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Abstract

Logical relations are a powerful proof technique for establishing properties of programming languages.
Traditionally, they are defined by induction on the structure of types, with each case specifying the
meaning of computability at the corresponding type. This enables a robust methodology for program
verification, as one proves that programs satisfy the computability associated with their types. In this
thesis, we present an alternative, purely inductive formulation of logical relations using inference rules.
To illustrate the broad applicability of the inductive formulation, we apply it to two calculi: the simply-
typed lambda calculus and a process calculus based on intuitionistic linear logic session types. For the
former, we contribute an inductive logical relation to prove normalizability of all well-typed open
terms. For the latter, we contribute another inductive logical relation to prove termination of all closed,
well-typed session programs. Together, these results demonstrate that inductive logical relations offer a
promising alternative to traditional formulations.
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Chapter 1

Introduction

Our exploration of logical relations will be unconventional, in that we will define the main logical
relation inductively as inference rules. Traditionally, logical relations are defined by induction on the
structure of types, to account for the negative occurrence of the universal quantification of a computable
argument occurring in the arrow-type case of the definition. For example, consider the following typical
definition of the arrow case of a computability predicate for closed terms:

HAL—’AR(M) — VML HAL(ML) - HAR(MML)

Here, H, (M) occurs on the left of the implication and hence amounts to a negative occurrence. This
means that the above case cannot be defined as a rule. Extending the above logical relation with worlds
A ranging over contexts to account for free variables that may occur in a term M, we still face the same
problem in the typical definition of the arrow case of a Kripke logical relation [5, 6]:

HY LA (M) &= VA N <A = VM. |HY (Mp)| = HY (M M)

However, we observe that now that we have A, which contains at least all the free variables of a term M,
we may simply apply the term which inhabits the arrow type to a fresh variable:
A Ax:Ap
HAL—»AR(M> = HAR (M x)

That is, we claim that to verify if a term M is a computable function, we simply verify if the resulting
application of M to a fresh variable remains computable at the resulting type Ag. This adjustment also
removes the earlier negative occurrence of a universally quantified computable argument, which suggests
we can make this new definition an inference rule, as follows, with a slight change to sequent-calculus-
style notation:

[H-ArrowT]]

xXEAN Ax:A; = Mxe Ay
A= MeA - Ag

Here, we are not supplying all possible fresh variables x to M. Rather, the above rule specifies that it
sufhces to apply M to a single fresh x. We further observe that the typical definition of the other cases



of a Kripke logical relation can be easily turned into inference rules, which allows us to define a fully
inductive logical relation, purely by rules.

This positive phrasing is not confined to the lambda calculus. For example, we can define the function
case of a process calculus analogously:

[V-LolliT-R}

0B Q Aa:A = Q € Ag
AﬁQEAL —OAR

Here, Q) is a collection of processes, each of which is a program executing concurrently. This rule
is similar to the rule for the function case of the lambda calculus: the receipt of an address a, which
corresponds to the action ?a, is analogous to the application of a term M to a fresh variable x. The address
a is also free here and is then added to the context A.

To verify whether a term M in the lambda calculus is computable, it sufhces to check that the application
of M to a fresh variable x remains computable. Similarly, this rule states that, to verify whether a
configuration is computable at a linear function type A; — Ag, it sufhces to check that the configuration
remains computable after receiving an arbitrary address. This rule also makes it possible to define a fully
inductive logical relation for a process calculus based on intuitionistic linear logic session types [2, 8]].

This insight is further developed in this thesis, in which I develop two inductive logical relations for
two calculi, the simply-typed lambda calculus and a process calculus based on intuitionistic linear logic
session types, as follows:

Part | (Normalization of Lambda Calculus) focuses on designing and utilizing an inductive logical
relation to prove normalization of all open well-typed lambda terms:

* Chapter 2 (Simply-Typed Lambda Calculus) specifies the syntax and B-reduction of a standard simply-
typed lambda calculus. It also gives several examples that use natural number recursion to implement
the mathematical operations of addition, multiplication, and exponentiation.

* Chapter 3 (Logical Relations) motivates and defines an inductive logical relation for the simply-typed
lambda calculus. It then shows how a proof of the fundamental theorem fails when only the definition
of the logical relation is available. This motivates proving that the inductive logical relation is equivalent
to a recursive logical relation. Through this equivalence, the compositionality of the inductive logical
relation can be restored.

* Chapter 4 (Properties of Logical Relations) proves various properties of the inductive and recursive
logical relations. By the definition of the inductive logical relation, the normalizability of closed terms
with respect to B-reduction is established.

* Chapter 5 (Confluence) identifies the importance of proving forward closure of normalizability and
then dedicates the whole chapter to proving confluence, which implies this closure.

* Chapter 6 (Normalization) utilizes the inductive logical relation to prove that any term inhabiting the

inductive logical relation is normalizable. Combined with the fundamental theorem, this shows that
any well-typed open term is normalizable.

Part II (Termination of Process Calculus) likewise focuses on designing and utilizing an inductive logical
relation to prove termination of all closed session-typed programs:




* Chapter 7 (Process Calculus) defines a process calculus based on intuitionistic linear logic session types.
It also defines two kinds of actions for processes. Right actions are not annotated with a destination
address, and this distinction more closely matches the provider behaviors of nameless configurations.

* Chapter 8 (Logical Relations) defines configurations as collections of processes. It then defines an
inductive logical relation applicable to these configurations.

* Chapter 9 (Properties of Logical Relations) proves various properties of the logical relations. It ends by
showing that any closed session-typed configuration at the unit type 1 terminates.

Finally, this thesis summarizes related work and concludes both parts:

* Chapter 10 (Related Work) summarizes the main works upon which this thesis builds and highlights

how the thesis differs from them.

* Chapter 11 (Conclusion) summarizes the main pipelines established in the two parts, which show
that all well-typed open programs in the lambda calculus normalize and that all well-typed closed
programs in the process calculus terminate.

Both Part I (Normalization of Lambda Calculus) and Part Il (Termination of Process Calculus) are
formalized on paper in this thesis document. In addition, Part I (Normalization of Lambda Calculus) is
fully mechanized in the proof assistant Istari [3]], including all the chapters mentioned above.

Next, we give a few examples illustrating the style of proof trees used throughout this thesis document.
First, we use a single line to define inference rules:

L 2 I3
J
Next, we use double-line right-pointing arrows for statements of theorems, lemmas, and corollaries:
i T2 s
e——
J

The above tree states that ]y, J,, and J3 together imply J via a proof. The implication is therefore
represented by the long double-line right-pointing arrow =. Sometimes, the premises in an inference
rule or in a lemma statement take up too much space on a single line, so we stack them:

(very long) J; (very long)
(very long) ], (very long) ],
(very long) J5 (very long) 3
f :]>

Here, the stacked premises are separated by wiggly lines, and the trees above are equivalent to the first
two examples. Finally, during a proof, we use a dashed line to separate the available information from
the conclusion to be established:



Part 1

Normalization of Lambda Calculus



Chapter 2

Simply-Typed Lambda Calculus

2.1 Syntax

We work with the simply-typed lambda calculus with constructions for units, products, arrows, sums,
and natural numbers. The language has primitive recursion over natural numbers, which, as will become
clear shortly, iterates over a natural number once for each successor constructor it contains. Since this
applies only to a single recursion, we may nest recursions inside recursions to, for example, implement
multiplication using addition and exponentiation using multiplication.

Var X, ...
Term M = x| O (M, Mg) | M-L|M-R
| )\X=>M|MML
| L-M|R-M|caseM (x; = M} | xg = Mg)
| zero|succ M | natrec M (Mg | p,r = Mg)
Type A = 1A xAg | A - Ag | Ap + Ag | nat

While we do not assume a particular representation of variables, we do assume that we can decide if two
variables are equal, and given a collection of variables, we can pick a fresh variable that does not already
appear in the collection. Additionally, the notion of terms comes before that of types, and hence each
term is not intrinsically typed but rather assigned a type later. Thus, an untyped, and more specifically,
untypable term may loop forever, and one of the goals we want to achieve is to show that if a term can
be typed, then it can reduce to a unique f-normal form. We will derive this ending result step by step
during the coming chapters.

Var-WT Empty-WT

Ix:AFx: A I'=(:1
Pair-WT

I"_MLIAL I"_MR:AR
I~ <MLIMR> ZAL XAR




ProjL-W'T ProjR-W'T

THM:A; xAg THM:A; xAg

'EM-L:Ap I'-M-R:Agx
InL-W'T InR-WT
FFM:AL FFMAR

I"_LMAL'FAR I"_RMAL'FAR
Case-WT

I''-M:A; +Agr T,x;:Ar-Mp:B T,xg:Agx Mg :B
I'+caseM (x; = My |xg = Mg) : B

Zero-WT Succ-WT

I'M:nat
I' = succ M : nat

I'+ zero: nat

NatRec-WT

'-M:nat THMy:A TI,p:nat,r:AF-Mg:A
I' - natrecM (Mg |p,r = Mg) : A

Lam-WT App-WT
x:A-M:B My :A-B TkHMp:A
T'FAx=>M:A->B FFMLMR:B

Now, let’s come up with a function that implements the addition of any two natural-number terms x

and y:
add=Ax = Ay = natrecx (y | p,r = succr)

With the typing rules above, we can state and prove that it is a well-typed function of the type nat —
nat — nat:

7

Example-Addition-WT

FAx=Ay=natrecx (y | p,r = succr) : nat - nat — nat

Proof with T, = x : nat,y : nat :



Fx’y,p :nat,r : nat -+ r : nat

1
Iy b x:nat I'yyFy:nat Iy pinatr:nat b succr: nat .

Fx,y F natrec x (y | p,r = succr) : nat

x:nat- Ay = natrecx (y | p,r = succr) : nat - nat

-FAx=Ay=natrecx (y|p,r=succr):nat — nat - nat

1 Var-WT 2[Var-WT] 3 Var-WT] 4 Bucc-WT] 5NatRec-WT] 6 Lam-WT] 7 [Lam-WT] O

As we mentioned at the beginning of this chapter, we may nest recursions inside recursions. Though add
is defined using a single recursion, we may then wrap it in another recursion to define a multiplication
function:

mul £ A x = Ay = natrec x (zero | p,r = add r y)

Predictably, this term has the type nat — nat — nat:

Example-Mul-WT

- Ax = Ay = natrec x (zero | p,r = add r y) : nat - nat — nat

Proof with T, = x : nat,y : natand T Ty, pinatr:nat:

xypr =
1
I'yyprFadd:nat - nat — nat Lyypr b rinat . ,
I'yyp, b addr:nat - nat Lyypr By inat ;
Ly pr - addry:nat
1 weaken [Example-Addition-WT| 2|Var-WT]| 3 |App-WT| 4 [Var-W'T| 5|App-WT|
Therefore:
— 1 2
Iy B x:nat I,y b zero: nat Lyypr - addry:nat .
Fx,y F natrec x (zero |p,r = add r y) : nat |
x:natkH Ay = natrec x (zero |p,r = add r y) : nat — nat _
9)
- Ax= Ay = natrec x (zero | p,r = add r y) : nat - nat — nat
1 Var=-WT] 2[Zero-WT] 3 NatRec-WT] 4[Lam-WT] 5 Cam-WT] O

We can take an even further step to use mul to define an exponentiation function:
exp = A x = Ay = natrec x (succ zero | p,r = mul y)

Here, the function should implement the mathematical function x — y — y*. That is, it should
implement the operation of raising i to the power of x. Again, this function has the type nat — nat — nat,



but we will not repeat deriving a proof tree of this fact since it would be similar to the proof of
Mul-W/

We have been mentioning repeatedly that the functions we defined, add, mul, and exp, should implement
some corresponding mathematical functions. But what does this mean precisely? One possible meaning
is that once we define a notion of reduction that applies to the terms of our language, we may reduce
the applications of these functions to some natural-number terms, and their results should match the
applications of mathematical addition, multiplication, and exponentiation to the same natural numbers.

More precisely, let’s define the numeral 7 of any mathematical natural number n € N, where N is the
mathematical notion of all natural numbers. Let’s postulate that N consists only of the natural numbers
0,1,2, ... and that it supports induction on # € N. Then define 7 by induction on n:

Definition 2.1.1 (Numerals)

0 = zero
succ 1

=

+

—_
[

Hence, the numeral 7 consists of 1 applications of the successor constructor to zero. We can now state
more precisely the meaning of having a lambda term M : nat — nat — nat implementing a mathematical
functionf e N > N - N.

Definition 2.1.2 (Implementing a Mathematical Function)

We say that a term M : nat — nat — nat implements a mathematical functionf € N - N - N
if and only if:
Vnqy,ny € N. M7 iy —>[§f(n1)(”2)

That is, given two mathematical natural numbers 11,1, € N, whenever we supply their numerals to
the lambda term M, the application M 777 7; should compute towards the result of taking the numeral of
the mathematical application of f to 1; and then to 1,. Here, the notion of computation is phrased in
terms of B-reduction, which we define below.

2.2 B-reduction

Next, we define B-reduction, which is applicable to all open terms:

M _):3 M’
Pair-Under-L Pair-Under-R
(Mg, MR) —g (M}, Mg) (Mg, Mg) —pg (M, Mp)



ProjL-Under ProjR-Under

M—>‘3M’ M_),BM’
M-L—>5M’-L M-R—>5M’-R

ProjL-beta ProjR-beta

<ML,MR>'L—>'3 ML <ML/MR>R_),B MR

Lam-Under
M _)ﬁ M’
Ax=M -5 Ax=M

App-Under-Fun App-Under-Arg

M—>’BM, ML —)IBMi
MMy -5 M' M, MM, -5 MM;

App-beta

(Ax = M) N —g [N/x](M)

InL-Under [nR-Under
M _)ﬁ M/ M _)ﬁ M/
L-M—)IBL-M' R-M—>/3R-M'

Case-Under-Main

M_)ﬁ M/

case M (xp = My | xg = Mg) —»g case M’ (xp = My | xg = Mg)

Case-Under-L

ML —)/3 Mi

case M (xp = My | xg = Mg) —pg case M (xp = M| | xg = Mg)

Case-Under-R

MR —)lg M;Q

case M (xp = My | xg = Mg) —pg case M (xp = M | xg = Mp)



Case-InL-beta

case L- M (xp = My | xg = Mg) —g [M/x 1(Mp)

Case-InR-beta

case R-M (x, = My | xg = Mg) —g [M/xg]1(Mg)

Succ-Under

M_)ﬁ M/

succ M —p succ M’

NatRec-Under-Main

M_)ﬁ M/

natrec M (Mg | x,y = Mp) —p natrec M (Mg | x,y = Ms)

NatRec-Under-Zero

My -5 My

natrec M (Mg | x,y = Mp) -3 natrec M (M, | x,y = Myg)

NatRec-Under-Succ

MS _)ﬁ Mé

natrec M (M, | x,y = Mp) -3 natrec M (M, | x,y = My)

NatRec-Zero-beta

natrec zero (M, | x,y = Mg) —g M,

NatRec-Succ-beta

natrec succ M (M | x,y = Mg) -4 [M/x,natrec M (Mg | x,y = Mg)/yl1(Msg)

We would like to emphasize that -reduction applies to all terms, not just closed terms. There are two
kinds of rules defining B-reduction, the first of which consists of compatibility rules that state that a term

reduces if one of its immediate subterms reduces, such as [[Succ-Under]

rules where an elimination form is applied to an introduction form, suc

where we are eliminating on a successor of a natural number.

|. The second kind consists of B-

h as the rule [[NatRec-Succ-betal],

Next, we want to define the notion of taking zero or more B-reductions, which we call multi-step

B-reduction:

10



M -5 M’

Beta-Multi-
Beta-Multi-Refl eta-Multi-Cons

M Hﬁ M’ M/ q; M”

M-y M YRSV

Notably, multi-step S-reduction enjoys the following non-trivial properties:

Subject-Reduction

r-M:A M—>}§M’

I'-M':A

Hat-Subst-Preserves-Beta-Multi Hat-Re-Preserves-Beta-Multi

M—)EM M—»;;M

F(M) —% F(M") M) —5 H(M")

. J

[Subject-Reduction| states that whenever we start reducing a well-typed term M : A relative to a
context I', whatever term M’ we end up with after the multi-step reduction remains a well-typed
term of the same type A relative to the same context I'. Both [Hat-Subst-Preserves-Beta-Multi]| and
[Hat-Re-Preserves-Beta-Multi state that whenever we already have a reduction sequence starting from
M and ending at M’, we may apply some substitution -y or renaming p to both terms, M and M’, to
obtain a reduction sequence starting from 7 (M) or §(M) and ending at (M) or p(M’).

Following are two lemmas which are helpful for proving other lemmas and theorems:

Beta-Multi-if-Single Beta-Multi-Trans
>
M —)'Z M’ M —)Z; M”

With all these tools at hand, we can now try to prove that add, mul, and exp implement mathematical
addition, multiplication and exponentiation. Let’s start proving this for add, and before that let’s pin
down a slightly more precise mathematical addition. Define the mathematical addition n; + n, by
induction on n; € N:

Definition 2.2.1 (Mathematical Addition of Natural Numbers)

0+n2 = Ny
(nm+1)+n, = (mg+ny)+1

Now, the statement that add implements the mathematical addition:

11



add-Implements-Addition

add 71y 113 — 7 71y ¥ 73

Proof with L, = Ay = natrecy (y | p,r = succr) & R, , = natrec7y (ii; | p,r = succr) :

It sufhces to show the following claim by induction on n; € N.

s — 7
J%”L”z —)ﬁ ny + np

‘9?’0,112 _)2'-; %

J?’O,nz —>E 0+ noy

3

1 [NatRec-Zero-beta| 2 [Beta-Multi-if-Single| 3 definition of +

2
(g%”llnz —>:é ny +np

3

succ Ry, 4, - succ iy + 1y

4

Ry 41,m, =p SUCC R,

i sucC Ry n, =5 (ny+1) +ny

5

Rn1+1,n2 _’ZJ, (ny+1) +ny

1|NatRec-Succ-betal 2 IH 3 f*-under 4 definitions of + and numerals 5 |Beta-Multi-Cons|

Shown both and hence the claim.

Then:
I —— —
add 11_1 g "C‘rll 08111 L} -8B LRnl,nz
2
add ity 1y —p Ly, Ty Ly, Ty —f Ry,

add 717 713 =% Ry,

12



1|App-betal 2|App-Under-Fun| 3 |App-betal 4 [Beta-Multi-if-Single| 5 [Beta-Multi-Cons|

Finally:

1

— [—
add nq 1y —)/3 Rﬂlfnz Rﬂlfnz —>;; nq + ny

2

add 71y 3 - 71y ¥ 73

1 claim 2|[Beta-Multi-Trans| O

Likewise, we may pin down more precise notions of multiplication and exponentiation:

Definition 2.2.2 (Mathematical Multiplication and Exponentiation)

We define multiplication by induction on n; € N:

OXle =0
(np+1)yxn, = nyxnp,+ny

We define exponentiation by induction on n; € N:

nzo =1
n2n1+1 — n27’l1 X nz

Now, the pair of statements that mul and exp implement these two mathematical functions:

mul-Implements-Multiplication exp-Implements-Exponentiation

muln_ln_z—ﬁ; 1 X 1y expn_ln_2—>;§ 1y

Proof by induction on n; € N, similar to the proof of add-Implements-Addition]], where in the proof
of [[mul-Implements-Multiplicationl], we make use of [add-Implements-Additionl], and after this and in
the proof of [exp-Implements-Exponentiation|, we make use of [mul-Implements-Multiplication]]. [

These examples illustrate that f-reduction, as it is applicable to all terms, assigns meaning to closed terms
in particular, such as applications of add, mul, and exp to pairs of numerals, and that we will be able
to follow the rules of B-reduction to find out the ending numerals that these applications intend to
compute.

We will also find out that we can derive a stronger theorem: when the terms under reduction are open,
in the sense of having zero or more free variables, we can follow the rules of f-reduction to derive
B-normal forms of these terms if they are computable, where computability is a notion to be pinned
down by logical relations we are going to define in Chapter 3 (Logical Relations). We will generalize
our study to open terms in the next chapters.

13



Chapter 3

Logical Relations

In the last chapter, we reasoned about how we can define two-place lambda functions on natural-number
terms to implement mathematical addition, multiplication, and exponentiation. Now, we would like to
extend our study to open terms, or in other words, all terms, meaning now these terms could contain
free variables that are not bound anywhere. Our goal would be to prove that there is a collection of
well-behaved terms, which we will call computable, that will always normalize, i.e., reduce to their
unique normal forms. To do so, we make use of logical relations.

Our exploration of logical relations will be unconventional, in that we will define the main logical
relation inductively as inference rules. Traditionally, logical relations are defined by induction on the
structure of types, to account for the negative occurrence of the universal quantification of a computable
argument occurring in the arrow-type case of the definition. For example, consider the following typical
definition of the arrow case of a computability predicate for closed terms:

HAL—’AR(M) — VML HAL(ML) - HAR(MML)

Here, Hy, (M) is to the left of the implication and hence is a negative occurrence. This means that the
above case cannot be defined as a rule. Extending the above logical relation with worlds A ranging over
contexts to account for free variables that may occur in a term M, we still face the same problem in the
typical definition of the arrow case of a Kripke logical relation [5, 6]:

HY oA (M) &= VA N <A = VM. |HY (Mp)| = HY (M M)

However, we observe that now that we have A, which contains at least all the free variables of a term M,
we may simply apply the term which inhabits the arrow type to a fresh variable:

H%L—’AR(ND = Hﬁ,;f:AL(M X)

That is, we claim that to verify if a term M is a computable function, we simply verify if the resulting
application of M to a fresh variable remains computable at the resulting type Ag. This adjustment also
removes the earlier negative occurrence of a universally quantified computable argument, which suggests
we can make this new definition an inference rule, as follows, with a slight change to sequent-calculus-
style notation:

14



[H-ArrowT]]

XEAN Ax:A; = Mxe Ay
A= MeA - Ag

Here, we are not supplying all possible fresh variables x to M. Rather, the above rule specifies that
it sufhces to apply M to a single fresh x. We further observe that the typical definition of the other
cases of a Kripke logical relation can be easily turned into inference rules, which allows us to define
a fully inductive logical relation, purely by rules. Since the terms M under consideration by a Kripke
computability predicate range over open terms, we also need to factor in the possibility that a term M
reduces to a stuck spine, hence neutral, and the Kripke logical relation therefore demands an additional
neutral computability judgement.

3.1 Inductive Logical Relation

These considerations motivate us to come up with the following definition, where the judgments
ALl M e Aand A M € A are defined simultaneously:

AdiMeAllrA Mea

H-EmptyM H-Neutral-1T
M %0 M-sM  A=M el
AL Met AL Mel
H-TimesT

AL M- LeA, AL M-ReAg

AL Me AL xAg
H-ArrowT

x&EA A,x:A£l>MxEB

AL MeAB

H-InLM H-InRM
M-5L-M, A<M €A, M-3R-Mg A= Mg€Ag
AL MeA, +Ag AL Me A, + Ag

H-Neutral-SumT

M—5M A= M €A +Ag

A’z[MeAL+AR

-

15



H-ZeroM H-SuccM H-Neutral-NatT

M—»E zero M—>;§ succ M’ AL_@M’enat M-»;;M’ AéM’enat
H
A= M € nat AQMEnat AL_%Menat
N-VarM

A,x:AéxeA

N-projLM N-projRM

AL Me A xAg AL Me A xAg

A M-LeA; A= M-RE Ag

N-AppM

A MeA>B ALNeA
A= MNeB

N-CaseM

A=>MEA +Ax Axp:A =M €B  Axg:Ag = Mg €B

AL case M (x, = M, | xg = Mg) € B

N-NatRecM

A Ment AZMyeA Axinaty:A<sMgeA

A N natrecM (My | x,y = Mg) € A

Ideally, this logical relation should admit the fundamental theorem which states that any well-typed
term is computable:

[FTLR]]
I'EM:A
e
rLMeA

This statement of the fundamental theorem is slightly unconventional in that we do not supply a
computable substitution to I' = M : A. Nonetheless, we will be able to prove this theorem as stated.

For now, however, without knowing any properties of the inductive logical relation, a proof by induction
onT + M : A in which we only have access to all the primitive inference rules will get stuck in at least
the application case:
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THFM;:A>B TFMg:A

T+ M, Mg :B

| AD —WT

ByIHonFI—ML:A%B,WehaveFéMLeA—>B.
ByIHonFI—MR:A,WehaverégMREA.

However, it is now not clear how to proceed, as the definition of T LN M; € A - B does not tell us
anything about what happens when we apply this supposedly computable function to a computable

argument such as T LM R € A. We would therefore like to derive the following as a property of the
inductive logical relation, with which we can immediately finish the proof of this case by applying it to

I M, €A—BT<T andl 2 Mg € A:

e D

[H-App-Compositionality]

AMeA-B AN<A ANLNea

AN MNeB

The only other move we have here is to apply inversion to T N M; € A — B, which tells us that

H . . .
I',x: A= M x € B. But this alone does not give us anything useful. We would naturally want some
substitution lemma that lets us replace this fresh x with the computable argument we already have in

our context T =» M R € A. Thus, if we have the following also as a property of the inductive logical
relation, we can immediately close this case by applying it to T N Mrp€eAandT,x: A N M; x € B:

[Semantic-Cut]|

AZiMeA Ax:AZLNeB

A <L [M/x]N € B

To unblock this case of the fundamental theorem, we need [[H-App-Compositionality| or [Semantict
Cu{], which we will derive as properties of the inductive logical relation. Hence, we cannot attack
the fundamental theorem directly, as a proof without knowing any properties of the inductive logical
relation will definitely get stuck as described above.

How can we prove these two theorems? One natural move is to define a recursive logical relation as a
counterpart of the inductive logical relation, where in the arrow case we have the compositionality built
in. If we are able to prove that the inductive logical relation holds if and only if the recursive logical
relation holds, then we may simply transport the compositionality in the arrow case of the recursive
logical relation to apply to the inductive logical relation.

17



3.2 Recursive Counterpart

15 (M)
1A (M) = M-50VIM . M-5MAA=M €l
W xa, M) = 73 (M-L) AW} (M-R)
W oa, M) = VA SAM B (M) = K (M M)
M, 4a, M) = 3N.M-5L-NAI (N)
V. 3N.MopR-NAK (N)
vV 3N.M-iNAA=NEA, +Ag
1A (M) = AZMenat

We have boxed the desired compositionality we would like to recover for the inductive logical relation,
once we can prove the above recursive logical relation is equivalent to the inductive logical relation. In
the definition of the arrow case, A" < A means that every typing assumption valid in A is also valid in A":

AN<A2AFx:A = NFx:A

In addition, observe that in the unit-type case, we appeal to A XM € 1 which is already defined when
we are defining 74§ (M).

Now, a more precise statement of the equivalence between the two logical relations we would like to
prove:

[ AL MeA = W4 (M) (equivalence) ]

Note that, once this equivalence is established, we can prove [[H-App-Compositionality|| easily, so that
the fundamental theorem will be unblocked:

AL MeAsB ANLNeA
1 ——
h5 5(M) A <A 15 (N) ;
ny (M N)
AN MNeB

1 — equivalence 2 — equivalence 3 unfold 7 at A —» Band V/ =-E 4 « equivalence

Observe how we annotate the proofs, where — equivalence stands for applying the left-to-right direction
of the stated equivalence, and likewise for « equivalence. The proof establishes that if A LMea B,

AN <A, and A’ LN € A, then we have A’ LMN € B. Hence, with equivalence, we can transport
the compositionality which applies to the recursive logical relation by definition to also apply to the
inductive logical relation, by the above proof.

Now, with this backward reasoning, we find out that it remains to actually show the equivalence, which
we can decompose into the following soundness and completeness theorems. Since our focus is on the

inductive logical relation, [[h-if-HJ| corresponds to soundness and [H-if-h]] corresponds to completeness.

18



We will spend the entire next Chapter 4 (Properties of Logical Relations) proving this pair of theorems
and various helper lemmas for them.

[h-it-H] [H-if-h]]
A Mea ha (M)
HA (M) AL Mea
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Chapter 4

Properties of Logical Relations

In the last chapter, we motivated why we need to establish the equivalence between the inductive and
recursive logical relations. In this chapter, we move on to prove various helper lemmas and then prove
the equivalence. First and foremost, we would like to show expansion holds for both the inductive and
recursive logical relations:

[F-Expansion] [FExpansion]

M —% M’ AL Mea M-pMo AWM

AL Mea ha (M)

These two lemmas are helpful, for example, when we want to show A N (M;,Mg)-L € A or

hﬁ((ML,MR) - L). By expansion, it then sufhces to show A RN M; € Aor hﬁ (M), which will match
with the hypotheses we have in our proof context better.

Next, we want to show that the logical relations are stable under extension of variables to the indexing
worlds A. Since the arrow case of the inductive logical relation is defined by saying it sufhces to pick
an arbitrary fresh variable, we need to show first that the inductive logical relations are stable under
renamings to later derive that they are stable under extension to A by picking identity renamings:

[H-Renamel| [N-Rename]

THp:A AZMeA Trp:A ASMeA

L sm)eA T oM eA

20



[H-Anti-Mond] [N-Anti-Mond] [h-Anti-Mond]

AN<A ALMea AN<A AN Mea AN <A KM

NLMeA NS MeA hy (M)

Next, we can establish the various relationships, except the soundness of the inductive logical relation
with respect to the recursive logical relation, between the different judgments of the logical relations:

[H-it-N] [h-if-N]| [H-if-h

ASMeA AMea Jz (M)
_ >

AL MeA Ha (M) AZsMea

Both [H-if-N|| and [h-if-N] allow us to cons1der variables, which are neutral by definition in any world
that contains them, to be computable. [H-if-h|| has already recovered the completeness direction of the
equivalence we wish to show.

Define computable / substitutions for 7y : Var —» Term:
Wy 2 Arx:A = W (yx)

With this definition of computable substltutlons and the lemmas We can prove the most important pair

of theorems, by simultaneous induction on A N M e Aand A N M e A.

[h-Cuc-H] [h-Cuc-N]

ey ALMeA W@ ASMeA

Wy (F (M) hy (F(M))

Observe these two theorems are similar to the traditional fundamental theorem, where we would have
swapped both A L MeAandALs Me AwithAF M: A;

Traditional-FTLR
BA(y) AFM:A

hL (7 (M)

But we will not prove such an FTLR. We will prove a simpler one presented later.

Now, with [h-Cut-H], we may show the soundness of the inductive logical relation with respect to the
recursive logical relation:
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Ih-if-H]

AdsMea
ﬁ
hG (M)

Proof :

x€eA 1

A =\> x € A(x) 5
hﬁ(x)(X)

Vx €Ay, (LX)

1A (1) A Mea

5

h (2(M)) )
h (M)

1[N-VarM| 2h=if-N] 3 V-I(x € A) & fold 1(x) 4 fold #3 (1) 5h-Cut-H| 6 reduce O

Note that, here, showing /4 (1) requires showing that every variable in A is computable. This follows sim-
ply from ||h—if—N[| and the definition of neutrality, which states that any variable is neutrally computable

in a world that already contains it.

Next, we are able to show a nice characterization of the notion of compositionality of the inductive

logical relation, as a corollary of [h-Cut-H]:
[Semantic-Cuf]

AdsMeA Ax:AZNeB

AZL [M/x]N € B

Proof :

AL Mea
> 1
M)
i oa(M/x]) Ax:AZNeEB

3

I ([M/xIN)

A< [M/xIN € B
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1[h=if-H] 2 fold 14 .., (IM/x1) 3[h-Cuc-H] 4 [H-ifh| O

We prove three specialized compositionality results for elimination forms, which are useful for proving
the fundamental theorem:

[]H—App—Compositionalityﬂ

AdMeAasB N<A ANLNeAa

AL MNeB

[[H-Case-Compositionality]

AL MeA +Ax Ax A =M, €B  Axg:Ag = Mg € B

Aé{scaseM(xL:MUxR:MR)eB

[H-NatRec-Compositionality|l

AdMent AZMyeA Axinaty:ALsMgeA

A N natrec M (My | x,y = Mg) € A

Then, we are prepared to prove the fundamental theorem, which is simpler than a traditional fundamental
theorem, since it does not require supplying computable substitutions:

7

[FTLR]
AFM:A
>
A Mea

. J

With [FTLR], we can derive various adequacy theorems that state well-typed closed terms reduce to
some canonical forms. [[Impossible-Neutrality| is for discharging some impossible cases as a neutral term
must contain at least one free variable, by definition.

[lmpossible-Neutrality]|

A MeA
L

23



[[Step-To-Null-if-H-at-1f [[Step-To-Null-if-WT-at- 1]

H .
-=>Mel M1
> =’*
M —% 0 M =% <)

[Step-To-Inj-ift-H-ac-1+1]|  [Srep-To-Inj-iF-W T-at-1+1]

o Me1+1 FM:1+1
M—3L-OVM—3R-()  M=pL-OVM-=ER-Q

[[Step-To-Succ-if-H-ac-NacT]| [[Step-To-Succ-if-WT-at-NatT]|

-éMenat .M :nat
In. M _>/*3 succ” zero dn. M —»; succ” zero

The next two sections of this chapter, Section 4.1 (Proofs of Lemmas) and Section 4.2 (Proofs of
[[heoremy), contain the detailed proofs of the lemmas and theorems we discussed above.

4.1 Proofs of Lemmas

H-Expansion

M —% M’ AL M ea

A Mea

Proof by induction on the derivation of A Lmea:

M’ —% )
— 5 [H-EmptyM]|
CASE| M -5 M AL M el
A Met
M —% M M—»;<>1
M =% ()
J—ﬁz
A Met

1[Beta-Multi-Trans| 2[H-Empty M|
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M~ M" AL M el

[H-Neutral-1T]

A= Mel
M —% M M—>/5M]
M —% M AL M el
>
AL Met
1 |Beta-Multi-Transl 2 |H=-Neutral-1T
AL M Led ALLM.ReA
{ L R [E-TimesT]|
CASE M—p M AQM’EALxAR
AL Me A x Ag
M —% M 1
* / H ’ .
M'L_),BM'L A:)M-LEALZ ;(likewise)
AL M-Lea A4>M-REAR3
AlleEALXAR
| B*-under 2 1H 3[H-TimesT]
H
A Ax:AL MxeB
* & VA= MYED HoArowT]
CASE| M —% M’ AL M eA—B
AL MeASB
M —% M 1
:>
Mx %M x Ax:AZs M xeB
2

Ax:AZ MxeB ;

AL MeASB

| B*-under 2 1H 3[H-ArrowT]



M —5L-M, A=5M; €A
[H-InLM]|
CASE| M % M’ AL M €A+ Ag

A$MEAL+AR

M—5M M =5 LM 1
M5 LM, AL M, €A

2

A)=[>MeAL+AR

1 Beta-Multi-Trans 2H-InLM|

M =5 R-Mg A= Mg € Ag
[H-InRM]

AL MeA; +Ag

Entirely analogous to the previous case.

M 5 M’ A= M' €A +Ag

CASE| M —% M’ AL M e AL+ Ag

[H-Neutral-SumT]|]

A£>MEAL+AR
M-gM M —-iM 1

M —% M AL M€ AL + Ag

2

AL Me A +Ag

1 Beta-Multi-Trany 2 [H-Neutral-SumT|

M’ —»}; zero
— [H-ZeroM]
CASE| M s M A 2L M e nat
A }z[ M € nat

M —»}; M M —»;‘3 Zero

M —>2§ Zero

1

- 2
AéMenat
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1 Beta-Multi-Trans| 2[H-ZeroM|

M’ —>}*3 succM” A N M" € nat
{ [H-SuccM]|
CASE| M % M’ A =5 M’ € nat

A%Menat

M—>ﬁM M —>ﬁsuch 1

M —>E succ M” A $ M" € nat

AQMenat

1 [Beta-Multi-Trans 2[H-SuccMl

M =M’ A X M € nat

[[H-Neutral-NatT]|

CASE| M —% M AZL M € nat
A4>Menat

M _)>{- MI M/ _)2-; MII
1

5 M A =% M € nat

2

AZL M e nat

1 Beta-Multi-Trand 2[H-Neutral-NacT]

h-Expansion

M-y M 3

hG (M)

Proof by induction on the structure of type A :

* M/ h%(M’)

Case on h? My -

SUBCASE| M’ —>;§ ():
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Moy M M =30

M =% )
7/3 2
hiH (M)
1 Beta-Multi-Trang 2 fold &
SUBCASE| M’ —%M" AA L Men:
Mot M M -4 M 1
M —% M A M el
2
he (M)

1 [Beta-Multi-Trans 2 fold %

MosM B (M)
CASE m”ﬁ”A 777777 PIR

hALxAR (M)
M -5 M’ 1 s ea, (M) ,
M-L—-pM L hﬁL (M"-L) ; : (likewise)
Iy, (M-L) 5 (M- R)
4
hﬁLxAR (M>

1 B*-under 2 unfold» 3 IH 4 fold i

MoiM o HS (M)
CASE| ... .° . A PR

AL*AR(M)
Fix arbitrary A’ < A and N such that hﬁ; (N).
M —% M’ 1 thﬁARm') A <A hﬁ'L(N) ,
MN —% M'N s (M’ N) .
s (MN)
4
ha, a, (M)

1 B*-under 2 unfold hat A; » Ag & V/ =-E 3 1H 4 fold i

28



; M hﬁL""AR (M)
h%L+AR (M)
Case on hﬁLJFAR M) :

SUBCASE| M’ =3 L-My AJy (M)

M—)EM' Ml_’EL'ML 1
hﬁL+AR (M)
1 Beta-Multi-Trang 2 fold &
SUBCASE| M’ —%R-Mg A 4 (Mg) :
Entirely analogous to the previous subcase.
SUBCASE| M’ —%M" AA =5 M" € Ay + Ag
M —5 M AQM"eAﬁARz
hﬁL+AR (M)
1 Beta-Multi-Trang 2 fold &
M5 M (M)
CASE| ... P ] et
It (M)
I (M)

M —% M’ A 2L M e nat

2

AZL M e nat
I8 (M)

3

1T unfold i 2 3 fold 1
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H-Rename N-Rename

THp:A AZMeA Trp:A ASMeA

L s ea T2 M) € A

\.

Proof by simultaneous induction on A 2 MeAand A M eEA:

M—»;zero
II
CASE 'p:A A= Menat
Féﬁ(M)enat
M—»lgzero

1
o (M) —>l§ 0(zero)
2

P(M) —>; Zero ;

T é Oo(M) € nat

1 [Hat-Re-Preserves-Beta-Multl 2 reduce 3[H-ZeroMl

M —>:[; succM’ A é@M’ € nat
{ [H-SuccM]|
CASE| T p:A AL M e nat

T L_@ Oo(M) € nat

M —3 succ M

1 oo
P(M) —F p(succ M") THp:A A= M €nat ;
2
pM) —7 succ p(M') r 2 H(M') € nat

4

T 2 5(M) € nat

1 [Hat-Re-Preserves-Beta-Multil 2 reduce 3 IH 4[H=SuccM]
M % ¢

THp:A AL Mel

[H-EmpryM]

rL s el
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M =% )
_ ]
pM) =5 H(0))

pIM) =7 ()

I s et

1 |[Hat-Re-Preserves-Beta-Multi| 2 reduce 3

Mot M A= M el

P n [H-Neutral-1T]
CASE| Trp:A A=Mel
I s et
M —% M’ THp:A AM el
2
1 -
~ * A ’ N 4 i
p(M)aﬁp(M) I'=pM) el
3
rL o) et

1 [Hat-Re-Preserves-Beta-Multl 2 IH 3[H-Neutral-1T]

H H

A M-LeA A M-Re A

= L T 8 [H-TimesT]

CASE| THp:A AL Me A xAg
T2 5(M) € AL x Ag
THp:A AZM-LeAa,
1 .
r’=’p(M-L>eAL2 ! (likewise)
I 6M)-LeA 1"}=/>,6(M)-REAR3

T 2L 6(M) € AL x Ag
1 IH 2 reduce 3[H-TimesT|

x&EA A,x:AéMxEB

THp:A AL MeA-B

[H-ArrowT]

rLsMeaA—B

Pick a fresh y & T. Then:
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ygl ThFp:A x&A
1
Ty:AFpxm—y:Ax:A Ax:AZsMxeB

2

Ty:A=s (0, x> y)(Mx) €B X

yer r,y:Aép<M)yeB4

r< sM)cA-B

1 definition of renaming well-formedness 2 IH 3 reduce 4

M-sL-M, A5 M €A

CASE| T p:A AL Me A +Ag

T2 6(M) € AL + Ag

[H-InLM]

M —% L-M;
1 , H
- - 2 L.
pM) —5 L~ p(My) T oMp) € AL
4

T2 6(M) € AL + Ag

1 [Hat-Re-Preserves-Beta-Multil 2 reduce 3 ITH 4[H-InLM]

M—5R-Mg  A=5 Mg € Ag
[H-InRM]
CASE| T p:A AL Me A +Ag

l"él>p(M) e AL + AR

Entirely analogous to the previous case.

M—%sM A= M €A +Ag
[H-Neutral-SumT]|

CASE| T'kp:A AL Me A +Ag

T2 6(M) € AL + Ag

M_,EM' I'kp:A AéM’eAL+AR2

1
pM) —5 pM') T 25 5(M') € AL+ Ag
3

T2 6(M) € AL + Ag
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1 [Hat-Re-Preserves-Beta-Multil 2 IH 3[H-Neutral-SumT]

M—>I2M’ AéM’enat

THp:A AL M e nat

[[H-Neutral-NatT]|]

T é o(M) € nat

M_,EM' I'Fp:A AéM’Enat
1 ;
- — N g
p(M)—»’[;p(M) I'= pM’") € nat
3

T 2 5(M) € nat

1 [Hat=Re-Preserves-Beta-Multil 2 IH 3 [H-Neutral-NatT]
[IN-VarM]|

T =5 p(x) €A

_ 1
'-p:Ax:A Ax:AFx:A 5

TF o) :A
T p(x) €A

1 2unfoldT'+p:A,x: Aand V/ =-E 3 inversion and

AgMEALXAR

THo:A A=SM-LeA

[NproilM

T oM L) €A

THp:A ALSMeA xAg
1

T 25 5(M) € AL x Ag ,

T 6M)-LeA; ;

T =% 5(M-L) €A

1 1H 2N-projLM] 3 fold p(M - L)
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AL Me A xAg

THp:A A=SM-ReAg

N-profRM]

T =% 5(M-R) € Ag

Entirely analogous to the previous case.

AL MeA>B AZNeA

THp:A A=sMN B

I 5(MN)eB

IN-AppM]|

THp:A A=SMeA—>B Trp:A AZNeA
1 2

T2 5(M) e A—B rl_%p(z\i)eA3

I = o0 pN) €B
I 6(MN)eB

1IH 21H 3|N-AppM| 4 fold (M N)

AL MeA; +Ag
Ax, A, 25 M, €B

H
A xp A = Mp €B
CASE ROTR . [N-CaseM]|

THp:A A=scaseM (x; = M; |xg = Mg) € B

r éﬁ(caseM (xp = Mj | xg = Mg)) €B

Pick fresh y;,yg & T.

THp:A AZsMeA +Ag
1

T =5 5(M) € A, + Ag

11H

yp&l' TEFEp:A xp EA

|
Tyt A Fpx —y Ax A, Ax A =M, €B
2

Ly, A = (0,x, = Y1) (M) € B

1 definition of renaming well-formedness 2 IH
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Yr &€l THp:A xg&A

T,yg Ag F 0, %8 = YR : D xR i An D xg:Ag = Mg € B
2

H —_—
Iygr : A = (0,xg = yr)(Mg) €B
1 definition of renaming well-formedness 2 IH
Combining these three derivations:
T 25 5(M) € AL + Ag

H —
Ly, Ap T’ (0, xp =y )(Mp) €B
T,y : AR = (p,xg = Yyr)(Mg) € B

r =\> case ﬁ(M) (]/L = (,leL/—:) ]/L)(ML) |]/R = (P,XI;—': ]/R)(MR)> (S

r Qﬁ(caseM (xp = M; | xg = Mg)) €B

1 2 fold p(case M (x; = My | xg = Mg))

A % M € nat
AL M eA
MH
Ax:nat,y: A= Mcs€e A
CASE 4 > [N-NatRecM]

THp:A A=SnatrecM (M| x,y = M) € A

T 25 j(natrec M (M, | x,y = Mg)) € A

Pick fresh x’ ¢ T and y’ & T, x’ : nat.

THp:A A=sMenat

T 25 5(M) € nat

11H

THp:A AZLM,eA
1

I 5My) € A

11H

1

B
2



X gl Trp:A x¢&A

1
y&l,x' :nat I,x":natkp,x—x":Ax:nat y & A, x:nat
2

[x':naty :AFpx—x,y—y :Ax:naty:A

1 definition of renaming well-formedness 2 definition of renaming well-formedness

Ix':nat,y :Akp x> x,y—»y :Ax:naty:A Ax:naty:A LA Mg e A

T,x inaty : A =5 (p,x ~ %,y —~y)(Mg) € A
11H

Combining these three derivations:

T % o(M) € nat
I 5My) € A

[,x :naty : A LA (0,x =Xy -y )(Mg) €A 1

I =% natrec PM) (p(M) | X',y = (p,x =Xy —» y')(Mg)) EA 2

T =\> pnatrec M (My | x,y = Mg)) € A

1 2 told p(natrec M (M | x,y = Mg))

H-Anti-Mono N-Anti-Mono

AN<A ALmMea AN<A ASMeA

ANLMea ANSMeA

\.

Proof by appealing to [[H-Rename|] and [N-Rename]] with the identity renaming p = id,.

h-Anti-Mono

N <A M)

ny (M)

Proof by induction on the structure of type A :

N <A HAWM)

fffffffffffffff
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Case on h? M) :

M= 0
M=% 0 1
14 (M)

1 told 1

SUBCASE M—»;M'/\AQM'elz

AN<A ASMel

M —% M’ NS M el
2
n (M)
1 2 fold h
N<A  Hya, (M)
CASE| ------- B
hﬁLxAR (M>
hﬁLxAR (M) 1
A <A h%L (M- L) 5 (likewise)
Wy (M-L) s (M-R) X
A i
hALxAR (M>
Tunfoldz 21H 3 fold i
N <A R, (M)
CASE| -~
thﬁL—)AR (M)
Fix arbitrary & < A" and N such that hiL (N).
E<AN AN <A .
W a, (M) E<A g (N) ,
WS (M N)
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| <-Transitivity 2 unfold h at A; - Agr & V/ =-E 3 fold

N<SA IR a4 (M)

fffffffffffffffffff

Case on hﬁL AR M) :

SUBCASE| M —% L-M AJy (M)

A<A R (M)
1

M -7

5L-M e (Mp)

B e a M)

11H 2 fold K

SUBCASE| M —%R-Mg Al (Mg):

Entirely analogous to the previous subcase.

SUBCASE| M —5 M AA=>M' € AL +Ag:

N<A A MeA +Ag 1

M =% M A =5 M € A + Ag

hﬁ; +AR (M)

2

1 [N=Anti-Mondl 2 fold

N <A B (M)

ffffffffffffffff

Hiase (M)

It (M)

A <A Ai_’uvfenat2

A 2L M e nat
It (M)

3

1 unfold 7 2[H-Anti-Mondl 3 fold /
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H-it-N

A= MeA
_ >
AL MeA

Proof by induction on the structure of type A :

|
M % M AL Mel

AL Met

1 Beta-Multi-Refll 2[H-Neutral-1T]

N
A MeA A
CASE| ST MEALXAR

A< Me AL xAg

AL MeA; xAg 1 A= MeA; xAg ;
AQM-LeAL2 A;\“‘;z\/I-ReAR4

AL M- Lea AL M- Re Ay
o)

AL MeA; xAg
1[N=projLM] 2 TH 3 [N-projRM] 4 IH 5[H-TimesT]|

N
A MeA; - A
CASE| ST MEAL AR

AL Me A - Ag

Pick a fresh x & A.
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1 definition of < 2|N-Anti-Mono| 3[N-VarM| 4 I[H 5 6IH 7

A,XZALSA A:MEAL—)AR2

Ax:A = xeA

Ax:iA 2= MeA, - Ag

xg&A

Ax:A = Mx e Ag

Ax:A 25 Mx e Ag ,

AéMEALqAR

| \
M-otM AL MeA +Ag

B

A;{'>M€AL+AR

| Bera-Multi-Refll 2 [H-Neutral-SumT]

2

3

A,XIALé.XEAL 5

— 1 N
M —% M A =% M € nat
2
A%Me nat
1 Beta-Muli-Refl 2 [H-Neutral-NarT]
h-if-N H-if-h
A MeA 1A (M)
:> ﬁ
1A (M) A Mea

Proof of the two lemmas as a conjunction by induction on the structure of type A :
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M % M AL Mel
2
he (M)
1 [Beta—-Multi-Refll 2 fold /
2 (M)
CASE| ---i------
A Me1
Case on h? M) :
SUBCASE| M —%():
M —% ()
H
AL Mel
1 [H-EmptyM|
SUBCASE M—»;M'/\AéM'eL
M —% M’ A M el
1

AL Me
1 [H=Neutral-1T]

AQMEALXAR

fffffffffffffffff

hﬁLxAR (M)

AQM'LEALz A%M-ReAR4

hy (M-L) s (M-R)

hﬁLxAR (M)

5

1[N-projLM] 2 IH 3[N-projRM] 4 IH 5 fold /

ffffff ot

AL Me Ay x Ag
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ALXAR(M) 1 ALXAR(M) 3
% (M-L) % (M- R)

AL M- Lea, A4>M.ReAR5

AL Me AL xAg

lunfoldn 2TH 3unfoldn 4 1H 5H-TimesT]

AL Me A - Ag

CASE| ----- [
ha, a, (M)
Fix arbitrary A’ < A and N such that hﬁ; (N).
A <A AéMeAL_,ARl i (N) )
AI%MEAL—)AR A,:NEAL?)
AL MN e Ag \
Wy (MN)
_ 5
HA, 4, M)

1 [N=Ani-Mond| 2 IH 3[N-AppM| 4 IH 5 fold

AL Mea; — Ag

Pick a fresh x & A.

: 2
Ax: A S xeA
A :}l AX:AL 3
W 4 (M) Ax:Ap <A Hy T (x) \
hﬁ’;‘:AL(Mx)
5
xgA A,x:ALéz\/IxeAR6

AL MeA, - Ag

1 definition of < 2[N-VarM] 3 IH 4 unfold hat A, — Ag & ¥/ =-E 5 IH 6[H-ArrowT]
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M-iM  A=>ME A +Ag

hﬁL+AR (M)

2

1 Beta-Multi-Refll 2 fold 7

hIAAL+AR (M)

fffffffffffffffff

AL Me A +Ag
Case on hﬁL AR M) :
SUBCASE| M —%L-M; AKY (My):
hﬁL(ML)
:> 1

M_),EL.ML AlﬂtMLeALz

AL MeAp + Ag
1 IH 2[H-InLM]

SUBCASE| M —% R-Mg A4 (Mp) :

Entirely analogous to the previous subcase.

SUBCASE| M —5 M AA=>M' €Ay +Ag:

M—5sM  A=sM €A +Ag

Aé}MEAL+AR
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A%Menat
e ——

1
A= Menat ,
1 (M)
1[H=EN 2 fold 1
CASE @D
A= M € nat
I (M)

A4>Menat

1 unfold &

4.2 Proofs of Theorems

Define /i substitutions for ¢ : Var — Term:

Wey) £ Arx:A = hL(y(x)

h-Cut-H h-Cut-N

ey ALMea ey ASMeA

L (7 (M) I (F(M))

Proof by simultaneous induction on A N MeAand A N MeA:

M —»E Zero
— [H-ZeroM]]
CASE| 1L(y) A<5Menat
hhat (Y (M)
M —»E Zero

1
(M) — 7(zero)
2

F(M) —>;§ Zero
3
T L_@ Y(M) € nat A

h (7 (M)
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1 [Hat=Subst-Preserves-Beta-Multi 2 reduce 3[H-ZeroM] 4 fold 1

{
M —-%succM A éM’ € nat

B
[H-SuccM]|
CASE| 1)y A 2L M enat
it (T (M)
T
M —% succ M’ W(y) A= M €nat \
1
F(M) -7 F(succ M) that (F(M"))

2
F(M) — succ F(M") I 2 5M') € nat
5

I 2 5(M) € nat )
Tihat (F(M))

1 [Hat=Subst-Preserves-Beta-Multil 2 reduce 3 IH 4 unfold i 5[H=-SuccMl 6 fold 1

M =% 0
[H-EmptyM]
CASE| 1L(y) aAdmer
HY (7 (M)
M =% 0

_ ]
FM) —% 7))

— 2
FM) =% O .
H @ M))

1 [Hat-Subst-Preserves-Beta-Multil 2 reduce 3 fold &

M-sM A LMel
/ [H-Neutral-1T]
CASE| 1L (y) AL Mel

nr @ M)

M-»;;M’ 1 h£(')/) A%M’el

FM) -5 7 (M) M)
3

n @)

1 [Hat-Subst-Preserves-Beta-Multi| 2 IH 3
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ALM-LeA, AL M-ReAg

{ [H-TimesT]|

CASE| 1 (y) AL ME AL x Ag

I, xn, (TVD)

ey ALM-Lea
1 )
Iy, (Y(M - L)) , (likewise)
Iy, F(M) - L) Iy, V(M) - R)
3
1" o~
M en (TMD)
1 IH 2 reduce 3 fold &
M
x¢&A Ax:A=MxeB
— [H-ArrowT]
CASE r H
ip () A= MecA->B
Wy g (F(M))

Fix arbitrary E < T and 15 (N).

E<T K\

e — 1

INGD) I3 (N) 5
HE o a(rx = N) Ax:AZs MxeB

hE((7,x = N)(M x)) )
HEF(M) N)
5
Wy g (7 (M)

1 2fold 3 1H 4 reduce 5 fold 1

M-3L-M, A5 M €A
[E-InLM]
CASE| 4L (q) AL MeA, +Ag
M oa (VD))
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M -5 L-M;
1 H
FM) =5 F(L-Mp) , I\ A=MpEAL \
F(M) —5 L-7(My) Iy (F(ML))
4
hII:‘LJrAR(;)\/(M))

1 [Hat=Subst-Preserves-Beta-Multil 2 reduce 3 IH 4 fold &

M—3R-Mg A= Mg € Ag
} [B-InRM]
CASE| 1L (q) AL Me A +Ag
My a (FOMD)

Entirely analogous to the previous case.

M-sM  A=sM €A +Ag

CASE INGD) AL Me A + Ag

[H-Neutral-SumT]|

I, 4, (VM)
M -5 M’ NG AéM’eAL+AR
1 2
7(M) _’;;3 ?(M’) AL+AR<r)/(M )
3
AL+AR(7(M)>

1 [Hat-Subst-Preserves-Beta-Multi| 2 [H 3

M % M’ AL M € nat

[H-Neutral-NacT]|

CASE| 1y A <5 M € nat
nat(’)’(M))
M —% M’ 1 W(y) A=sM €nat )
FM) — 7(M') Phar(F(M))
3
it (F(M))

1 [Hat-Subst-Preserves-Beta-Multi| 2 [H 3
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@mms
L (x)

1 2 unfold /7 and V/ =-E 3 fold 7 (x)

AL Me A x Ag

CASE| 1L(y) AM-Lea

Iy, F(M - L))

[NproiLM]

NG AL M € Ar x Ag !
thXAR(?<M)) 2
nh, M) - L)

— 3
My FM L)

1IH 2unfold/ 3 foldy(M - L)

AL Me A x Ag

CASE| () A=Z5M-ReAg

Iy (M- R))

NoprojRM]

Entirely analogous to the previous case.

N H

NG A= MN eB

HE G (M NY)
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IANGD) A%MeA—»Bl NGS AL—’>NeA3
2
Wy g (7 (M) r<r WL (F(N)) ,

HE (G (M) F(NY) ;
WL G (M N))

1 IH 2 defnition of < 3 IH 4 unfold 7 at A - Band V/ =-E 5 fold %(M N)

AéMeALJrAR

Ax, A = M, €B
CASE A xg: Ag 25 My € B

MN(y) A= case M (x, = M | xg = Mg) € B

[N-CaseM]

hL (y(case M (x; = My | xg = MR)))

Define:

case = 7Y(case M (x, = My | xg = MRg))

My (N) = (7%~ N)Mp)

Mr(N) = (7,xg = N)(Mg)
Observe:

ha(y) A M € Ar + Ag 1
1, +a, YVD)

11H

Case on thJrAR (Y(M)) :

SUBCASE| (M) —>;, L-NA th(N)

HA(Y) By, (N) ,
~ {
FM) =5 L-N B o, (x> N)  Axp AL =5 M, €B
1

case — ML (N) W (ML (N))

4

hg (case)

1 B*-under/B 2 fold h 3 IH 4h-Expansion|
SUBCASE| (M) —>;3 R-N A h};R (N)

Entirely analogous to the previous subcase.
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SUBCASE| F(M) —% N AT = N € Ay + Ag

Pick fresh y;,ygr & T.

3
ﬁf : 3NG?) , T,y AL =y € A, .,
A () AN
hZﬁiﬁiﬁLL(%xL =YL i Axp s Ap = My €B y
hg’yL:AL (ML (yp))

H =
F,yL :AL - ML(yL) (= B

1 definition of < 2[h-Anti-Mono| 3[N-VarM| 4 h-if-N] 5 fold # 6 IH 7[H=ifh|

Analogously, T, yg : Ag N Mg (yR) € B. Therefore:

T==NeA +Ax Ty :A = M(y) €B T,yg:Ag = Mg(yg) € B 1

T 25 case N (y, = My () | yg = Mg(yg)) € B ,

hE(case N (yp = ML (yp) | ygr = MRr(yR)))

1IN-CaseM| 2 h-if-N|

F(M) % N

1

case - case N (y, = ML(y) | yr = Mg(¥R))

hE(case N (yp = ML (yp) | ygr = MR(yg))) 5

hg(c/a's\e)
1 reduce & B*-under 2

A%\‘;Menat
AL My e A

H
Ax:nat,y:A= Mse A
CASE - 4 5 [N-NatRecM||
h\(y) A= natrecM (M| x,y= M) €A

WL (F(natrec M (M | x,y = Ms)))

Pick fresh x" & Tand y’ & T, x’ : nat.



Dehine:

]E/I:o 2 F(Mo) -
MS(N/R) é (7/xHle\H R)(MS)/\
tec(N) = natrec N (M, |x',y' = Mg(x',y"))

We prove the following claim by induction on the derivation of T BN N € nat:

T Nenat = I (Fec(N))

N —>2§ Zero

[H-ZeroM]

CASE OF THE CLAIM| 1, N ¢ nat

I, (FeS(N))

Nojo e admed
e —
rec(N) —% My K% (Mp)

3

Iy (FeS(N))
1 B*-under/B 2 outer IH 3[h-Expansion]

N —>2; succN' T é’> N’ € nat
[H-SuccM]

F}={Nenat

L (rec(N))

| CASE OF THE CLAIM |

H oy
r’ﬂ’Nfenat] I'=N Enat2

R (7) that(N) hl (FeE(N')) \

hg/x:nat,y:A('y,x — N',y — Tec(N")) Ax:naty: A A Mge A

4

1 (Mg (N, Fee(N")))
Ttold 21IH 3fold/ 4 outer IH

N"ﬁ succ N ]

rec(N) —3 Ms(N',Tec(N")) hL (M5 (N, Tee(N")))

2

I, (Fec(N))

1 p-under/p > [Expanson



N %N’ I 2% N’ € nat

CASE OF THE CLAIM | i

I, (Fec(N))

[[H-Neutral-NatT|]

First:

ey ALMyeA

1

1% (M)
A:> 2

H o =

I = My€eA

1 outer IH 2 [H=f-h]

Next:
1
[,x" :nat,y :A<T INGD
2
T',x":nat,y’:A

hAx nat,y )

v 3 v 5
[,x :nat,y’ : A= x' € nat I,x:naty : A=y €A
4 6
hlr:éytc’:nat,y’:A (x,) hll;,x’:nat,y’:A (}/,) ,

T,x":nat,y":A ’ ’
hA,x:nat,y:A (Y, x=Xx,y—=y)

1 definition of < 2|h-Anti-Mono| 3 [N-VarM]| 4 h-if-N| 5[N-VarM| 6 [h-if-N| 7 fold &

T,x":nat,y":A ) ) 1
hA,x:nat,y:A (7, x — x’,y — y’) Ax:naty:A=Ms€eA

1

hzl;,x’:nat,y’:A (ME ', yr))

[,x :naty : A LN Ms(x',y') € A

1 outer IH 2[H=f-H

Finally:



Fr<>Nent TMeA Tx:naty:A=Myx,y)eA 2

N % N’ réfe\ca\r')eA3
1
rec(N) % Fee(N") L (tec(N'))
4
Ity (FeS(N))

1 B*-under 2|N-NatRecM| 3 |h-if-N| 4 |h-Expansion|

This proves the claim, which then implies the proof goal:

MN(y) A=5M e nat

he (7 (M)

1

Fé?(M) € nat 5

I (Tee(F (M)
WL (F(natrec M (M | x,y = Ms)))

1 outer IH 2[H-if-h 3 claim 4 fold F(natrec M (M | x,y = Ms)) O

We remark that at this point we can prove the soundness of the inductive sequent logical relation:

h-if-H

A Mea
ﬁ
5 (M)

Proof :

H
WAy A= MEeA
1

W4 (1(M)) 5
h5 (M)
1 [h=Cut-Hl 2 reduce O

Due to both soundness and completeness of the inductive sequent logical relation, it is therefore equivalent
to the recursive logical relation:

ALMeA = o




Proof by appealing to both [h-if-H]| and [H-if-h. O

Next, we prove several compositionality theorems that will later be used to prove the fundamental
theorem. These concern arrow, sum, and natural number types. We first prove a semantic cut-
elimination result. That s, computability, as defined by the logical relation, is preserved under computable
substitution.

Semantic-Cut

AZsMeAd Ax:AZNeB

A <L [M/xIN € B

Proof by showing that [M/x] is a computable substitution providing A, x : A, and then appealing to
[h-Cut-H

Cut-H]| and the equivalence between the two logical relations. O

H-App-Compositionality

AdiMeA-B AN<A NLLNea

AN MNeB
Proof :
H , M
A= MecA->B AN =NecA
W5 g (M) AN <A H5 (N) ;
hg (M N)
AN MNeB
1 [h-ifcH] 2[h-if-H] 3 unfold # at A - B and V/ =-E 4[H=if-h| O

H-Case-Compositionality

AL MeEA +Ax Ax A 2o M, €B  Axg:Ag = Mg € B

AL, case M (x, = M, | xg = Mg) € B

Proof by induction on A Lme AL +AgR:
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M-%L-N AZNEA
[H-InLM]

H
A= MeA +Ag

Ax AL 25 M, €B  Axg:Ag = Mg € B

AQcaseM(xL:MUxR = Mgr) €B

M—»;L~N A}z[NeAL A,xL:AL$MLeB2
1
H
case M (XL =>ML | XR = MR) —)E [N/xL](ML) A= [N/xL](ML> € B
3

AL case M (x, = M, | xg = Mg) € B

1 B*-under/B 2[Semantic-Cut| 3 |[H-Expansion|

M-5R-N A<sNeAg
{ [H-InRM]
AL Me AL+ Ag

Axg A 2 M, €B  Axg:Ag = Mg € B

A2 case M (x, = M, | xg = Mg) € B

Entirely analogous to the previous case.

M-iN AZSNEeEA +Ag

B
Aé{>MeAL+AR

[[H-Neutral-SumT]|

Ax AL 2 M, €B  Axg:Ag = Mg € B

A’:lcaseM(xL:MUxR = M) €EB

M—»;}N

case M (x; = M; | xg = Mg) —>;§ case N (x; = M | xg = Mg)

1

1 B*-under

A%\;NEAL+AR A,xLiAL;gMLEB A’xR:AR;/}MREBl

A= case N (x; = M, | xg = My) € B

AQcaseN(xL:MUszMR)EB

ul
U1



1IN-CaseM| 2[H-if-N|

case M (x; = M | xg = Mg) —>;3 case N (x;, = M | xg = Mg)

AL, case N (x, = M, | xg = Mg) € B

A2 case M (x, = M, | xg = Mg) € B

1 |[H-Expansion

H-NatRec-Compositionality

AdsMent AZLMyeA Axinaty:AZsMgeA

A N natrec M (My | x,y = Mg) € A

. . . . {
Proof by induction on the derivation of A 2L M e nat:

CASE| A <L Menat AL MyeA Axinaty:A<sMgeA

A L_@ natrec M (My | x,y = Mg) € A

M —>E Zero

|
natrec M (Mo | x,y = Mg) =5 My~ A=s M€ A

2

A é{, natrec M (My | x,y = Mg) € A
1 p-under/ 2[F-Expansion
M —>73 succM’ A $ M’ € nat
[H-SuccM]
AZL M e nat
CASE

AL MyeA Ax:inaty:A=sMseA

A i_[> natrec M (My | x,y = Mg) € A

Define R = natrec M’ (M, | x,y = Mg).



AL—%M'enat2
:

:}1
A x:nat<A A$R6A3
A,x:natQReA A,x:nat,y:Alz[MseA
4
AL M € nat A, x : nat = [R/y](Ms) € A
5

AL M x(Ryy1(Ms)) € A )
A 2L M/, Riy1(Ms) € A

1 definition of < 2 IH 3[H-Anti-Mono| 4 [Semantic-Cut] 5 [Semantic-Cut| 6 reduce

Finally:

M —>75 succ M

1

natrec M (M | X,y = Mg) —7% [M'/x,R/yl(Ms) A= [M'/x,R/y](Ms) € A

A 2L natrecM (My | x,y = Mg) € A
1 f*-under/p >[F-Expansion

M % N A =% N € nat

H

A$M0 eA A,x:nat,y:AéMseA

A 25 natrec M (M, | x,y = M) € A

[H-Neutral-NacT]|

M—)EN

natrec M (My | x,y = Mg) —>; natrec N (Mg | x,y = Mp)

1

1 B*-under

AL Nent AZLMyeA Ax:inaty:A=sMseA 1

A N natrec N (My | x,y = Mg) € A
2

A 25 natrec N (M, | x,y = M) € A

1IN-NatRecM| 2 [H-if-NJ

2



natrec M (My | x,y = Mg) —>l§ natrec N (My | x,y = Mg) A I={ natrec N (My | x,y = Mg) € A

1

A é’> natrec M (My | x,y = Mg) € A

1 [H=Expansion 0

With these compositionality results, we can now prove the fundamental theorem of the inductive sequent
logical relation:

~ a

FTLR
AFM:A
_ >
AL Mea

Proofby inductionon A =M : A:

bt xia Wl
CASE| =¥ 4rx:2
A,x:AéwceA
— 1
A,x:Aé\wceA
A,x:AéxeA
1IN-VarM| 2 [H-if-Nl|
A+ 1 -W]
case| 7 O:1
A= (el
O *<)1
v P 2
A (el
1 Beta-Multi-Ref]| 2|H-EmptyM|
A-M; : A A+-Mp: A
Ch RZTR [Pair-WTJ

A+ <ML’MR> :AL X AR

A ég <ML/MR> S AL XAR



1 5
(Mp,Mg) - L -5 My A+ M Ap s (Mp,Mg) - R -5 Mg A+ Mg : Ag ,
_— _>

2 6
(M, Mg)-L—5M; ~ ASSM €A, (M,Mg) R—5Mp  A=5 Mg € Ag
1 8

AL (M, M) L €A, AL My, Mg RE Ag |

AL (M, M) € Ap x Ag

8 [H-Expansion| 9 |H-TimesT]

AFMZALXAR

ALL Me A x Ag ,

AL M- LeA,
1 IH 2 inversion

A+-M: AL X AR PrO'R_WT

Entirely analogous to the previous case.

A M:A;

AFL-M:Ap+Ag

AL L. MeA +Ag

[InL-WT]

AFM:A;
:}2

|
L-M-sL-M  ASMEeA

AL L MeA; +Ag

3

1 Beta-Multi-Refl 2 IH 3 [H-InLM]

1|ProjL-beta| 2 [Beta-Multi-if-Single| 3 IH 4 |H-Expansion| 5 [ProjR-beta| 6 [Beta-Multi-if-Single[ 7 IH



AFM: Ay

AFR-M: AL +Ag

AZLR-Me A+ Ag

[InR-WT]]

Entirely analogous to the previous case.
AFMIAL+AR A,XL:ALFML:B A,xR:ARFMR:B
CASE A caseM (x; = My |xg = Mg) : B

A%caseM(xLzMleRzMR)eB

[Case-WT]

AFM:AL+AR 1 A,xL:ALFML:B > A,xR:ARFMR:B

AL MeA +Ay Ax A =5 M, €B A,xR:ARéMReB4

AL case M (x, = M, | xg = Mg) € B

1IH 21IH 3 IH 4[H-Case-Compositionality|

[Zero-WT

A+ zero : nat
B 20 nat

A = zero € nat

S
Zero —>; Zero

2
A '=( zero € nat
1 [Beta-Multi-Refll 2[H-ZeroM|
A+ M : nat Succ—WTJ
CASE| Al succM:nat
A é@ succ M € nat
A+ M :nat
succ M —>2§ succ M A é M € nat
3
A L_@ succ M € nat
1 Bera-Multi-Refl 2 TH 3[H-SuccM]
AFM:nat AFMy:A Ax:naty:AFMc:A
0 / > 7 [NatRec-WT]]

CASE A+ natrecM (My | x,y = Mg) : A

A RN natrecM (My | x,y = Mg) € A
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A~ M : nat AF-My:A Ax:naty:A-Mg: A
1 2

3
AsMentt ALMeA Axinaty:AZsMgeA
AégnatrecM(M(ﬂx,y:Ms)eA
1TH 21H 3 IH 4[H-NatRec-Compositionality|
Ax:A-M:B
* [Cam-WTj
CASE| AFAx=>M:A->B
Adiix>MeA-B
Ax:AFM:B
1
Ax=Mx - [x/x](M) Ax:AMEB
2
Ax = Mx —% [x/x](M) Ax:A <L [x/x](M) € B
5

x&EA A,x:AL—%/\x:MxeBé

A AxsMeA—B

1|App-betal 2 [Beta-Multi-if-Single| 3 IH 4 fold [x/x](M) 5[H-Expansion| 6 [H-ArrowT]|

AFMLA*B AFMRA

I‘ —WT
CASE AEM Mg:B
AZL M, Mg €B
Al_MLA—>B Al_MRA

—
i b —2 i :
MM EA-B  A<A” AL MpeA

AL M, Mg €B

1 TH 2 definition of < 3 IH 4|H-App-Compositionality| O

' D

Impossible-Neutrality

A Mea
1

Proof by induction on - = M € A. In the base case, the rule demands that the context contain the
variable being looked up, which yields L since the context in the premise is empty. Propagate L via the
[H in the other cases. O
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Step-To-Null-if-H-at-1

. i> Mel
_>
M —>7§ O
Proof by inversion on - 2L M el:
AN
—— [H-EmptyM
SUBCASE . ;{) Mel
M —>; )
M —’E O
M —% M’ -/=Y>M’elﬂ I]
: H-Neutral-1T
SUBCASE s % M_ _E_l
M —>}§ )
A met
_> 1
1
_ L
M —>/§ O

1 Impossible-Neutrality| 2 L-E

Step-To-Null-if-WT-at-1

FM:1
>
M —% ()

Proof :

-FM:1
>

>
M —% ()

1|FTLR| 2 [Step-To-Null-if-H-at-1|
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Step-To-Inj-if-H-at-1+1

A Me1+1
M~%L-()VM—5R-()

Proof by inversion on - EYi el+1:

M-sL-M, =M €l
[H-InLM]
SUBCASE 2 e1at

M—%5L-()VM=%R-()

H
M et
ﬁ

ML —’E O

1

2

>
M—%5L-M, L-M;—>5L-0)

B

3

M—% L)
4
M—5L-()VM—%R-()

1Step-To-Null-if-H-at-1| 2 g*-under 3 [Beta-Multi-Trans| 4 v-I

M —% R My L Mg en
[H-InRM]
SUBCASE A Me1at

M~%5L-(OVM=%R-()

Entirely analogous to the previous case.

M —% M’ A Mel+1

SUBCASE A Me1e1

M—%5L-OVM—3R-()

[[H-Neutral-SumT]|]

~§>M’el+1 |
= 2
M—»;L-OVM—»;R-O

1 {Impossible-Neutrality| 2 L-E
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Step-To-Inj-if-WT-at-1+1

“FM:1+1
Mg L vM—g R

Proof :
CFM:1+1 1
——
. 4 Mel+1 5
M—5L-OVM—5R-(
1[FTLR| 2|Step-To-Inj-if-H-at-1+1| O

Define succ” zero to be the successor term constructor applied to the zero term constructor 1 times,
where n > 0 is a meta-theoretic natural number.

Step—To—Succ—if—H—at—NatT

H
.= M € nat

In. M —>73 succ” zero

Proof by induction on - 2 M € nat:

M —>73 Zero

L

In. M —>Z; succ” zero

[H-ZeroM]|

M B Zero 1

M~ succ? zero
2

In. M —>l’§ succ” zero
1 definition of succ? zero 2 3-1(0)

{
M =% succ M’ - éM’ € nat

p
H-SuccM|
SUBCASE Bl H-SuccM]

In. M —>l§ succ” zero
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-$M’Enat

In . M’ —% succ” zero
B
2

M’ —>E succ” zero

3

M —7 succ M’ succ M’ -5 succ”*t1 zero

4

M~ succt1 zero

5
3. M % succk zero
1IH 2 pick n 3 B*-under 4|Beta-Multi-Trans| 5 3-I(n + 1)
M—%sM =5 M’ € nat
SUBCASE m [[H-Neutral-NacT]|
[SUBCASE] = Menat
dn. M —»l’g succ” zero
N o
-= M’ € nat 1
_>
L 2

In. M —>; succ” zero

1 Impossible-Neutrality| 2 L-E

Step-To-Succ-if-WT-at-NatT

- M :nat
In. M —>; succ”™ zero

Proof :

- M : nat 1
_>

-éMEnat 5

In. M —>§ succ” zero

1|FTLR| 2 [Step-To-Succ-if-H-at-NatT|
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Chapter 5

Confluence

In the last chapter, we proved the following various adequacy theorems regarding closed terms:

[Step-To-Null-if-H-ac-1]] [[Step-To-Null-if-WT-at- 1]

" .

= Mel -EM:1
*

M=% () M~ ()

[Step-To-Inj-if-H-at-1+1] [Step-To-Inj-if-WT-at-1+1]]

o Met141 FM:1+1
M—3L-OVM—3R-()  M=pL-OVM-gR-Q

[[Step-To-Succ-if-H-at-NatT]| [[Step-To-Succ-if-WT-at-NatT]|

.’_—f,Menat -+ M :nat
In. M _,;3 succ” zero n. M —»}; succ” zero

We obviously want to show more. We want to derive similar results for open terms: if an open term is
. H .. . .
computable, i.e., A = M € A, then it is normalizable; that is, it is able to reduce to some term M’ such

that M’ cannot reduce further. This will be the topic of the next Chapter 6 (Normalization)).

This Chapter 5 will prove one significantly non-trivial helper lemma for use in the next
chapter: the property of being normalizable is forward closed. Because of the difhculty of proving this
helper lemma, we dedicate this whole chapter to it, and the title is confluence since confluence implies
that normalizability is forward closed.

Recall the relevant definitions concerning normalizability:

M7‘>/3 é VM/ . _l(M _)/3 M,)
normg (M) £ IM'.M S M AM g
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The following are the pair of theorems we will want to derive eventually:

[norm-it-H] [norm-if-N]

AdMea AMea
normﬁ(M) normﬁ(M)

The proof will proceed by simultaneous induction on A L MeAandA =5 M € A. The following
case demands that we prove some normalization lemma regarding projections:

AM-LeA, AL M-ReAg

ALLMe A x Ag

[H-TimesT]|

By Hon A = M- L € Ay, we obtain normg(M - L).

By IHon A = M- R € Ag, we obtain normg(M - R).

If the following normalization lemma is true, then we may apply it to both norm p(M-L) and norm p(M-R)
to derive normg(M):

[WN-TimesT|

normﬁ(M -L) normﬁ(M -R)

normﬁ(M)

Thus, let’s try to tackle this lemma instead. We may first unfold the definition of norm g(M - L), so that
the above lemma is equivalent to:

M- L —>73 p P—ﬁﬁ normﬁ(M-R)

We may proceed by induction on M - L —% P. The reflexive case is trivial, so we will skip it here (the

whole proof is presented in the actual proof of [WN-TimesT] in the next chapter). The cons case yields

the following incomplete proof tree:

M- L —g N N —>}§ P
[Beta-Multi-Cons|]
M-L-%P P—/eﬁ normﬁ(M~R)

To extract useful information on N, we may proceed by inversion on M - L — s N, which yields the
following two cases:
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[ProjL-Under]]
ML—>ﬁM’~L ’L—»;P
CASE
M L—»;P P+5 normﬂ(M-R)

For this first case, M —g M’ implies M - R —gM'-R. If we had forward closure of normg(M - R), we
could then obtain norm g(M"-R), with which this case could be completed easily.

[ProjL-be]

(M, Mg)-L -5 My My -5 P
(M;,Mg)-L _)E p P45 normg((Mp,Mg) - R)

normﬁ(<ML,MR>)

For this second case, if we had forward closure of norm p((Mp, MRp)-R), we could simply step (M}, Mg)-R
towards Mp so that by the forward closure we could obtain norm g(Mg), with which this case could
also be completed easily.

Thus, both cases demand we prove that norm p(=) is torward closed:

[[norm-Forward-Closure]|

normg(M) M _’;5 M

normﬁ(M’)

We may again unfold the definition of norm p(M) and turn the lemma statement into the following
equivalent one:

One might draw the following diagram to represent the situation, where two-headed arrows stand for

multi-step S-reduction:
-
M
\» M’

The forking shape starting from M naturally reminds one of confluence, which states that if a term M
like the one above forks, then it will be able to join back. Since P is already B-irreducible, such a join
must then force M’ to multi-step B-reduce to P:
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/»Pﬂ%

M

NG

The blue arrow proves norm g(M"). Hence, to prove forward closure of normalizability, it suthces to
show confluence, which is what the rest of this chapter is about.

5.1 Proofs

The organization of this section follows from the standard approach to proving confluence via parallel

B-reduction [7, 9.

M =>:B M/
Parallel-Var Parallel-Empty
X=pgX O =50
Parallel-Pair
(Mg, Mg) =g (M}, Mp)
Parallel-ProjL-Under Parallel-ProjR-Under
M :ﬁ M’ M =>IB M’
M-L=>,3M'-L M-R=>‘BM'-R
Parallel-ProjL Parallel-ProjR
<MLIMR>L:>IB Mi <MLIMR>R=>IB M;Q
Parallel-Lam Parallel-App-Under Parallel-App
M=>’BM’ M=>’BM, N=>‘BN’ M=>’BM, N=>‘BN’
Ax=>M=>f3/\x=>M’ MN=>5M’N’ Ax=>MN=>ﬁ[N’/x](M’)
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Parallel-InL Parallel-InR
M =>ﬁ Ml M =>/3 M’
L-MﬁﬁL-M' R-MﬁﬁR-M'

Parallel-Case-Under

case M (xp = My | xg = Mg) =g case M’ (xp = M} | xg = My)
Parallel-Case-InL

M =>/3 M, ML =>ﬁ Mi
case L-M (x; = M | xg = Mg) =g [M'/xp1(M})

Paralle]-Case-InR
M =>/3 Ml MR =>ﬁ M}{
casseR-M (XL = ML | XR = MR) =>ﬁ [MI/XR](MEQ)

Parallel-Succ
Parallel-Zero ATt

Mﬂlng

Zero =, zero
P succ M =g succ M’

Parallel-NatRec-Under
natrec M (Mg | x,y = Mg) =g natrec M (Mg | x,y = Mg)

Parallel-NatRec-Zero

MO =>ﬁ MIO

natrec zero (M | x,y = Mg) =45 M

Parallel-NatRec-Succ

natrec succ M (Mg | x,y = Mp) =g [M'/x,natrec M" (M, | x,y = M5)/y](Mg)
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Parallel-Refl

—

Proof by induction on the structure of M.

B

M= M

Parallel-Multi-Refl Parallel-Multi-Cons

*
M =5 M M ﬁ;; M
Parallel-Multi-if-Single Parallel-Multi-Trans
M =g M M =>:§ M M =>;§ M"
>
M ﬂ;é M’ M ﬁ}; M"

Parallel-if~Usual

M_)ﬁ M/
>
Mﬁfg M/

Proof by induction on the derivation of M — pM':

ML i Ml
L [Pair-Under-1]
CASE| (M, Mg) —g (M}, Mp)
(Mp, MR) =g (M}, Mg)
ML —)‘3 M,L

| =2
ML:‘BMi MR=>IBMR

(Mp, Mg) =g (M}, Mg)

1 IH 2|Parallel-Refll 3 [Parallel-Pair

71



MR —)'3 M}{

(Mp, MR) =g (Mg, Mp)

(Mp, MR) =g (Mg, Mp)

[Pair-Under-R]

MR _)ﬁ Mk
ML =>‘BML MR ﬁﬁMk

(Mp, Mg) =g (M, Mp)

1 [Paralle[-Refll 2 IH 3 [Paralle[-Paid

M2 fprounded
ProjL-Unde
CASE| M-L-;M-L
M-L=g M -L
M —>[J, M’
> ]
M =>ﬁ M’
2
1 TH 2|Paralle]-ProjL-Under]
P (o]
ProjR-Unde
CASE M'R—)‘BM/‘R
MRS, MR
M —)Ig M’
> ]
M =>ﬁ M’
M -R =g M’ R
1 TH 2 |Parallel-ProjR-Under|
rofibecd
casg| MuoMgr-L=p M,
(Mg, Mg) - L =g M,
> 1
ML =>ﬁ ML

<ML/MR> . L =>'3 ML
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1 |Parallel-Refl| 2|Parallel-ProjLj

(Mp, MR) - R =5 Mg

:}1
MR :ﬁ MR

<ML/MR> -R =>l3 MR

1 |Paralle]-Ref]| 2|Parallel-ProjR|

M—)'BM’

[Lam-Under]|
CASE /\x=>M—>ﬁAx:>M’
NE S My Ax o
M-’lgM/
— 1
MﬁﬁM/

)szMzﬁ/\sz’

1 TH 2[Paralle]-Lam]

M —)‘5 M’
N [App-Under-Fun|

MN =

1 TH 2|Parallel-Refl| 3|Parallel-App-Under]

N _),B N’ d
_— -Under-Ar
CASE| MN -gMN’ App gl
MN S, NN
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N—>‘BN’
M=;M N =4z N’
B B 3

MN =; MN'

| 21H 3[Parallel-App-Under]

|4 3

/\X:MNﬂlg [N/x](M)

/\x=>MN=>ﬁ [N/x](M)

1 |Parallel-Refl| 2[Parallel-Refl| 3 [Parallel-App]|

M2 M Gnded
Inl-Unde
CASE| L M—»ﬁL M’
L-M=gL-M
M_)ﬁ M/
> 1
Mﬁﬁ M/
1 IH 2[Paralle[-InT]
M2 M ROnded
InR-Unde
CASE R-M—»,SR-M’
R-M=gR-M
M_),B M’
> ]
M=>,3 M’
1 IH 2[Paralle[-InR]
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M —)/3 M/
CASE| case M (xp = M | xg = Mg) —p case M (x; = M| | xg = Mg)

case M (x, = My | xg = Mg) =g case M’ (x; = M | xg = Mpg)

[[Case-Under-Mainl|

M _):B M/
MﬂﬁM/ ML =>/B ML MR :IBMR

case M (x, = My | xg = Mg) =4 case M’ (x;, = M | xg = Mpg)

1 TH 2[Paralle]-Refll 3 [Paralle]-Refll 4 [Paralle]-Case-Under
ML _)/3 MIL
CASE| caseM (xp = M| | xg = Mg) —g case M (x, = M; | xg = Mg)

case M (xp = My | xg = Mg) =g case M (x; = M} | xg = Mp)

Case-Under-1]

ML _)ﬁ Mi
M=>/5M ML :ﬁMlL MR =>ﬂMR

case M (xp = M | xg = Mg) =g case M (x; = M} | xg = Mpg)

1 [Paralle[-Refll 2 IH 3 [Paralle[-Refl 4 [Parallel-Case-Unded
MR _)ﬁ M}{
CASE| case M (xp = M | xg = Mg) —pg case M (xp = M | xg = M)

case M (xp = M | xg = Mg) =4 case M (x; = M | xg = My)

[Case-Under-R|

MR —’g M;Q
M=>IBM ML =>ﬁML MR =>I;M;2

case M (xp = My | xg = Mg) =g case M (x; = M | xg = My)

1 [Parallel-Refl| 2 [Parallel-Refll 3 TH 4 [Parallel-Case-Unden

[[Case-InL-betal

case L-M (x; = M | xg = Mg) =4 [M/x; (M)

1 2
MﬁﬁM MLﬁﬁML

3
case L- M (xp = My | xg = Mg) =5 [M/x ](Mp)




1 [Parallel-Refl| 2 [Parallel-Refll 3 [Parallel-Case-Inl!

[Case-InR-betal|

case R-M (x, = My | xg = Mg) =g [M/xg]1(Mg)

1 2
MﬁﬁM MR:‘BMR

3
case R-M (xp = My | xg = Mg) =5 [M/xg](Mg)

1 [Paralle|-Refl| 2 [Parallel-Refll 3 [Paralle]l-Case-InR|

M_)ﬁ M/

[Succ-Under]
CASE| succ M — g succ M’
succ M = 5 succ M’
M —>/3 M/
> 1
M =>,B Ml

succ M =g succ M’

1 TH 2[Paralle[-Sucd

M —>'3 M,
CASE| natrecM (Mg | x,y = Ms) — g natrec M (Mg | x,y = Mg)

[NatRec-Under-Mainl|

natrec M (Mo | x,y = M) =g natrec M (Mg | x,y = Ms)

M 5 M

natrec M (M | x,y = Mg) =g natrec M (Mg | x,y = Mg)

1 IH 2[Parallel-Refll 3 [Parallel-Refl| 4 [Parallel-NatRec-Under
MO _),B M6

[NatRec-Under-Zerol]

CASE| natrec M (Mg | x,y = Mg) — g natrec M My 1 x,y = Mg)

natrec M (My | x,y = Mg) =g natrec M (M§y 1 x,y = Mg)
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MO —)/3 M6

natrec M (M | x,y = Mpg) =g natrec M (M, | x,y = Myg)

1 [Paralle[-Refll 2 IH 3[Paralle]-Refl 4 [Parallel-NatRec-Unded
MS _)‘B MZS
CASE| natrecM (Mg | x,y = Ms) -4 natrec M (M | x,y = My)

natrec M (My | x,y = Mg) =g natrec M (M | x,y = My)

[NatRec-Under-Succ]]

Ms _)/3 Mg
:}1 2 ; 3
MﬂﬁM MO ﬁﬁMO MS :ﬁMS

natrec M (M | x,y = Mpg) =g natrec M (M, | x,y = My)

1 [Paralle]-Refll 2 [Paralle[-Refll 3 IH 4 [Parallel-NatRec-Unded

[NatRec-Zero-betal

Casg| Mreczero Molmy = Ms) =p Mo

natrec zero (Mg | x,y = Mg) =5 My

:}]
MO =>ﬁ MO

natrec zero (M, | x,y = Mg) =g M,

1 [Parallel-Refl| 2 [Paralle]l-NatRec-Zero|

[NatRec-Succ-betal

natrec succ M (M | x,y = Mg) =4 [M/x, R/y1(Ms)
Define R = natrec M (M, | x,y = Mg).
M=>ﬁM MO =>[J, MO MS =>[3MS
natrec succ M (Mg | x,y = Mg) =4 [M/x,R/y](Msg)

1 [Parallel-Refl| 2[Parallel-Refl| 3 [Parallel-Refll 4 [Parallel-NatRec-Sucd
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Parallel-Multi-if-Usual-Multi

Ade;M

M=>/§ M’

Proof by appealing to [[Parallel-if-Usuall].

Usual-Multi-if-Parallel

M=>‘B M’
_>

A44;M

\.

Proof by induction on the derivation of M = pM':

. [Panllel-Var

X =g
------
x—»;x
" 1
x—»lgx
1 Beta-Multi-Refl]
||Para11e1—EmEEX|
NG
0 =50
" 1
O =5 0
1 Beta-Multi-Ref]
M; =, M, Mp =, M
EPTL TR TP TR (parallel-Pai

CASE (Mg, MR) =g (M}, Mp)
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My =5 M Mg =5 My
My -3 M; Mg —% M

<ML/MR> _);% <M’/MR> <M’ IMR> _);3 <M’ IM}{>

1 IH 2 B*-under 3 IH 4 B*-under 5|Beta-Multi-Trans|

M =>,B M’
[Paralle]-ProjL-Under]|
CASE|, M-L=sM
M-L —>;§ M - L
M =>ﬁ M’
> ]
M —>;§ M’
- 2
M-L —3 M - L
1 IH 2 B*-under
M =>,B !
ﬂParallel—ProjR—Underﬂ
CASE| M-R=zM’
MR 5 MR
M =>’3 M/
> 1
M —>E M’
2
M-R —>; M’ -R
1IH 2 B*-under
ML = M’
L - [Parallel-ProjL|]
CASE| (Mp,Mg)-L=p5M]
(M, Mg) - L =54 My
ML :,B M’L

1
(Mp,Mg)-L —»g Mg M -5 M}

:}2

<ML/MR> -L _’Z; M’L
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1 2 IH 3|Beta-Multi-Cons|
MR =>ﬁ Mk

(M, Mp) - R = My

Paralel-ProjR]

MR =>/g M}{
(Mp, MR) - R —g Mg Mg =g Mg ;
(ML,MR) . R —)23 M;{
1 2 IH 3[Beta-Multi-Cons|
M2sM (PallerTam]
Parallel-Lam|
CASE /\x=>M=>ﬂAx=M’
VxS M o Ax o A
M =>,B M’
: 1
M —>;§ M’
2
Ax=M —>/§ Ax=M
1 IH 2 B*-under
M =>/3 M/ N :>,B N/
[[Paralle]-App-Under]]
CASE|  MN=zM N’
MN —>E M' N’
M :,B M’ N =>,B N’
M —>;§ M’ N —>}§ N’
2 4
MN—>;§M’N M’N—»;;M’N’
5
MN -*M' N’

B

1IH 2 B*-under 3 IH 4 p*-under 5|Beta-Multi-Trans|
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M:‘BM’ NﬁﬁN’

Ax=MN =4 [N'/x](M")

Ax=MN —5 [N'/x](M)

Parallc-Apy|

M=>/3M’ N=>IBN’
M—)Z;M' N—)EN'

Ax=MN —% [N'/x](M)

3

1 IH 2IH 3 B*-under/p and [Beta-Multi-Trans|

M2 M ol
Parallel-In
CASE L-M=>ﬁL-M’
L M—>7§L M
M=>5M’
:}]
M—)Z;M’
2
L-M—>;L-M’
1 IH 2 B*-under
M2 M )
Parallel-InR
CASE| R-M=gzR-M
R S R
MﬁﬁMl
:}1
M—>2§M’
2
R-M—>;§R-M’

1 IH 2 B*-under

CASE| case M (xp = M |xg = Mg) =g case M’ (xp = M | xg = Mp)

[Parallel-Case-Under]|

case M (x;, = My | xg = Mg) — case M’ (xp = M} | xg = M)
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> 1 2 7 3
M—sM M —5M, Mg -5 M

case M (x;, = My | xg = Mg) — case M' (xp = M} | xg = My)

1IH 21H 3 IH 4 B*-under and [Beta-Multi-Trans|

M =>13 M’ ML =>ﬁ Mi
CASE| caseL-M (xp = My | xg = Mg) =g [M'/x ](M})

caseL-M (xL = ML | XR = MR) —>z; [M,/xL](Mi)

[Paralle]-Case-InL]]

M-y M My -5 M;

case LM (xp = My | xg = Mg) —} [M'/xp1(M})

3

1 IH 21IH 3 B*-under/p and [Beta-Multi-Trans|

M =>ﬁ Ml MR =>‘3 M}{
CASE| caseR-M (x; = M | xg = Mg) =g [M'/xg]1(My)

case R-M (xp = M | xg = Mg) =4 [M'/xg](Mp)

[Paralle]-Case-InR]]

M—s M Mg -3 Mp

case R+ M (xp = My | xg = Mg) =4 [M'/xg](Mp)

3

1 IH 2IH 3 B*-under/p and [Beta-Multi-Trans|

W [Parallel-Zerol
CASE| _____."=___.

Zero —»E Zero

——
Zero —>E Zero
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Mﬁﬁ M/

succ M =g succ M

succ M —>§ succ M’

/ [Parallel-Sucd]]

M=>ﬁM’
:}]

M—>;M

succ M _’E succ M’

2

1 IH 2 B*-under

CASE| natrecM (Mg | x,y = Ms) =g natrec M (M{ | x,y = Mg)

natrec M (Mg | x,y = Mg) —»; natrec M" (M | x,y = Mg)

[[Parallel-NatRec-Under]

:%] 2 7 3
MosM  Mg—3My Mg —5Mj

4

natrec M (Mg | x,y = Mp) —>; natrec M" (M, | x,y = Mg)

1IH 21IH 3 IH 4 B*-under and [Beta-Multi-Trans|

MO =),B ME)
- [Parallel-NatRec-Zero|

CASE| natreczero (M | x,y = Mg) =45 M,

natrec zero (Mg | x,y = Mg) _),2 M,

MO =>’3 ME)

1
natrec zero (M | x,y = Ms) —g My Mo —5 My

natrec zero (Mg | x,y = Mg) —>Ig M,

1 [NatRec-Zero-beta 2 IH 3 [Beta-Multi-Con
CASE| natrecsucc M (Mg | x,y = Mg) =g [M'/x,R'/y1(Mg)

natrec succ M (M | x,y = Ms) =% [M'/x,R'/y]1(Mg)

[[Paralle]-NatRec-Succ]]

Define R' £ natrec M’ (M}, | x,y = M3).
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:/1 ; 2 ; 3

natrec succ M (Mo | x,y = Mg) —7% [M'/x,R'/y](Mg)

1IH 21IH 3 IH 4 g*-under/B and [Beta-Multi-Trans|

Usual-Multi-if-Parallel-Multi

M=>/§ M’

M—)E M

Proof by appealing to [Usual-Multi-if-Parallel].

Next, define the parallel B-reduction for substitutions:

Y= = Vx.oy@) =57

Parallel-Hat-Subst

’)/ﬁﬁ’)/ MﬂﬂM/

TM) =59 (M)

Proof by induction on M = pM':
[Parallel-Var]

TR e !

T(x) =57 (x)

Y= !
e —
7(x) =g 7 (X) ,

F(x) =57 (x)

1 definition of y =4 7" 2 fold ¥ and 5

Paralle]l-Em

TO) =7 ()
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1

() =5 ()
TO) =7 ()

1 [Parallel-Empty| 2 fold 4 and 7

M; =, M, Mg =5 M,
) LA R, P - R [Parallel-Pair]
CASE| 7=p7 (Mg, Mg) =g (M}, Mp)

TUMp, MR)) =5 7 (M}, Mg))

vT=57 ML=>5M'L1 v=57 Mr=gMy

TMp) =57 (Mp) T(Mg) =57 (Mg) ;

(FML), F(MR)) =5 (¥ (M}),7 (Mg)) \
TUMy, Mg)) =5 7 (M}, Mp))

1 TH 2 IH 3|Parallel-Pair| 4 fold % and 7’

M =>/g M’
) - ﬂParallel—ProjL—Underﬂ
v=p7 M-L=gM L

FM-L) =57 (M -L)

’}’ﬁﬁ’}” Mﬁ,BM’

1

TM) =57 (M)
FM) -L=g7 (M) -L ;
FM-L) =579 (M L)

1 IH 2 |[Parallel-ProjL-Under| 3 fold 4 and 7

= [Parallel-ProjR-Under]|

F(M-R) =57 (M- R)

2



Y=7 M=zM

1

TM) =59 (M)

FM) R =57 (M) -R ;

F(M-R) =57 (M -R)

1 IH 2 ([Parallel-ProjR-Under] 3 fold 4 and 7’

ML =>ﬁ ML

CASE| 7v=37 (M, Mp)-L=gM]

F(Mp, Mg) - L) =5 7" (M])

[Parallel-Proil]

Y=p7 Mp=>gM|

FMyp) =57 (M])
(F(Mp), 7(MR)) - L =5 7" (M) X
F(Mp, Mg) - L) =5 7" (M})

1 1H 2 ParallelProf] 3 fold 7
MR =>‘B M}{

CASE| 7=p7" (M, Mg)-R=gMy

T(Mp, Mg) - R) =5 7" (M)

[Parallel-ProiR]

=57 Mg=pMg

1

T(Mg) =5 7 (Mp)
(F(Mp), T(MR)) - R =5 7" (Mp) \
TUMp, Mg) - R) =5 7" (Mp)

| IH 2[ParIEEProfR] 5 fold 7

M =>:B M/
[Parallel-Lam]
CASE| 7=37 Ax=>M=glx=>M

FAx => M) ﬁﬁ?(/\XﬁM/)
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Y=7 M=zM

1
TM) =59 (M)

2
Ax=FM) =5 Ax =79 (M)
3

FAx=>M) =57 Ax=M)

1 TH 2 [Parallel-Lam| 3 fold 7 and 7
M =)ﬁ M’ N =>,B N,

7=’/3'7’ MN:ﬁM'N'

ﬂParallel—App—Underﬂ

v =57 M=>‘3M'1 v=57 N=zN

2
TM) =57 (M) FIN) =57 (N ;
TM) F(N) =5 7" (M) 7' (N') )
FMN) =57 (M N')
1 IH 2 1H 3|Parallel-App-Under| 4 fold 4 and 77
Mo M N 2N A
Parallel-App
’)/zﬁ’)/ /\XzMNzﬁ [N"/x](M")
FA x = MN) =57 (IN'/x](M"))
’)’ﬂlg’)” MﬁﬁM/ 7:/37, NﬁﬁN/
1 2
TM) =57 (M) FN) =57 (N ;

Ax = FM) F(N) =5 [7(N')/x]( (M) )

FAx = MN) =579 (IN'/x](M"))

1 IH 2 IH 3|Parallel-App| 4 fold % and 7

M
[Parallel-InL]]
M/

F(L-M) =579(L-M")
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’Yﬁﬁ’)/ M:‘BM’

1

TM) =59 (M)

L-7(M) =g L-7" (M) ;

F(L-M) =579 (L-M)

1 TH 2 [Parallel-InL]| 3 fold % and 7’

M
o [Parallel-InR]]

TF(R-M) =457 (R-M")

’)/ﬁﬁ’)/, MﬁlBM’
1

TM) =57 (M)

2
R-J(M) =5 R-7/ (M)

F(R-M) =57 (R-M)

1 TH 2[Parallel-InR| 3 fold % and 7/
CASE| 7=p7" caseM (xp = M |xg = Mp) =g case M’ (xp = M] | xg = Mp)

W(CaSEM (.xL = ML | XR = MR)) :,B ?(Case M’ (xL = Mi | XR = Mk))

[Paralle]l-Case-Under]

fy=>'3’y’ M=>[3M’l v =57 ML:[;M’L2 'y=>ﬁ'y’ MR=>,3M}<3
TM) =579 (M") TMy) =57 (M}) T(MR) =5 7 (M)

case 7(M) (x, = (M) | xg = F(Mg)) =g case 7/ (M') (x; = 7" (M) | xg = 7 (Mg))

-

9)

F(case M (x; = M | xg = Mg)) =4 7 (case M’ (x; = M | xg = My))

1TH 21H 3 1H 4[Parallel-Case-Under{ 5 fold 4 and 7/

Mﬁﬁ M ML =>/3 M’L
CASE| 7=p7" casel-M (xp =M |xg = Mg) =4 [M'/x 1(M])

J(case L-M (x;, = M | xg = Mg)) =4 Y (M /x 1(M}))

[[Paralle]-Case-InL]]
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’)/zﬁ,)/ ]\/jzﬁ]\/y1 ")/ﬂﬁr)/’ MLz,BM/L2

FM) =57 (M) TML) =57 (Mp)

3
case L - J(M) (xp = F(Mp) | xg = F(Mg)) =5 [7'(M")/x11(7" (M})) )
J(case L-M (x;, = M | xg = Mg)) =4 Y (IM'/x 1(M}))

1 TH 2 IH 3|Parallel-Case-InL] 4 fold % and 7/

M=>[3 M’ MR =>,B M}{
CASE ’)/ﬁﬁ ’)/’ CaseR'M(xLﬁMleRﬁMR) ﬁlg [M,/xR](M%)

F(case R-M (x; = My | xg = MR)) =g Y ([M' /xg1(MR))

[Parallel-Case-InR]|

’)/:)5,),' ]\/j=>ﬁ]\/y1 ,),:>ﬁ,),r MR:ﬁMkz

TM) =57 (M) T(Mg) =5 7" (Mp) ;
case R- (M) (x; = F(Myp) | xg = F(MR)) =5 [ (M) /xg]1(7 (M) .,

J(case R-M (x, = My | xg = MR)) =g 7 ([M' /xg1(MR))

1 TH 2 IH 3|Parallel-Case-InR| 4 fold % and 7’

[Parallel-Zero]

Zero =>,3 Zero

TTpY  EEOTmpEE

F(zero) =4 7’ (zero)

Zero i zZero

2
F(zero) =g 7 (zero)

I [Parallel-Zero| 2 fold 7 and 7/

M =>‘3 M,
[Parallel-Sucd]
CASE| 7= v succ M =g Succ M

F(succ M) =4 7 (succ M")
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’Yﬁﬁ’)/ M:‘BM’

1

TM) =59 (M)

succ (M) = succ Y (M")

F(succ M) =4 7' (succ M)

1 TH 2 [Parallel-Sucd| 3 fold  and 77
CASE| 7=p"" natrecM (My|x,y = M) =g natrec M’ (M | x,y = M)

F(natrec M (Mg | x,y = Ms)) =5 7 (natrec M’ (M}, | x,y = My))

[Parallel-NatRec-Undet]|

v =57 M=>5M’l v =57 M0=>/3M62 Y=Y Ms=gM;

TM) =57 (M) T(Mo) =5 7 (M) T(Mg) =5 7 (M)
natrec 7(M) (7(Mp) | x,y = F(Ms)) =5 natrec 7' (M) (7' (M{) | x,y = 7 (My)) .

F(natrec M (Mg | x,y = Ms)) =g 7 (natrec M’ (M}, | x,y = M5))

1TH 21H 3 IH 4[Parallel-NatRec-Under| 5 fold 5 and 7

[Parallel-NatRec-Zero]]
CASE| 7 =p7" natreczero (My|x,y = Ms) =5 M

7 (natrec zero (Mg | x,y = Mg)) =p ?’(M{))

v=7" My=gM; ]

Y(Mp) =g 7 (M) 5
natrec zero (7(Mp) | x,y = 7(Ms)) =4 ?(Mé) 5

7(natrec zero (M | x,y = Ms)) = 7 (M)

1 IH 2 [Paralle]l-NatRec-Zero| 3 fold 7

CASE| 7r=p7" natrecsucc M (Mg |x,y = Mg) =5 [M'/x,R'/y]1(My)

J(natrec succ M (My | x,y = Mg)) =4 7Y (IM'/x, R [y1(M%))

[Parallel-NatRec-Sucd]

Define R’ = natrec M’ (M}, | x,y = M%) and R' = 9/(R").
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v =57 M:nsM’1 =57 Mo:nsMéz v=57 Mg=5M;

3

FM) =57 (M) T(Mo) =5 7 (M) T(Mg) =5 7 (M) )
natrec succ 7(M) (7(Mo) | x,y = 7(Mg)) =4 [ (M")/x, R’ /y1(Y' (Mg)) i

F(natrec succ M (M | x,y = Mg)) =5 7/ ([M'/x, R’ /y](Mg))

1TH 21IH 3 IH 4|Parallel-NatRec-Sucd 5 fold 7 and 7 O

Define the maximal parallel reduct [M|* by induction on the structure of the term M. In each elimination
case, distinguish whether the term being eliminated is of the corresponding introduction form:

|x|* 2 x

1O1* = Q)

(M, Mp)I* = (MY, IMgIY)

(M, Mg) - LI* = Ml"

M - LI = MIT-L

(M, Mg) - RI* 2 |Mgl*

IM - R|* = MI"-R

A x = M" 2 Ax=> |MT

Ax=MN|" = [INIT/x10MIH)

IM N|* = MITINIT

IL-M[* = L- M

R-M[* = R- M

lcase L- M (x; = My | xg = Mp)I™ = [IMI"/x 1M, [)

lcase R-M (x; = M; | xg = Mp)I* = [IMI"/xg]1(Mgl")

lcase M (x; = M; | xg = M)t £ case M| (x; = My |" | xg = IMgl")

|zero|™ 2 zero

Isucc M|t 2 suce Mt

Inatrec zero (Mg | x,y = Mg)|* £ Myt

Inatrec succ M (M | x,y = Mg)|™ = [IM[*/x, natrec IM|™ (IM|* | x,y = IMg|") /y1(IMgl™)
A

Inatrec M (M, | x,y = Mg)|" natrec IM|* (IMol* | x,y = IMg™")

Parallel-Triangle

>
N =g M|*

\. J

Proof by induction on M = pN:
Z [Parallel-Var
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x=>ﬁx

—_— 2
X =g x|
1 |[Parallel-Var 2 fold |x|*
—— [Paallel-Eimpry
,,,,, 20
O =510
1
0 =50
O =g 01
1 Parallel-Empry] 2 fold [01*
[Parallel-Pair]
(ML/MR> i‘B (M,/M;Q>
(M, MRy =g KMy, Mg)I*

M =g M [* My =g IMgl*

(Mp, M) =g (IML|", IMgl™) )
(M, M) =g KMp, Mg)I™

1 IH 2 IH 3|Parallel-Pair| 4 fold |[(M;, Mg)|™

3 [Paralle]-ProjL-Under]|

M’-L=>5|M-L|+

SUBCASE| M = (M, Mg). By inversion, M" = (M}, My).
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(Mg, Mg) =g (M}, Mp)

1
(M, MR) =g (Mp, Mp)I* ,

Mi =>/B |ML|+
(Mp, M) - L =g IM|*
(M, M) - L =g KMy, Mg) - LI*
1 IH 2 unfold (M}, Mg)|" and inversion 3 [Parallel-ProjL| 4 fold |(M;, Mg) - L|*
SUBCASE| M is not a pair.

M =>’3 M’
_> 1
M =g M|*

M’-L=>ﬁ|M|+-L

M'-L=g|M-LI*

1 IH 2|Parallel-ProjL-Under| 3 fold |M - L|*

[[Parallel-ProjR-Under]]

M'-R=4IM-RI*
SUBCASE| M = (M, Mg). By inversion, M" = (M}, My).

(Mg, Mg) =g (M}, Mp)

(Mp, M) =g KMy, M)l* :
My =g IMg|"
(M7, Mg) - R =g IMg|"
(Mp, Mg) - R =g (M, Mg) - RI*

1 TH 2 unfold (M}, Mg)|" and inversion 3 [Parallel-ProjR| 4 fold [(M;, Mg) - R|*
SUBCASE| M is not a pair.
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M =>/3 M’
> 1

M’-R:5|M|+-R
M’-R:ﬁ|M-R|+

1 IH 2|Parallel-ProjR-Under| 3 fold |M - RIT

ML :‘3 M/L

My, Mp) - L =5 M;

Mj =g (M, Mg) - LI*

Parallc-ProjT]

ML =>;B Mi
—— ]
Mj =g M|

Mj =g My, Mg) - LI

1 1H 2 fold (M, Mg) - LI*

MR = M/
PR , [Parallel-ProjR]]
CASE (Mg, MRg) - R =g My
My =g KMy, Mg) - R
MR =>/3 M;Q
> 1
M}{ =>ﬂ |MR|+

M}{ :ﬁ |<ML/MR> . R|+
1 1H 2 fold (M, Mg) - RI*

M:>'BM/

Ax:>M:>ﬁAx:M

Ax=>M =g Ax =M™

- [Parallel-Lam]
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M =>/3 M’
> 1

Ax=M zﬁszlMﬁ

Ax=M =g N x = Mt

1 IH 2[Parallel-Lam| 3 fold |A x = M|t
M :>,B M, N =>,B N’

MN = M N

M'N' =5 IMN[*
SUBCASE| M =Ax= V. Byinversion, M' =Ax = V'

/\x=>V=>ﬂ/\x=>V’

[[Parallel-App-Under]|

1
/\x:>V’:>ﬁ|Ax:>V|+ N:>'BN'
2

3

V' =g VI* N =g INI* )

Ax =V N =g [INI"/x]1(VIT)
5
Ax=V' N =5Ax= VN

1 IH 2 unfold A x = V|T and inversion 3 IH 4|[Parallel-App| 5 fold A x = V NIt

SUBCASE| M is not a lambda abstraction.

M =g M N =4 N
B B 3

M'N' =g M|t IN|T
4
M'N' =5 M NIt

1 IH 2 IH 3 |Parallel-App-Under| 4 fold M N|*

MﬁﬁMl NﬁﬁN,

Ax=MN =4 [N'/x](M")

[N'/x](M') =5 A x = M NI

Parallc-Apy|




N :>,B N’
1 !
N’ =, NIt M=zM
B 5 3

[N'/x] =4 INI"/x] M =5 M
[N'/x](M") = [INI"/x](IMIT)

o)

4

[N'/x](M') =5 A x = MN[*

ITH 2 fold [N"/x] =4 [IN|T/x] 3 H 4|Parallel—Hat—Subst| 5fold A x = MN|T

M
Y [Parallel-InL]

Mﬁﬁ M’
> 1
M/ =>[3 |M|+

L-M =>ﬁL-|M|+

L-M =gIL-M*

1 TH 2[Parallel-InL} 3 fold |L - M|

M
Y [Parallel-1nR]]

R-M =gIR-M*

M :>,B M’
_> 1

R-M =>ﬁR-|M|+

R-M' =4 IR - M|*

1 IH 2[Parallel-InR| 3 fold |R - M|*"
CASE case M (xp = My | xg = Mg) =g case M’ (xp = M} | xg = M)

case M’ (x;, = Mj | xg = M) =g |case M (x; = My | xg = Mg)|*

SUBCASE| M =L-V. Byinversion, M =L-V".

96

[[Paralle]-Case-Under]|




1
L-V' =4IL-V|* My =g Mj
Vi =g VT M =g M [*

4

case L- V' (x; = M} | xg = Mp) =5 [[VI*/x J(MLI")

U1

case L- V' (x; = M] | xg = M) =g lcase L- V (x; = My | xg = Mg)|*

1 TH 2 unfold |L - V| and inversion 3 IH 4 [Parallel-Case-InL] 5 fold
lcase LV (x; = M, | xg = Mp)[*

SUBCASE| M =R-V. Byinversion, M’ =R-V".

Entirely analogous to the previous subcase.

SUBCASE| M is neither a left nor a right injection.

M, ilB |M|+ ML 2[3 |ML|+ M;Q 2[3 |MR|+

4

case M’ (x; = M | xg = Mp) =g case [MI™ (x; = IM|" | xg = IMg|™)

case M’ (x; = M | xg = M) =g lcase M (x; = M | xg = Mp)l*

1IH 21H 3 IH 4|Parallel-Case-Under{ 5 fold |case M (x; = M; | xg = Mg)|"

M =>ﬂ M’ ML =>ﬁ M’L
- - [Parallel-Case-InL]]
case L- M (x; = My | xg = Mg) =5 [M'/x]1(Mj)

[M'/x1(M}) =g lcase L-M (xp = M | xg = Mp)[*

M =>,B M,

> 1 ,
M’ =g M 5 M =g M, 5
[M'/x1] =g [IMI"/x, ] Mj =g IM|" )

[M'/x J(Mp) =g [IM" /x 1AM ™) )
o]

[M'/x](M}) =g lcase L- M (x; = My | xg = Mg)I"

1IH 2 fold [M'/x;] =5 [IM["/x;] 3 IH 4|Parallel-Hat-Subsq 5 fold
lcase L-M (x; = M; | xg = Mgp)[*
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Mﬁﬁ M/ MR :>,BM1,{

[[Paralle]-Case-InR]]

case R-M (x; = M; | xg = Mg) =g [M'/xg1(My)

[M'/xg]1(My) =g Icase R - M (x;, = M | xg = Mg)[*

Entirely analogous to the previous case.

[Parallel-Zero]

Zero =>ﬂ Z€Ero

zero =g Izero|t

Zero =>ﬁ Zero

2
zero =g |zero|t

| Parallel-Zerd] 2 fold jzerol*

M =>ﬁ Ml
[Parallel-Sucd]

succ M =g succ M’

succ M’ = |succ M[*

M =>ﬁ M’
_> ]

succ M’ =g succ M|

succ M’ =4 |succ M*

1 IH 2[Parallel-Succ 3 fold |succ M|*"

natrec M (M, | x,y = Mg) =g natrec M (M{ | x,y = Mg)

natrec M’ (Mj) | x,y = Mg) = Inatrec M (M | x,y = Mg)[*

SUBCASE| M = zero. By inversion, M’ = zero.

MO =>ﬁ ME)
ﬁ 1
Mg =g IMo|" ,

natrec zero (M | x,y = Mg) =g IMol™

[[Parallel-NatRec-Under]

natrec zero (M’O lx,y= Mé) =g Inatrec zero (Mg | x,y

98

3
=>M5)|+



1 IH 2|Parallel-NatRec-Zero| 3 fold |natrec zero (M | x,y = Mg)|*

SUBCASE| M = succ V. By inversion, M" = succ V'.
Define R* = natrec [V[T (IMyl* | x,y = IMg|™).

succ V =g succ \%4

1

succ V' =4 [succ V|* , My =5 M, S Mg =5 Mj )
——

V=g IVIT My =g IMol" Mg =g IMsl"

5

natrec succ V' (M | x,y = Mg) =4 [IVI"/x, R* /y1(IMg| ™)

natrec succ V' (M | x,y = Mj) =g Inatrec succ V (Mg | x,y = Mg)I*

1 IH 2 unfold |succ V|t and inversion 3 IH 4 IH 5|Parallel-NatRec-Sucd 6 fold
Inatrec succ V- (Mg | x,y = Mg)[*

SUBCASE| M is neither zero nor a successor.

M’ =>,B |M|+ M(’) =>/; |M0|+ M’S =>,B |M5|+ 4
natrec M' (M | x,y = Mg) =g natrec IM[" (IMo|" | x,y = IMg|™)
5

natrec M' (M{, | x,y = Mg) = Inatrec M (M | x,y = Mg)[*

1IH 21H 3 IH 4|Parallel-NatRec-Under| 5 fold |natrec M (M | x,y = Mg)|*

MO =>ﬁ ME)
- [[Paralle]-NatRec-Zero

CASE natrec zero (M | x,y = Mg) =5 My

M =4 Inatrec zero (M | x,y = Mg)[*

MO =>;B ME)
e — ]
My =g IMo|"

2
M = Inatrec zero (M | x,y = Mg)|*

1 IH 2 fold |natrec zero (M | x,y = Mg)|"

CASE natrec succ M (Mg | x,y = Mp) =g [M'/x,R"/y](Mg)

[M'/x,R' /y](Mg) =4 Inatrec succ M (M | x,y = Mg)|"

[Paralle]l-NatRec-Sucd]]
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Define R’ 2 natrec M" (M | x,y = Mj) and R £ natrec [IM[" (IMy|* | x,y = [Mg|").

, 4
M= M M =M™ My=gIMol" Mg =5 Ml \ |
M =, M* R =, R* Mg =5 Mg
B Rl ;
[M'/x,R'[y] =g [IMI"/x,R* /y] Mg =g [Mg|" .

[M'/x,R' [yl (Mg) =g [IMI"/x,R* /y]1(IMg|™)

[M'/x,R'/y](Mg) =g Inatrec succ M (M, | x,y = Mot

1IH 2IH 3IH 41H SIParallel—NatRec—Undeli 6 fold [M'/x, R’ /y] =g [IMI"/x,R*/y] 7 H
8 |Parallel-Hat-Subsq 9 fold |natrec succ M (M, | x,y = Mg)|*

Parallel B-reduction has the diamond property as a direct corollary of [[Parallel-Triangle]:

Parallel-Diamond

N =g IM* AN =5 M

Proof :

N=gM* N =;M*

N =g MY AN =5 M*

3

1 |Parallel-Triangle| 2[Parallel-Triangle| 3 A-I

To prove confluence for multi-step parallel B-reduction, we first prove the following strip lemma:

Parallel-Strip

JL.N =7

,BL/\N z};L

Proof by induction on the derivation of M =>,’;3 N':
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Mzl M
AL N=SLAM=

[[Paralle]-Multi-Refl]

1] =2
N=%N M:;N

B
N=>*N/\M=>;3N

p
EIL.N:EL/\M:EL

1 |Parallel-Multi-Ref]| 2 |Paralle]l-Multi-if-Single| 3 A-I 4 3-I(N)

[Parallel-Multi-Cons||
MzﬁN Mz;; N’
3L.N=>}§L/\N =>:éL
> 3
M=;zN P =, M P =% N’
B B B
> 1
N =4 M| 3L.IMIT =5 LAN =3 L
2
N =% IM|* IM|* = LAN =5 L )
N=>;L/\N :EL

7

HK.NﬁEK/\N':;%K

1 [Parallel-Triangle| 2 [Parallel-Multi-if-Single| 3 |Parallel-Triangle| 4 IH 5 pick L 6 [Parallel-Multi-Trans|

7 3-I(L)

4

S5

O]

Parallel-Confluence

M:;;N M:EN

EIL.N:;

LAN’ =>}§L

Proof by induction on the derivation of M =>; N :

[Parallel-Multi-Refl]
M

E'L.Mﬁ*L/\Nlﬁ;%L
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-
M=>I’I§N’ N’:/’;N’
M:>E EN

EIL.M=>/’§L/\N’=>

N' AN =

’[;L

1 [Parallel-Multi-Refll 2 A-1 3 3-1(N')

M= B P P =>;3 N
[[Paralle]l-Multi-Cons|]

CASE M:EN M=>,’[;N'
 AL.N=3LAN=3L

N
3Q.P=5QAN =5 Q
2
P=tN  P=3QAN =%Q

M=>ﬁP M=

B
3
HL.(N:;;L/\QﬁEL)/\N’ :;Q )
N =% LA N’ =3 L .
HK.NzEK/\N’ :EK
1 2 pick Q 31H 4 pick L and [Paralle[-Multi-Trang| 5 3-I(L) O

Since the usual multi-step f-reduction is sound and complete with respect to the multi-step parallel
B-reduction, the confluence of parallel B-reduction implies the confluence of B-reduction:

s D

Confluence

M—»;N M—»;N

LAN —

JdL . N -}

B L

B

Proof :

M—)ZN M—)EN'
M=>}§N M=>;3N’

EIL.NzEL/\N’:

EIL.N—»;

3

EL

EL

4

LAN -

1 [Parallel-Multi-if-Usual-Multil 2 [Paralle[-Multi-if-Usual-Multi 3 [Parallel-Confluence
4 |Usual-Multi-if-Parallel-Multi| twice O
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Chapter 6

Normalization

With [[Confluencel|, we can prove the needed lemmas to finally arrive at the last pair of theorems

regarding normalization:

[norm-if-H] [norm-if-N|

ALMeA ASMeA
normﬁ;(M) normlg(M)

The proof would be by simultaneous induction on A 2L Me Aand A 25 M € A. From the various
induction cases, we collect the following lemmas that are needed for the proof:

[WN-Head-Expansionl]
M—>;§M’ normﬁ(M’)
normﬁ(M)
[WN-VarM]  [WN-EmpeyM]|
normﬁ(x) normﬁ(<)) normﬁ(zero)
[WN-ArrowT]|
normﬁ(M-L) normﬁ(M-R) normﬁ(Mx)
—
normﬁ(M) normﬁ(M)
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[WN-SuccM]| [WN-InLM]| [WN-InRM]

normlg(M) norm/;(M) normﬁ(M)

normﬁ(succ M) normﬁ(L -M) normﬁ(R -M)
[WN-ProiLM|| [WN-ProjRM||

A%MeAL xAg  normg(M) AgMeAL xAg  normg(M)

normﬁ(M -L) normﬁ(M -R)

[[\X/N—Neutral—AppMﬂ

A N, MeA-B normﬁ(M) normﬁ(N)

normﬁ(M N)

[[WN-Neutral-Case M|

A Me Ap+Ag  normg(M)

norm/;(ML) normﬁ(MR)

normg(case M (x; = My | xg = Mg))

[WN-Neutral-NatRecM]|

A % M € nat normﬁ(M)

normﬁ(MO) normﬁ(Ms)

normg(natrec M (M | x,y = Ms))

We can classify the above lemmas into several kinds. The first kind consists of only head expansion of
normalizability:

[IWN—Head—Expansionﬂ

M —>/’§ M’ normﬁ(M’)

normﬁ(M)

This lemma is intuitively true as if a term M’ is normalizable, we may append any reduction M —
to the front of the normalizing path to conclude that M is also normalizable.

;M

The second kind of lemmas consists of those that demand constants be normalizable, which are true
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because constants are already f-normal:

WN-VarM]  [WN-EmptyM||  [WN-ZeroM]

normﬁ(x) normﬁ(()) normﬁ(zero)

The third kind of lemmas consists of those that ask us to extract a normalizing path for a term M,
%iven one or more normalizing paths for its elimination forms. As we have illustrated, the proof of

N-TimesT|| demands that we show that normalizability is forward closed, which we were able to

establish with [[Confluence]:

[WN-TimesT]| [WN-ArrowT]|
normﬁ(M -L) normﬁ(M -R) normﬁ(M X)
_>
normﬁ(M) norm/;(M)

The fourth kind of lemmas consists of those that demand that we construct a normalizing path after
applying introduction-form constructors to a normalizing term M:

s ~

[WN-SuccM| [WN-InLM| [WN-InRM]
normﬁ(M) normﬁ(M) normﬁ(M)

normﬁ(succ M) normﬁ(L -M) normﬁ(R -M)

The fifth, and final, kind of lemmas consists of showing spines are normalizable, given all of their
immediate subterms are normalizable:

[WN-ProjL M] [WN-ProjRM]

A= MEA xAr normg(M) A=>MEA xAg normg(M)

normﬁ(M -L) normﬁ(M -R)

[[WN-Neutral-AppM]

A =\”> MeA-—-B normﬁ(M) normﬁ(N)

normﬁ(M N)
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[[WN-Neutral-Case M|

AL Me Ap+Ag  normg(M)

normﬁ(ML) normﬁ(MR)

normg(case M (x; = My | xg = Mg))

[WN-Neutral-NatRecM]|

A /=\> M € nat normﬁ(M)

normﬁ(MO) normﬁ(MS)

normg(natrec M (Mg | x,y = Ms))

With these lemmas, we are able to prove both |norm—if—H|| and [[norm-if-N]|], with which we can then

show that all well-typed terms are normalizable, since all well-typed terms are computable, by [FTLR]:

norm-if-WT

rM:A
e
normﬁ(M)

Proof :

TEM:A 1

rLmea )
norm/;(M)

1[ETLRI 2norm-it-Hl O

Finally, we show that if a term M has some B-normal form T, then that T must be unique, as a corollary
of [[Confluence]]

Uniqueness-of-beta-Normal-Forms

M=jThs M3 T

T=T

Proof :
By || on M —>:§ T and M —>:§ T’, we know there exists a common reduct T” such that

T—)}gT and T _)ﬁT'
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But at the same time we already have T4 and T’ 5, which torces T = T” and T' = T”, and hence
T=T". ]

Therefore, combining |norm—if—WT| and [Uniqueness-of-beta-Normal-Forms||, we can conclude that
any well-typed term has a unique f-normal form.

The next section Section 6.1 (Proofs) contains the detailed proofs of the theorems and lemmas we
discussed above.

6.1 Proofs

Recall the relevant definitions concerning normalizability:

M7L>/3 é VMI—l(M _)ﬁ M/)
normg (M) £ IM'.M S M AM g
norm-if-H norm-if-N

H N
A=MeA A=MeA
—— ——

normﬁ(M) normﬁ(M)

Proof by simultaneous induction on A N MeAand A BN MeA:

M —»}; Zero
— [H-ZeroM|
CASE] A = M € nat
normﬁ(M)

_ > 1
M —>/’§ zero normﬁ(zero)

2

normﬁ(M)

1|WN-ZeroM| 2[WN-Head-Expansion|

M —>}§ succM’ A L_[> M’ € nat

[H-SuccM]
CASE A 4 M € nat
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A$M’enat 1
E

normﬁ(M’)
2

M —»E succ M’ normg (succ M)

3
normﬁ(M)

1 TH 2[WN-SuccM| 3 [WN-Head-Expansion|

U7 e

——— [H-Emp
CASE] A= Mel

normﬁ(M)

— |
M =% () normg(())

2

normrg(M)

1|WN-EmptyM| 2|WN-Head-Expansion|

Mot M A= M el

B
Z Z
CASE [[H-Neutral-1T]|

A Met

AL M el
ﬁl

M —>; M’ normﬁ(M’)

normﬁ(M)

2

1 TH 2|WN-Head-Expansion|

AL M- LeA, AL M-ReAg

A< Me AL x Ag

[H-TimesT]|

AL M- Lea, 1 AL M-Re Ag ,
normﬁ(M-L) normﬁ(M-R)

3

normﬁ(M)
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1IH 2 1H 3[WN=-TimesT]

xeEA Ax:AZSMxeB

& [H-ArrowT]|
CASE A=MeA—B
norm[;(M)
Ax:AZL MxeB 1
normﬁ(M X)
— 2
normﬁ(M)
1 H 2[WN-ArrowT]
M-sL-M, A=5M; €A
H-InLM
CASE N H-InLM|
A= MeA] +Ag
normﬁ(M)

AL M, €A, 1
:>

normg(Mp )
2
M —>; L-Mp  normg(L-Mp) ,

normﬁ(M)

1 TH 2|WN-InLM| 3 |WN-Head-Expansion|

M—5R-Mg A= Mg € Ag
H-InRM|
CASE i H-InRM]|
A= MeA +Ag
normﬁ(M)

Entirely analogous to the previous case.

M—sM A= M €A +Ag

|CASE| AL Me A, + Ag

[H-Neutral-SumT]|
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A%M’eAL+AR 1

M —>; M’ normﬁ(M’)

2

normﬁ(M)

1 IH 2[WN-Head-Expansion|

M —% M’ A =% M e nat

[[H-Neutral-NatT]]
CASE A 2L M enat

A N M’ € nat 1
:
M =5 M normﬁ(M’)

P 2
normg (M)
1 TH 2|WN-Head-Expansion|
. [N-VarM]
CASE| Ax:A=x€eA
normﬁ(x)
> 1
normlg(x)
1 WN=VarM|
N
A MeA; xA
— RN [NoproilM)
CASE| A M-LeA;
normﬁ(M -L)
AL Me A x Ag 1
AQMEAL x AR normﬁ(M)

2

normﬁ(M -L)

1 1H 2[WN-ProM
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AL Me A xAg

: [N-projRM|
CASE| AN M-ReAg
normﬁ(M-R)
AL Me A xAg 1
AéMeALxAR normg (M)
2
normﬁ(M~R)

11 2 [WR-ProRw]

A MeA>B AZLNeA

[IN-AppM]|
CASE A= MNeB
normﬁ(M N)
N H
A:MEA—»B1 A=N€A2
AQMeAaB normﬁ(M) normﬁ(N)

3

normIB(M N)

11H 21H 3[WN-Neutral-AppM|

AL Me AL+ Ag

A,xL:Asz{MLEB

A,XR:ARé?MREB

AécaseM(xLzMleRzMR)eB

[N-CaseM]

normg(case M (x; = M | xg = Mg))

AéMeAL+AR .
A QMEAL + Ag normg (M)

Ax A, =5 M, €B , Axg: Ag = My € B

normﬁ(ML) normg (MR)

normg(case M (x;, = M| | xg = Mg))

1IH 21IH 3 IH 4[WN-Neutral-CaseM|
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A$Menat

A$MoeA

A,x:nat,y:AéMs eEA

. [IN-NatRecM]|
A = natrecM (M, | x,y = Mg) € A

normg(natrec M (M | x,y = Ms))

A =\°> M € nat
NS :>
A % M € nat norm/;(M)

ALLMyeA  Axinaty:A=sMseA
2

normg (My) normﬁ(MS)

normﬁ(natrec M (My | x,y = My))

1IH 2TH 3 IH 4[WN-Neutral-NatRecM|

WN-Head-Expansion

M —>}; M’ normﬁ(M’)

normﬁ(M)

Proof by showing the following equivalent statement:

M3 P P+

normﬁ(M)

1|Beta—Mu1ti—Trans| 2 fold normg (M)

WN-VarM

>
normg (x)
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Proof :

x —->g M
P 2
= 3
VM .= (x -z M
*1 (r=pM)
X —opX x+ﬁ
normﬁ(x)

1|Beta—Mu1ti—Reﬂ| 2 inversion 3 V/ =-I 4 fold x4 g5 fold normg (x)

WN-EmptyM

_>
normpg(())

WN-ZeroM

_ >
normﬁ(zero)

Proof entirely analogous to that of [WN-VarM].

WN-SuccM
normg (M)

e —
normﬁ(succ M)

Proof by showing the following equivalent statement:

normﬁ(succ M)

succ P -5 Q
3
= 4
M -5 P VQ.=(succP -5 Q
P 1 ( p )5
succ M —»73 succ P succ P+g
6

normﬁ(succ M)
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1 B*-under 2 inversion 3 unfold P+g and V/ =-E 4 V/ =-1 5 fold succ Ppg 6 told
normﬁ(succ M) ]

We prove a helper lemma, which shows that the property of being normalizable is forward closed, as a
corollary of [Confluence]:

norm-Forward-Closure

normg M) M —»; M’

normﬁ(M’)

Proof by showing the following equivalent statement:

IQ.P -5 QAM -5 Q ,
P -5 QAM —%Q P4
M’ -3 P AP+ \

3

normﬁ(M’)

1 2 pick Q 3 inversion on P —% Q 4 fold normg (M") O

WN-TimesT

normﬁ(M -L) normﬁ(M -R)

normﬁ(M)

. J

Proof by showing the following equivalent statement:

Mbzel Trp nompR)

normﬁ(M)

Proceed by induction on M - L —>;§ P.

norm/;(M)
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M—>‘BM’
M-Lpg M-L-gM -L

1 4 J
YM' . = (M -z M)
M -5 M 1 Mg ’

6

normﬁ(M)

1Beta-Multi-Refl] 2|ProjL-Under| 3 unfold M- Lgand V/ =-E 4 V/ =-1 5 fold M4 6 fold
normg (M)

M-LogN N3P
[Beta-Multi-Cons|]

CASE M- L —>2§ P P+ﬁ normﬁ(M -R)

normﬁ(M)

Inversionon M - L -4 N.

ProjL-Unde
ML op L ProjL-Under, MLy
SUBCASE
Mb=pl Pp  normpM-1)
normﬁ(M)
M _),B M’
3
normﬁ(M~R) M-R —>;; M'-R
4
M—>ﬁM’ ) M’-L—»;P Ppg normﬁ(M’-R) )
J
M-g M normg(M’) )
normﬁ(M)

Beta-Multi-if-Single| 2 [ProjR-Under| 3 [Beta-Multi-if-Single| 4 norm-Forward-Closure| 5 IH
6 [WN-Head-Expansion|

—_

[ProjL-beta]
(Mp,MR)-L -5 M My -5 P
SUBCASE (Mg, Mg) - L =% P Ppg  normg({Mp, Mg) - R)

normg ((Mp, Mg))

First, the right component is normalizable:
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1
<ML/MR> . R _)‘B MR

normg((M, Mg) - R) ~ (Mp,Mg) - R =5 Mg
3

normﬁ(MR)
Mg =5 QA Q+p

1 IProjR—betal 2 IBeta—Multi—if—Singlel 3 |n0rm—F0rward—Closure| 4 unfold norm s(Mg) and pick Q

Moreover:

(P,Q) - R .
Ppg  Qpp P-opP VvQ-opQ 5
L
VR. - ((P,Q) =4 R)
(P, Q)+p

3

1 inversion 2 V-E 3 V/ =-I 4 fold (P,QH"/;
Finally:

My -5 P Mg =5 Q

1
<ML/MR> _)23 <P/MR> <P/MR> _);% <P1 Q>
3
<ML/MR> _)E <Pl Q> (P/ Q>7L)/3
4
normg ((Mp, Mg))

2

1 B*-under 2 B*-under 3|Beta—Multi—Trans| 4 told norm p (M, Mg))

~

Irrd-lam-if-Irrd-under

Pg
>
/\X:)P+ﬁ

Proof :
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/\Xﬁp—v;Q

2
= 3
VQ. - (Ax=P-;Q)
4
A X = P7L>ﬂ
1 inversion 2 unfold P4y and V/ =-E 3V/ =-] 4foldA x = P4y O
WN-ArrowT
normﬁ(M X)
—
normg (M)
Proof by showing the following equivalent statement:
Mx—pP Pt
normg (M)
Proceed by induction on M x —»E P.
v M [Beta-Multi-Refl]
MEropr oY T
normﬁ(M)
M _),B M’
Mxpg Mx—p M x
3
1 4
VM’ . = (M -z M)
1 5
normﬁ(M)

1[Beta-Multi-Refll 2|App-Under-Fun| 3 unfold M x5 and ¥/ =-E 4 V/ =-1 5 fold M4 6 fold
normg (M)

Mx—zN N-%P
[Beta-Multi-Cons||

M P Py

Inversionon M x — B N.
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M_).B M/ d
- -Under-Fun
MxeﬂM’xﬂApp |] M x =% P

SUBCASE

— 1
M -5 M’ normﬁ(M’)

normg (M)

1 Beta-Multi-if-Single| 2 IH 3 |[WN-Head-Expansion|

x—»lgx’

_— —Under—Ar
Mx—»lng’ HAPP g[l Mx’—»;P

1 inversion 2 1-E

I‘ I-—beta
Ax:M’x—»lgM’ M —*

Nx=M x5 P P

norm/;()\ x=M)

M’ —% P P

/\x=>M’—>}§/\x=>P Ax=Pspg

normﬁ(/\ x=M)

1 B*-under 2|lrrd-lam-if-Irrd-under|
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WN-InLM
normﬁ(M)
_—>
normﬁ(L - M)

Proof by showing the following equivalent statement:

normﬁ(L - M)

3
1
M -5 P 1 VQ.~(L-P-4Q)
L-M—»};L-P L-P+/3
normﬁ(L-M)

4

1 B*-under 2 inversion 3 unfold Py and V/ =-E 4V/ =-1 5fold L- Py 6 fold
normﬁ(L - M)

WN-InRM
normg (M)
>
normﬁ(R -M)

Proof entirely analogous to that of the previous lemma.

EmptyM-is-Intro PairM-is-Intro LamM-is-Intro

Intro({)) Intro({Mp, MR)) Intro(A x = M)

InLM-is-Intro InRM-is-Intro ZeroM-is-Intro SuccM-is-Intro

Intro(L - M) Intro(R - M) Intro(zero) Intro(succ M)
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Spine-ProjL Spine-ProjR Spine-App

Spine-Var
Spine(M) Spine(M) Spine(M)
Spine(x) Spine(M - L) Spine(M - R) Spine(M N)
Spine-Case Spine-NatRec
Spine(M) Spine(M)
Spine(case M (x; = M | xg = Mg)) Spine(natrec M (M | x,y = Mg))

Not-Intro-if-Spine

Spine(M)
>
=Intro(M)

Proof by induction on Spine(M). In each case, introduce Intro(M) and then immediately perform
inversion on this judgement to derive L. O

Spine-if-Neutral

AL MeA
_ >
Spine(M)
Proof by induction on A N MeA:
. [N-VarM]
CASE| dx:A=xeA
Spine(x)
— 1
Spine(x)

| BV

AL MeA; x Ag
(CASE| AN m.pea,

Spine(M - L)

[NproilM

AL Me A x Ag 1
Spine(M)
Spine(M - L)
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11 2 fpeProD

AL Me A xAg
(CASE| A M.Reag

Spine(M - R)

[NoprolRM

AL Me A x Ag 1
Spine(M)
Spine(M - R)

11H 2[5piePro)

AL MeA—>B AZLNeA
CASE | AL MN eB

Spine(M N)

[IN-AppM]|

AéMeAeB]

Spine(M)
Spine(M N)
I 1H 2[Spine=App)
A M €A + AR
Axp A =5 M, €B
CASE M
Axp:Ar = Mp €B
RIZR R [N-CaseM]|

AL case M (x, = M, | xg = Mg) € B

Spine(case M (x; = M | xg = Mg))

A Me A + Ag .
Spine(M)

2
Spine(case M (x; = M; | xg = Mg))

1 1H 2[Spine-Casd
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AéMenat

A$M06A

CASE A,x:nat,y:A4>M5 eEA

A =5 natrec M (M, | 1,y = M) € A

Spine(natrec M (M | x,y = My))

IN-NatRecM]

A =\> M € nat :
e ——
Spine(M)
Spine(natrec M (M, | x,y = Mg))

1 1H 2[Fpine-NaRed

7~

Spine-One-Step-Forward-Closure

Spine(M) M g M’

Spine(M")

Proof by induction on the derivation of M — pM':
ML _),B Mi
CASE| Spine({Mp,Mg)) (Mp,Mg) —g (M}, MR)

Spine({Mj, Mg))

[Pair-Under-L]

Spine((ML,MR>)
1
Spine({M}, MR))

1 inversion 2 1-E
MR _)ﬁ Mk
CASE Spine((ML,MR)) <ML/MR> _)ﬁ <ML,M}{>

Spine({Mp, My))

[Pair-Under-R]

Spine({Mp, Mg)) |
1
Spine({Mp, My))
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1 inversion 2 1-E

M-, M
B -
[ProjL-Under|
CASE Spine(M-L) M-L g ML

Spine(M’ - L)

Spine(M - L) |
Spine(M) M -y M’

2

Spine(M")
Spine(M' - L)

1 inversion 2 [H 3

M_)ﬁ M/

[ProiR-Under]
CASE| Spine(M-R) M-R—4zM -R ProjR-Under

Spine(M' - R)

Spine(M - R) .
Spine(M) M —g M’

2

Spine(M")
Spine(M’ - R)

1 inversion 2 IH 3

i [Proj~beta
CASp| SPine(Mp,Mg)-L) (Mp,Mg)-L —p M ProjL-beta|

Spine(M;)

Spine({M;, Mg) - L) .
Spine((ML,MR)) 5
N
Spine(M;)

1 inversion 2 inversion 3 L-E

ProfRbecd

Spine((M;, Mg) - R) (M, Mg)-R —g Mg

Spine(Mg)
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Spine({M;, Mg) - R) |
Spine({Mp, Mg)) 5
L
Spine(Mg)

1 inversion 2 inversion 3 1-E
M _).B M,
CASE| Spine(Ax = M) /\x=>M—>5Ax =M

Spine(A x = M)

[Lam-Under

Spine(A x = M) |
1
Spine(A x = M")

1 inversion 2 1-E

M _)ﬂ M’
————— [|App-Under-Fun]
Spine(MN) MN -z M'N
”””” SpineM N)
Spine(M N) |
Spine(M) M -4 M’
2
Spine(M")
Spine(M' N)

1 inversion 2 IH 3

N —’g N/
———— [|App-Under-Arg]
SpineMN) MN -5 MN’
******** SoineM Ny
Spine(M N) .
Spine(M)
Spine(M N")

I inversion 2[Spine-App|
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[App-beca]

Spine([N/x](M))

Spine(A x = M N) :
Spine(A x = M) 5
L
Spine([N/x](M))

1 inversion 2 inversion 3 1-E

M2 M Onded
InlL-Under
CASE| Spine(L-M) L M —gL M
T Spined
Spine(L - M) !
L,
Spine(L - M")
1 inversion 2 1-E
M2 M RCOndel
InR-Under
CASE| Spine(R - M) R-M—>5R-M’
”””” Spine(R- M)
Spine(R - M) :
I S
Spine(R - M")

1 inversion 2 1-E

Spine(case M (x; = M; | xg = Mg))

M_)ﬁ M/

[[Case-Under-Mainl|

case M (xp = My | xg = Mg) —»g case M’ (xp = M | xg = Mg)

Spine(case M’ (x; = M; | xg = Mg))
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Spine(case M (x; = Mj | xg = Mg)) !
Spine(M)

M —g M

2
Spine(M")

3
Spine(case M’ (x; = Mj | xg = Mg))

1 inversion 2 IH 3

Spine(case M (x; = M; | xg = Mg))

M; =z M;
=

Case-Under-1]
case M (xp = My | xg = Mg) —g case M (xp = M| | xg = Mp)

Spine(case M (x; = M} | xg = Mg))

Spine(case M (x; = M; | xg = MR)) 1
Spine(M) 5
Spine(case M (x; = Mj | xg = Mg))

1 inversion 2[Spine-Case

Spine(case M (x; = M; | xg = Mg))

Mp —», M/
PR

Case-Under-R
case M (xp = My | xg = Mg) —g case M (xp = M | xg = Mp)

Spine(case M (x; = My | xg = Mp))

Spine(case M (x; = M; | xg = Mg)) 1
Spine(M) )
Spine(case M (x; = M | xg = M%)

1 inversion 2[Spine-Case

Spine(case L - M (x; = Mj | xg = MR))

[[Case-InL-betal
CASE case L .M ('xL = ML | _XR = MR) _)‘3 [M/XL](ML

Spine([M/x;1(M;))

Spine(case L - M (x; = M | xg = MR)) .
Spine(L - M) 5
1
Spine([M/x;1(My))
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1 inversion 2 inversion 3 1-E

Spine(case R - M (x; = M | xg = Mg))

Case-InR-bet
CASE|  case R-M (x; = M; | xg = Mg) —p [M/xg]1(MR) = =

Spine([M/xg]1(MRg))

Spine(case R- M (x; = M} | xg = Mg)) |
Spine(R - M) 5
1
Spine([M/xg](MR))

1 inversion 2 inversion 3 L-E

| I_ uccUnder
CASE SpinE(SUCC M) succ M _),B succ M’

Spine(succ M")

Spine(succ M)
1
Spine(succ M")

1 inversion 2 1-E

Spine(natrec M (Mg | x,y = Mg))
M —>13 M/
natrec M (My | x,y = Ms) —pg natrec M’ (Mg | x,y = M)

[[NatRec-Under-Main|

Spine(natrec M' (M, | x,y = Mg))

Spine(natrec M (Mg | x,y = Mg)) .
Spine(M) M g M’

2

Spine(M")
Spine(natrec M" (Mg | x,y = Mg))

1 inversion 2 [H 3

127



Spine(natrec M (Mg | x,y = My))
MO —>'3 M6
natrec M (My | x,y = Mg) —g natrec M (M | x,y = M)

Spine(natrec M (M, | x,y = Ms))

[NatRec-Under-Zero|

Spine(natrec M (M | x,y = Mg)) |
Spine(M)
Spine(natrec M (M, | x,y = Mg))

1 inversion 2|Spine-NatRec

Spine(natrec M (Mg | x,y = My))
MS —>'3 M,S
natrec M (M | x,y = Mg) —g natrec M (Mg | x,y = M)

[NatRec-Under-Succ]]

Spine(natrec M (M | x,y = Mg))

Spine(natrec M (M | x,y = Mg)) |
Spine(M)
Spine(natrec M (M | x,y = Mg))

1 inversion 2[Spine-NatRec

[NatRec-Zero-betal|

CASE Spine(natrec zero (M | x,y = Mg))  natrec zero (M | x,y = Mg) -5 My

Spine(Mj)

Spine(natrec zero (Mg | x,y = Mg)) .
Spine(zero)
_ L 3
Spine(Mj)

1 inversion 2 inversion 3 L-E

Spine(natrec succ M (M, | x,y = Mg))

NatRec-Succ-bet
natrec succ M (Mg | x,y = Mg) -5 [M/x,R/y](Ms) [NatRee-Suce-bea]

Spine([M/x,R/y1(Ms))

Define R = natrec M (M, | x,y = Mg).
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Spine(natrec succ M (Mg | x,y = Mg)) '
Spine(succ M) 5
= 3
Spine([M/x,R/y]1(Ms))

1 inversion 2 inversion 3 1-E

7~

Spine-Forward-Closure

Spine(M) M —>7§ M’

Spine(M")

Proof by induction on the derivation of M —»I’é M

[Beta-Multi-Refl]

Spine(M)
Spine(M)
M-gP P —>;§ M’
_ [Beta-Multi-Cons|
CASE| Spine(M) M —>}§ M’
"""" Spine(M)

Spine(M) M -4 P

1

Spine(P) P —>[§ M’

2

Spine(M")

1|Spine-One-Step-Forward-Closure| 2 TH

Not-Intro-if-Neutral-Multi

AL MeA M —5 P

—Intro(P)

Proof :
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A MeA
:}1

Spine(M) M —*

ﬁP

2

Spine(P)
— 3
—Intro(P)

1 |Spine-if-Neutral| 2|Spine-Forward-Closure| 3 [Not-Intro-if-Spine|

WN-ProjLM

A % Me A x Ag normﬁ(M)

normﬁ(M -L)

Proof by showing the following equivalent statement:

A=SMEA xAx M-5P  Ppy

normg (M-L)

Claim P - L+ 4. To show this, fix an arbitrary Q, assume P - L — g Q, and we will derive L.

Inversionon P-L —45 Q:

P—>ﬁpl
P-L—»lBP"L

Hence Q = P’ - L.

1 unfold P+#g and V/ =-E

(PL,Pr)-L—g Py

Hence P = (P;, Pg) and Q = P;.

A= MeA xAg M —%(Py,Py)

1 2
—||ntr0(<PL,PR>) IntrO(<PL,PR>) 3
1

1 Not=Intro-if-Neurral-Mult] 2 [PairtM=is-Intral 3 =-E
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Hence shown P - L+ .
Finally:
M —-% P
P 1

E
M-L—¢P-L P-L7L>ﬁ2

normlg(M -L)

1 B*-under 2 fold normg(M - L)

WN-ProjRM

A MeA xAg  normg(M)

normﬁ(M -R)

Proof entirely analogous to that of the previous lemma.

WN-Neutral-AppM

A L MeA-B normﬁ(M) normﬁ(N)

normﬂ(M N)

Proof by showing the following equivalent statement:

N * *
STMEATE M7pP Tt N7RQ 97

normﬁ(M N)

Claim P Q- . To show this, fix an arbitrary R, assume P Q —4 R, and we will derive L.

Inversion on P Q g R:

P _)ﬁ P’
o [App-Under-Fun]|

SUBCASE] o
B

Hence R = P’ Q.

1

1

1 unfold P-4 and V/ =-E
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/

Q-50Q
SUBCASE —ﬁ, [App-Under-Arg]|

Hence R=P Q'.

Q+p Q-pQ '
1

1 unfold Q-4 and V/ =-E

Hence P=A x = P’ and R = [Q/x](P").

AL MeA-B M—%Ax= P

1 2
—Intro(A x = P’) Intro(A x = P’) 3
1

1 [Not-Intro-if-Neutral-Multil 2 LamM=is-Intro| 3 =-E

Hence shown P Q- .
Finally:
M —% P 1 N -%Q :
MN -5 PN PN ->%PQ
B B 3
MN —%PQ P Q4
B B 4
normﬁ(M N)

1 B*-under 2 B*-under 3|Beta—Multi—Trans| 4 fold normg(M N)

WN-Neutral-CaseM

A Me Ap+Ag  normg(M)

normﬁ(ML) normﬁ(MR)

normg(case M (x; = My | xg = Mg))
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Proof by showing the following equivalent statement:

ASSMEA +Ax M-5P Py

Mp =g Pp Prpg

normg(case M (x; = My | xg = Mg))

Claim case P (x; = P; | xg = Pg)+g. To show this, fix an arbitrary Q, assume case P (x, = Py |
xg = Pg) =5 Q, and we will derive L.

Inversion on case P (XL = PL |xR = PR) —)/3 QZ

P—>‘BP’

[Case-Under-Main||

case P (xp = Pp | xg = Pr) —»g case P’ (xp = Pp | xg = Pg)

HencechaseP' (xLzPleRzPR).

1
1 unfold P+ and V/ =-E
PL _);B P’L
SUBCASE [Case-Under-1]]
case P (xp = Pp | xg = Pr) —»g case P (xp = P; | xg = Pg)
Hence Q = case P (x; = P} | xg = Pg).
1
1 unfold P44 and V/ =-E
PR g Pl
SUBCASE PR [Case-Under-R]]

CaseP(xL:PleRﬁpR) —)ﬁ CaseP(xL:PleRzpk)

Hence Q = case P (x; = P | xg = Pj).

PR—/-),B PR _)ﬁ Pk
1

1

1 unfold P+ and V/ =-E
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[Case-InL-betal
SUBCASE|  case L- P} (x; = Py | xg = Pg) —p [P} /x.1(Pr)

Hence P =L -P; and Q = [P} /x;1(Pyp).

A%MeAL+AR M_>73

1 2
—lIntro(L - P}) Intro(L - P}) 5
L

L-P;

1 Not=Intro-if-Neutral-Mulril 2[nLM=is-Introl 3 =-E

TInR-
SUBCASE [[Case-InR-beta]

case R - P (x; = Pp | xg = Pg) —4 [Pr/xg](Pg)

Hence P = R - Py and Q = [Py/xg]1(Pg).

ASMeEA +Ax M-

1 2
—Intro(R - Py) Intro(R - Py) 5
1

R-Pj

1 INot-Intro-it-Neutra]-Multil 2[[nRM-is-Introl 3 =-E
Hence shown case P (x; = Py | xg = Pg)+p.

Finally, write C(U, U, Ug) = case U (x; = Uy | xg = Ug). Then:

M—)EP ML_)Z;PL MR_):EPRl
C(M, My, Mg) —’E C(P,Pr,Pr) C(P,PL/PR)‘/"/s
2
normg(C(M, My, Mg))

1 B*-under and IBeta—Multi—Transl 2 fold norm p(C(M, My, MR))

~

WN-Neutral-NatRecM

A % M € nat normﬁ(M)

normﬁ(MO) normﬁ(Ms)

normﬁ(natrec M (My | x,y = Mg))
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Proof by showing the following equivalent statement:

A=Menat M-%P Py

Mo =g Py Postp

normg(natrec M (Mg | x,y = Msg))

Claim natrec P (P, | x,y = Pg)+g. To show this, fix an arbitrary Q, assume natrec P (P, | x,y =
Ps) =4 Q, and we will derive L.

Inversion on natrec P (Py | x,y = Pg) -4 Q:

P—>‘BP,

[NatRec-Under-Main]|

natrec P (Py | x,y = Pg) —p natrec P" (Pylx,y = Pg)

Hence Q = natrec P’ (Py | x,y = Pg).

1

1

1 unfold P4 and V/ =-E

PO il P,
F0 [NatRec-Under-Zero|

natrec P (Py | x,y = Pg) —p natrec P (Py|x,y = Pg)

Hence Q = natrec P (P | x,y = Pg).

PO—/-),B PO _),B P(’)
1

1

1 unfold Py and V/ =-E

PS _),B Pé

[NatRec-Under-Sucd]

natrec P (Py | x,y = Pg) —p natrec P (Pylx,y = Py)

Hence Q = natrec P (P | x,y = P%).

PS7L>/3 PS _),B PZS
1

1

1 unfold PS—/')ﬁ and V/ —=-E
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NatRec-Zero-beta
SUBCASE | natrec zero (P | x,y = Pg) —p Po : I]

Hence P = zero and Q = P,

Aé\SMEnat M—»;zero

2
—Intro(zero) Intro(zero) 4
1

1 Not=-Intro-if-Neutral-Multil 2 [ZeroM-is-Introl 3 =-E

[NatRec-Succ-betall
SUBCASE | natrec succ P’ (Py | x,y = Pg) -5 [P'/x,T/y1(Ps)

Define T = natrec P’ (P, | x,yy = Pg). Hence P = succ P’ and Q = [P'/x, T/y]1(Pg).

A§>Menat M—»;‘SsuccP’

2
—Intro(succ P") Intro(succ P) 5
1

| Not-Intro-if-Neurral-Mult 2 SuccMis-Intral 3 —-E
Hence shown natrec P (P | x,y = Pg)+ .
Finally, write R(U, Uy, Us) = natrec U (U | x,y = Ug). Then:

M—’EP MO_)*PO MS_)*PS

B B
1
2
norm'B(R(M,Mo,M5>)

1 B*-under and |Beta—Multi—Trans| 2 fold norm s(R(M, My, Mg))
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Part 11

Termination of Process Calculus
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Chapter 7

Process Calculus

The process calculus we will be working with is based on intuitionistic linear logic session types [2
8], in which a fundamental concept of message-passing communication is the distinction between the
provider and the client, the two parties involved in a synchronous exchange:

response

provider p

~__~

request

client

Without exception, a single communication is always between two parties, one a provider and the other
a client, and consists of two actions, one request and one response. Hence, a crucial observation to be
made here is that if any of these conditions is not met, if there is only one party, if there are two parties
but the two actions do not match, or if one or both actions are missing, then a communication cannot
take place.

Communication between a provider and a client is therefore strictly synchronous. Although it is possible
to formulate the transition system so that communication becomes partly asynchronous, in the sense
that sending actions are never blocked, we will focus primarily on synchronous exchange for the process
calculus we are going to specify.

Next, an example shows that the connection structure might be much more complicated than one
consisting of only two parties. There might be a case where there are more than two parties involved in
a connection structure:
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Here, a left-and-right / bidirectional arrow represents a connection between two parties which we will
henceforth call processes. Let’s observe the next step the process P, , will take. First, it will respond to a
request from P, 5:

response
p 2,3

request

AW

Afterwards, both of them transition into some new states P'2 » and P’2 3

pl,l
P2,1 : : P;Z,:Z : ) P’2,3
P, /

Now, P’2,2 may request (note the reversal) a service from P,

Pl,l

/

<
)
1)
=
)
=
©
2

e
N
N

~
N

e
N
w

<
)

B~
=
)
)
-~

P3,1

Similarly, both of them transition into some new states P, ; and P, ,:

Note crucially that P, , first acts as a provider, serving the request from P, 5, but immediately afterwards,
le2 acts as a client, requesting a service from lel.
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The role of a process depends on its next action: if it serves a request, then it is acting as a provider; if
it requests a service, then it is acting as a client. Thus, a process shifts back and forth between being a
provider and being a client during its lifetime.

7.1 Syntax

We work with the following syntax of a process calculus, where variables are more specifically called
address variables, as substitutions are only mappings from such variables to addresses. Addresses are
similar to channels, with the difference that addresses are utilized only by the client of a two-party
communication, while the provider, as reflected in both the syntax and semantics to be defined later,
remains agnostic of its address. Being agnostic means the semantic behaviors of a provider do not depend
on the choice of a particular address.

AVar X, ...
Choice 7« w= R | L
STerm S = close | wait[x];S
| pickm;S | case[x] (S; | Sp)
| case (S5, |Sg) | pick[x] ;S
| sendx;S | recv[ylx =S
| recvx=S | send[y] x;S
| spawn S l; S| fwd[x]
SType A =1
|  Ap @ Ag
| A & AR
| A; ® Ar
| A; <Ag

To streamline our presentation, we will focus mainly on binary types instead of labeled types. Here,
then, to reflect the binary choice of a provider or client, we define 77, which can be either the right R
pick or the left L pick.

First, observe that there are three kinds of term constructors, the first of which consists of constructors
without a destination address, such as close and those on the same vertical line except for spawn S 5 S
These correspond to providing a service, as providers do not need to be aware of the addresses used
by a client to refer to these providers. The second kind consists of constructors that contain an address
variable, which will be replaced by an actual address at runtime. These correspond to clients, as they
must specify the address to which they will send their request. This is similar to dialing a phone number:
the caller needs to specify a number, whereas the callee simply receives the call and responds. The third

kind consists of spawn S > S’ and fwd[x], which are neither providers nor clients in the sense that they
do not engage in communication. Instead, they work with their ambient environment, the connection
structure, to change the topology of the connection, which we will illustrate in more detail later.

Next, observe that the process calculus supports three kinds of message-passing communication, de-
pending on the nature of the message. The first kind involves sending and receiving closing signals
and corresponds to the type 1 and the two term constructors close and wait[x];S. The second kind
involves sending and receiving binary choices, but there are two perspectives. The provider can send
a choice to its client, which we call internal choice and which corresponds to the type A; @ Ay and
the term constructors pick 77; S and case[x] (S, | Sg). Here, pick 77; S is the provider, which does not
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specify an address, whereas case[x] (S, | Sg) is listening on an address and therefore waiting for the
choice of the provider. From the opposite perspective, a provider can be listening for a client’s binary
choice, which we therefore call external (compare this with internal) choice and which corresponds
to the type A; & Ag and term constructors case (S; | Sg) and pick[x] 77;S. Here, analogously, the
provider is case (S, | Sg) and is listening for the choice of a client pick[x] 7; S.

Now, to make the message-passing behaviors of processes more interesting, we also allow them to send
and receive addresses, via which a connection structure consisting of processes can change. As with the
sending and receiving of binary choices, for which there are two perspectives depending on whether it is
the provider or the client sending the choice, we also have two perspectives on the sending and receiving
of channels. We still first focus on the internal one, which means we first focus on the situation where
a provider would like to send an address. This corresponds to types A; ® Ag and terms send x; S and
recv[y] x = S. Shifting perspective again, let’s say now a provider is waiting to receive an address from
its client, which then corresponds to types A; — Ag and terms recv x = S and send[y] x; S. Finally,

. . . x i o
we would like to emphasize again that spawn S > S’ and fwd[x] do not engage in communication but
rather are special terms that change the topology of a connection structure.

Next, we can specify how to type a session term using session types:

OneT-R OneT-L
- r-S:A
- close : 1 [,x:1+ wait[x];5: A
ICT-R ICT-L
'S:A, Ix:A/ -5 :B T,x:AptFSp:B
' pick ;S : A; & Ap Ix:A & Ay case[x] (S5, 1Sg) : B
ECT-R ECT-L
FI—SL:AL FFSR:AR F,x:A,TI—S:A

' case (5, 1Sg) : A; & Ap I'x: A & Ag - pick[x] ;S A

TPT-R TPT-L

'~S:B Iy:Ax:BES:C
Iy:Atsendy;S: A®B [Lx:A®BFrecv[x]y=S:C

LolliT-R LolliT-L

I'z:A-S:B I''x:B-S:C
I'-recvz=S5:A —-B Iy:A,x:A—-BFsend[x]y;S:C
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Cut
Forward

r=S:A T',x:A+S:B
F,F’I—spawnSéS’:B

x:AFfwd[x]: A

The type system is linear. In particular, unlike an afhne type system, a linear type system based on session
types requires that each type constructor be consumed exactly once, and hence a process cannot silently
drop an address. Note here that linearity does NOT mean that a process can interact with an address
only once. It means, rather, that every time a process interacts with an address, the outermost type
constructor of the type inhabited by that address and hence by the corresponding process at that address
is consumed, leaving a smaller type. Hence, another feature of our process calculus is that the addresses
and the processes providing them have changing types, meaning that these types go down / become
smaller after each interaction with these addresses.

7.2 Process Semantics

Previously, we mentioned that address variables are placeholders for addresses to be substituted during
runtime. Therefore, to execute a session term, one must first turn it into something executable by
replacing all the variables with addresses, which we assume are some infinite collection of names a, b, c, ....
As with variables, we can freely decide if two addresses are equal or pick a fresh address that does not
already occur in some collection of addresses.

Address a, ...
Process P = close | wait[a]; P
| pick ;P | casela] (5;|Sg)
| case (S, |Sg) | pickla] T; P
| sendb; P | recv[a] x = P
| recvx =P | send[a] b; P
| spawnP >P | fwd[a]
| 0

Here, 0 stands for a process that has already terminated. Note that this is a semantic constructor, in the
sense that we cannot write down a corresponding concrete 0 in source code. Further, note that the
actual things being executed are processes, not session terms; processes are obtained from session terms
by applying substitutions so that no more variables are present, after which the substituted terms are
considered processes.

Next, we specify the operational semantics of these processes:

P % P withp 24 p
LT-OneT-R LT-OneT-L
close '(_)) 0 wait[a]; P M P
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LT-ICT-R LT-ICT-L

pick ;P 2P casela] (S, |Sp) 25 S,
LT-ECT-R LT-ECT-L
case (S, 15g) 25 S, pick[a] ;P L7, p

LT-TPT-R LT-TPT-L
send b; P b, p recvifal] x = P LaJ?b, [b/x]P
LT-LolliT-R LT-LolliT-L
recv x = P 2% [b/x]P send[a] b; P L, p

There are two kinds of actions corresponding to the notions of provider and client in a communication.
The first kind consists of right actions with only two parts: a direction, where ! stands for send and ?
for receive, and a corresponding payload, which is either a closing signal (), a binary choice 7, or an
address a. These are the actions of providers, since a provider simply responds upon receiving a request
and therefore does not need to know the address. By the eatlier analogy, a provider is like the callee
in a phone call: it simply responds upon seeing a call. On the other hand, to dial a number and hence
request a service, a client process must specify the number and thus the address to which it will send its
request. These are the left actions, composed of three parts: an address enclosed in blue brackets, such as
[a], which is the destination to which the process will forward its request; a direction that is the same as
the one specified in a right action; and a payload that is also the same as the one specified in a right
action. Therefore, the syntax of these actions is specified as follows:

Direction ¢ = 17
Payload ¢ = (Olmla
RightAct « 2 5¢

LeftAct  [bla

This completes the definition of the operational semantics of processes. Recall that earlier we said that
for a single communication to take place, there must be a provider and a client present at the same
time. This brings out another crucial aspect of message-passing communication, which is that a single
process never transitions on its own. Processes always transition together as a collection, which will
be the first topic of the next chapter. We call collections of processes configurations, and the actual
execution, corresponding to the actual communication, always takes place between pairs of processes in
a configuration. Note that this does not mean that, at any point in time, only a single pair may transition
together; rather, it is possible to parallelize the transitions of many such pairs. The connection structure
of configurations could also be formulated in several ways, but for this project, the formulation we
picked uses finite maps. More precisely, configurations are formulated as pointed finite maps, where the
point is a distinguished root node of the whole configuration, corresponding to the root provider of the
whole collection.
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Chapter 8

Logical Relations

As mentioned at the end of the last chapter, a single process never transitions on its own. Rather, processes
always transition as provider-client pairs, so that one of them sends a request and the other responds
to it. Moreover, there can be a connection structure consisting of many processes, which we call a
configuration. In the first section that follows, we define the notion of configurations using finite maps.
Here, any configuration has a distinguished root node process that does not have an address, whereas all
the other processes in the finite map have addresses.

8.1 Configuration

Definition 8.1.1 (Configuration)

A configuration () : Confg includes a body which is a finite mapping u : Address — Process. In
addition, it has a distinguished root node P. Thus, a configuration is of the form:

Confg O = ylP

Here, the long vertical bar ‘ serves only as a notational separator between the finite map y and the
root node P.

With the notion of configurations, we can first specify what it means for a configuration to undergo a
labeled transition. A configuration undergoes a labeled transition simply if any of its processes undergoes

a labeled transition. However, for right actions, only the root node can perform them, as specified by
the first rule [LT-Config-R-Act].

Q%00 wicho 2% o

LT-Conhg-R-Act
PP S u| P
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LT-Config-L-Act-R LT-Confg-L-Act-L

, b p
p e p p, L& p!
[bla / [b]a ,
y|P—>y‘P y,a»—»PL‘PR—>y,an—>PL|PR

Oftentimes, we want to give a configuration a name and turn it into a single finite map without a
nameless root, which we do via the following naming operation:

Definition 8.1.2 (Naming Configurations)

The naming operation turns a configuration Q) : Config into a single finite map p : Address —
Process by giving the root node P of () a name a, assigning a to P as its address.

(4| ©)[a]
(1| P)La]

U
p,a—P elseif P#0

> 1>

We will also write Q[4] to stand for such a naming operation without unfolding Q.

This naming operation is used, for example, in the concatenation of two configurations Q); and Qp,
where we first name (); to turn it into a finite map ), [4], so that we can then compose it with Q.
That is, parallel composition is always between a fully named configuration represented as a finite map
and a regular nameless configuration with a distinguished nameless root process, as defined below:

Definition 8.1.3 (Concatenation of Maps and Configurations)

plG | Py & |P

Later, we will write Q) [4] | Qg to denote the concatenation of a named configuration Q) [4],
which is a finite map, and a nameless one Q.

We can then specify the operational semantics for configurations. The first rule [LT-Confg-Comm]|
specifies when an actual communication takes place: a configuration () makes a request, and another
configuration (); happens to be able to respond. Note that the provider 3, must perform the comple-
mentary action: if the request is a sending action, then the provider must perform a receiving action, and
vice versa. In the conclusion, we also give (), the address b to match the destination address specified
in the request [b]a. However, this top-down reading is not intuitive. Rather, the rule should be read
bottom-up: if we can already decompose a configuration into a provider €); whose root node has the
address b and another part Q) whose request contains b as its destination, then the two parts may interact.

Q-0

LT-Config-Comm

’

T~ [bla
O, -0, Qp — O

Q[b] | Qg = O [0]]| QO
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LT-Conhg-Frame-L LT-Confg-Frame-R

QL_)Q,L QR_)Q;Q

Q, [a] | Qg = Qp[a] | O Q [a] | Qg - O [a]| Qg

LT-Config-Spawn

LT-Confie-Fwd

o-
o

a & dom(u)
y | spawn P 5P - (y,a > P) | [a/x1P’

aHP|fwd[a] - (P}

Here, we define complementary actions as follows:

|~
e 1l 11>
-

> -

¢ = 54
Recall that any right action a consists of two parts: a direction 6, which is either ! or ?, and a payload ¢.
Hence, to compute the complement of a right action, we simply flip its direction from send to receive or

vice versa. The payload remains the same because the provider and the client must agree on the content
of the message.

Next, both [LT-Conhg-Frame-L|] and [LT-Config-Frame-R]| specify that we may focus on some
smaller part of a larger configuration and hence zoom in on it. If the smaller part is able to transition,
then the whole configuration is able to transition.

The last two rules [LT-Config-Spawn| and [[LT-Conhg-Fwd]| are not communications, but rather
special rules for the spawning and forwarding processes that change the topology of the whole connection
structure they are part of. The spawning process transitions into a continuation configuration by adding
a child to its environment finite map p. The forwarding process simply drags, and hence forwards, its
only child to become the root, and then disappears after being replaced by its child.

Next, we can define the multi-step transitions of configurations:

Q-0

LT-Config-Refl LT-Config-Cons

Q_)Ql Q/_)*Q”

Q-0

Q _)* Q/I
LT-Config-Single-is-Multi LT-Config-Trans
Q-0 O-0 O -0
1 ”
O -0 O -0
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8.2 Inductive Logical Relation

With the notion of configurations and operational semantics on configurations in place, we can then
specify our inductive logical relation. Since configurations are the actual entities that undergo transitions,
the inhabitants of the inductive logical relation are the configurations. Moreover, these configurations
are not required to be closed; rather, they may be arbitrary configurations containing free addresses that
are specified in A. An address a is free in the sense that there is no corresponding provider conhguration
providing along a. As can be seen in rule , a free address is closed and therefore no longer
appears in the conclusion once we compose the configuration Q, which contains the free address g,
with a provider configuration (), that provides along a.

> )
‘AzQéAHAzQ’GA‘

E-if-V

I /}
00 A=Q e

A—=QEA
V-1T-R V-1T-L
0 (g 0% 0 A= éa
@:Qg[l] A,[a:l]:QgA
V-ICT-L
V-ICT-R

? &
0“0 Aa:A =0,€B

o0%a A—Qea,

J QO 0, AaiAg=Q,EB
A:?QE[ALGBAR]

)
Afa:A, @A — Q EB

V-ECT-R
V-ECT-L
aLta A=0EA

[a]'n’ ’

0% 0 Aa:A,—Q EB

&
ok, A=0,en

U
; Ala:A & Ayl = Q EB

V-TPT-R V-TPT-L
I ! (( < I /Ez
0La A—=Q e Ol 0 Ab:iALa: Ay — Q EB
U )
Ab:A, = QEA, ®Ag] Aa:A ®Ag] = Q EB
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V-LolliT-R V-LolliT-L

I I [. . ! ! /
02a aAb:A —=0EA 0O AsAy—Q EB
U U
A= Q€E[A; <Ag] Ab:A,[a:A; <Ag] — Q & B
V-Cut
V-Fwd-Id

U U
AL =0, €A Aga:A=OpEB

U
2 A= {fwd A
A b= Qpfa] | Qg € B a:A= (fwdlal} €

All the rules are standard in the sense that each configuration in the conclusion, once it undergoes some
labeled transition, consumes a type constructor of either a free address in the context or the type at
which it is providing a service. is the special rule that makes it possible to even formulate
this inductive logical relation, as there is no negative occurrence of a universally quantified computable
configuration. is also a special rule as it is akin to the simplest kind of spine one can build in
lambda calculus: a single variable x. Here, the forwarding process is akin to that single variable and can
be viewed as the simplest kind of spine in the process calculus. Any configuration with at least one leaf
forwarding process will inevitably become stuck at that leaf, as the forwarding process is forever waiting
for a child unless one actually composes a child in parallel with the forwarding leaf.

8.3 Recursive Counterpart

As with the inductive logical relation for lambda calculus developed in Part I (Normalization of Lambda
[Calculug), where a recursive logical relation was developed to establish equivalence with the inductive
logical relation and help restore its compositionality, here we likewise define a recursive logical relation
for the inductive logical relation for the process calculus defined in the previous section.

However, whereas the recursive counterpart for lambda calculus is Kripke-style and therefore applicable to
all open lambda terms, here we define a recursive logical relation applicable only to closed configurations;
hence, it is not indexed by contexts. We define such a logical relation because we are mainly interested
in the execution of closed configurations. We will use the following recursive logical relation to
define closed computable complementary configurations. These are then composed in parallel with a
single configuration computable according to the inductive logical relation, yielding a closed combined
configuration. The following logical relation builds upon the one defined and explored in [11]:

E4(Q) = 30 .0 - Q' AU, (Q)
U4 (Q) Y (0

—
Unen, (Q) =  37.30°.050'nE, (Q)
Unga, Q) = Yr.30.050 né, (Q)
Up,ea, () = 30y,b,Qp . Q= [b] ]| Qp
AN Ea (O AR D O A Eg, (OF)
= vb.30,.0 %0,
NOVO L E (O) = Ea, (0] O,)

With these definitions of the logical relations and the notions of configurations and their operational
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semantics, we are prepared to prove various properties of the logical relations and, therefore, of any
configuration computable according to them. The theorems and their proofs will be presented in the
next chapter.
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Chapter 9

Properties of Logical Relations

This chapter shows the various properties of the logical relations. We start by proving that the recursive
logical relation admits backward closure:

[E-Fun-B(]

Q-0 &, (Q)

Ea ()

. J

We then show various frame rules for multi-step transitions:

[[Concat-Frame-1] [Concat-Frame-R]| [Concat-Frame-R-Act]]
0, »*Q; Oy - Q) asa
e —
[a] [ Qp »* Al [ Q. p | Qp =" | O HlaSu[a

Define complementary configurations:

£ (9)

VaeA. Eppm (Q@))
(O] [ﬁ,a - Q] Q

W[0], 0l

The following pair of theorems is semantic in the sense that the right premise in each theorem statement
demands that a configuration be computable according to the inductive logical relation.

>l

[Sem-FTLR-E] [Sem-FTLR-V]|
— & — U
() A=0€eA  £,(Q) A=Q€A

c(9[A]]0) “(8[0][9)
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Define inhabitation of single types with respect to the inductive logical relation; in addition, define
closed complementary configurations computable according to the inductive logical relation:

024 2 psnén
NEA 2 g—=0&A
OEA 2 YaeA.Ow €AW

With the semantic fundamental theorem, we can derive corollaries showing that closed configurations
computable with respect to the inductive logical relation are also computable with respect to the recursive
logical relation at the same type A:

e D

[E-fun-if-E| [E-fun-if-V]|

QEA néA
Ea(Q)) Ea(Q))

Interestingly, we may also derive closing cut elimination in the sense that applying closing complementary
configurations to a computable configuration, both of which are computable with respect to the inductive
logical relation, yields a combined configuration that is computable according to the recursive logical
relation:

[E-Cut-E] [E-Cut-V]
OEA A—=QEA OcA A—QcA
NACIIN) fa(W[0] Q)

This ends the discussion of the semantic fundamental theorem. We will prove a syntactic fundamental
theorem, the right premise of whose statement is a syntactic typing judgement and is hence syntactic.
First, we prove that the inductive logical relation also admits backward closure / expansion:

[E-BC]|

00 A=QEA

A=QEA

As a helper lemma, we show that any configuration that already satisfies a value interpretation also
satishes a term interpretation:
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[E-ift-V]|

A:Qé}A
——

A=QEA

To push through the spawn case of the proof of the syntactic fundamental theorem , we prove that
semantic cut elimination is admissible for the term interpretation of the inductive logical relation, given
that cut already holds for the value interpretation by definition:

[E-Cud]

AL =Q, EA Aga:A= QB

&
Ap,Ag = Q[a]| Qg €B

Then, we are able to show the syntactic fundamental theorem, which states that any session term S is
automatically a computable configuration consisting of itself after substitutions:

[Syn-FTLR]

ArFvy:T THES:A

A= (5(S)) EA

As corollaries of both the semantic and syntactic fundamental theorems, we are able to show the following
combined fundamental theorem and its specialized versions for closed session terms:

(Chained-TTLR] [Closed-FTTR-Ind]  [[Closed-FTLR-Red]
OEA AFy:iT TrS:A S:A S: A
Ea(W[Q]]39) Sy eA E4 ({S))

Finally, all these enable us to prove termination of closed session terms at type 1:

[Adequacy-Termination|

S:1

3P . (S} >* Py AP %o
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The following sections contain the detailed proofs of the lemmas and theorems outlined above.

9.1 Semantic Fundamental Theorem

Next, we are ready to define complementary configurations:

N, 2 VaeA. Epg (QW)
&J[ﬁ,a'—»Q] = L—ﬂ[ﬁ],ﬂ[a]
E-Fun-BC

Q-0 &, (Q)

Ea(Q)
Proof :
ae)
300 - Q" AUL(Q")

1 unfold

Q-0 Q-0 1

Q-0 Ua(Q1)
Ea(Q))

1[LT-Conhg-Trans| 2 fold O

We need some helper lemmas for proving the semantic fundamental theorem. They are the multi-step
versions of the frame rules for configuration concatenations:

Concat-Frame-L Concat-Frame-R

O -* QL Qg -* QR

QL[a]|QR —* Q’L[a]|QR y|QR —»*V|Q;{

Proof by induction on Q; —* Q; for [[Concat-Frame-L]] and on Q —* Qy for [[Concat-Frame-R];
appeal to [LT-Config-Frame-L] or [LT-Config-Frame-R] in the inductive cases. O
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Concat-Frame-R-Act

[N}
_
plaSu|o

Proof by inversion on the premise () = Q, matching []LT—Conﬁg—R—ActI], which tells us that the right

action must be coming from the root node of (); apply the same rule [LT-Config-R-Act] to finish the
proof.

O

Sem-FTLR-E Sem-FTLR-V

62(@) a=0ea  6,(Q) A=0Ea

e (9[A]]0) “a(8[0]]9)

& U
Proof by simultaneous inductiononA = Q e AandA = Q € A:

7 I()
00 A=Q€EA
[E-if-V]

A:QéA

N A—Q EA

aw]|0)

Q->*Q
ylofjo~w[o]]o
£4(w[0]]0)

1

1 [Concat-Frame-R| 2 IH 3[E-Fun-BCl

U U
AL =0, €A Aga:A= 0O €B

[V-Cu
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Ea (Qy,) A=y €A
Ea <5AR) 5’A<L’-’J[5AL] |QL> 5
Engan (0[O, ] ) Agoa:A= Qg EB

5 (W [] | Qplal | )

3

11H 2told 3 IH

£a(W[Q] | (fwdlal))

Q, -*Q, : ,
O,la] | {fwdlal} »* Qgla] | (fwd[a]}  Qgla] | {fwd[a]} »* O

Q,[a] | (fwd[a]} —>* O, Ua ()
Ea(W[Q]] (fwdlal})

1|Concat-Frame-L| 2 [LT-Conhg-Fwd| 3|LT-Config-Trans| 4 fold

a9 (o

——— [V-IT-R]
£(@Q) s=0en
& (W[0]|0)
Y% (o)

1fold 214[Q] = ¢
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[a20) s
—_—

Q) QO A=0€cA

. ﬁ:ﬁA,ar—)Qﬂ
-0, - QA Q, % (o)

Q; 'ﬁ) @ O [al?()

Q, ~>*Q, 1 el |- .

Q,la] | Q —* Ou[a] | O Qla] [ Q- O
4

Qla] [ Q- O
5

4 [ﬁA] | Q,la] | Q > 1Y [5A] |

QI
2

£a(@,) A= ea

a0,]]9)

fa(¥]0]]9)

—

Concat-Frame-L| 2|LT-Config-Comm)| 3 [LT-Conhg-Single-is-Multi| 4[LT-Conhg-Trans|

5|Concat-Frame-R| 6 IH 7[E-Fun-BC

0%a A—QEA,

; [V-ICT-R]|
E2([@) A= QE4 04
Eaen (W[O]]Q)
oL £A(@) A= Ea,
i 2
y[o]lo =[] fa, (W[O]]9)
8ALGBAR (Lﬂ [ﬁ] | Q)
1[Concat-Frame-R-Acd 2 IH 3 fold
00, AaiA =0, EB
0% 0, Aa:iAg=— O, EB
- [V-ICT-T]
Enanong (Q) Ala:A @Agl = QO €B
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. ﬁzﬁA,ar—»Qa

CQ, - A, DA, (OF)

[a]?7T

&
0250 AMa:A, = Q_EB
[a]?7T

Q, 5 Q) 0-=0.

0, »* O, 1 Mla] | Q - la] | Qg
Q,la] | Q —* Ogla] | O Ola] | Q —* O] | O
4

O, la] | Q-* Q;[a] |Q7r

-

o)
WO, [ Qula] | Q > W[, ] | Qalal | Qs

—

Concat-Frame-L| 2|LT-Confg-Comm)| 3 [LT-Conhg-Single-is-Multi| 4[LT-Conhg-Trans|
Concat-Frame-R

U1

— " {
Enma, (Qpam Q) Aa:A;=Q,€B ]

W[O,] ] Qalal | Q " W[, ]| Ll | Qe Ep (W [O0 - 0] Qr)
2

s (W[0]]9)

1TH 2[E-Fun-BC

&
olto A=0 €A

&
o®a, A=0,e4

[V-ECT-R]
EA(@) A= QE[A &4
7777777 Ensa,(W[O]]Q)
Lo, N A:QLéALz
b[o] |05 w[0]]o 4 (W[O] Q)
a2 q, , 6@ A= O € A
W[o]|o % (o]0 4, (W[O]|Of)

o]

1[Concat-Frame-R-Actl 2 IH 3|Concat-Frame-R-Act 4 TH 5 fold
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0 W7 o A,a:An:Q’éB
VRIN ) Ala: A & Al = QEB
””””””””” sWo]lo)
cO=0,40-0,
cQ, > A, DA, (OF)
Q, % ) Qﬂn’z
Q, -* Q, 1 Oula] | Q - Ogla] | O
Qla] [Q > Q] [ Qula] | Q " Qila] [

O] | Q —* Qgla] | O )

o)
W[O.] ] Qulal | Q > W[, ]| Qe | Q

—_

Concat-Frame-L| 2|[LT-Confg-Comm)| 3 [LT-Conhg-Single-is-Multi| 4[LT-Conhg-Trans|
Concat-_Frame-R

U1

N - " ! {
Enpa, (Qpam Q) Aa:A,=Q €B

(0] [Qula] [ Q > W[, ] | Rla] [ @ ‘5 (B[00 ]0)

s (W[0]]Q)

2

1 IH 2[E-Fun-BC

0ba A= Eag

[V-TPT-R]
Enpa, (Q)  Ab:A, = QO E A ® Ag]
7777777777 Eaon (WA]]0)
G-=0,b-0,
oo . Ea(D,) A= Q EAg
) wdletunlle o el0)

Eaon, (W[O]]0Q)

1|Concat-Frame-R-Actl 2 IH 3 fold
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QY AbiALa:Ar—Q EB TP

Enmayon, (O) Ala:AL ®Agl = Q EB

**************** GWo]e)
- 0=0,0-0,
© 0, = O[] | Qp A g, ()
c Qg B O A Eg, (Q)

0 5 0 ,
oo L oo, oo .
Q, »* O [b]| O Q, [b] | Qglal | Q - O [b] | Qpla] | O
Qula] | Q =* O, [b] | Qgla] | O 1 Q, [b] | Qglal | Q —»* Q [b] | Qla] | QY i

Qa] | Q -* O [b] | Qgla] | Y

6

Lﬂ[ﬁ] |Q - Lﬂ[ﬁA,bH Q,a Q'R] |

[N

Concat-Frame-L| 2|Concat-Frame-R-Act| 3|[LT-Conhg-Comm)| 4|LT-Conhg-Single-is-Multi|
LT-Conhg-Trans| 6(Concat-Frame-R|

U1

~ e ! ! (
éA,b:AL,a:AR (QA/b - QL/Q = QR) Ab: AL,IZ : AR = (0 €B

1

Ep (W[Op 0 Qa0 Q)

1IH
W[O]| Q- W[ b - Opam Op]|Q E(W[Qy 0 Qpa- 0] Q)
s (W[0]]Q)
1 E=Fun-B{

I Ié
0%a Ab:A OecA
L= R [V-LolliT-R|

* Fix an arbitrary £, (Q)
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oo EA(@) €a (0) Ab:A, = O EAg
1 2
g[0]|o = w[0]| Ca (a1 [W[O][0)

areae (8[0]]0)

1/Concat-Frame-R-Act 2 IH 3 fold

! / &
0% Aa:Ag = Q EB

Enpiapan-ag (Q)  Ab:iAL[a: AL =Ag] = Q €B

[V-LolliT-L]

. ﬁ:ﬁA,b'—) Qb,a - ),

“Ea(O) A Ea, () A Ea, oy ()
£ 0, - 0, A 0, 20

" Eap (O[] ] O)

I " !b 1
o %o ol

Q, -* Q) 1 O la] | Q - Qpfa] | O

Qa] [ Q=" Qlal [Q Qila] [Q »* Qla] | O

Q,[a] | Q »* la] | Q

5

o [6] |Q-* Y [EA,H — Q,[b] \Q;’] kel

[N

Concat-Frame-L| 2|LT-Config-Comm)| 3 [LT-Conhg-Single-is-Multi| 4[LT-Conhg-Trans|
Concat-Frame-R

@)1

Epmny (Qpam O 1| QL) Aa:dg—Q EB

1

o (9]0 0,101 0] )

1IH
& [ﬁ] Q-1 [ﬁA,a — O, [b] | Q;’] Q" (Y [ﬁA,a — O, [b] | Q;] | )
1
£ (W] Q)
1 [E=Fun-BC]
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Definition 9.1.1 (Inhabitation of Single Types)

OEA 2 §=0&A
NEA 2 g—=0EA
OEA 2 YaeA.OW €AW

Next, an easy-to-prove but highly non-trivial pair of corollaries resulting from the semantic fundamental
theorem:

s ~

E-fun-if-E E-fun-if-V

0EA NéA
— —
Ea(Q) Ea(Q)
profof [T
3 3
Ped OD=0Q€A :
Ea(Q)
Sem-FTT R-FEi O
Proofof [EFaniEV] :
19 U
Ped P=0€cA :
Ea(Q)
1 Bem-FTLR-V] O

We can further prove a pair of corollaries resulting from [E-fun-if-E]| (recall that it is a corollary of the

semantic fundamental theorem) and the semantic fundamental theorem itself:

E-Cut-E E-Cut-V
OEA A—QEA QEA A=0ia
ACIEIS) ACIEIS)

Proof of [E-=Cur-E] :
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1 [E-fun=if-E 2[Sem-FTLR-E
Proofof [E-Cur=V):

1 [E-fun-if-E 2[Sem-FTLR-VI

aeEa
:_1
a(Q)

A (8[0][9)

A—QEA

2

9.2 Syntactic Fundamental Theorem

E-BC

00 A=QEA

A—QEA

Proof :

1 inversion

A—Q EA 1

0.0 > Q' AA=Q CA

Q_)*Q/ Q/ _)*Q”

1 |[LT-Conhg-Trans| 2|E-if-V|

" ()

Q- Q) A=Q €A

A—QEA
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E-if-V*

A—=QEA
e ——

A—QEA

Proof :

— 1 U
Q-0 A=06A2

A—=QEA

1|[LT-Conhg-Refl| 2 [E-if-V]

E-Cut

& &

&
Ap,Ag = Qp[a]| Qg €B

Proof :

&

! ! ! U
30, . O > ANAL =0 EA

1 inversion

€
AR,ﬂ:A=QREB 1

r r ’ U
30, . Qp »* O AAga: A= Qf €B

1 inversion

O, »*Q 1 Oy —* O ,
O [a] | O =»* O [a] | O O [a] | Qg =* O [a] | O
3

Q, [a] | Qp —»* O [a] | O

1|Concat-Frame-L| 2|Concat-Frame-R| 3 |[LT-Conhg-Trans|
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U U
A =Q EA Aga:A=QEB

! ’ ! r (}
O, [a] | Qg =% O [a] | O Ap,Ag = Q;[a] | Qf €B

&
Ap,Ag = Qp[a]| Qg €B

1[V-Cut 2 [E-if-VI
Define singleton configurations consisting of only root processes:

Py20|P

1

Syn-FTLR

AFy:T TFS:A

A= (3(S)) EA

Proof by induction on the derivation of T =S : A

A b Br coserl [OneT-R]
= = :
CASE| 277 % T ?,05?,,,

A = {§(close)} €1
cA=0Ay=0
. @(close) = close

7' 1
_close0

{close} 20, {0}

3
® = {close} é [1] A

® = {close} é 1

1[LT-OneT-R| 2|LT-Conhg-R-Act| 3[V-1T-R| 4 [E-if-V"]

'ES:A
[OneT-1]]
CASE| Bda:lbkyaex:Tx:1 F,x:ll—wait[x];S:A

Aa:l = (7,7 x)(wait[x];S)} € A

c Ay :T
* (7, < x)(wait[x]; S) = wait[a]; ¥(S)
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1
wait[a];7(5) 29 5(s) , AFgiT TES:iA

wait[al;7(5)) 22 (5.8)) A= (4(S)) EA \

A, [a: 1] = {wait[a]; 7(S)} éA ;

A, [a: 1] = {wait[a]; 7(S)} é A

1 [LT-OneT-1] 2[LT-Confg-L-Act-R| 3 IH 4[V-1T-1] 5 [E-if-V|

TFS:A,

My Tr S A e Ay
A = (3(pick 7;S)} € A, ® Ag
* ¥ (pick 7r; S) = pick 7T; 4 (S)
1
pick ;7(5) > 7(5) AR L TES: A
(pick 1;9/(8)) > (7(S)) A= ((S)} € A, )

U
A = {pick 71;7(S)} € [A, ® Ag] -

A = {pick T;5(S)} € A, ® Ap

1 [LT-ICT-R| 2[LT-Config-R-Acf 3 IH 4[V-ICT-R| 5 [E-if-V’|

ANa:A ®@Agtvy,a—x:T,x: A & Ag
r,x:ALFSL:B

CASE Ix:Ap Sy B
RS \Toge)

Ix:A; & Azt case[x] (5, |Sgp): B

Aa:A ®Ag = {(7,a < x)(case[x] (S | Sp))} EB
AT
*ANa:AFya«ax:T,x: A,
* (7,@ < x)(caselx] (5, | Sg)) = casela] ((7,a < x)(5) | (7,a < x)(Sg))

Na:AyF-vya—x:T,x:A;, T,x:A,FS5,:B .

Aa:A, — (7,55 x)(S,)) €B

11IH
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1

case[a] ((y,a < x)(Sp) | (7,@ < x)(Sr)) SN (7, @<= x)(5,)

{case[a] (7,7 x)(S,) | (7,7 x)(Sp))} =5 (7, x)(S)

Aa:A, = (7,5 x)(S,)) €B ,

)
A la: A ® Ag] = (case[a] (7,7 x)(S,) | (7,7 2)(Sg))} € B ,

Ala:A @ Ag] = {casela] ((7,a <= x)(S.) | (7,7 < x)(Sg))} é B

LILT-ICT-Lf 2[LT-Confg-L-Act-R| 3|V-ICT-L] 4 E-if-V"|

FFSL:AL FFSR:AR

CASE! AF9:T' T lcase (5 |Sg) A & Ag

A= (§(case (S, | Sp))} € A, & Ag

[ECT-R]

* y(case (S, | Sg)) = case (¥(5.) | ¥(5g))

1

case (7(S.) | 7(Sp)) -5 §(S,)
{case (9 (S5) | ¥(SpN)} I, (7S} A= {¥(5,)} é Ay A
U
N = {case (’?(SL> |;)>(SR))} & [A[_ &AR] 5

AT FI—SH:AH3

A = {case (7(S;) | 7(Sp))} & AL & Ag

1 [LCT-ECT-R] 2[LT-Config-R-Acq 3 IH 4[V-ECT-R| 5[E-if-V"|

A,(/ZIAL&ARF(’)’,ﬂ‘—'X):F,X:AL&AR
Ix:A,FS:A

Na:A & Ag = {(7,a < x)(pick[x] 7;S)} éA
cAFy:TAAa: A Fyaax:T,x: A,
* (7, < x)(pick[x] 7t; S) = pick[a] 7T; (7y, @ < x)(S)

Na:AyF-ya—x:T,x:A;, T,x:A,FS:A

1

Aa:A, — (7,5 x)(S)} €A

1TH
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1

pick[a] 7T; (7, 7= x)(S) LT, (4,7 x)(S)

{pick[a] 7T; (7, @ < x)(5)} LN {(y, a<x)(5)} Aa:Ap = {(y,7<x)(5)} €A 5

A fa: A & Ap]l = {pick[a] T; (77,a < x)(S)} %A .,

ANa: A & Ap = {pick[a] T; (7,7 <= x)(S)} é A

1 [CT-ECT-1] 2[LT-Conhg-L-Act-R| 3[V-ECT-1] 4[E-if-V’|

FFS:AR
CASE! ANa:A bk (y,aex):T,x:A; T,x:ApbFsendx;S:A; ® Ag

[TPT-R]

Aa:A; = {(y,a<=x)(send x;S)} é A ® AR
cAkFy:T
* (v, < x)(send x;S) = send a; ¥ (S)

1
send a;4(S) % 4(S) , Aty:T 1“}—S:AR3

(send ;,7(S)) % (5(5)) A= (3(S)) € Ag )

Aa:A; = {senda;¥(S)} % [Ap ® AR]
5

&
Aa:Ap = {senda;¥(S)} € A; ® Ag

LILT-TPT-R| 2[LT-Confg-R-Act 3 IH 4|[V-TPT-R| 5[E-if-V’|

A,a:AL®ARF’Y,QHX:F,XIAL®AR

Iy:Ap,x:Ag+=S5:C
[TPT-L]]
CASE I'x:Ap ® Ag Frecv[x]y=5:C

Aa:AL®Ag = ((7,7= x)(recv[x] y = S)} € C
*Ab:A,a:AgFy,beya—x:T,y: A, x: Ag
* (y,a<x)(recv[x]y = S) =recvial y = (7,7 < x)(S)

“ [b/yl(y, @<= x)(S) = (7,b < y,a < x)(S)

Ab:Apa:Agty,beya—ax:T,y:A,x: Ay T,y:A,x:AgES:C
1

Ab:Ap,a:Ag = {[b/y]l(y,a < x)(S)} é C

11H
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1

recvial y = (7,7 0)(S) L% [b/y)(y, 7= 1)(S)

frecvial y = (7,7 09} L% (b/y1(y, 7= 1)(S))

Ab:ALa:Ag = {[b/y](7, 7= x)(S)} € C

A la:Ap @ Agr] = {recv[al y = (y,a < x)(S)} % C A

Aa:Ap @ Ag = {recvlaly = (7,7 < x)(5)} é C

1 [LT-TPT-1] 2[LT-Conhg-L-Act-R| 3[V-TPT-I] 4[Ef-V7|

F,Z:ALl_S:AR
CASE| AF9:T' Thkreevz=S5:A; ©Ag

&
A= {y(recvz = 85)} € A] AR

[LolliT-R]

* Pickafreshb & A
*ANb: Ay, bez:T,z: AL
* y(recvz = S) =recvz = 4(S)

* [b/z]7(S) = (7,b < 2)(S)

NMNb:Ar -y, bez:T,z: A T,z:AL FS:AR

1

Ab: A, = ([b/2]7(S)} € Ag
11IH

1

recv z = 4(S) 2% [b/21%(S)

(recvz = 7(5)) 25 ([b/217(S))  Ab: AL = ([b/217(5)} € Ag X

)
A= {recvz = 5(S)} € [A; —Ag] \

3
A= {recvz = §(S)} € A] oA

| [LT-LoliT-R] 2[LT-Conhg-R-Acq 3[V-LoliT-R| 4[E<f-V7

Ab:Ap,a:Ap oAb (v, b=ya«x):T,y: A, x: Ap AR

Ix:Ag=S5:C .
CASE [LolliT-L]
r,]/:AL,x:AL —OARI—SGHd[x] :S:C

Ab:Aj,a:A; -Ar = {(7,b H/y\,a « x)(send[x] y;S)} é C
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cAFqy:T
*Aa:Agty,a«x:T,x:Ag
* (7,b < y,a < x)(send[x] y;S) = send[a] b; (7,7 < x)(S)

Na:AgbFvya«ax:T,x:Ag T,x:Ax+S:C

1

Aa:Ag = (7,7 0)(S)} EC

11H

1

send[a] b; (7,7 x)(S) L% (y, 7= x)(S)

{send[a] b; (7,a < x)(S)} o, {(rv, 7= x)(5)} Aa:Ag = {(7,a < x)(5)} ec 5

Ab:ALla: A —Ag] = (sendla] b; (7,7 x)(S)) € C )

ANb:Ap,a:Ap -Agr = {send[a] b; (y,a < x)(S)} é C

LILT-LolliT-L| 2[LT-Config-L-Act-R| 3 [V-LolliT-L| 4 [E-if-V*|

I'S:A T',x:A+S:B
CASE| AL ArF 7, 7g: LT I,T" spawn S > S : B

&
A, Ag = (7], 7g)(spawn S > §')} € B

[Cud]

ALy i TAAMRFE R T

* Pick a fresh a

*Aga:Abypa—x:T',x: A

* (7, Vr)(spawn S B S") = spawn 7, (5) 5 Yr(S")
* [a/x]7R(8") = (yga < x)(S)

1

{spawn 7, () B Tr(S")) = {7, ()}al | (v a = 1)(S"))

2

{spawn 7, () B Tr(S")} ~* {7, (9)}al | {(yp;a = 2)(S)}

1[LT-Conhg-Spawn| 2 |[LT-Conhg-Single-is-Multil
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Ap oy i T l“I—S:A1 Aga:AbFypae=x:T,x: A l”’,x:AI—S’:B2

AL = (7,(S)) €A Arod: A= (7T x)(S)) € B .

AL Bg = (7, (S)Ha] | {(rT = x)(S)} € B

1IH 2 1H 3[E=Cud

{Spawn 7, (S) B 7 (S")) =* (7.(S))a] | {(7p @< 1)(S"))

AL Ag = (7, (S)a] | {(rgrT = x)(S)} € B

1
£
Ap, Ag = {spawn 7, (S) > 7x(S")) € B
1 [E=BC]
[Forward]
AFy:x:A x:AFfwd[x]:A
ffffffffffffffffffffff il 4
A= {(y(fwd[x])} € A
* A=a:AANy(fwd[x]) = fwd[a]
U !
a:A= {fwd[a]} € A 5
a: A= {fwd[a]} é A
1 [V-Fwd-1d 2[E-it-V?* ]

9.3 Corollaries

Now, we can chain the semantic fundamental theorem and the syntactical fundamental theorem together:

Chained-FTLR

OEA Arv:T TFS:A
NCIRIEE)

Proof :
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AFq:T I*I—S:A1
aOea A=>{7(5)}é’A2
A (8[0] 1)

1|Syn—F I I:R| 2|Sem—F | |:R—E] ]
As a special case of [[Syn-FTLR]|, we can show that any well-typed closed session term, hence process, is

automatically computable / semantically well-typed with respect to the inductive logical relation:

Closed-FTLR-Ind

S: A
:ﬁ
(S1eA
Proof :
_—
PH@:0 (ZH—S:A1
(S EA
| yE-FTIR a

We can likewise show any closed session term is computable with respect to the recursive counterpart:

Closed-FTLR-Rec
S: A
P a—
Eq({SH

Proof :

S:A
:}1
S EA
e — 2
Ea ({SH

1 [Closed-FTLR-Ind 2 [E-fun-if-F O

Finally, we can show that any closed session term of the unit type takes zero or more internal steps to a
singleton process that sends the closing signal and terminates:
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Adequacy-Termination

S:1

3P . (S} »* (P} AP %0

Proof :

S:1
> 1
&1 ({Sh)

30 .5} > A0S (o) .

3P . (S} »* (P} AP %0

Closed-FTLR-Rec| 2 unfold £; ({S}) 3 inversion on Q) 20, (0}

—_
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Chapter 10

Related Work

The works on recursive logical relations for intuitionistic linear logic session types and on session logical
relations for noninterference [|1} 4] first explored the following formulation of the lolli case of the logical
relations: a configuration inhabiting a lolli type receives a channel and adds it to the context governing
all free channels currently used by the configuration. This formulation removes the negative occurrence
of a universally quantified computable argument configuration, and hence makes it possible to formulate
the entire logical relation inductively.

This motivates the development in Part I (Normalization of Lambda Calculus) of this thesis, where I
likewise define the verification of an open function using the simple rule that it suthces to apply the
function to a fresh variable and then verify that the resulting application remains computable. In Part I
(Termination of Process Calculus), the development follows that of |1, 4] so that the rule for the lolli
case of the inductive logical relation also simply states that it sufhces to verify that, upon receiving any
fresh address, the resulting configuration remains computable in the context extended with the fresh
address. Different from [1} 4], the inductive logical relation for the process calculus developed in this
thesis no longer demands that the inhabiting configurations be well-typed. Indeed, this thesis does
not even define a notion of well-typedness for configurations; hence, the notion of computability for
configurations relies entirely on the inductive logical relation.

Part | (Normalization of Lambda Calculus) of this thesis builds upon Kripke-Style Logical Relations for
Normalization [5} 6] by formulating the logical relation using an additional Kripke structure which are
worlds ranging over contexts. also follows the presentation of neutral terms in [j5], but differs in
that the inductive logical relation developed in this thesis builds the neutral judgement into the logical
relation, whereas [5] defines the notion of neutrally computable terms not as part of the logical relation.

Another respect in which this thesis differs is that its neutral judgement is indexed by worlds ranging
over contexts, while [5] defines a neutral judgement that is not indexed by worlds. [5] requires that
the argument of a neutral application already be normalizable, whereas the formulation in this thesis
requires that argument to be hereditarily computable. This thesis also extends the type theory presented
in [5]] with two additional positive types: generic sums and natural numbers. Finally, this thesis proves
normalization via the inductive logical relation, whereas [5] proves normalization via a recursive logical
relation.

Part II (Termination of Process Calculus) builds upon the process calculus presented in [11], in which the
notion of nameless conhigurations, which are configurations with a distinguished nameless root process,
is already present. This notion was first defined and explored in [[10]. This thesis further formulates
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the two kinds of process actions, with right actions being nameless in a similar sense: such actions are
not annotated with a destination address because they are carried out by providers that simply respond
without knowing the addresses. Finally, the inductive logical relation for the process calculus defined in
this thesis is Kripke-style in the sense of carrying an extra context governing the free addresses used by
the inhabiting configurations, so that the inductive logical relation is applicable to all open configurations,
whereas the two works [[10, 11] define logical relations applicable only to closed configurations.
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Chapter 11

Conclusion

Traditionally, logical relations are defined by induction on the structure of types. In this thesis, we defined
two inductive logical relations using inference rules and applied them to two calculi: the simply-typed
lambda calculus and a process calculus based on intuitionistic linear logic session types. We explored how
to prove the fundamental theorems of the two calculi with respect to their inductive logical relations:

T-M:A AFvy:T THS:A
H &
r=MecA A= {3(S)}e A

Next, starting from the computability judgements that are the conclusions of the two fundamental
theorems, we established additional theorems to derive the desired properties of lambda terms and
conﬁgurations, respectively:

rmea £ (Q) A—0EA
_
normg (M) Ea (Lﬂ [6] ‘ Q)

The former proves that any hereditarily computable term M is also normalizable. The latter proves
that composing any configuration computable according to the inductive logical relation in parallel
with complementary configurations computable according to the recursive logical relation yields a
configuration computable according to the recursive one.

As a special case of the latter theorem, we proved that a computable configuration is terminating when
it is already closed and inhabits the type 1, in the sense that it transitions to some process that then sends
the closing signal and terminates.

Overall, we established two pipelines for proving properties of programs in the lambda calculus and
the process calculus. As case studies, we proved normalization and termination, respectively, using the
inductive logical relations as proof engines:

THFM:A 5:1

rLmMeAa Syet

normgz (M) 10
B 3P . {§} -* {P} AP = 0
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In addition to functioning properly as proof engines, the inductive logical relations offer several technical
benefits. The inductive logical relation developed for the lambda calculus in Part I (Normalization off
Lambda Calculug) streamlines the accommodation of natural numbers. Whereas a typical logical relation
for the natural number type would be defined in addition to the main logical relation, which would then
inline the additional predicate for natural numbers, the inductive logical relation for the lambda calculus
in this thesis simply treats the natural number type in the same way as the other two positive types,
unit and sums. It does so by stating that a term computable at the natural number type steps either to a
canonical form or to a neutral spine. Crucially, the thesis does not rely on an additional computability
predicate for natural numbers.

Next, the inductive logical relation for the lambda calculus makes it possible to formulate and prove a
simpler fundamental theorem, in the sense that its statement does not involve computable substitutions,
which would otherwise typically be required. The proof of the fundamental theorem is therefore eas

to carry out. The inductive logical relation for the process calculus developed in Part I1
pf Process Calculug) likewise makes it possible to decompose the traditional fundamental theorem
into semantic and syntactic fundamental theorems, which could then be combined into the typical
fundamental theorem. This is a more modular approach to proving the fundamental theorem, in which
the roles of address substitutions and parallel composition are clearer: address substitutions inject a
session term into a singleton computable configuration, while parallel composition makes it possible to

close an open computable configuration by composing it in parallel with computable complementary
configurations.
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