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Abstract

A common analytical technique involves using a Coxian distribution to model a general distribution G,
where the Coxian distribution agrees with G on the first three moments. This technique is motivated by
the analytical tractability of the Coxian distribution. Algorithms for mapping an input distribution G to
a Coxian distribution largely hinge on knowing a priori the necessary and sufficient number of stages in
the representative Coxian distribution. In this paper, we formally characterize the set of distributions G
which are well-represented by an n-stage Coxian distribution, in the sense that the Coxian distribution
matches the first three moments of G. We also discuss a few common, practical examples. Lastly, we
derive a partial characterization of the set of busy period durations which are well-represented by an
n-stage Coxian distribution.
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1 Introduction

Background

Approximating general distributions by phase-type (PH) distributions has significant application in the
analysis of stochastic processes. Many fundamental problems in queueing theory are hard to solve when
general distributions are allowed as inputs. For example, the waiting time for an M/G/c queue has no nice
closed formula when ¢ > 1, while the waiting time for an M/M/c queue is trivially solved. Tractability
of M/M/c queues is attributed to the memoryless property of the exponential distribution. A popular
approach to analyzing queueing systems involving a general distribution G is to approximate G by a PH
distribution. A PH distribution is a very general mixture of exponential distributions, as shown in Figure 1
[19]. The Markovian nature of the PH distribution frequently allows a Markov chain representation of
the queueing system. Once the system is represented by a Markov chain, this chain can often be solved
by matrix-analytic methods [20, 16], or other means.

When fitting a general distribution G to a PH distribution, it is common to look for a PH distribution

which matches the first three moments of G. In this paper, we say that:

Definition 1 A distribution G is well-represented by a distribution F' if F' and G agree on their first

three moments.

It has been shown that matching three moments is sufficient for accurate modeling of many computer
systems [9, 22]. Matching fewer moments is less desirable since some queueing systems, e.g. the
H,/M /1 queue, have response times which are heavily dependent on the third moment of H, [30, 11].

Most existing algorithms for fitting a general distribution G to a PH distribution, restrict their atten-
tion to a subset of PH distributions, since general PH distributions have so many parameters that it is
difficult to find time-efficient algorithms for fitting to them [29, 13, 12, 25, 18]. The most commonly
chosen subset is the class of Coxian distributions, shown in Figure 2. Coxian distributions have the
advantage of being much simpler than general PH distributions, while including a large subset of PH
distributions without needing additional stages. For example, for any acyclic PH distribution P,,, there
exists a Coxian distribution C,, with the same number of stages such that P, and C,, have the same

distribution function [5]. In this paper we will restrict our attention to Coxian distributions.

Motivation and Goal

When finding a Coxian distribution C which well-represents a given distribution G, it is desirable that C
be minimal, i.e., the number of stages in C' be as small as possible. This is important because it minimizes

the additional states necessary in the resulting Markov chain for the queueing system. Unfortunately, it



Figure 1: A 4-stage PH distribution. There are n = 4 states, where the sth state has exponentially-
distributed service time with rate y;. With probability py; we start in the sth state, and the next state is
state j with probability p;;. Each state ¢ has probability p;o that it will be the last state. The value of the
distribution is the sum of the times spent in each of the states.
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Figure 2: An n-stage Coxian distribution. Observe the recursive definition: with probability 1 — pq, the
value is zero, and with probability p1, the value is an exponential random variable with rate 1, followed
by an (n — 1)-stage Coxian distribution.

is not known what is the minimal number of phases necessary to represent a given distribution G by a
Coxian distribution. This makes it difficult to evaluate the effectiveness of different algorithms and also
makes the design of fitting algorithms open-ended.

The primary goal of this paper is to characterize the set of distributions which are well-represented

by an n-stage Coxian distribution, for eachn =1,2,3,....

Definition 2 Let S denote the set of distributions that are well-represented by an n-stage Coxian

distribution for positive integer n.

Our characterization of {S(),n > 1} will allow one to determine, for any distribution G, the minimal
number of stages that are needed to well-represent G by a Coxian distribution.? Such a characterization
will be a useful guideline for designing algorithms which fit general distributions to Coxian distributions.
Another application of this characterization is that some existing fitting algorithms, such as Johnson and

Taaffe’s nonlinear programming approach [13], require knowing the number of stages » in the minimal

1One might initially argue that $¢?, the set of distributions well-represented by a two-stage Coxian distribution, should
include al distributions, since a 2-stage Coxian distribution has four parameters (p1, p2, w1, p2), whereas we only need to
match three moments of G. A simple counter example shows this argument to be false: Let G be a distribution whose fi rst
three moments are 1, 2, and 12. The system of equations gives two solutions for parameters (p2, p1, p2) as functions of p;.
However, in both solutions, one of 1 and p2 isp1 — (1 + 1/4(p1 — 1)? + 1)/2, which isnot positive for al possible choices
of p1.



Coxian distribution. The current approach involves simply iterating over all choices for n [13], whereas
our characterization would immediately specify n.

A secondary goal of this paper is to specify the necessary and sufficient number of stages needed
to well-represent busy period durations by Coxian distributions. Fitting busy period durations to Cox-
ian distributions has become relevant recently in the solution of common computer systems problems
involving cycle stealing, see [9, 22]. In [9, 22], transitions between states in a Markov chain represent
busy period durations, which are modeled via Coxian distributions for tractability. In addition to standard
busy periods, it is also common to model the busy period started by IV jobs. This paper will specify the
number of stages needed to well-represent such busy periods by Coxian distributions.

Providing sufficient and necessary conditions for a distribution to be in (™) does not always imme-
diately give one a sense of which distributions satisfy those conditions, or of the magnitude of the set of
distributions which satisfy the condition. A third goal of this paper is to provide examples of practical
distributions which are included in S for particular integers .

In finding simple characterizations of S(™), it will be very helpful to start by defining an alternative

to the standard moments, which we refer to as normalized moments.

Definition 3 Let X be a distribution and E[X*] be the k-th moment of X for & = 1,2, 3. The normalized

second moment mq of X and the normalized third moment ms of X are defined to be
E[X?]

mQZW and mg3 =

E[X3]
E[X]E[X?]

Notice the correspondence to the squared coefficient of variability, C'2, and the skewness factor, Y me =
C? + 1 and m3 = v, /ma.

Relevant previous work

Al prior work on characterizing S(™) has focused only on characterizing $(2)", where S@" is the set
of distributions which are well-represented by a 2-stage Coxian distribution, where the definition of the
two-stage Coxian distribution used is more restrictive than our definition — specifically, there is no mass
probability at zero, i.e. p; = 1. Observe S@&" c §®). Altiok [2] showed a sufficient condition for
a distribution G to be in S)". More recently, Telek and Heindl [28] expanded Altiok’s condition and
proved the necessary and sufficient condition for a distribution G to be in S(2". While neither Altiok
nor Telek and Heindl expressed these conditions in terms of normalized moments, the results can be
expressed much simpler with our normalized moments, as shown in Theorem 1. In this paper, we extend

these results to characterize S$(2), as well as characterizing S, for all integers n > 2.



Our results

While the goal of the paper is to characterize the set S(™), this characterization turns out to be ugly. One
of the key ideas in the paper is that there is a set S‘(}l) c S which is very close to S in size, such
that SS‘) has a very simple specification via normalized moments. Thus, much of the proofs in this paper

revolve around S‘(,”).

Definition 4 For integers n > 2, let S‘(}’) denote the set of distributions with the following property on

their normalized moments: m9 and mg:

n—+ 2
mo.
n—+1 2

(1)

n
mg > —— and mg >
n—1

The main contribution of this paper is a derivation of the nested relationship between S‘(,") and S(™ for
all n > 2. This relationship is illustrated in Figure 3 and proven in Section 3. There are three points to
observe: (i) S(™ is a proper subset of S(™*1) for all integers n > 2, and likewise Sg,") is a proper subset
of SI™: (i) S{™ is contained in S™ and close to S in size; providing a simple characterization
for SM; (iii) S is almost contained in S{" ™™ for all integers n > 2 (more precisely, we will show
s ¢ S€,"+1) UE™), where E(™ is the set of distributions well-represented by an Erlang-n distribution).
This result yields a necessary number and a sufficient number of stages for a given distribution to be well-
represented by a Coxian distribution. Additional contributions of the paper are described below:

With respect to the set S(2), we derive the exact necessary and sufficient condition for a distribution
G to be in S as a function of the normalized moments of G. This extends the results of Telek and
Heindl, who analyzed S®", which is a subset of S(2). (See Section 2).

We next investigate the fitting of M/G/1 busy periods by Coxian distributions. Let B denote the
duration of an M/G/1 busy period where G is an arbitrary distribution with finite third moment and
where the size of the job starting the busy period is in SS‘). We prove that any such B has distribution
in S‘(}l). This is surprising in that the number of stages which suffice to represent the busy period is
determined solely by the first job starting the busy period, which may be a simple setup cost, and it is not
required to consider the distributions of the other jobs in the busy period. Furthermore, let B 5 denote
the duration of an M/G/1 busy period where G is an arbitrary distribution with finite third moment and
where the busy period is started by N jobs with service time distribution in S‘(/”) where N is the number
of Poisson arrivals during a random variable with distribution in S‘(}l). We prove that any such By is in
S‘(,") . (See Section 4).

Lastly, we provide a few examples of common, practical distributions included in the set S‘(,") C

S All distributions we consider have finite third moment. The Pareto distribution and the Bounded



Figure 3: The main contribution of this paper: a simple characterization of S{™) by S‘(,"). Solid lines
delineate S (which is irregular) and dashed lines delineate S$,”) (which is regular — has a simple
specification). Observe the nested structure of S and S, S is close to S™) in size and is contained
in 5. $() is almost contained in S\,

Pareto distribution (as defined in [7]) have been shown to fit many recent measurement of job service
requirement in computing systems, including HTTP requests [3, 4], UNIX jobs [17, 8], and the duration
of FTP transfers [23]. We show that the Bounded Pareto with high variability is in S(2). We also provide
conditions under which the Pareto and uniform distributions are in S$,") for each n > 2. (See Section

5).2

2 Full characterization of S

The Telek and Heindl [28] result may be expressed in terms of normalized moments as follows:

Theorem 1 (Telek, Heindl) G € S®" iff G is in the following union of sets:?

3
{9m2 — 12+ 3V2(2 —my) 2 <ma < 6(ms — 1)
ma ma2

20ur results show that the fi rst three moments of the Bounded Pareto distribution are matched by a two-stage Coxian
distribution and the fi rst three moments os the Pareto distribution with high variability are matched by a Coxian distribution
with a small number of stages. Note however that this does not necessarily imply that the shape of these distributions is
well-matched by a Coxian distribution with few stages, since the tail of these distributions is not exponential. Recently, fi tting
the shape of heavy-tailed distributions by phase-type distributions such as hyperexponential distributions has been studied
[6, 27, 15].

3Throughout this paper, {conditions on normalized moments} denotes the set of distributions that satisfy the conditions.
For example, {£m2 < ms N 2 < ms} denotes set { X|2m3" < m3 and2 < m3 }.

3 3
n 5§m2<2} U {ms =3 N my =2} U {5m2<m302<m2}.



Since only an outline of a proof is given in [28], we derive our own proof of Theorem 1 in Appendix A

for completeness. We now show a simpler characterization of S(3):

Theorem 2 G € S@ iff G is in the following union of sets:

4 6(m2—1) 3 2
{§m2§m3STQ N §Sm2§2} U S‘(,), 2

where recall S‘(/Z) is the set: {%mQ <mz N2< mg}.

A summary of Theorems 1 and 2 is shown in Figure 4. Figure 4(a) illustrates how close S(2) and S‘(f)

are in size. Figure 4(b) shows the distributions which are in S but not S®)".

my my

S(2)\ &

PG
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Figure 4: (a) The thick solid lines delineate $(2). The dashed lines (striped region) show S‘(/Q) c 8O,
(b) Again, the thick solid lines delineate S(2). The shaded area shows the region S \ §(2)",

Proof:[Theorem 2] The theorem will be proved by reducing S to ()" and employing Theorem 1. The
proof hinges on the following observation: An arbitrary distribution G € S iff G is well-represented
by some distribution Z, where

7 X with probability p
0  with probability 1 — p

for some X € S, It therefore suffices to show that Z is in set (2).

Let mZ be the normalized i-th moment of Z and m;X be the normalized i-th moment of X for
i = 2,3. Observe that E[Z*] = pE[X"] fori = 1,2,3 and mZ = ";Tf fori =2,3.

By Theorem 1, since X € S@”, X is in the following union of sets:

3
9mas — 12+ 3v/2(2 — ma) 2 3 3
m2 + 3v2(2 —m2) <ma< 227 ) 42 <y <2 U{m3:3ﬁm2:2}U{—m2<m302<m2}.
mo mo 2 2



Thus, Z is in the following union of sets:*

3
9pma — 12 + 3v2(2 — 3 6 -1 3 2 3 2 2 2
pma +\/_( pmg) Sm3<Mm_§m2<_ U{mg:—ﬂmQZ:—}U{—m§<m3Zﬂ—<mgz} 3
% p > 2 P

pima - pPma P
We want to show that Z is in set (2). To do this, we rewrite set (2) as

{%mzfmaf% n gSmQSZ} U {%m2§m3§2m202<m2} U {gm2<m3ﬂ2<m2} 4

Observe that (3) and (4) are now in similar forms. We now prove that set (3) is a subset of set (4), and

set (4) is a subset of set (3). The technical details are postponed to Appendix C, Lemma 9.2. =

3 A characterization of S

In this section, we prove that S‘(}’) is contained in S(™), where 53’) is the set of distributions whose
normalized moments satisfy (1) and that S is almost contained in S‘(/”H). Figure 6 provides a graphical

view of the S‘(}l) sets with respect to the normalized moments. We prove the following theorem:

Theorem 3 S\ c S™ ¢ S{TVUE®), where E(™) is the set of distributions that are well-represented

by an Erlang-n distribution for integers n > 2.

An Erlang-n distribution refers to the distribution shown in Figure 5. Notice that the normalized moments

RoROEEOn

n stages

Figure 5: An Erlang-n distribution.

of distributions in E(™, mZ™ and m3E("), satisfy the following conditions:

n 2
and mf():nz . ®)

n+1

EM™) _
msy =

Theorem 3 tells us that S is “sandwiched between” S\™ and SV, From Figure 6, we see
that S‘(,") and S‘(,"“) are quite close for higher n. Thus we have a very accurate representation of S,

Theorem 3 follows from the next two lemmas:

“4{conditions on normalized moments in terms of p} denotes the set of distributions that satisfy the conditions for some p.
For example, { £my < ms N 2< ms } denotes set { X|3pst.0 <p < land Em3 < m3 and 2< m3 }.
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Figure 6: Depiction of S$,”) sets for n = 2, 3,4, 32 as a function of the normalized moments. The outer-
most dotted lines (my > 1 and ms3 > my) delineate the set of all the possible nonnegative distributions
(that is, any nonnegative distribution G satisfies m§ > 1 and m§ > m§) [14]. S‘(}l) forn =2,3,4,32
are delineated by dashed lines.

Lemma3.1 S®™ c §{D Uy M),
Lemma3.2 S c 5™,

Proof:[Lemma 3.1] The proof proceeds by induction. When n = 2, the lemma follows from (1), (5),
and Theorem 2. Assume that S c 581“) U E®™) for n < k — 1. For any distribution G € S*), there
exists a k-stage Coxian distribution Z by which G is well-represented, where Z can be expressed as

X +Y with probability p
0 with probability 1 — p,

and where X is an exponential distribution and Y is a (k — 1)-stage Coxian distribution. By the as-
sumption of induction, ¥ € S{¥ U E®=1. We prove that (i) if Y € S{¥), then Z € SV and (i) if
Y € E®=1) then Z € SV U B,

(i) Suppose Y € S‘(f): We first prove that m# > % First observe that

7 2+ 2EV]+ BlY? 2+ 2B[Y]+ e BlY]
> p(L+ E[Y])? p(1L+E[Y])* 7

where the inequality follows fromY € S‘(,k). The derivative of the right hand side with respect to E[Y']
is
2(E[Y] - (k—1))
p(k—1)(1 + E[Y])*’




which is minimized when E[Y] = k — 1. Thus,
E+1 _k+1
zZ
— >
my > ok = &

4
Next, we prove that =3 > %43 for all m§ > %£L. Notice that % is independent of p:
2 2

mf _ (6+6E[Y] +3E[Y?] + E[Y*])(1 + E[Y))
m§ (2+2E[Y] + E[Y?])? '
Slnce 73 js an increasing function of E[Y3], it is minimized at E[Y3] = ﬁ E[[ 2}2 sinceY € S( )
Thus,
m¥ 5 (1+ E[Y])(6(k + DE[Y] + 6(k + VE[Y]? +3(k+ 1)E[Y]E[Y?] + (k + 2)E[Y?]?) 5
mZ = (k+1)E[Y](2 + 2E[Y] + E[Y?])2 - ©

Denoting the r.h.s. of (6) by f(E[Y2]), we now find E[Y 2] which minimizes f(E[Y?]). Since

?

df(E[v?]) _ (1+E[Y]) ((4+4E[Y] + (k+1)(4 + EY])E[Y?] - 6(k + DE[Y](1 + E[Y)))
dE[Y?] (k+ 1)E[Y](2 + 2E[Y] + E[Y2))?

the infimum of f(E[Y?]) occurs at:

- 6(k + VEY|(L+EY]) &k
BT = max{4 A+ (k+ )4 + E[Y]) k= 1E[Y]2} '

By evaluating =% at E[Y?] = 2 E[Y]?, we have

mf _ (L4 BIY]) [6(k + 1)(k = 1)* +6(k + 1)(k — 1)2E[Y] + 3(k + Dk(k — DEYT + K(k + 2 B[V ]
mf = (k+1)[2(k — 1) + 2(k — 1)E[Y] + kE[Y]?]?

By Lemma 9.5 in Appendix C, —§ > ’“i By evaluating — Z at
my

_ 6(k+1EY](1 + E[Y])
BV = 2B+ b D@+ B

we have
mi _ 3[8(1+ E[Y)) + (k+1)(8 + 5E[Y])] S k+3

7 2 162+ k)(1+ E[Y)) Zhye

where the last inequality holds iff E[Y] < kg_fg However, E[Y] < ksfg holds if

3

6(k + 1) E[Y](1 + E[Y)) k
TTAEY ]+ e DA Ey) ot




since

6(k+ DEYIA+EN]) &
4+4EY]+(k+1)4+E[Y]) — k-1
< g(E[Y]) = (k* + 5k)(E[Y])? = 2(k* — 4k = 3)E[Y] = 6(k +1)(k—1) <0

B[y}

and g(0) < 0and
>0

( 8k ) 6(k + 1)(k + 3)(7k*> — 6k + 27)
E+9 (k +9)2
for k > 2.

(ii) Suppose Y € E*—1): We will prove that (a) if E[Y] = (k — 1)E[X] and p = 1, then Z € E®),
and (b) if E[Y] # (k — 1)E[X] orp < 1, then Z € S¥™): For part (a), observe that if Y € E(k-1),
E[Y] = (k — 1)E[X], and p = 1, then we have already seen that mZ = % in part (i). It is also easy
to see that m3 = &2 and hence Z € E®. For part (b), if E[Y] # (k — 1)E[X] or p < 1, then first
notice that m% > £+L since m# is minimized when E[Y] = (k — 1)E[X] and p = 1. Also, since

T
k+1 _ k+2
mrys = kEL k42
V) =——>
Z
Z_% ki by part (i), and henceZeS(’“H) .

Proof:[Lemma 3.2] When n = 2, the lemma follows from Theorem 2. The remainder of the proof
assumes n > 3. We prove that for any distribution G € S(”) there exists an n-stage Coxian Z such that
the normalized moments of G and Z agree. Notice that the mean of Z is easily matched to G without
changing the normalizing moments of Z by multiplying a constant to the rates, u1, ..., 4n, 0f Z. The
proof consists of two parts: (i) the case when the normalized moments of G satisfy m§ > 2m$ — 1; (ii)

the case when the normalized moments of G satisfy m§' < 2m§ — 1.

(i) Suppose G € S‘(}’) and m§ > 2m§ — 1: We need to show that G is well-represented by some n-
stage Coxian distribution. We will prove something stronger: that G is well-represented by a distribution
Z where Z = X + Y, and X is a particular two-stage Coxian distribution with no mass probability at
zero and Y is a particular Erlang-(n — 2) distribution. (For the intuition behind this particular way of
representing G, please refer to [21]). The normalized moments of X are chosen as follows:

x _ mEm-3)-(n-2),
2 m§(n—2)—(n—-1)

G
m¥ = ((n—)mf - m—mﬂm—mmg—m—mfg%

—(n = 2)(m3 = 1) (n(n = 1)(m3)? = n(2n = 5)m3 + (n—1)(n - 3))

3/~

10



The mean of Y is chosen as follows: E[Y] = (n—2)(m# —1)E[X]. Itis easy to see that the normalized
moments of G and Z agree:

z _ my+2y+miy* o
my - 2 =My
(1+y)
z _ mEmg +3mFy+3myyi +mimiy® 4
my = X Y, 2 =Mmg;
(my + 2y +m3 y?)(1 +y)
where m) = 2=1 and m} = - are the normalized moments of Y, and y = % Finally, we will

show that there exists a two-stage Coxian distribution with no mass probability at zero, with normalized
moments m3 and m3 : By Theorem 1, it suffices to show that m3" > 2 and m3 > 3m3". The first
condition, m3 > 2, can be shown using -2 < mg’, which follows from G € S‘(}l). It can also be shown
that m3 > 2m3° —1 > 3m3" using -5 < m§ and m§ > 2m§ — 1, which is the assumption that we
made at the beginning of (i).

(ii) Suppose: G € S‘(,”) and m§’ < 2m§ — 1: We again must show that G is well-represented by an
n-stage Coxian distribution. We will show that G is well-represented by a distribution Z:

7 F with probability p
0  with probability 1 — p,

where p = 2—%G1_—m3@ and the normalized moments of F satisfy mZ = pm$ and mi = pm§. Itis
easy to see that the normalized moments of G and Z agree. Therefore, it suffices to show that F' is
well-represented by an n-stage Coxian distribution W, since then G is well represented by an n-stage
Coxian distribution Z:
4 { W with probability p
0  with probability 1 — p.

We will prove that F' is well-represented by an n-stage Coxian distribution W = X + Y, where X isa
two-stage Coxian distribution with no mass probability at zero and Y is an Erlang-(n — 2) distribution.

The normalized moments of X are chosen as follows:

and m3 =2my —1;

the mean of Y is chosen as follows: E[Y] = (n—2)(ma — 1) E[X]. Itis easy to see that the normalized
moments of " and W agree:
X Y, 2
mFm3 +3ma'y +3m3 y: +mImiy®
(m3 + 2y +m3'y?)(1 +y)

F,
)

my =

11



where my = 2=1 and m} = - are the normalized moments of Y, and y = % Finally, we

will show that there exists a two-stage Coxian distribution with normalized moments m2* and m3: By
Theorem 2, it suffices to show that % < m§, since

4 6(mx —1
2
- G -
Since G € S™, m§ < m2m§. Thus, mf > "2 —5 = ™H. Finally, mg" > § follows from
5= nims

my >t .

4 A characterization of busy periods

In this section we characterize the set of M/G/1 busy period durations which are in S‘(/"), and hence in

S(™) . As explained earlier, the tractability of queueing problems often relies not just on representing
general distributions by Coxian distributions, but also on representing busy period durations by Coxian
distributions [9, 22]. This includes busy periods started by /N jobs, where NV is the number of arrivals
during a period of time. This section provides sufficient conditions on the number of stages needed to
represent common types of busy period durations by Coxian distributions. Formally, we will prove the

following theorems:

Theorem 4 Let B denote the duration of an M/G/1 busy period where G is an arbitrary distribution
with finite third moment and where the job starting the busy period has size K € S‘(/”). Then, B € SS‘).

The above theorem states that the number of stages which suffice for a busy period duration to be well-
represented by a Coxian distribution is, surprisingly, determined solely by the distribution of the first job

in the busy period.

Lemma 4.1 Let ¥ (T, X) be the distribution of the sum of N i.i.d. random variables with distribution
X € S‘(}” where N is the number of Poisson arrivals with rate A during a random time 7" € S‘(/”). Then,
Uy (T, X) € S,

The following theorem follows from Theorem 4 and Lemma 4.1.

Theorem 5 Let By, denote the duration of an M/G/1 busy period where G is an arbitrary distribution
with finite third moment and where the busy period is started by ¥ 5 (7', X) as defined in Lemma 4.1.
Then, By, € SS”.

12



We will now prove Theorem 4 and Lemma 4.1.

Proof:[Theorem 4] When p =0, B = K € S‘(,”), and hence the theorem is true. In the following we

E[B?] E[B?]

assume 0 < p < 1. Letby = (pppz and by = (grpyys- We prove that b, > ;5 and by — ntLp2 > 0.

Observe that together these imply the conditions in (1). Notice that the first three moments of B are

BB = o

 _ EKY . EKIEGY
BT = G a—p ma

o EKY . 3p EKUEGY . p EKEGY | 3 E[K)EG)?
BBl = @t a-pr mG Ta-pf EG] T A-pF  (EQ)

It is easy to see that by > -I:

_ p_ ElG] n
by = ko + l—pQQE[K] > ko > n_1’
where kg = % and gs = % Next, we prove that b — ”T“bg > 0. Note that
B 30 E[G] p E[G]\* | 30 ,(EG]\’
N e T (E[K] - \EK])

3 3
where k3 = % and g3 = %g Thus,

n+l, n+1l,, n—2 p E[G] p E[G]\®> 2n—-1 p? E[G]
bs b= k- ke T—,2R2 g T 1,7 \ FlR] n 1-p2® \EK]
1
> k‘3—n:; k3 > 0.

Proof:[Lemma 4.1] Let py = (ohy (T30l and ps = (Zpr (X

)]
N TaX)]

5 We prove that p, >

—~—

ps — pd > 0.

" _ and

Notice that the Laplace transform of Uy (T, X) is Un (T, X) = T(A(1 — X(s))). Thus, the first

three moments of ¥ 5 (7', X) are

E[WN(T,X)] = ME[T]|E[X];
E[ON(T,X)? = ME[T?|E[X]? + \E[T]|E[X?];
E¥N(T,X)’] = XE[T?]E[X]®+ 3NE[T°|E[X]|E[X?] + AE[T)E[X?].

13



It is easy to see that pp > "

n
P2 2+)\E[T]> L

where ty = (E% ])]2 and x5 = (55%]2. Next, we prove that p; — “1p2 > 0. Note that

3t2.€1&'2 I3
=1t .
=0T 3ERX] T BT

where 3 = % and z3 = % Thus,

n+1, n+1 n+1\ toxs z3 — 2tlg2
- = ty — t 3—-2 n 0.
Pem P @ 7LJ+( n>wm+<wmv>

5 Examples of some common distributions in S

In this section, we give examples of distributions in ngn) c S™), and hence are well-represented by an

n-stage Coxian distribution. A summary is shown in Figure 7.

5.1 Distributionsin S®

It is well-known that for all two-phase PH distributions G, there exists a two phase Coxian distribution
F such that G and F has the same distribution function, and hence G € S®. In the following, we show
that the Bounded Pareto distributions with high variability are also in S2).

A Bounded Pareto distribution has density function

o
k (k <z <p),

where 0 < a < 2. Bounded Pareto distributions have been empirically shown to fit many recent mea-

J@) = az o

surement of computing workloads. These include Unix process CPU requirements measured at Bellcore:
1 < a < 1.25 [17], Unix process CPU requirements measured at UC Berkeley: o = 1 [8], sizes of files
transferred through the Web: 1.1 < o < 1.3 [3, 4], sizes of files stored in Unix filesystems [10], I/O
times [24], sizes of FTP transfers in the Internet: .9 < o < 1.1 [23], and Pittsburgh Supercomputing

14
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Figure 7: A summary of the results in Section 5. A few particular distributions are shown in relation
to Sg‘). BP refers to the class of bounded Pareto distributions with high variability described in Defi-

nition 5. All of these are contained in S‘(,Q). UNIFORM refers to the class of all uniform distributions
described in Definition 6. We find that the larger the range of the UNIFORM distribution, the fewer
the number of stages that suffices. TRIANGULAR refers to the set of symmetric triangular distributions,
described in Definition 7. These interestingly have the same behavior as the UNIFORM distribution.
Finally, PARETO refers to the class of Pareto(«) distributions with finite third moment, described in Def-
inition 8. For this class, we find that the lower the value of the «-parameter, the fewer the number of
stages that are needed.

Center workloads for distributed servers consisting of Cray C90 and Cray J90 machines [26]. In this
section, we prove the necessary and sufficient condition for a Bounded Pareto distribution to be in S‘(/Z).

Formally, we use the following definition:

Definition 5 BP is a set of Bounded Pareto distributions satisfying 0 < a < 2 and r = £ is greater

than the maximum of the two lines shown in Figure 8.

200

— 'Tb>2

. n&/n}24/3
A
1501,
'
< 1
a '
E \
2 100 g
£ |
el

5
OO 0.5 1 15 2
a

Figure 8: The maximum of the two lines illustrates the lower bound needed on r = £ in the definition of
the BP distribution. These lines are derived from (7) and (8).

With this definition, the theorem proven in this section is stated:
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Theorem 6 BP C S?) and BPC n S? = ¢, where BPC is the set of Bounded Pareto distributions
not in BP and () is an empty set.

Proof: Let mZX be the normalized i-th moment of a distribution X € BP for i = 2,3. When o = 1, the
moments of the Bounded Pareto are

k 1
BIX] = _pk log %, E[X?] = kp, and E[X’] = Jkp(k+p).

Thus,

x (r—1)2 x (r=1D0r+1) m§  (r+1)logr
2 r(logr)?’ ™3 2rlogr and mx 2(r—1) )

When0 < a < 1orl < a < 2, the moments of the Bounded Pareto are

p -2 20 B gy o PG) R ey 2 70) R

- S

Thus
x _ (1-a)? (r* = 1)(r* —r%) x_ (1—a)2—0a) (r*—1)(* —r%)
27 a(2-0) (r —re)? and - mg = a(3—a) (r—ro)(r2 —ra)’ ®
and
my 2-a)2 (r—r2)(r—r%
myX — (1—-a)3-a) (r2—ro)?2
By Lemmas 9.6-9.9 in Appendix C, both m¥ and are increasing functions of . This makes

intuitive sense since the higher moments are likely to mcrease as the upper bound p (and thus r) increases.
X

Thus, the minimum r such that m% > 2 and :—2{ > % can be obtained numerically for all « if there
2

exists such a finite r. In the following we prove that there is such an r for 0 < a < 2. When a = 1,

X
it is easy to see that as r goes to infinity, both m2 and ﬂs— go to infinity. Thus, there is a finite r such

that m > 2 and > 4 . Next, consider the case with O <a<lorl < a< 2. Byobserving that

0<a<?2itis easy to see that ma goes to infinity as r does. Thus, there is a finite r such that ma’ > 2.

X
Next, we consider :—?;( Observe that
2

N2
mZ _ % when (0<a<1)
00 when (1< a<?2).

X
Thus, there is a finite r such that 3 > 4 forl < a < 2. When0 < a < 1, afinite r gives —X > % if
2

2
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and only if % > 4. However, since
(2 — a)? 4
m > g = 0 < O[(Oé — 4)

X
There is a finite r such that :—i >2for0<a<1,too. wm
2

5.2 Distributionsin S

In this section, we give examples of distributions in S It is known that for all acyclic PH distributions
P, there exists a Coxian distribution C,, with the same number of phases as P, such that C,, and P,
have the same distribution function [5]. Therefore, all the n-phase acyclic PH distributions are in (™).
In the rest of this section, we discuss uniform distributions, symmetric triangular distributions, and
Pareto distributions. In particular, we derive the necessary and sufficient condition for these distributions

to be in S‘(,”). Formally, we use the following definitions:

Definition 6 UNIFORM/(l,u) refers to the distribution with lower bound / and upper bound v > 0

having density function f(x) = ﬁ in the region [ < x < w and zero otherwise.
Definition 7 TRIANGU LAR(l,u) is the distribution with density functions of the form

(L)(”’—l) if 1< o< ut

u—lI
f(z) = —(%)(m—u) if “H <z <u

0 otherwise,

where 0 < <wuandu > 0.

Definition 8 PARETO(«) is the distribution with density functions of the form f(z) = az =%, where

a> 3.

With these definitions, the three distributions are formally characterized as follows:

Theorem 7 The normalized moments of UNIFORM (I, u) satisfy 1 < mqy < % and m3 = 3 — m% for

al0 <l <wandu > 0.

Theorem 8 The normalized moments of TRIANGU LAR(l,u) satisfy 1 < mqy < % and ms3 = 3 — m%
forall0 <l <wandu>0.

17



Theorem 9 The normalized moments of distributions in PARET O(«) satisfy

—2m3 + 3mg + 2(ma — 1)\/ma(my — 1)
4 — 3m2

4
1<m2<§ and mg3 =

for all o > 3.

Simple consequences of the theorems are:

Corollary 1 UNIFORM (I,u) € S if and only if n > SU2redet2mdsl) where r = L. 1n

particular, n =8 ifl=0and u > 0,and n > 8 forall 0 < [ < w.

Corollary 2 TRIANGULAR(L,u) € S\ if and only if n > 8208420 t0) where r = L. In

particular, n =8 ifl=0and u > 0,andn > 8 forall 0 < [ < w.
Corollary 3 PARETO(a) € S‘(/") if and only if n > (a — 1)2. In particular, n > 4 for all @ > 3.

Below we prove Theorem 7. Theorems 8 and 9 can be proved very similarly (see Appendix B).

Proof:[Theorem 7] The first three moments of X = UNIFORM (l,u) are E[X] = %
;{;;lf), and E[X3] = f(‘; _ff). and the normalized second and third moments of X are

B[X?) =

14+r+r2473
(1+7r)(1+7r+72)’

X_é1+r+r2

X
T3 )2

and m3 :g

_ 1 i 9. X _ 4 r-1 X i ; ; ;
where r = 5+ Since zzmy = g(T:L—l)g < 0for0 <r <1,my isanonincreasing function of r. So, the

minimum of m2 is given by evaluating it at = 1 and the maximum is given by evaluating it at r = 0.

Thus, 1 < m3 < 5. Also, it is easy to see that m and mgl satisfy mg’ = 3 — mLX n

6 Conclusion

The contribution of this paper is a characterization of the set §(™) of distributions G which are well-
represented by an n-stage Coxian distribution. Prior work has only analyzed S®* ¢ S®, and this
characterization was messy. We introduce several ideas which help in creating a simple formulation
of S("). The first is the concept of normalized moments. The second is the notion of S‘(,”), a nearly
complete subset of S(™) with an extremely simple representation. The arguments required in proving the
above results have an elegant structure which repeatedly makes use of the recursive nature of the Coxian

distributions.
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Our characterization of S(™ provides the minimum number of necessary phases and the sufficient
number of phases for a given distribution to be well-represented by a Coxian distribution, and these
bounds are nearly tight. This result has several practical uses: First, in designing algorithms which fit
general distributions to Coxian distributions (fitting algorithms), the goal is to come up with a minimal
(fewest number of stages) Coxian distribution. Our characterization allows algorithm designers to deter-
mine how close their Coxian distribution is to the minimal Coxian distribution, and provides intuition for
coming up with improved algorithms. We have ourselves benefitted from exactly this point: In a compan-
ion paper [21], we develop an algorithm for finding a minimal Coxian distribution that well-represents
a given distribution. We find that the simple characterization of S{™) provided herein is very useful in
this task. Our results are also useful as an input to some existing fitting algorithms, such as Johnson and
Taaffe’s nonlinear programming approach [13], which require knowing a priori the number of stages n
in the minimal Coxian distribution.

In addition to characterizing those distributions in $(), we also consider which M/G/1 busy periods
have durations in S{™). We find that the number of stages which suffice for a busy period duration to be
well-represented by a Coxian distribution is, surprisingly, determined solely by the distribution of the first
job in the busy period. Furthermore we classify a few examples of common and practical distributions
as being subsets of S(™) for some n.

Future work includes a simple characterization of the set of distributions that are well-represented
by general n-phase PH distributions. It is known that the Erlang distribution has the lowest normalized
second moment among all the n-phase PH distributions [1]. However, a lower bound on the normalized

third moment of n-phase PH distributions is not known.
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A A proof of the Telek and Heindl theorem

In this section, we give a proof of Theorem 1.

Consider a two-stage Coxian distribution X, where an exponential distribution with rate p; is fol-
lowed by an exponential distribution with rate uo with probability p. Let m;X be the normalized i-th
moment of X for ¢ = 2, 3. Without loss of generality, we assume E[X]| = 1. Then,

1 1
1 = - +p_7
M1 2
2 2 2 2
E[X? = p(—.+—+—)+ 1—p (—) 9)
X p o pipe o p 1-7) i
6 6 6 6 6
E[X? = p(—+—+—+—> +(1-p (—)
2 it v g ) T s
Let u = p1 + p2 and v = pype. Then, two solutions of (9) can be expressed as
u+ Vu? —4v u—vu?—4v po(pr — 1)
pp=——5— Po=———5——, and p=—"——,
2 2 ©1
and
u— vVu? —4v u+ Vu? —4v po(pr — 1)
pr=—-—p5— Pp2=———5—— and p=—"——,
2 2 ©1
6—2m% 12—6m Lo . . . .
where u = T X oo X and v = W_ZWLX) The solution is feasible if and only if the following

conditions are satisfied: (i) 41 and M; are real n&mbers, (i) g1, o > 0, (iii) p < 1,and (iv) p > 0. In the
following, we will first express the necessary and sufficient conditions in terms of « and v, and then the
theorem is proven.

The next lemma gives the necessary and sufficient conditions in terms of « and v:

Lemma 9.1 For at least one solution to be feasible, the following conditions are necessary: v < iuQ,
u > 0,v > 0, and v < u. Provided that these conditions are satisfied, the first solution is feasible if and
only ifu > 2 or v < u — 1, and the second solution is feasible if and only if v > v — 1 and u > 2.

Before proving the lemma, we state a few corollaries:
Corollary 4 The second solution is feasible only when the first solution is feasible.
Thus, we only need to consider the first solution.
Corollary 5 The first solution is feasible if and only if
u—1 whenl<u <2
0<v<{ % when2<u<4
Uu when 4 < u.

Proof:[Lemma 9.1] We prove that each of the four conditions for the feasibility of the solution corre-
sponds to one of the conditions in the lemma. Namely, we show (i) v < %uQ iff 41 and uo are real
numbers; (i) w > 0 and v > 0 iff pq, uo > 0; (iii) v < w iff p < 1. Also, provided that these conditions
are satisfied, we show (iv) u > 2orv <u—1iffp>0; (V)v >u—1andu > 2iff p > 0.

(i) and (ii) are immediate from the expression of the solutions.
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(iii) First, we consider the first solution. p < 1 if and only if

po(pp — 1) <1 e u—vVu2—4v [u+Vu?—4dv C1) < u+Vu? —4v — v<u
1 2 2 2
Next, we consider the second solution. p < 1 if and only if
v<u

po (1 — 1) <1 e u+Vu2 — 4 (u—\/u2—4v_1> <u—\/u2—4v —
—_— > <———

1 - 2
. . 2_
(iv) Notice that s, = 2tvu=dv,
p>0 <= m>1 <= Vul—-4w>2-u.
When u > 2, 41 > 1 is always true, and when u < 2,
>l = v -dw>2-u? = u—v>1

. _ 2__
(v) Notice that y1; = “=Y4—12,
p>0 <= p>1 <= Vul—w<u—-2 <<= v’ -w<(u-2%*u>2 < u—-v<lu>2.
| |

Next, we state the condition in terms of m% and mz’. This gives a proof of the theorem.

Proof:[Theorem 1] We prove that the condition in Corollary 5 corresponds to the conditions in the
theorem. First, we translate the three conditions v > 1, w > 2, and v > 4 into the conditions with
respect to m4 and mz’.

2

6 — 2mX
w1 i > 1
3my — 2mg
3 3
<= <§m§>m3x and 05m‘§§2> or <§m§<m§( and 2§m§);
6 — 2m%
3my — 2mg
3 3
= (5m§>m§( and m§(23m§—3> or (§m§<m§( and m§(§3m§(—3);
6 — 2m
>4 = >4
v 3mg —2mf¥ ~
3 3
= (—m§>m3x and m§(22m§—1> or (—m§<m3x and m3X§2m§—1>.

2

Next, we translate the conditions v < v —1, v < u? < wu, and v > 0 into the conditions with

4 1
respect to ms* and mz’.

12m§( — 2m§m§( —12
m3 (3m3’ — 2m3’)

v<u—1 <<= 1<

3
<~ (3>m3 and my =2) or <§m‘2x<m§(>;
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u2
’USZ <= u2—4v20
4 X\2, X X X X
S T GmE — ) (B=m3)’my — (12— 6m3 )(3ms —2m3 )) >0

3(3m§—4+\/§(2—m§)%)
<= (my>2) or |my<2 and (m3 > < ;
m3

12 — 6m3 6my — 2m¥mi
X Gy —om) < m¥ Gy —amd)

6 X 3 x X> ( 6 X 3 x X)
< 6——>m and —-m35 >m or (6—— <m and -m5; <m ;
( ma 3 22 3 ma 3 22 3

3 3
v>0 <= (m§22 and m§(>§m§) or (0§m§<2 and m§(<§m§).

Summarizing these conditions gives the conditions in the theorem.

When m2* = 2 and m§ = 3, the distribution is exponential and a one-stage Coxian distribution can
match the first three moments. m

B Proof of Theorems 8 and 9

Proof:[Theorem 8] The first three moments of X = TRIANGULAR(l,u) are

u+ 1

2 2
E[X] = L E[X2]27u + 10ul + 71

24 ’

3ud + 5u?l + 5ul? + 313

and E[X®] = 6

and the normalized second and third moments are

x 74+ 10r+7r? x  3(3+45r+5r% +3r3)

T —— d =
2 61+mr2z O™ T AT+ 100 + 7))

where r = L.
X

P a2 _ 2 r-1
Since 5-my =

ST <0foro0<r<1, mgf is a nonincreasing function of r. So, the minimum

of m¥ is given by evaluating it at r = 1 and the supremum is given by evaluating at r = 0. Thus,
1 <mf < I Also,itiseasy toseethatms and m3 satisfy m§ =3 — 2. =

m

Proof:[Theorem 9] The first three moments of X = PARET O(«) are

(0] [0 (0]
E[X]=——, E[X?%=—— E[X3) =
[ ] Oé_].’ [ ] a_Z’ a’nd [ ] 06_3’
and the normalized second and third moments are
x _ (a—=1) x _ (a=1)(a—2)
e ala —2) anc. ms ala —3)
Since %mﬁf = —MQ(T“Q;Q%; < 0 for o > 3, mg is a decreasing function of a.. So, the supremum of

m2 is given by evaluating it at « = 3 and the infimum is given by letting & — oco. Thus, 1 < m2 < %
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Also, it is easy to see that m3 and m$ satisfy

—2(m{)? 4+ 3m + 2(mf — 1)y/md (mg — 1)

4 —3m

m =

C Technical lemmas

Lemma 9.2 This lemma proves that (3) and (4) are equivalent sets.

Proof: Recall that set (3) is the union of the following three sets:

3
A = {9pm2_12+3ﬁ(2_pm2)2 Smsﬁifi(pnf_l) N isz<g};
P2ms p*ma 2p p
Ay = {m3:§ﬁm2:2},
P P
3 2
As = {—m2<m30—<m2};
2 P
set (4) is the union of the following three sets:
4 6(mo — 1) 3
B = {;me<m3<—F""— N -<mg<2;,
3 mo 2
4 3
By = §m2§m3§§m2 N 2<myg,
3
By = §m2<m3 N 2 < mo

It suffices to prove that (i) A; = By U Bo, (ii) Ay C By U Bs, and (iii) As = Bs. (ii) and (iii) are
immediate from definition. To prove (i), we prove that A1 C B; U By and By U By C Aj.

Consider a distribution Z € A;. We first show that Z € B; U Bs. Let u(p) be the upper bound of

m%:

_ 6(pmZ —1)

50 2
pm3

u(p)

and let I(p) be the lower bound of mZ:

3 (3pmf — 4+ V32— pm)?)
I(p) = . .

2
p m,

Then, u(p) and I(p) are both continuous and increasing functions of p for -2 < p < -2 by Lemmas
2 2
9.3 and 9.4. When mQZ < 2,therange of pis miz <p<1. Thus,
2

4 Z-1
_m2Z=l( 3 )Smff“(l):M’

Z Z
3 2mg; ms
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and hence Z € B;. When 2 < m$, the range of p is -2, <p < 2. Thus,
2 2
4 3 3
i = (ag) =i < () =28
and hence Z € By. Therefore, A; C By U Bs. However, since u(p) and I(p) are continuous functions
|

of p, mZ can take any value between the lower and upper bounds. Therefore, By U By C A;.

Lemma 9.3 Leta > 0. Then, f(p) = %;—1 is an increasing function of p for 0 < p < %
]

Proof: Note that f'(p) = %3” > 0. The inequality holds when 0 < p < 2.
3
Lemma 9.4 Leta > 0. Then, f(p) = 3“1’_4“5(2_“1’)? is an increasing function of p for 2 <p < 2,
Proof:
) 8 — 3ap — Y2(8 — ap)(2 — ap)*

fip) = 3

p

V2 (4-2) _1> o
3)5

Let g(p) = 8 — 3ap — 4(8 — ap)(2 — ap)?. Then,
V2 (4 — ap)

V2 (4 -ap)
(p)=3a| Lo 1) >34 X2 )
7w ( Te-al )" \Te 3l
The first inequality follows from 2 < p and the seconld inequality follows from p < 2. So, g(p) is a
non-decreasing function of p. Thus, f'(p) > f'(3a) = I% >0. =
S k+ 3.
k42

Lemma 9.5 Lety > 0and k > 1. Then,

(1+y) [6(k+1)(k—1)>+6(k+ 1)(k—1)*y + 3(k + 1)k(k — 1)y + k*(k + 2)y°]
(k+1)[2(k — 1) + 2(k — 1)y + ky?]’

fly, k) =

Proof: Let
(L+y) [6(k+1)(k—1)*+6(k+1)(k—1)% + 3(k + 1)k(k — 1)y* + k*(k + 2)y°] (k +2)

9(y, k)
—(k+1)[2(k — 1) +2(k — Dy + ky*]” (k + 3)

E[2+4y+y)k° —201+2y +4y° + y¥)k> — 2+ 4y +y° - 59° —yHk + 21+ y) (1 +y + 3y?)] .

We prove that g(y, k) > 0. Let
L= 0iff b = T

h(y, k) = (2+4y+yH)k3 —2(1+2y+ 412 +°)k2 — 2+ 4y +3° — 5y — vk +2(1+y) (1 +y+3y2).
dh(y.k 2+4y+8y%+2y3+4/d(y)
é—i‘{c , Where

It suffices to prove h(y, k) > 0. Observe that
d(y) = 16 + 64y + 108y + 66y° + 17y* + 5y° + 1/°.
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Notice that

dy) > (4+8y +y* +4°)°. (10)
Thus,
2+ 4y + 8y? + 2y° + \/d(y) S 2+4y +8y? +2y3 + (4 + 8y +y% +¢°) -1
3(2+ 4y +1y?2) - 3(2+ 4y +y?) -
for y > 0. Therefore, h(y, k) is minimized when
b= 2+ 4y + 8y* + 2% + \/d (11)
3(2 + 4y + y?)
Let
2+ 4y + 8y% + 2% + /d(y
HE) = h(v, - vdw)
3(2 + 4y + y?)

2((28 + 83y + 16y2 + y®)d(y) — d(y)® — 6(64 + 456y + 1260y + 1655y° + 889y* + 147y° )
27(2 + 4y + y2)2

It suffices to prove H(y) > 0. Let G(y) be the numerator of H(y). It suffices to prove G(y) > 0.
Notice that G(0) = 0. Thus, it suffices to prove G'(y) > 0 for y > 0.

G'(y) = F(y),
d(y)
where
F(y) = 2(128 4 688y + 1922y + 3216y> + 3055y* + 1562y° + 420y + 5657 + 3y%)\/d(y)
—(64 + 216y + 198y> + 68y> + 25y* + 6y5)d(y)
> 2(128 4 688y + 1922y% + 3216y> + 3055y + 1562y° + 420y° + 5697 + 3y%)(4 + 8y + v% + 4°)
—(64 4 216y + 198y + 68y> + 25y* + 6y°)d(y)
= 3y%(912 + 5600 + 13212y? + 15184y> + 9604y* + 3914y° + 117545 + 235¢" + 213®)
> 0.
| |

Lemma9.6 f(r) = (’{Oglgy is an increasing function for » > 1.

Proof: Note that

, _ r—1
flir)y = 2 loar)? Tog )’ 2-2r+(1+7r)logr).
Note that —m >0forr>1,and |etg(7‘) +(1 )logr Then, g(r) is positive for r > 1,
since g(1) = 0,¢'(r) =2 +1ogr — 1,¢'(1) = gd'(r)="5>0. =

Lemma 9.7 f(r) = Ztl logr is an increasing function for 7 > 1.
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Proof: Note that

r2 —2rlogr —1

! —
Fo) = (r—1)%r
Note that ;;—jy5; > 0 for 7 > 1, and let g(r) = r* —2rlogr — 1. Then, g(r) is positive for r > 1, since
g(1) =0,4'(r) =2r —2logr — 2,4'(1) = 0,and ¢"(r) = @ >0. =

Lemma9.8 Let0 < e < 1lorl < a < 2. Then, f(r) = % is an increasing function for

r > 1.

Proof: Note that
(r—1re

flir)= —rap (ar + (2—a) + (@ —2)r* —ar® ).

Note that
(r—=1r* [ >0 (when 0<a<1)
) <0 (when 1l<a<?2)
forr > 1. Letg(r) = ar + (2 — a) + (o — 2)r* — ar®~L. Then,

>0 (when 0<a<x<l)
<0 (when l<a<?2)

forr > 1,since g(1) =0,¢'(r) = a+ (a —2)(1 + &)r* 1 + (2 — @) — a?r* 2, ¢'(1) = 0, and

g'(r) = ala—1)(a—-2r*7?(r 1),
{>0 (when 0<a<l)
<0 (when 1<a<?2).

Lemma9.9 Let f(r) = =)o) 10 < a < 1, f(r) is an increasing function for r > 1. If

(TZ*TO‘)2
1 < a <2, f(r) is a decreasing function for r > 1.
Proof: Note that
(r —1)rat?

7)==y (= @)1=~ @ D =)

Since % > 0 forr > 1, itis easy to see that f'(r) < 0 forr > 1when1 < a < 2. To see that
f'(r)>0forr>1when0 < a < 1, we let
9(r) = =B -a)(1 —r*7) = (a=1)(r —r*7%).

Then, g(r) > 0 forr > 1, since g(1) =0, ¢'(r) = 3 — a@)(a — 1)(r* 2) — (a — 1)(1 — (@ — 2)r*~3),
g'(1) =0, and



>0 (when 0<a<1)
<0 (when 1<a<?2).
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