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Appendix A

Implementing Quasiquotation

The Reason quasiquotation TLMs, e.g. $proto_expr, can be implemented by the functional
transformations outlined below, with an example from each step (grossly simplified from
the actual Parsetree representation) on the right. In words, $re_expr first programmatically
invokes the Reason parser on the literal body. It next serializes the generated parse tree
to Reason source code, then parses that. This produces a parse tree that, if evaluated
in the appropriate environment, will produce the original parse tree. The final step is
to implement antiquotation as described above by repurposing the generalized literal
forms in the body, using the source locations from the first parse tree, which have been
carried into the second parse tree as constants.

body "2 4+ ‘(xyz)‘"

|> parse_re Plus(Num(2, Loc(0)), GenLit("xyz", Loc(6)))

|> serialize_re "Plus (Num(2, Loc(0)), GenLit(\"xyz\", Loc(6)))"

| > parse_re Ap(V("Plus"), /*...*/Ap(V("GenLit"), Pair(Str("xyz"), /*...*/Num(6)))
|> genlit_to_sp Ap(V("Plus"), /*...*/Spliced(6,8,TyPath(["ProtoExpr","t"]1)))



Appendix B

ML A Calculus of Simple TLMs

This section defines ML, the calculus of simple expression and pattern TLMs. For some
readers, it might be useful to snip out pattern matching to get a language strictly of ex-
pression TLMs. To support that, one can omit the segments typeset in gray backgrounds
below to recover MLEM, a calculus of simple expression TLMs. We have included the
necessary eliminators below (they are technically redundant with pattern matching, but
don’t hurt things so they're left in white.)



B.1 Typographic Conventions

Our typographic conventions below are based closely on PFPL’s typographic conventions
for abstract binding trees [1]. In particular, the names of operators and indexed families of
operators are written in typewriter font, indexed families of operators specify indices
within [braces| (except when the index is a label set, L, or natural number, 1, in which
case it is omitted). Term arguments are grouped roughly by sort using {curly braces}
and (rounded braces). We write p.e for expressions binding the variables that appear in
the pattern p. The variables in a pattern are assumed to be distinct.

We write {i < T;};c1 for an unordered collection of type arguments T;, one for each
i € L, and similarly for arguments of other sorts. Similarly, we write {i < J;};c for the
finite set of derivations J; for eachi € L.

We write {r;}1<i<, for sequences of n > 0 rule arguments, and similarly for other
tinite sequences.

Empty finite sets and finite functions are written @, or omitted entirely within judge-
ments, and non-empty finite sets and finite functions are written as comma-separated
sequences identified implicitly up to exchange and contraction.



B.2 Core Language

B.2.1 Syntax

Sort Operational Form Description

Typ T ==t variable
parr(T; T) partial function
all(t.m polymorphic
rec(t.7) recursive
prod({i — T;}icr) labeled product
sum({i < T }ier) labeled sum

Exp e = x variable
lam{7} (x.e) abstraction
ap(e;e) application
tlam(t.e) type abstraction
tap{7}(e) type application
fold(e) fold
unfold(e) unfold
tpl({i — e;}icr) labeled tuple
prjl](ed projection
inj[4](ed injection
case(e; {i — x;.¢;}ic ) case analysis
match(e; {r;}1<i<n) match

Rule r == rule(p.e) rule

Pat p u= «x variable pattern
wildp wildcard pattern
foldp(p) fold pattern
tplp({i — p;ticr) labeled tuple pattern
injp[4](p) injection pattern

B.2.2 Static Semantics

Type formation contexts, A, are finite sets of hypotheses of the form t type. We write A, t type
when t type ¢ A for A extended with the hypothesis ¢ type.

Typing contexts, T, are finite functions that map each variable x € dom(T’), where
dom(T') is a finite set of variables, to the hypothesis x : T, for some 7. We write ', x : 7,
when x ¢ dom(T'), for the extension of I' with a mapping from x to x : 7, and I UT’ when
dom(T) Ndom(I’) = @ for the typing context mapping each x € dom(I") Udom(I")
tox:tifx: T €T orx:tel’. Wewrite A I T ctx if every type in I is well-formed
relative to A.

Definition B.2.1 (Typing Context Formation). A I I ctx iff for each hypothesis x : T € T,
we have A = T type.



A F T type

ATFe: T

T is a well-formed type

A, t type - t type

A F 11 type A F 1 type

A F parr(1y; ) type

A, t type - T type
A F all(t.7T) type

A, t type - T type
A F rec(t.7T) type

{AF 7 type}icr
A+ prod({i — T;}icr) type

{AF T type}icr
AF sum({i — T;}icr) type

e is assigned type T

AT, x:thkx:T

A F T type AT, x:1tFe: 7
AT F lam{t}(x.e) : parr(t; 7))

AT F ey :parr(t; 7)) ATkFer: T
AT F ap(epzer) : T

Attypel'Fe: T
AT F tlam(t.e) : all(t.T)

AT Fe:all(t.t) AT type
AT F tap{t'}(e) : [T'/t]T

AT Fe: [rec(t.D)/t]T
AT F fold(e) : rec(t.7)

AT Fe:rec(t.T)
AT I unfold(e) : [rec(t.T) /t|T

{A [e;: Tz‘}ieL

AT F tpl({i <= e;}icr) : prod({i <= T }icr)

(B.1a)

(B.1b)

(B.1¢)

(B.1d)

(B.1e)

(B.1f)

(B.2a)

(B.2b)

(B.2¢)

(B.2d)

(B.2e)

(B.2f)

(B.2g)

(B.2h)



AT Fe:prod({i = T}iep; £ — 1)
AT Foprj[fce : T

ATkFe:T
AT F inj[f](e) : sum({i <= T;}iep; € — T)

AT Fe: sum({i — Ti}ieL) {A Ixi:7 + e : T}iEL

AT F case(e; {i < xj.e;}ic) i T

ATFe:T {Arf—riZTl:>T/}1§j§n
AT F match(e; {1’1'}1§i§n) ;T

AT b r: 7= 7| rtakes values of type T to values of type 7/

p:TtAT  ATUT Fe:7
AT rule(p.e) :t= T

Rule (B.3) is defined mutually inductively with Rules (B.2).
p : T 4 T'| p matches values of type T and generates hypotheses I

x:THlx:T

wildp: 71O

p:lrec(t.T)/tTHIT
foldp(p) : rec(t.7) HIT

{pi: %I i}icL
tplp({i = pi}ier) : prod({i = Ti}ier) 1l Uier T

p:TAT
injp[f](p) : sum({i = Ti}iep; £ — T AT

Metatheory

(B.2i)

(B.2))

(B.2K)

(B.21)

(B.3)

(B.4a)

(B.4b)

(B.4c)

(B.4d)

(B.4e)

The rules above are syntax-directed, so we assume an inversion lemma for each rule
as needed without stating it separately or proving it explicitly. The following standard

lemmas also hold.

The Weakening Lemma establishes that extending the context with unnecessary

hypotheses preserves well-formedness and typing.
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Lemma B.2.2 (Weakening).
1. If A= T type then A, t type = T type.

2. (a) IfATFe:tthen A ttypel' Fe: T.
(b)) IFATFr:1t= T thenAttypeT Hr:Tte T

3. (@) IfATkFe:tand AF v’ typethen AT, x: 7" Fe: T
b) IfFATFr:t=Tand A- 7" typethen AT, x : ' Fr:7= 7

4. Ifp: 7 AT then A, t typet=p: T HIT.
Proof Sketch.
1. By rule induction over Rules (B.1).
2. By mutual rule induction over Rules (B.2) and Rule (B.3), and part 1.
3. By mutual rule induction over Rules (B.2) and Rule (B.3), and part 1.

4. By rule induction over Rules (B.4).

]

Note clause 4, which allows weakening of A but requires that the pattern typing judge-
ment is linear in the pattern typing context, i.e. it does not obey weakening of the pattern
typing context. This is to ensure that the pattern typing context captures exactly those
hypotheses generated by a pattern, and no others.

The Substitution Lemma establishes that substitution of a well-formed type for a type
variable, or an expanded expression of the appropriate type for an expanded expression
variable, preserves well-formedness and typing.

Lemma B.2.3 (Substitution).
1. IfA, t type b T typeand A = T’ type then A = [T/ /t]T type.

2. (a) IfAttypeT Fe:tand A& T/ type then A [T/ /HT [T /tle : [T/ /t]T.
(b) IfAttypeTEr:t= v and A+ T type then A [T/ /T [T/ /t]r : [T/ /t]T =
[T/ /t]T".

3. @ IfAT,x:tT'Fe:tand ATt e : v then AT [¢//x]e: T.
b)) IfAT,x:T'Fr:t=1amdATEe T then AT [¢//x]r: T= 1.
Proof Sketch.
1. By rule induction over Rules (B.1).

2. By mutual rule induction over Rules (B.2) and Rule (B.3).
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3. By mutual rule induction over Rules (B.2) and Rule (B.3).

The Decomposition Lemma is the converse of the Substitution Lemma.
Lemma B.2.4 (Decomposition).

1. If A+ [T/ /t]T type and A + T’ type then A, t type - T type.

2. (a) IFA[T/HT = [T /tle: [T/ /t|Tand A+ T’ type then A, t type T e : T.
(b) IfA [T/ /HT F [T/t [T/ /t]t = [T/ /t]T" and A+ T’ type then A, t type T 1 :
T T

3. (@) IFATF[¢/x]le:Ttand AT ke : T then AT, x: 7' Fe:
b) IFATEH[/xlr:t=1"and ATEe T then AT, x: ' Fr:te 1.

Proof Sketch.

1. By rule induction over Rules (B.1) and case analysis over the definition of substitu-
tion. In all cases, the derivation of A - [t/ /t]T type does not depend on the form of

T

2. By mutual rule induction over Rules (B.2) and Rule (B.3) and case analysis over the
definition of substitution. In all cases, the derivation of A [t/ /¢|T - [t/ /t]e : [T/ /t]T
or A[T'/tT F [t/ /t]r: [T'/t]T = [T/ /t]T" does not depend on the form of 7’.

3. By mutual rule induction over Rules (B.2) and Rule (B.3) and case analysis over
the definition of substitution. In all cases, the derivation of AT F [¢//x]e : T
or AT F [¢//x]r: T = 7" does not depend on the form of ¢'.

]

Lemma B.2.5 (Pattern Regularity). If p : T 41T and A = T type then A F T ctx and
patvars(p) = dom(T').

Proof. By rule induction over Rules (B.4).

Case (B.4a).
I p=x by assumption
2 T'=x:71 by assumption
(3) A+ Ttype by assumption
4) AFx:Tctx by Definition B.2.1 on
3)
(5) fv(p) =dom(T') = {x} by definition
Case (B.4b).



@ p
2 r
(3) AF @ ctx
(4) patvars(p) = dom(T') =@

= w11dp

Case (B.4d).

(1) p=tplp({i = pitier)

(2) T =prod({i — T;}icr)

B) I' = UieL T

@) {pi: 7w Ti}ticr

(5) AF prod({i < T;}icL) type
)

(6) {AF 7typeticr

(7) {AFTjctx}ier

) {patvars(p;) = dom(I;) }ier.
(9) AF Ujerl; ctx

(10) patvars(p) = dom(T') =@

Case (B.4e).

(1
(2

) injp[¢](p"
)

(B) At sum({i = T;}ier; ¢ — ') type
)
)

p=
T=sum({i = T}icp; £ — )
A

@) p AT
(5) A+ T’ type

6) AF T ctx
(7) patvars(p’) = dom(T)
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by assumption

by assumption

by Definition B.2.1
by definition

by assumption

by assumption

by assumption

by assumption

by assumption

by Inversion of Rule
(B.1e) on (5)

by IH over (4) and (6)
by IH over (4) and (6)

by Definition B.2.1
over (7), then

Definition B.2.1
iteratively

by definition and (8)

by assumption
by assumption
by assumption
by assumption

by Inversion of Rule
(B.1f) on (3)
by IH on (4) and (5)

by IH on (4) and (5)



(8) patvars(p) = dom(TI') by definition and (7)

]

B.2.3 Structural Operational Semantics

The structural operational semantics is specified as a transition system, and is organized
around judgements of the following form:

Judgement Form Description

e e e transitions to ¢’
e val e is a value
e matchfail e raises match failure

We also define auxiliary judgements for iterated transition, e —* e’, and evaluation, e |} ¢'.

Definition B.2.6 (Iterated Transition). Iterated transition, e —* ¢', is the reflexive, transitive
closure of the transition judgement, e — ¢'.

Definition B.2.7 (Evaluation). e || ¢’ iff e —* ¢’ and ¢’ val.

Our subsequent developments do not make mention of particular rules in the dynamic
semantics, nor do they make mention of other judgements, not listed above, that are
used only for defining the dynamics of the match operator, so we do not produce these
details here. Instead, it suffices to state the following conditions.

Condition B.2.8 (Canonical Forms). If - e : T and e val then:
1. If T = parr(t; ) thene = lam{ty }(x.¢ D and x : i F ¢’ : 1.
If T = all(t.T') then e = tlam(t.e’) and t type ¢’ : T’

If T = rec(t.T') then e = fold(e') and - ¢’ : [rec(t.T')/t]T and ¢’ val.

B~ N

If t = prod({i — T;}ic1) then e = tpl ({i < e;}icr) and & e; : T; and e; val for each
ieL.

5. If t = sum({i < T;}icr) then for some label set L' and label £ and type T/, we have that
L=L,land v = sum({i < T;}ic1; ¢ — T')and e = inj[l] (') and - €' : v’ and
e’ val.

Condition B.2.9 (Preservation). Ift-e: tande — ¢ thent ¢’ : .

Condition B.2.10 (Progress). If - e : T then either e val or e matchfail or there exists an e’
such that e — ¢

11



B.3 Unexpanded Language (UL)

B.3.1 Syntax

Stylized Syntax
Sort Stylized Form Description
UTyp £ == f identifier
T—1 partial function
Vit polymorphic
ut.t recursive
({i = titier) labeled product
{i — i }icr] labeled sum
UExp é == &% identifier
é: T ascription
letval £ =¢iné value binding
AR:T.e abstraction
é(e) application
At type abstraction
é[t] type application
fold(é) fold
unfold(é) unfold
({i = é;}icr) labeled tuple
e-l projection
inj[¢](é) injection
case & {i — %;.6;}icL case analysis
notationdat T
{ expr parser ¢; expansions require é } iné seTLM definition
a‘" seTLM application
match é {#; }1<i<y match
notationd at 7 { pat parsere } iné spTLM definition
URule 7 == p=2¢ match rule
UPat p u= *% identifier pattern
_ wildcard pattern
fold(p) fold pattern
({i = pitier) labeled tuple pattern
inj[4](p) injection pattern
a‘- spTLM application

12



Body Lengths We write ||b]| for the length of b. The metafunction ||é|] computes the
sum of the lengths of expression literal bodies in é:

[edl =0

12 2] = [le]

|letval £ = ¢é; inéy|| = [|&1]] + [l &)
|A£:2.e]] = [le]

181 (&2) | = el + el
|AEe] = [le]

[l = [le]

[£old(é) | = [le]
lunfold(é)]] = |le]

[{{i = éi}icr) = Lice lléll

1€- 2] = [le]

lin3[f] ()] = [le]

[case & {i = %i.b;}icL| = lle]l + Xier ll&]
|notation 4 at T { expr parser ¢; expansions require é } iné'|| = ||é|| + ||€||

[ ON = [|b]l

[match & {7i }1<i<n|| = I|é|| + Li<i<a |I1ill

|notation @ at T { pat parsere } iné|| é]|

and ||?|| computes the sum of the lengths of expression literal bodies in 7:
1P = éll = llell

Similarly, the metafunction ||p|| computes the sum of the lengths of the pattern literal
bodies in p:
12l =0
[£old(p) || = |2l
I{{i = pitiendll = ) IAill

i€eL
1in3[€](P)[| = [Pl
la by [| = |b]]

Common Unexpanded Forms Each expanded form maps onto an unexpanded form.
We refer to these as the common forms. In particular:

e Each type variable, t, maps onto a unique type identifier, written t.

13



 Each type, T, maps onto an unexpanded type, U (), as follows:

Ult) =t
U(parr(t; 1)) =U(T1) = U(1)
U(allt.n)) = VEU(T
U(rec(t.T)) = utU (1)
U(prod({i = Ti}ier)) = ({i = U(T) tier)
U(sum({i = Ti}ier)) = [{i = U(T) }ieL]

* Each expression variable, x, maps onto a unique expression identifier, written x.

 Each core language expression, ¢, maps onto an unexpanded expression, U (e),

follows:

as

U(x)=X
U(lam{t} (x.e)
U(ap(er;e)
U(tlam(t.e)
U (tap{t}(e)
U(fold(e)

(tpl({l — ez}zeL)

U (prj[f] e
U(inj[l](e)

U (match(e; {r;}1<i<n)

)=
)=
)=
)=
)=
U(unfold(e)) =
)=
)=
)=
)=

AXU(T).U(e)

U(er) (U(ez))
AtU(e)

U(e) [U(T)]
fold(U(e))
unfold(U(e))
({i = U(ei) bier)
Ule) L
inj[£](U(e)

)
match U (e) {U(r;) h1<i<n

* Each core language rule, 7, maps onto an unexpanded rule, /(r), as follows:

U(rule(p.e)) = uruleU(p).U

(€))

* Each core language pattern, p, maps onto the unexpanded pattern, U/ (p), as follows:

U (x

U(wildp) = uw11dp

U(tplp({l — pl}ZEL)

)=
)=
U(foldp(p)g
)

= ufoldpWU(p))

utplp[L]({i = U(p;) }ieL)

U(injp[l](p)) = uinjp[]WU(p))

Textual Syntax

In addition to the stylized syntax, there is also a context-free textual syntax for the UL.
For our purposes, we need only posit the existence of partial metafunctions parseUTyp(b)

and parseUExp(b) and parseUPat(b) .

Condition B.3.1 (Textual Representability).

14



1. For each t, there exists b such that parseUTyp(b) = T.

2. For each é, there exists b such that parseUExp(b)

Il
I

3. For each p, there exists b such that parseUPat(b) = p.

We also impose the following technical conditions.

Condition B.3.2 (Expression Parsing Monotonicity). If parseUExp(b) = é then ||é]| < ||b]|.

Condition B.3.3 (Pattern Parsing Monotonicity). If parseUPat(b) = p then ||p|| < ||b]|-

B.3.2 Type Expansion

Unexpanded type formation contexts, A, are of the form (D;A), i.e. they consist of a type
identifier expansion context, D, paired with a type formation context, A.
A type identifier expansion context, D, is a finite function that maps each type identifier
f € dom(D) to the hypothesis f ~ t, for some type variable t. We write D W f ~ ¢ for the
type identifier expansion context that maps f to f ~ t and defers to D for all other type
identifiers (i.e. the previous mapping is updated.)
We define A, f ~ t type when A = (D; A) as an abbreviation of

(DWT~ t; A, t type)

Definition B.3.4 (Unexpanded Type Formation Context Formation). - (D; A) utctx iff for
each t ~ t type € D we have t type € A.

A F 1~ T type

7 has well-formed expansion T

A, T~ ttype F F~ t type

A F 1t ~ 1 type A F 1t ~» T type

A uparr (ty; 1) ~» parr(t; ) type

A, T~ ttype F T ~» T type
A Fuall(f.£) ~» all(t.T) type

A, T~ ttype F T ~» T type

A F urec(f.1) ~» rec(t.7) type

{AF %~ T type}icr

A b uprod[L] ({i < %;}ic) ~ prod({i < T;}icL) type
{A = %~ T typeticr
A F usum[L] ({l — i—i}iGL) ~ sum({i — Ti}iEL) type

15
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B.3.3 Typed Expression Expansion
Contexts

Unexpanded typing contexts, T, are, similarly, of the form (G;T), where G is an expression
identifier expansion context, and I' is a typing context. An expression identifier expansion
context, G, is a finite function that maps each expression identifier £ € dom(G) to the
hypothesis £ ~~ x, for some expression variable, x. We write G ¥ £ ~~ x for the expression
identifier expansion context that maps £ to £ ~» x and defers to G for all other expression
identifiers (i.e. the previous mapping is updated.)

We define I, £ ~ x : T when I' = (G;T) as an abbreviation of

(GWx~xT,x:7T)

Definition B.3.5 (Unexpanded Typing Context Formation). A - (G;T) uctx iff A F T ctx
and for each £ ~~ x € G, we have x € dom(T).

Body Encoding and Decoding

An assumed type abbreviated Body classifies encodings of literal bodies, b. The mapping
from literal bodies to values of type Body is defined by the body encoding judgement
b |Body €body- An inverse mapping is defined by the body decoding judgement epoqy TBody b-

Judgement Form Description
b Body € b has encoding e
e TBody b e has decoding b

The following condition establishes an isomorphism between literal bodies and values
of type Body mediated by the judgements above.

Condition B.3.6 (Body Isomorphism).

1. For every literal body b, we have that b {gody €pody fOr S0ME epogy Such that = epoqy : Body
and epogy val.

If = epoqy : Body and eyygy val then epoqy TBody b for some b.

Ifb iBody Cbody then Cbody TBody b.

If = €pody * Body and Ebody val and Ebody TBody b then b {Body €hody-

A

Ifb iBody €body and b ifBody eijody then €hody = e{,ody-
6. If- Chody - Body and Chody val and Chody TBody b and Chody TBody b thenb =1'.

We also assume a partial metafunction, subseq(b; m; n), which extracts a subsequence
of b starting at position m and ending at position n, inclusive, where m and n are natural
numbers. The following condition is technically necessary.

Condition B.3.7 (Body Subsequencing). If subseq(b;m;n) = b’ then ||b'|| < ||b]].
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Parse Results

The type abbreviated ParseResultE, and an auxiliary abbreviation used below, is defined
as follows:

def
Lsg = Error, SuccessE

ParseResultE = sum(Error < (), SuccessE < PrExpr)

The type abbreviated ParseResultP, and an auxiliary abbreviation used below, is defined
as follows:

def
Lgp = Error,SuccessP

ParseResultE & sum(Error < (), SuccessP < PrPat)

seTLM Contexts

seTLM contexts, ¥, are of the form (A; ¥), where A is a TLM identifier expansion context
and Y is a seTLM definition context.

A TLM identifier expansion context, A, is a finite function mapping each TLM identifier
4 € dom(A) to the TLM identifier expansion, @ ~» x, for some variable x. We write
AW a ~» x for the TLM identifier expansion context that maps 4 to @ ~+ x, and defers to
A for all other TLM identifiers (i.e. the previous mapping is updated.)

An seTLM definition context, ¥, is a finite function mapping each variable x € dom(¥)
to an expanded seTLM definition, x — setlm(T; eparse), where T is the seTLM’s type
annotation, and eparse 1 1ts parse function. We write ¥, x — setlm(Tt; €parse) when
x ¢ dom(¥) for the extension of ¥ that maps x to x — setlm(T; eparse). We write
A ¥ seTLMs when all the type annotations in ¥ are well-formed assuming A, and the
parse functions in ¥ are closed and of the appropriate type.

Definition B.3.8 (seTLM Definition Context Formation). A - ¥ seTLMs iff for each x —
setIm(T; eparse) € ¥, we have A = T type and @ D & epgyse : parr (Body; ParseResultE).

Definition B.3.9 (seTLM Context Formation). A = (A;¥) seTLMctx iff A - ¥ seTLMs and
for each @ ~ x € A we have x € dom(¥).

We define ¥, 4 ~ x < setlm(T; eparse), when ¢ = (A; ®), as an abbreviation of

AW ad~ x5, x — setlm(T; eparse)
p
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spTLM Contexts

spTLM contexts, ®, are of the form (A; @), where A is a TLM identifier expansion context,
defined above, and & is a spTLM definition context.

An spTLM definition context, ®, is a finite function mapping each variable x € dom(®P)
to an expanded seTLM definition, a — sptlm(T; eparse), Where T is the spTLM’s type
annotation, and Eparse is its parse function. We write ®,a — sptlm(t; €parse) when
a ¢ dom(®) for the extension of ® that maps x to a — sptlm(T; eparse). We write
A = ® spTLMs when all the type annotations in ® are well-formed assuming A, and the
parse functions in ® are closed and of the appropriate type.

Definition B.3.10 (spTLM Definition Context Formation). A = & spTLMs iff for each a —
sptIm(T; eparse) € P, we have A t= T type and D D = epgrse : parr (Body; ParseResultP).

Definition B.3.11 (spTLM Context Formation). A - (A; ®) spTLMctx iff A = & spTLMs
and for each 4 ~» x € A we have x € dom(®P).

We define ®, 4 ~» x < sptlm(T; eparse), When d = (A; @), as an abbreviation of

AWHd ~ x;®,a — sptlm(T; eparse)
p

Typed Expression Expansion

AT F¢.¢ €~ e : T| &has expansion e of type T

— B.6a
AT, ~~x:Thgg2~x:T ( )
AF  ~ T type Afl—@,ééwe T B e
Afhggpé:t—e:t (B.6b)
Afl_l?;&)élwel:rl Af‘,ffwx:’ﬁ}_@;&éz«»—)ez;fz (86)
— .6¢
AT I—q;;qﬂ) letval £ = él in éz s ap(lam{rl}(x_ez)’-el) C T
Al—fw’rtype Af‘M?WX:TI—q,;qA)éWg;T/ B
Af"\if;qs A%:t.8 ~ lam{T} (x.e) : parr(7;T’) :
AT by 61~ e :parr(T; 7)) AT hggpér~er:t e
B—— : .6e
AT by.g 61(62) ~ apley;e) : T (B-6e)
A,fwttypef‘l—@;qgéwe;f oy
AT by g ALE ~> tlam(t.e) : all(t.T) (B.6f)
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Albggeé~e:alltt)  Ab 1 ~ 1 type (B60)
AT kg e[1'] ~ tap{T'}(e) : [T'/t]T 8
AT Fg.s é~e:[rec(t.T)/HT
. ki | ] (B.6h)
AT by 4 fold(é) ~ fold(e) : rec(t.T)
AT Fg.z 6~ e:rec(t.T)
_ hl_ (B.61)
AT I—@,’_ﬁ) unfold(é) ~» unfold(e) : [rec(t.T) /t|T
{AThg gt~ e Thicr (B
AT l_‘i’dA) <{1 — 61}16L> ~ T 1({1 — ez}zEL) prOd({l — TI}IEL) )
AT Fggé~e:prod({i = Tliep 0 — T)
ki N { _ ihie (B.6Kk)
AT @ﬁ,é-ﬁwprj[é](e) ' T
Af"xif;&éweil'/ (]361)
AT by inj[f](8) ~ inj[0]Ce) : sum({i = T}ier; € — T '
AT hggé~e:sum({i = T}icr) (AT, 2~ x; 1 T g 6~ et ThieL
—= , , : (B.6m)
Al'lg 4 caseé {i — %,.6;}icp ~ case(e; {i — xj.e;}icr) ' T

AF %~ Ttype
@ D eparse : parr (Body; ParseResultE) AT F9.¢ Cdep ~ €dep Tdep
I = <g, r> A <g, I, x: Tdep> l_‘I’ (i1 SetINCT; eparse) $ e~~e: T
€defn = ap(]-am{Tdep}(x e); edep)

AT g4 notationd at T { expr parser Eparse; €Xpansions require é }iné ~> egefn T

(B.6n)
Y =9 4~ x> setlm(T; eparse) = (G;T,x: Tdep>
b iBody €body eparse(ebody) |} inj [SUCCGSSE] (eproto) €proto TPrExpr e
seg(e) segments b Q@ FLTE®L 5 L 0. parr (Tgep; T) (B.60)
— .60
AT I—\I,’,@ a‘) ~aplegx): T
Afl_li;’,@é\wei’f {Af"@;ﬁ)?iwrii’[b’ﬂ}lgign
(B.6p)

>>»>
—)
T

v, match é {7 }1<i<, ~» match(e; {r;}1<i<p) T
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A

>

~ T type @ D & eparse : parr (Body; ParseResultP)
AT . ¢

A L
A~x—>spt1m(T; eparse) ewe:t

(B.6q)

>»>

r F¢.4 notationdat t { pat parser eparse } iné ~e: o

AT F¢.4 7~ 7 : T T'| 7 has expansion r taking values of type 7 to values of type T’

AI—CbﬁWP:T—H<g/;r/> A(Q&Jg’;ruw l—q,;ci)éwe:r’
A (G;T) F¢.¢ urule(p.8) ~ rule(p.e) : T = T’

(B.7)

Typed Pattern Expansion

A kg p~ p:THIT| p has expansion p matching against T generating hypotheses

~ B.8a
AFgf~>x:TH (&~ x5x:7T) (B.82)
- _ (B.8b)
AFg _~ wildp: 7 (D;0)
Abg p~p:[rect.n)/tiTHIT (B.80)
A k¢ fold(p) ~ foldp(p) : rec(t.T) HIT '
T = prod({i = T}icL)
) I {Abg pi~pi: .Ti AT }er i (Bd)
AFg ({i = pitier) ~ tolp({i = pitier) : Tl Wi IT;
Argp~p:tAT (B.8e)
A Fg inj[l](p) ~ injp[l](p) : sum({i = T;}iep; € — ) AT
& =P, a0~ _ — sptIm(T; eparse)
b i/Body €body eparse(ebody) J inj [SuccessP] (epgotAo) €proto TprPat P
seg(p) segments b pmp:T AT (B2

Abga @ ~p:tHT
In Rule (B.8d), I'; is shorthand for (G;;T;) and W;c;I'; is shorthand for

(WieLGi; UierT)
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B.4 Proto-Expansion Validation

B.4.1 Syntax of Proto-Expansions

Sort Operational Form Stylized Form Description

Priyp T ==t t variable
prparr(T;T) T—17T partial function
prall(t.T) Vt. T polymorphic
prrec(t.T) ut.t recursive
prprod({i — % }icr) ({i = Ti}tieL) labeled product
prsum({i < T }icr) [{i — 1 }icr] labeled sum
splicedt|m;n] splicedt|m;n] spliced type ref.

PrExp e == x X variable
prasc{t}(e) e: T ascription
prletval(e; x.e) letval x =¢ine  value binding
prlam{t}(x.e) Ax:T.e abstraction
prap(¢é; e) e(e) application
prtlam(t.e) At.e type abstraction
prtap{t}(e) e[t] type application
prfold(e) fold(e) fold
prunfold(e) unfold(e) unfold
pripl({i < &;}icr) ({i = ¢;}icr) labeled tuple
prprj[¢] (@) e/ projection
prinj[¢] (&) inj[¢](e) injection
prcase(¢; {i — x;.6;}icr) case e {i — x;.¢;}icL case analysis
splicede[m;n; 1| splicede[m;n;T|]  spliced expr. ref.
prmatch(e; {#;}1<j<y,)  matche {rj}1<j<,  match

PrRule 7 ::= prrule(p.e) p=2e rule

PrPat p ::= prwildp _ wildcard pattern
prfoldp(p) fold(p) fold pattern
priplp[L]({i <= piticr) ({i = Pitier) labeled tuple pattern
prinjp[¢](p) inj[¢](p) injection pattern
splicedp|m;n; T] splicedp[m;n;t]  spliced pattern ref.

Common Proto-Expansion Terms

Each core language term, except variable patterns, maps onto a proto-expansion term.
We refer to these as the common proto-expansion terms. In particular:
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e Each type, T, maps onto a proto-type, P (1), as follows:

P(t)=t
P(parr(t; 1)) = prparr(P(1); P(12))
P(all(t.t)) = prall(t.P(T))
P(rec(t.T)) = prrec(t.P(7))
P(prod({i — T}ier)) = prprod({i = P(7) }icr)
P(Sum({l — Tz}zeL)) = prsum({z — P(Tz)}zeL)

e Each core language expression, ¢, maps onto a proto-expression, P(e), as follows:

P(x)=x
P(lam{t} (x.)) = prlam{P (1)} (x.P(e))
P(ap(er;e2)) = prap(P(e1); P(e2))
P(tlam(t.e)) = prtlam(t.P(e))
P(tap{t}(e)) = prtap{P (1)} (P(e))
P(fold(e)) = prfold(P(e))
P(unfold(e)) = prunfold(P(e))
P(tpl({l — ei}ie[)) = prtpl({i — P(ei)}ieL)
P(inj[¢] (e)g = prinj[¢](P(e))

P(match(e; {r;}1<i<n)) = prmatch(P(e); {P (i) }1<i<n)

e Each core language rule, r, maps onto the proto-rule, P(r), as follows:
P(rule(p.e)) = prrule(p.P(e))

Notice that proto-rules bind expanded patterns, not proto-patterns. This is because
proto-rules appear in proto-expressions, which are generated by seTLMs. It would
not be sensible for an seTLM to splice a pattern out of a literal body.

* Each core language pattern, p, except for the variable patterns, maps onto a proto-
pattern, P(p), as follows:

P(wildp
P(foldp(p)
P(tplp({i = pi}ier)
P(injp[](p)

= prwildp

= prfoldp(P(p))

= prtplp[L]({i = P(pi) }ieL)
= prinjp[¢](P(p))

— N N

Proto-Expression Encoding and Decoding

The type abbreviated PrExpr classifies encodings of proto-expressions. The mapping from
proto-expressions to values of type PrExpr is defined by the proto-expression encoding
judgement, e |pigxpr €. An inverse mapping is defined by the proto-expression decoding

judgement, e Tpexpr €.
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Judgement Form Description
€ LpPrExpr € e has encoding e
€ TPrExpr € e has decoding &

Rather than picking a particular definition of PrExpr and defining the judgements
above inductively against it, we only state the following condition, which establishes an
isomorphism between values of type PrExpr and proto-expressions.

Condition B.4.1 (Proto-Expression Isomorphism).

1. For every e, we have e |pexpr €proto for S0Me eproto such that = eproto : PrEXpr and eproro val.
If = eproto : PrExpr and eproro val then eproro TprExpr € for some e.
Ife \LPrExpr €proto then €proto TPrExpr e.

lfl_ eproto . PI‘EXpI‘ ai’ld eproto VaI lli’ld epyoto TPrExpr é then é iPrExpr eproto-

N

N N / !
Ife iPrExpr €proto and e \LPrExpr Eproto then Eproto = Eproto-

. N 5/ 5 — 3/
6. lfl_ eproto . PI‘EXpr ﬂnd eProtO Val ﬂi’ld eproto TPI’EXPI’ e al’ld eproto TPI’EXPT e ﬂ’lei’l e=ce.

Proto-Pattern Encoding and Decoding

The type abbreviated PrPat classifies encodings of proto-patterns. The mapping from
proto-patterns to values of type PrPat is defined by the proto-pattern encoding judgement,
P IprPat p- An inverse mapping is defined by the proto-expression decoding judgement,

p TPrPat }\7

Judgement Form Description

P dprPat P p has encoding p
p Tprpat P p has decoding p

Again, rather than picking a particular definition of PrPat and defining the judge-
ments above inductively against it, we only state the following condition, which estab-
lishes an isomorphism between values of type PrPat and proto-patterns.

Condition B.4.2 (Proto-Pattern Isomorphism).

1. For every p, we have p |ppat €proto fOr SOME eproto Such that = eproro : PrPat and eproro val.
If = eproto : PrPat and eproro val then eproto Tprpat P for some p.
If P LprPat €proto then eproto TPrpat P-

Ifl_ €proto : PrPat and €proto val and €proto TPrPat p then p Lprpat €proto-

AN R

N 5 / /
If p lprpat €proto and p pipat €proto then E€proto = Eproto-
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6. .lfl_ eproto 0 PI‘Pat El?’ld eproto Val ﬂnd eProto TPrPat ? al’ld eProto TPrPat p/ thETl ;5 = ?/.

Segmentations

The segmentation, 1, of a proto-type, seg(T) or proto-expression, seg(¢), is the finite set of
references to spliced types and expressions that it mentions.

seg ()

seg(prparr(ty; 1))
seg(prall(t.1))
seg(prrec(t.1))
seg(prprod({i — T;}icr))
seg(prsunC{i = 1 }ic1))
seg(splicedt[m;n))

seg(x)
seg(prasc{1}(e))
seg(prletval(ey; x.e2))
seg(prlam{t}(x.e))
seg(prap(¢1;82))
seg(prtlam(t.e))
seg(prtap{t}(e))
seg(prfold(e))
seg(prunfold(e))
seg(prtpl({i = x;.¢i}icr))
seg(prprjll](®))
seg(prinj[¢](e))
seg(prcase(; {i — x;.8;}icr))
seg(splicede[m;n; 1])
seg(prmatch(e; {7 f1<i<n))

seg(prrule(p.e))

%)

seg (1) U seg(12)
seg(T)

seg(7)

Uier seg(1i)
Uier seg(1;)
{splicedt[m;n]}

%)

seg(7) Useg(e)
ceg(21) Uses(é2)
seg(T) Useg(2)
seg(e1) Useg(er)
seg(e)

seg(e) Useg(T)
ceg(?)

ceg(?)

Uier seg(é)
seg(e)

seg(e)

seg(e) UUicr seg(@i)
{splicede[m;n; T|} Useg(T)

seg(e) U Ui<j<p seg(7;)

seg(e)

The splice summary of a proto-pattern, seg(p), is the finite set of references to spliced

types and patterns that it mentions.

seg(prwildp)
seg(prfoldp(p))
seg(prtplp(L]({i = pi}icr))
seg(prinjp[¢](P))
seg(splicedp|m;n; t])

%)

seg(p)

Uier seg(pi)

seg(p)

{splicedp[m;n;t]} Useg(T)

The predicate i segments b defined below checks that each segment in 1, has positive
extent and is within bounds of b, and that the segments in 1 do not overlap or sit imme-
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diately adjacent to one another, and that spliced segments that are exactly overlapping
have equal segment types.

Definition B.4.3 (Segmentation Validity). i segments b iff
1. For each splicedt|m;n| € , all of the following hold:

(@) 0 <m<n<|b|
(b) Foreach splicedt|m’;n'] € , either
i. m=m'andn =n'; or
ii. n <m-—1;o0r
ii. m' >n+1
(c) Foreach splicede[m’;n’;t] € y, either
i n<m-—10r
i.m >n+1
(d) For each splicedp[m’;n’;t] € ¢, either
i. n' <m—1;0r
i. m'>n+1
2. For each splicede[m;n;T| € y, all of the following hold:

(@) 0<m<mn<|b|
(b) For each splicedt[m’;n'] € , either
i n<m-—1;0r
i. m'>n+1
(c) Foreach splicede[m’;n’;t'] € ¥, either
i m=mandn=n"and t = 1t'; or
ii. n <m-—1;or
ii. m" >n+1
3. For each splicedp|m;n;t| € ¥, all of the following hold:

(@) 0<m<n<|b|
(b) Foreach splicedt|m’;n'] € v, either
i n<m-—1;o0r
i. m'>n+1
(c) Foreach splicede[m’;n’; '] € , either
i. n'<m—1;0r
i. m'>n+1
(d) For each splicedp[m’;n’; '] € ¢, either
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i m=mandn=n"and t = t'; or
ii. n <m—1;or
ii. m >n+1

B.4.2 Proto-Type Validation

Type splicing scenes, T, are of the form A; b.

A FT 1 ~s T type| T has well-formed expansion T

B.9a
A, ttype FT t ~~ ttype ( )
AFT 3 ~ 1 type AFT 3 ~ 1 type (B.9b)

AT prparr (ty; 1) ~ parr(T; 7o) type '
A, ttype FT T ~~ T type (B.9¢)
9c

A FT prall(t.1) ~ all(t.7) type

A, t type FT 3o T type (B.9d)

A FT prrec(t.t) ~ rec(t.T) type '
{AF" 3~ 7 type}icr (B.9%)

A FT prprod({i < t}ier) ~» prod({i < T}ieL) type
{AFT %~ 7 typelier (B9%)
AT prsum({i < %;}ier) ~ sum({i < T }icr) type

parseUTyp(subseq(b; m;n)) = (D; Aapp) F T~ Ttype  ANAgpp =0 (B9g)
A H{PBapp)ib gp15 cedt[m; n] ~ T type 78

B.4.3 Proto-Expression Validation

Expression splicing scenes, |, are of the form A; T; ¥; ®; b. We write ts(E) for the type
splicing scene constructed by dropping unnecessary contexts from IE:

ts(A; [, 9,0, p) = A; b

AT FE ¢ ~~ e : 7| ¢ has expansion e of type T

B.10a
AF,x:TI—]Exwx:T ( )

A FSE) 3 o T type ATHFEe e T
AT HE prasc{t}() ~e: T

(B.10b)
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ATHFE S ~oe:my AT, x .1y F2 ey~ 1 :

AT HE prletval(eq; x.ep) ~» ap(lam{Ty}(x.ex);e1) : T»

AFEE) s ttype AT, x:7HFEe~e: 7
AT FE priam{1} (x.8) ~ lam{T}(x.¢) : parr(7;T")

AT FE ¢y ~s ¢ : parr(t; T) ATHFE ) ey T

AT FE prap(e;e0) ~ ap(er;er) : T

A ttypeTFE ¢ oo T
AT HE prtlam(t.e) ~ tlam(t.e) : all(t.T)

AT FE ¢ s e all(tT) AFSE) ¥ s type
AT FE prtap{t'} (&) ~ tap{t'}(e) : [*'/t]T

AT FE ¢ ~s e [rec(t.T) /H]T
AT HE prfold(®) ~ fold(e) : rec(t.T)

ATHE ¢ s e rec(t.T)
AT FE prunfold() ~ unfold(e) : [rec(t.T) /t]T

T = prod({i < T }icr)
(AT FE ¢ ~ et Ti}ierL
AT FE pripl ({i < ¢i}icr) ~ tol({i = ej}icr) @ T

AT FE ¢~ e:prod({i = T}icr; € — T)
AT FE prprij [£](&) ~ prj[l]Ce) : T

ATHE e 7/

AT FE prinj[f] (@) ~ inj[f](e) : sum({i < T;}ier; £ — T

ATHFEe wsesum({i = 1}ier)  {AT,x:mFE e~ e Thicr

AT FE prease(e; {i < x;.8;}icr) ~ case(e; {i < xj.ej}icr) : T

Q)+ ttype  E = (D; Aapp); (G Tapp); ¥5®; b
parseUExp(subseq(b; m;n)) = é

D; Aapp> <g/ I—‘app> l_\j/,.(j) é~~e:T

{
AN Aapp =D dom(T') Ndom(Tapp) = @
[

AT FE splicede[m;n; T]~e:T

ATFE2 we:t  {ATHFE} w1t UHacn

AT FE prmatch(e; {7 }1<i<n) ~ match(e; {ri}1<icy) : T
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(B.10d)

(B.10e)

(B.10f)

(B.10g)

(B.10h)

(B.10i)

(B.10j)

(B.10k)

(B.101)

(B.10m)

(B.10n)

(B.100)



AT FE 3~ r: 7 = 7| 7 has expansion r taking values of type T to values of type 7/

AUBpp b p:TAIT  ATUI'FEe et

- - (B.11)
AT " prrule(p.e) ~» rule(p.e) : T T
B.4.4 Proto-Pattern Validation
Pattern splicing scenes, IP, are of the form A; &; b.
p ~ p: 7P T| phas expansion p matching against T generating hypotheses I
5 (B.12a)
prwildp ~~ wildp : T 1" (D; D)
D~ P t.T) /T AP T
P p i [recttn) /ifz - (B.12b)
prfoldp(p) ~» foldp(p) : rec(t.T) 4" I’
T = prod({i — ’L;i}ieL)
{pi~ pi A Titier (B.120)
prtplp[L]({i = pitier) ~ tolp({i = piticr) : T Wi, T
)~ prTANT
_ N . PPt ; T (B.12d)
prinjp[¢](p) ~» injp[l](p) : sum({i <= T;}iep; € — ) AP T
@ AP ¢ s T type parseUPat(subseq(b; m; n)) = ;5 Argp~p:tAl (B.12¢)

B>

4 b f‘

splicedp[m;n; T| ~> p: Tl

B.5 Metatheory

B.5.1 Type Expansion
Lemma B.5.1 (Type Expansion). If (D; A) = T ~~ T type then A F T type.

Proof. By rule induction over Rules (B.5). In each case, we apply the IH to or over each
premise, then apply the corresponding type formation rule in Rules (B.1). O

Lemma B.5.2 (Proto-Type Validation). If A H{DiBapp)ib 3 s T type and A N Agyy = @ then
AU Agpyp F T type.

Proof. By rule induction over Rules (B.9).
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Case (B.9a).

(1) A=A, ttype

) t =t

3) =t

(4) A, ttype - t type

(5) A',ttypeU Aypp -t type

Case (B.9b).

(1) T = prparr(iy; 1)

(2) T =parr(n; ™)

3) A H{Dibapp)ib 4 s type
(4) A F{PBapp)ib 35 s 15 type
(5) AU Agpp = 11 type

(6) AU Agpp = T type

(7) AU Aqapp I parr(Ty; ) type

Case (B.9¢).

(1) T = prall(t.t)

) T = all(tt)

(3) A, t type FDPbapp)il 3/ s 7/ type
(4) A, ttypeU Agpp = T’ type

(5) AU Aqapp, t type = T’ type

(6) AU Agpp - al1(LT') type

Case (B.9d).

(1) T = prrec(t.t)
(2) T =rec(t.T)
(3) A, t type F2awpil 1/ s T/ type

29

by assumption
by assumption
by assumption
by Rule (B.1a)

by Lemma B.2.2 over

by assumption
by assumption
by assumption
by assumption
by IH on (3)
by IH on (4)

by Rule (B.1b) on (5)
and (6)

by assumption
by assumption
by assumption
by IH on (3)

by exchange over
Aapp on (4)

by Rule (B.1c) on (5)

by assumption
by assumption

by assumption



(4) A, ttypeU Agpp - T’ type by IH on (3)

(5) AU Agpp, t type - T’ type by exchange over
Aapp on (4)
(6) AU Agpp F rec(t.T) type by Rule (B.1d) on (5)
Case (B.9e).
(1) T = prprod({i < T;}icr) by assumption
(2) T =prod({i = T}icr) by assumption
(3) {A F2apil 4 s T typelicr by assumption
(4) {AUAapp F T typeticr by IH over (3)
(5) AU Aqpp F prod({i — T;}icr) type by Rule (B.1e) on (4)
Case (B.9f).
(1) T =prsum({i — T;}icr) by assumption
(2) T=sum({i = T;}icr) by assumption
(3) {A FAapil 4 s T; type}icr by assumption
(4) {AUAqpp F Titypeticr by IH over (3)
(5) AU Aqpp = sum({i = T;}icr) type by Rule (B.1f) on (4)
Case (B.9g).
(1) T = splicedt|m;n)| by assumption
(2) parseUTyp(subseq(b;m;n)) = 1 by assumption
(3) (D; Aapp) = T~ T type by assumption
(4) ANADapp =D by assumption
(5) Aapp F T type by Lemma B.5.1 on (3)
(6) AU Aqapp = T type by Lemma B.2.2 over
A on (5) and exchange
over A

]
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B.5.2 Typed Pattern Expansion
Theorem B.5.3 (Typed Pattern Expansion).

1. If(D;A) byawy P~ prTA(GT) thenp : THIT.

2. Ifp~ p: T AIPREARED (G TY then p : THIT,

Proof. By mutual rule induction over Rules (B.8) and Rules (B.12).

1. We induct on the premise. In the following, let A = (D;A) and I' = (G;T) and

= (A; D).
Case (B.8a).
1) p=x
2) p=x
B) I'=x:
4) x: T%Ix T
Case (B.8b).
(1) p=wildp
2 TI=0

(B) wildp: T4 ®@

Case (B.8¢).

(1) p = fold(p")

(2) p = foldp(p")

(3) T = rec(t.7")

4) Atg p' ~ p': [rectty /t)T AIT
(5) p': [recCt.T)/t]T HIT

(6) foldp(p') : rec(t.T) AIT

Case (B.8d).

1) p = ({i = Pitier)

2) p= tplp({l — pz}zeL)

(3) T =prod({i = T}icr)

(4) {A l_q:- pi ~ pi: T Al <gz/ >}iEL
(5) I'= UZELF

(6) {pi: T ITi}ier

(

by assumption
by assumption
by assumption
by Rule (B.4a)

by assumption
by assumption
by Rule (B.4b)

by assumption
by assumption
by assumption
by assumption

by IH, part 1 on (4)
by Rule (B.4c) on (5)

by assumption
by assumption
by assumption
by assumption
by assumption

by IH, part 1 over (4)

7) tplp({z — pz}ZEL) prOd({l — TI}ZEL) Al UZEL r
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Case (B.8e).

(1) p=1inj[¢](p") by assumption

(2) p = injp[¢](p" by assumption

B) = sum({z — Titiep; £ — ) by assumption

4) A |_<1> Pl p T AT by assumption

B) p T HT by IH, part 1 on (4)

(6) injp[¢](p") : sum({i < T;}icr; £ — T) AT by Rule (B.4e) on (5)
Case (B.8f).

1) p=a‘w" by assumption

2) A=A, 4~ x by assumption

(B) © = D', a — sptIm(T; eparse) by assumption

(4) b IBody €body by assumption

(5) eparse(€body) 4 inj[SuccessP] (eproto) by assumption

(6) eproto TPrpat P by assumption

7)) p~p:tT A5 (A PG, T) by assumption

8 p:THT by IH, part 2 on (7)

2. We induct on the premise. In the following, let I'=(G;T)and A = (D;A) and
= (A; D).

Case (B.12a).

(1) p=wildp by assumption

2 I=0 by assumption

(B) wildp: T4 @ by Rule (B.4b)
Case (B.12b).

(1) p = prfoldp(p") by assumption

(2) p = foldp(pH by assumption

(3) T =rec(t.7) by assumption

(4) p/~p' o [rect.T) /t)T A @b by assumption

(5) p': [rec(t.TH /T AIT by IH, part 2 on (4)

(6) foldp(p’) : rec(t.T) HIT by Rule (B.4c) on (5)
Case (B.12¢).

(1) p = prtplp[L]({i — p;}ic) by assumption

(2) p=tplp({i < piticr) by assumption

(3) T =prod({i — T;}icr) by assumption
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@ {pi~ pi: 5 A5G T e by assumption

(5) I' = Ujerl'; by assumption

(6) {pi: T I Ti}ier by IH, part 2 over (4)

(7) tolp({i = pi}ier) : prod({i = Ti}icr) Al Uier T

by Rule (B.4d) on (6)

Case (B.12d).

(1) p = prinjp[¢](P) by assumption

(2) p = injp[¢](pH by assumption

(3) T =sum({i = T}icp; L — ) by assumption

4) p~p T A &b by assumption

5) p:vHT by IH, part 2 on (4)

(6) injp[l](p) : sum({i < T;}ier; £ — T) AT by Rule (B.4e) on (5)
Case (B.12e).

(1) p = splicedp[m;n; 1] by assumption

2) @ FAb ¢ s T type by assumption

(3) parseUExp(subseq(b;m;n)) = p by assumption

4 Argp~p:tHT by assumption

&) p: AT by IH, part 1 on (4)

The mutual induction can be shown to be well-founded by showing that the following
numeric metric on the judgements that we induct on is decreasing:

1A g p~p:T AT = 2]

Ip~ p: T ANSEL| = ||
where ||b]| is the length of b and ||p|| is the sum of the lengths of the literal bodies in p,
as defined in Sec. B.3.1.

The only case in the proof of part 1 that invokes part 2 is Case (B.8f). There, we have
that the metric remains stable:

||A|—q3&‘(b)‘wp:r%lf||

=[lp~ p: TAVYL
=||bll

The only case in the proof of part 2 that invokes part 1 is Case (B.12e). There,
we have that parseUPat(subseq(b; m;n)) = p and the IH is applied to the judgement
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Atg p~ p: T IT. Because the metric is stable when passing from part 1 to part 2, we
must have that it is strictly decreasing in the other direction:
|Abg p~ p:THIT| < |splicedp[m;n;t] ~ p: 7 4IA;®;bf"H
i.e. by the definitions above,
121 < 1l8ll

This is established by appeal to Condition B.3.7, which states that subsequences of b
are no longer than b, and the Condition B.3.3, which states that an unexpanded pattern
constructed by parsing a textual sequence b is strictly smaller, as measured by the metric
defined above, than the length of b, because some characters must necessarily be used to
apply the pattern TLM and delimit each literal body. Combining Conditions B.3.7 and
B.3.3, we have that || p|| < ||b|| as needed. O

B.5.3 Typed Expression Expansion
Theorem B.5.4 (Typed Expansion (Strong)).
1. (@) If(D;A)(G;T) by gé~e:Tthen AT Fe: T
) If(D;A) (GiT) by ForiTE T then AT 1T T

2. @ IfAT (Do) (GTapp) Vi3 5 s et T and AN ANgpp = @ and dom(T') N
dom(Lgpp) = D then AU Agpy TUTgpp e : T

(b) If AT (DBl (GLap)i¥:®b 3 s o 7 = 7 and AN Agpp = @ and dom(T") N
dom(Topp) = D then AU Ny T UTgpp 1T T

Proof. By mutual rule induction over Rules (B.6), Rule (B.7), Rules (B.10) and Rule (B.11).

1. In the following, let A= (D; A) and = (G;T).
(a) Case (B.6a).

(1) e=2 by assumption

2 e=x by assumption
B)Ir=I,x:71 by assumption

4) AT ,x:thkx:T by Rule (B.2a)

Case (B.6b).

1) é=¢:1 by assumption

(2) AF %~ Ttype by assumption

(3) AT g e T by assumption

4) ATFe:T by IH, part 1(a) on (3)
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Case (B.6¢).

(1) é=1etval X =¢é;iné,
(2) e = ap(lam{T }(x.ep);e1)

(3) A f l_‘i’;CTD él ~e1 i

(4) Af,fWXITl F@;ééZWEZIT
b)) ATkFer:my

6) Al,x:they:T

(7) AT F lam{t} (x.ep) : parr(ty; T)
(8) AT Fap(lam{Ty}(x.ep);e1) : T

Case (B.6d).

(1) & = Af:2y.8'

(2) e = lam{ty} (x.e")

(B) T =parr(t; ™)

(4) A+ 1 ~ 7 type

G) Al g~ x:mbggé ~e:m
(6) A 1 type

7)) AT, x:tyFeée:m»

(8) AT I lam{ry}(x.¢/) : parr(7y; 72)

Case (B.6e).

(1) é=21(é2)

2) e = ap(ey;e2)

3) AT F¢.¢ 61~ €1 : parr (T, )
4) Afl—@;@ézwqt’fz

5) AT F e : parr(tm; 1)

6) AT F e I Tp

(
(
(
(
(
(7) AT Fap(eg;e) = T

by assumption

by assumption

by assumption

by assumption

by IH, part 1(a) on (3)
by IH, part 1(a) on (4)
by Rule (B.2b) on (6)
by Rule (B.2c) on (7)
and (5)

by assumption

by assumption

by assumption

by assumption

by assumption

by Lemma B.5.1 on (4)
by IH, part 1(a) on (5)
by Rule (B.2b) on (6)
and (7)

by assumption

by assumption

by assumption

by assumption

by IH, part 1(a) on (3)
by IH, part 1(a) on (4)
by Rule (B.2c) on (5)
and (6)

Case (B.6f) through (B.6m). These cases follow analagously, i.e. we apply
Lemma B.5.1 to or over the type expansion premises and the IH part 1(a)
to or over the typed expression expansion premises and then apply the
corresponding typing rule in Rules (B.2d) through (B.2k).

Case (B.6n).

35



1) é=

notationdat 1/ { exprparser Eparse; €Xpansions require édep }iné

2) A %~ T type
) A F }_‘P;(I) edep ~ edep : Tdep

(
(3
(4) D DI eparse : parr (Body; ParseResultE)
@

by assumption
by assumption
by assumption
by assumption

) A <g’ F,x : Tdep> l_‘Y JA~~x—setlm(T/; eparse) ; D & ~eiT

(6) A T’ type

(7) AF Tgep type

(8 AT, x:Tgep e’ 7

(9) AT+ edep : Tdep
(10) e = ap(lam{Tgep} (x.€'); edep)
(11) ATkFe:T

Case (B.60).

(1) 6=4a"*C)"

(

B) Y= ‘I” x — setlm(T; eparse)

4) T=T1,x: Tdep

(5) e = ap(e’;x)

6) b \LBody €body

7) eparse(ebody) { inj [SUCCQSSE] (eproto)
(8) €proto TPrExpr €

9) @@ ESTH®D 5 s ol parr (Tyep; T
(10) NA =0

(11) @Ndom(T) =@
(12) QUAQUT I ¢’ : parr (Tgep; T)
(13) AT ¢ : parr (Tgep; T)

(14) AT F x: Tgep
(15) AT kFe:t
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by assumption

by Lemma B.5.1 to (2)
by Lemma B.5.1 to (3)
by IH, part 1(a) on (5)
by IH, part 1(a) on (3)
by assumption

by Rule (B.2c) and
Rule (B.2b) with (8)
and (7) and (9)

by assumption
by assumption
by assumption
by assumption
by assumption
by assumption
by assumption
by assumption

by assumption

by finite set
intersection

by finite set
intersection

by IH, part 2(a) on (9),
(10), and (11)

by finite set and finite
function identity over
(12)

by Rule (B.2a)

by Rule (B.2¢c) on (13)
and (14)



Case (B.6p).

(1) é =match & {#i}1<i<p by assumption

(2) e =match(e; {ri}1<i<n) by assumption

B) Al kg8 e : T by assumption

@) {AT Fg.6 i ~ i T B Thi<icn by assumption

5) ATHe : 7T by IH, part 1(a) on (3)

6) {ATFri: v = Th<i<n by IH, part 1(b) over
(4)

(7) AT Fmatch(e; {rit1<i<n) : T by Rule (B.21) on (5)
and (6)

Case (B.6q).

(1) é =notationd at ' { pat parser eparse } iné
by assumption

2) AF 1~ 7' type by assumption
(3) DDk eparse : parr(Body; ParseResultE) by assumption
4) AT M. & 4o xessptinCels eparse) e T by assumption
(5) AF 1’ type by Lemma B.5.1 to (2)
6) ATFe:t by IH, part 1(a) on (4)

(b) Case (B.7).

(1) f=p=é by assumption

(2) r =rule(p.e) by assumption

@) Arg p~ p:TH(AT) by assumption

4) A (AW A;TUT) Fy.p e T by assumption

®) p:tHT by Theorem B.5.3,
part 1 on (3)

(6) ATUTFe: 7 by IH, part 1(a) on (4)

(7) AT F rule(p.e) :t= 1 by Rule (B.3) on (5)
and (6)

2. In the following, let A = (D; Aapp) and I'= (G Tapp)-
(a) Case (B.10a).

(1) e=x by assumption
(2) e=x by assumption
B I'=I",x:71 by assumption
(4) AUApp T x:Thx:7 by Rule (B.2a)
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(5) AUApp T/, x: TUTpp Fx: T

Case (B.10d).

(1) ¢ = prlam{t;}(x.e")

(2) e = lam{t1} (x.e")

(3) T =parr(n; )

4) A Aappil 3 T ~ T type

5) AT, x: 1q FBappi Tappi TR0 51 o )
(6) AN Agpp =D

(7) dom(T') Ndom(Tapp) = @

(8) x & dom(Iapp)

(9) dom(I, x : 77) Ndom(Lapp) = @
(10) AU Aspp = 11 type

(11) AUAapp T, % : Ty UTapp F ¢ T

(12) AUAapp TUTapp, x: 11 F ¢ 1

by Lemma B.2.2 over
[app to (4)

by assumption

by assumption

by assumption

by assumption

by assumption

by assumption

by assumption

by identification
convention

by (7) and (8)

by Lemma B.5.2 on (4)
and (6)

by IH, part 2(a) on (5),
(6) and (9)

by exchange over I'app
on (11)

Case (B.10e).

(1) é = prap(eéy;e)
2) e = ap(eg;e)

3) AT -Bappi Lapp; ¥ 930 e1 ~» e1 :parr(m; T)

(

(

(4) AT l—Aapp rapp &b, €y~ ey T

(5) AN Agpp =D

(6) dom(I') Ndom(Iapp) = @

(7) AU Agpp I'UTqpp = €1 : parr(m; )

(9) AU Aqpp I'UTqpp - ap(ey;e) : T

Case (B.10f).

(1) é = prtlam(t.e’)
(2) e = tlam(t.e)
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by Rule (B.2b) on (10)
and (12)

by assumption

by assumption

by assumption

by assumption

by assumption

by assumption

by IH, part 2(a) on (3),
(5) and (6)

by IH, part 2(a) on (4),
(5) and (6)

by Rule (B.2c) on (7)
and (8)

by assumption
by assumption



3) T =all(t.t)
4) A, ttype T Fhappi Lappi Vb o1 L of . 7

( by assumption
(

(5) AN Aapp =D

(

(

by assumption
by assumption
6) dom(I') Ndom(I'app) = @
7) ttype & Aapp

by assumption
by identification

convention
(8) A, ttypeN Agpp = D by (5) and (7)
(9) A ttypeUAgpp TUTpp e’ 2 T by IH, part 2(a) on (4),
(8) and (6)
(10) AU Agpp, ttype T UTqpp He' 0 7' by exchange over
Aapp on (9)

(11) AU Azpp T'UTqpp - tlam(t.e’) : all(t.7") by Rule (B.2d) on (10)

Case (B.10g) through (B.10m). These cases follow analagously, i.e. we apply
the IH, part 2(a) to all proto-expression validation judgements, Lemma
B.5.2 to all proto-type validation judgements, the identification conven-
tion to ensure that extended contexts remain disjoint, weakening and
exchange as needed, and the corresponding typing rule in Rules (B.2e)
through (B.2k).

Case (B.10n).

(1) & = splicede[m;n;1]

2) E = (D; Mapp); (G Tapp); ¥ b
) @ FSE) 4 s T type

4) parseUExp(subseq(b;m;n)) = é

5) Aapp Tapp Fy é~er T

6) AN Aapp = D

7) dom(T') Ndom(Tapp) = @

8) Aapp lapp Fe: T

(
3
(
(
(
(
(
(9) AUApp T'UTgpp e T

Case (B.100).
(1) é = prmatch(e; {7 }1<i<n)
(2) e =match(e; {ri}1<i<n)
(3) AT FALE &b 5 o -
(@) {AT 0%
(5) AN Aypp =D
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< . /
ti~~>71:T = T}lgign

by assumption
by assumption
by assumption
by assumption
by assumption
by assumption
by assumption

by IH, part 1 on (5)
by Lemma B.2.2 over
A and I" and exchange

on (8)

by assumption
by assumption
by assumption
by assumption
by assumption



(6) dom(I') Ndom(Iapp) = @ by assumption

(7) AUApp TUTpp e o T by IH, part 2(a) on (3),
(5) and (6)

(8) AUApp TUTppkr:T' T by IH, part 2(b) on (4),
(5) and (6)

(9) AU Agpp T UTqpp Fmatch(e; {riti<i<y) : T
by Rule (B.2l) on (7)
and (8)

(b) There is only one case.

Case (B.11).
(1) 7 = prrule(p.e) by assumption
(2) r =rule(p.e) by assumption
B) p:THII’ by assumption
4) ATUT/ FATE®b 5 g/ by assumption
(5) ANAapp =D by assumption
(6) dom(T') Ndom(T") =@ by identification
convention
(7) dom(Iapp) Ndom(I”) = @ by identification
convention
(8) dom(I') Ndom (Iapp) = @ by assumption
(9) dom(I' UT’) Ndom(Tapp) = D by standard finite set
definitions and
identities on (6), (7)
and (8)
(10) AUApp TUT UTgpp Fe: 7 by IH, part 2(a) on (4),
(5) and (9)
(11) AUApp T UTqpp UT Fe: by exchange of I and

[app on (10)
(12) AU A pp T UTpp - rule(p.e) : 7= 1 by Rule (B.3) on (3)
and (11)

The mutual induction can be shown to be well-founded by showing that the following
numeric metric on the judgements that we induct on is decreasing:

AT g6 el = el
|AT FAEED 2 e o = o]

where ||b]] is the length of b and ||é]] is the sum of the lengths of the seTLM literal bodies
in é, as defined in Sec. B.3.1.
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The only case in the proof of part 1 that invokes part 2 is Case (B.60). There, we have
that the metric remains stable:

AT Fgga @ ~e: T
— @@ HNTTEb s e 7|
=t
The only case in the proof of part 2 that invokes part 1 is Case (B.10n). There,
we have that parseUExp(subseq(b;m;n)) = é and the IH is applied to the judgement

AT g 4 & ~ e: T. Because the metric is stable when passing from part 1 to part 2, we
must have that it is strictly decreasing in the other direction:

AT Fggé~e:T|] <||AT P E splicede[m;n;T] ~ e: T||
i.e. by the definitions above,
el < [|bll

This is established by appeal to Condition B.3.7, which states that subsequences of b
are no longer than b, and Condition B.3.2, which states that an unexpanded expression
constructed by parsing a textual sequence b is strictly smaller, as measured by the metric
defined above, than the length of b, because some characters must necessarily be used to
apply a TLM and delimit each literal body. Combining these conditions, we have that
|lé]] < ||b]| as needed. O

Theorem B.5.5 (Typed Expression Expansion). If (D;A) (G;T)Fg.g & ~ e @ T then
AT Fe:T.

Proof. This theorem follows immediately from Theorem B.5.4, part 1(a). O

B.5.4 Abstract Reasoning Principles

D;Aﬂpp>; b

Lemma B.5.6 (Proto-Type Expansion Decomposition). If A ! T ~~ T type where

seg(T) = {splicedt[m;; n;|}o<i<y then all of the following hold:
1. {{D; Aupp) F parseUTyp(subseq(b; m;; n;)) ~~ T; typefo<icn

2. T = [{7i/ti}o<i<n]|T for some ' and fresh {t;}o<i<yn (ie. {t; & dom(A)}o<icy and
{ti & dom(Dapp) fo<i<n)

3. fV(T/) C dom(A) U {ti}0§i<n

Proof. By rule induction over Rules (B.9). In the following, let A = (D; Aapp) and
T = A; b.

Case (B.9a).

(1) t=t by assumption
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2) T=t by assumption

(3) A=A, ttype by assumption
(4) seg(T) =0 by definition
(5) fv(t) = {t} by definition
6) {t} Cdom(A)UD by definition

The conclusions hold as follows:

1. This conclusion holds trivially because n = 0.
2. Choose T/ =t and @.

3. (6)
Case (B.9b).
(1) T = prparr(iy; 1) by assumption
(2) T = parr(t]; 1) by assumption
(3) AFT 3 ~ T type by assumption
T ~~ T, type assumption
4 AFT 3~ 1 by pti
(5) seg(T) = seg(t1) Useg() by definition
(6) seg(t1) = {splicedt|m;;n;]}o<icy by definition
(7) seg(t2) = {splicedt[m;;n;]}<icy by definition
(8) {(D; Aapp) - parseUTyp(subseq(b; m;; n;)) ~~ T; typeo<icn
by IH on (3) and (6)
) v = {7i/ti}o<i<w]T{ for some 7]’ and fresh {t;}o<;<
by IH on (3) and (6)
(10) fv(t{) C dom(A) U {t;}o<icw by IH on (3) and (6)
(11) {(D; Aapp) = parseUTyp(subseq(b; m;; ;) ~ T type by <icn
by IH on (4) and (7)
(12) 5 = [{7i/ti}w<i<n) Ty for some 7y and fresh {t;},/<i-,
by IH on (4) and (7)
(13) fv(™) € dom(A) U {ti}w<icn by IH on (4) and (7)
(14) {ti}o<icw N{titw<icn =@ by identification
convention
(15) fv(t{) C dom(A) U {t;}o<icn by (10) and (14)
(16) fv(ty) C dom(A) U {ti}o<i<n by (13) and (14)
(17) T = [{1;/ti Yo<icn] T/ by substitution
1 < 1 y
properties and (9) and
(14)

42



(18) T = [{ti/tito<icn]T) by substitution
properties and (12)

and (14)

(19) parr(t]; %) = [{t/ti}o<i<n|parr(t/; o) by substitution and
(17) and (18)

(20) fv(parr(ty; o)) = fv(t') Ufv(T)) by definition

(21) fv(parr(t;/)) C dom(A) U {t;}o<i<n by (20) and (15) and
(16)

The conclusions hold as follows:

1. ®)U (1)
2. Choosing {t; }o<ij<, and parr(7]; 5, by (19)
3. (21)

Case (B.9c) through (B.9f). These cases follow by analagous inductive argument.

Case (B.9g).

(1) T = splicedt|m;n] by assumption
(2) seg(splicedt[m;n]) = {splicedt|m;n]} by definition

(3) parseUTyp(subseq(b;m;n)) = 1 by assumption
(4) (D; Aapp) F T~ T type by assumption
(5) t € dom(A) by identification

convention

(6) t ¢ dom(Aapp) by identification
(7) T=[t/tt by definition

8) fv(t) c AU{t} by definition

The conclusions hold as follows:

1. (3) and (4)
2. Choosing {t} and t, by (5), (6) and (7)
3. (8)

Lemma B.5.7 (Proto-Expression and Proto-Rule Expansion Decomposition).

1. IFAT HDBap)i(GTaph¥i®ib 5 s o+ T where seg(e) = {splicedt[m{;n]}o<i<n, U
{splicede[m;;n; | fo<i<n,, then all of the following hold:
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(a) {(D; Aapp) I parseUTyp(subseq(b; m;;n})) ~ T/ type}0§i<nty
(b) {@ PRt 3 v 7 typetocicn,,
(©) {(D; Bapp) (G Tapp) .4 ParseUExp(subseq(b; mi;n;)) ~ e; : Ti}0§i<nexp

(d) e = [{t//ti}o<i<ny {€i/Xi}o<i<ne,)€ forsome e’ and {t;}o<i<n, and {x;i}o<i<n,,
such that {ti}0§i<nty fresh and {Xi}0§i<nexp fresh

(e) fv(e’) C dom(A) Udom(T) U {t;}o<icn, U {Xi}o<icny,

2. IfAT HPap)i(GTa)i ti®ib 3 s 4 v = 1/ and
seg(?) = {splicedt[m;;n]}o<i<n, U {splicede[m;; ni; 1] }o<i<ny,
then all of the following hold:
(a) {(D; Agpp) I parseUTyp(subseq(b; mint)) ~ T type}0§i<nty
(b) {@ HPAaw)ib 3 v 7 typetocicn,,
(©) {(D; Dapp) (G; Tapp) .4 parseUExp(subseq(b; mi; ;) ~~ €; : Tito<i<nyy,
(d) r = [{7]/tiYo<i<ny, {€i/ Xito<i<n, |t for some e’ and fresh {t;}o<i<n,, and fresh
{xi}0§i<nexp
(e) fv(r') C dom(A) Udom(T)U {tiYo<i<ny, U {Xito<icne,
Proof. By rule induction over Rules (B.10) and Rule (B.11). In the following, let A =
(D; Aapp) and I'=(G; Tapp) and E = A; ;9 &b
1. Case (B.10a).

(1) e=x by assumption

(2) e=x by assumption

B Ir=r,x:7 by assumption

(4) seg(x) =1} by definition

(5) fv(x) = {x} by definition

(6) fv(x) C dom(T) by definition

(7) fv(x) € dom(T') Udom(A) by (6) and definition

of subset

The conclusions hold as follows:
(a) This conclusion holds trivially because ny, = 0.
(b) This conclusion holds trivially because 7exp = 0.

(c) This conclusion holds trivially because 7ex, = 0.
(d) Choose x, @ and @.
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(e) (7)
Case (B.10b) through (B.10m). These cases follow by straightforward inductive

argument.
Case (B.10n).
(1) ¢ = splicede[m;n; 1] by assumption
(2) seg(splicede[m;n;t]) = seg(t) U {splicede|m;n; |}
by definition
(3) seg(t) = {splicedt[m];n}]} o<icn, by definition
4) @ F5E) 1+ s T type by assumption
(5) parseUExp(subseq(b;m;n)) =é by assumption
(6) (D;Dapp) (GiTapp) Fg.pé~~e:T by assumption
(7) {(D; Aapp) F parseUTyp(subseq(b; mint)) ~ T type}0§i<nty
by Lemma B.5.6 on (4)
and (3)
(8) x ¢ dom(TI) by identification
convention
9) x ¢ dom(Tapp) by identification
convention
(10) x ¢ dom(A) by identificaiton
convention
(11) x ¢ dom(Aapp) by identification
convention
(12) e = [{T//ti}o<icmy. /X]x by definition
(13) fv(x) = {x} by definition

(14) fv(x) C dom(A) Udom(I') U {t;}o<i<n, U{x} by definition
The conclusions hold as follows:
(@ ()
(b) {4}
(©) {(6)}
(d) Choosing x, {ti}0§i<nty and {x}, by (8), (9), (10), (11) and (12).
(e) (14)

Case (B.100).

(1) é = prmatch(e; {7 }1<i<n) by assumption
(2) e =match(T; e ) {ri}1<i<n by assumption
@) ATFE ~me: T/ by assumption
4) {ATFE ¥ w71 T B Thej<n by assumption
(5) seg(prmatch(e’; {Fi}1<i<n)) = seg(e) UUp<i<n seg(7:)

by definition
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(6) seg(e') = {splicedt|m/; ”g]}0§i<n{y U {splicede[m;;n;; Ti] }o<icn,
by definition
(7) {seg(?j) =
{splicedt[m; ;n; |} o<icn,,; U {splicede[m;j;ni ;T | o<icney, Yo<j<n
by definition
(8) {(D;Aapp) - parseUTyp(subseq(b; mi;nj)) ~ T/ type}o<icn
by IH, part 1 on (3)

and (6)
9) {@ - Pharrli? 4 s 7 type}ocicny,, by IH, part 1 on (3)
and (6)
(10) {(D; Aapp) (G Tapp) g4 parseUExp(subseq(b; mi;n;)) ~ e; :
Ti}0§i<néxp by IH, part 1 on (3)
and (6)
(11) ¢ = [{Ti//ti}OSKn{y’ {ei/xi}ogiqup]@” for some ¢’ and fresh
{ti}o<icn and fresh {x;}o<;cp by IH, part 1 on (3)
— ty — exp
and (6)

(12) fv(e") C dom(A) Udom(T) U {ti}o<icny U {Xito<icnt,,
by IH, part 1 on (3)

and (6)

(13) {{(D; Aapp) I~ parseUTyp(subseq(b;m; ;1)) ~ T;; type}o<icny, Yo<j<n
by IH, part 2 over (4)
and (7)

(14) {{@ + DiBapp);b g T type}0§i<nexp,j}0§j<n by IH, part 2 over (4)
and (7)

(15) {{(D; Aapp) (G; Tapp) }—@;é parseUExp(subseq(b; mi,j;ni,]-)) ~ €

Ti,j}o <i <nexp,j}0 <hen by IH, part 2 over (4)

and (7)

(16) {rj = [{7};/ti }oicny,;s {€i/ Xij} o<icneg,]i o<j<n for some {ri}o<jcn
and fresh {{t;}o<i<n, to<j<n and fresh {{x;;}o<icn,,; fo<j<n

by IH, part 2 over (4)
and (7)

(17) {fv(r}) C dom(A) Udom(I') U {t;;}o<icn,,; U{Xij}o<icneg, to<j<n
by IH, part 2 over (4)
and (7)

(18) (Uo<j<n{tijto<icny,) N {ti}0§i<ngy =0 by identification
convention

(19) (U0§j<n{xi,j}0§i<nexp,]-) N {xi}0§i<n’exp =Q by identification
convention

(20) ¢ = [{Ti//fi}ogi<n;y Uo<j<n {Tij/ tijYo<icny {€i/ Xi}o<icney Yo<j<n

46



{zi;/ ti,j}ogi<nty,j]€" by substitution
properties and (11)
and (12) and (18) and
(19)

21) {r;= [{T{/ti}ogkngy Uo<j<n {Tz',]'/tj,]'}ogknty,j, {ei/ XiYo<i<neg Yosj<n

{zi,/ ti,j}0§i<nty,j]r;}0§j<n by substitution
properties and (16)
and (17) and (18) and
(19)

(22) e = [{7//ti}o<icny, Yosjcn {Tij/ tijosi<my {€i/ Xito<icniy, Yosjcn

{eij/xij}o<icne, match(e”; {ri}1<i<n) by (20) and (21) and
definition of
substitution

(23) fv(e") C dom(A) Udom(T) U {fi}o<icn, Yo<j<n {tijlosicny,; U

{xi}ogi<ngxp Uo<j<n {xi,j}0§i<nexp,]- by (12) and (18) and
(19)

(24) {fv(r}) C dom(A)Udom(T) U {ti}o<icny, Yosj<n {tij}osicny, U

{xiYo<icnt,, Yosjcn {XijFo<icneg, Yosj<n by (17) and (18) and
(19)

(25) fv(match(e”; {ri}1<i<y)) C dom(A)Udom(I) U {ti}o<icn), Yosjen

{tijYosicny; U {xi}ocicnyy, Yosjcn {%ij ogicneg,
by (23) and (24)

The conclusions hold as follows:
(@) (8) UUo<j<n (13);
(b) (9) U Up<j<n (14);

(©) (10) UUo<j<n (15);
(d) Choose:

i. match(e”; {r}1<i<n)
i {ti}o<icn, U {{ti }osi<ny; Yo<j<n; and

iii. {xi}0§i<1’l/exp U {{xi,j}0§i<nexp,j}0§j<n; and

Wehave e = {1 /ti}o<icn, U {70/t o<icny,; Yo<j<n {ei/ Xitocicny,, U

{{ei;/xij}o<icne,, Yo<j<nlmatche”; {ri}1<i<n) by (22).
(e) (25)

2. By rule induction over the rule typing assumption. There is only one case. In the

following, let A= (D; Aapp) and I'=(G; Tapp) and E = A T.¥; &; b

47



Case (B.11).

(1) # = prrule(p.e) by assumption

(2) r =rule(p.e) by assumption

(B) p:tHII’ by assumption

4) ATUT'FE¢ we: 7/ by assumption

(5) seg(?) = seg(e) by definition

(6) seg(e) = {splicedt[m};n}]}o<i<n, U {splicede[m;;ni;Ti] to<icne,
by definition

(7) {(D; Aapp) parseUTyp(subseq(b; m}; n})) ~» T/ type}0§i<nty
by IH, part 1 on (4)

and (6)
8) {@ H{Dhappib 3, o type}0§i<nexp by IH, part 1 on (4)
and (6)
9) {(D; Aapp) (G;Tapp) .4 ParseUExp(subseq(b;m;;n;)) ~ e; :
Ti}0§i<nexp by IH, part 1 on (4)
and (6)
(10) e = [{T//ti}o<i<ny, {€i/Xi}to<i<neg)¢' for some e’ and fresh {t;}o<i<n,
and fresh {xi}0§i<nexp by IH, part 1 on (4)
and (6)

(11) fv(e’) C dom(A) Udom(I') Udom(I") U {t;}o<icny U {Xi}o<i<ney
by IH, part 1 on (4)

and (6)
(12) r = [{Ti//ti}ogkntyr {ei/xi}ogi@exp]rule(p.e’) by substitution
properties and (10)
(13) fv(p) = dom(I") by Lemma B.2.5 on (3)
(14) fv(rule(p.e)) C dom(A) Udom(I') U {t;}o<icny U {Xito<ic<ney
by definition of fv(r)
and (11) and (13)
The conclusions hold as follows:
(@ (7)
(b) (8)
(©) 9)
(d) Choosing rule(p.¢’) and {ti}0§i<nty and {xi}0§i<nexpr by (12)
(e) (14)

O

Theorem B.5.8 (seTLM Abstract Reasoning Principles). If (D;A) (G;T) Fy.g @ “(D) * ~
e : T then:

1. (Expansion Typing) ¥ = ¥',4 ~ x — setIm(T; eparse) and AT e : T
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e

3. (Segmentation) seg(¢) segments b

4. (Segment Typing) seg(¢) = {splicedt[m}; ”;]}0§i<nty U {splicede|[m;;n;; i—i]}OSKnexp
and

(a) {(D;A) I parseUTyp(subseq(b; mi;nl)) ~ / type}0§i<nty and {A T/ type}0§i<my
(b) {@ FPARY 4 s 1 typebocicn,, and {A - T typeocicn,,
(c) {(D;A) (G;T) g 4 parseUExp(subseq(b; mj;n;)) ~ e; : Ti}ogi<nm and {AT I

€ : Ti}0§i<nex,,

5. (Capture Avoidance) e = [{Ti//ti}0§i<nty/ {ei/xi}ogiqmp]e’for some {t;}o<i<p,, and
{xito<i<ne, and ¢

6. (Context Independence) fv(e') C {ti}ogi<nty U {xi fo<ic<ne,

Proof. By rule induction over Rules (B.6). There is only one rule that applies. In the
following, let A = (D;A) and ' = (G;T).

Case (B.60).
(1) ¥ =94~ x — setlm(T; eparse) by assumption
(2 T =T,x: Tgep by assumption
(3) e = ap(ex;x) by assumption
4) (D;A) (G;T) I—q,;qs a‘)*  ~e:t by assumption
5) ATFe: T by Theorem B.5.5 on
(4)
(6) b IBody body by assumption
(7) eparse(€body) I inj[SuccessE] (eproto) by assumption
(8) eproto TPrExpr & by assumption
(9) seg(e) segments b by assumption
(10) @ @ FATE Db o ex 1 Parr (Tgep; T) by assumption
(11) seg(e) = {splicedt[m’; ”g]}0§i<nty U {splicede[m;; n;; i'i]}ogi<nexp
by definition
(12) {(D;A) + parseUTyp(subseq(b; m}; n’)) ~ T/ type}0§1~<nty
by Lemma B.5.7 on
(10) and (11)
(13) {AF T type}ogknty by Lemma B.5.1, part
1 over (12)
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(14) {@ DAL 4 s 1 type}0§i<nexp by Lemma B.5.7 on

(10) and (11)

(15) ONA=© by definition

(16) {AF T type}0§i<neXp by Lemma B.5.1, part
2 over (14) and (15)

(17) {(D;A) (G;T) I—q,;qg parseUExp(subseq(b; m;; n;)) ~ e; Ti}0§i<nexp
by Lemma B.5.7 on
(10) and (11)

(18) {ATFe: Ti}0§i<nexp by Theorem B.5.5 over
(17)

(19) ex = [{7;/titoi<ny, {€i/Xito<i<ne,)€ for some e’ and fresh {t;}o<i<y,, and

fresh {X; }o<i<ney by Lemma B.5.7 on

(10) and (11)

(20) fv(e') C {titocicny U {Xi}to<i<ney by Lemma B.5.7 on
(10) and (11)

(21) e = [{Ti//ti}ogkntyr {ei/xi}0§i<nexp]ap(e’; x) by definition of

substitution on (19)
The conclusions hold as follows:

. (1) and (5)
2. (6) and (7) and (8)
3. 9
4. (11) and
(@) (12) and (13)
(b) (14) and (16)
(c) (17) and (18)
. (21)
. (20)

—

o U1

Lemma B.5.9 (Proto-Pattern Expansion Decomposition). If p ~» p: T & P ophere
seg(p) = {splicedt[m;ni]}o<icn, U {splicedp[m;; ni; T o<i<ny,
then all of the following hold:

1. {A - parseUTyp(subseq(b; mi;nt)) ~ type}0§i<nty

2. {@F5P 4~ 7 typeto<icny,
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3. {A ¢ parseUPat(subseq(b; m;;n;)) ~» p; = 7; -l fi}0§i<n,mt
4. T' = Wo<icmy L
Proof. By rule induction over Rules (B.12). In the following, let P = A; ®; b.

Case (B.12a).

(1) p = prwildp by assumption
(2) e=wildp by assumption
@) I'=(20) by assumption
(4) seg(prwildp) =@ by definition

The conclusions hold as follows:

1. This conclusion holds trivially because nyy = 0.
2. This conclusion holds trivially because 7pat = 0.

3. This conclusion holds trivially because 7pat = 0.

4. This conclusion holds trivially because ['=@and Npat = 0.

Case (B.12b).

(1) p = prfoldp(p) by assumption
(2) p = foldp(pH by assumption
(3) T =rec(t.T) by assumption
(4) p~ p:[recCt.T)/t]T AFT by assumption
(5) seg(prfoldp(p’)) = seg(p’) by definition
(6) seg(p’) = {splicedt|m};n]}o<i<n, U {splicedp[m;;n; 4] o<icny
by definition
(7) {A F parseUTyp(subseq(b; m/;n’)) ~ T/ type}o<i<n, byIH on (4)and (6)
(8) {@ P 3 v T type}ocicuyy by IH on (4) and (6)
(9) {A k4 parseUPat(subseq(b; m;; 1;)) ~~ p; = 7; I fi}0§i<npat
by IH on (4) and (6)
(10) T = Wo<icnyy [ by IH on (4) and (6)

The conclusions hold as follows:

1. @)
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2. (8)
3. (9)
4. (10)

Case (B.12c).

(1) p=prtplp[L]({j <= Pj}jeL) by assumption
2) p=tlp{{j = pi}jer) by assumption
(3) T =prod({j <= T}jer) by assumption
4 T'=Wje, T by assumption
®) {pj~pj: 5T} er by assumption
(6) seg(prtplp[L]({j = Pj}jer)) = Ujer seg(p;) by definition
(7) {seg(p;) =
{splicedt [m;,j; n;,j]}0§i<”ty,j U {splicedp[m;j;n;j; Ti ] Yo<icny, }ieL
by definition
(8) Mpat = ZjeLNpat,] by definition
9) {{A F parseUTyp(subseq(b; m; ;1)) ~ T/ type}o<icny, }jeL
by IH over (5) and (7)
(10) {{@ Y 4 v 7 typeocicn,, Hel by IH over (5) and (7)
pat
11 {{A ¢ parseUPat(subseq(b; m; i; ni,j)) v P Tl fi,j}0§i<npat,]-}j€L
by IH over (5) and (7)
12) {I; = Wo<icnpa, [ i}ieL by IH over (5) and (7)
(13) WieL T} = Wicr Wien,,, Tij by definition and (12)
The conclusions hold as follows:
L. Ujer Uieny,; 9,
2. Ujer Uien,,,; (10);
3. UjeL Uienpat,j (11)1',]'
4. (13)
Case (B.12d).
(1) p = prinjp[l] (PN by assumption
(2) p=injp[l](pH by assumption
B) t=sum({i = T}icp; 0 — T by assumption
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@) p~p:TAHPD by assumption
(5) seg(prinjp[l](p")) = seg(p’) by definition

(6) seg(p’) = {splicedt|m};n]}o<i<n, U {splicedp[m;;n; 4]} o<icny
by definition

) {A F parseUTyp(subseq(b; m/;n’)) ~ T/ type}0§i<nty by IH on (4) and (6)

8) {@ FAb & s T type}0<l<npat by IH on (4) and (6)
{A Fé parseUPat(subseq(b;mi;nl-)) ~ picT Al fi}0§i<npat
by IH on (4) and (6)
(10) I = Ho<i <o I by IH on (4) and (6)
The conclusions hold as follows:
1. (7)
2. (8)
3. 9)
4. (10)
Case (B.12e).
(1) p = splicedp[m;n; 1] by assumption
2 @ FAib 3 o T type by assumption
(3) parseUPat(subseq(b;m;n)) = p by assumption
@) Argp~p:TATL by assumption
(5) seg(splicedp|m;n;t]) = seg(T) U {splicedp[m;n;T|}
by definition
(6) seg(t) = {splicedt[m};n]}o<i<n, by definition
(7) {(D; Aapp) = parseUTyp(subseq(b; m;; n;)) ~ Tj typeo<i<n
by Lemma B.5.6 on (2)
and (6)

The conclusions hold as follows:
1. (7)
2. (2)
3. (3) and (4)
4. This conclusion holds by (4) because npat = 1.
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[

Theorem B.5.10 (spTLM Abstract Reasoning Principles). If A g 4 ‘() “ ~ p: THIT
where A = (D; A) and T = (G;T) then all of the following hold:

1. (Expansion Typing) & = &',4 ~ x — sptIm(T; eparse) and p : T HIT

2. (Responsibility) b |Body €pody 14 eparse(€pody) I inj[SuccessP] (eproto) and eproto Tprpat
P
3. (Segmentation) seg(p) segments b

4. (Segment Typing) seg(p) = {spllcedt[ ;]}0§i<nty U{splicedp|m;;n;; F[\“-i]}ofi<npat
and

(a) {A F parseUTyp(subseq(b; m!;n})) ~> 1/ type}o<i<n, and {A & 7/ typeto<icn,,
(b) {@ 50 %~ T typebo<icn,, and {A & T typelo<icn,,

(c) {A Fé parseUPat(subseq(b;mi;ni)) ~ ppoo Tl <gi;ri>}0§i<nmt and {p; :
T W Tio<icnyu

5. (Visibility) G = Wo<i<n,, Gi and T = Uo<i<n,, L'

Proof. By rule induction over Rules (B.8). There is only one rule that applies.

Case (B.8f).
1) A Fead ‘() ~p:THl r by assumption
2) & =334~ x — sptim(T; €parse) by assumption
@) p:7AT by Theorem B.5.3 on
(1)
(4) b IBody €body by assumption
(5) eparse(€body) I inj[SuccessP] (eproto) by assumption
(6) eproto TPrPat P by assumption
(7) seg(p) segments b by assumption
@ p~p:t SAAdy by assumption
(9) seg(p) = {splicedt[m];n}]} o<i<n, U {splicedp[m;;n;; }o<icny,
by definition
(10) {A + parseUTyp(subseq(b; m};n})) ~~ type}0§i<nty by Lemma B.5.9 on (8)
and (9)
(11) {AF 7 type}o<icny by Lemma B.5.1, part
1 over (10)
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(12) {@ AP 4~ 7 type}o<icny by Lemma B.5.9 on (8)
and (9)

(13) {AF 7 type}o<icipy by Lemma B.5.1, part
2 over (12)

(14) {A 4 parseUPat(subseq(b; m;; n;)) ~ p; : 7 I fi}0§i<npat
by Lemma B.5.9 on (8)
and (9)

(15) {pi: T A Ti}o<icnpn by Theorem B.5.3 over
(14)

(16) g = h‘Jogi<npat Giand I' = U0§i<npat I; by Lemma B.5.9 on (8)
and (9)

The conclusions hold as follows:

1. (2) and (3)

2. (4) and (5) and (6)

3. (7)

4. (9) and
(a) (10) and (11)
(b) (12) and (13)
(c) (14) and (15)

. (16)

1
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