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Abstract

Relational interpretations of type systems are useful for establishing prop-
erties of programming languages. For languages with recursive types it
is usually difficult to establish the existence of a relational interpretation.
The usual approach is to give a denotational semantics of the language in
a domain-theoretic model given by an inverse limit construction, and to
construct relations over the model by a similar inverse limit construction.
However, in passing to a denotational semantics we incur the obligation to
prove its adequacy with respect to the operational semantics of the lan-
guage, which is itself often proved using a relational interpretation of types!
In this paper we investigate the construction of relational interpretations
of recursive types in a purely operational setting, drawing on recent ideas
from domain theory and operational semantics as a guide. We establish a
syntactic minimal invariance property for an ML-like language with a recur-
sive type that is a syntactic analogue of Freyd’s universal characterization
of the canonical solution of a domain equation. As Pitts has shown in the
setting of domans, minimal invariance suffices to establish the existence of
relational interpretations of recursive types. We give two applications of
this construction. First, we derive a notion of logical equivalence for expres-
sions of the language that we show coincides with contextual equivalence
and which, by virtue of its construction, validates useful induction and coin-
duction principles for reasoning about the recursive type. Second, we give
a relational proof of correctness of the continuation-passing transformation,
which is used in some compilers for functional languages. The proof relies on
the construction of a family of simulation relations whose existence follows
from syntactic minimal invariance.






1 Introduction

The interpretation of types by relations is a fundamental technique in the
study of type systems (see, for example, Mitchell’s survey [14] and mono-
graph [15] for examples and references to the literature). The general idea
is to associate to each type a relation over a suitable value space in such a
way that well-typed terms are related appropriately by the interpretation.
In many cases the existence of a relational interpretation is established by
induction on the structure of types, but in more complex languages with
impredicative polymorphism or (not necessarily positive) recursive types,
more sophisticated methods are required.

In the case of impredicative polymorphism the method of candidates
introduced by Girard [8] may be used to construct a relational interpretation.
For recursive types the usual approach is to pass to a domain-theoretic
model of the language and to exploit the structure of the model to build the
required system of relations. In practice the model (such as Scott’s D)
is obtained as the inverse limit of a system of domains, and the required
relational interpretation is obtained by exploiting the structure of the model
arising from this construction.

The denotational approach has been successfully used for a number
of problems, including Reynolds’ proof of correctness of the continuation-
passing transformation used in some compilers for functional languages [20].
A disadvantage of this approach is that one must also prove the correctness
(adequacy) of the denotational semantics of the language, which is itself of-
ten established using a relational interpretation of types [19, 17]! Moreover,
since the construction is carried out for a specific model of the language, it
is not clear a priori to what extent the specific model affects the result.

The latter question was recently addressed by Pitts [17] who showed that
Freyd’s universal characterization of the solution of a domain equation by the
minimal invariant property [6, 5, 7] is sufficient to validate the construction
of a wide class of relational interpretations of recursive types. The starting
point for the present work is the observation that for a sufficiently rich lan-
guage with recursive functions and recursive types the minimal invariance
property of the model is expressible entirely in terms of the language itself
by an equation stating that a particular recursively-defined function is de-
notationally equivalent to the identity function on the recursive type. This
opens the door to the construction of relational interpretations without the
passage to a denotational semantics. The key is to establish the minimal
invariance property up to contextual, rather than denotational, equivalence.
With this syniactic minimal invariance property in hand we may exploit



Pitts’s results to construct relational interpretations over contextual equiv-
alence classes of expressions entirely at the level of the language itself.

Since contextual equivalence is a congruence, it induces a compositional
interpretation that may be seen as a form of denotational semantics, albeit
one that is adequate by construction. This suggests that our approach may
be seen as a particular instance of the standard construction. However,
as Mason, Smith, and Talcott have shown [11], the interpretation induced
by taking contextual equivalence classes does not yield a domain in the
conventional sense since, for example, not all chains have least upper bounds.
Thus the operational approach to interpreting recursive types as relations
differs fundamentally from the denotational method.

We study the construction of relational interpretations for an ML-like
language, L, with recursive functions and one recursive type. The opera-
tional semantics of the language specifies a call-by-value, or “eager”, eval-
uation strategy, as in Standard ML [13]. We make no restrictions on the
occurrence of the recursively-defined type in its definition — both positive
and negative occurrences are permitted.

The proof of syntactic minimal invariance for £ relies on a characteriza-
tion of contextual equivalence given by Mason, Smith, and Talcott [11],
called ezperimental equivalence. The primary interest in this notion of
equivalence is that it coincides with contextual equivalence and supports
a relatively straightforward proof of syntactic minimal invariance. Other,
equivalent, characterizations are also available, but these do not appear to
significantly simplify the argument.

We give two examples of the use of relational interpretations to analyze
properties of the language £. First, we derive another characterization of
contextual equivalence, called logical equivalence, that validates induction
and coinduction principles for reasoning about values of the recursive type.
We illustrate the use of logical equivalence with two small examples based
on similar examples given by Pitts [16]. Second, we give a relational proof
of correctness of the continuation-passing (cps) transform introduced by
Fischer [4] and Plotkin [18] and studied by Reynolds [20]. The proof relies
on the construction of a relational interpretation of £ that establishes a
correspondence between the evaluation of a program and its continuation-
passing transform. This generalizes Reynolds’ result [20] to the case of a
typed language with an arbitrary recursive type, while avoiding the need to
consider a denotational semantics for L.

This paper is organized as follows. In Section 2 we define the syntax of
the language L, define the operational semantics and show some standard



typing properties, including type soundness. Then in Section 3 we define
the notion of experimental equivalence, with which we shall be working in
the remainder of the paper. The main result of this section is the proof
of syntactic minimal invariance based on a technique introduced by Mason,
Talcott, and Smith [11]. In Section 4 we define a universe of admissible
relations over contextual equivalence classes of closed expressions. We also
define relational operators corresponding to the type constructors of the lan-
guage and show that they preserve admissibility. The relational constructors
are used in Section 5 where we construct a relational interpretation of types
using the method described above. In Section 6 we show how to use our
method to give a relational interpretation which coincides with contextual
equivalence. In Section 7 we apply the method to give a proof of correctness
of the cps transformation. Finally, in Section 8 we discuss related work, and
in Section 9 we conclude.

2 The Language

The language, L, is a simply-typed fragment of ML with one top-level re-
cursive type. We let z and f range over a set Var of program variables. The
syntax of the language is given by the following grammar:

Types T = 0|1l|p|ln+mn|nxn|n—mr
Ezpressions e v|ine|oute|inl; e|inr, e|case(er, ez, es3) |
(e1,e2) |fste|snde| ejes

Values v u= x|inv|inl-v|inr; v |

(v1,v2) | fix f(z:T).e
Evaluation E = _|inE]|outE|inl; E|inr, E|case(E,e,e€') |
Contexts (E,e)| (v,E) |fstE |snd E |Ee|vE

The £ raw terms are given by the syntax trees generated by the grammar
above, with e as start symbol, modulo o-equivalence, as usual. Alpha-
equivalence is denoted =,. Observe that p is a type constant. Distinguish
a fixed type expression 7,, the intuition being that p is a recursive type
isomorphic to 7,; in and out are used to mediate the isomorphism.

A finite map is a map with finite domain. We use () to denote the map
whose domain is the empty set. The domain and range of a finite map f are
denoted Dom(f) and Rng(f), respectively. When f and g are finite maps,
f + g is the finite map whose domain is Dom(f) UDom(g) and whose value
is g(z), if z € Dom(g), and f(z) otherwise. f | A means the restriction
of f to A, and f \\ A means f restricted to the complement of A. We use



[z1 : y1,..-,%Zn : Yn] to denote the finite map which maps z; to y;, for all
1<i<n.

We denote the set of all types by Type. A typing context is a finite
map from variables to types; we use I' to range over typing contexts. If
z ¢ Dom(T'), then I'[z : 7] denotes the typing context I' + [z : 7]. A typing
judgment has the form I' - e : 7. The typing rules are given in Figure 1. We
write Fe:7 for F e: 7. The L terms is the set of raw terms e for which
there exists, for each e, a typing context I" and a type 7 such that ' - e : 7.

Note that, even though there is no explicit introduction rule for the type
0, there are terms of this type, for instance (fix f(z:1).f z) *.

The set of expressions of type 7 with free variables given types by T,
denoted Exp,(I') is defined as follows.

Exp.(T) déf{e | The:T}

Further define ot
Exp, < Exp,(0)

Likewise, we define sets for values as follows.

def

Val,(T) = {v | TFwv:7}

and
def

Val, = Val,(0)

Substitution of an expression e’ for free occurrences of z in e is written
[¢'/z]e. The parallel substution of ey, ...e, for z1, ..., z, in e is written
[e15...1€n/T1,...,Zn]e. We let FV(e) denote the set of free variables in e.
We use Az:T.e as an abbreviation for fix f(z:7).e where f is some variable
satisfying f & FV(e).

2.1 Contexts

The L contexts, ranged over by C, are the syntax tree generated by the
grammar for e augmented by the clause

C = -..lp

where p ranges over some fixed set of parameters. Note that the syntax
trees of £ terms are contexts, namely the ones with no occurrence of param-
eters. [C/p]C’ denotes the context obtained from context C’ by replacing
all occurrences of p in ¢’ with C. This may involve capture of variables.
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F'kFz:r (D(z)=r1)
F'kF=x:1

Ff‘eli’l’l F'—ez:‘rz

'k (61,62) T X Ty

T'te:m xm
I'Ffste:n

T'Fe:mp xn
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'Fe:mn
Ftinlpe:m +m

I'Fe:m
F'kinr,e:m+ 1

I'tei:m+m I'Fea:mp— 7 Tres:m—17

I'F case(e;,ez,e3) : 7

Ilf:mi—mlz:n]Fe:mn
T'Ffix f(zm)e: = m

(f,= & Dom(I))

I'eg:m—171 I'Fey:m

I‘l—elegz’r

The:p
Ftoute:7,

'kFe:T,
T'kFine:p

Figure 1: Typing Rules
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(T-INL)

(T-INR)

(T-CASE)

(T-FIX)

(T-APP)

(T-ouUT)

(T-IN)



Lemma 2.1 If C; =, C; then [Cy/p]|C’ =, [Ca/p|C’.
Proof By induction on C'. ]

By Lemma 2.1, the operation of substituting for a parameter in a context
induces ‘a well-defined operation on a-equivalence classes of £ contexts.

Notation 2.2 Most of the time we will only use contexts involving a single
parameter which we will write as .. We write C{_} to indicate that C is
a context containing no parameters other than _ (note that it may contain
no parameters at all). If e is an L term, then C{e} denotes the raw term
resulting from choosing a representative syntaz tree for e, substituling it
for the parameter in ¢ and forming the a-equivalence class of the resulting
L syntaz tree (which by the remarks above is independent of the choice of
representative for e).

2.2 Typed Contexts

We will assume given a function that assigns types to parameters. We write
-+ to indicate that a parameter _ has type 7.

The relation I' + C : 7 is inductively generated by axioms and rules
just like those defining T' F e : 7 together with the following axiom for
parameters.

'F_:7 (T-PAR)

The set of contexts of type 7 with free variables given types by I', denoted
Ctx,(I') is defined as follows.

def

Ctx,(I) ={C | THC:7}

Ctx, & Ctx,(0)

2.3 Evaluation

The operational semantics will be given by term rewriting and will be defined
for all closed terms (not only those of ground type).

The set of evaluation contexts are the syntax trees generated by the
grammar for E. Note that this is clearly a subset of the set of confexts
(with parameters including _). Hence we shall use the notation associated
with contexts for evaluation contexts also. In addition, we define

def

ECtx,(T) = {E |TFE: 7}
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and
ECtx, ¥ ECtx,(0)

Note that evaluation contexts are not capturing. Hence we have the follow-
ing lemma.

Lemma 2.3 Foralle € Ezp, and for all E{_;} € ECtz, E{e} = [e/z]|E{z}

Proof By induction on E. o

Redices are generated by the following grammar.

Redices v u= (fix f(z:7).€)v | fst (vi,v2) | snd (v1,v2) |
out (in v) | case(inl; v, e1,eq) | case(inr; v, e, e2)

Note that the set of redices is a subset of the set of expressions. We define
def
Rexp, (') = {r |Tkr:7}

and
Rexp, ¥ Rexp, (0)

Lemma 2.4 For all e € Ezp,\ Val,, there ezists a unique pair of evaluation
contezt, E, and redez, r, such that e = E{r}.

Proof By induction on e. ]

The reduction rules for redices are as follows.

(fix f(z:7).€)v ~  [fix f(z:7).e,v/f,z]e (R-BETA)
fst (’Ul, ’02) ~ U (R—FST)
snd (v1,v2) ) (r-SND)
out (in v) ~ (r-0UT)
case(inl; v,e1,e2) ~ eyv (R-CASE-INL)
case(inr; v,ej,e3) ~» eyv (R-CASE-INR)

Further, we define, for closed expressions e and €/, e — € if and only if
e=FE{r}and e = E{e1} and r ~ e;.

Definition 2.5 The reflexive and transitive closure of — is denoted —*.
Forn > 0, we definee —»™ € iffe=e — e — -ep1 — e, = €.
Further, we write e 1 iff whenever e —* €', there exists an €” such that

e’ — €. Finally, we write e || iff there exists a v such that e —* v.



Note that evaluation is only defined for closed expressions and that during
evaluation we will only ever substitute closed values for variables.

Lemma 2.6 (Evaluation is deterministic) If e — ¢’ and e — €, then
e =é".

Proof Follows by Lemma 2.4. a

Lemma 2.7 1. Forall v and allv € Val.: v |.

2. For alle € Exp,, ife— €, then e € Ezp,. \ Val,.

Lemma 2.8 For all E{_;,} € ECtz,, and for all e € Exp, \ Val., if
E{e} — E{€'}, then there ezists E\{_,} € EClz; and r € Rezp,, and
e1 € Ezp,, such that e = Ei{r} and €' = E1{e1} and r — e;.

Lemma 2.9 [ IfT[z:7]Fe: 7 andT ke :7, then T} [e'/z]e: 7.

2. If & E{e} : T then there exists a 7, such that Fe: 7, and - E{e'}: 7
for all € such that +¢€' : 7.

Theorem 2.10 (Preservation)

Ife— e and Fe:7, then e : 7.

Proof By the definition of the evaluation relation and Lemma 2.9. O

Lemma 2.11 (Canonical Forms) Suppose that v : 1. Then
o 7#0.
o If T=1, then v = *.
o If T =p, then v=inv' for some v' € Val,,.

o If 7 = 1147y, then either v = inly, v’ for some v' € Val, orv =inr, '
for some v' € Val,,.

e If 7 =1 X 79, then v = (v1,v2) for some v1 € Val, and some vy €
Val,.

o If T =11 — 79, then v = fix f(z:11).e for some variables f and z, and
some e € Ezp, ([f : 71 = T2, : T1]).



Proof By inspection of the typing rules and the definition of closed val-
ues. a

Theorem 2.12 (Progress) If + e : 7, then either e is a value or there
exists an €' such that e — ¢'.

Proof By inductionon Fe: 7. W

Lemma 2.13 (Uniformity of Evaluation) For all e € Ezp,, \ Val,, and
for all E{_;,} € ECtz,, if E{e} — E{€'}, then VE'{_;,} € ECtz,, :
E'{e} — E'{¢'}.

Proof By the definition of the evaluation relation e — €’ and the definition
of the reduction rules. O

Lemma 2.14 For all e,e' € Ezp, \ Val,, and for all E{_;} € ECtz., if
E{e} — E{e'}, then also e — €.

Lemma 2.15 Ife € Ezp, and e f, then VE{_;} € ECtz. : E{e} 1.

3 Experimental Equivalence

For closed expressions of base type 1, we define a notion of Kleene approxi-
mation and Kleene equivalence as follows.

Definition 3.1 (Kleene Approximation and Equivalence) Foralle,e’ €
Ezp,, we definee <F &' iffes* x> e w* s and e =¥ ¢ iff e —* x <—
e —=* x,

For closed expressions we define notions of experimental approximation and
experimental equivalence as follows.

Definition 3.2 (Experimental Approximation and Equivalence) For
all e,e’ € Ezp_, we define

Fexe:1 < VE{,}¢€ ECtx : E{e} =* E{c'}
Femxe:7 <= VE{.}€ ECtz;: E{e} =" E{'}

Lemma 3.3 Fe~eée:7 < (Fexe:7 A Feée <e:7)



Notation 3.4 When 7 is clear from context we writee <€ forbe=<¢e : 7
andere forke~eée :71.

We now establish some basic properties of experimental equivalence and
evaluation.

Lemma 3.5 If Fey=ey: 7 theney | iff ea |

Lemma 3.6 For all e € Ezp, and for oll E{_;,} € ECtz,,
F E{e} = (A\z:m.E{z})e: T.

Lemma 3.7 (—»Cr) For alle,e’ € Exp,, ife— €, then Fe~eé : T

Lemma 3.8 Fzperimental equivalence, =, is an equivalence relation. That
18, the following three properties hold.

1. Ifrei~ex:TandlFey=e3:T, theni-ep =~ez: 7.
2. Ifec Exp,, thente~e:T.
3 Ifre~ey:T,thentey~e;:T.
Lemma 3.9
1. If Fe=(e1,e3) : 71 X 1o then e | iff e; | and ez |.

2. If Fex(ej,e2) i X7 and Fey = e : 71 and F ez = ef : 7o, then
~ (o ol -
I"e~(el762)-7—1x7—2.

3. If Fewm (e1,e0) : m X7 and e ||, then F fste = e : 71 and
Fsnderteg: .

Lemma 3.10

1. IfFeminlye:m+mthene | iffe . If Fe=inry € : 7 + 79,

thenel iff e |.

2.If Fe=inl,e :7+m and e =€ :m, then Fe=inl, e :
i+ If Fexinrp e :m+7and e =€ :m, then Few
int, €' 7+ 7.

3. If Fe=inl, € : 11+ 72 and e |, then there ezists a v' such that
Fexinl, v :m+mand Fe'~v :m. If Fexinr, € :nm+n
and e ||, then there exists a v' such that F e =~ inry v' : 71+ 7 and
Fe=v:m.
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4. Finlpeminl, e :m+mniff Fexe :m. ki exinr,é:
T1+T2iﬁ|—e%e’:7'2.

Lemma 3.11
1. If Fe=iné :p, thenel iff ¢ |
2 If Fe=xine :pand € | then e .
3 Ifemine:pand Fe' me":1, then Ferxine’:p.
4. Finemine:piff Fexeé 7,

We shall now prove a somewhat technical lemma to the effect (Corol-
lary 3.13) that we can restrict the set of evaluation contexts to consider
when proving e < €' : 7. It turns out that we can restrict attention to the
evaluation contexts for which the hole occurs in an atomic testing context.

The atomic testing contests, ranged over by T are the syntax tree gen-
erated by the following grammar

T = 4 |out_,|case(—rytrs€1r€2) | st x| SN ryxry | -y—ry ¥
We define
TCtx, (D) & {T | T+T: 7}
and def
TCtx, = TCtx,(0)

We shall be a little more pedantic than elsewhere in the following lemma
as it is a little delicate.

Lemma 3.12 Vn € N : V7 € Type: Vu,v' € Val, : if
V7' € Type : VE{_} € ECtz, :VT{_;} € TCtz, : E{T{v}} =*F E{T{v'}}
(1)
then
V7' € Type :Vz € Var : Ve € Ezp.([2: 7]) : VE{} € ECtz;([2 : 7]) :
([v/2(E{e}) =" %) = ([v'/2](E{e}) =" %) "

Proof By induction on n.

Basis (n = 0):  Let 7 € Type and v,v' € Val; be arbitrary. As-
sume (1). We are to show (2) with O substituted for n. Let 7' € Type,
z € Var, e € Exp,([z: 7]), and E{_+} € ECtxy([2: 7]) be arbitrary. As-
sume [v/z])(E{e}) = *. Then [v/2](E{e}) = *. Thus there are two cases
to consider.
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1.7=1,E=_4,ande=x
2.7"=1,E=4,e=2z,7=1,andv =%

SubCase 1: Then also [v'/z](E{e}) = # and hence [v'/z](E{e}) —* *, as
required.

SubCase 2: By assumption (1) with 7/ =7, E{_+} = ;, and T{_; } = 4,
we have that (v —* x) = (v/ =* ¥). As v = %, indeed (v —* *), whence we
can conclude that v’ —* *. Thus v' = % and hence also [v'/z](E{e}) = *, so
[v'/z](E{e}) —* *, as required.

Inductive Step:  We assume that the lemma, holds for n > 0 and show
for n + 1. Let 7 € Type and v,»' € Val, be arbitrary. Assume (1).
We are to show (2) with (n + 1) substituted for n. Let 7/ € Type, z €
Var, e € Exp.([z:7]), and E{_} € ECtx;([z: 7]) be arbitrary. Assume
[v/2](E{e}) —"*! *. Since there is at least one reduction step, we can
proceed by cases on the first reduction step.

Case R-BETA: Then there are two cases

1. 7 =71 — 7o and E{e} = E'{zv1} for some E'{_;,} € ECixy([z:7])
and some v; € Val,, ([2: 7))

2. E{e} = E'{fix f(z:11).eqv1} for some E'{_.,} € ECtx;([z : 7]), some
v1 € Val,, ([z : 7]), and some fix f(z:11).ep € Val,,—p,([2 : 7])

SubCase 1: Then v is of the form fix f(z:71).eg. Thus
[v/2](E{e}) = [v/2](E'{zv1})
[v/2](E'{(fix f(z:11).€0) v1})

= [v/2](E'{[v,n1/f,]eo}) (3
-7 x (4)

Now by the induction hypothesis we have (with 7 = 7, v = v and v/ =’
and noting that (1) holds by assumption) that

V7' € Type: Vz € Var : Ve € Exp.([z : 7]) : VE{_} € ECtxy([z : 7]) :
([v/2)(E{e}) =" %) = ([v'/2](E{e}) —* %) .

Letting 7/ = 72, z = z, e = [v,v1/f,z]ey, and E{_} = E'{_;,} in (5) and
using (3) and (4), we conclude that

[v' /2] E' {[v,v1/f,z]ea} =™ * (6)

12



By (6) and recalling that v = fix f(z:71).ep we get that
[v'/2]E'{vvn} = [V /2] E'{[v,v1/f, z]eo} =" » (7)

By assumption (1) on (7) with 7' = 7, E{_} = [v/2](E'{-,}) € ECtx,
and T{_;} = -+ ([v/2]v1) € TCtx,, we get

[v'/2]E'{v' v1} —=* % (8)

Hence, as [v'/z]E{e} = [v'/2]E'{v' v1}, we have the required by (8).
SubCase 2: Then

[v/2(E{e}) = [v/2(E'{fix f(z:m1).e0v1})
= [u/2)(E'{[fix f(z:11)-e0,v1/f,2]ec}) (9)
=" (10)

Now by the induction hypothesis we have (with 7 = 7, v = v and v' = v/
and noting that (1) holds by assumption) that

V7' € Type: Vz € Var : Ve € Exp.([z : 7]) : VE{_+} € ECtx;([z : 7]) :
([v/2](E{e}) =" %) = ([v'/2](E{e}) =" *) )

Letting 7" = 72, z = 2z, e = [fix f(z:11).e0,v1/f,z]eo, and E{_} = E'{_,}
in (5) and using (9) and (10), we conclude that

[v'/2)(E'{[fix f(z:71).e0,v1/f,2]e0}) = * (12)
We have that

[V'/2)(E{e}) = ['/2/E'{(fix f(z:71).e0) v1}) (13)
= [v'/2)(E']{[fix f(z:71).€0,v1/f,z]eo}) (14)

Hence, combining (12) and (13) and (14), we have that
[v'/z](E{e}) =" *

as required.

Case R-OUT, R-CASE-INL, R-CASE-INR, R-FST, or R-SND: The proof for
each of these cases proceeds analogously to the previous case, with two sub-
cases for each case, and using the corresponding atomic testing contexts. O

13



Corollary 3.13 V7 € Type : Vv,v' € Val; : if

V7' € Type : VE{_+} € ECtz; : VT{_,;} € TCtz : E{T{v}} =¥ E{T{v'}}
(15)
then
Fo=<o:7

Proof Let 7 € Type, and v,v' € Val, be arbitrary. Assume (15). Let
E{_;} € ECtx, be arbitrary. We are to show that

E{v} =*x= B{v'} =»* (16)
From our assumption (15) we get by Lemma 3.12

V7' € Type:Vz € Var: Ve € Exp([z : 7]) : VE{_} € ECtx1([z : 7]) :
([v/2)(E{e}) =" %) = ([W'/z](E{e}) =" %) -

Letting 7' = 7,e = zand E{_+} = E{_;} in (17), we get (16), as required. O

The next corollary is an immediate consequence of Corollary 3.13 and is
the formulation which we will often make use of in the following.

Corollary 3.14
1. To show Fv =<7 : 71 = 1y, it suffices to show
VE{_r,—m 11} € ECtz; : E{v} =¥ E{v'}
2. To show Fv X' : 1 X 1o, it suffices to show
VE{fst _;,xr,} € ECtz; : E{v} <* E{v'}

and
VE{snd _r,xr} € ECtz; : E{v} =¥ E{v'}

3. To show Fv <Xv' : 71 + 1o, it suffices to show

VE{case(_r,im,€1,€2)} € ECtz; : E{v} <* E{v'}

4. To show v =<' : p, it suffices to show
VE{out _,} € ECtz, : E{v} <* E{v'}

Proof Follows by Corollary 3.13 and the definition of atomic contexts. O
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3.1 Compactness of Evaluation

In this section we show that a fix-term is approximated, in the experimental
approximation pre-order, by its finite unrollings. Further, we show that to
fill a context is a monotone operation with respect to the experimental pre-
order and we use this to show that a fix-term is the least upper bound of
its finite unrollings. These properties are also referred to as compactness of
evaluation. Finally, we show that to fill a context is a continous operation
with respect to the approximation pre-order. We shall only be concerned
with closed fix-terms, as this suffices for our purposes.

Our development of compactness of evaluation follows the approach of
Pitts [16, Section 5] quite closely but there are some technical differences due
to the fact that we use a reduction semantics rather than a natural semantics
as employed by Pitts. We have chosen this formulation, using cofinal sets,
because it fits nicely with our formulation of admissible relations, for which
a formulation based on cofinal sets suffices (see Section 4).

Throughout this section we shall consider a particular fixed term F =
fix f(z:71).€ satisfying F € Exp,,_.,,, and use the following abbreviations:

Fo ¥ fix Y (z:m).e 9 fix flzm).fz
Fhoi1 df fix P (zm).e = Az [Fn/fle
F, ¥ F
Note that we here simply define some abbreviations of expressions already in
the language. This is opposed to introducing new labelled expressions and
new notions of reduction for labelled expressions as, e.g., done by Gunter [9].
We will only consider contexts involving parameters of type 7 — 7.
We write C{p} for such a context whose parameters are included in the list
p (note that we do not required that all the parameters in p occur in C).

Given an k-tuple i = (ny,...,n,) of natural numbers, then we make the
following abbreviations.

C{Fz} ¥ C{Fn,....Fn}
C{F;} ¥ C{F,,...,F,}

The length of a list of parameter p will be denoted |p].

Definition 3.15 For each k, we partially order the set N* by

A< < (mp<njA---Ang<n)

15



Definition 3.16 _{1 subset I C N* is said to be cofinal in N* if and only if,
for allii € N*, 3n' € I : i < n!. We write Pos(N*) for the set of all such
cofinal subsets of N*.

We say that a context C is a value if it follows the grammar for values v
augmented by the obvious clause for parameters. We introduce the following
definitions of sets of value contexts

VCitx,(T") o {C € Ctx,(') | C is a value or C is a parameter }

def

VCix, = VCix,(0)

We use V to range over value contexts. We say that a value context is proper
if it is not a parameter.

Remark 3.17 Note that, if V{_;} € VCtz. is a proper value contezt and
e € Exp,, then V{e} is a value. Also, if V{_;} € VClz, and v € Val,, then
V{v} is a value.

Notation 3.18 We abbreviate V{Fgz} and V{F3} analogously to C{Fz}
and C{Fz}.

Definition 3.19 If C{p} is a contezt and V{F'} is a value contest, then we
write C{B} V¥ V{F'} to mean that for all I € Pos(NIPI)

{mm | meIANC{Fz} —=*V{Fw}} € Peot(N1PHP)

Note that the relation C{p} |¥ V{p'} is preserved under renaming of the
parameters p and, independently, the parameters p'.

Lemma 3.20 If C{p} is a context and V{p'} is a value contest, then
C{AH"V{F} «= C{Ra} V" V{FT)

Proof By definition of {¥ and simple properties of cofinal subsets of N*. O

Lemma 3.21
1. If V{p} is a proper value context, then V{p} |¥ V{p}.
2. If E'{V}{B} UF V"{B"} and V'{BP'} is a value contest, then
E'{fst (V, V)HPF} 47 V'{F"}.
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3. If E'{V}{B} 4F V"{P"} and V'{pP'} is a value context, then
E'{snd (V,V')H{pp'} ¥ V"{"}.

4. If E{VH{P} ¥F V'{F}, then
E'{out (in V)H{B} 47 V'{F}.

5. If E'{e1 v}{B} 4 V{P'} and ex = C2{F3} for some Co{pp'}, then
E,{case(inl‘rz v, €1, 32)}{55’} ‘U’F V{ﬁl}

6. If B'{e2v}{B} V¥ V{P'}, and e1 = C1{F} for some C1{BP}, then
E'{case(inrr, v,e1,e2) H{pF} 47 V{F'}

Proof Item 1 is immediate. We show item 2; items 3-6 are similar.
Let C = E'{V} and let C' = E'{fst (V,V’)}. By the assumption and
Lemma 3.20,
C{pE'} 47 V"{p"} (18)

Assume I € Peor(N |p|+|p'l)_ Then we are to show that

I'Y (md! | m e IAC{Fn} —* V' {Fw}}
is a cofinal subset of NIPI+F+IF"|. But C'{Fp} — C{Fz} so by determin-
ism of evaluation, C'{Fyz} —* V"{F} if and only if C{F3} —* V"{Fu}.
Hence I’ equals the set

(' | e IAC{Fz} =" V'{Fu}}

=t

which by (18) is a cofinal subset of N IBI+F'H+B"I, as required. i

Lemma 3.22 (Compactness of Evaluation) For all C{p} € Ciz,, if
C{Fz} —* v, then there ezists a V{F'} € VCiz, such that v = V{F3}

and C{p} 4* V{F'}.

Proof By induction on the length, n, of C{F3} —* v.

Basis (n = 0): Pick V = C. If C is a parameter, then the required
is immediate (recall that F,, is a value). Otherwise, C is a proper value
context and the required follows by Lemma 3.21, item 1.

Inductive Step: ~ We assume it holds for n and show for n + 1. To this
end assume C{Fz} —»"*! yv. We proceed by cases on the first reduction
step.

Case R-FST: Then C{F3} = E{fst (v1,v2)} with E = E'{F3}, v; =
Vi{F3}, and vo = Vo{F;} for some E'{p;}, Vi{p1}, and Vo{pip;} with
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P = piP2. Moreover, E{fst (v1,v2)} — E{vi} =" v. Note that E{v;}
is of the form C{{Fz} where Ci{p;} = E'{V1}{p;}. Hence we can apply
induction on n to yield that there exists a V{p'} such that v = V{F3} and
Ci{pi} 4¥ V{p'}. By Lemma 3.21, item 2, also C{5} |\F V{p'}, as required.

Case R-SND, R-OUT, R-CASE-INL, R-CASE-INR: All analogous to preced-
ing case, using corresponding item in Lemma 3.21.

Case R-BETA: Then C{Fj;} = E{(fix f'(z':7").¢') v'} for some f', 2/, 7/,
¢/, v’, and E. There are two cases, depending on whether F' = fix f/(z':7').¢/
or not.

SubCase I: Assume F = fix f/'(z':7").¢'. Then

C{Fz} = E{(fix f(z:7).e)v'}
—  E{[fix f(z:7).e,v'/f,z]e}
="

where E = E'{F3} and v' = V'{F3} for some F'{p} and V'{p}. We have
that

E{[fix f(z:7).e,v'/{,z]e} = E'{[p, V'/ f, z]le}{ Fis}

Let C'{pp} = E'{[p,V'/f,z]e}. Then we have that C'{F3} —™ v so by
induction on n there exists a V{p'} such that v = V{p'} and

C'{p} 47 V{F'} (19)

We aim to show that
C{p} ¥F V{§'} (20)
Let I € Peos(N |§|) be arbitrary. We are to show that

LY {(ma | meIAC{Fa} »* V{Fnw}}

is a cofinal subset of NIP!, Define
LY (nm | meTAn=ngAC{Fz}— C'{Fu}}
Clearly, I, is cofinal since I is cofinal. By (19) we therefore have that

I {7 | i€ L AC{Fa} =" V{Fa})

is cofinal. Now it is easy to see that I3 C I; and thus, since I3 is cofinal, I
is cofinal. Since I was arbitrary, we have (20) as desired.
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SubCase II: Assume F # fix f/(z’:7').¢/. Then

C{F;} = E{(fixf'(z":7").e')v'}
—  E{[fix f'(z':7).¢,v'/ f,z)e'}
=" v

and E{[fix f'(z’:7').€',v'/f,z]e'} is of the form C,{Fz} for some C1{pp;}.
By induction we get that

Ci{pR} VT V{F') (21)

Let I € Peot(N Il3') be arbitrary. Let

def

LY (| melnm e NP1}

Then I is a cofinal subset of N IPl+IP1| gince I is cofinal. Hence, by (21),
LY (mm'm | i € Iy ACL{Famw} —* V{Fa}}
is cofinal and thus it is easy to see that also
L% {mm" | meINC{Fz}—* V{Fa})}
is cofinal, as required. O

The following lemma, expresses that the finite unrollings of a fix-term
form a chain with respect to the approximation order and that the fix-term
itself is an upper bound of this sequence. We shall soon see that it is in fact
the least upper bound.

Lemma 3.23 For alli € N, W F, R Foyy:nn—mand - F, X F, :
1 — T2.

Proof Both properties are shown by induction on %. O

To show that a fix-term is the least upper bound of its finite unrollings
we shall need that the operation of filling a context is a monotone operation
with respect to the experimental pre-order (in other words, the experimental
pre-order is a pre-congruence). To this end we shall first generalize the
experimental pre-order to open expressions in the following way.
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Definition 3.24 An expression substitution <y for a type environment T" is
a finite map from variables to closed expressions satisfying the following two
conditions.

1. Dom(vy) = Dom(T").
2. Yz € Dom(y) : B+ y(z) : ['(z).

Definition 3.25 A value substitution 7y for I is an ezpression substitution
for T' satisfying Yz € Dom(T') : v(z) §.

Definition 3.26 Let v and ¥ be expression substitutions for T'. Then vy
approzimates ', written vy <« : T, if and only if Vo € Dom(T) : F
v(z) % 4'(z) : T(z). Likewise, we write F v ~ ' : T, if and only if
Vz € Dom(T") : Fv(z) = +'(z) : T'(z).

Note that this definition also expresses when a value substitution v approx-
imates another value substituition 4’ (both for some I') as a value substition
is just a special expression substitution (we need a notion of expression
substition in Section 3.2, which is why we have chosen this formulation).

Definition 3.27 (Open Experimental Approximation and Equivalence)
Foralleand e, if Tke: 7 and 'k € : 7, then we defineT’Fe <X ¢€ : 7 if,

and only if, for all value substitutions v and v’ for T satisfying -y <+':T,

F y(e) 2 4/(e') : 7. Moreover, we define T' e =~ € : 7 if and only if
IF'Fe<e:7andke <Xe: .

An alternative definition of open experimental approximation would be to
say that I' - e < € : 7 if and only if, for all expression substitutions ~y
for ', F «y(e) 2 v(¢') : . However, we need the more general definition
(specifically it is used in proving (22) below).

Lemma 3.28 If [f:m = m,z:1]l b e X € : o then F fix f(z:my).e =
fix f(z:m).e' : 1 — 0.

Proof By induction on 4, it is easy to show that, for all s € N,
Ffix fi{zim).e < fix fizmy).e i =7 (22)
By Corollary 3.14, it suffices to show,

VE{_~r, 01} € ECtxy : E{fix f(z:71).e} =<k B{fix f(z:71).¢'}
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So assume, E{(fix f(z:11).e) (v1)} —* *. Let C{_,~r,} = E{on—r v}
Then, by Lemma 3.22, there exists a V{§'} such that V{Fg} = * and

c{p} V7 V{p'} (23)
Let I = N, clearly a cofinal set. Then by (23),
I'® {iel| Cffix fi(zm).e} »* +}

is a cofinal subset of N|p|. Hence I’ is in particular non-empty, i.e., there
exists ¢ € I’ such that C{fix f*(z:71).e} —=* *. Thus, by definition of I and
C, there exists an ¢ € N such that E{(fix fi(z:m).e) (v1)} +* *. Hence,
by (22), we also have E{(fix f*(z:71).€') (v1)} —* *. Then by Lemma 3.23,
we get E{(fix f(z:71).€) (v1)} —* %, as required. ]

Lemma 3.29 IfI\T" e <X¢€ : 7, C{} € Cta(T'), T + C{e} : 7, and
THC{e'}:7, then T+ C{e} 2 C{e'}: 7.

Proof By induction on C. In the case for C = fix f(z:7).C’, use Lemma 3.28;
all the other cases follow easily (either directly by the assumptions or by
induction and using Lemmas 3.7-3.11 and composition of evaluation con-
texts). u]

The following corollary expresses the monotonicity of contexts with re-
spect to the experimental pre-order — in other words, the experimental
pre-order is a pre-congruence. We shall subsequently show that contexts are
not only monotone, but also continuous (in an appropriate sense).

Corollary 3.30 (Context Monotonicity) If e <¢' : 1 and C{,} €
Ctz,, then - C{e} IC{e'}: 1.

Proof Follows immediately by Lemma, 3.29. O

Lemma 3.31 If Fe; <€} :7,..., Fex e : 1 and C{,...,x} € Ctz,
with _; of type 7;, for all1 < i < k, then - C{ey,...,ex} 2 C{el,...,e,}: T.

Proof By repeated application of Corollary 3.30 and transitivity of <. 0O

Corollary 3.32 (Experimental equivalence is a congruence relation)
IfFeimej:m..., Fep=el: 7 and C{,...,«} € Ctz; with _; of type
7, for all 1 < i < k, then - C{ey,...,ex} = C{el,... e} : 7.
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Proof Follows immediately by Lemma 3.31. a

Before embarking on the theorem from which it follows that a fix-term
is the least upper bound of its finite unrollings (Theorem 3.36), the proof of
which will make use of context monotonicity, we shall first make another use
of context monotonicity. We shall show that experimental approximation
can be used to give an alternative characterization of the usual definition
of contextual equivalence — via this alternative characterization, the proof
principles for establishing experimental equivalence that are developed in
this paper can be used also to establish results of contextual equivalence.
This theorem (Theorem 3.34) is reminiscent of the CIU Theorem of Mason,
Smith and Talcott [11].

Definition 3.33 (Contextual Approximation and Equivalence) IfI'}
e:7and T e : 7, we define

Fe=xte:7 <+ VC{,}€ Ctz;:C{e} <*¥ C{e'}
Feafe :T7 <= VC{.}€ Ctn:C{e}~*C{e'}
Theorem 3.34 IfTtFe:7and e 7, then Fe=<¢e :7iff T e <

e 7.

Proof

= Assume + e =<¢ ¢ : 7 Further assume + v < 4 : I and that
E{v(e)} »* x. We are to show that E{y'(¢')} —* *. Assume that
Dom(I') = {z1,...,zn} and let ; = I'(z;). Without loss of generality
(by the definition of value substitution and by considering the following
part of the proof) we may assume that y(z;) € Val;, and v/(z;) € Val,,. Let
v; = v(z;) and v} = /(z;), for all 1 <7 < n. Let

C{} = dzy:me o Aenin.B{_r}v1 - vy

Then C{e} —* *. Hence by the assumption that F e < € : 7, also
C{e'} —* +. Let

Cmseoyorn} = dz1ime - AT B{e'} o, -
Then we have that C'{v1,...,v,} —»* #. By Lemma 3.31,
FC{v1,ye.eyon} 2 C{0l,... v} 1

Hence it follows that C'{v],...,v;} —* %, and thus E{y'(¢')} —* *, as
required.

22



< AssumeT'} e <¢€' : 7. Then, by Lemma 3.29, + C{e} 2 C{e'} : L.
From this it follows (with E = ;) that C{e} <F C{e'}, as required. ]

Corollary 3.35 If ' Fe: T and T - € : 7, then + e = ¢ : 7 iff
Fkexe:T.

Proof Immediate from Theorem 3.34. m]

Theorem 3.36 For all C{p} € Ctz,, the following three propositions are
equivalent.

1. FC{F3} <e:T
2. AT € Pt(NPY: VR €T: +C{Fz}<e:T
3. VI € Peot(NPY: Ve I:  +C{Fz}<e:T

Proof We show that 1 is equivalent to 2 and that 1 is equivalent to 3 from
which the theorem follows. -

1=22 LetI={meNP |m=mp=--= mlﬁl}' I is clearly
cofinal. By Lemmas 3.31 and 3.23 weget Vin € I:  F C{Fzp} X C{Fz}: T
so by transitivity the desired follows.

2 = 1: Let E{_;} € ECtx; be arbitrary. We are to show that

E{C{Fz}} =* E{e}

So assume E{C{F3}} —* *. Then by Lemma 3.22, there exists a V{p'}
such that V{Fz} = * and

E{CHp} 4" V{F} (24)
Clearly, V = #. By the assumption that I € Peoe(N “3|) and (24) we get that
'Y (#el| B{C}H{Fn} " *}

is a cofinal subset of NPl Hence I' is in particular non-empty, i.e., there
exists m € I' such that E{C}{F;z} —* *. Now, E{C}{Fu} = E{C{Fa}}
so we have 3 € I' : E{C{F;3}} —* . Finally, since I’ is a subset of I we
get by the assumption 2 that E{e} —* *, as required.

1 =3 Let I € Per(N “5|) be arbitrary. The required follows by
Lemmas 3.31 and 3.23 and transitivity. (as in 1 = 2 above).
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3 = 1: Easy, since clearly 3 = 2 and we have already shown 2 = 1
above. 0

Corollary 3.37 (Context Continuity) For all C{p} € Ciz,,
FC{Fz} 2e:7 < YneN: +C{F,...,.F,}<e:T
Proof Follows by Theorem 3.36. O

Let C{p} = -, —r; in Corollary 3.37. Then the corollary together with
Lemma 3.23 intuitively says that F, is the least upper bound of the chain
of its finite unrollings: By Lemma 3.23,

FpXFXF=X-.-

is a chain with upper bound F;,. By Corollary 3.37, if e is an upper bound
of the same chain, then F,, < e, so F,, is a least upper bound of the chain:

F,=| {Fo,F,F,...}
Furthermore, by Corollary 3.30,
C{F} X C{F} C{FR}=---

is again a chain with upper bound C{F,}, and by Corollary 3.37, if € is an
upper bound of the same chain, then C{F,} =< e, so C{F,} is a least upper
bound of the chain:

C{F,} = | [{C{R},C{R},C{Fp},...}

In other words, to fill a context is a continuous operation for chains of finite
unrollings of fix terms with respect to the approximation order.

As explained by Mason, Smith, and Talcott [11] arbitrary chains of terms
do not always have a least upper bound. This leads Mason, Smith, and
Talcott to develop a notion of ordering between sets of terms, for which
arbitrary chains do have a least upper bound, [11, Lemma 4.31]. Here,
however, we shall only ever consider chains of the form

C{R} 2 C{R} 2 C{R} < -

for some given closed fix-term F'and thus the chains, which we shall consider,
will always have a least upper bound. Hence we do not need to develop
more complicated notions of approximation & la the set ordering developed
by Mason, Smith, and Talcott [11].
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3.2 Syntactic Projections

In this section we introduce syntactic projection terms which are the syn-
tactic counterpart of the semantic projection functions known from domain
theory. These syntactic projections will be used in the construction of the
desired relations in Section 5.

Let w be a variable. For all types 7, we define terms Il : 7 — 7 (given
7 : p— p) by induction on 7 as follows.

def
= lzpnz

Az:0.z
Az:l.x

Tosr, 2 Aziry x 7o.(Iy, (fst 2), IL, (snd )
def

def

def

|} P Az:1y + T9.case(z, Az:T.inly, (I z), Az:ima.ineg, (I, )

def
My, = Afim = Az I, (f (I, 2))

Note that 7 is possibly free in these so defined terms. Further, define terms
7wt : p — p, for all i > 0, by induction on 7 as follows.

0 fix w(z:p).7

pitl def Az:p.[n [xlin (TL, (out x))

and define
7% % fix w(z:p).in (I, (out z)) : p— p
Observe that 7¢ and also 7 are values.

Note that the #n'’s are the finite unrollings of the fix-term 7™ so, as
explained in the previous subsection, #°° is the least upper bound of the
chain of 7*’s. The 7°° term corresponds to the least fixed point fix(d) of the
continuous function d(e) = iF(e,e)i~! in [17, Definition 3.2). We shall show
that 7 is experimentally equivalent to the identity function (more precisely,
the term Az:p.z); this corresponds to the minimal invariant property in [17,
Definition 3.2).

Example Assume 7, = 1+ p. Intuitively, our recursive type then corre-
sponds to the type of natural numbers. Then 7 is equal to

fix 7w(z:p).in ((Az:1 + p.case(z, Az:L.inl, ((Az:1.z) z), Az:p.inry ((Az:p.7 z) 2))) (out z))

Intuitively, it is clear that this is equivalent to the identify function. O
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For all 7 and all 4 > 0, we define

I o [, 7 =7

Finally, for all 7, we define

me def [7°/n)ll; : 7 — 7

The following Lemmas 3.38-3.41 express that the above definitions do
indeed define terms.

Lemma 3.38 Forall7, [m:p—p]F Il :7 = 7.

Proof By induction on 7. O

Lemma 3.39 7 :p —p.

Proof By Lemma 3.38 and strengthening lemma for typing. O

Lemma 3.40 Forall7, FII® : 7 — 1.

Proof By Lemmas 3.38 and 3.39 and substitution for typing. O

Lemma 3.41 For all 7, for all i > 0, - II* : 7 — 7; and for all i > 0,
Fat:p—p.

Proof Simultaneously by induction on (i, 7) ordered lexicographically. O

We aim to show that 7°° is operationally equivalent to the identity func-
tion Az:p.z. To this end we need a series of simple lemmas which we now
proceed to establish .

Lemma 3.42 If Fe= x:1 then
1. Foralli>0, FIlem x:1.
2. FIIfPe~x*:1
Lemma 3.43 If e = (v1,v3) : 11 X 7o, then

1. Foralli>0, 1! e (1'[?,1 'vl,l'Ii2 vg) 1 T1 X To.

T1XT2
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2. HII®

~ o0 o0 .
oy €~ (X vy, I vg) : 71 X 7.

Proof We show 1; 2 is similar. Let ¢ > 0 be arbitrary. Assume F e =
(v1,v2) : 71 X T72. Then by Lemma 3.5, e {, i.e., there exists a v such that
e —* v. By Canonical Forms Lemma (Lemma 2.11), v = (v}, v}) for some
v} and v5. Hence

Hi

TLXT2

e = (A X 2. (L, (fst 2), I, (snd 2))) (e) —* (IT%, o}, ITE, vh)

Thus by Lemma 3.7 + II\ e~ (I v{,II{, v}) : 71 X7 and F e =
(vi,v5) : 71 X T2. By transitivity of ~, we get have + (vi,vs) = (v},v}) :
71 X 7. By Lemma 3.9 it then follows that F v; =~ v] : 7 and F
vg & v) : 9. Hence it follows, by composition of evaluation contexts, that
FIE, vy ~ 1L, o] : 7y and F II}, v = II;, v5 @ 7o. Hence, by Lemma 3.9,
F 1L, oy (€) = (I}, v1, 10}, v2) : 1 X 72, as required. O

Lemma 3.44
1. If Fe=inly, v:7 + T2, then

(a) For alli >0, F H?r1+72 e = inly, (I'Ii1 v) T+ To.
(b) FIIX, . e=inly, (IIXv) : 71 + 7o.

T1+72
2. If Fe=inr, v:71 + 79, then

(a) For alli>0, FII . ewinr, (I, v): 1y + 7.
(b) FII®,  eminry (IIPv): 7 + 7.

T1+72
Lemma 3.45 If Fexv: 71 — 79, then
1. For alli>0, +II e Anr I, (v(IIL 7)) i1 — 7.

TL—T2

2. FII¥®

rosry € X AT 10 (v (11X 2)) : 71 = To.

Proof We show 1, 2 is similar. Let ¢ > 0 be arbitrary. Assume F e =
v: 7 — 72. Then by Lemmas 3.5, 3.7, and 3.8, there exists a v’ such that
e~*v and Fv =o' :7 — 7. Hence,

I, (&) »* I (v)) =% Az IIE, (o (ITE (2)))
so by Lemma, 3.7

+II

Ti—7T2

(e) = )\:1::'7'1.1'[32 (' (Hf.1 () :11 =7
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We now claim that
F )\:L':7'1.Iﬁ2 (v (Hf,l (z))) ~ Aa;:n.ﬂ?,z (v (Hi1 ()11 =7 (25)

from which the required follows by transitivity. By Corollary 3.14, to show
the claim (25), it suffices to show that

F )\:1::71.11?,2 (v (Hfr1 (z))) (n1) = )\:1::7'1.1'[32 (v (H?,1 (2))) (v1) : 72 (26)

where v1 € Val, is arbitrary. Clearly, the left hand side in (26) is oper-
ationally equivalent to Hﬁ,z (v (II%, (v1))) and the right hand side is opera-
tionally equivalent to IT%, (v’ (II%, (v1))), but these two expressions are op-
erationally equivalent because v and v' are operationally equivalent and by
composition of evaluation contexts (with the context IT%, (_r, r, (II%, (v1)))).
Hence, by transitivity, the desired (26) follows. O

Lemma 3.46 If Fe=inv:p, then ng 2

Lemma 3.47 If Fe=xinv: p, then
1. Foralli>1, F Hf,e a2 in (Hi;l v) : p.
2. FIIPe=in (IIXv): p.
Lemma 3.48 If Fe=inv:p, then
1. Foralli>1, Fxate=in (Hi;l v) : p.
2. Fn®emin (I¥v): p.
Lemma 3.49 For all T and for all i >0, FIE <X Az:itz: 7 — 7.

Proof By Lemma 3.6 and Corollary 3.14 it suffices to show, for all 7, for
all v € Val,, for all E{_,_; v}

B{I v} <* B{v} (27)

We show this by induction on (%, 7) ordered lexicographically. We proceed
by cases on 7.

Case 7 = 1: Follows by Lemma. 3.42.

Case 7 = 0: Vacously true since Valy = {).

Case T = p: We consider two cases, 1 =0 and ¢ > 0.

SubCase i = 0: Follows trivially by Lemma 3.46.
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SubCase i > 0: By Canonical Forms Lemma(Lemma 2.11), v = in v’ for
some v € Val,,. Assume E{II! inv'} —* . Then by Lemma 3.47 (with
e = in v’ and using reflexivity of ~ and noting that i > 0 by assumption)
we also have that E{in (T[5! o)} —* *. Note that i —1 > 0 as i > 0 by
assumption and that (i — 1,7,) < (¢,7) in the lexicographical order, so we
can apply induction to get E{in v’} —* %, which is the required.

Case T = 71 X 12: Follows by Lemma 3.43 and induction on (7, 71) and
(7:$ T2 ) .

Case 7 = 71 + 12: Follows by Lemma 3.44 and induction on (%,71) or
(i, 72) depending on whether v = inl;, v’ or v = inr,, v

Case 7 = 11 — 19: Follows by Lemma 3.45 and Corollary 3.14, induc-
tion on (%, 71) and induction on (i, 7). O

We are now in a position to show one half of the operational equivalence
of #* and the identity function, namely that 7 approximates the identity
function.

Lemma 3.50 Fa*® < Az:ppz:p—p
Proof By Corollary 3.37, it suffices to show

VieN: Fatxdspz:ip—0p (28)

We show this by induction on %.

Basis (i = 0): By Lemma 3.6, Corollary 3.14 and Canonical Forms
Lemma (Lemma 2.11), it suffices to show, for all E{_, (in v)} € ECtx; and
all v € Val,,,

E{x% (in v)} <* E{in v}

Recalling that 70 = fix 7(z:p).7 z the required follows immediately.

Inductive Step: ~ We assume (28) holds for ¢ and show for ¢ + 1. By
Lemma, 3.6, Corollary 3.14 and Canonical Forms Lemma (Lemma, 2.11), it
suffices to show, for all E{, (in v)} € ECtx; and all v € Val,,,

E{n*t (in v)} <* E{in v}

To this end, assume _
E{n" (inv)} =* « (29)

Then by Lemma 3.47 (with e = in v and using reflexivity of ~ and noting
that 4+ 1> 1 as ¢ > 0 by the assumption that s € N) we also have that

E{in (Hip v)} % (30)
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Then by Lemma 3.49, also E{in v} —* x, as required. O

Next we aim to show the other half of the operational equivalence of
7 and the identity function, that is, that the identity function opera-
tionally approximates #°°. We shall employ an idea of Mason, Smith, and
Talcott [11].

We now proceed to show idempotency of II° and 7°°. The strategy is
to show lemmas for II¢ and 7* and then use compactness of evaluation to
get the desired results.

o0

Lemma 3.51 For alli >0 and for all 7, F It < Az:r.TI® (0P z) : 7 — 7.

Proof By Corollary 3.14 it suffices to show, for all 2 > 0, for all v € Val,,
and for all E{_,, v} € ECtx;,

E{Il! v} <*F E{(A\z:7.IT® (II® z)) v}

This can shown by induction on (%, 7) ordered lexicographically. O

Lemma 3.52 For alli >0, 7 < Az:p.7® (7% 2) : p — p.

Proof Follows by Lemma 3.51. O

Lemma 3.53 For alli >0 and for all 7, - Az:7. 0L (IL 2) <P : 7 — 7.

Proof By Corollary 3.14 it suffices to show, for all 7 > 0, for all » € Val,,
and for all E{_;_.; v} € ECtxy,

E{(z:r.IIL (IT z)) v} <* B{I1® v}

This can shown by induction on (%,7) ordered lexicographically. O

Lemma 3.54 For all i >0, F Az:p.nt (nz) X7 :p — p.

Proof Follows by Lemma 3.53. O

Lemma 3.55 For all 7, FII® X Az:7 IIX (IXz): 7 — 1.

Proof By Corollary 3.37, with C = _,_.;, and Lemma 3.51. O
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Lemma 3.56 F 7 < Az:p.n® (7 x): p — p.

Proof By Corollary 3.37, with C = _,_.,, and Lemma 3.52. O

Lemma 38.57 For all 7, F Az:r.JI® (11 z) K TIX : 7 — 7.

Proof By Corollary 3.37, with C = Az:p..; (o 2) with ; and 5 of type
7 — 7, and Lemma 3.53. O

Lemma 3.58 F Az:p.7™® (7°z) 2 7% :p— p.

Proof By Corollary 3.37, with C = Az:p. (2 z) with  and 5 of type
p — p, and Lemma 3.54. a

Corollary 3.59 For alle € Ezp, and for all E{_;} € ECtz,», - E{II® (Il ¢)} ~
E{II®e}: 7.

Proof Follows by Lemmas 3.55 and 3.57. O

Corollary 3.60 For alle € Ezp, and for all E{_,} € ECtz;, - E{n™ (7%¢€}} =
E{n®e}:T.

Proof Follows by Lemmas 3.56 and 3.58. O

We then define a “compilation” relation for expressions that annotates
terms with syntactic projections. The relation I' - e : 7 = |e| is defined by
induction on I' - e : 7 by the axioms and inference rules in Figure 2. It is
easy to see that if CFe: 7, then ' e: 7 = |e|, for some |e.

Lemma 3.61 IfTFe:7=|e|, then '\ |e| : 7.

Proof By inductiononI'le: 7= |e|. a

For any E{_;} € ECtx,s, we define |E| as follows. Clearly, [z : 7] -
E{z} : 7. Thus for some €, [z : 7] - E{z} : 7' = €. By induction on
the derivation there will be one free occurrence of z in e/. We define |E| o

[-r/z]¢/, and by the remarks given here and Lemma 3.61, |E|{_;} € ECtx,.

Lemma 3.62 For all e € Ezp, (') and for all expression substitutions y for
T,ifTke:7=|e|, then 11 (vle]) = yle| : 7.
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Trz:7=0z (I(z)=r1) (TR-VAR)

FF*:1=TI* (TR-ONE)
I'kFep :T1=>|61| TFhey:mp=> |82| (TR PROD)
't (e1,e0) : 71 X 1o = 112, (len], [e2])
Cle:m X1 = |e ( -
TR-FST
IhHfste:m = fst|e]
Che:m xm=|e
_ (TR-SND)
['Fsnde:m = snd e
F'ke:m = e (TR-INL)
TR~
Thinly, e: 71 + 79 = O, (inly, [e])
The:m =g
_ — (TR-INR)
Thinry e+ 7= 07, (inr |e])
ke :m+7m=lel Fkey:m —7=|eg F'kez:m—7=>|es|
I' I case(ey, ez, e3) : 7 = case(|e1], |e2], le3])
(TR-CASE)
INif:n—=mnlz:nkFe: =l
o LT eimlel (f,2 & Dom(T))
L'k fix f(zim).e: 1 = 1 = 1Y ., (fix fz:11).]e|)
(TR-FIX)
T'kep:m— 7= e Phey:m = e
(TR-APP)
I'Fejeg: 7= |61||€2|
I'ke:p=
p= el (TR-0OUT)
I'Foute: 1, = out|e
The:m,=|e
p = lel (TR-IN)

TFine:p= 17 (in[e])

Figure 2: Definition of T'Fe: 7 = |e|.
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Proof By inductiononT Fe: 7= ||

Case TR-VAR, TR-ONE, TR-PROD, TR-INL, TR-INR, TR-FIX, TR-IN: Use
Corollary 3.59.

Case TR-FST: By induction we get that

Fylel = IRx., (vlel) : 71 x 7 (31)

We are to show F fst (yle]) ~ IIX (fst (vle])) : 71 X 2. If 7]e] 1 then
it follows by Lemma 2.15. Thus assume that «|e| |}, that is, that there
exists v € Val, xr, such that y|e] —»* v. By Canonical Forms Lemma
(Lemma, 2.11), v = (v1,v2) for some vy, vo. By (31), Lemmas 3.7 and 3.43
and transitivity of =,

Flel & (T v1, T3 va) : 71 X 72 (32)
By Lemmas 3.7, 3.8, 3.9, and (32), we get
Ffst (yle]) # I vy iy (33)
Further, again using Lemmas 3.7 and 3.9,
Ffst (vle]) = vy iy (34)
so by composition of evaluation contexts, (34) gives
HII7) (fst (vle])) = Y vy 7y (35)

which together with (33) gives the required by transitivity and symmetry of

~
~,

Case TR-SND: Similar to the case for TR-FST.
Case TR-CASE: We are to show that  II% (case(v|e1|,7]ez2|,7|es])) =
case(vle1],vlez|,vles]) : 7. If v]e| f then it follows by Lemma 2.15. Thus

assume that vle| J.

SubCase I. Assume v|e| —* inl;, v;. Then by Lemma 3.7, it suffices to
show F II2° (v]ea| (v1)) = 7lez| (v1) : 7. Assume v|es| —* v (otherwise the
required follows by Lemma 2.15). By induction we have

Fles| = I o, (vleal) i mo — 7

so by Lemma 3.7 and transitivity of ~ we get

FomIlY Gvim =7
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Thus it suffices to show

FIOP (I, v)v) = (I v)vr: T

T —T

But
(I

T1—>T

v) vy =" 112 (v (TI2 v1))
so by Lemma, 3.7 and transitivity of = it suffices to show
- I (I (v (I35 01)) 5 T2 (v (T 1)) < 7

but this follows from Corollary 3.59.
SubCase II: Assume vje| —* inr,, v1. Similar to SubCase I.
Case TR-APP: Follows by induction and Corollary 3.59.
Case TR-OUT: Follows by induction and Corollary 3.59. O

Lemma 3.63 For all e € Ezp,(T) and for all expression substitutions v, '
forT,if Fy=<~:Tand Tt e:7=>|e|, then tyle|] 2 v'(e) : 7.

Proof By inductiononI'Fe: 7 = |e|, using Lemma 3.31 and Lemma 3.50.
For rule TR-FIX, by compactness it suffices to show, for all : € N,

Fy(fix fiz:m).Je]) < 4'(fix fi(z:m).(e)) : T
This is shown by induction on ¢ using the outer induction hypothesis in the

inductive step. |

Corollary 3.64 IfQFe: 7= |e|, then F|e| 2e:T.
Proof By Lemma 3.63. m|

Corollary 3.65 For all E{_;} € ECtz,; and for all expression substitutions
v forT =[z: 7], if [2: 7] - E{2} = |E{z}|, then b ~|E{z}| X v(E{z}): 7.

Proof Follows by Lemma 3.63. a

Lemma 3.66 For all e € Ezp, and for all E{_;} € ECtzp

1. Iflzy:m,-.., 2k :Te)Fe=>|el andOte i1, ..., OF ey : 7y, then

Hlles, .- en/z1,- . zilel = leals - lexl /21, .o za]le] s 7
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2. +|E{e}| = |E|{le|}: 7"
Proof
1. By induction on [z} : 71,...,%k : T6] F € = |e].
2.
|E{e}| = |le/z]E{z}| by Lemma 2.3
= [lel/z]|E{z}| byl
= |E|{le|} by Lemma 2.3

where for the last application of Lemma 2.3 note that the lemma indeed
is applicable since |E| is an evaluation context by the remarks on

Page 31.
O
Lemma 3.67 For all T and for all v € Val, the following holds.
1 ol ¥
2. 12 o] 4
Proof By induction on v. O

Lemma 3.68 For all e € Ezp_, if 0 e : 7 = |e| and e — €, then
Fle|=|e'|: 7, where O ¢ : 7 = |€|

Proof Assume e — ¢/. Then e = E{r} for some E and r. We proceed
by cases on the reduction rule applied. We will use Lemmas 3.7 and 3.8

repeatedly without explicit mentioning.
Case R-OUT: Then r = out (in v) for some v. We reason as follows.

le] = |E{r}]
~ |E{|r} by Lemma 3.66, item 2
= |E{out (in v)|}
|E|{out (ITP (in |v|))} by definition

(LI
|E|{out (IT3° (in v')) } by Lemma 3.67, ' : jv| —* ¢/
|E|{out (in (II2 v"))} by Lemmas 3.31 and 3.47
| E|{out Ei" (I o))}

greareeuwni

|E|{out (in v")} by Lemma 3.67, 3" : I u| =" v"
|E|{v"} by R-OUT

|E[{IL [v]}

|E|{|v|} by Lemma 3.62

l€
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Case R-BETA: We reason as follows.

lel

greeraereaereeaeen

€]

lE|{|(fix f(z:mi).e1)v|}
|E| {120, (fix f(z:71).|e1])) |v]} by definition
|E{(Az:r IS ((fix f(zim).|e]) (P z))) [v]} by Lemma 3.45

| BI{(Az: 7 T2 ((fix f(z:71).Jeq]) (IX z))) v} by Lemma 3.67, 3’

|E|{|[fix f(z:71).€1,v/f, z]e1|}

by Lemma 3.66, item 2

|E|{H,,°.2° ((fix f(z:m)-|exl) (H°° )} by R-BETA
|E|{II2 ((fix f(z:7m1).lex]) (T []))}

|E|{H ((fix f(z:71)-le1l) ivl)} by Lemma 3.62
|E|{I1% ((fix f(z:71).lea]) v)}

BT ([fix  (:m1).Jea |, o'/, allea])} by R-BETA
|E1{H ([ﬁx f(x:Tl)flella [vl/f,z]le1])} by Lemma 3.31
IEI{[f'X f(@m).leals v/ f, z]lei]} by Lemma 3.62

Dyl =* Y

by Lemma 3.66, item 1

by Lemma 3.66, item 2

Case R-FST: We reason as follows.

IBI{Jfst ((v1, v))]}
|| {fst ((forl, [o2])}
] {fst ((vh,v3))}
|| {uh)

1B {Joa}

€]

lef

g auee

by Lemma 3.66, item 2
by definition

by Lemma 3.67, 3v] : |v1| —* v] and Fv) : |va] —* v

by R-FST

by Lemma 3.66, item 2

Case R-SND: Similar to the R-FST case.
Case R-CASE-INL: We reason as follows.

le] = |E|{|case(inl;, v,e1,e2)|} by Lemma, 3.66, item 2
~ |E|{case(inl, |v],]e1],]e2])} by definition
~ |E|{case(inl, v',|e1], e2])} by Lemma 3.67, 30’ : |u| —»* o'
~ |E|{|e1] "} by R-CASE-INL
~  |E|{]er] [v]}
~ |E|{|le1v|} by definition
~ |€| by Lemma 3.66, item 2

Case R-CASE-INR: Similar to the R-CASE-INL case. 0

Lemma 3.69 F Az:ip.z X 7%

tp=p

Proof By Corollary 3.14 and Canonical Forms Lemma (Lemma 2.11) it
suffices to show, for all E{_,_.,(in v)} € ECtxy,

E{)\z:p.z (in v)} <% E{zx™ (inv)}
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Let E{_,—, (in v)} € ECtx; be arbitrary. By Lemma 3.6, it then suffices to
show,
E{in v} <* E{z* (in v)}

By Corollary 3.64 it then suffices to show,
E{in v} <% E{x® |in v|}
Since clearly 7% =~ II3° : p — p, by Lemma 3.62 it then suffices to show,
E{in v} <* E{|in v|} (36)

Suppose that
E{in v} <* |E{in v}| (37)

holds. Assuming this, we can reason as follows

E{inv}—»*x = |E{inv} —*=* by assumption (37)
= |E|{|linv|} »** by Lemma 3.66, item 2
= E{|inv|} »* by Corollary 3.65

which gives (36) as required.
Thus we are left with showing (37). Clearly this follows from showing,
for all closed expressions e € Exp,,
e—" x = |e| " *
We show this by induction on the length m of the computation of e —* .
Basis (m =0): Then e = , whence |e| = II$° * —* %, as required.
Inductive Step:  Assume e — ¢’ =™ %, Then by induction we get that

|¢'| =* *. By Lemma 3.68, also |e| —* *, as required. O

We are now in a position to establish the following theorem, which we re-
fer to as the syntactic minimal invariant property by analogy to the domain-
theoretic work of Pitts [17].

Theorem 3.70 (Syntactic Minimal Invariance) F7®° = Azpp.z:p—p

Proof By Lemmas 3.50, 3.69, and 3.3. O

37



3.3 Summary

In this section we have defined a notion of experimental approximation and
experimental equivalence between terms and established some basic equiv-
alences of terms. Further, we have seen that the finite unrollings of a given
fix-term forms a chain with respect to the approximation pre-order and that
the fix-term itself is the least upper bound of this chain. This has been cru-
cial to establish the syntactical minimal invariant property for the recursive
type p, that is, that the projection term 7™ associated with the recursive
type p is operationally equivalent to the identity term Az:p.z.

In the following we shall show how to construct relations over equivalence
classes of terms (with respect to the operational equivalence). The properties
established in this section are crucial to this construction, in particular, the
syntactial minimal invariant property plays a central role in adapting Pitts’
method [17] to our operational setting.

4 Relations

In this and the following section we shall show how to construct a relational
interpretation of types over an operational semantics. We shall end up by
showing “The Fundamental Theorem of Logical Relations” which states that
the relational interpretation of types is sound in the sense that well-typed
terms are related to themselves by the relation associated to their type. The
constructed relations can be seen to provide a notion of equality of terms,
which we shall refer to as “logical equivalence”. In Section 6 we define this
notion of equivalence and show that it coincides with contextual equivalence.
Moreover, we derive a useful coinduction principle for establishing logical
equivalence and thus contextual equivalence. This section also provides the
necessary understanding for constructing a relational interpretation, which
we can use to show the correctness of cps transformation in Section 7.

In this section we define a universe of relations over equivalence classes
of closed expressions, with respect to operational equivalence. Further, we
define a notion of admissibility for relations. This corresponds to the notion
of admissibility (also known as inclusiveness or completeness) used in domain
theory, and is also here used as a condition on relations, which, loosely
speaking, allows one to show that a fix-term is in a relation by showing that
its approximants are in the relation. Next we show that admissible relations
equipped with the obvious ordering form a complete lattice, define relational
constructors corresponding to the type constructors of the language, and
show that these constructors preserve admissibility.
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Throughout this section we will let n € N be an arbitrary but fixed
natural number, that is, we will consider n-ary relations for a fixed, but
arbitrary n € N. We will use the same abbreviations for terms involving
fix and for contexts as in Section 3.1. For any set A and natural number m
we write A™ for the m-ary cartesian product of A. For any set A and any
equivalence relation = on A, we write A /= for the set of equivalence classes
of A with respect to =. To simplify notation we denote each equivalence
class by one of its representatives. Moreover, we will simply use = for the
operational equivalence relation at type 7 (i.e., (e,e') ex <= Fe=~e :7)
when 7 is clear from context.

Definition 4.1 For all 7, we define a universe of n-ary relations Rel; as
follows.

Rel, € p ((Esp, /=)")

We use R to range over Rel,.

Definition 4.2 A relation R € Rel, is admissible if and only if it satisfies
both of the following two conditions.

Strictness: (e1,...,ep,) € Rifand only if (Vi€ l.n:e; )V (Vi€ L.n:
Ju; s e —=* v; A (v1,...,v) € R))

Completeness: For all i € 1.n and for all Ci{p} € Ctz, with all param-
eters in B of type 1 — T2 and for all Fi = fix f(z:71).e; € Ezp,, ..,
and for all I € Peos(NIP,

(Vi € I: (Ci{F}},...,Ca{F3}) €R) =
((C1{F}},...,Cu{F2}) € R)

Recall that C{p} means that all of the parameters of C are included in p,
that is, in the completeness condition the contexts C; are not required to all
have the same number of parameters.

The completeness condition on relations is motivated as follows. For
simplicity, let us just consider unary relations (n = 1). We wish to impose
a completeness property that allows us to conclude that C{F,} € R based
on whether some collection of finite unrollings of C{F,,} are in R. Clearly,
it is not sufficient to establish that C{F;} € R for some i > 0, since C{F;}
may fail to terminate (and hence lie in R by the strictness condition on
relations), whereas C{F,} may terminate with some value. This suggests
that it may be sufficient to establish that C{F;} € R for some ¢ such that
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C{F;} terminates. But such a weak notion of completeness would not be
closed under the formation of function spaces between relations. Knowing
that C{F;} terminates and that C{F;} € R; — R; does not entail that there
exists i’ such that C{Fy} (¢) terminates and lies in Rs. Consequently we
must assume that for every ¢ there is a larger 7' such that C{F;} € R so that
in the case of R = R; — Ry we may pick a large enough 4’ to ensure that an
application C{Fy} (e) terminates and hence lies in Ry. The completeness
condition we have stated here ensures that this is the case.

Definition 4.3 For all 7, we define a universe of admissible n-ary relations
Radm; as follows.

Radm, ¥ {R € Rel, | R is admissible }

We also use R to range over Radm.,.

We now define a series of relational constructors corresponding to the
syntactic type constructors. For each of these constructors it is easy to
verify that the definition does not depend on the choice of representative of
an operational equivalence class.

Definition 4.4

Ro % {(e1,...,en) € (Eupy /=)™ | Vi€ l.n:eif}

Definition 4.5
RY {(e1,...,en) € (Bzp, /)" | (Vi€ ln:ef)V(ViEln:e =" %)}

Definition 4.6 For all R; € Rel;, and Ry € Rel,,,

def
Rl X R2 = {(61,...,6.,,,) € (Exprlxrz /z)n l
(Viel.n:e MV
(Vi€ lin:3u,v: ke~ (v,v]) 71 X7y

/\('Uly-",lun)ERI/\(vllv'-'vv':z)ERZ)}

Definition 4.7 For all R; € Rel;, and Rz € Rel,,,
def
R; + Ry = { (eli teey en) € (Exp7.1+72 /z)n |
(Viel.n:e )V

(Vieln:3u: Fe=inly, v :m+7mA(v1,...,v) € Ry)
(Vieln:3u: Feminr, viim+72A(v1,...,0,) € Ra) }
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Definition 4.8 For all R; € Rel,, and Ry € Rel,,,

def
Ri—~Ry, € {(e1,---,€n) € (Bapy_.pp /=)™ |

(Viel.n:e )V
(Vicln:3u: Femv:in —12A((e,...,e,) € R =
(vie},-..,vney) € Ro)) }

Lemma 4.9 For all 7, (Radm,,C) is a complete lattice.

Proof By astandard lattice-theory theorem (see, e.g., [2, Theorem 2.16(ii)])

it suffices to show that the greatest lower bound, A S, exists for every subset

of Radm.. Thus let S be an arbitrary subset of Radm,. Define A S def Nns.

We then have to show
1. AS € Radm,
2. A S is the greatest lower bound of S

Item 2 is obvious by the definitions. To prove item 1 we have to show that
the two conditions in the definition of admissibility are satisfied. They both
follow easily using the fact that each R € S is admissible. O

We now proceed to show that the relational constructors preserve ad-
missibility. To this end we shall employ the following lemma about the |}F
relation, which was defined in Section 3.1.

Lemma 4.10 For all i € 1.n and for all contexts C;{B} and all value
contexts Vi{p;} satisfying Ci{p} \F V;{p;}, there exists a B such that for all
i € l.n, C{p} 4¥ Vi{P'} and furthermore, for all I € Peot(NIP), letting

L [ | e IAC{FL} =" Vi{FL}} € Peor(NIPHFY)
then

n
r'“N\x
i=1

s a cofinal subset of NIPHIP,

Proof Since |F is preserved under renaming of parameters we can as-
sume without loss of generality that all parameters p;; are distinct. Let
p' = p1---p,. The result follows by Lemma 3.20 and simple properties of
cofinal sets (it is the fact that each V; involve a distinct subset of the param-
eters of P’ that ensures that the intersection defining I’ indeed is a cofinal
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set). m|

We will also make use of the following lemma to show admissibility of
the relational constructors.

Lemma 4.11 For all i € 1..n, all Ci{p}, and for all Ry € Radm, and
Ry € Radm., if the following conditions are all satisfied

1. R is either Ry, R1, Ry X Ry, R1 + Ry, or R; — Ry
2. Y € I € Peog(NPN) : (G1{FL},...,Cu{FR}) € R
3. each R is strict

then
(Vi€ L.n: G{Fi} V) V (Vi€ L.n: Ci{Fi} 1)

Proof By contradiction using Lemma 3.22. O

Lemma 4.12 For all R, € Radm,, and all Ry € Radm.,, Ri1 X Rs €
Radm ) xry-

Proof We are to show that the two conditions of admissibility hold.
Strictness Follows by Lemmas 3.5, 3.7. and 3.8.

Completeness Let I € P (N ”3[). Assume
Vit € I: (CL{FL},...,Cu{F2}) € Ry x Ry (38)

By Lemma 4.11 (note that we have already argued that the strictness
condition of admissibility is satisfied) there are two cases to consider.

Case I: Vi € 1.n : Ci{F.} 1. Then the desired follows by definition
of R1 X Rg.

Case II: Vi € 1.n : Ci{F%} Il. Then Vi € 1.n: Ju; : C;{FL} =* v
By Lemma 3.22, for all ¢ € 1..n there exists a V;{p;} such that v; =
Vi{F:} and C;{p} I Vi{p;}. Thus by Lemma 4.10, there exists a '
such that for all i € 1..n, C;{p} {¥ V;{F'} and

L (AW | e TAC{FL} = Vi{Fi}} € Peos(NIPHF)
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and n
'Y I € Pt (NPHIFY)
i=1
Let
Ew | melamm el')

Clearly, I" € Pcof(N|'3'|). By (38), Lemma 3.7 and definition of I”, we
have,

v eI": (Vi{Fx},...,Vo{F2}) € Ri X Ry (39)

By Canonical Forms Lemma, for all i € 1..n, there exist V;1, V2 such
that V; = (Vi1, Vi2), and by (39) and definition of R; X Rz we then

have
vmel”: (Vn{F,r-}-.,'}, “es ,an{FT%}) eER (40)
and
v e I": (Via{Fxr},.. ., Va2 {F%}) € Ry (41)
By admissibility of R; and (40) we then get
(Vu{F3},..., Vm{F3}) € B (42)

and by admisibility of Ry and (41) we get
(Vio{FL}-., Vaa{ F2}) € Bz (43)
Hence, by definition of R; x Ry we then have
(V{FL},...,Va{F2}) € R1 X Ry (44)

which together with Lemma 3.7 (and recalling that the relations are
over equivalence classes w.r.t. operational equivalence) gives that

(Cl{le—}, ceey Cn{Fg}) € Ry X Ry

as required.

Lemma 4.13 For all Ry € Radm,, and all Ry € Radmy,, Ry + Ry €
Radmyy 47, .

Proof We are to show that the two conditions of admissibility hold.
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Strictness Follows by Lemmas 3.5, 3.7. and 3.8.
Completeness Let I € Peor(N iF—"|). Assume
v € I: (Ci{FL},...,Co{F2}) €R1 + Ry (45)
By Lemma 4.11 (note that we have already argued that the strictness

condition of admissibility is satisfied) there are two cases to consider.

Case I Vi € 1.n : C;{FL} 1. Then the desired follows by definition
of R + Rs.

Case II: Vi € 1.n : Ci{FL} |. Then Vi € 1.n : Ju; : Ci{FL} =" ;.
By Lemma 3.22, for all ¢ € 1..n there exists a V;{p;} such that v; =
Vi{Fi} and C;{p} 4¥ V;{p;}. Thus by Lemma 4.10, there exists a p’
such that for all i € 1..n, C;{p} ¥ V;{p'} and

LY (! | e TAC{EL} " Vi{Fiy } } € Peog(NIPHIFT) (46

and "
' I € Peor(NPIHFY)

=1
Let .
'Y iw | melnmm el'}

Clearly, I" € Peos(N IF_"’l). By (45), Lemma 3.7 and definition of I”, we
have,
vmeI": (Vi{Fs},...,Va{F2}) € Ry + Ry (47)

By Canonical Forms Lemma,

Viel.n: ((3Vi: Vi=inly, Vi) V (3Vie : Vi = inrpy, Via))

Claim:

(Vi€ 1.n: Vi : Vi=inly, V1) V (i € 1. : 3Vig : V; = inly, Vig)

Proof of Claim: By contradiction (of the assumption (45)), using
Lemma 3.7, and (46). (End of Proof of Claim)

Thus there are two subcases to consider.

SubCase I: Vi € 1.n : IV} : V; = inl, Vj;. Now proceed as in the
proof of Lemma 4.12, using admissibility of R;.

SubCase II: Vi € 1.n : AVjo : V; = inl; Via. Now proceed as in the
proof of Lemma, 4.12, using admissibility of Rs.
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Lemma 4.14 For all Ry € Rel; and all Ry € Radm,,, Bi — Ry €
Radm,,ry.

Proof We are to show that the two conditions of admissibility hold.
Strictness Follows by Lemmas 3.5, 3.7. and 3.8.
Completeness Let I € Peos(N II3'). Assume

vmel: (Ci{FL},...,Cn{F2}) € R — Ry (48)

By Lemma 4.11 (note that we have already argued that the strictness
condition of admissibility is satisfied) there are two cases to consider.

Case I. Vi € 1.n : Ci{FL} 1. Then the desired follows by definition
of R; — Rs.

Case II: Vi € 1.n : Ci{FL} . Then Vi € 1.n : Jv; : C;{FL} —* v;.
By Lemma 3.22, for all 7 € 1..n there exists a V;{p;} such that v; =
Vi{FL} and Ci{p} U¥ V;{p;}. Thus by Lemma 4.10, there exists a p’
such that for all ¢ € 1..n, C;{p} V¥ Vi{p'} and

LY (! | e IACH{FLY =" Vi{Fi}} € Peog(NPHIF)  (49)

and o
r = n I € Pcof(Nlﬁ|+|ﬁ,|)
i=1
Let ]
" | melnmi el'}

Clearly, I" € Peos(N “_5,'). By (48), Lemma 3.7 and definition of I”, we

have,
vmeI": (Vi{FL},...,Vua{FEY) € R, = Ry (50)

Hence by definition of R; — Ry

vm e I":V(el,...,eh) € Ry : (Vi{EL}el, ..., Vu{F2}el) € Ry

(61)
Let (€),...,e;,) € Ry be arbitrary. Then by (51) we have
v e I": (Vi{FL}el,...,Va{F2%}e)) € Ry (52)
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whence by admissibility of Ry, also
(Vi{F3}el,...,Vu{FZ}e,) € Ry (53)
Since (e,...,e},) was arbitrary and using Lemma 3.7 we have that
(C1{F5},...,Cu{F3}) € R1 = Ry

as required.

Lemma 4.15 R; € Radm,.

Proof We are to show that the two conditions of admissibility hold.

Strictness Follows by Lemmas 3.5, 3.7. and 3.8.
Completeness Let I € Pos(N ”3|). Assume
vine I: (CL{Fg},-..,Ca{FR)) € R (54)

By Lemma 4.11 (note that we have already argued that the strictness
condition of admissibility is satisfied) there are two cases to consider.
Case I: Vi € 1.n : Ci{F.} f. Then the desired follows by definition
of RN.
Case II: Vi € 1.n : Ci{F.} . Then Vi € 1.n : Gi{FL} —* . By
Lemma 3.22, for all i € 1..n there exists a V;{p;} such that « = V;{F3}

and C;{p} U¥ Vi{p;}. Thus by Lemma 4.10, there exists a p’ such that
for all i € 1..n, C;i{p} V¥ Vi{F'} and

L (mm | meTACH{FLY »* Vi{FL}} € Poor(NIPHPT) (55)
and "
IS N\ I € Peor(NPHIFY)
=1
Let

" w | melamm el

Clearly, I" € Pcof(N!ﬁl!). Clearly, V; = *. Since I" is cofinal, in
particular it is non-empty, so by (54) we have (x,...,*) € R;. Whence,
by Lemma 3.7 we have that

(Ci{F3},-..,Cn{F3}) € Ry

as required.
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Lemma 4.16 Ry € Radmy.

Proof Immediate by the definition of Ry and the fact that, for all e € Expy,
e {); the latter follows from progress and the fact that there are no values of
type 0 (formally, by Theorem 2.12 and Lemma 2.11). ]

5 Relational Interpretation

In this section we give a relational interpretation of the types of £, that is, an
assignment of admissible relations to each type. To interpret the different
type constructors we, of course, make use of the corresponding relational
constructors defined in the previous section. Our construction follows along
the lines of Pitts [17].

Definition 5.1 For all 7, define [7] : Radm, — Radm, by induction on T
as follows.

[O]R ~ R
[1]r = R
[PIR = R
[[7'1 X Tg]]R = I[Tl]]R X I[Tz]]R
[+ TQ]]R = |[T1]]R + l[Tg]]R

|[T1 — TQ]]R = [[Tl]]R — I[Tg]]R

Note that the operation [7] is well-defined by induction on 7 and Lem-
mas 4.9-4.16.

Definition 5.2 Define ® : Radm, — Radm, by
def
®(R) = {(e1,-..,en) € (Bap, /m)" |

Mieln:egf)V(Vieln:3v: Fe=iny;:pA
('Ul" .- ,'Un) € ":TP]]R)}

Lemma 5.3 ® is well-defined.

Proof First note that the definition does not depend on the chosen equiv-
alence class representatives (by Lemma 3.5 and transitivity of =). Let
R € Radm,. We are to show that ®(R) is admissible. Use the fact that
[7,]R is admissible and proceed as in Lemma, 4.12. O
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Lemma 5.4 (Radm® x Radm) ordered componentwise is a complete lattice.

Proof Follows by Lemma 4.9 O

Definition 5.5 For all 7, define [7]' : (Rel;f x Radm,) — Radm, by in-
duction on T as follows.

[[0]]' (R, R+) = Ry
l[]-]], (R_, R+) = R
[l (R, RY) = RY
I[Tl X 7-2]],(R_aR+) = l[Tlll’(R_’R+) X I[TZ]II(R—}R-'-)
[+ ] (R7,RF) = [n]'(R™,RY)+[n]'(R™,RY)

[1 =) (R7,RT) = [n]'(R",R7) =[] (R,R")

Note that the operation [r]’ is well-defined by induction on 7 and Lem-
mas 4.9-4.16. Moreover, note that the first argument to [7] is not required
to be admissible; this will be useful in the following section.

Definition 5.6 Define ¥ : (Radm? x Radm,) — Radm, by
p P p

© {(er,...,en) € (Ezp, /=)™ |

(Vieln:eMV(Viel.n:3v;: Fexiny: pA
(Uh .- ,'Un) € I[TP]]’(R_’ R+)) }

U(R-,R")

Lemma 5.7 ¥ is well-defined.

Proof As in the proof of 5.3. O

Definition 5.8 Define U3 : (Radm ;P x Radm,) — (Radmg? x Radm,) as
follows.
U(R™,RY) = ((R*, "), ¥(R™, RY))

Lemma 5.9 U§ is monotone.

Proof By induction on 7 using monotonicity properties of the relational
constructors in the obvious way. O

Definition 5.10 By Lemma 5.9 and 5.4 and Tarski’s fized point theorem,

U3 has a least fized point ifp(¥8). Define (A=, A+) def 1fp(T8).
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Lemma 5.11 (A=, A%) satisfies the following properties
1. A=,A* € Radm,
2. A~ =T(AT A7)
3. At =T(A-,At)

4. for all (R~,R*) € (Radm@ x Radm,), if V8(R~,R*) C (R~,R*)
then R~ C A~ and Rt D AT

5. AT C A-

Proof Items 1-3 are obvious. Item 4 follows by the least fixed point prop-
erty. Item 5 follows by letting R~ = A" and Rt = A~ in 4. 0

To simplify notation, we write e : R C R’ for
Y(e1,...,es) € R: (eey,...,ee,) € R

Note that this notation does not depend on the chosen equivalence class
representative, so the notation is indeed well-defined.

Lemma 5.12 For all i € N and for all T,
IL: [7]'(a%, A7) c [7]'(A7, AY)

Proof By induction on (%,7) ordered lexicographically. We proceed by
cases on 7.

Case 7 = 0: Follows immediately by [0]'(A*,A™) = [0J(A—,AT) =
Ry and I} = Az:0.z, for all 4, and Lemma 3.6.

Case T = 1: As the previous case.

Case 7 = p: Then [7]/(AT,A7) = A~ and [7]'(A7,AT) = At. As-
sume ej,...,e, € A~. We are to show that (Hf, el,...,l'[f, e,) € A*. By
admissibility of A™, in particular by the strictness condition of admissibility,
there are two cases to consider.

SubCase ey, f, for all 1 < k < n: Then also Hf, er t, foralll <k <mn,
so by admissibility of At the required follows.

SubCase e, ||, foralll < k < n: Then,as A~ = ¥(AT, A7), (e1,...,en) =
(in v1,...,in vy) for some (v1,...,vs) € [T,]J(A*,A™) (recall that we are
working over equivalence classes). There are two subcases.

SubSubCase i = 0: Then IIfJ er , for all 1 < k < n, by Lemma 3.46, so
by admissibility of A™*, the required follows.
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SubSubCase i > 0: Then by Lemma 3.47 (aplicable as 1 > 1), ].'If, er
in (Hi;l vg) : p. By induction (note that (¢ — 1,7,) < (4,p) in the lexi-
cographic order), we get that (Hi;lvl,...,Hfrzlvn) € [r,](A™,At). By
admissibility there are two cases to consider.

SubSubSubCase H?,;l vg I, for all 1 < k < n: Then also Hf, ex T, for all
1 < k < n, so by admissibility of [p](A~,A™), the required follows.

SubSubSubCase Hi;l v, for all 1 < k < n: Then H?};l v = 'v;c, for all
1 <k < nsuchthat (v],...,v,) € [1,](A™, A*), whence by Lemma 3.11, +
Hf, er X in v}, : p, for all 1 < k < n, so by definition of ¥, (1'[:', €1y-.- Hf, en) €
T(A~,AT) = A* = [p](AT, A7), as required.

Case 7 = 11 X 72: Then [r}(AT, A7) = [n](AT, A7) x [](At, A7)
and [r]J(A~,A*") = [n](A™,At) x [r](A~,At). Assume (ey,...,e,) €
[7](A*,A™). We are to show that (Tl ey,...,IIt e,) € [7](A~,At). By
admissibility there are two cases to consider.

SubCase eg 1, for all 1 < k < n: Easy.

SubCase e |, for all 1 < k < n: Then by definition of [nJ(A*,A™) x
[2](AT, A7), ex = (v}, v}), forall 1 < k < n, (v],...,v}) € [n](AT, A7),
and (v],...,v) € [2] (AT, A™). By Lemma 3.43, F1II% ¢ ~ (II¢, o}, )%, o :
71 X 7o, for all1 < k < n. By inductionon (¢,71), (v],...,v,) € [n](A~, AT).
By induction on (,72), (v{,...,v") € [R](A~,A*). By admissibility of
[m1](A~, AT) and [r2](A~, At), there are three subcases to consider.

SubSubCase Hil v}, T, for all 1 < k < n: Easy using Lemma 3.43.

SubSubCase Hf,z vy f, for all 1 < k < n: Easy using Lemma 3.43.

SubSubCase + II\. v}, ~ vy : 7 for some (vy,...,vy) € [1](A™,AY)
and F IIY, v) = vgr : 7 for some (vyr,...,vn) € [r](A,A1): By
Lemma 3.9, +II% e, = (v, vgr) : Ty X Tg, 0 by defintion of [nJ(A=,AT) x
[r2](A~, AT), the required follows.

Case T = 71 +7: Similar to the case for 7 = 1 X 72, using Lemmas 3.44
and 3.10.

Case 7 = 1 — 79: Then [7](AT, A7) = [1]J(A~, AT) — [r](AT, A7)
and [7](A~,A%) = [A](AT, A7) = [2](A~,At). Assume (ey,...,e,) €
[7I(A*,A™). We are to show that (IIL ey,...,IIt e,) € [r](A~,AY). By
admissibility there are two cases to consider.

SubCase e 1, for all 1 < k < n: Easy.

SubCase e |, for all 1 < k < n: Then (e1,...,en) = (v1,...,v,) for
some (v1,...,v,) € [T](AT,A™). By definition of — we thus have

(€h,---rep) € [MI(AT,AT) = (v €l,..., v €}) € [R](AT,A7)  (56)
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By Lemma 3.45, for all 1 < k < n,
F I e = )\(l}ZTl.Hiz (v (I'Ii1 z)):T =T

Assume (e}, ...,¢e,) € [n](At,A™). By definition of — it then suffices to
show that

Az JIE, (vy (TIE, 2)) (€}), . .., Az T2, (v, (T2, 2)) (e},)) € [r2] (A7, AT)

By admissibility there are two subcases.

SubSubCase e}, f, for all 1 < k < n: Easy.

SubSubCase ¢}, |, for all 1 < k < n: Then (e],...,e},) = (v],...,v}) for
some (v],...,v,) € [m](A*,A™). Then, forall1 <k < n,

F Azor I, (v (IT, 7)) (e}) = T2, (v (T2, vp)) & 72
By induction on (i,71), (Il¢, vf,..., It v},) € [ ](A~, AT). Hence, by (56),
(Ul (H:'j Ui)) <oy Un (sz'l ‘U;z)) € ":72]](A+7 A_)

By admissibility there are two cases to consider.
SubSubCase vy H.f",l vy, 1, for all 1 < k < n: Easy. . _
SubSubCase vi I} vy, |, foralll < k < n: Then (v IT%, v],...,v, 1T} v},) =
(vY,...,v)) for some (v{,...,v}) € [](AT,A™). Then, for all 1 < k < n,

IO, (vg (T2, v})) = II%, v} : T2 and by induction on (3, 72), (I}, of,..., 1T}, v}l) €
[r2](A~, At). Hence by admissibility of [12](A~, At) and transitivity of =,
the required follows. g

Lemma 5.13 For alli € N, n* : A~ C A*.

Proof By induction on 1.

Basis (1 = 0):  Assume (ej,...,e,) € A”. By Lemma 3.46 and since

Fa® = I : p— p, 7 e ft, for all 1 < k < n. Hence, by admissibility of

At, (nley,...,m%e,) € AT, as required.

Inductive Step:  We assume it holds for 7 and show for 7 + 1. Assume
(e1,-..,e) € A™. By admissibility of A~ there are two cases to consider.

SubCase e 1, for all 1 < k < n: Easy.

SubCase (e1,...,ep) = (in vy,...,in v,) for some (v1,...,v,) € [T](AT,A7):
By Lemma 3.47 (applicable as ¢ +1 > 1), It ey = in (I3 vg) : p, for
all 1 < k£ < n. By Lemma 5.12, (Hﬁ.p vl,...,Hip vp) € [r](A,AT). By
admissibility of [1,](A~, AT}, there are two subcases to consider.
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SubSubCase Hip v 11, for all 1 < k < n: Easy using Lemma 3.5.

SubSubCase (H?,p v, G vg) = (v],...,0p) for some (v],...,v;) €
[7,](A~, AT): Then by transitivity and Lemma 3.7, It e = in vy : p,
for all 1 < k < n, so by definition of ¥ (1'[;,+1 e, -- ,Hf,"’l en) € V(A AY) =
A™, as required. 0

Lemma 5.14
7®: AT C AT

Proof Let (e;,...,e,) € A™. We are to show that (7®ey,...,7%%e,) €
A*. By admissibility of AT (Lemma. 5.11, item 1), with 7 = N in the def-
inition of admissibility, it suffices to show Vi € N : (ntey,...,nle,) € At.
But this follows from Lemma 5.13. O
Lemma 5.15

A™ CA*
Proof By Lemma 5.14, Theorem 3.70 and the fact that admissible relations

are over equivalence classes w.r.t. operational equivalence. a

Lemma 5.16

A~ =AT
Proof By Lemmas 5.11 and 5.15. |
Definition 5.17

A¥ A+

Definition 5.18 For all 7 define R, < [r]A*.

This completes the construction of relations R, for all 7.

We now aim to show “The Fundamental Theorem of Logical Relations”
which states that the relational interpretation of types is sound in the sense
that well-typed terms are related to themselves by the relation associated
to their type. To this end we first extend the interpretation of types as
relations to type environments.
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Definition 5.19 For all type environments T,

def
Rr = {(v,--sm) |

(Vi € 1..n : y; is an ezpression substitution for I') A
(Vil)’ € Dom(r) : (71(3:)1 oee 7771(3:)) € RI‘(:I:)) }

Theorem 5.20 IfI'+e: 7 and (y1,...,7) € Br, then (v1(e),...,m(e)) €
R,.

Proof (Sketch) By induction on I' e : 7. In the case for T-FIX, by
admissibility of the relations R, for all 7, it suffices to show, for all ¢ € N,

(fix fi(a":'rl)")'l (e),...,fix fi(-'L':Tl)"Yn(e)) € Ry,

but this is easy to show by an inner induction on i using the outer induction
hypothesis. 0

6 Logical Equivalence

In this section we shall be concerned with binary relations (i.e., n = 2) as
constructed in the previous section. The relations can be used to define a
notion of logical equivalence as follows.

Definition 6.1 (Logical Equivalence) For all e,e’ € Ezp, we define +
e R; ¢ if and only if (e,€') € R;.

(Recall that e and ¢’ denote the equivalence classes, wrt. operational equiv-
alence, of e and ¢’ respectively in the expression (e,e’) € R;.)

Theorem 6.2 If Fe~¢€ :7 then Fe R, €.
Proof By Theorem 5.20. O

Theorem 6.3 If Fe R, ¢ then Fexé ;7.

Proof Suppose e R, ¢'. Let E{_;} € ECtx; be arbitrary. Further let
I'={z — 7} and let g = E{z}, v = {z — €}, and ¥/ = {z — €'}. Then
we have that I' - e : 1 and (v,7') € Rr. Thus by Theorem 5.20, we get that
(7(e0), 7' (e0)) € Ri. Thus (E{e}, E{e'}) € R1, so by definition of R;, we
have that E{e} ~* E{e¢'}. Hence as E was arbitrary, we have Fex ¢ : T,
as required. O
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Definition 6.4 (Open Logical Equivalence) For alle and ¢, if D'k e:
T and 'k € : 7, then we define T F e R, € if and only if for all value
substitutions v and ' for T satisfying (v,7') € Rr, +v(e) R, ¥'(¢).

Theorem 6.5 'Fexce' :7 if and only if TFe R, €.

Proof Suppose I' - e R, ¢ and let v and 4 be value substitutions sat-
isfying (v,7') € Rr. Then Vz € Dom(T) : + y(z) Rr(;) 7'(z). Hence by
Theorem 6.3, Vo € Dom(T") : F v(z) = 4'(z) : I'(z). Thus from our assump-
tion we get that - y(e) = +'(¢’) : 7 so by Theorem 6.2, - v(e) R, v'(¢’), as
required.

For the other direction, suppose that I' - e R, €. Let v and 4/ be value
substitutions such that Vz € Dom(T") : + y(z) =~ +'(z) : ['(z). Then by The-
orem 6.2, we have that ¥z € Dom(T) : + y(z) Rp(z) 7'(z). Thus from our
assumption we get that + y(e) R, /(') so Theorem 6.3, + v(e) =~ ~'(¢') : 7,
as required. O

In summary, what we have so far is that contextual equivalence is equiv-
alent to open experimental equivalence which is again equivalent by to open
logical equivalence. In symbols

Fexfe:17 <= Tteme:7 Corollary 3.35
<— TteR,¢ Theorem 6.5.

Hence we may use logical equivalence to prove experimental and con-
fextual equivalence. This is especially useful, as we shall now show, since
we can derive a useful coinduction principle for establishing logical equiva-
lence. One can also derive an induction principle but we shall not go into
that here. These principle are derived in a manner analogously to the way
in which Pitts [17] derives such principles. For reasons of space, we shall
be less formal in our presentation of these reasoning principles than we are
elsewhere.

Theorem 6.6 For all R~ € Rel, and for all Rt € Radm,, the following
inference rule is valid:
out : R~ C [r,]'(R*,R7) in : [,]/(R™,R*) C Rt
R-CACR*

Remark 6.7 Note that R~ is not required to be admissible. (If R~ was
required to be admissible then the theorem would essentially just be a re-
statement of Lemma 5.11, stem 4.)
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Proof The idea of the proof is to show that, under the given assumptions,
7° : B~ C A and 7 : A C R* and then use the syntactical minimal
invariance to get the conclusion. Since A (as shown earlier) and R* (by as-
sumption) are both admissible, we can show this by showing it for the finite
unrollings of 7%, as in the proof of Lemma 5.14. For the finite unrollings of
7, one proceeds as in the proofs of Lemmas 5.12 and 5.13. O

We now show how to specialize Theorem 6.6 to a coinduction principle
and give some examples of how to use it. More examples of the kind found
in [16] may also be treated this way.

Theorem 6.8 (Coinduction Principle) For all R € Rel,, ifin : [7,]'(R,A) C
A, then the following inference rule is valid:

out : R C [7,}' (A, R)
RCA

Remark 6.9 Note that R is not required to be admissible.

Proof By Theorem6.6, letting R~ = R and Rt = A and using that
[ (R, A) = A. 0

Example For the purpose of this example, we shall assume that we have
another ground type N and that 7, = 1+ N X p, such that p is intuitively
the type of lists of natural numbers. Moreover, assume Ry is the obvious
equality relation on the type N (essentially defined analogously to Ri).
Then [7,]'(R,A) = Ri + Ry x A, for any R, and thus, by definition of
A, in : [1,)(R,A) = Ry + Ry x A C A. Hence, for any R € Rel,, we have
that the following inference rule is valid:

out :RCRi+ Ry X R
RCA

Unwinding the definitions, this rule says that if, whenever e R €' then either
1. outeq Aout e 1 or
2. out e —* inlyx, * Aout € =¥ inlyy, *; or
3. out e =* inry (n,v) Aout € —*inry (n,v') Av Ro';

thene Re =eAe€.
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Let us now further assume that the list function map is defined as usual:

map = fix map(f:N — N).)\z:p.
case(out &, Ay:7p.in (inlyxp *), Ay:7p.in (inry (f (fst y), map f (snd v))))

and that succ is the successor function for the type of natural numbers
and that o is the functional-composition term. We want to show that
map succ (map succ e) is experimentally equivalent to map (succ o succ) e,
for all e : p. By Theorem 6.3 it suffices to show that they are logically
equivalent. To show that they are logically equivalent, we can apply our
coinduction principle. To this end we let

R = {(map succ (map succ e), map (succ o succ)e) |+ e: p}.

One can now show that whenever e R ¢/, then the three items above are
satisfied. Hence we can conclude that e R ¢’ implies that e A e’ so recalling
that R, = A, we have that map succ (map succ e) is indeed logically equiv-
alent to map (succ o succ)e, for all e such that Fe: p. O

Example In this example, we shall again assume that we have a type of
natural numbers N. We shall consider streams of natural numbers. Streams
are implemented by means of functions, as is often the case in languages with
call-by-value semantics. Thus we shall consider the case where 7, = 1 —
N x p. Then one can show that in : [7,]'(R,A) = Ry — Ry x A C A,
Hence, for any R € Rel,, we have that the following inference rule is valid:

out :RC1—Ry xR
RCA

Unwinding the definitions, this rule says that if, whenever e R €’ then either
1. out e* f} Aout € * {}; or
2. out ex —* (n,v) Aoute' x =»* (n,v') Av Rv';

then e R ¢ = e A €. Pitts [16] also derives a coinduction principle for
infinite streams in his theory of program equivalence based on bisimulation.
Pitts’ coinduction principle corresponds closely to the one we have obtained
here by specializing the recursive type to the type of streams.

Consider the following terms:

ones = fix ones(z:1).(1,in (Az:1.0nes *))
twos = fix twos(x:1).(2,in (Az:1.twos %))
sucestr = fix succstr(s:p). Az:1.(Ap:N X p.(succfst p,in (succstr (snd p)))) (s *)
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Intuitively, ones is the streams of all ones, fwos is the stream of all twos,
and succstr is the successor operation on streams which applies the succes-
sor function to every element in the stream. Thus we would expect that
succstr ones is operationally equivalent to fwos. We can show this using
coinduction, by considering the relation

R = {(twos, succstr ones)},

because supposing that e R ¢/, one can see that item 2 above is satisfied.
Thus we conclude that R C A and thus that succstr ones is logically equiv-
alent (and hence operationally equivalent) to twos. ]

7 Correctness of CPS Transformation

We define the cps transformation as a relation between a “source” and a
“target” language. The source language, £?, is just the language £ defined
earlier. The target language, £°, is the variant of £ obtained by replacing
the single recursive type p by another recursive type p* obtained from p by
a transformation on types similar to that given by Meyer and Wand [12].

We let Type” denote the set of type expressions of £, that is Type” =
Type. The set of target type expressions, denoted Type?”, is defined exactly
as Type, but with p* for p.

Below we define two type translations from Type? to Type? , one for
computations, 7, and one for values, 7* and extend the one for values to
type environments. Note that the case (p)* = p* is not recursive; it reads:

* N

“the value type translation of the source type p is the target type p*.

Computations T = (r—>1)—=1
Values 0 =0
1* =1
)" = o

(1 X1 = 7*x7t

(m+n)" = n*+n*

(7‘1 — ’1’2)* = =7
Type Environments I'(z) = ([C(z))* (z€ Dom(I))

In the target language £°" we take the recursive type p* to be isomorphic
to 7,%.
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FFz:7~,2 T(z)=71) (CPS-VAR)
Dhx:1aoy % (CPS-ONE)

Ilfimn—mlz:m]Fe:m~ce€
' Ffix f(z:m1).e : 71 = 10~y fix f(z:m*).€

7 (f,z & Dom(I'))

(CPS-FIX)

Crou:iT o~y
Lhov:T~ Mo = 1kY

(CcPs-vAL)

Figure 3: CPS Transformation — Part I

We shall use the same notation for both the source and target language,
but we must take care to remember to which language we are referring. Of
course, all the results obtained in previous sections for £ hold analogously for
both the source and target language (for the source it is obvious as it is equal
to L, for the target, just replace p with p* and 7, with 7,* everywhere) and
we will freely refer to these results to reason about both the source and the
target language. When we need to distinguish between sets of expressions
of the source and the target language, we shall use the notation developed
for £ but use a superscript p for the source language and a superscript
p* for the target language. For example, Exp? denotes the set of closed
expressions of type 7 of the source language, whereas Expﬁ' denotes the set
of closed expressions of type 7 of the target language. Moreover, we will
abuse notation and write e ~* ¢/, for e € Expf and ¢ € Exp? , to mean
that e evaluates to x in £7 if and only if €’ evaluates to * in £°".

The translation relations TF v : 7 ~, v/ for valuesand ' e : 7~ e
for computations are inductively defined by the rules in Figures 3 and 4.

!

Lemma 7.1
I.TFe:T~,¢€ for somee iff Te:T.
2. If T w7~y v, then T* o' 1 7%,
3 IfTte:7~ €, thenT*Fe': 7.

We extend the notion of experimental equivalence to evaluation contexts
as follows.
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I'lhe :7~ce] Tkeg:my~geh
Tk (e1,e) : 71 X T2 ~¢ Ak:(11 X 72)* = L€y (Az1imi* ey (Azo:a™ .k (21, 22)))

(CPS-PROD)
Phe:m XTg~ce
; : - (cPs-FST)
THfste:n ~e Aem™ — Le Az X %k (fst z))
The:m XTg~ce
(cPs-sSND)

CFsnde: g~ Aeim* = Le (Az:m* X 72*.k (snd 1))

The:r ~cé
T'Finly, e: 7 + 72 ~¢ Mo +72)" — 1.e (Az:m ™.k (inlpy» )
(cPs-INL)

The:mg~gé€

Thinr, e: 7+ 7o~ Me(11 + 72)" = L (Az7™.k (inry,» z))

(CPs-INR)
The :m+m~ce), The:m—=T~eh Threim—=7~ce;
' I case(er, eg, €3) : T~ Ae:m™ = Lef Az ™ + 72* .case(z, erxk, ey zk))
(CPS-CASE)
I‘I—elzTg—ATwce'l Pl—egz'rgwce'z
Tk ejeg: T we Mt = Le) Ozyi(me — 7)€ (Az2:me*.21 22 k))
(oPs-APP)
Tke:p~ge
£ C - (cPs-oUT)
Tk oute: 7y~ Meir,* — L' (Az:p*.k (out 7))
The:7,~ €
g = (CPs-IN)

TFine:p~e Mkp* — 1 (Azi7,*k (in 7))

Figure 4: CPS Transformation — Part II
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Definition 7.2 For all E{_;}, E'{_;} € EClz,, we define
FE{;}~E{,}:7 < (Ve,e' € Bap,: Fe~¢e :7= I E{e} = E'{c'}: 7).

As in Section 4 we denote equivalence classes by one of their represen-
tatives.

Theorem 7.3 There exists a Type’-indezed family of relations

AS C Expf [~ x Ezpl [~

B
N

v C Val [m x Vel [~

Ak C ECif [~ x Valu_, [~

satisfying
eAle <= E{,}AFy = E{e}~F e
VAl Y = v=x10=x
v A§ v never
vALY = Fouminviip, Fo xinv:pt, v AL o)
! . ! o~ ! Yy .
VALV & Fum(v,v) i X7, o R (v,0) it x w,
v ! v !
m A'rl 'Ul, v ATz 'Uz
! ~ . 1 I ~ ! . /
vAY LY = ( Fosinly, vy :m + 72, Fo' &inlgs vp 0 1™ + 1%, v A2 vl)
~ 1 . I~} ! . !
Y ( Fominrg vy :m 4+ 1, Fv xinrgs o] tn* + %, v AVR ’Ul)
! ! )
v AL v = v A vy = v AL vy
B{;} AF Y = v AV} = E{v;} =F o' 0],
and

(Vi € N : fix fi(z:71).e A

T1—T2

fix f(z:11*).€') = fix fz:mi).e AY, ., fix f(zm*).€.
(Note that the conditions satisfied by the relations are all independent of the

chotice of equivalence class representative and are thus well-defined condi-

tions.)

The proof of this theorem will be postponed until Section 7.1. Now we

shall first see how to use the relations that exists by the theorem to prove
the correctness of the cps transformation.
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Definition 7.4 Let AS, AY, and Ak be relations as in Theorem 7.3. We
then define a source type environment indezed family of relations, AL, re-
lating source value substitutions for T' modulo experimental equivalence® to
target value substitutions for I'* modulo ezperimental equivalence as follows:

v Aty <= Vz € Dom(T) : ¥(z) Apyy 7' (7).
Theorem 7.5
1. IfTRw: 7~y v and vy ALY, then y(v) AL o'(v').
2. IfTke:1~ce and vy AY %, then v(e) AL v'(¢).

Proof By simultaneous inductionon ' v : 7~y v'andThe: 7~ €. O

Corollary 7.6 (Correctness of cps transformation) IfF e : 1 ~; €,
then e =% e O\x:1.7).

7.1 Construction of Relations for CPS Correctness

In this section we prove Theorem 7.3. This amounts to constructing rela-
tions satisfying the conditions in Theorem 7.3. The idea is to proceed as in
Sections 4 and 5 but, of course, with a different universe of relations and

with different relational constructors.
We define a source type indexed family of universes of relations as follows.

Definition 7.7 For all source types 7, we define a universe of relations
Rel, & p ((Eng /~) x (Ezp’. /z)) .
We use R to range over Rel,.
Notation 7.8 When I € Peos(N*H) we write “mim'” for (i1, .., ik, k41, - - - »0kt1) €
I and m = (31,...,1%) and M = (lgg1,- .-, 0k41).”
As in Section 4, we shall also use a notion admissibility.

Definition 7.9 A relation R € Rel; is admissible if and only if it satisfies
both of the following conditions.

!Recall the definition of experimental equivalence for substitutions, Definition 3.26.
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Strictness: (e,e') e Riff (et Ae' ) V(Tv,v" te* vAe =* v A(v,v) €
R).

Completeness: For all C{p} € Cts? with all parameters in p of type 7, —
9, for all C'{G} € Ctal. with all parameters in § of type (11 — 12)*,
for all F, = fix f(z:m1).e € Expf ., for all F), = fix f(z:m*).¢' €

pt
E:Ep(Tl —ry)*r
(vmm' € I € Peo(NIPHIA - (CLF,)}, C'{Fl}) € R) =

(C{F.}, C'{F.}) € R)).

Definition 7.10 For all source types 7, we define a universe of admissible
relations Radm. as follows.

Radm; o {R € Rel; | R is admissible}

We also use R to range over Radm.,.

We now define a series of relational type constructors, just as in Section 4.
In each case, one has to check that the definitions we give are independent
of the chosen equivalence class representative; this is straightforward in all
cases (it is just like in Section 4).

Definition 7.11

def

Ry E {(e,€) € (Baph /~) x (Eaph /=) | et A€ 1}

Definition 7.12

def

Ri E {(e,¢') € (Bxpl |=) x (Bup” [=) | (et A )V (e »* x A€ —* %)}

Definition 7.13 For all R; € Rel,, and Ry € Rel,,,

Rix Ry = {(e,¢) € (Eapl, ., /) X (Banlyr, /) |
(et Ae' M)V
(Fui,vg,v%,v5 : Fem (vg,v9) : 71 X T2A
Fe' = (v],v5) : m* X 72*A
(v1,v1) € R1 A (va,v3) € Ry) }
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Definition 7.14 For all Ry € Rel,, and Ry € Rel,,,

def *
Ri+Ry € {(e¢)e (Bapf ., [~) x (Bzph, imy /%) |

(et A" MV

(H’U”U, e in|.,-2 vim+ A b e = inl’rz" v ¥ + 1A
(v,v') € R1)V

(Fv,0': Femin vim+nA Fe minrge v n A
(v,v') € Rg) }

The following relational constructors will be used in the definition of the
relational constructor for function types.

Definition 7.15 For all R € Rel,,

Ak (R) € {(B{.},v") € (ECzt [~) x (Valf- L /) |
V(e,e') € R: E{e} ~F v'e'}

Definition 7.16 For all R € Rel,,

def *
AS(B) % {(ee) € (Baph [~) x (Barf /=) |

(et A )V

(Fu,v': Femv:iTAF =0 TA
V(Eo{-},vp) €AL (R) : Eo{v} =* v/ vp) }

Definition 7.17 For all R; € Rel,, and Ry € Rel,,,
N def ' 0 ~ o* =
Rl RZ - {(e7 € ) € (Eprl—*Tz /N) X (Ewp'rl“—\'ﬁ /N) |

(e Ae' M)V

(Fv,v': Femv:mm—~mAFd =V :n* = TA
V(e1,€]) € Ry : (ver,v’e]) €AY, (R2)}

Note that R; — Ry is antimonotone in R; and monotone in Rj.

By proofs exactly analogous to the proofs in Section 4 of the correspond-
ing results, one can now show that (Radm.,C) is a complete lattice, for all
source types 7; a lemma corresponding to Lemma 4.11 holds; Ry and R; are
admissible; and X and + both preserve admissibility. We now show that

— preserve admissibility:

Lemma 7.18 For all Ry € Rel, and all Ry € Radm,,, R — Ry €
Radm .
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Proof The strictness condition is straightforward(as in the proof of Lemma 4.14).
For completeness, assume

Vi € I € Peoe(NPIHAly : (C{F,},C'{F}) € R. (57)

By the lemma corresponding to Lemma 4.11 there are two cases to consider.
Case I: C{F,}  AC'{F.} 1+ Easy.
Case 1I: C{F,} —* v and C'{F.} —* ¢'. By two applications of
Lemma 3.22, there exist V{pj} and V'{q;} such that

v = V{F} c{p} ¥ vip}
o = V{F} c{ar W v{dq}
S0
I (mi | mi € INC{Fy} =" V{Fy}} € Peog(NIPIHIPL
and
I, (7 | i€ INC{F;} —* V/{Fy}} € Peoe(WNIAHG]Y,
Thus

"R | e LARR e LAmA T}
is cofinal, ie., I" € Peor(NIP1I+101). By (57), Lemma 3.7, and definition of
I”,
V' € I : (V{F},V'{Fy}) € R — R,.
Hence, by definition of — ,

V'd' € I" :V(e,¢') € Ry : (V{Fz}e, V' {Fy}e) €AS, (Ry).

Let m'fi’ € I" and (e,e’) € Ry be arbitrary. By definition of AS, (Rp) we
then have that

V(Eo{_r},v}) €AE (Ry) : Bo{V{F}e} ~* VI{Fy) e vh.  (58)
We are to show that
V(Eo{-n} vp) €AY, (Re) : Bo{V{F,}e} »* VI{F )} vy (59)

Let (Eo{-r,},vh) €AF (R;) be arbitrary. Suppose Eq{V{F,}e} —* *. Let
Cii{p1} = Eo{V{p1} e}. Then by Lemma 3.22,

Cr1{pi} I =
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Hence
In € {7 | WA € IACu{Fy}—* *}

—

is cofinal, thus non-empty. So there exists /7’ € I such that C11{F,,} —*
%, ie. Eo{V{F.,}e} —* *. Hence, by (57), V!{Fp,} € v} —* %, from which
V'{F.} e vy —* * follows by Lemma 3.23. The other direction is similar,
completing the proof of (59). Thus we conclude that (C{F,}, C'{F_}) €
R; — Ry, as required, since (e, e') and (Ey{-r, },v|) were arbitrary and us-
ing Lemma 3.7. ]

For all source types 7 € Type” we define an interpretation [7]’ exactly
as in Definition 5.5.

Definition 7.19 Define ¥ : (Radm P x Radm,) — Radm, by

¥(R™,RY) & {(e,¢) € (Eupf /=) x (Eupls |~) |

(e ft Ae' )V
(Fv,v': Feminv:pA Fe xinv :p*A(v,v') € [7,]'(R™,RT)) }

Just like in Section 5 it is now easy to show that U is well-defined.

We define U : (Radmg? x Radm,) — (Radm,? x Radm,) and as in
Section 5 we get that ¥$ is well-defined and monotone, so that we can
define (A~, A%) as the least fixed point of U8. Moreover, Lemma 5.11 holds
also now.

We write (e,e') : R C R for V(ej,e}]) € R: (eej, €' e]) € R.

Lemma 7.20 For alli € N, for all T € Type?,
(Mes, T22) - [ (A%, A7) € [(A™, A%).

Proof By induction on (%,7), ordered lexicographically. All the cases are
as in the proof of Lemma 5.12, except the case for 7 = 71 — 79, which we
now consider. Then

I[T]]I(A+’A_) = I]:Tl]]’(A_,A+) - I[T2]]I(A+7A_)

and
[7](A7,A%) = [n]' (A%, A7) = [n]' (A7, A7).

Assume

(e,€') € [r] (AT, A™).
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We are to show that

(I18E ., e, 11" ¢') € [7]'(A—, AT).

T Ty

By admissibility there are two cases to consider.

SubCase e |t Ae' {: Easy.

SubCase Fex~uv:7A Feée =o' : 7" for some (v,0') € [7](AT,A7):
By definition of — , we thus have

(e, €1) € [n) (A7, A7) = (ver,v'€)) €A, ([]'(AY,A7))  (60)

By two applications of Lemma 3.47 we get that

i ~ \pe Pyt st .
FOS e dnn I8 (v (2 z)) i1y = 7
and
i ! ok it * i o —
FIZ e Amn T (o (I P z)) 1 =~ T
Assume

(elv e{l) € ETlli’(A+a A_)
It then suffices to show that

(,\z:ﬁ.ngj (v (1% 7)) ey, Azery* T2 (of (112 7)) e'l) €A, ([r]'(A~,AT)).

By admissibility there are two subcases to consider.

SubSubCase e1 ft Aej 11: Easy.

SubSubCase F e; ~ vy : i A F e = v]: m* for some (vq1,v]) €
[r1) (AT, A™): Then

F Az JI2F (v (127 2)) €1 = T2 (v (I12F 01)) : 72

and
- )\a::'rl*.l'[%” (W (Hﬁ:;’ z)) e} = 1'[1',’_;.’z (' (117, v1)) : 7o

By induction,
(Hﬁf v1, H’T’::f v{) € [n]'(A™, AT).

Hence, by (60),
('u T2 vy, o/ TP 2 v;) €A, ([n]' (A, A7)).

By admissibility there are two cases to consider.
SubSubSubCase vIIZ vy ft Av' IIY I v] fi: Easy
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SubSubSubCase + vII%v mvg: 1 A Fo Hp # v} &~ v} : T3 for some
(vg,vh) €AS, ([2]' (AT, A7)): Then it suffices to show that

(188 wg, TI# w)) €AY, ([r2]' (A7, AT)).
To this end, assume
(Bro{ -}, v10) €AF, ([r] (A7, AT)). (61)
We are to show that
E10{I1%} v3} U H-‘Tf;’i vl V10

Since
*g o0 ~ ol 1, % oI\ L —
(i H%— Vg V10 = Vg (A(E ‘T2 V10 (ng* )) VT2

it suffices to show
Er1o{T1% vy} &F v (Az":ma" 0 (Hﬁ;f z')).
Hence it suffices to show that
(Em{ngg o} A g (I )) eAk ([n]'(AT,A7)).

(because then the above follows since (v2,v5) €AL, ([7e]' (At,A7))). To

this end, assume
(e11,€l1) €[] (AT, A7). (62)

We are to show that
Em{l'[ﬁ;i e} =F (\z':m*.v1p (Hp 3 z')) €1

Since .. .
F (Az":ma* 10 (T2, 7)) €14 = 1o (T4, €1q) 2 1

it suffices to show
B1o{I18) enn} & vo (T17, ) (63)
But by induction on (62),
(ng;‘ €11, TT7. en) €[] (A~ AT),

so by assumption (61), the required (63) follows. a
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Lemma 7.21 For alli € N, (x#%, nf %) : A~ C A*.

Proof As the proof of Lemma 5.13. O

Lemma 7.22
(Wp,oo,wp*,oo) AT C AT
Proof As the proof of Lemma 5.14. (]

As in Section 5, it now follows that A~ = AT and we can define A def

AT,
Definition 7.23 For all source types 7 € Type?, we define
A [1(A,A).

Definition 7.24 For all source types 7 € Type®, we define

DY E {(e,e) €Al ey ne' Y}
AF € L(B{}) € (BCt? [~) x (Vallo L, [=~) | (v1,v}) €AY= E{v} ~% o' v}
A E {(e,¢) € (Bapt /m) x (Eapt /) | (B{},v) €Ak= E{e} nF €'v'}

Lemma 7.25 The above defined relations satisfy the conditions in Theo-
rem 7.3.

Proof All the conditions, except the one for A7, ., and the completeness
condition, are obvious from the above definitions. By definition of AY

T1—T2?
we have that
vAY o,V = (e1 AL €] S vep AL vV el),
but it is easy to check, using the definition of A7, that

! 1N ! ro7
(e1 Af €1 = vey AL, v'ey) <= (v A} v) = vy A, v'vp)

which gives the required. The completeness condition for A, ., follows by

admissibility of A¢ (using I = {(4,7) | ¢ € N} a the cofinal set) and

T1—T2

the facts that fix f(z:7).e | and fix f(z:71*).¢' {. ]

This completes the construction of relations for CPS correctness.
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8 Related Work

The construction of relations over recursive types hinges on a syntactic ver-
sion of the minimal invariant property of the solution of a domain equation.
The critical ingredient in the construction is Pitts’s observation [17] that the
existence of a relational interpretation can be reduced to minimal invariance,
combined with the observation that this criterion can be stated and proved
at a purely operational level. The proof of syntactic minimal invariance is
a generalization of methods used by Mason, Smith, and Talcott [11] to a
typed language with a recursive type. In addition to the applications given
here this generalization sheds light on the need for “run-time type checks”
in Mason, Smith, and Talcott’s work — they arise here as compositions of
recursive unrolling and case analysis on a disjoint union type, confirming
Scott’s observation that “untyped” really means “unityped”.

The two applications of relational interpretations suggested here — an-
alyzing contextual equivalence and proving correctness of the cps transfor-
mation — have been studied elsewhere using different methods. Pitts has
emphasized the importance of a characterization of contextual equivalence
for a language with streams as a bisimulation relation constructed as the
maximal fixed point of a monotone operator on relations [16]. To apply
this framework to specific examples Pitts relies on a lemma characterizing
contextual equivalence of values of stream type. In our setting this lemma,
arises as a simple consequence of the definition of logical equivalence rela-
tion for a recursive type, as outlined in Section 6. Several authors have
considered the correctness of the cps transformation. Reynolds [20] gives a
proof for an untyped functional language by working over a domain model
given by an inverse limit construction. Meyer & Wand [12] give a somewhat
different proof for the simply typed A-calculus (without a recursive type).
The proof given in Section 7 generalizes both of these to a typed language
with a recursive type without appealing to a denotational semantics.

9 Conclusion

We have presented a method for constructing relational interpretations of
recursive types in an operational setting. The key result is the syntactic
minimal invariant property up to a suitable notion of operational equiva-
lence. With this in hand we may define relational interpretations of types
over operational equivalence classes of closed terms. Using this construc-
tion we give a relational characterization of experimental and contextual
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equivalence and derive a coinduction principle for establishing contextual
equivalence. Taking the recursive type to be the type of infinite streams,
the coinduction principle specializes to a principle corresponding to the one
used by Pitts [16] in his theory of program equivalence based on bisimula-
tion. Using our construction we further give a relational proof of correctness
of cps conversion, generalizing Reynolds’ proof to the typed setting.

The proof of correctness for the cps transformation that we give here
does not appear to extend easily to a language with control operators such
as call/cc [1, 10]. The reason is that we rely on a “uniformity” property
of the evaluation relation which states that evaluation steps are parametric
in the evaluation context — if E{e} — E{e'}, then E'{e} — E'{e'} — that
fails in the presence of call/cc. It is also unclear whether our proof can be
extended to a language with mutable storage. One possible approach may be
to consider a store-passing transformation in which the store is represented
by a value of a recursive type, and then to apply the methods considered
here to complete the proof of correspondence between the original program
and its cps transformation.

The treatment of cps conversion given here invites generalization to an
arbitrary syntactically-definable monad for the language. Filinski’s disser-
tation [3] is a first step towards a general theory of representation of compu-
tational effects. Filinski’s work suggests that one could give a fairly general
correctness proof along the lines suggested here for a wide variety of defin-
able effects.
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