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Abstract
Permutations are ubiquitous in many real-world problems, such as voting, ranking,
and data association. Representing uncertainty over permutations is challenging,
since there are n! possibilities, and typical compact and factorized probability
distribution representations, such as graphical models, cannot capture the mutual
exclusivity Constraints associated with permutations. In this paper, we use the “lowfrequency” terms of a Fourier decomposition to represent distributions over
permutations compactly. We present Kronecker conditioning, a new general and
efficient approach for maintaining and updating these distributions directly in the
Fourier domain. Low order Fourier-based approximations, however, may lead to
functions that do not correspond to valid distributions. To address this problem, we
present an efficient quadratic program defined directly in the Fourier domain for
projection the approximation onto a relaxation of the polytope of legal marginal
distributions. We demonstrate the effectiveness of our approach on a real camerabased multi-person tracking scenario.
*School of Computer Science, Carnegie Mellon University, Pittsburgh, PA , USA
**Computer Science Department, Stanford University, Stanford, CA, USA

Keywords:

Identity Management; Permutations; Approximate Inferen e;

Group Theoreti al Methods; Sensor Networks

A
A or B?

A or B?
B

Figure 1: When two persons pass near ea h other, their identities

an get

on-

fused.

1 Introdu tion
Probability distributions over permutations arise in a diverse variety of real
world problems. While they were perhaps rst studied in the
bling and

ontext of gam-

ard games, they have now been found to be appli able to many

important problems in multi-obje t tra king, information retrieval, webpage
ranking, preferen e eli itation, and voting.
As an example,

onsider the problem of tra king

n persons based on a

set of

noisy measurements of identity and position. A typi al tra king system might
attempt to manage a set of

n

tra ks along with an identity

orresponding to

ea h tra k, in spite of ambiguities from imperfe t identity measurements. When
the persons are well separated, the problem is easily de omposed and measurements about ea h individual

an be

learly asso iated with a parti ular tra k.

When persons pass near ea h other, however,

onfusion

an arise as their signal

signatures may mix; see Figure 1. After the individuals separate again, their
positions may be

learly distinguishable, but their identities

an still be

on-

fused, resulting in identity un ertainty whi h must be propagated forward in
time with ea h person, until additional observations allow for disambiguation.
This task of maintaining a belief state for the
tra ks and obje t identities while a

orre t asso iation between obje t

ounting for lo al mixing events and sensor

observations, was introdu ed in (Shin et al., 2003) and is

alled the identity

management problem.
The identity management problem poses a

hallenge for probabilisti

en e be ause it needs to address the fundamental

ombinatorial

infer-

hallenge that

there is a fa torial number of asso iations to maintain between tra ks and identities. Distributions over the spa e of all permutations require storing at least

1

n! − 1

numbers, an infeasible task for all but very small

ompa t representations, su h as graphi al models,

the mutual ex lusivity

n.

Moreover, typi al

annot e iently

apture

onstraints asso iated with permutations.

While there have been many approa hes for

oping with the fa torial

om-

plexity of maintaining a distribution over permutations, most atta k the problem
using one of two ideas  storing and updating a small subset of likely permutations, or, as in our

ase, restri ting

onsideration to a tra table subspa e of

possible distributions. (Willsky, 1978) was the rst to formulate the probabilisti ltering/smoothing problem for group-valued random variables. He proposed
an e ient FFT based approa h of transforming between primal and Fourier
domains so as to avoid

ostly

for dihedral and meta y li

onvolutions, and provided e ient algorithms

groups. (Kueh et al., 1999) show that probability

distributions on the group of permutations are well approximated by a small
subset of Fourier

oe ients of the a tual distribution, allowing for a prin ipled

tradeo between a

ura y and

omplexity. The approa h taken in (Shin et al.,

2005; S humits h et al., 2005; S humits h et al., 2006)

an be seen as an algo-

rithm for maintaining a parti ular xed subset of Fourier

oe ients of the log

density. Most re ently, (Kondor et al., 2007) allow for a general set of Fourier
oe ients, but assume a restri tive form of the observation model in order to
exploit an e ient FFT fa torization.
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In this work , we present several
upon the past related work.

ontributions whi h generalize and improve

We present a new and simple algorithm,

Krone ker Conditioning, whi h performs all probabilisti

alled

inferen e operations

ompletely in the Fourier domain, allowing for a prin ipled tradeo between
omputational

omplexity and approximation a

general, in the sense that it
fun tion that

ura y. Our approa h is fully

an address any transition model or likelihood

an be represented in the Fourier domain, su h as those used in

previous work, and
number of Fourier

an represent the probability distribution using any desired
oe ients. We analyze the errors whi h

an be introdu ed

by bandlimiting a probability distribution and show how they propagate with
respe t to inferen e operations. Approximate onditioning based on bandlimited
distributions

an sometimes yield Fourier

oe ients whi h do not

orrespond

to any valid distribution, even returning negative probabilities on o

asion

 we address this issue by presenting a method for proje ting the result ba k
into the polytope of

oe ients whi h

orrespond to nonnegative and

marginal probabilities using an e ient quadrati
i ally evaluate the a

onsistent

program. Finally, we empir-

ura y of approximate inferen e on simulated data drawn

from our model and further demonstrate the ee tiveness of our approa h on a
real

amera-based multi-person tra king s enario.

A shorter version this work appeared in (Huang et al., 2007). We provide a more omplete
dis ussion of our Fourier based methods in this extended paper.
1
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(a) Bef ore

(b) Af ter

Figure 2: Identity Management example. Three people, Ali e, Bob and Charlie
enter a room and we re eive a position measurement for ea h person at ea h
time step. With no way to observe identities inside the room, however, we are
onfused whenever two tra ks get too

lose. In this example, tra k 1

rosses with

tra k 2, then with tra k 3, then leaves the room, at whi h point it is observed
that the identity at Tra k 1 is in fa t Bob.

2 Filtering over permutations
As a prelude to the general problem statement, we begin with a simple identity
management problem on three tra ks (illustrated in Figure 2) whi h we will use
as a running example. In this problem, we observe a stream of lo alization data
from three people walking inside a room. Ex ept for a

amera positioned at the

entran e, however, there is no way to distinguish between identities on e they
are inside. In this example, an internal tra ker de lares that two tra ks have
`mixed' whenever they get too

lose to ea h other and announ es the identity

of any tra k that enters or exits the room.
In our parti ular example, three people, Ali e, Bob and Cathy, enter a room
separately, walk around, and we observe Bob as he exits. The events for our
parti ular example in the gure are re orded in Table 1. Sin e Tra ks 2 and 3
never mix, we know that Cathy annot be in Tra k 2 in the end, and furthermore,
sin e we observe Bob to be in Tra k 1 when he exits, we

an dedu e that Cathy

must have been in Tra k 3, and therefore Ali e must have been in Tra k 2.
Our simple example illustrates the

ombinatorial nature of the problem  in

parti ular, reasoning about the mixing events allows us to exa tly de ide where
Ali e and Cathy were even though we only made an observation about Bob at
the end.

Event #

Event Type

1

Tra ks 1 and 2 mixed

2

Tra ks 1 and 3 mixed

3

Observed Identity Bob at Tra k 1

Table 1: Table of Mixing and Observation events logged by the tra ker.
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In identity management, a permutation
identities to internal tra ks, with

σ(i)

σ

represents a joint assignment of

being the tra k belonging to the

identity. When people walk too losely together, their identities
leading to un ertainty over

σ.

an be

ith

onfused,

To model this un ertainty, we use a Hidden

Markov Model (HMM) on permutations, whi h is a joint distribution over latent
(1)
(T )
(1)
(T )

permutations

σ

,...,σ

, and observed variables

z

,...,z

whi h fa tors

as:

P (σ (1) , . . . , σ (T ) , z (1) , . . . , z (T ) ) = P (σ (1) )P (z (1) |σ (1) )
The

onditional probability distribution

T
Y

t=2

P (σ (t) |σ (t−1) )

P (z t |σ (t) )·P (σ (t) |σ (t−1) ).
is

alled the transition

model, and might ree t, for example, that the identities belonging to two
tra ks were swapped with some probability by a mixing event. The distribution

P (z (t) |σ (t) )

is

alled the observation model, whi h might, for example,

a distribution over the

olor of

apture

lothing for ea h individual.

We fo us on ltering, in whi h one queries the HMM for the posterior
at some time step, onditioned on all past observations. Given the distribu(t) (1)
tion P (σ |z
, . . . , z (t) ), we re ursively ompute P (σ (t+1) |z (1) , . . . , z (t+1) ) in

two steps: a predi tion/rollup step and a

onditioning step. Taken together,

these two steps form the well known Forward Algorithm (Rabiner, 1989). The
predi tion/rollup step multiplies the distribution by the transition model and
marginalizes out the previous time step:

P (σ (t+1) |z (1) , . . . , z (t) ) =
The

onditioning step

X
σ(t)

P (σ (t+1) |σ (t) )P (σ (t) |z (1) , . . . , z (t) ).

onditions the distribution on an observation

z (t+1)

using

Bayes rule:

P (σ (t+1) |z (1) , . . . , z (t+1) ) ∝ P (z (t+1) |σ (t+1) )P (σ (t+1) |z (1) , . . . , z (t) ).
Sin e there are n! permutations, a single iteration of the algorithm requires
O((n!)2 ) ops and is onsequently intra table for all but very small n. The
approa h that we advo ate is to maintain a

ompa t approximation to the true

distribution based on the Fourier transform. As we dis uss later, the Fourier
based approximation is equivalent to maintaining a set of low-order marginals,
rather than the full joint, whi h we regard as being analogous to an Assumed

Density Filter (Boyen & Koller, 1998). Although we fo us on HMMs and ltering for

on reteness, the approa h we des ribe is useful for other probabilisti

inferen e tasks over permutations, su h as ranking obje ts and modeling user
preferen es.
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3 Probability Distributions over the Symmetri
Group
A permutation on
itself and

n

elements is a one-to-one mapping of the set

an be written as a tuple,

{1, . . . , n} into

σ = [σ(1) σ(2) . . . σ(n)],
where

σ(i)

denotes where the

ith

element is mapped under the permutation

σ = [2 3 1 4 5] means that σ(1) = 2,
σ(5) = 5. The set of all permutations on n

( alled one line notation ). For example,

σ(2) = 3, σ(3) = 1, σ(4) = 4,

and

elements forms a group under the operation of fun tion
if

σ1

and

σ2

omposition  that is,

are permutations, then

σ1 σ2 = [σ1 (σ2 (1)) σ1 (σ2 (2)) . . . σ1 (σ2 (n))]
is itself a permutation. The set of all

Group, or just

n!

permutations is

alled the Symmetri

Sn .
Sn using the more standard y le
(i, j, k, . . . , ℓ) refers to the permutation whi h maps
nally ℓ to i. Though not every permutation an be

We will a tually notate the elements of

notation, in whi h a

i

to

j, j

to

k, . . . ,

written as a single
disjoint

y le

and

y le, any permutation

an always be written as a produ t of

y les. For example, the permutation

notation is

σ = (1, 2, 3)(4)(5).

σ = [2 3 1 4 5]

The number of elements in a

y le length and we typi ally drop the length 1

y les in

written in

y le is

y le notation when it

σ = (1, 2, 3)(4)(5) = (1, 2, 3). We
maps every element to itself ) as ǫ.

reates no ambiguity  in our example,
to the identity permutation (whi h

A probability distribution over permutations
distribution on the

ex lusivity

n

y le

alled the
refer

an be thought of as a joint

(σ(1), . . . , σ(n)) subje t to the mutual
P (σ : σ(i) = σ(j)) = 0 whenever i 6= j . For ex-

random variables

onstraints that

ample, in the identity management problem, Ali e and Bob
in Tra k 1 simultaneously. Due to the fa t that all of the

σ(i)

annot both be
are

oupled in

the joint distribution, graphi al models, whi h might have otherwise exploited
an underlying

onditional independen e stru ture, are inee tive. Instead, our

Fourier based approximation a hieves

ompa tness by exploiting the algebrai

stru ture of the problem.

3.1 Compa t summary statisti s
While

ontinuous distributions like Gaussians are typi ally summarized using

moments (like mean and varian e), or more generally, expe ted features, it is
not immediately obvious how one might, for example,

ompute the `mean' of a

distribution over permutations. There is a simple method that might spring to
mind, however, whi h is to think of the permutations as permutation matri es
and to average the matri es instead.
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Example 1.

For example, onsider the two permutations ǫ, (1, 2) ∈ S3 (ǫ is the
(1, 2) swaps 1 and 2). We an asso iate the identity permutation ǫ
3 × 3 identity matrix, and similarly, we an asso iate the permutation

identity and
with the

(1, 2)

with the matrix:

0 1
(1, 2) 7→  1 0
0 0


0
0 .
1

(1, 2) is therefore:


 

1 0 0
0 1 0
1/2 1/2 0
1
1
0 1 0  +  1 0 0  =  1/2 1/2 0  .
2
2
0 0 1
0 0 1
0
0 1

The `average' of

ǫ



and



As we will later show,

omputing the `mean' (as des ribed above) of a dis-

P , ompa tly summarizes P by storing a marginal
σ(1), σ(2), . . . , σ(n), whi h requires storing only O(n2 )
the full O(n!) for the exa t distribution. As an example,

tribution over permutations,
distribution over ea h of
numbers rather than

one possible summary might look like:




Pb = 


Su h doubly sto hasti

Tra k 1
Tra k 2
Tra k 3

Ali e

Bob

Cathy

2/3
1/3
0

1/6
1/3
1/2

1/6
1/3
1/2




.


rst-order summaries have been studied in various

settings (Shin et al., 2003; Helmbold & Warmuth, 2007). In identity manage-

2

ment (Shin et al., 2003) , rst-order summaries maintain, for example,

P (Ali

e is at Tra k 1)

P (Bob
What

annot be

is at Tra k 3)

= 2/3,
= 1/2.

aptured by rst-order summaries however, are the higher order

statements like:

P (Ali

e is in Tra k 1 and Bob is in Tra k 2)

= 0.

Over the next two se tions, we will show that the rst-order summary of a
distribution

P (σ)

an equivalently be viewed as the lowest frequen y

of the Fourier transform of

P (σ),

and that by

oe ients

onsidering higher frequen ies,

2 Stri tly speaking, a map from identities to tra ks is not a permutation sin e a permutation
always maps a set into itself. In fa t, the set of all su h identity-to-tra k assignments does not
a tually form a group sin e there is no way to ompose any two su h assignments to obtain
a legitimate group operation. We abuse the notation by referring to these assignments as a
group, but really the elements of the group here should be thought of as the `deviation' from
the original identity-to-tra k assignment (where only the tra ks are permuted, for example,
when they are onfused). In the group theoreti language, there is a faithful group a tion of
S on the set of all identity-to-tra k assignments.
n

6

we

an

apture higher order marginal probabilities in a prin ipled fashion. Fur-

thermore, the Fourier theoreti

perspe tive, as we will show, provides a natural

framework for formulating inferen e operations with respe t to our

ompa t

summaries. In a nutshell, we will view the predi tion/rollup step as a

onvolu-

tion and the

onditioning step as a pointwise produ t  then we will formulate

the two inferen e operations in the Fourier domain as a pointwise produ t and
onvolution, respe tively.

4 The Fourier transform on nite groups
Over the last fty years, the Fourier Transform has been ubiquitously applied to
everything digital, parti ularly with the invention of the Fast Fourier Transform.
On the real line, the Fourier Transform is a well-studied method for de omposing
a fun tion into a sum of sine and

osine terms over a spe trum of frequen ies.

Perhaps less familiar though, is its group theoreti

generalization, whi h we

review in this se tion with an eye towards approximating fun tions on

Sn .

For

further information, see (Dia onis, 1988) and (Terras, 1999).

4.1 Group representation theory
The generalized denition of the Fourier Transform relies on the theory of group
representations, whi h formalize the
matri es and are used to
on a group

G,

onstru t a

on ept of asso iating permutations with
omplete basis for the spa e of fun tions

thus also playing a role analogous to that of sinusoids on the real

line.

Denition 2.

A representation of a group G is a map ρ from G to a set of
dρ × dρ matrix operators whi h preserves algebrai stru ture in the
sense that for all σ1 , σ2 ∈ G, ρ(σ1 σ2 ) = ρ(σ1 ) · ρ(σ2 ). The matri es whi h lie in
the image of ρ are alled the representation matri es, and we will refer to dρ as
invertible

the degree of the representation.
The requirement that ρ(σ1 σ2 ) = ρ(σ1 ) · ρ(σ2 ) is analogous to the property
ei(θ1 +θ2 ) = eiθ1 · eiθ2 for the onventional sinusoidal basis. Ea h matrix

that

entry,

ρij (σ)

denes some fun tion over



and

ρ11 (σ)
 ρ21 (σ)

ρ(σ) = 
.
.

.
ρdρ 1 (σ)

ρ12 (σ)
ρ22 (σ)
.
.
.

Sn .

Example 3.

.

···


ρ1dρ (σ)
ρ2dρ (σ) 

,
.
.

.
ρdρ dρ (σ)

simultaneously denes a set of

(4.1)

d2ρ

fun -

We will eventually think of group representations as the set of

Fourier basis fun tions onto whi h we

symmetri

ρ

···
···
..

ρdρ 2 (σ)

onsequently, ea h representation

tions over

Sn :

an proje t arbitrary fun tions.

We begin by showing three examples of representations on the

group.
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1. The simplest example of a representation is alled the trivial representa1×1
tion ρ(n) : Sn → R
, whi h maps ea h element of the symmetri group
to 1, the multipli ative identity on the real numbers. The trivial representation is a tually dened for every group, and while it may seem unworthy
of mention, it plays the role of the

onstant basis fun tion in the Fourier

theory.

Sn , whi h we alluded to in
τ(n−1,1) (we explain the terminology in Se tion 5) , whi h maps a permutation σ to its orresponding
permutation matrix given by [τ(n−1,1) (σ)]ij = 1 {σ(j) = i}. For example,
the rst-order permutation representation on S3 is given by:

2. The rst-order permutation representation of
Example 1, is the degree

n



1
τ(2,1) (ǫ) =  0
0


1
τ(2,1) (2, 3) =  0
0


0
τ(2,1) (1, 2, 3) =  1
0

representation,


0 0
1 0 
0 1



0 1
τ(2,1) (1, 2) =  1 0
0 0


0 0
0 1 
1 0



0 0
τ(2,1) (1, 3) =  0 1
1 0


0 1
0 0 
1 0



minant of

τ(n−1,1) (σ),

whi h is

Sn , maps
+1 if σ an


1
0 
0


1 0
0 1 
0 0

0
τ(2,1) (1, 3, 2) =  0
1

3. The alternating representation of


0
0 
1

a permutation

σ

to the deter-

be equivalently written as the

−1 otherwise. We
n 1's in the subs ript.

omposition of an even number of pairwise swaps, and
write the alternating representation as
For example, on

S4 ,

ρ(1,...,1)

with

we have:

ρ(1,1,1,1) ((1, 2, 3)) = ρ(1,1,1,1) ((13)(12)) = +1.
The alternating representation an be interpreted as the `highest frequen y'
basis fun tion on the symmetri group, intuitively due to its high sensitivity
to swaps. For example, if τ(1,...,1) (σ) = 1, then τ(1,...,1) ((12)σ) = −1.
In identity management, it may be reasonable to believe that the joint
probability over all

n

identity labels should only

hange by a little if just

two obje ts are mislabeled due to swapping  in this
basis fun tion
provide an a

ase, ignoring the

orresponding to the alternating representation should still
urate approximation to the joint distribution.

In general, a representation
and therefore does not

orresponds to an over omplete set of fun tions

onstitute a valid basis for any subspa e of fun tions.

For example, the set of nine fun tions on

S3

orresponding to

four dimensions, be ause there are six normalization
row sums and three on the

τ(2,1)

span only

onstraints (three on the

olumn sums), of whi h ve are independent  and
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so there are ve redundant dimensions. To nd a valid

Sn ,

spa e of fun tions on

omplete basis for the

we will need to nd a family of representations whose

basis fun tions are independent, and span the entire

n!-dimensional

spa e of

fun tions.
In the following two denitions, we will provide two methods for

onstru t-

ing a new representation from old ones su h that the set of fun tions on

Sn

orresponding to the new representation is linearly dependent on the old representations. Somewhat surprisingly, it
arise amongst the representations
to

an be shown that dependen ies whi h

an always be re ognized in a

ertain sense,

ome from the two possible following sour es (Serre, 1977).

Denition 4.
1.

Equivalen e.

Given a representation

an dene a new representation

ρ2

ρ1

and an invertible matrix

by  hanging the basis for

C,

one

ρ1 :

ρ2 (σ) , C −1 · ρ1 (σ) · C.

(4.2)

ase, that ρ1 and ρ2 are equivalent as representations
ρ1 ≡ ρ2 ), and the matrix C is known as the intertwining operator.
that dρ1 = dρ2 .

We say, in this
(written
Note
It

an be

he ked that the fun tions

stru ted from those

orresponding to

tion matrix, the matrix entries of
entries of
2.

ρ1 ,

ρ2

orresponding to

ρ1 .

Dire t Sum.

are exa tly the same as the matrix

Given two representations

ρ1 ⊕ ρ2 (σ) ,
is

sum of two



ρ1 (σ)
0

ρ1

and ρ2 , we
ρ1 ⊕ ρ2 , by

0
.
ρ2 (σ)

an always form
dening:

alled the dire t sum representation. For example, the dire t
opies of the trivial representation is:

ρ(n) ⊕ ρ(n) (σ) =
with four

an be re onis a permuta-

only permuted.

a new representation, whi h we will write as

ρ1 ⊕ ρ2

ρ2
C

For example, if

orresponding fun tions on



Sn ,

1 0
0 1



,

ea h of whi h is

learly depen-

dent upon the trivial representation itself.
Most representations

an be seen as being equivalent to a dire t sum of

stri tly smaller representations.
posed as

ρ ≡ ρ1 ⊕ ρ2 ,

Whenever a representation

we say that

ρ

ρ

an be de om-

is redu ible. As an example, we now show

that the rst-order permutation representation is a redu ible representation.

Example 5.

{e1 , e2 , e3 }, the rstan be equivalently written with respe t

Instead of using the standard basis ve tors

order permutation representation

τ(2,1)

9

{v1 , v2 , v3 },

to a new basis

where:

e1 + e2 + e3
,
|e1 + e2 + e3 |
−e1 + e2
v2 =
,
| − e1 + e2 |
−e1 − e2 + 2e3
v3 =
.
| − e1 − e2 + 2e3 |
v1 =

To ` hange the basis', we write the new basis ve tors as



|
C =  v1
|
and

|
v2
|

 
|

v3  = 
|

√1
3
√1
3
√1
3

√
− 22
√
2
2

0

olumns in a matrix

− √16

C:




− √16  ,
√2
6

onjugate the representation τ(2,1) by C (as in Equation 4.2) to obtain the
C −1 · τ(2,1) (σ) · C :

equivalent representation

2

1
C −1 τ(2,1) (ǫ)C = 4 0
0
2

1
6
C −1 τ(2,1) (2, 3)C = 4 0
0
2

1
6
C −1 τ(2,1) (1, 2, 3)C = 4 0
0

3
0
0 5
1

0
1
0
0

0

1
√2
3
2

0
1
−
√2
3
2

√
3
2
− 21

2

1
C −1 τ(2,1) (1, 2)C = 4 0
0
2

3

1
6
C −1 τ(2,1) (1, 3)C = 4 0
0

7
5

0√

0
1
2
√

−

2

3

1
6
C −1 τ(2,1) (1, 3, 2)C = 4 0
0

7
− 23 5
− 12

0
−1
0

3
2

0
−√21
− 23

3
0
0 5
1
0√

3

0

3

7
− 23 5
1
−2
√

3
2
− 21

7
5

The interesting property of this parti ular basis is that the new representation
matri es all appear to be the dire t sum of two smaller representations, a trivial

ρ(3) as the top left blo k, and a degree 2 representation in the
bottom right whi h we will refer to as ρ(2,1) .
Geometri ally, the representation ρ(2,1) an also be thought of as the group

representation,

of rigid symmetries of the equilateral triangle with verti es:

P1 =

 √

ρ(2,1) (1, 2)
ρ(2,1) (1, 2, 3) by a π/3
The matrix

3/2
1/2



, P2 =



√



0
− 3/2
, P3 =
.
−1
1/2

a ts on the triangle by ree ting about the

x-axis,

and

ounter- lo kwise rotation.

In general, there are innitely many redu ible representations. For example,

d, there is a representation whi h maps every element of a
d × d identity matrix (the dire t sum of d opies of the trivial

given any dimension
group

G

to the

representation). However, for any nite group, there exists a nite

10

olle tion of

σ

ρ(3)

ǫ

1

(1, 2)

1

(2, 3)

1

(1, 3)

1

(1, 2, 3)

1

(1, 3, 2)

1

ρ(2,1)

1 0
0 1


−1 0
0 1
√


3/2
√1/2
3/2 −1/2
√


1/2
− 3/2
√
− 3/2 −1/2
√


−1/2
−
3/2
√
3/2 −1/2
√


3/2
−1/2
√
− 3/2 −1/2


ρ(1,1,1)
1
−1
−1
−1
1
1

Table 2: The irredu ible representation matri es of

atomi

representations whi h

S3 .

an be used to build up any other representation

using the dire t sum operation.

These representations are referred to as the

irredu ibles of a group, and they are dened simply to be the
representations (up to equivalen e) whi h are not redu ible. It
that any representation of a nite group

G

is equivalent to a dire t sum of

irredu ibles (Dia onis, 1988), and hen e, for any representation
a matrix

C

for whi h

C −1 · τ · C =
where

ρ

zρ
MM
ρ

olle tion of
an be shown

τ,

there exists

ρ,

j=1

ranges over all distin t irredu ible representations of the group

the inner

⊕

refers to some nite number (zρ ) of

S3

(Dia-

the degree 2 representation

ρ(2,1) ,

As it happens, there are only three irredu ible representations of
onis, 1988), the trivial representation
and the alternating representation
resentation matri es of

S3

ρ(3) ,

ρ(1,1,1) .

G, and
ρ.

opies of ea h irredu ible

The

omplete set of irredu ible rep-

are shown in the Table 2. Unfortunately, the analysis

of the irredu ible representations for

n > 3

is far more

ompli ated and we

postpone this more general dis ussion for Se tion 5.

4.2 The Fourier transform
The link between group representation theory and Fourier analysis is given by
the

elebrated Peter-Weyl theorem ((Dia onis, 1988; Terras, 1999; Sagan, 2001))

whi h says that the matrix entries of the irredu ibles of

11

G

form a

omplete set

G.3 The spa e of fun tions on S3 , for example,
is orthogonally spanned by the 3! fun tions ρ(3) (σ), [ρ(2,1) (σ)]1,1 , [ρ(2,1) (σ)]1,2 ,
[ρ(2,1) (σ)]2,1 , [ρ(2,1) (σ)]2,2 and ρ(1,1,1) (σ), where [ρ(σ)]ij denotes the (i, j) entry
of the matrix ρ(σ).
As a repla ement for proje ting a fun tion f onto a omplete set of sinusoidal
of orthogonal basis fun tions on

basis fun tions (as one would do on the real line), the Peter-Weyl theorem
suggests instead to proje t onto the basis provided by the irredu ibles of
on the real line, this proje tion
of

f

an be done by

G.

As

omputing the inner produ t

with ea h element of the basis, and we dene this operation to be the

generalized form of the Fourier Transform.

Denition 6.

f : G → R be any fun tion on a group G and let ρ be any
G. The Fourier Transform of f at the representation ρ is

Let

representation on

dened to be the matrix of

oe ients:

fˆρ =

X

f (σ)ρ(σ).

(4.3)

σ

The

olle tion of Fourier Transforms at all irredu ible representations of

the Fourier Transform of

G form

f.

There are two important points whi h distinguish this Fourier Transform
from its familiar formulation on the real line  rst, the outputs of the transform
are matrix-valued, and se ond, the inputs to
than real numbers.

fˆ are

representations of

G

rather

As in the familiar formulation, the Fourier Transform is

invertible and the inversion formula is expli itly given by the Fourier Inversion
Theorem.

Theorem 7

.

(Fourier Inversion Theorem)

f (σ) =

h
i
1 X
dρλ Tr fˆρTλ · ρλ (σ) ,
|G|

(4.4)

λ

where

λ

indexes over the

olle tion of irredu ibles of

G.

Note that the tra e term in the inverse Fourier Transform is just the `ma

fˆρλ and ρλ (σ), sin e Tr AT · B = hve (A), ve (B)i,

trix dot produ t' between
where by ve
arranged in

we mean mapping a matrix to a ve tor on the same elements

olumn-major order.

We now provide several examples for intuition. For fun tions on the real line,
the Fourier Transform at zero frequen y gives the DC
The same holds true for fun tions on a group; If

omponent of a signal.

f :G →R

is any fun tion,

3 Te hni ally the Peter-Weyl result, as stated here, is only true if all of the representation
matri es are unitary. That is, ρ(σ) ρ(σ) = I for all σ ∈ S , where the matrix A is the
onjugate transpose of A. For the ase of real-valued (as opposed to omplex-valued) matri es,
however, the denitions of unitary and orthogonal matri es oin ide.
While most representations are not unitary, there is a standard result from representation theory whi h shows that for any representation of G, there exists an equivalent unitary
representation.
∗

n
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∗

ρ(n) = 1, the Fourier Transform of f at the trivial representation
P
is onstant, with fˆρ(n) =
σ f (σ). Thus, for any probability distribution P ,
we have P̂ρ(n) = 1. If P were the uniform distribution, then P̂ρ = 0 at every
irredu ible ρ ex ept at the trivial representation.
The Fourier Transform at τ(n−1,1) also has a simple interpretation:
then sin e

[fˆτ(n−1,1) ]ij =

X

f (σ)[τ(n−1,1) (σ)]ij =

σ∈Sn

X

σ∈Sn

f (σ)1 {σ(j) = i} =

X

f (σ).

σ:σ(j)=i

∆ij = {σ : σ(j) = i} is the set of the (n − 1)! possible permutations
j to i. In identity management, ∆ij an be thought of as
the set of assignments whi h, for example, have Ali e at Tra k 1. If P is a distribution, then P̂τ(n−1,1) is a matrix of rst-order marginal probabilities, where the
(i, j)-th element is the marginal probability that a random permutation drawn
from P maps element j to i.
The set

whi h map element

Example 8.

Consider the following probability distribution on

σ
P (σ)

ǫ
1/3

(1, 2)
1/6

(2, 3)
1/3

(1, 3)
0

(1, 2, 3)
1/6

S3 :

(1, 3, 2)
0

The set of all rst order marginal probabilities is given by the Fourier transform at

τ(2,1) :



 1
Pbτ(2,1) = 
 2
3

In the above matrix, ea h

olumn

possible tra ks that identity

j

j


A
B
C
2/3 1/6 1/6 
.
1/3 1/3 1/3 
0 1/2 1/2

represents a marginal distribution over the

an map to under a random draw from

P.

We

see, for example, that Ali e is at Tra k 1 with probability 2/3, or at Tra k 2
with probability 1/3. Simultaneously, ea h row
bution over the possible identities that
a random draw from

P.

i

represents a marginal distri-

ould have been mapped to tra k

i

under

In our example, Bob and Cathy are equally likely to

be in Tra k 3, but Ali e is denitely not in Tra k 3. Sin e ea h row and ea h

Pbτ(2,1) must be doubly sto hasti . We
onsequen es of this observation later.

olumn is itself a distribution, the matrix
will elaborate on the

The Fourier transform of the same distribution at all irredu ibles is:

Pbρ(3) = 1, Pbρ(2,1) =



√1/4
3/4

√

3/4
, Pbρ(1,1,1) = 0.
1/4

The rst-order permutation representation,

τ(n−1,1) ,

aptures the statisti s

of how a random permutation a ts on a single obje t irrespe tive of where all
of the other

n−1

obje ts are mapped, and in doing so, ompa tly summaO(n2 ) numbers. Unfortunately, as mentioned in

rizes the distribution with only
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Se tion 3, the Fourier transform at the rst-order permutation representation
annot

apture more

ompli ated statements like:

P (Ali
To avoid

e and Bob o

upy Tra ks 1 and 2)

= 0.

ollapsing away so mu h information, we might dene ri her summary

statisti s that might

apture `higher-order' ee ts. We dene the se ond-order

unordered permutation representation by:

[τ(n−2,2) (σ)]{i,j},{k,ℓ} = 1 {σ({k, ℓ}) = {i, j}} ,
where we index the matrix rows and

olumns by unordered pairs

{i, j}.

ondition inside the indi ator fun tion states that the representation

The

aptures

{k, ℓ} maps to the pair {i, j}, but is indierent with
k 7→ i and ℓ 7→ j , or, k 7→ j and ℓ 7→ i.
Example 9. For n = 4, there are six possible unordered pairs: {1, 2},{1, 3},{1, 4},{2, 3},{2, 4},
and {3, 4}. The matrix representation of the permutation (1, 2, 3) is:

whether the pair of obje ts

respe t to the ordering; i.e., either

2

6
6
6
6
τ(2,2) (1, 2, 3) = 6
6
6
4

{1, 2}
{1, 3}
{1, 4}
{2, 3}
{2, 4}
{3, 4}

{1, 2}
0
1
0
0
0
0

{1, 3}
0
0
0
1
0
0

{1, 4}
0
0
0
0
0
1

{2, 3}
1
0
0
0
0
0

The se ond order ordered permutation representation,

{2, 4}
0
0
1
0
0
0

{3, 4}
0
0
0
0
1
0

τ(n−2,1,1) ,

3

7
7
7
7
7.
7
7
5

is dened

similarly:

where

[τ(n−2,1,1) (σ)](i,j),(k,ℓ) = 1 {σ((k, ℓ)) = (i, j)} ,

(k, ℓ) denotes an ordered pair.
σ maps k to i and ℓ to j .

Therefore,

[τ(n−2,1,1) (σ)](i,j),(k,ℓ)

is 1 if

and only if

As in the rst-order

ase, the Fourier transform of a probability distribu-

τ(n−2,2) , returns a matrix of
σ({k, ℓ}) = {i, j}), whi h aptures
tion at

marginal probabilities of the form:

P (σ :

statements like, "Ali e and Bob o

Tra ks 1 and 2 with probability 1/2".

upy

Similarly, the Fourier transform at

τ(n−2,1,1) returns a matrix of marginal probabilities of the form P (σ : σ((k, ℓ)) =
(i, j)), whi h aptures statements like, "Ali e is in Tra k 1 and Bob is in Tra k
2 with probability 9/10".
We

an go further and dene third-order representations, fourth-order rep-

resentations, and so on. In general however, the permutation representations
as they have been dened above are redu ible, intuitively due to the fa t that
it is possible to re over lower order marginal probabilities from higher order
marginal probabilities.

For example, one

an re over the normalization

on-

stant ( orresponding to the trivial representation) from the rst order matrix
of marginals by summing a ross either the rows or

olumns, and the rst order

marginal probabilities from the se ond order marginal probabilities by summing
a ross appropriate matrix entries. To truly leverage the ma hinery of Fourier
analysis, it is important to understand the Fourier transform at the irredu ibles
of the symmetri

group, and in the next se tion, we show how to derive the ir-

redu ible representations of the Symmetri

group by rst dening permutation

representations, then subtra ting o the lower-order ee ts.
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5 Representation theory on the Symmetri group
In this se tion, we provide a brief introdu tion to the representation theory
of the Symmetri

group. Rather than giving a fully rigorous treatment of the

subje t, our goal is to give some intuition about the kind of information whi h
an be

aptured by the irredu ible representations of

we will show that Fourier transforms on the Symmetri

n

indexed by frequen ies, are indexed by partitions of
sum to

n),

and

ertain partitions

Roughly speaking,

group, instead of being

(tuples of numbers whi h

orrespond to more

than others. For proofs, we point the reader to

Sn .

omplex basis fun tions

onsult: (Dia onis, 1989; James

& Kerber, 1981; Sagan, 2001; Vershik & Okounkov, 2006).
Instead of the singleton or pairwise marginals whi h were des ribed in the
previous se tion, we will now fo us on using the Fourier
bution to query a mu h wider
will be able to
on

S6

ompute the following (more

using Fourier

oe ients of a distri-

lass of marginal probabilities. As an example, we
ompli ated) marginal probability

oe ients:

91 8
91
08
<1 2 3=
<1 2 6=
A=
A,
P @σ : σ @ 4 5
4 5
:
;
;
:
6
3
0

(5.1)

whi h we interpret as the joint marginal probability that the rows of the diagram
on the left map to

orresponding rows on the right as unordered sets. In other

words, Equation 5.1 is the joint probability that unordered set

{1, 2, 6},
to {3}.

the unordered pair

{4, 5}

maps to

{4, 5},

{1, 2, 3} maps to
{6} maps

and the singleton

The diagrams in Equation 5.1 are known as Ferrer's diagrams and are

om-

n, whi h are dened to be unordered tuples
of positive integers, λ = (λ1 , . . . , λℓ ), whi h sum to n. For example, λ = (3, 2)
is a partition of n = 5 sin e 3 + 2 = 5. Usually we write partitions as weakly
de reasing sequen es by onvention, so the partitions of n = 5 are:
monly used to visualize partitions of

(5), (4, 1), (3, 2), (3, 1, 1), (2, 2, 1), (2, 1, 1, 1), (1, 1, 1, 1, 1),
and their respe tive Ferrers diagrams are:

,

,

,

,

A Young tabloid is an assignment of the numbers

,

{1, . . . , n}

,

.

to the boxes of

a Ferrers diagram for a partition

λ,

set. There are 6 Young tabloids

orresponding to the partition

where ea h row represents an unordered

λ = (2, 2),

for

example:



1 2
3 4

ﬀ 
ﬀ 
ﬀ 
ﬀ 
ﬀ 
ﬀ
, 1 3 , 1 4 , 2 3 , 2 4 , 3 4 .
2 4
2 3
1 4
1 3
1 2

The Young tabloid,

{1, 2}

and

{3, 4},

1 2
3 4

, for example, represents the two underordered sets

and if we were interested in
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omputing the joint probability

that

σ({1, 2}) = {3, 4}

and

σ({3, 4}) = {1, 2},

then we

ould write the problem

in terms of Young tabloids as:

P

„

σ : σ

„

1 2
3 4

ﬀ«

=



In general, we will be able to use the Fourier
sentations to

3 4
1 2

ﬀ«

.

oe ients at irredu ible repre-

ompute the marginal probabilities of Young tabloids. As we shall

see, with the help of the James Submodule theorem (James & Kerber, 1981),
the marginals

orresponding to simple partitions will require very few Fourier

oe ients to

ompute, whi h is one of the main strengths of working in the

Fourier domain.

Example 10.

Imagine three separate rooms

whi h Ali e and Bob are in room 1 o
are in room 2 o
o

ontaining two tra ks ea h, in

upying Tra ks 1 and 2; Cathy and David

upying Tra ks 3 and 4; and Eri

and Frank are in room 3

upying Tra ks 5 and 6, but we are not able to distinguish whi h person is at

whi h tra k in any of the rooms. Then

91
91
8
08
<A B=
<1 2=
P @σ : @ C D A →
3 4 A = 1.
:
;
;
:
EF
5 6
0

It is in fa t, possible to re ast the rst-order marginals whi h were des ribed
in the previous se tion in the language of Young tabloids by noti ing that,
for example, if

{2, . . . , n}

1

maps to

1,

then the unordered set

{2, . . . , n}

must map to

sin e permutations are one-to-one mappings. The marginal proba-

σ(1) = 1, then, is equal to the marginal probability that σ(1) = 1
σ({2, . . . , n}) = {2, . . . , n}. If n = 6, then the marginal probability written

bility that

and

using Young tabloids is:

P

„

σ : σ

„

2 3 4 5 6
1

ﬀ«

The rst-order marginal probabilities
probabilities of Young tabloids of shape

=



2 3 4 5 6
1

ﬀ«

.

orrespond, therefore, to the marginal

λ = (n − 1, 1).

Likewise, the se ond-order unordered marginals orrespond to Young tabloids
of shape
maps to

λ = (n − 2, 2). If n = 6 again, then the marginal probability that {1, 2}
{2, 4} orresponds to the following marginal probability for tabloids:
P

„

σ : σ

„

3 4 5 6
1 2

ﬀ«

The se ond-order ordered marginals are

=



1 3 5 6
2 4

.

aptured at the partition

2, 1, 1).

For example, the marginal probability that

maps to

{4}

is given by:

ﬀ«

{1}

maps to

91 8
91
08
<3 4 5 6=
<1 3 5 6=
A=
A.
P @σ : σ @ 1
2
;
;
:
:
2
4
0
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{2}

λ = (n −
and {2}

And nally, we remark that the

(1, . . . , 1)
n! × n!

responding matrix of marginals has

n re overs all original
σ(1), . . . , σ(n). The or-

partition of

probabilities sin e it asks for a joint distribution over
entries.

To see how the marginal probabilities of Young tabloids of shape
thought of as Fourier

λ

an be

oe ients, we will dene a representation (whi h we

the permutation representation ) asso iated with

λ

all

and show that the Fourier

transform of a distribution at a permutation representation gives marginal probabilities. We begin by xing an ordering on the set of possible Young tabloids,

{t1 }, {t2 }, . . . , and dene the permutation representation τλ (σ) to be the matrix:

1 if σ({tj }) = {ti }
[τλ (σ)]ij =
.
(5.2)
0
otherwise
It

an be

he ked that the fun tion

Symmetri

group, and therefore we

P (σ)

τλ

is indeed a valid representation of the

an

ompute Fourier

oe ients at

τλ .

If

is a probability distribution, then

i
h
X
=
Pbτλ
P (σ) [τλ (σ)]ij ,
ij

σ∈Sn

X

=

P (σ),

{σ : σ({tj })={ti }}

= P (σ : σ({tj }) = {ti }),
and therefore, the matrix of marginals

λ

orresponding to Young tabloids of shape

is given exa tly by the Fourier transform at the representation

τλ .

As we showed earlier, the simplest marginals (the zeroth order normalization
onstant),
marginals

orrespond to the Fourier transform at

τ(n−1,1) ,

orrespond to

orrespond to

τ(n−2,2) .

τ(n) ,

while the rst-order

and the se ond-order unordered marginals

The list goes on and on, with the marginals getting more

ompli ated; At the other end of the spe trum, we have the Fourier
at the representation

τ(1,1,...,1)

oe ients

whi h exa tly re over the original probabilities

P (σ).
We use the word `spe trum' suggestively here, be ause the dierent levels of
omplexity for the marginals are highly reminis ent of the dierent frequen ies
for real-valued signals, and a natural question to ask is how the partitions might
be ordered with respe t to the ` omplexity' of the
In parti ular how might one

orresponding basis fun tions.

hara terize this vague notion of

omplexity for a

given partition?
The ` orre t'

hara terization, as it turns out, is to use the dominan e or-

dering of partitions, whi h, unlike the ordering on frequen ies, is not a linear
order, but rather, a partial order.

Denition 11 (Dominan
(we say

λ

dominates

.

e Ordering)

if for ea h

(4, 2)D(3, 2, 1) sin
(3, 3) and (4, 1, 1) annot

For example,
However,

µ),

i,
e

λ, µ be partitions
Pi
k=1 λk ≥
k=1 µk .

Let

Pi

of

n.

Then

λDµ

4 ≥ 3, 4+2 ≥ 3+2, and 4+2+0 ≥ 3+2+1.

be

ompared with respe t to the dominan e
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(a) Dominan e ordering for
n = 6.

(b) Fourier oe ient matri es for S .
6

Figure 3: The dominan e order for partitions of

n = 6 are shown in the

left dia-

gram (a). Fat Ferrer's diagrams tend to be higher in the order and long, skinny
diagrams tend to be lower. The

orresponding Fourier

oe ient matri es for

ea h partition (at irredu ible representations) are shown in the right diagram
(b). Note that sin e the Fourier basis fun tions form a
spa e of fun tions on the Symmetri

omplete basis for the

group, there must be exa tly

n!

oe ients

in total.

ordering sin e

n=6

3 ≤ 4,

but

3 + 3 ≥ 4 + 1.

The ordering over the partitions of

is depi ted in Figure 3(a).

Partitions with fat Ferrers diagrams tend to be greater (with respe t to dominan e ordering) than those with skinny Ferrers diagrams. Intuitively, representations

orresponding to partitions whi h are high in the dominan e ordering

are `low frequen y', while representions

orresponding to partitions whi h are

low in the dominan e ordering are `high frequen y'4 .

Having dened a family of intuitive permutation representations over the
Symmetri

group, we

an now ask whether the permutation representations are

irredu ible or not: the answer in general, is to the negative, due to the fa t that

4 The dire tion of the ordering is slightly ounterintuitive given the frequen y interpretation,
but is standard in the literature.
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it is often possible to re onstru t lower order marginals by summing over the
appropriate higher order marginal probabilities. However, it is possible to show
that, for ea h permutation representation
du ible representation
`frequen y'

λ

Moreover, it

ρλ ,

whi h, loosely,

whi h was not already

τλ ,

there exists a

orresponding irre-

aptures all of the information at the

aptured at lower frequen y irredu ibles.

an be shown that there exists no irredu ible representation besides

those indexed by the partitions of

n.

These remarkable results are formalized

in the James Submodule Theorem, whi h we state here without proof (see (Dia onis, 1988; James & Kerber, 1981; Sagan, 2001)).

Theorem 12 (James' Submodule Theorem).
1. (Uniqueness) For ea h partition,
resentation,

ρλ ,

λ,

of

n,

there exists an irredu ible rep-

whi h is unique up to equivalen e.

2. (Completeness) Every irredu ible representation of
partition of

3. There exists a matrix

CλT
4.

Kλλ = 1

Sn

orresponds to some

n.
Cλ

asso iated with ea h partition
λµ
M
MK

· τλ (σ) · Cλ =

for all partitions

ρµ (σ),

for all

µDλ ℓ=1

λ,

for whi h

σ ∈ Sn .

(5.3)

λ.

In plain English, part (3) of the James Submodule theorem says that we
an always re onstru t marginal probabilities of
we have knowledge of the matrix

Cλ

λ-tabloids

using the Fourier

λ and

above in the dominan e ordering, if

(whi h

an be pre omputed using methods

oe ients at irredu ibles whi h lie at

detailed in Appendix B), and the multipli ities

Kλµ .

In parti ular,

ombining

Equation 5.3 with the denition of the Fourier transform, we have that



fˆτλ = Cλ · 

λµ
MK
M

µDλ ℓ=1

and so to obtain marginal probabilities of



fˆρµ  · CλT ,

λ-tabloids,

(5.4)

we simply

blo k diagonal matrix using the appropriate irredu ible Fourier
onjugate by
an be

Cλ .

The multipli ities

Kλµ

onstru t a

oe ients, and

are known as the Kostka numbers and

omputed using Young's rule (Sagan, 2001). To illustrate using a few

examples, we have the following de ompositions:

τ(n) ≡ ρ(n) ,

τ(n−1,1) ≡ ρ(n) ⊕ ρ(n−1,1) ,
τ(n−2,2) ≡ ρ(n) ⊕ ρ(n−1,1) ⊕ ρ(n−2,2) ,

τ(n−2,1,1) ≡ ρ(n) ⊕ ρ(n−1,1) ⊕ ρ(n−1,1) ⊕ ρ(n−2,2) ⊕ ρ(n−2,1,1) ,
τ(n−3,3) ≡ ρ(n) ⊕ ρ(n−1,1) ⊕ ρ(n−2,2) ⊕ ρ(n−3,3) ,
τ(n−3,2,1) ≡ ρ(n) ⊕ ρ(n−1,1) ⊕ ρ(n−1,1) ⊕ ρ(n−2,2) ⊕ ρ(n−2,2)
⊕ ρ(n−2,1,1) ⊕ ρ(n−3,3) ⊕ ρ(n−3,2,1) .
19

Intuitively, the irredu ibles at a partition
of the underlying distribution.

λ

λth -order ee ts
ibles at λ form a

ree t the pure

In other words, the irredu
λth -order marginal probabilities, but

basis for fun tions that have interesting
uniform marginals at all partitions

Example 13.

µ

su h that

µ ⊲ λ.

As an example, we demonstrate a preferen e fun tion whi h is

purely se ond-order (unordered) in the sense that its Fourier
equal to zero at all irredu ible representations ex ept
representation). Consider the fun tion

f (σ) =



1
0

oe ients are
(and the trivial

dened by:

|σ(1) − σ(2)| ≡ 1 (mod n)

.

people at a round table with

n

if

otherwise

n

Intuitively, imagine seating
the

f : Sn → R

ρ(n−2,2)

hairs, but with

onstraint that the rst two people, Ali e and Bob, are only happy if they

are allowed to sit next to ea h other. In this

ase,

f

an be thought of as the

indi ator fun tion for the subset of seating arrangements (permutations) whi h
make Ali e and Bob happy.
Sin e

f

{1, 2}, its
µ ⊳ (n−2, 2) (fˆµ = 0). On

depends only on the destination of the unordered pair

Fourier transform is zero at all partitions

µ su

h that

the other hand, Ali e and Bob have no individual preferen es for seating, so the
rst-order marginals of

f

oe ients at irredu ibles

are uniform, and hen e,

fˆ(n−1,1) = 0.

The Fourier

an be obtained from the se ond-order (unordered)

marginals using Equation 5.3.



T
C(n−2,2)
· P̂τ(n−2,2) · C(n−2,2)



Z





=









.





0

fˆρ(n−2,2)

The sizes of the irredu ible representation matri es are typi ally mu h smaller
than their

orresponding permutation representation matri es. In the

λ = (1, . . . , 1)
ple

for example, dim

τλ = n!

while dim

ρλ = 1 .

ase of

There is a sim-

ombinatorial algorithm, known as the Hook Formula (Sagan, 2001), for

omputing the dimension of
dimensionality

ρλ .

While we do not dis uss it, we provide a few

omputations here (Table 3) to fa ilitate a di ussion of

omplex-

ity later. See Figure 3(b) for an example of what the matri es of a

omplete

Fourier transform on

S6

would look like.

In pra ti e, sin e the irredu ible representation matri es are determined only
up to equivalen e, it is ne essary to
tions in order to expli itly

hoose a basis for the irredu ible representa-

onstru t the representation matri es. As in (Kondor

et al., 2007), we use the Gel'fand-Tsetlin basis whi h has several attra tive properties, two advantages being that the matri es are real-valued and orthogonal.
See Appendix A for details on

onstru ting irredu ible matrix representations

with respe t to the Gel'fand-Tsetlin basis.
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λ
dim

(n)

(n − 1, 1)

(n − 2, 2)

(n − 2, 1, 1)

(n − 3, 3)

(n − 3, 2, 1)

1

n−1

n(n−3)
2

(n−1)(n−2)
2

n(n−1)(n−5)
6

n(n−2)(n−4)
3

ρλ

Table 3: Dimensions of low-order irredu ible representation matri es.

6 Inferen e in the Fourier domain
What we have shown thus far, is that there is a prin ipled method for

ompa tly

summarizing distributions over permutations based on the idea of bandlimiting
 saving only the low-frequen y terms of the Fourier transform of a fun tion,
whi h, as we dis ussed, is equivalent to maintaining a set of low-order marginal
probabilities. We now turn to the problem of performing probabilisti
using our

inferen e

ompa t summaries. One of the main advantages of viewing marginals

as Fourier

oe ients is that it provides a natural prin iple for formulating

inferen e, whi h is to rewrite all inferen e related operations with respe t to the
Fourier domain.
The idea of bandlimiting a distribution is ultimately moot, however, if it beomes ne essary to transform ba k to the primal domain ea h time an inferen e
2
operation is alled. Naively, the Fourier Transform on Sn s ales as O((n!) ), and
even the fastest Fast Fourier Transforms for fun tions on Sn are no faster than
O(n2 · n!) (see (Maslen, 1998) for example). To resolve this issue, we present a

formulation of inferen e whi h operates solely in the Fourier domain, allowing

us to avoid a

ostly transform. We begin by dis ussing exa t inferen e in the

Fourier domain, whi h is no more tra table than the original problem be ause
there are

n!

Fourier

oe ients, but it will allow us to introdu e the bandlim-

iting approximation in the next se tion. There are two operations to
predi tion/rollup, and

onditioning.

onsider:

The assumption for the rest of this se -

tion is that the Fourier transforms of the transition and observation models are
known. We dis uss methods for obtaining the models in Se tion 8.

6.1 Fourier predi tion/rollup
We will onsider one parti ular lass of transition models  that of random
(t+1)
(t)
walks over a group, whi h assumes that σ
is generated from σ
by draw(t)
(t)
(t+1)
from some distribution Q
and setting σ
=
ing a random permutation π
(t) (t) 5
(t)
π σ
. In our identity management example, π
represents a random identity permutation that might o

ur among tra ks when they get

lose to ea h

We pla e π on the left side of the multipli ation be ause we want it to permute tra ks
and not identities. Had we dened π to map from tra ks to identities (instead of identities to
tra ks), then π would be multiplied from the right. Besides left versus right multipli ation,
there are no dieren es between the two onventions.
5
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all a mixing event ). For example,

other (what we

Q(1, 2) = 1/2

Tra ks 1 and 2 swapped identities with probability 1/2.

means that

The random walk

model also appears in many other appli ations su h as modeling

ard shues

(Dia onis, 1988).
The motivation behind the random walk transition model is that it allows

onvolution of distributions on

us to write the predi tion/rollup operation as a
the Symmetri

group. The extension of the familiar notion of

onvolution to

groups simple repla es additions and subtra tions by analogous group operations
(fun tion

omposition and inverse, respe tively):

Denition 14.
onvolution 6 of

Let Q and P be probability distributions on Sn . Dene the
P
Q and P to be the fun tion [Q ∗ P ] (σ1 ) = σ2 Q(σ1 σ2−1 )P (σ2 ).

Using Denition 14, we see that the predi tion/rollup step

an be written

as:

P (σ (t+1) ) =

X
σ(t)

P (σ (t+1) |σ (t) ) · P (σ (t) ),
X

=

{(σ(t) ,π (t) ) : σ(t+1) =π (t) ·σ(t) }

Q(t) (π (t) ) · P (σ (t) ),

(Right-multiplying both sides of

=

X
σ(t)

by

(σ (t) )−1 ,

we see that

π (t)

σ (t+1) = π (t) σ (t)
an be repla ed by

Q(t) (σ (t+1) · (σ (t) )−1 ) · P (σ (t) ),

h

i
= Q(t) ∗ P (σ (t+1) ).

As with Fourier transforms on the real line, the Fourier
volution of distributions
oe ients of

P

σ (t+1) (σ (t) )−1 ),

and

Q

P

and

Q

on groups

oe ients of the

on-

an be obtained from the Fourier

individually, using the

onvolution theorem (see also

(Dia onis, 1988)):

Proposition 15 (Convolution Theorem).
tions on

Sn .

For any representation

h
\
Q
∗P

ρ,
i
ρ

Let

Q

and

P

be probability distribu-

b ρ · Pbρ ,
=Q

where the operation on the right side is matrix multipli ation.
Therefore, assuming that the Fourier transforms
predi tion/rollup update rule is simply:

b (t) · Pb(t) .
Pbρ(t+1) ← Q
ρ
ρ

(t)
Pbρ

and

b (t)
Q
ρ

are given, the

6 Note that this denition of onvolution on groups is stri tly a generalization of onvolution
of fun tions on the real line, and is a non- ommutative operation for non-abelian groups. Thus
the distribution P ∗ Q is not ne essarily the same as Q ∗ P .
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σ

P (0 )

Q(1)

P (1)

Q(2)

P (2)

ǫ

1

3/4

3/4

3/4

9/16

(1, 2)

0

1/4

1/4

0

3/16

(2, 3)

0

0

0

0

0

(1, 3)

0

0

0

1/4

3/16

(1, 2, 3)

0

0

0

0

1/16

(1, 3, 2)

0

0

0

0

0

Table 4: Primal domain predi tion/rollup example.

ρ(3)
ρ(2,1)
ρ(1,1,1)

b(0 )
P
1

»

1
0

b(1)
Q
1

–

0
1

»

1

1
2

1

0
1

0
1
2

b(1)
P

–

»

1
2

0
1

0
1
2

"

–

b (2)
Q
1

√
− 83
5
8

1
2
√

3
8

−

#

"

1
2

b(2)
P
1

7
16
√
− 163

−

√
3
8
5
8

#

1
2

Table 5: Fourier domain predi tion/rollup example.

P̂

Note that the update only requires knowledge of

and does not require

P.

Furthermore, the update is pointwise in the Fourier domain in the sense that
bρ(t+1) only at ρ. Consequently,
the oe ients at the representation ρ ae t P

predi tion/rollup updates in the Fourier domain never in rease the representational

omplexity.

For example, if we maintain third-order marginals, then a

single step of predi tion/rollup
marginals at time

Example 16.

t + 1,

alled at time

t

returns the exa t third-order

and nothing more.

We run the predi tion/rollup routines on the rst two time

steps of the example in Figure 2, rst in the primal domain, then in the Fourier
domain. At ea h mixing event, two tra ks,

i

and

j,

swap identities with some

probability. Using a mixing model given by:


 3/4
1/4
Q(π) =

0

π=ǫ
π = (i, j) ,

if
if

otherwise

we obtain results shown in Tables 4 and 5.

6.1.1 Limitations of random walk models
While the random walk assumption aptures a rather general family of transition
models, there do exist

ertain models whi h

annot be written as a random walk

on a group. In parti ular, one limitation is that the predi tion/rollup update for
a random walk model

an only in rease the entropy of the distribution. As with

23

Kalman lters, lo alization is thus impossible without making observations.
(Shin et al., 2005) show that the entropy must in rease for a
random walk on

(i, j)),

Sn

(where

π

7

ertain kind of

ould be either the identity or the transposition

but in fa t, the result is easily generalized for any random walk mixing

model and for any group.

Proposition 17.

where

h
i
n h
i
h
io
H P (t+1) (σ (t+1) ) ≥ max H Q(t) (τ (t) ) , H P (t) (σ (t) ) ,

H [P (σ)] denotes the statisti

al entropy fun tional,

H[P (σ)] = −

Proof. We have:

P

σ∈G

P (σ) log P (σ).

i
h
P (t+1) (σ (t+1) ) = Q(t) ∗ P (t) (σ (t+1) )
X
=
Q(σ (t+1) · (σ (t) )−1 )P (t) (σ (t) )
σ(t)

Applying the Jensen Inequality to the entropy fun tion (whi h is

h

i X
h
i
H P (t+1) (σ (t+1) ) ≥
P (t) (σ (t) )H Q(t) (σ · (σ (t) )−1 ) ,
σ(t)

=

X
σ(t)

h
i
P (t) (σ (t) )H Q(t) (σ) ,

h
i
= H Q(t) (σ) ,

(sin e

(Jensen's inequality)

(translation invarian e of entropy)

P

σ(t)

P (t) (σ (t) ) = 1).





H P (t+1) (σ (t+1) ) ≥ H P (t) (σ (t) ) is similar with the ex
(t)
must rewrite the onvolution so that the sum ranges over τ
.
h
i
P (t+1) (σ (t+1) ) = Q(t) ∗ P (t) (σ (t+1) ),
X
=
Q(t) (τ (t) )P (t) ((τ (t) )−1 · σ (t+1) ).

The proof that
that we

on ave) yields:

eption

τ (t)

Example 18.
a de k of

This example is based on one from (Dia onis, 1988). Consider

ards numbered

{1, . . . , n}.

Choose a random permutation of

ards by

7 In general, if we are not onstrained to using linear Gaussian models, it is possible to
lo alize with no observations. Consider a robot walking along the unit interval on the real line
(whi h is not a group). If the position of the robot is unknown, one easy lo alization strategy
might be to simply drive the robot to the right, with the knowledge that given ample time,
the robot will slam into the `wall', at whi h point it will have been lo alized. With random
walk based models on groups however, these strategies are impossible  imagine the same
robot walking around the unit ir le  sin e, in some sense, the group stru ture prevents the
existen e of `walls'.
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Entropy with respect to number of shuffles
1
n=3
n=4
n=5
n=6
n=7
n=8

0.9

0.8

0.7

H/log(n!)

0.6

0.5

0.4

0.3

0.2

0.1

0

2

4

6

8

10

12

14

# shuffles

Figure 4: We start with a de k of
onse utive shues a

ards in sorted order, and perform fteen

ording to the rule given in Equation 6.1. The plot shows

the entropy of the distribution over permutations with respe t to the number
of shues for

n = 3, 4, . . . , 8.

When

H(P )/ log(n!) = 1,

the distribution has

be ome uniform.

rst pi king two

ards independently, and swapping (a

ard might be swapped

with itself ), yielding the following probability distribution over

Q(π) =





1
n
2
n2

if
if

π

π =id
.

is a transposition

0

Sn :
(6.1)

otherwise

Repeating the above pro ess for generating random permutations
transition model for a hidden Markov model over the symmetri

π

gives a

group. We

an

also see (Figure 4) that the entropy of the de k in reases monotoni ally with
ea h shue, and that repeated shues with

Q(π)

eventually bring the de k to

the uniform distribution.

6.2 Fourier onditioning
In

ontrast with the predi tion/rollup operation,

in rease the representational

onditioning

the following rst-order marginal probabilities:

P (Ali

e is at Tra k 1 or Tra k 2)

P (Bob

= .9,

is at Tra k 1 or Tra k 2)

and

= .9.

If we then make the following rst-order observation:

P (Cathy

an potentially

omplexity. As an example, suppose that we know

is at Tra k 1 or Tra k 2)
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= 1,

then it

annot both o

an be inferred that Ali e and Bob

upy Tra ks 1 and 2

at the same time, i.e.,

P ({Ali

e,Bob} o

demonstrating that after

upy Tra ks {1,2})

= 0,

onditioning, we are left with knowledge of se ond-

order (unordered) marginals despite the fa t that the prior and likelihood fun tions were only known up to rst-order.

Intuitively, the example shows that

onditioning smears information from low-order Fourier
order

oe ients, and that one

oe ients to high-

annot hope for a pointwise operation as was

aorded by predi tion/rollup. We now show pre isely how irredu ibles of different

omplexities intera t with ea h other in the Fourier domain during

onditioning.
An appli ation of Bayes rule to nd a posterior distribution
observing some eviden e

P (z|σ)

and prior

P (σ),

z

P (σ|z)

after

requires two steps: a pointwise produ t of likelihood

followed by a normalization step:

P (σ|z) = η · P (z|σ) · P (σ).
onvenien e, we will refer to the likelihood fun tion as L(z|σ)
P
η −1 = σ L(z|σ)·
\
is given by the Fourier transform of L(t) P (t) at the trivial representation

For notational

hen eforth. We showed earlier that the normalization onstant

P (σ)

 and therefore the normalization step of
simply dividing ea h Fourier

onditioning

oe ient by the s alar

f

The pointwise produ t of two fun tions

and

h an be iimplemented
(t) P (t)
.
L\

by

ρ(n)

g,

however, is tri kier to

formulate in the Fourier domain. For fun tions on the real line, the pointwise
produ t of fun tions
of

fˆ and ĝ ,

an be implemented by

and so a natural question is:

onvolving the Fourier

oe ients

an we apply a similar operation for

fun tions over general groups? Our answer to this is that there is an analogous
(but more

ompli ated) notion of

nite group. We present a

onvolution in the Fourier domain of a general

onvolution-based

all Krone ker Conditioning, whi h, in

onditioning algorithm whi h we

ontrast to the pointwise nature of the

Fourier Domain predi tion/rollup step, and mu h like
information at an irredu ible

ρν

onvolution, smears the

to other irredu ibles.

6.2.1 Fourier transform of the pointwise produ t
Our approa h to
terms of

fˆ and ĝ

omputing the Fourier transform of the pointwise produ t in
is to manipulate the fun tion

f (σ)g(σ)

so that it

an be seen

as the result of an inverse Fourier transform (Equation 4.4). Hen e, the goal
will be to nd matri es

Rν

(as a fun tion of

f (σ) · g(σ) =

fˆ, ĝ )

su h that for any


1 X
dρν Tr RνT · ρν (σ) ,
|G| ν

σ ∈ G,
(6.2)

after whi h hwe will be able to read o the Fourier transform of the pointwise

produ t as

fcg

i

ρν

= Rν .
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1. If
2.

A

and

B

are square, Tr (A

⊗ B) = (TrA) · (TrB).

(A ⊗ B) · (C ⊗ D) = AC ⊗ BD.

3. Let

A be an n × n matrix,
and C

= Tr C −1 AC .

an invertible

TrA

n × n matrix.

Then

P A be an n×n matrix and
P es of size mi ×mi where
L Bi be matri
m
=
n
B
))
=
.
Then
Tr
(A
·
(
i
i
i Tr (Ai · Bi ), where
i i
L Ai is
the blo k of A orresponding to blo k Bi in the matrix (
i Bi ).

4. Let

Table 6: Matrix Identities used in Proposition 19.

For any

σ∈G

we

an write the pointwise produ t in terms

fˆ and ĝ

using

the inverse Fourier transform:

f (σ) · g(σ)

"

#
# "




X
1 X
1
T
T
=
dρλ Tr fˆρλ · ρλ (σ) ·
dρµ Tr ĝρµ · ρµ (σ)
|G|
|G| µ
λ
2 X

h 
i


1
dρλ dρµ Tr fˆρTλ · ρλ (σ) · Tr ĝρTµ · ρµ (σ) . (6.3)
=
|G|
λ,µ

Now we want to manipulate this produ t of tra es in the last line to be just one
tra e (as in Equation 6.2), by appealing to some properties of the Krone ker

n × n matrix U = (ui,j )
nm × nm matrix

u1,1 V u1,2 V . . . u1,n V
u2,1 V u2,2 V . . . u2,n V 

.
.
.
.
..
.
.
.

.
.
.
.
un,1 V un,2 V . . . un,n V

Produ t. The Krone ker produ t of an
matrix

V,

by an

is dened to be the





U ⊗V =


We summarize some important matrix properties in Table 6. The

m×m

onne tion

to our problem is given by matrix property 1. Applying this to Equation 6.3,
we have:
Tr






fˆρTλ · ρλ (σ) · Tr ĝρTµ · ρµ (σ)

=
=



 
fˆρTλ · ρλ (σ) ⊗ ĝρTµ · ρµ (σ)


T
ˆ
Tr
fρλ ⊗ ĝρµ
· (ρλ (σ) ⊗ ρµ (σ)) ,
Tr

where the last line follows by Property 2. The term on the left,
matrix of

oe ients. The term on the right,

be a representation,

ρλ (σ) ⊗ ρµ (σ),

fˆρλ ⊗ ĝρµ ,

is a

itself happens to

alled the Krone ker (or Tensor) Produ t Representation.

In general, the Krone ker produ t representation is redu ible, and so it
de omposed into a dire t sum of irredu ibles. In parti ular, if

27

ρλ

and

ρµ

an
are

any two irredu ibles of

G,

there exists a similarity transform

σ ∈ G,

any

−1
Cλµ
· [ρλ ⊗ ρµ ] (σ) · Cλµ =
The

⊕

ρν

ν

su h that, for

ρν (σ).

(6.4)

ℓ=1

ν indexes
Sn , while ℓ indexes over a number of opies

symbols here refer to a matrix dire t sum as in Equation 2,

over all irredu ible representations of
of

λµν
M zM

Cλµ

whi h appear in the de omposition. We index blo ks on the right side of

(ν, ℓ). The number of opies of ea h ρν (for the
ρλ ⊗ ρµ ) is denoted by the integer zλµν , the olle tion of
whi h, taken over all triples (λ, µ, ν), are ommonly referred to as the Clebs hGordan series. Note that we allow the zλµν to be zero, in whi h ase ρν does
not ontribute to the dire t sum. The matri es Cλµ are known as the Clebs h-

this equation by pairs of indi es
tensor produ t pair

Gordan

oe ients. The Krone ker Produ t De omposition problem is that of

nding the irredu ible

omponents of the Krone ker produ t representation, and

thus to nd the Clebs h-Gordan series/ oe ients for ea h pair of irredu ible
representations

(ρλ , ρµ ).

De omposing the Krone ker produ t inside Equation 6.4 using the Clebs hGordan series and

oe ients yields the desired Fourier transform, whi h we

summarize in the form of a proposition. In the

ase that

f

and

g

are dened

over an abelian group, then the following formulas redu e to the familiar form
of

onvolution.

Proposition 19.

Let

fˆ, ĝ

be the Fourier transforms of fun tions

spe tively, and for ea h ordered pair of irredu ibles



−1
Cλµ
· fˆρλ ⊗ ĝρµ · Cλµ .

is:

(ν,ℓ)

Aλµ

f

g reAλµ ,

and

dene:

Then the Fourier tranform of the pointwise produ t

h i
fcg

ρν

where

(ρλ , ρµ ),

is the blo k of

zλµν
X (ν,ℓ)
1 X
Aλµ ,
dρλ dρµ
=
dρν |G|

(6.5)

ℓ=1

λµ

Aλµ

orresponding to the

(ν, ℓ) blo

k in

from Equation 6.4.
Proof. We use the fa t that
T
Cλµ
· Cλµ = I .

Cλµ

fg

L Lzλµν
ℓ=1

ν

is an orthogonal matrix for all pairs

ρν

(ρλ , ρµ ),

i.e.,

f (σ) · g(σ) =

"

=

„

1
|G|

„

1
|G|

„

1
|G|

(by Property 1) =
(by Property 2) =

1 X
dρλ
|G| λ
«2 X

Tr

# 2
”
“
1 X
T
ˆ
dρµ
fρλ · ρλ (σ)
·4
|G| µ
h

”
“
fˆρTλ · ρµ (σ) ·

dρλ dρµ

h

““

λ,µ

«2 X
λ,µ

«2 X

Tr

dρλ dρµ

dρλ dρµ

λ,µ
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Tr

Tr

Tr

Tr

3
”
“
T
ĝρµ · ρµ (σ) 5

”i
“
ĝρTµ · ρµ (σ)

””i
” “
fˆρTλ · ρλ (σ) ⊗ ĝρTµ · ρµ (σ)

«
„“
”T
· (ρλ (σ) ⊗ ρµ (σ))
fˆρλ ⊗ ĝρµ

(by Property 3) =

„

1
|G|

«2 X

dρλ dρµ

λ,µ

Tr

„

”T
“
T
· Cλµ
· fˆρλ ⊗ ĝρµ
Cλµ

T
· (ρλ (σ) ⊗ ρµ (σ)) · Cλµ
·Cλµ

(by denition of C and A ) =
λµ

λµ

„

1
|G|

(by Property 4) = |G|1
(rearranging terms)

2

«2 X

dρλ dρµ

λ,µ

X

Tr

zλµν

dρλ dρµ

X

dρν

ν

λµ

1 X
dρν
=
|G| ν

z

AT
λµ ·

Tr

X

ℓ=1

λµν
MM

ν

Tr

”

!!

ρν (σ)

ℓ=1

„“
«
”
(ν,ℓ) T
A
d−1
ρ
(σ)
ν
ρν λµ

3
20
1T
zλµν
X
X
d
d
ρλ ρµ (ν,ℓ)
6@
A ρν (σ)7
A
5.
4
dρν |G| λµ
λµ ℓ=1

Re ognizing the last expression as an inverse Fourier transform

ompletes the

proof.

zλµν , plays an important role in Equation
(ρλ , ρµ ) rossterm ontributes to the pointwise produ
> 0. In the simplest ase, we have that

1 if µ = ν
z(n),µ,ν =
,
0 otherwise

The Clebs h-Gordan series,
whi h says that the

ρν

only when

zλµν

whi h is true sin e

ρ(n) (σ) = 1

for all

that:

σ ∈ Sn .

6.5,
t at

As another example, it is known

ρ(n−1,1) ⊗ ρ(n−1,1) ≡ ρ(n) ⊕ ρ(n−1,1) ⊕ ρ(n−2,2) ⊕ ρ(n−2,1,1) ,

(6.6)

or equivalently,

z(n−1,1),(n−1,1),ν =



1
0

if

ν

is one of

(n),(n − 1, 1),(n − 2, 2),

or

otherwise

(n − 2, 1, 1)

.

So if the Fourier transforms of the likelihood and prior are zero past the rst
two irredu ibles ((n) and

(n − 1, 1)),

then a single

onditioning step results in a

Fourier transform whi h, in general, arries se ond-order information at

(n − 2, 1, 1), but is guaranteed to be zero past the rst four irredu
(n − 1, 1), (n − 2, 2) and (n − 2, 1, 1).
and

(n−2, 2)
(n),

ibles

As far as we know, there are no analyti al formulas for nding the entire

Clebs h-Gordan series or

oe ients, and in pra ti e, these

omputations do in

fa t take a long time. We emphasize however, that as fundamental

onstants

related to the irredu ibles of the Symmetri

omputed

on e (like the digits of
future referen e.

π,

group, they need only be

for example) and

an be stored in a table for all

For a detailed dis ussion of te hniques for

Clebs h-Gordan series/ oe ients, see Appendix B.
of pre omputed

omputing the

We plan to make a set

oe ients available on the web, but for now we will assume

throughout the rest of the paper that both the series and
made available as a lookup table. We
fully worked example of Krone ker

oe ients have been

on lude our se tion on inferen e with a

onditioning.
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Example 20.

S3 .
ompute the Fourier transform of the

For this example, refer to Table 2 for the representations of

Given fun tions
pointwise produ

f, g : S3 → R,
t f · g.

we will

Sin e there are three irredu ibles, there are nine tensor produ ts ρλ ⊗ ρµ
to de ompose, six of whi h are trivial either be ause they are one-dimensional,
or involve tensoring against the trivial representation.
produ ts to

onsider are

ρ(2,1) ⊗ ρ(1,1,1) , ρ(1,1,1) ⊗ ρ(2,1)

The nontrivial tensor
and

ρ(2,1) ⊗ ρ(2,1) .

The

Clebs h-Gordan series for the nontrivial tensor produ ts are:

ν = (3)
ν = (2, 1)
ν = (1, 1, 1)

z(2,1),(1,1,1),ν
0
1
0

z(1,1,1),(2,1),ν
0
1
0

z(2,1),(2,1),ν
1
1
1

The Clebs h-Gordan oe ients for the nontrivial tensor produ ts are given
by the following orthogonal matri es:

C(2,1)⊗(1,1,1) =

»

0
−1

C(2,1)⊗(2,1)
As in Proposition 19, dene:

A(2,1)⊗(1,1,1)

=

A(1,1,1)⊗(2,1)

=

A(2,1)⊗(2,1)

=

1
0

–

C(1,1,1)⊗(2,1) =

,
2

1
26
0
6
=
2 4 0
1
√

0
−1
−1
0

−1
0
0
1

»

0
1
3

−1
0

0
1 7
7.
−1 5
0

–

,



T
fˆ(2,1) ⊗ ĝ(1,1,1) C(2,1)⊗(1,1,1) ,
C(2,1)⊗(1,1,1)


T
fˆ(1,1,1) ⊗ ĝ(2,1) C(1,1,1)⊗(2,1) ,
C(1,1,1)⊗(2,1)


T
fˆ(2,1) ⊗ ĝ(2,1) C(2,1)⊗(2,1) ,
C(2,1)⊗(2,1)

(6.7)
(6.8)
(6.9)

Then Proposition 19 gives the following formulas:


 i
1 hˆ
· fρ(3) · ĝρ(3) + fˆρ(1,1,1) · ĝρ(1,1,1) + 4 · A(2,1)⊗(2,1) 1,1 ,
fd
· gρ(3) =
3!
1 hˆ
d
· fρ(2,1) · ĝρ(3) + fˆρ(3) · ĝρ(2,1) + A(1,1,1)⊗(2,1)
f · gρ(2,1) =
3!
i


+A(2,1)⊗(1,1,1) + 2 · A(2,1)⊗(2,1) 2:3,2:3 ,

 i
1 hˆ
fd
· g ρ(1,1,1) =
· fρ(3) · ĝρ(1,1,1) + fˆρ(1,1,1) · ĝρ(3) + 4 · A(2,1)⊗(2,1) 4,4 ,
3!
where the notation [A]a:b,c:d denotes the blo k of entries in A between
and b, and between olumns c and d (in lusive).
Using the above formulas, we

an

ontinue on Example 16 and

(6.10)

(6.11)
(6.12)

rows

a

ompute the

last update step in our identity management problem (Figure 2). At the nal
time step, we observe that Bob is at tra k 1 with 100%

ertainty. Our likelihood

fun tion is therefore nonzero only for the permutations whi h map Bob (the
se ond identity) to the rst tra k:

L(σ) ∝



1
0

if

σ = (1, 2)

or

(1, 3, 2)

otherwise
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.

Algorithm 1:

Pseudo ode for the Fourier Predi tion/Rollup Algorithm.

Predi tionRollup

(t)
input : Q̂(t)
ρ and P̂ρ , ρλ ∈ Λ
output: P̂ρ(t+1) , ρλ ∈ Λ
(t)
forea h ρλ ∈ Λ do P̂ρ(t+1) ← Q̂(t)
ρ · P̂ρ
λ

λ

λ

1

λ

λ

λ

;

The Fourier transform of the likelihood fun tion is:

bρ
b ρ = 2, L
=
L
(2,1)
(3)



√

3/2
bρ
= 0.
, L
(1,1,1)
1/2

−3/2
√
− 3/2

(6.13)

b (2) from Table 5)
Plugging the Fourier transforms of the prior distribution (P

and likelihood (Equation 6.13) into Equations 6.7, 6.8, 6.9, we have:
A(2,1)⊗(1,1,1) =

»

A(2,1)⊗(2,1)

0
0

–

0
0

2

1 6
6
=
32 4

, A(1,1,1)⊗(2,1) =

−7
√
−2 3
20√
−11 3

√
− 3
−10
√
22 3
−23

1
8

»

11
√
−6 3
−4
√
− 3

1
√
− 3

√
5 3
−14
√
4 3
−13

√

–

3
−3

,

3
7
7
5

To invoke Bayes rule in the Fourier domain, we perform a pointwise produ t using Equations 6.10, 6.11, 6.12, and normalize by dividing by the trivial
oe ient, whi h yields the Fourier transform of the posterior distribution as:

h
i
P\
(σ|z)

ρ(3)

= 1,

Finally, we

h

i
P\
(σ|z)

ρ(2,1)

=



an see that the result is

−1 0
0 1



,

h
i
P\
(σ|z)

ρ(1,1,1)

= −1.
(6.14)

orre t by re ognizing that the Fourier

transform of the posterior (Equation 6.14) orresponds exa tly to the distribution
whi h is 1 at

σ = (1, 2) and

0 everywhere else. Bob is therefore at Tra k 1, Ali e

at Tra k 2 and Cathy at Tra k 3.

σ
P (σ)

ǫ
0

(1, 2)
1

(2, 3)
0

(1, 3)
0

(1, 2, 3)
0

(1, 3, 2)
0

7 Approximate inferen e by bandlimiting
We now

onsider the

onsequen es of performing inferen e using the Fourier

transform at a redu ed set of
ing how error

oe ients. Important issues in lude understand-

an be introdu ed into the system, and when our algorithms are

expe ted to perform well as an approximation. Spe i ally, we x a bandlimit
λMIN and maintain the Fourier transform of P only at irredu ibles whi h are
MIN
at λ
or above in the dominan e ordering:

Λ = {ρλ : λ D λMIN }.
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Algorithm 2:

Pseudo ode for the Krone ker Conditioning Algorithm.

Krone kerConditioning

input

: Fourier
Fourier

1

oe ients of the

output: Fourier oe ients of the
dρ ← 0
forea h ρν ∈ ΛP do LP
ν

//Pointwise Produ t

2
3
4

forea h ρλ ∈ ΛL do
forea h ρµ ∈ ΛP do

z ← CGseries(ρλ , ρµ )

;

for ρν ∈ ΛP su h that zλµν 6= 0 do
for hℓ = 1 to izλµν do
h
i
(t) P (t)
L\

8

10

//Initialize Posterior



T
Cλµ ← CGcoef f icients(ρλ, ρµ ) ; Aλµ ← Cλµ
· L̂ρλ ⊗ P̂ρµ · Cλµ

5
6
7

9

L̂ρλ , ρλ ∈ ΛL , and
prior distribution, P̂ρµ , ρµ ∈ ΛP
dρν , ρν ∈ ΛP
posterior distribution, LP

oe ients of the likelihood fun tion,

(ν, ℓ)
h
i−1
(t) P (t)
;
η ← L\
ρ(n)

forea h ρν ∈ Λ do

For example, when

ρ(n−2,1,1)

, whi h

(t) P (t)
← L\

ρν
blo k of

ρν

+

dρλ dρµ
dρν n!

(ν,ℓ)

Aλµ

;

(ν,ℓ)
; //Aλµ
is the

Aλµ

h
i
(t) P (t)
L\

ρν

h
i
(t) P (t)
← η L\

ρν

//Normalization


λMIN = (n−2, 1, 1), Λ is the set ρ(n) , ρ(n−1,1) , ρ(n−2,2) , and

orresponds to maintaining se ond-order (ordered) marginal

probabilities of the form

P (σ((i, j)) = (k, ℓ)).

During inferen e, we follow the

pro edure outlined in the previous se tion but dis ard the higher order terms
whi h

an be introdu ed during the

onditioning step.

dlimited predi tion/rollup and Krone ker

Pseudo ode for ban-

onditioning is given in Algorithms 1

and 2. We note that it is not ne essary to maintain the same number of irredu ibles for both prior and likelihood during the

onditioning step. The rst

question to ask is: when should one expe t a bandlimited approximation to be
lose to

P (σ)

as a fun tion? Qualitatively, if a distribution is relatively smooth,

then most of its energy is stored in the low-order Fourier

oe ients. However,

in a phenomenon quite reminis ent of the Heisenberg un ertainty prin iple from
quantum me hani s, it is exa tly when the distribution is sharply

on entrated

at a small subset of permutations, that the Fourier proje tion is unable to
faithfully approximate the distribution.
in Figure 5 by plotting the a

We illustrate this un ertainty ee t

ura y of a bandlimited distribution against the

entropy of a distribution.
Even though the bandlimited distribution is sometimes a poor approximation
to the true distribution, the marginals mainatined by our algorithm are often
su iently a

urate. And so instead of

onsidering the approximation a

of the bandlimited Fourier transform to the true joint distribution, we
the a

ura y
onsider

ura y only at the marginals whi h are maintained by our method.

32

Energy Preserved by Fourier Projection

Bandlimiting Error

Figure 5:

1
0.8

λ=(n−2,2)

0.6

λ=(n−1,1)

0.4

λ=(n)

0.2
0
0

0.2

0.4
0.6
H[P]/log(n!)

0.8

1

In general, smoother distributions are well approximated by low-

order Fourier proje tions. In this graph, we show the approximation quality of
the Fourier proje tions on distributions with dierent entropies, starting from
sharply peaked delta distributions on the left side of the graph, whi h get iteratively smoothed until they be omes the maximum entropy uniform distribution

y -axis,

we measure how mu h energy is preserved in
|P ′ |2
′
the bandlimited approximation, whi h we dene to be
|P |2 , where P is the bandlimited approximation to P . Ea h line represents the approximation quality
on the right side. On the

using a xed number of Fourier

oe ients. At one extreme, we a hieve perfe t

signal re onstru tion by using all Fourier

oe ients, and at the other, we per-

form poorly on spiky distributions, but well on high-entropy distributions, by
storing a single Fourier

oe ient.

7.1 Sour es of error during inferen e
We now analyze the errors in urred during our inferen e pro edures with respe t
to the a

ura y at maintained marginals.

It is immediate that the Fourier

domain predi tion/rollup operation is exa t due to its pointwise nature in the
Fourier domain. For example, if we have the se ond order marginals at time

t = 0,

then we

an nd the exa t se ond order marginals at all

t>0

if we only

perform predi tion/rollup operations. Instead, the errors in inferen e are only
ommitted by Krone ker
oe ients outside of

Λ

onditioning, where they are impli itly introdu ed at

(by ee tively setting the

likelihood at irredu ibles outside of
irredu ibles of

oe ients of the prior and

Λ to be zero), then

propagated inside to the

Λ.

In pra ti e, we observe that the errors introdu ed at the low-order irre-
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(a) n = 5

(b) n = 6

Figure 6: We show the dominan e ordering for partitions of n = 5 and n =
MIN
again. By setting λ
= (3, 1, 1) and (4, 1, 1) respe tively, we keep the

6

irredu ibles

orresponding to the partitions in the dotted regions.

If we

Krone ker Conditioning with a rst-order observation model, then a
to Theorem 21, we
orresponding to

an expe t to in ur some error at the Fourier

(3, 1, 1)

and

(3, 2)

for

n = 5,

and

(4, 1, 1)

(shown as shaded tableaux), but to be exa t at rst-order

and

(4, 2)

all

ording

oe ients
for

n=6

oe ients.

du ibles during inferen e are small if the prior and likelihood are su iently
diuse, whi h makes sense sin e the high-frequen y Fourier
in su h

ases. We

irredu ibles if we maintain enough

Theorem 21.
rithm is

If

oe ients are small

an sometimes show that the update is exa t at low order
oe ients.

λMIN = (n − p, λ2 , . . . ),

and the Krone ker

alled with a likelihood fun tion whose Fourier

onditioning algo-

oe ients are nonzero

ρµ when µ D (n − q, µ2 , . . . ), then the approximate Fourier
of the posterior distribution are exa t at the set of irredu ibles:

only at

oe ients

ΛEXACT = {ρλ : λ D (n − |p − q|, . . . )}.
Proof. See Appendix B.
For example, if we

all Krone ker

onditioning by passing in third-order

terms of the prior and rst-order terms of the likelihood, then all rst and

34

se ond-order (unordered and ordered) marginal probabilities of the posterior
distribution

an be re onstru ted without error.

7.2 Proje ting to the marginal polytope
Despite the en ouraging result of Theorem 21, the fa t remains that
utive

onditioning steps

onse -

an propagate errors to all levels of the bandlimited

Fourier transform, and in many
whose marginal probabilities

ir umstan es, results in a Fourier transform
orrespond to no

onsistent joint distribution

over permutations, and are sometimes negative. To
present a method for proje ting to the spa e of

ombat this problem, we

oe ients

orresponding to

onsistent joint distributions (whi h we will refer to as the marginal polytope )
during inferen e.
We begin by dis ussing the rst-order version of the marginal polytope proje tion problem. Given an

n × n matrix, M , of real numbers, how
M

whether there exists some probability distribution whi h has

of rst-order marginal probabilities? A ne essary and su ient
turns out, is for

M

an we de ide
as its matrix
ondition, as it

to be doubly sto hasti . That is, all entries of

nonnegative and all rows and

olumns of

M

M

must be

must sum to one (the probability

that Ali e is at some tra k is 1, and the probability that some identity is at
Tra k 3 is 1). The double sto hasti ity

omes from the Birkho-von

ondition

Neumann theorem (van Lint & Wilson, 2001) whi h states that a matrix is
if and only if it

doubly sto hasti

an be written as a

onvex

ombination of

permutation matri es.
To renormalize rst-order marginals to be doubly sto hasti , some authors
(Shin et al., 2003; Shin et al., 2005; Balakrishnan et al., 2004; Helmbold & Warmuth, 2007) have used the Sinkhorn iteration, whi h alternates between normalizing rows and

olumns independently until

vergen e is guaranteed under mild
is a nonnegative doubly sto hasti

onvergen e is obtained. Con-

onditions and it
matrix whi h is

an be shown that the limit
losest to the original matrix

in the sense that the Kullba k-Leibler divergen e is minimized (Balakrishnan
et al., 2004).
There are several problems whi h

ause the Sinkhorn iteration to be an un-

natural solution in our setting. First, sin e the Sinkhorn iteration only works
for nonnegative matri es, we would have to rst
priate range,

[0, 1].

ap entries to lie in the appro-

More seriously, even though the Sinkhorn iteration would

guarantee a doubly sto hasti higher order matrix of marginals, there are several
natural

onstraints whi h are violated when running the Sinkhorn iteration on

higher-order marginals. For example, with se ond-order (ordered) marginals, it
seems that we should at least enfor e the following symmetry

onstraint:

P (σ : σ(k, ℓ) = (i, j)) = P (σ : σ(ℓ, k) = (j, i)),
whi h says, for example, that the marginal probability that Ali e is in Tra k 1
and Bob is in Tra k 2 is the same as the marginal probability that Bob is in
Tra k 2 and Ali e is in Tra k 1. Another natural
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onstraint that

an be broken

is what we refer to as low-order marginal
always be the

onsisten y. For example, it should

ase that:

P (j) =

X

P (i, j) =

i

X

P (j, k).

k

It should be noted that the doubly sto hasti

requirement is a spe ial

ase of

lower-order marginal onsisten y  we require that higher-order marginals be
th
order marginal.
onsistent on the 0
While

ompa tly des ribing the

onstraints of the marginal polytope exa tly

remains an open problem, we propose a method for proje ting onto a relaxed
form of the marginal polytope whi h addresses both symmetry and low-order
onsisten y problems by operating dire tly on irredu ible Fourier

oe ients

instead of on the matrix of marginal probabilities. After ea h onditioning step,
(t)
we apply a ` orre tion' to the approximate posterior P
by nding the ban(t)
dlimited fun tion in the relaxed marginal polytope whi h is losest to P
in an

L2

sense. To perform the proje tion, we employ the Plan herel Theorem (Dia-

onis, 1988) whi h relates the
metri

L2

distan e between fun tions on

Sn

to a distan e

in the Fourier domain.

Proposition 22 (Plan
X
σ

2

(f (σ) − g(σ))

To nd the

.

herel Theorem)


T 

1 X
ˆ
ˆ
dρν Tr fρν − ĝρν
· fρν − ĝρν
. (7.1)
|G| ν

=

losest bandlimited fun tion in the relaxed marginal polytope,

we formulate a quadrati

program whose obje tive is to minimize the right

side of Equation 7.1, and whose sum is taken only over the set of maintained
irredu ibles,

Λ, subje

t to the set of

onstraints whi h require all marginal prob-

abilities to be nonnegative. We thus refer to our

Proje tion. Our quadrati

minimizefˆproj

X

dλ Tr

λ∈Λ
subje t to:

i
h
fˆproj


program



fˆ − fˆproj

= 1,

M
·

T 
ρλ

fˆ − fˆproj

(n)

CλM IN

µDλM IN

orre tion step as Plan herel

an be written as:

KλM IN ,µ

M
ℓ=1



 
ρλ



 · CλTM IN  ≥ 0,
fˆρproj
µ

for all

(i, j),

ij

where KλM IN and CλM IN are the pre omputed onstants from Equation 5.4.
We remark that even though the proje tion will produ e a Fourier transform
orresponding to nonnegative marginals whi h are

onsistent with ea h other,

there might not ne essarily exist a joint probability distribution on
with those marginals ex ept in the spe ial
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Sn

onsistent

ase of rst-order marginals.

Example 23.

In Example 20, we ran the Krone ker

onditioning algorithm us-

ing all of the Fourier oe ients. If only the rst-order oe ients are available,
however, then the expressions for zeroth and rst order terms of the posterior
(Equations 6.10,6.11) be ome:


 i
1 hˆ
· fρ(3) · ĝρ(3) + 4 · A(2,1)⊗(2,1) 1,1 ,
fd
· g ρ(3) =
3!
i


1 hˆ
d
· fρ(2,1) · ĝρ(3) + fˆρ(3) · ĝρ(2,1) + 2 · A(2,1)⊗(2,1) 2:3,2:3 ,
f · g ρ(2,1) =
3!

(7.2)
(7.3)

Plugging in the same numeri al values from Example 20 and normalizing appropriately yields the approximate Fourier

h
i
P\
(σ|z)

ρ(3)

whi h

h
i
P\
(σ|z)

=1

oe ients of the posterior:

ρ(2,1)

=



−10/9 −77/400
77/400
4/3



,

orrespond to the following rst-order marginal probabilities:




P̂τ(2,1) 


Tra k 1
Tra k 2
Tra k 3

A
0
1
0


B
C
11/9 −2/9 
.
0
0 
−2/9 11/9

In parti ular, we see that the approximate matrix of `marginals'

ontains nega-

tive numbers. Applying the Plan herel proje tion step, we obtain the following
marginals:




P̂τ(2,1) 


Tra k 1
Tra k 2
Tra k 3

A B
0 1
1 0
0 0


C
0 
,
0 
1

whi h happen to be exa tly the true posterior marginals.

It should be noted

however, that rounding the `marginals' to be in the appropriate range would
have worked in this parti ular example as well.

8 Probabilisti models of mixing and observations
While the algorithms presented in the previous se tions are general in the sense
that they work on all mixing and observation models, it is not always obvious
how to

ompute the Fourier transform of a given model.

In this se tion, we

present ways to obtain su h transforms for a few useful models.

8.1 Mixing models
The simplest mixing model for identity management assumes that with probability

p,

nothing happens, and that with probability
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(1 − p),

the identities for

tra ks

i

and

j

are swapped. The probability distribution is therefore:




p
1−p

0

Qij (π) =
Qij

Sin e

I

otherwise.

is su h a sparse distribution (in the sense that

it is possible to dire tly

where

π=ǫ
π = (i, j)

if
if

refers to the

representation matrix

b
Q

ompute

Q(π) = 0

for most

π ),

using Denition 6:

b ρ = pI + (1 − p)ρλ ((i, j)),
Q
λ

dλ × dλ identity matrix, and ρλ ((i, j)) is
ρλ evaluated at the transposition (i, j)

the irredu ible
(whi h

an be

omputed using the algorithms from Appendix A).

8.2 Observation models
The simplest model assumes that we
is

olor

k'

an get observations of the form: `tra k

(whi h is essentially the model

The probability of seeing

olor

k

at tra k

ℓ

given data asso iation

σ

is

L(σ) = P (zℓ = k|σ) = ασ(ℓ),k ,
P

ℓ

onsidered by (Kondor et al., 2007)).

(8.1)

k ασ(ℓ)k = 1. For ea h identity, the likelihood L(σ) = P (zℓ = k|σ)
depends on a histogram over all possible olors. If the number of possible

where

olors is

K,

then the likelihood model

an be spe ied by an

probabilities. For example,



 σ(ℓ) = Ali e
ασ(ℓ),k = 
 σ(ℓ) = Bob
σ(ℓ) = Cathy

n×K

matrix of


k = Red k = Orange k = Yellow k = Green

1/2
1/4
1/4
0
.

1/4
0
0
3/4
0
1/2
1/2
0
(8.2)

Sin e the observation model only depends on a single identity, the rstorder terms of the Fourier transform su e to fully des ribe the likelihood.
To

ompute the rst-order Fourier

omputing the rst-order Fourier

oe ients, at irredu ibles, we pro eed by

oe ients at the rst-order permutation rep-

resentation, then transforming to irredu ible

oe ients. The Fourier transform

of the likelihood at the rst-order permutation representation is given by:

h
To
1. If

bτ
L
(n−1,1)

ompute the

j =ℓ
olor

ij

X

=

k.

P (zℓ = k|σ) =

ij -term,

oe ient

there are two

b ij
L

b ij =
L

j

X

ασ(ℓ)k .

{σ:σ(j)=i}

{σ:σ(j)=i}

(that is, if Tra k

then the
is

i

ases to

onsider.

is the same as the tra k that was observed),

is proportional to the probability that Identity

X

{σ:σ(ℓ)=i}

αi,k = (n − 1)! · αi,k .
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i

(8.3)

2. If, on the other hand,

L̂ij

oe ient

j 6= ℓ

(Tra k

j

is not the observed tra k)), then the

is proportional to the sum over

b ij =
L

=

X

ασ(ℓ),k

{σ:σ(j)=i}

X

(8.4)

X

ασ(ℓ),k

(8.5)

m6=i {σ:σ(j)=i and σ(l)=m}

=

X

(n − 2)! · αm,k .

(8.6)

m6=i

Example 24.
tion on

S3

We will

values from the Red
and

ompute the rst-order marginals of the likelihood fun -

whi h arises from observing a "Red blob at Tra k 1". Plugging the
olumn of the

α

matrix (Equation 8.2) into Equation 8.3

8.6 yields the following matrix of rst-order

τ(n−1,1)

oe ients (at the

permutation representation):



The

h
i

L̂(n−1,1) = 

ij

orresponding

Tra k 1

Tra k 2

Tra k 3

1/4
1/2
3/4

1/4
1/2
3/4

1
1/2
0

Ali e
Bob
Cathy






oe ients at the irredu ible representations are:

L̂(3) = 1.5,

L̂(2,1) =



0
0


√
− 3/4
,
−3/4

L̂(1,1,1) = 0.

9 Related work
Rankings and permutations have re ently be ome an a tive area of resear h in
ma hine learning due to their importan e in information retrieval and preferen e
eli itation. Rather than

onsidering full distributions over permutations, many

approa hes, like RankSVM (Joa hims, 2002) and RankBoost (Freund et al.,
2003), have instead fo used on learning a single `optimal' ranking with respe t
to some obje tive fun tion.
There are also several authors who have studied distributions over permutations/rankings (Mallows, 1957; Crit hlow, 1985; Fligner & Verdu
Taylor et al., 2008; Lebanon & Mao, 2008). (Taylor et al., 2008)
tributions over
from

n

Sn

whi h are indu ed by the rankings of

n

i, 1986;

onsider dis-

independent draws

individually

entered Gaussian distributions with equal varian e. They
2
ompa tly summarize their distributions using an O(n ) matrix whi h is on-

eptually similar to our rst-order summaries and apply their te hniques to
ranking web do uments. Most other previous approa hes at dire tly modeling
distributions on

Sn ,

however, have relied on distan e based models.

For ex-

ample, the Mallows model (Mallows, 1957) denes a Gaussian-like distribution
over permutations as:

P (σ; c, σ0 ) ∝ exp (−cd(σ, σ0 )) ,
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(9.1)

where the fun tion

d(σ, σ0 ) is

the Kendall's tau distan e whi h ounts the numσ −1 to σ0−1 . Like Gaussians,

ber of adja ent swaps that are required to bring

distan e based models tend to la k exibility, and so (Lebanon & Mao, 2008)
propose a nonparametri

model of ranked (and partially ranked) data based on

pla ing weighted Mallows kernels on top of training examples, whi h, as they
show,

an realize a far ri her

lass of distributions, and

an be learned e iently.

However, they do not address the inferen e problem, and it is not

lear if one

e iently perform inferen e operations like marginalization and

onditioning in

an

su h models.
As we have shown in this paper, Fourier based methods (Dia onis, 1988;
Kondor et al., 2007; Huang et al., 2007) oer a prin ipled alternative method for
ompa tly representing distributions over permutations and performing e ient
probabilisti

inferen e operations. Our work draws from two strands of resear h

 one from the data asso iation/identity management literature, and one from
a more theoreti al area on Fourier analysis in statisti s.
review several of the works whi h have led up to our

In the following, we
urrent Fourier based

approa h.

9.1 Previous work in identity management
The identity management problem has been addressed in a number of previous
works, and is

losely related to, but not identi al with, the

ation problem of maintaining

lassi al data asso i-

orresponden es between tra ks and observations.

Both problems need to address the fundamental

ombinatorial

hallenge that

there is a fa torial or exponential number of asso iations to maintain between
tra ks and identities, or between tra ks and observations respe tively. A vast
literature already exists on the the data asso iation problem, beginning with
the multiple hypothesis testing approa h (MHT) of (Reid, 1979). The MHT is a
`deferred logi ' method in whi h past observations are exploited in forming new
hypotheses when a new set of observations arises. Sin e the number of hypotheses

an grow exponentially over time, various heuristi s have been proposed to

help

ope with the

only the

k best

omplexity blowup. For example, one

hypotheses for some parameter

an hoose to maintain

k (Cox & Hingorani, 1994), using

Murty's algorithm (Murty, 1968). But for su h an approximation to be ee tive,

k

may still need to s ale exponentially in the number of obje ts. A slightly

more re ent ltering approa h is the joint probabilisti

data asso iation lter

(JPDA) (Bar-Shalom & Fortmann, 1988), whi h is a suboptimal single-stage
approximation of the optimal Bayesian lter. JPDA makes asso iations sequentially and is unable to

orre t erroneous asso iations made in the past (Poore,

1995). Even though the JPDA is more e ient than the MHT, the

al ulation

of the JPDA asso iation probabilities is still a #P- omplete problem (Collins
& Uhlmann, 1992), sin e it ee tively must

ompute matrix permanents. Poly-

nomial approximation algorithms to the JPDA asso iation probabilities have
re ently been studied using Markov

hain Monte Carlo (MCMC) methods (Oh

et al., 2004; Oh & Sastry, 2005).
The identity management problem was rst expli itly introdu ed in (Shin
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et al., 2003). Identity management diers from the
problem in that its observation model is not

lassi al data asso iation

on erned with the low-level tra k-

ing details but instead with high level information about obje t identities. (Shin
et al., 2003) introdu ed the notion of the belief matrix approximation of the assoiation probabilities, whi h

ollapses a distribution over all possible asso iations

to just its rst-order marginals. In the

n×n

B

bij ,

is the probability that identity

where

bij

is an

n

ase of

belief matrix

doubly-sto hasti

tra ks and

n

identities, the

matrix of non-negative entries

i

j.

is asso iated with tra k

As

we already saw in Se tion 4, the belief matrix approximation is equivalent to
maintaining the zeroth- and rst-order Fourier

oe ients.

Thus our

urrent

work is a stri t generalization and extension of those previous results.
An alternative representation that has also been
theoreti

onsidered is an information

approa h (Shin et al., 2005; S humits h et al., 2005; S humits h et al.,

2006) in whi h the density is parameterized as:


P (σ; Ω) ∝ exp Tr ΩT · τ(n−1,1) (σ) .

In our framework, the information form approa h

an be viewed as a method for

maintaining the Fourier transform of the log probability distribution at only the
rst two irredu ibles. The information matrix approa h is espe ially attra tive
in a distributed sensor network setting, sin e, if the

olumns of the information

matrix are distributed to leader nodes tra king the respe tive targets, then the
observation events be ome entirely lo al operations, avoiding the more expensive Krone ker

onditioning algorithm in our setting. On the other hand, the

information matrix

oe ients do not have the same intuitive marginals inter-

pretation aorded in our setting, and moreover, predi tion/rollup steps
be performed analyti ally in the information matrix form.

annot

As in many

las-

si al data stru tures problems there are representation trade-o issues: some
operations are less expensive in one representation and some operations in the
the other. The best

hoi e in any parti ular s enario will depend on the ratio

between observation and mixing events.

9.2 Previous work on Fourier-based approximations
The

on ept of using Fourier transforms to study probability distributions on

groups is not new, with the earliest papers in this area having been published
in the 1960s (Grenander, 1963). (Willsky, 1978) was the rst to formulate the
exa t ltering problem in the Fourier domain for nite and lo ally
Lie groups and

ompa t

ontributed the rst non ommutative Fast Fourier Transform

algorithm (for Meta y li

groups). However, he does not address approximate

inferen e, suggesting instead to always transform to the appropriate domain
for whi h either the predi tion/rollup or

onditioning operations

an be a

om-

plished using a pointwise produ t. While providing signi ant improvements in
omplexity for smaller groups, his approa h is still infeasible for our problem
given the fa torial order of the Symmetri

group.

(Dia onis, 1988) utilized the Fourier transform to analyze probability distributions on the Symmetri

group in order to study
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ard shuing and ranking

problems. His work laid the ground for mu h of the progress made over the last
two de ades on probabilisti

group theory and non ommutative FFT algorithms

(Clausen & Baum, 1993; Ro kmore, 2000).
(Kondor et al., 2007) was the rst to show that the data asso iation problem

ould be e iently approximated using FFT fa torizations. In

ontrast to

our framework where every model is assumed to be have been spe ied in the
Fourier domain, they work with an observation model whi h

an be written in

the primal domain.
Con eptually, their

onditioning algorithm applies the Inverse Fast Fourier

Transform (IFFT) to the prior distribution,

onditions in the primal domain

using pointwise multipli ation, then transforms ba k up to the Fourier domain
using the FFT to obtain posterior Fourier

oe ients. While their pro edure

would ordinarily be intra table be ause of the fa torial number of permutations,
they show that for simple observation models, su h as that given in Equation 8.1,
it is not ne essary to perform the full FFT re ursion to do a pointwise produ t. They exploit this observation to formulate a
running time depends on the

onditioning algorithm whose

omplexity of the observation model (whi h

an

roughly be measured by the number of irredu ibles required to fully spe ify it).
In the worst
the

ost of

ase, when the likelihood fun tion is spe ied for ea h
onditioning is dominated by the

ost of

σ ∈ Sn , then

alling an FFT, whi h is

O(n! log n!).
In the

ase that the observation model is spe ied at su iently many irre-

du ibles, our

onditioning algorithm (prior to the proje tion step) returns the

same approximate probabilities as the FFT-based algorithm. For example, we
an show that the observation model given in Equation 8.1 is fully spe ied by
two Fourier

omponents, and that both algorithms have identi al output. In
3 2
time omplexity is O(D n ), where D is the degree

this setting, our asymptoti

of the largest maintained irredu ible representation. The FFT-based algorithm
saves a fa tor of

D

due to the fa t that

ertain representation matri es

an be

shown to be sparse. Though we do not prove it, we observe that the Clebs hGordan

oe ients

Cij

are typi ally similarly sparse (see Figure 7(d)), whi h

yields an equivalent running time in pra ti e. In addition, Kondor et al. do not
address the issue of proje ting onto legal distributions, whi h, as we show in
our experimental results is fundamental in pra ti e.

10 Experimental results
In this se tion we present the results of several experiments to validate our algorithm. We evaluate performan e rst by measuring the quality of our approximation for problems where the true distribution is known. Instead of measuring
a distan e between the true distribution and the inverse Fourier transform of
our approximation, it makes more sense in our setting to measure error only
at the marginals whi h are maintained by our approximation.
reported below, we measure the

L1

In the results

error between the true matrix of marginals

and the approximation. If nonnegative marginal probabilities are guaranteed,
it also makes sense to measure KL-divergen e.
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KL(true||bandlimited approximation)
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0.01
0.005
0
0

5
10
# Mixing Events

Averaged over 250 timesteps

Projection versus No Projection (n=6)
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mixing events.
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Sparsity of Clebsch−Gordan coefficients
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( ) Running times: We ompared running (d) Clebs h-Gordan Sparsity: We measured
times of our polynomial time bandlimited the sparsity of the Clebs h-Gordan oeinferen e algorithms against an exa t algo- ients matri es by plotting the re ipro al of
rithm with O(n n!) time omplexity
the fra tion of nonzero entries against n. A
straight line in the plot means that the number of nonzero entries s ales linearly in n, and
a onvex urve s ales better than linearly.
3

Figure 7:

10.1 Simulated data
We rst tested the a

ura y of a single Krone ker

some number of pairwise mixing events (whi h

onditioning step by

alling

an be thought roughly as a

measure of entropy), followed by a single rst-order observation. In the

y -axis

of Figure 7(a), we plot the Kullba k-Leibler divergen e between the true rstorder marginals and approximate rst-order marginals returned by Krone ker
onditioning. We

ompared the results of maintaining rst-order, and se ond-

order (unordered and ordered) marginals. As shown in Figure 7(a), Krone ker
onditioning is more a

urate when the prior is smooth and unsurprisingly,

when we allow for higher order Fourier terms. As guaranteed by Theorem 21,
we also see that the rst-order terms of the posterior are exa t when we maintain
se ond-order (ordered) marginals.
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To understand how our algorithms perform over many timesteps (where
errors

an propagate to all Fourier terms), we

on syntheti

ompared to exa t inferen e

datasets in whi h tra ks are drawn at random to be observed or

swapped. As a baseline, we show the a

ura y of a uniform distribution. We

observe that the Fourier approximation is better when there are either more
mixing events (the fra tion of
Fourier

onditioning events is smaller), or when more

oe ients are maintained, as shown in Figure 7(b). We also see that

the Plan herel Proje tion step is fundamental, espe ially when mixing events
are rare.
Figures 8(a) and 8(b) show the per-timesli e a
the algorithm. The fra tion of

70%

ura y of two typi al runs of

onditioning events is

50%

in Figure 8(a), and

in Figure 8(b). What we typi ally observe is that while the proje ted and

nonproje ted a

ura ies are often quite similar, the nonproje ted marginals

perform signi antly worse during
Finally, we

an

ertain segments.

ompared running times against an exa t inferen e algorithm

whi h performs predi tion/rollup in the Fourier domain and onditioning in the
2
primal domain. Instead of the naive O((n!) ) omplexity, its running time is
3
a more e ient O(n n!) due to the Fast Fourier Transform (Clausen & Baum,
1993).

It is

lear that our algorithm s ales gra efully

ompared to the exa t

solution (Figure 7( )), and in fa t, we ould not run exa t inferen e for
to memory
Gordan
2 2

O(D n )

n > 8 due

onstraints. In Figure 7(d), we show empiri ally that the Clebs h-

oe ients are indeed sparse, supporting our
3 2
instead of O(D n ).

onje tured runtime of

10.2 Real amera network
We also evaluated our algorithm on data taken from a real network of eight
ameras (Fig. 9(a)).
room in fairly

In the data, there are

n = 11

people walking around a

lose proximity. To handle the fa t that people

an freely leave

and enter the room, we maintain a list of the tra ks whi h are external to the
room.

Ea h time a new tra k leaves the room, it is added to the list and a
2
alled to allow for m pairwise swaps amongst the m external

mixing event is
tra ks.

The number of mixing events is approximately the same as the number of
observations. For ea h observation, the network returns a
the blob asso iated with one tra k tra k. The task after

olor histogram of

onditioning on ea h

observation is to predi t identities for all tra ks whi h are inside the room,
and the evaluation metri

is the fra tion of a

urate predi tions. We

ompared

against a baseline approa h of predi ting the identity of a tra k based on the
most re ently observed histogram at that tra k. This approa h is expe ted to
be a

urate when there are many observations and dis riminative appearan e

models, neither of whi h our problem aorded.

As Figure 9(b) shows, both

the baseline and rst order model(without proje tion) fared poorly, while the
proje tion step dramati ally boosted the predi tion a

ura y for this problem.

To illustrate the di ulty of predi ting based on appearan e alone, the rightmost
bar ree ts the performan e of an omnis ient tra ker who knows the result of
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(a) n = 6 with 50% mixing events and 50% observations
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(b) n = 6 with 30% mixing events and 70% observations
Figure 8: A

ura y as a fun tion of time on two typi al runs.

ea h mixing event and is therefore left only with the task of distinguishing
between appearan es.

We

onje ture that the performan e of our algorithm

(with proje tion) is near optimal.

11 Future resear h
There remain several possible extensions to the
both pra ti al and theoreti al

urrent work stemming from

onsiderations. We list a few open questions and

extensions in the following.

Adaptive ltering.

While our

urrent algorithms easily beat exa t inferen e

in terms of running time, they are still limited by a relatively high (though
polynomial) time

omplexity. In pra ti e however, it seems reasonable to believe

that the di ult identity management problems typi ally involve only a small
subset of people at a time. A useful extension of our work would be to devise
an adaptive version of the algorithm whi h allo ates more Fourier
towards the identities whi h require higher order reasoning.

oe ients

We believe that

this kind of extension would be the appropriate way to s ale our algorithm to
handling massive numbers of obje ts at a time.
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(b) A ura y for Camera Data

Figure 9: Evaluation on dataset from a real

amera network.

Chara terizing the marginal polytope.

In our paper, we presented a pro-

je tion of the bandlimited distribution to a

ertain polytope, whi h is exa tly

the marginal polytope for rst-order bandlimited distributions, but stri tly an
outer bound for higher orders. An interesting proje t would be to generalize the
Birkho-von Neumann theorem by exa tly
at higher order marginals. We
order marginals

hara terizing the marginal polytope

onje ture that the marginal polytope for low

an be des ribed with polynomially many

Learning in the Fourier domain.

onstraints.

Another interesting problem is whether

an learn bandlimited mixing and observation models dire tly in the Fourier

we

domain. Given fully observed permutations
tion

P (σ),

a naive method for estimating

σ1 , . . . , σm ,

P̂ρ

drawn from a distribu-

at low-order

ρ

is to simply observe

that:

P̂ρ = Eσ∼P [ρ(σ)],
and so one
all

σi .

an estimate the Fourier transform by simply averaging

ρ(σi )

over

However, sin e we typi ally do not observe full permutations in real

appli ations like ranking or identity management, it would be interesting to estimate Fourier transforms using partially observed data. In the

ase of Bayesian

learning, it may be possible to apply some of the te hniques dis ussed in this
paper.

Probabilisti inferen e on other groups.
presented in this paper is not spe i
di tion/rollup and

The Fourier theoreti

to the Symmetri

onditioning formulations, as well as most of the results from

Appendix B hold over any nite or

ompa t Lie group. As an example, the non-

ommutative group of rotation operators in three dimensions,

SO(3),

in settings whi h model the pose of a three dimensional obje t.

SO(3)

framework

group - in fa t, the pre-

appears

Elements in

might be used to represent the pose of a robot arm in roboti s, or the

orientation of a mesh in
ful to have a

omputer graphi s; In many settings, it would be use-

ompa t representation of un ertainty over poses. We believe that
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there are many other appli ation domains with algebrai
probabilisti

stru ture where similar

inferen e algorithms might apply, and in parti ular, that non om-

mutative settings oer a parti ularly

hallenging but ex iting opportunity for

ma hine learning resear h.

12 Con lusions
We have presented an intuitive method for
on permutations with Fourier analyti

ompa tly summarizing distributions

interpretations and tuneable approxi-

mation quality. We showed that the Fourier theoreti
possible to formulate general inferen e operations

point of view makes it

ompletely in the Fourier do-

main. In parti ular, we developed the Krone ker Conditioning algorithm whi h
performs a

onvolution-like operation on Fourier

oe ients to nd the Fourier

transform of the posterior distribution. We analyzed the sour es of error in our
approximations and argued that bandlimited
oe ients whi h

onditioning

an result in Fourier

orrespond to no valid distribution, but that the problem

an

be remedied by proje ting to a relaxation of the marginal polytope.
Our evaluation on data from a
perform well when

amera network shows that our methods

ompared to the optimal solution in small problems, or to

an omnis ient tra ker in large problems. Furthermore, we demonstrated that
our proje tion step is fundamental to obtaining these high-quality results.
Finally we

on lude by remarking again that the mathemati al framework

developed in our paper is quite general.
and

In fa t, both the predi tion/rollup

onditioning formulations hold over any nite group, providing a prin ipled

method for approximate inferen e for problems with underlying group stru ture.
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A Constru ting irredu ible representation matries
In this se tion, we present (without proof ) some standard algorithms for

on-

stru ting the irredu ible representation matri es with respe t to the Gel'fand-

Tsetlin (GZ) basis (for a more elaborate dis ussion, see, for example, (Kondor,
2006; Chen, 1989; Vershik & Okounkov, 2006)). There are several properties
whi h make the irredu ible representation matri es, written with respe t to the
GZ basis, fairly useful in pra ti e.
real-valued and orthogonal.

They are guaranteed to be, for example,

And as we will show, the matri es have

useful sparsity properties that

ertain

an be exploited in implementation.

We begin by introdu ing a few

on epts relating to Young tableaux whi h are

like Young tabloids with the distin tion that the rows are

onsidered as ordered

tuples rather than unordered sets. For example, the following two diagrams are
distin t as Young tableaux, but not as Young tabloids :
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(as Young tableaux).

1 2 3 6= 1 3 2
4 5
5 4

t

A Young Tableau

is said to be standard if its entries are in reasing to the

right along rows and down
Tableaux of shape



olumns. For example, the set of all standard Young

λ = (3, 2)

1 3 5 ,
2 4

Given a permutation

is:

1 2 5 ,
3 4

σ ∈ Sn ,

1 3 4 ,
2 5

one

1 2 4 ,
3 5

1 2 3
4 5

σ to
σ ◦ t, by

an always apply

get a new Young tableau, whi h we denote by
within the tableau. For example,

ﬀ

(A.1)

.

a Young tableau

t

to

permuting the labels

(1, 2) ◦ 1 2 3 = 2 1 3 .
4 5
4 5
Note, however, that even if

t

is a standard tableau,

be standard.

σ◦t

is not guaranteed to

The signi an e of the standard tableaux is that the set of all standard
tableaux of shape

λ

an be used to index the set of GZ basis ve tors for the irre-

ρλ . Sin e there are ve total standard tableaux of shape
(3, 2), we see, for example, that the irredu ible orresponding to the partition
(3, 2) is 5-dimensional. There is a simple re ursive pro edure for enumerating
the set of all standard tableaux of shape λ, whi h we illustrate for λ = (3, 2).
du ible representation

Example 25.
an o

If λ = (3, 2), there are only two possible boxes that the label 5
upy so that both rows and olumns are in reasing. They are:

5 ,

and

.

5

To enumerate the set of all standard tableaux of shape

(3, 2),

we need to ll the

empty boxes in the above partially lled tableaux with the labels {1, 2, 3, 4} so
that both rows and olumns are in reasing. Enumerating the standard tableaux
of shape (3, 2) thus redu es to enumerating the set of standard tableaux of shapes

(2, 2)

and

(3, 1),

(3, 1),

the set of standard tableaux (whi h, in

omputed re ursively) is:


and for

(2, 2),

respe tively. For

implementation would be

1 3 ,
2 4

1 2
3 4

ﬀ

,

the set of standard tableaux is:



1 3 4 ,
2

1 2 4 ,
3

The entire set of standard tableaux of shape



1 3 5 ,
2 4

Before expli itly

1 2 5
3 4

ﬀ[

1 3 4 ,
2 5

1 2 3
4

(3, 2)

ﬀ

.

is therefore:

1 2 4 ,
3 5

1 2 3
4 5

ﬀ

.

onstru ting the representation matri es, we must dene a

signed distan e on Young Tableaux

alled the axial distan e.

51

Denition 26.
t,

dt (i, j),

The axial distan e,

between entries

i

and

j

in tableau

is dened to be:

dt (i, j) ≡ (col(t, j) − col(t, i)) − (row(t, j) − row(t, i)),
where

row(t, i)

denotes the row of label

olumn of label

i

i

in tableau

t,

and

col(t, i)

denotes the

t.

in tableau

Intuitively, the axial distan e between

i−1

and

i

i,

t is
i − 1 to

in a standard tableau

equal to the (signed) number of steps that are required to travel from

if at ea h step, one is allowed to traverse a single box in the tableau in one of

the four

ardinal dire tions. For example, the axial distan e from
t = 14 25 3 is:

3

to

4

with

respe t to tableau:

 
dt (3, 4) = col

1 2 3
4 5



, 4 − col

1 2 3
4 5

,3

= (1 − 3) − (2 − 1) = −3





− row

1 2 3
4 5



, 4 − row

1 2 3
4 5

,3



A.1 Constru ting representation matri es for adja ent transpositions
In the following dis ussion, we will
set of standard tableaux of shape
olumns of

ρλ (σ)

the se ond

onsider a xed ordering, t1 , . . . , tdλ , on the

λ

and refer to both standard tableaux and

inter hangeably. Thus

t1

refers to rst

olumn,

olumn and so on. And we will index elements in

t2

ρλ (σ)

refers to

using pairs

(tj , tk ).

of standard tableau,

To expli itly dene the representation matri es with respe t to the GZ basis,
we will rst

onstru t the matri es for adja ent transpositions (i.e., permuta-

tions of the form
matri es by
for

(i − 1, i)),

and then we will

onstru t arbitrary representation

ombining the matri es for the adja ent transpositions. The rule

onstru ting the matrix

oe ient

[ρλ (i − 1, i)]tj ,tk

is as follows.

(tj , tk ) oe ient of ρλ (i−1, i) to be zero if it is (1), o-diagonal
6 k ) and (2), not of the form (tj , (i − 1, i) ◦ tk ).
=
(tj , tk ) is a diagonal element, (i.e., of the form (tj , tj )), dene:

1. Dene the
(j
2. If

[ρλ (i − 1, i)]tj ,tj = 1/dtj (i − 1, i),
where

dtj (i − 1, i)

is the axial distan e whi h we dened earlier in the

se tion.
3. If

(tj , tk )

(tj , (i − 1, i) ◦ tj ) dene:
q
[ρλ (i − 1, i)]tj ,σ◦tj = 1 − 1/d2tj (i − 1, i).

an be written as

Note that the only time that o-diagonal elements
above rules is when

(i − i, i) ◦ tj

apply an adja ent transposition,

an be nonzero under the

happens to also be a standard tableau. If we

σ = (i − 1, i) to a standard tableau t, then σ ◦ t
i − 1 and i were neither in the same

is guaranteed to be standard if and only if
row nor

olumn of

t.

This

an be seen by examining ea h
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ase separately.

Algorithm 3:

Pseudo ode for

omputing irredu ible representations ma-

tri es with respe t to the Gel'fand-Tsetlin basis at adja ent transpositions.

adja entrho

1
2
3
4
5
6
7

input : i ∈ {2, . . . , n}, λ
output: ρλ (i − 1, i)
ρ ← 0d ×d ;
forea h standard tableaux t of shape λ do
λ

λ

d ← (col(t, i) − col(t, i − 1)) − (row(t, i) − row(t, i − 1));
ρ(t, t) ← 1/d;
if i − 1 and i are in dierent
rows and olumns of t then
p
ρ((i − 1, i)(t), t) ← 1 − 1/d2 ;

return ρ ;
1.

i−1

and are in the same row or same olumn of .

i
t If i and i − 1
are in the same row of t, then i − 1 lies to the left of i. Applying σ ◦ t
swaps their positions so that i lies to the left of i − 1, and so we see that
σ ◦ t annot be standard. For example,
(3, 4) ◦ 1 2 5 = 1 2 5 .
3 4
4 3
Similarly, we see that if i and i −
annot be standard. For example,

1

are in the same

t, σ ◦ t

olumn of

(3, 4) ◦ 1 3 5 = 1 4 5 .
2 4
2 3
2.

and are neither in the same row nor olumn of .

i−1
i
t In the
se ond ase, σ ◦ t an be seen to be a standard tableau due to the fa t
that i − 1 and i are adja ent indi es. For example,
(3, 4) ◦ 1 2 3 = 1 2 4 .
4 5
3 5

Therefore, to see if

i−1
for

and

i

(i − 1, i) ◦ t

is standard, we need only

are in dierent rows and

olumns of the tableau

t.

he k to see that
The pseudo ode

onstru ting the irredu ible representation matri es for adja ent swaps is

summarized in Algorithm 3. Note that the matri es

onstru ted in the algorithm

are sparse, with no more than two nonzero elements in any given

Example 27.

We

ρ(3,2) evaluated at the
For this example, we will use the

ompute the representation matrix of

adja ent transposition

σ = (i − 1, i) = (3, 4).

(3, 2) given in Equation
(3, 2)-tableau tj , we identify whether σ ◦ tj is standard and
distan e from 3 to 4 on the tableau tj .

enumeration of the standard tableaux of shape
For ea h
the axial

olumn.
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A.1.
ompute

j

1

2

3

4

5

tj

1 3 5
2 4

1 2 5
3 4

1 3 4
2 5

1 2 4
3 5

1 2 3
4 5

1 4 5
2 3

1 2 5
4 3

1 4 3
2 5

1 2 3
4 5

1 2 4
3 5

No

No

No

Yes

Yes

-1

1

1

3

-3

(3, 4) ◦ tj
(3, 4) ◦ tj Standard?
axial distan e (dtj (3, 4))

Putting the results together in a matrix yields:,







ρ(3,2) (3, 4) = 





t1
t2
t3

t1 t2
−1
1

t3

t4

1
1
q3

t4
t5

where all of the empty entries are zero.

8
9

t5

q

8
9

− 13







,





A.2 Constru ting representation matri es for general permutations
To

onstru t representation matri es for general permutations, it is enough to

observe that all permutations

an be fa tored into a sequen e of adja ent swaps.

For example, the permutation

(1, 2, 5)

an be fa tored into:

(1, 2, 5) = (4, 5)(3, 4)(1, 2)(2, 3)(3, 4)(4, 5),
and hen e, for any partition

λ,

ρλ (1, 2, 5) = ρλ (4, 5) · ρλ (3, 4) · ρλ (1, 2) · ρλ (2, 3) · ρλ (3, 4) · ρλ (4, 5),
sin e

ρλ

is a group representation. Algorithmi ally, fa toring a permutation into

adja ent swaps looks very similar to the Bubblesort algorithm, and we show the
pseudo ode in Algorithm 4.

B De omposing the tensor produ t representation
We now turn to the Tensor Produ t De omposition problem, whi h is that of
nding the irredu ible
representation. If

ρλ

omponents of the typi ally redu ible tensor produ t

and

ρµ

are irredu ible representations of

exists an intertwining operator

Cλµ

−1

Cλµ

Sn ,

then there

su h that:

· (ρλ ⊗ ρµ (σ)) · Cλµ =
54

λµν
M zM

ν

ℓ=1

ρν (σ).

(B.1)

Algorithm 4:

Pseudo ode for

omputing irredu ible representation ma-

tri es for arbitrary permutations.

getrho

input : σ ∈ Sn , λ
output: ρλ (σ) (a dλ × dλ matrix)

1 //Use Bubblesort to fa tor σ into
2 k←0;
3 f actors ← ∅;
4 for i = 1, 2, . . . , n do
5
for j = n, n − 1, . . . , i + 1 do
6
if σ(j) < σ(j − 1) then
7
Swap(σ(j − 1), σ(j)) ;
8
k ←k+1 ;
9
f actors(k) ← j ;

a produ t of transpositions

10 //Constru t representation matrix using adja ent transpositions
11 ρλ (σ) ← Idλ ×dλ ;
12 m ← length(f actors);
13 for j = 1, . . . , m do
14
ρλ (σ) ← getadja entrho (f actors(j), λ) · ρλ (σ) ;
In this se tion, we will present a set of numeri al methods for
Clebs h-Gordan series (zλµν ) and Clebs h-Gordan
of irredu ible representations
for

ρλ ⊗ ρµ .

omputing the

oe ients (Cλµ ) for a pair

We begin by dis ussing two methods

omputing the Clebs h-Gordan series. In the se ond se tion, we provide a

general algorithm for

omputing the intertwining operators whi h relate two

equivalent representations and dis uss how it
the Clebs h-Gordan

an be applied to

omputing

oe ients (Equation B.1) and the matri es whi h relate

marginal probabilities to irredu ible Fourier

oe ients (Equation 5.4).

B.1 Computing the Clebs h-Gordan series
We begin with a simple, well-known algorithm based on group
omputing the Clebs h-Gordan series that turns out to be

hara ters for

omputationally in-

tra table, but yields several illuminating theoreti al results. See (Serre, 1977)
for proofs of the theoreti al results

ited in this se tion.

One of the main results of representation theory was the dis overy that there
exists a relatively

ompa t way of en oding any representation up to equivalen e

with a ve tor whi h we
resentation of a group

G,

all the

ρ is a repρ, is dened

hara ter of the representation. If

then the

hara ter of the representation

simply to be the tra e of the representation at ea h element

σ ∈ G:

χρ (σ) = Tr (ρ(σ)) .
The reason

hara ters have been so extensively studied is that they uniquely

hara terize a representation up to equivalen e in the sense that two
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hara ters

χρ1

χρ2

and

ρ1

are equal if and only if

ρ2

and

are equivalent as representations.

Even more surprising is that the spa e of possible group
onally spanned by the

hara ters is orthog-

hara ters of the irredu ible representations. To make

this pre ise, we rst dene an inner produ t on fun tions from

Denition 28.
of

φ

ψ

and

Let

φ, ψ

G.

be two real-valued fun tions on

G.

The inner produ t

is dened to be:

hφ, ψi ≡

1 X
φ(σ)ψ(σ)
|G|
σ∈G

With respe t to the above inner produ t, we have the following important
result whi h allows us to test a given representation for irredu ibility, and to
test two irredu ibles for equivalen e.

Proposition 29.

Let

χρ1

and

χρ2

be

hara ters

orresponding to irredu ible

representations. Then

hχρ1 , χρ2 i =



1
0

ρ1 ≡ ρ2
otherwise

if

Proposition 29 shows that the irredu ible

.

hara ters form an orthonormal

set of fun tions. The next proposition says that the irredu ible
the spa e of all possible

Proposition 30.

Suppose

ρ

is any representation of

into irredu ibles as:

ρ≡
λ

where

P

zλ
MM
λ

indexes over all irredu ibles of

1. The

hara ter of

ρ

hara ters span

hara ters.

is a linear

G

and whi h de omposes

ρλ ,

ℓ=1

G.

Then:

ombination of irredu ible

hara ters (χρ

=

λ zλ χρλ ),

2. and the multipli ity of ea h irredu ible,

zλ ,

an be re overed using

zλ .

hχρ , χρλ i =

ρ, is given by Propoχρ against the basis of
multipli ities zλ . To treat the

A simple way to de ompose any group representation
sition 30, whi h says that we
irredu ible
spe ial

an take inner produ ts of

hara ters to obtain the irredu ible

ase of nding the Clebs h-Gordan series, one observes that the

ter of the tensor produ t is simply the pointwise produ t of the

hara -

hara ters of

ea h tensor produ t fa tor.

Theorem 31.

Let ρλ and ρµ be irredu ible representations with
respe tively. Let zλµν be the number of opies of ρν in ρλ ⊗
one term of the Clebs h-Gordan series). Then:

χ λ , χµ
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hara ters

ρµ

(hen e,

1. The

hara ter of the tensor produ t representation is given by:

χρλ ⊗ρµ = χλ · χµ =

X

2. The terms of the Clebs h-Gordan series

zλµν =

zλµν χν .

(B.2)

ν

an be

omputed using:

1 X
χλ (g) · χµ (g) · χν (g),
|G|

(B.3)

g∈G

and satisfy the following symmetry:

zλµν = zλνµ = zµλν = zµνλ = zνλµ = zνµλ .
Dot produ ts for

#(n)

time where
naive

O(n!)

hara ters on the symmetri

group

an be done in

n,

is the number of partitions of the number

time.

In pra ti e however,

#(n)

(B.4)

O(#(n))

instead of the

also grows too qui kly for the

hara ter method to be tra table.

B.1.1 Murnaghan's formulas
A theorem by Murnaghan (Murnaghan, 1938) gives us a `bound' on whi h representations

an appear in the tensor produ t de omposition on

Theorem 32.
p, λ2 , . . . )

and

Let ρ1 , ρ2 be the irredu ibles orresponding to the partition (n −
(n − q, µ2 , . . . ) respe tively. Then the produ t ρ1 ⊗ ρ2 does not

ontain any irredu ibles
than

Sn .

orresponding to a partition whose rst term is less

n − p − q.

In view of the
of Fourier

onne tion between the Clebs h-Gordan series and

onvolution

oe ients, Theorem 32 is analogous to the fa t that for fun tions

over the reals, the

onvolution of two

ompa tly supported fun tions is also

ompa tly supported.
We

an use Theorem 32 to show that Krone ker

onditioning is exa t at

ertain irredu ibles.

of Theorem 21. Let
maintains Fourier

Λ

denote the set of irredu ibles at whi h our algorithm

oe ients. Sin e the errors in the prior

oe ients outside of

Λ

to be zero, we see that Krone ker

ome from setting

onditioning returns

an approximate posterior whi h is exa t at the irredu ibles in

ΛEXACT = {ρν : zλµν = 0,

where

λ∈
/Λ

and

µ D (n − q, µ2 , . . . )}.

Combining Theorem 32 with Equation B.4: if zλµν > 0, with λ = (n −
p, λ2 , λ3 , . . . ), µ = (n − q, µ2 , µ3 , . . . ) and ν = (n − r, ν2 , ν3 , . . . ), then we have
that: r ≤ p + q, p ≤ q + r, and q ≤ p + r. In parti ular, it implies that r ≥ p − q
and r ≥ q − p, or more su in tly, r ≥ |p − q|. Hen e, if ν = (n − r, ν2 , . . . ), then
ρν ∈ ΛEXACT whenever r ≤ |p − q|, whi h proves the desired result.
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The same paper (Murnaghan, 1938) derives several general Clebs h-Gordan
series formulas for pairs of low-order irredu ibles in terms of

n, and in parti

ular,

derives the Clebs h-Gordan series for many of the Krone ker produ t pairs that
one would likely en ounter in pra ti e. For example,

•
•
•
•

ρ(n−1,1) ⊗ ρ(n−1,1) ≡ ρ(n) ⊕ ρ(n−1,1) ⊕ ρ(n−2,2) ⊕ ρ(n−2,1,1)
ρ(n−1,1) ⊗ ρ(n−2,2) ≡ ρ(n−1,1) ⊕ ρ(n−2,2) ⊕ ρ(n−2,1,1) ⊕ ρ(n−3,3) ⊕ ρ(n−3,2,1)
ρ(n−1,1) ⊗ρ(n−2,1,1) ≡ ρ(n−1,1) ⊕ρ(n−2,2) ⊕ρ(n−2,1,1) ⊕ρ(n−3,2,1) ⊕ρ(n−3,1,1,1)
ρ(n−1,1) ⊗ ρ(n−3,3) ≡ ρ(n−2,2) ⊕ ρ(n−3,3) ⊕ ρ(n−3,2,1) ⊕ ρ(n−4,4) ⊕ ρ(n−4,3,1)

B.2 Computing the Clebs h-Gordan oe ients

In this se tion, we onsider the general problem of nding an orthogonal operator
whi h de omposes an arbitrary representation,

X(σ), of a nite group G.

Unlike

the Clebs h-Gordan series whi h are basis-independent, intertwining operators
must be re omputed if we
representation matri es are

hange the underlying basis by whi h the irredu ible
onstru ted. However, for a xed basis, we remind

the reader that these intertwining operators need only be

omputed on e and

for all and

X

an be stored in a table for future referen e. Let

group representation of

G, and let Y

e.g.,

Y (σ) =

zν
MM
ν

where ea h irredu ible

ρν

σ ∈ G.

known.

C,

ρν (σ),

(B.5)

We would like to

su h that

ompute an in-

C · X(σ) = Y (σ) · C ,

Throughout this se tion, we will assume that the multipli ities
To

ompute Clebs h-Gordan

X = ρλ ⊗ ρµ ,

d

ℓ=1

dν .

has degree

vertible (and orthogonal) operator

be any degree

be an equivalent dire t sum of irredu ibles,

for all

zν

are

oe ients, for example, we would set

and the multipli ities would be given by the Clebs h-Gordan

series (Equation B.1). To nd the matrix whi h relates marginal probabilities
to irredu ible

oe ients, we would set

X = τλ ,

and the multipli ities would be

given by the Kostka numbers (Equation 5.4).
We will begin by des ribing an algorithm for

omputing a basis for the spa e

of all possible intertwining operators whi h we denote by:
Int[X;Y ]

= {C ∈ Rd×d : C · X(σ) = Y (σ) · C, ∀σ ∈ G}.

We will then dis uss some of the theoreti al properties of Int[X;Y ] and show how
to e iently sele t an orthogonal element of Int[X;Y ] .
8
Our approa h is to naively view the task of nding elements of Int[X;Y ]
as a similarity matrix re overy problem, with the twist that the similarity matrix must be

onsistent over all group elements. We rst

re overing a similarity matrix as a nullspa e

ast the problem of

omputation.

8 In implementation, we use a more e ient algorithm for omputing intertwining operators
known as the Eigenfun tion Method (EFM) (Chen, 1989). Unfortunately, the EFM is too
ompli ated for us to des ribe in this paper. The method whi h we des ribe in this appendix
is on eptually simpler than the EFM and generalizes easily to groups besides S .
n
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Proposition 33.
AC = CB

if and

A, B, C be matri es and let KAB = I ⊗ A − B T ⊗ I .
only if ve (C) ∈ Nullspa e(KAB ).
Let

Proof. A well known matrix identity (van Loan, 2000) states that if

T
are matri es, then ve

AC = CB ,

we have:

(ABC) = C ⊗ A
ve

ve

(B).

Then

A, B, C

Applying the identity to

(ACI) = ve (ICB),

and after some manipulation:

I ⊗ A − BT ⊗ I
showing that ve
For ea h

(C) ∈ Nullspa e(KAB ).

σ ∈ G,



ve

(C) = 0,

the nullspa e of the matrix

K(σ)

onstru ted using the

above proposition as:

K(σ) = I ⊗ Y (σ) − X(σ) ⊗ I,
where

I

is a

that

d × d identity

matrix,

(B.6)

orresponds to the spa e of matri es

Cσ · X(σ) = Y (σ) · C,

for all

To nd the spa e of intertwining operators whi h are

Cσ

su h

σ ∈ G.
onsistent a ross all group

elements, we need to nd the interse tion:

\

N ullspace(K(σ)).

(B.7)

σ∈G
At rst glan e, it may seem that
ining

n!

nullspa es if

G = Sn ,

omputing the interse tion might require exam-

but as lu k would have it, most of the nullspa es

in the interse tion are extraneous, as we now show.

Denition 34.

We say that a nite group

S = {g1 , . . . , gm }
elements in S .

if every element of

G

G is generated

by a set of generators

an be written as a nite produ t of

For example, the following three sets are all generators for

•
•
•

Sn :

{(1,2),(1,3),. . . ,(1,n)},
{(1,2),(2,3),(3,4),. . . ,(n
{(1,2),(1,2,3,. . . ,n)}.

To ensure a

− 1,n)},

and

onsistent similarity matrix for all group elements, we use the

following proposition whi h says that it su es to be

onsistent on any set of

generators of the group.

Proposition 35.

Let X and Y be representations of nite group G and suppose
G is generated by the elements σ1 , . . . , σm . If there exists an invertible linear
operator C su h that C · X(σi ) = Y (σi ) · C for ea h i ∈ {1, . . . , m}, then X and
Y are equivalent as representations with C as the intertwining operator.
that
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C

Proof. We just need to show that
element of

G

as well. Let

π

is a similarity transform for any other

as the following produ t of generators:

C −1 · Y (π) · C

QnG

be any element of

= C −1 · Y

Y

σi

i

!

π=

and suppose

i=1 σi .

Y

· C = C −1 ·

π

an be written

It follows that:

!

Y (σi )

i

·C

= (C −1 · Y (σ1 ) · C)(C −1 · Y (σ2 ) · C) · · · (C −1 · Y (σm ) · C)
!
Y
Y
 Y
−1
σi = X(π)
X(σi ) = X
C · Y (σi ) · C =
=
Sin e this holds for every

i

i

i

π ∈ G, we have shown C
X and Y .

to be an intertwining operator

between the representations

n! elements, Sn an be generated by
(1, 2) and (1, 2, . . . , n), and so the problem redu es to
tion of two nullspa es, (K(1, 2) ∩ K(1, 2, . . . , n)), whi h

The good news is that despite having
just two elements, namely,
solving for the interse

an be done using standard numeri al methods.

Typi ally, the nullspa e is

multidimensional, showing that, for example, the Clebs h-Gordan
for

ρλ ⊗ ρµ

oe ients

are not unique even up to s ale.

Be ause Int[X;Y ]

ontains singular operators (the zero matrix is a member

of Int[X;Y ] , for example), not every element of Int[X;Y ] is a tually a legitimate
intertwining operator as we require invertibility. In pra ti e, however, sin e the
singular elements orrespond to a measure zero subset of Int[X;Y ] , one method
for reliably sele ting an operator from Int[X;Y ] that works is to simply sele t
a random element from the nullspa e to be
to have an orthogonal matrix

C

C.

It may, however, be desirable

whi h works as an intertwining operator. In

the following, we dis uss an obje t

alled the Commutant Algebra whi h will

lead to several insights about the spa e Int[X;Y ] , and in parti ular, will lead to
an algorithm for `modifying' any invertible intertwining operator

C

to be an

orthogonal matrix.

Denition 36.

The Commutant Algebra of a representation

the spa e of operators whi h
ComY

ommute with

Y 9:

Y

is dened to be

= {S ∈ Rd×d : S · Y (σ) = Y (σ) · S, ∀σ ∈ G}.

The elements of the Commutant Algebra of

Y

an be shown to always take

on a parti ular onstrained form (shown using S hur's Lemma in (Sagan, 2001)).
In parti ular, every element of ComY takes the form

S=

M
ν

where

M zν

is some

(re all that the

X

.

9

zν

zν × zν

matrix of

(Mzν ⊗ Idν ) ,
oe ients and

(B.8)

Idν

is the

dν × dν

identity

are the multipli ities from Equation B.5). Moreover, it

an

Noti e that the denition of the Commutant Algebra does not involve the representation
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be shown that every matrix of this form must ne essarily be an element of the
Commutant Algebra.
The link between ComY and our problem is that the spa e of intertwining
operators

an be thought of as a `translate' of the Commutant Algebra.

Lemma 37.

There exists a ve tor spa e isomorphism between Int[X;Y ] and

ComY .

R be any invertible element of Int[X;Y ] and dene the linear map
→ Rd×d by: f : S 7→ (S · R). We will show that the image of f is
the spa e of intertwining operators. Consider any element σ ∈ G:

Proof. Let

f :

ComY

exa tly

(S · R) · X(σ) · (S · R)−1 = S · R · X(σ) · R−1 · S −1 ,
= S · Y (σ) · S −1
= Y (σ)

We have shown that

S·R ∈

(sin e

Int[X;Y ] , and sin e

have that Int[X;Y ] and ComY are isomorphi
Using the lemma, we

(sin e

R ∈ Int[X;Y ] ),

S ∈ ComY ).
f

is linear and invertible, we

as ve tor spa es.

an see that the dimension of Int[X;Y ] must be the

same as the dimension of ComY , and therefore we have the following expression
for the dimension of Int[X;Y ] .

Proposition 38.
dim Int[X;Y ] =

X

zν2 .

ν

Proof. To ompute the dimension of Int[X;Y ] , we need to ompute the dimension
of ComY , whi h

an be a

omplished simply by

omputing the number of free
zν2 parameters,
yields the desired dimension.

parameters in Equation B.8. Ea h matrix
and summing a ross all irredu ibles

ν

M zν

is free and yields

To sele t an orthogonal intertwining operator, we will assume that we are
given some invertible

R ∈ Int[X;Y ]

whi h is not ne essarily orthogonal (su h as

K (Equation B.6)). To nd an orthogonal
R to be an orthogonal matrix by applying an approT
h that R ·R = I . We begin with a simple observation about

a random element of the nullspa e of
element, we will `modify'
priate rotation, su
R · RT .

Lemma 39.

If both

X

and

Y

are orthogonal representations and R is an inR · RT is an element of ComY .

vertible member of Int[X;Y ] , then the matrix
Proof. Consider a xed

σ ∈ G.

Sin e

R ∈ Int[X;Y ] ,

we have that:

X(σ) = R−1 · Y (σ) · R.
It is also true that:

X(σ −1 ) = R−1 · Y (σ −1 ) · R.
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(B.9)

Algorithm 5:

Pseudo ode for

omputing an orthogonal intertwining op-

erators

IntXY

input

X evaluated at
(1, 2) and (1, . . . , n), and the multipli ity zν , of
the irredu ible ρν in X
output: A matrix Cν with orthogonal rows su h that CνT · ⊕zν ρν · Cν = X
K1 ← Id×d ⊗ (⊕zν ρν (1, 2)) − X(1, 2) ⊗ Id×d ;
K2 ← Id×d ⊗ (⊕zν ρν (1, . . . , n)) − X(1, . . . , n) ⊗ Id×d ;
K ← [K1 ; K2 ]; //Sta k K1 and K2
v ← SparseNullspa e K, zν2 ; //Find the d2ν -dimensional nullspa e
R ← Reshape(v; zν dν , d); //Reshape v into a (zν dν ) × d matrix
M ← Krone kerFa tors(R · RT ); //Find M su h that R · RT = M ⊗ Idν
Sν ← Eigenve tors(M ) ;
Cν ← SνT · R ;
NormalizeRows(Cν );
: A degree

d

orthogonal matrix representation

permutations

1
2
3
4
5
6
7
8
9

Sin e

X(σ)

and

Y (σ)

are orthogonal matri es by assumption, Equation B.9

be omes:

X T (σ) = R−1 · Y T (σ) · R.
Taking transposes,

X(σ) = RT · Y (σ) · (R−1 )T .
We now multiply both sides on the left by

R,

and on the right by

RT ,

R · X(σ) · RT = R · RT · Y (σ) · (R−1 )T · RT
= R · RT · Y (σ).

Sin e

R ∈ Int[X;Y ] ,
Y (σ) · R · RT = R · RT · Y (σ),

whi h shows that
We

R · RT ∈ ComY .

an now state and prove our orthogonalization pro edure, whi h works
R · RT . Due to its highly onstrained form, the

by diagonalizing the matrix
pro edure is quite e ient.

Theorem 40.

Let

X

be any orthogonal group representation of

G

and

equivalent orthogonal irredu ible de omposition (As in Equation B.5).

orthogonal.

T

an

Then

R ∈ Int[X;Y ] , there exists an (e iently omputable)
su h that the matrix T · R is an element of Int[X;Y ] and is

for any invertible element
orthogonal matrix

Y
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Proof. Lemma 39 and Equation B.8 together imply that the matrix
always be written in the form

R · RT

an

R · RT = ⊕ν (Mzν ⊗ Idν )
Sin e

R · RT

is symmetri , ea h of the matri es

M zν

is also symmetri

and must

therefore possess an orthogonal basis of eigenve tors. Dene the matrix
be the matrix whose
The matrix
1.

olumns are the eigenve tors of

S = ⊕ν (Szν ⊗ Idν )

(S T · R)(S T · R)T
Ea h

olumn of

Sz ν

to

M zν .

has the following two properties:

is a diagonal matrix:

S

R · RT

is an eigenve tor of

by standard properties of

the dire t sum and Krone ker produ t. Sin e ea h of the matri es,
orthogonal, the matrix

S

Sz ν ,

is

is also orthogonal. We have:

(S T · R)(S T · R)T = S T · R · RT · S,

= S −1 · R · RT · S,
= D,

where
2.

D

is a diagonal matrix of eigenvalues of

R · RT .

S T · R ∈ Int[X;Y ] :
By Equation B.8, a matrix is an element of ComY if and only if it takes
the form ⊕ν (Szν ⊗ Idν ). Sin e S an be written in the required form, so
T
T
an S . We see that S ∈ ComY , and by the proof of Lemma 37, we see
T
that S · R ∈ Int[X;Y ] .

Finally, setting
not

T = D1/2 · S T makes the
T · R ∈ Int[X;Y ] ).

matrix

hange the fa t that
We see that the

de omposition of

omplexity of

M zν ,

whi h is

omputing

O zν3



T

T ·R

of is dominated by the eigenspa e

. Pseudo ode for

intertwining operators is given Algorithm 5.

63

orthogonal (and does

omputing orthogonal
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