward| and [reversel AD transformations.

Type Primal Forward Transform

Regular y = (ATA)"1ATY g = (ATA) YA+ ATh— (ATA + AT A)y)

“Regular Sketch” yg = (ATSTSA) TATSTSh g = (ATSTSA)"H(ATSTSH+ ATSTShH
— (ATSTSA 4+ ATSTS A)ys)
“Partial Sketch”  yp = (ATSTSA)1A™D ip = (ATSTSA) "L (AT + ATh
— (ATA+ AT A)yp)

Table 4.1: Forward Mode AD Transformations.

The computation details can be found in the following section.

9



Type Primal Reverse Transform
Regular y=(ATA)"1ATh A=—AATA) gyt
— Aygt(ATA)T
F bt (AT A)
b=A(ATA) g
“Regular Sketch” yg = (ATSTSA)TATSTSTh Ag=— STSA(ATSTSA) Yysys™
— STSAysyst (ATSTSA)™?
+ ST SbysT(ATSTSA) ™
bs = STSA(ATSTSA) s
“Partial Sketch”  yp = (ATSTSA)~1ATY Ap = — A(ATSTSA) ypyp”t
— Aypyp T (ATSTSA)
+byp T (ATSTSA)!
bp = A(ATSTSA)p

Table 4.2: Reverse Mode AD Transformations.

4.1 AD Transformations

For completeness, we include the computations of AD transformations for the least squares re-
gression and two ways of the sketched regression.

4.1.1 Forward mode AD

Least Squares Regression

First we create a computation graph for computing y(A4,b) = (AT A)"*ATb as shown in
Then with matrix derivative rules, we have the following:

wy = A w1 = A

wz =b wy = b
’LU3:AT:'LU1T u‘)3:w1T

Wy = ATA = W3W1 — Wy = W3wi + wawy
W5 = (ATA)_1 = @U4_1 w5 = —w4_1w4w4_1
We = ATb = W3Ws2 w6 = U)3U)2 + ’UJ3U)2
wy; = (ATA) T ATD = wswg Wy = Wswe + WsWg

10
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Figure 4.1: Computation Graph of Least Squares Regression
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Expand y:

Wy = WsWg + W5Wg

= —wy Migwy T we + w) H(Waws + wsidy)

—(ATA) Ly (ATA)7LATH + (ATA) (AT 4 ATD)
= —(ATA) M (wswy + wswr)(ATA)TLATH + (ATA)TH(ATD + ATD)
—(ATA) T (ATA+ ATA)(ATA) T ATD — (ATh 4+ ATH)]
= (ATA)H(ATo + ATh) — (ATA + AT A)ywy]
= (ATA)H(ATb + ATh) — (ATA + AT A)y)

Regular Sketch
With computation graph and matrix derivative rules, we have the following:

wy, = A ’L[)l = A

wy = We = b

w3 = Swy wsg = S’UJ1

wy = Swy Wy = Swsy

ws = ws" — Wy = w3 =wq ST
we = ATSTSA = wsw; We = Wsws + Ws3
wy = (ATSTSA) ™ = wy! Wy = —wg ™ wews T
wg = ATSTSh = wiw, Wg = WsWy + W5y
Wy = WrWg Wg = Wrwg + Wrly

Expand ys:
Wy = WrwWs + WrWs
= —wg ™ Mugwe M ws + we ™ (Wswy + wsiy)
= —ws ™ H(Wsws + wsiiz)wg  ws 4+ we (w1 T ST wy + wsSuws)
= —wg (W, ST ws 4 ws S )we M ws 4+ we ™ (w0 ST wy 4 ws Swy)
= we (w1 TS wy + ws Sy — (wy T STws 4 ws Sy )we ™ tws)
= (ATSTSA) T (ATSTSb + ATSTSh — (ATSTSA + ATSTS A)wrws)
= (ATSTSA) T (ATSTSh + ATSTSh — (ATSTSA + ATSTSA)ys)

Partial Sketch

The actual §/p corresponds to the primal yp = (ATSTSA) "1 AThis (ATSTSA)1(ATh+ ATh—
(ATSTSA + ATSTSA)yp). However, as we discussed how the “Partial Sketch” works, we
simply sketch any (ATA4)~! term in y to approximate yp. Recall j = (AT A)"L[(ATb + ATH) —
(ATA + AT A)y]. We only sketch the AT A term to get (ATSTSA)"[(ATh + ATb) — (ATA +
ATA)y] and use it as yp. See the |previous discussion| for more details.

12
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Figure 4.2: Computation Graph of “Regular Sketch”
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4.1.2 Reverse Mode AD

We include the computation of AD transformations in the reverse mode for the linear regression
and two ways of the sketched regression. The same computation graph for forward mode is used.
For reverse mode AD transformations, we want to find both A and b.

Least Squares Regression

See for the computation graph of the least squares regression.

wy, = A 1,[77 = U77
wy =b W = U)5TU77
T T _ _
W3 = At = w1 Wy = U)7’UJ6T
= ATA = w3w1q —— Wy = —WsWsWs5
T 4\—-1 -1 = = T = T
= (A A) = Wy W3 = WgWa~  + WaW1
= ATb = W3W2 Wy = ngIE@
= (ATA)_lATb = W5Wg wy; = w;e,T + ngIE4
Expand A and b:
A=wu

_T T —
= w3 + W3 W4
= T = T\T =
= (Wewy~ + wawy )" + A(—wswsws)
= w2w6T + w1u74T — Aw5w5w5

= W2 (’IU5TU77)T + 'LU1(-U)5U75U)5)T — AW5U75U)5

= Wotll; L w5 — Wi w5 ws — Aw5u75w5
= by (ATA) T — A(ATA) s T (AT A (ATA) o5 (ATA)™!
=by (ATA)™ — A(ATA)” w6w7T(ATA) A(ATA) Mowe T (AT A) !
= by (ATA)™ — A(ATA) T AThy T (AT A)T! ( A tghTA(ATA)T?
= by (ATA)t — Aygt(ATA)? A(ATA) yT
b= s
= w3 " W
= Aw; ",
= A(ATA) "
= A(ATA) Yy

14



Regular Sketch
See for the computation graph of the “Regular Sketch”.

w = A Wy =Yg
Wo = b wg = w7Tu79
W3 = Sw1 Wy = wg’LUgT
Wy = S’U)Q 1176 = —’UJ7’U77U)7
ws = wy" — Wy = Wgwy ' + Wews "
We = ATSTSA = WsW3 Wy = ’LU5TU78
= (ATSTSA) ™ = wg! W = w5 " + ws b
wg = ATSTSb = WsW4 Wy = STlE4
Wy = Wrls wy = ST,

Expand Ag and bg:

Ag =
= S Ws
= ST (w5 + w5 Tatsg)
= ST ((wgws" + wews ") " — w5 wrwrwy)
= ST ((waws™ + wawg") — ws T wrwgws T wy)
= ST ((wa(wr o) T + ws(—wrwrws) 1) — ws T webgws T wy)
= ST ((waby wr — wawr w7 wr ") — ws T wrbews " wr)
= ST (warg "wr — wiwr " (Wows ") Twr) — ws T wrwgws Twr)
= ST((SbysT(ATSTSA)™ — SA(ATSTSA) T ATSTSbysT (ATSTSA)™
— SA(ATSTSA)ggbTSTSA(ATSTSA)T
= STSbys T (ATSTSA) ™ — STSAysysT(ATSTSA)™ — STSA(ATSTSA) 1 ysys™
bs = Wy
= STy,
= STws g
= STS Aw; Ty
= STSA(ATSTSA)  w
= STSAATSTSA) 1y
Partial Sketch

We simply sketch every (ATA)~! term in A, b to approximate Ap, bp respectively. Recall A =
by T (ATA) 1 —AyygT (ATA) 1= A(ATA) " LgyT, b= A(ATA) "1y Weset A’ = bypT(ATSTSA)~?

15



AypypT(ATSTSA) ™ — A(ATSTSA)'ypyp" and use it as Ap, v = A(ATSTSA)~'yp and

use it as bp. Check the [previous discussion|for more details.

4.2 Bounds on Sketched Regression AD Transformations

For concision, we use M, Mg as the shorthanded expressions for ATA, ATSTS A respectively.
We also make the assumption that ¥ = ys = yp to simplify the analysis.
Lemma 4.2.1. If S is drawn from a subspace embedding, with probability 1 — 0, we have

|AM o = [[Z72
JAMz s = (1 IS,
M7= Mgl < el =713
1M~ = M3Hr < el =Yl =7 I m
M7+ Mgl < 2+ =73
[AMT! — AMG |2 < €] 2712
JAM =AM < €55
Proof. Consider the SVD of matrix A = UXVT. We have M = ATA = VXUTUZVT =
V2VT and M~ = VE2VT, Additionally, AM~! = USVTVE2VT = US1VT yielding
[AM™H 2 = 1712
We can simplify the expression AMg' = USVT(VRUTSTSURVT) ! =
USVIVE- L (UTSTSU) '~ WWT = U(UTSTSU)'27'VT and bound its norm
|UUTSTSU) 'S~V Tl = (1 £ €)||X71|2 with probability at least 1 — 6.
The remaining bounds follow:
27— M = VR - (U7 STSU) S YT
<=7l = (UTSTSU) 2271 2
<€l =7

1M~ = M p = (IVETH(I = (UTSTSU) )2V |p
< ISl = (UFSTSU) =
< ell= M= p

M~ 4+ MG = [VETIU + (UTSTSU) " Hs VT,
< |72l + (UTSTSU)Y o)1 |2
<@2+eI=73

IAM ™! — AMG |2 = U — (UTSTSU) ) E ™V
<= (U STSU) 1=V

< el =7

16



IAM™! =AM p = U — (UTSTSU) )RV p
< | = (UESTSU) 1=V |
< el lr

Lemma 4.2.2. (By Sarlos and others [12] [11]) With our previous notations, we have

O(e)
Umin(A)

1y = ysll < O(e) min|[ Az — bl2[| AT |2 = min| Az — bl
4.2.1 Forward mode AD
Regular Sketch

Lemma 4.2.3. Given a matrix S that is an (¢, 6, d)-OSE, we can bound ||y —vs ||> with probability
1 — 6 as follows.

Proof.

g — sl = [ M (ATb + ATb — (ATA 4+ AT A)y)
— MGY(ATSTSh + ATSTSh — (ATSTSA+ ATSTSA)ys)|
< |IMYATD — MGtATSTSH|| + |MTLATH — Mgt ATST S|
+ |MTAT Ay — MGTATSTS Ay + [|MTTAT Ay — MGt ATSTS Ays||
We use the triangle inequality of version ||[AB — CD|s < ||A — C|]2||B + D|2 + [|A +

C||2||B — D||2 for arbitrary matrices in the following equations.
The first difference term can be written as

|M~TAT™D — MGYATSTSh|| < [|M~ — M2 ATo + ATSTSh||
M M| AT — ATSTSh||
< €e||S7Y 2 A D + ATSTSh||
+ (24|72 AT — ATSTSh||

Following up with the second difference term, where we use lemma[.2.2]

|M~LATH — MG ATSTSh|| < O(e) min||Az — bllall A

17



The third difference term can be bounded as follows:

1M AT Ay — Mgt ATSTS Ays|| < | M7 = M|l AT Ay + ATST S Ays||
+ M7+ Mgt ol| AT Ay — ATSTS Ays|
< €| STBIIAT Ay + ATST S Ays|
+(2+ oS EI AT Ay — ATSTS Ays|
< ellSTHEI AT Ay + ATSTS Ays|
+ 2+ I BIAT Alllly — vs]
+[|ATA - ATSTSAlla|lys]2)
Note that the second term of the bound vanishes when S is the identity matrix. We can further
apply theorem on ||[ATA — ATSTSA|,.
The last difference term can be bounded using the result in theorem [3.0.2]and lemma[4.2.2]as
follows:
IMTAT Ay — MGPATSTS Ayg|| < |MTAT Ay — Mgt ATSTS Ay||
+ | MG ATSTS Ay — Mg ATSTS Ay
min, || Az — Ay||,
Umin(A)
+O(O(SAY S Al

< Ofe)

min, || Az — bl|s

Umin<A)
where [|(SA)*Slls < 57 oIl Alls + O(e)y/ (1 + d/R) I AI3 + | Al12/%))

Combining all four terms gives us an approximation bound. ]
Partial Sketch
Lemma 4.2.4. For any matrix S that is an (¢, §, d)-OSE, we have with probability 1 — 0,

g = 9]l < el STHENATD + ATH| + [(ATA + ATA)y|| + || Mg (ATA + ATA)||o| ATb]})
Proof. Let G = ATA+ AT A.

1§ — ol = (M~ = Mg ") (ATb + ATb) + Mg (ATA+ ATA)yyp — M~ (ATA+ AT A)y)|
< €| STHSIAT + AT + (M — Mg MGyl + |Mg Gy — yp)|
< el|STHBINATD + ATl + €| STHBNGY] + Mg G(M T ATD — Mgt AT))|
< el|STHBINATD + AT|| + €| ST BN Gy + el Mg Gl ISl AT
= || STH([ATY + ATH|| + (ATA 4+ AT A)y|| + || Mg (ATA+ ATA)|5] AT

]
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4.2.2 Reverse Mode AD
Regular Sketch

Lemma 4.2.5. With probability 1 — §, the approximation error for the term Ag can be bounded
as follows.

Proof. Since the terms in A and Ag have one to one correspondence, we bound the approxima-
tion error with three parts ||A — Ag||r < P, + P, + Ps:

Po= byt M~ — STSbys T M|
< I = STS|o|lby" Mg | F + by (M~ — MGY)||r
< = STS|ollby " MG e + el IS F 02

Py = ||AM 'gy" — STSAMS ysT |
< JAM~'gy" — AMG gyt ||+ |AMg gyt — STSAMG Gys" ||
< ellZMl2llgllyll + 17 — STS)AMg gy ||
< ellZM2llgllyll + 11 — STS2ll AMg gy ™ || »

Py = ||Ayg" M~ — STS Aysys " Mg
< ||Ayyg M — Aysy" Mgt |F + ||AysysT Mgt — STSAysysT Mgt g
<|JAyg' M~ — Aysy Mg ||p + |1 = STS|a[| Aysy™ Mg ||
<Ay — y)INGINZ" e + 11 = STS|2l Aysy ™ Mgl

Note P, P, P; can be large because of the ||[I — STS|| term. O

Lemma 4.2.6. With probability 1 — 6, the approximation error for the term bg can be bounded
as follows:

16— bsllz < IS [l2l|7ll2(e + (1 + €}l 1 — STSJ2)
Proof.

16— bsll2 = [[AM ™1y — STSAMs™ g2
— |AM g — AMZ'g + AMZ'g — STSAMZ '),
< [JAM ' — AMG lallgll2 + 1T = STl AM 2172
< ellZ 2 llglla + 1 = STS|l2l|AMg 2|72
< 1= 2llgllale + (1 + eI = STS2)

Note the bound is tight when S = I. However, || — STS||; can be large.
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Partial Sketch

Lemma 4.2.7. With probability at least 1 — 6, the approximation error for the term A can be
bounded by ¢ - poly (|| Allr, [[A™H [, [[bll2, 17]]2)-

Proof. The approximation error can be split into 3 terms such that ||A — Ap||r < Q1 + Q2 + Q3
where:

Q1 = by M~ — byp" Mg ||k
< ellby" || p IS L)IZ |k

Q2 = |[AM " 'gy" — AMG'gyp " || r
= [JAM " = Mg gy" + AMG (" — yp")|
< AM ™ = Mgy ||p + |AMg 5y — yp) "l p
< el allgy e + 1AM 2ll5(y — yp) |l
< ellZ Ml llglyll + [JAMg Gl AM = AMG |5 |b]]
< el gyl + [[AMg |Gl el = |20
< ellgl=" a2yl + 1AM 2 ]10])
< ellgI=" 2yl + @+ IS H2ll0l)

Qs = |Ayy" M~ — Aypy" M| p
= [ Ayg" (M~ = Mg") + Ayy " Mg" — Aypy" Mg ||
< el Ayg (2= Z e + A(Y — yp)y Mg |e
< el Ayg (2= 2Z e + el All IS 2l g T M
< el A= (g =7 e + [blll7" Mg ™)

Note that ()1, Q2, Q3 are O(e). O
Lemma 4.2.8. With probability 1 — 6, the reverse mode approximation error for the term bp
satisfies

16— bpllz < el =7 |21z
Proof.

Ib—bpll2 = [[AM ™5 — AMg sl
= U — (UTSTSU) HE Vg,
< e|Ul2= 27l
< el 2/l
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In summary, we provide theoretical bounds on the approximation errors of forward and re-
verse mode AD transformations. For forward mode AD transformations, the errors for both the
“Regular Sketch” and the “Partial Sketch” are in O(¢). However, for reverse mode AD transfor-
mations, the errors for the “Regular Sketch” consist of the term ||/ — S™S||, which can be large
under certain circumstances. Say if S is a CountSketch matrix, ||[I — STS||, can be in O(n). In
reverse mode, the bound for AD transformations of the “Partial Sketch” is straightforward and
all in O(e).

An intuitive explanation about the tight derivative bounds of the “Partial Sketch” is that, when
combining the terms, we can factor out all the terms that are not (AT A)~! or (ATSTSA)™! as
they are common terms. We can then use SVD on A with the inequality ||(UTSTSU) ™' —1I||; <€
to factor out a constant term e. For the “Regular Sketch” however, because of how derivative
rules work, we end up getting / — ST.S term if we factor out common terms. We cannot simply
bound the operator norm of a term with an I — S™.S factor by adding the norm operator on
I — STS as its norm grows with its dimension for certain sketching matrices. At the same time,
the approximation errors of the ADs of the “Regular Sketch” do not have the ¢ factor.

Thus, we expect a better performance of the “Partial Sketch” than the “Regular Sketch” in
terms of approximating derivatives when replacing the least squares regression. We also expect
the “Partial Sketch” outperforms the “Regular Sketch” when incorporated in a larger deep learn-
ing system as reverse mode ADs are used in back-propagation and the “Partial Sketch” has lower
approximation errors in ADs.
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Chapter 5

Experiments

We consider both synthetic and deep learning experiments to highlight the performance of our
proposed sketching methods in approximating derivatives and speeding up training time.

For the synthetic experiment, we plot the approximation error of AD transformations of the

two proposed approaches for obtaining forward and reverse mode AD in figure[5.1]

We generate A € R100000x100 apd §) ¢ R100000%1 \yith entries to be drawn uniformly random
in [0, 1).

We set y[i| = 1if y[i] > 0 and y[i] = —1if y[i] < O (use sign as cost function).

We set A and b’s each entry to be to be drawn in i.i.d. N(0,1) then multiplied with 10~4.
For the forward mode, we plot ||y — 7|2 in yellow and || — yp||2 in blue.

For the reverse mode, we plot ||b — bg/||» in yellow and ||b — bp||» in blue.

Three families of sketching matrices: Gaussian, CountSketch and subsampled randomized
Hadamard transform (SRHT) are applied.

We observe that the “Partial Sketch” is more accurate, which is consistent with our previous

results.
Forward Mode Reverse Mode
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Figure 5.1: Numerical Observations in Synthetic Experiment

In figure we use old terminology “diff+sketch” and “sketch+diff” in place of the “Par-
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MNIST: 64 MNIST: 128 MNIST: 256
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Figure 5.2: Training loss in linear and regression layers on MNIST and CIFAR10 datasets with
64, 128 and 256 rank features run on a NVIDIA GTX980 GPU.

tial Sketch” and the “Regular Sketch”. Note we adapt the latter terminology throughout this
document for less confusion caused by naming. In figure [5.2] we use ds and sd as shorthanded
notation for “diff+sketch” and “sketch+diff” respectively, which should be replaced by ps and rs
that stand for the “Partial Sketch” and the “Regular Sketch” respectively.

For the deep learning experiments, we consider the following real-world datasets:
MNIST: 60,000 handwritten digits of shape 28 x 28 for training and 10, 000 for testing.

CIFAR10: 60,000 images in 10 classes of which 10, 000 are for testing.
We use an autoencoder for showcasing our sketched regression layer. We consider the standard
encoder decoder framework with the encoder consisting of a linear layer mapping to 64 dimen-
sions followed by a ReLu layer. The decoder is built with a linear layer mapping from 64 to 128
dimensions followed by a ReLLU and a second linear layer mapping from 128 dimensions to the
input dimension, followed by a tanh layer. In our experiments, we replace the linear layer of
the encoder by the linear least squares regression modules, both unsketched and sketched, which
have been considered in this work.

The linear layer takes in input data z, then applies a linear transformation to = with the
formula y = Az + b in which A, b will be learned. The regression layer takes in input data x,
outputs y = (ATA)"' ATz in which A will be learned throughout the training.
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MNIST CIFAR10
64 128 256 64 128 256

ps 0.16 0.08 0.08 0.21 0.09 0.08
rs 0.11 0.07 0.08 0.11 0.08 0.08

ps 0.15 0.10 0.09 0.14 0.09 0.09
rs 0.10 0.09 0.08 0.09 0.08 0.08

Sketching

RG

CS

Table 5.1: Test loss on the MNIST and CIFAR10 datasets after convergence of the sketching

algorithms using random Gaussian (RG) and CountSketch matrices (CS) with “Partial Sketch”

or ps, and “Regular Sketch” or rs.
1(e?IZFARloz 64, regression

e CIFAR10: 128, regression N CIFAR10: 256, regression

lel lel
. 5 5
—— linear
regression
" 1.0 —=— Gaussian " 4 " 4
3 —— CountSketch 8 h 8 L
0.5 L
— 2 h— 2 h—
0 5000 10000 15000 0 5000 10000 15000 0 5000 10000 15000

Running time (seconds) Running time (seconds) Running time (seconds)

Figure 5.3: Training loss in linear and regression layers on CIFAR10 dataset with 64, 128 and
256 rank features on multicore settings (CPU).

The result running on GPU is shown in figure [5.2] Notice that the regression layer tends
to result in a higher loss and running time compared with the linear layer, and the sketched
regression layer hardly get any speedup over the plain regression layer. This is probably due to
the fact that we have not taken advantage of GPU capabilities for implementing the sketching
operations. We will discuss this oddity in the last chapter. Also, surprisingly the “Regular
Sketch” seems to result in better performance in terms of training loss than the “Partial Sketch”
approach, as shown numerically in table [S| And with higher rank features (for example 128,
256), the sketched regression model achieves a lower loss.

We note that sketching methods provide a significant speedup over the plain regression layer
in the CPU setting as shown in figure Here we only consider the “Partial Sketch” version
though it should also apply to the “Regular Sketch”.
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Chapter 6

Discussions and Future Work

We conclude that a sketched regression layer can be a good replacement of a linear regression
layer in the context of differentiable programming. Both methods provide a good speedup com-
pared to unsketched linear regression in CPU setting. We believe sketch methods would also have
a good performance in GPU setting if we fix our code to take advantage of GPU in sketching
computations.

A big loose end in this work, suggested by Dr. Zico Kolter, is that the regression layer is a
special kind of the linear layer and replacing the linear layer with the regression layer without
making assumption to the experiment datasets typically yields worse performance in terms of
model accuracy. Both the linear layer and the regression layer are performing a linear transfor-
mation to the input, and the regression layer assumes certain characteristics of the transformation
(with form (ATA)~1A"). In this sense, the linear layer captures more scenarios and generally
achieves lower loss than the regression layer. Therefore, it is not realistic to expect the regression
layer to outperform the linear layer in most type of neural networks. However, the regression
layer can be useful with problems where the matrix (AT A)~* AT is structured. Many kinds of
structured matrices are closed under arithmetic operations like summation, product, transpose
and inverse [[14]]. If we restrict the matrix A to be structured in training, (AT A)~* AT will end up
being a structured matrix. Moreover, the training time can be shortened with the regression layer
as shown in We give a few examples of structured matrices that are commonly considered
below.

e A can be innately represented with the sum of two low rank matrices 6; A; + 6 A3 where
0,05 € R™! and A;, Ay € R,

e A can be a Vandermonde matrix. An n X d Vandermonde matrix has the form

1 a o} ... ai?
1 ay a3 ... ad?

2 d—1
1 a, a; ... a

It has the property that computing A-z for an arbitrary vector x € R? takes time O(n logn)
[13], which can further accelerate the running time of the regression layer when d >
O(logn).
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e A can be a Toeplitz matrix. An n x d Toeplitz matrix has the form that A; ; = A;44 ;1. It
takes time O(ndlogn) to compute AT A [13].

e A can be Hankel matrix. An n x d Hankel matrix has the form that for ¢ < j, A;; =
Aigpjpforall0 <k <j—i.

In these cases, we expect the regression layer to have lower training time and be more robust
than the linear layer. Possible applications include the cubic splines interpolation problem, the
polynomial interpolation problem and fitting the d-th order autoregression model [13]. These
applications correspond to the first three structured matrices we listed above respectively. For
future work, we can conduct experiments using datasets with such features.

Due to the aforementioned reasons, we cannot conclude which sketching method generally
performs better in deep learning setting with the current experiment. In fact, although the test
loss of the “Partial Sketch” scheme is higher compared with that of the “Regular Sketch” scheme,
we still believe the “Partial Sketch” should outperform the “Regular Sketch” as it gives a better
estimation of the derivatives by the synthetic experiment. One possible improvement of the
“Partial Sketch” method is to change the primal to that of the “Regular Sketch”, as the primal of
the “Regular Sketch” theoretically performs better than the primal of the “Partial Sketch”.

Another potential improvement is that we can further accelerate the speed of a sketched
regression layer running on sparse datasets using CountSketch matrix.

Last but not least, we can extend the sketched linear regression problem to sketched regres-
sion with different norms, apply sketching to other problems in differentiable programming, or
even find unbiased gradient estimates with sketching method.
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