
An Analysis of Stochastic Game Theory for Multiagent
Reinforcement Learning

Michael Bowling Manuela Veloso

October, 2000
CMU-CS-00-165

School of Computer Science
Carnegie Mellon University

Pittsburgh, PA 15213

Abstract

Learning behaviors in a multiagent environment is crucial for developing and adapting multiagent systems. Reinforce-
ment learning techniques have addressed this problem for a single agent acting in a stationary environment, which is
modeled as a Markov decision process (MDP). But, multiagent environments are inherently non-stationary since the
other agents are free to change their behavior as they also learn and adapt. Stochastic games, first studied in the game
theory community, are a natural extension of MDPs to include multiple agents. In this paper we contribute a compre-
hensive presentation of the relevant techniques for solving stochastic games from both the game theory community and
reinforcement learning communities. We examine the assumptions and limitations of these algorithms, and identify
similarities between these algorithms, single agent reinforcement learners, and basic game theory techniques.
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1 Introduction

The problem of an agentlearning to actin an unknown world is both challenging and interesting. Reinforcement
learning has been successful at finding optimal control policies for a single agent operating in a stationary environment,
specifically a Markov decision process.

Learning to act in multiagent systems offers additional challenges; see the following surveys [17, 19, 27]. Multiple
agents can be employed to solve a single task, or an agent may be required to perform a task in a world containing
other agents, either human, robotic, or software ones. In either case, from an agent’s perspective the world is not
stationary. In particular, the behavior of the other agents may change, as they also learn to better perform their tasks.
This type of multiagent nonstationary world creates a difficult problem for learning to act in these environments.

However, this nonstationary scenario can be viewed as a game with multiple players. Game theory has aimed at
providing solutions to the problem of selecting optimal actions in multi-player environments. In game theory, there
is an underlying assumption that the players have similar adaptation and learning abilities. Therefore the actions of
each agent affect the task achievement of the other agents. It seems therefore promising to identify and build upon the
relevant results from game theory towards multiagent reinforcement learning.

Stochastic games extend the single agent Markov decision process to include multiple agents whose actions all
impact the resulting rewards and next state. They can also be viewed as an extension of game theory’s simpler notion
of matrix games. Such a view emphasizes the difficulty of finding optimal behavior in stochastic games, since optimal
behavior depends on the behavior of the other agents, and vice versa. This model then serves as a bridge combining
notions from game theory and reinforcement learning.

A comprehensive examination of the multiagent learning techniques for stochastic games does not exist. In this
paper we contribute such an analysis, examining techniques from both game theory and reinforcement learning. The
analysis both helps to understand existing algorithms as well as being suggestive of areas for future work.

In section 2 we provide the theoretical framework for stochastic games as extensions of both MDPs and matrix
games. Section 3 summarizes algorithms for solving stochastic games from the game theory and reinforcement learn-
ing communities. We discuss the assumptions, goals, and limitations of these algorithms. We also taxonomize the
algorithms based on their game theoretic and reinforcement learning components. Section 4 presents two final algo-
rithms that are based on a different game theoretic mechanism, which address a limitation of the other algorithms.
Section 5 concludes with a brief summary and a discussion of the future work in multiagent reinforcement learning.

2 Theoretical Framework

In this section we setup the framework for stochastic games. We first examine MDPs, which is a single-agent, multiple
state framework. We then examine matrix games, which is a multiple-agent, single state framework. Finally we
introduce the stochastic game framework which can be seen as the merging of MDPs and matrix games.

2.1 Markov Decision Processes

A Markov decision processis a tuple,(S;A; T; R), whereS is a set of states,A is a set of actions,T is a transition
functionS � A � S ! [0; 1], andR is a reward functionS � A ! RR. The transition function defines a probability
distribution over next states as a function of the current state and the agent’s action. The reward function defines the
reward received when selecting an action from the given state. Solving MDPs consists of finding a policy,� : S ! A,
which determines the agent’s actions so as to maximize discounted future reward, with discount factor.

MDPs are the focus of much of the reinforcement learning work [11, 20]. The crucial result that forms the basis
for this work is the existence of a stationary and deterministic policy that is optimal. It is such a policy that is the target
for RL algorithms.
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2.2 Matrix Games

A matrix gameor strategic game(see [14] for an overview) is a tuple(n;A1:::n; R1:::n), wheren is the number of
players,Ai is the set of actions available to playeri (andA is the joint action spaceA1 � : : :�An), andRi is player
i’s payoff functionA ! RR. The players select actions from their available set with the goal to maximize their payoff
which depends on all the players’ actions. These are often called matrix games, since theRi functions can be written
asn-dimensional matrices.

Unlike MDPs, it is difficult to define what it means to “solve” a matrix game. A stationary strategy can only be
evaluated if the other players’ strategies are known. This can be illustrated in the two-player matching pennies game.
Here each player may select either Heads or Tails. If the choices are the same then Player 1 takes a dollar from Player
2. If they are different then Player 1 gives a dollar to Player 2. The matrices for this game are shown in Figure 1. If
Player 2 is going to play Heads, then Player 1’s optimal strategy is to play Heads, but if Player 2 is going to play Tails,
then Player 1 should play Tails. So there is no optimal pure strategy, independent of the opponent.

R1 =

�
1 �1

�1 1

�
R2 =

�
�1 1

1 �1

�

Figure 1: The matching pennies game.

Players can also play mixed strategies, which select actions according to a probability distribution. It is clear that
in the above game there is also no optimal mixed strategy that is independent of the opponent. This leads us to define
anopponent-dependentsolution, or set of solutions:

Definition 1 For a game, define thebest-responsefunction for playeri, BRi(��i), to be the set of all, possibly mixed,
strategies that are optimal given the other player(s) play the possibly mixed joint strategy��i.

The major advancement that has driven much of the development of matrix games and game theory is the notion
of a best-response equilibrium, orNash equilibrium:

Definition 2 A Nash equilibriumis a collection of strategies (possibly mixed) for all players,�i, with,

�i 2 BRi(��i):

So, no player can do better by changing strategies given that the other players continue to follow the equilibrium
strategy.

What makes the notion of equilibrium compelling is that all matrix games have a Nash equilibrium, although there
may be more than one.

Types of Matrix Games. Matrix games can be usefully classified according to the structure of their payoff functions.
Two common classes of games arepurely collaborativeandpurely competitivegames. In purely collaborative games,
all agents have the same payoff function, so an action in the best interest of one agent is in the best interest of all the
agents.

In purely competitive games, there are two agents, where one’s payoff function is the negative of the other (i.e.
R1 = �R2). The game in Figure 1 is an example of one such game. Purely competitive games are also called
zero-sum gamessince the payoff functions sum to zero. Other games, including purely collaborative games, are called
general-sum games. One appealing feature of zero-sum games is that they contain a unique Nash equilibrium. This
equilibrium can be found as the solution to a relatively simple linear program1 Finding equilibria in general-sum games
requires a more difficult quadratic programming solution [6].

1The value of the equilibrium can be computed using linear programming with the following objective function,
max�12PD(A1) mina22A2

P
a12A1

R1(s; ha1; a2i)�a2 .
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In the algorithms presented in this paper we use the functions Value(MG) and Solvei(MG) to refer to algorithms
for solving matrix games, either linear programming (for zero-sum) or quadratic programming (for general-sum)
depending on the context. Value returns the expected value of playing the matrix game’s equilibrium and Solvei

returns playeri’s equilibrium strategy.

2.3 Stochastic Games

A stochastic gameis a tuple(n;S;A1:::n; T; R1:::n), wheren is the number of agents,S is a set of states,Ai is
the set of actions available to agenti (andA is the joint action spaceA1 � : : : � An), T is a transition function
S � A � S ! [0; 1], andRi is a reward function for theith agentS � A ! RR. This looks very similar to the MDP
framework except we have multiple agents selecting actions and the next state and rewards depend on the joint action
of the agents. It’s also important to notice that each agent has its own separate reward function. We are interested
in determining a course of action for an agent in this environment. Specifically we want to learn a stationary though
possibly stochastic policy,� : S ! PD(Ai), that maps states to a probability distribution over its actions. The goal is
to find such a policy that maximizes the agent’s discounted future reward with discount factor.

SGs are a very natural extension of MDPs to multiple agents. They are also an extension of matrix games to
multiple states. Each state in a SG can be viewed as a matrix game with the payoffs for each joint action determined
by Ri(s; a). After playing the matrix game and receiving the payoffs the players are transitioned to another state (or
matrix game) determined by their joint action. We can see that SGs then contain both MDPs and matrix games as
subsets of the framework.

A non-trivial result, proven by [18] for zero-sum games and by [6] for general-sum games, is that there exist
equilibria solutions for stochastic games just as they do for matrix games.

Types of Stochastic Games. The same classification for matrix games can be used with stochastic games. Purely
collaborative games are ones where all the agents have the same reward function. Purely competitive, or zero-sum,
games are two-player games where one player’s reward is always the negative of the other’s. Like matrix games,
zero-sum stochastic games have a unique Nash equilibrium, although finding this equilibrium is not so easy. Section
3.1 presents algorithms from game theory for finding this equilibrium.

3 Solving Stochastic Games

In this section we present a number of algorithms for “solving” stochastic games. As is apparent from the matrix
game examples, unlike MDPs, there is not likely to be an optimal solution to a stochastic game that is independent
of the other agents. This makes solving SGs for a single agent difficult to define. The existence of equilibria does
not alleviate our problem since it’s only an equilibrium ifall agents are playing the equilibrium. There also may be
multiple equilibria, so which equilibria to play is dependent on the other agents.

This problem will be discussed later, but for this section we assume that the stochastic game contains a unique
equilibrium. All but one of the algorithms require the even stronger assumption that the game is zero-sum. “Solving”
a stochastic game, then, means finding this unique equilibrium.

The algorithms differ on what assumptions they make about the SG and the learning process. These differences are
primarily between the game theory and reinforcement learning algorithms. The main differences are whether a model
for the game is available and the nature of the learning process. Most game theory algorithms require a model of the
environment, since they make use of the transition,T , and reward,Ri, functions. The goal of these algorithms is also
to computethe equilibrium valueof the game (i.e. the expected discounted rewards for each of the agents), rather than
finding equilibrium policies. This means they often make strong requirements on the behavior of all the agents.

In contrast, reinforcement learning algorithms assume the world is not known, and only observations of theT and
R functions are available as the agents act in the environment. The goal is for the agent to find its policy in the game’s
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equilibrium solution, and usually make little requirements on the behavior of the other agents. This fact is discussed
further in Section 3.3.

3.1 Solutions From Game Theory

We present here two algorithms from the game theory community. These algorithms learn a value function over states,
V (s). The goal is forV to converge to the optimal value functionV �, which is the expected discounted future reward
if the players followed the game’s Nash equilibrium.

3.1.1 Shapley

The first algorithm for finding a SG solution was given by Shapley [18] as a result of his proof of the existence of
equilibria in zero-sum SGs. The algorithm is shown in Table 1. The algorithm uses a temporal differencing technique
to backup values of next states into a simple matrix game,Gs(V ). The value functionV is then updated by solving
the matrix game at each state.

1. InitializeV arbitrarily.

2. Repeat,

(a) For each state,s 2 S, compute the matrix,

Gs(V ) =

�
ga2A :

R(s; a)+


P

s02S T (s; a; s
0)V (s0)

�
:

(b) For each state,s 2 S, updateV ,
V (s) Value[Gs(V )] :

Table 1: Algorithm: Shapley.

Notice the algorithm is nearly identical to value iteration for MDPs, with the “max” operator replaced by the
“Value” operator. The algorithm also shows that equilibria in stochastic games are solutions to Bellman-like equations.
The algorithm’s value functionV converges toV � which satisfies the following equations,

8s 2 S V
�
(s) = Value[Gs(V

�
)] :

3.1.2 Pollatschek & Avi-Itzhak

Just as Shapley’s algorithm is an extension of value iteration to stochastic games, Pollatschek & Avi-Itzhak [25]
introduced an extension of policy iteration [9]. The algorithm is shown in Table 2. Each player selects the equilibrium
policy according to the current value function, making use of the same temporal differencing matrix,Gs(V ), as in
Shapley’s algorithm. The value function is then updated based on the actual rewards of following these policies.

Like Shapley’s algorithm, this algorithm also computes the equilibrium value function, from which can be derived
the equilibrium policies. This algorithm, though, is only guaranteed to converge if the transition function,T , and
discount factor,, satisfies a certain property. A similar algorithm by Hoffman & Karp [25] which alternates the
policy learning (rather than it occurring simultaneously) avoids the convergence problem, but requires obvious control
over when the other agents in the environment are learning.
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1. InitializeV arbitrarily.

2. Repeat,

�i  Solvei [Gs(V )]

V (s)  E

nX

t
rtjs0 = s; �i

o
:

Table 2: Algorithm: Pollatschek & Avi-Itzhak. The functionGs is the same as presented in Table 1.

3.2 Solutions From RL

Reinforcement learning solutions take a different approach to finding policies. It is generally assumed the model of
the world (T andR) are not known but must be observed through experience. The agents are required to act in the
environment in order to gain observations ofT andR. The second distinguishing characteristic is that these algorithms
focus on the behavior of a single agent, and seek to find the equilibrium policy for that agent.

3.2.1 Minimax-Q

Littman [13] extended the traditional Q-Learning algorithm for MDPs to zero-sum stochastic games. The algorithm
is shown in Table 3. The notion of aQ function is extended to maintain the value ofjoint actions, and the backup
operation computes the value of states differently. It replaces the “max” operator with the “Value” operator. It is
interesting to note that this is basically the off-policy reinforcement learning equivalent of Shapley’s “value iteration”
algorithm.

1. InitializeQ(s 2 S; a 2 A) arbitrarily, and set� to be the learning rate.

2. Repeat,

(a) From states select actionai that solves the matrix game
�
Q(s; a)a2A

�
, with some exploration.

(b) Observing joint-actiona, rewardr, and next states0,

Q(s; a) (1� �)Q(s; a) + �(r + V (s0));

where,

V (s) = Value
� h

Q(s; a)a2A

i �
:

Table 3: Algorithm: Minimax-Q and Nash-Q. The difference between the algorithms is in the Value function and
theQ values. Minimax-Q uses the linear programming solution for zeros-sum games and Nash-Q uses the quadratic
programming solution for general-sum games. Also, theQ values in Nash-Q are actually a vector of expected rewards,
one entry for each player.

This algorithm does in fact converge to the stochastic game’s equilibrium solution, assuming the other agent
executes all of its actions infinitely often. This is true even if the other agent does not converge to the equilibrium, and
so provides anopponent-independentmethod for learning an equilibrium solution.
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Matrix Game
Solver

+
Temporal

Differencing
=

Stochastic Game
Solver

MG + TD = Game Theory RL
LP TD(0) Shapley MiniMax-Q
LP TD(1) Pollatschek & Avi-Itzhak –
LP TD(�) Van der Wal[25] –

Nash TD(0) – Nash-Q
FP TD(0) Fictitious Play Opponent-Modeling / JALs

LP: linear programming FP: ficitious play

Table 4: Summary of algorithms to solve stochastic games. Each contains a matrix game solving component and a
temporal differencing component. “Game Theory” algorithms assume the transition and reward function is known.
“RL” algorithms only receive observations of the transition and reward function.

3.2.2 Nash-Q

Hu & Wellman [10] extended the Minimax-Q algorithm to general-sum games. The algorithm is structurally identical
and is also shown in Table 3. The extension requires that each agent maintainQ values for all the other agents.
Also, the linear programming solution used to find the equilibrium of zero-sum games is replaced with the quadratic
programming solution for finding an equilibrium in general-sum games.

This algorithm is the first to address the complex problem of general-sum games. But their algorithm requires
a number of very limiting assumptions. The most restrictive of which limits the structure of all the intermediate
matrix games faced while learning (i.e.Q(s; a).) The largest difficulty is that it is impossible to predict whether this
assumption will remain satisfied while learning. [3]

The other assumption to note is that the game must have a unique equilibrium, which is not always true of
general-sum stochastic games. This is necessary since the algorithm strives for the opponent-independence property
of Minimax-Q, which allows the algorithm to converge almost regardless of the other agent’s actions. With multiple
equilibria it’s important for all the agents to play the same equilibrium in order for it to have its reinforcing properties.
So, learning independently is not possible.

3.3 Observations

A number of observations can be drawn from these algorithms. The first is the structure of the algorithms. They
all have a matrix game solving component and a temporal differencing component. A summary of the components
making up these algorithms can be seen in Table 4.

The first thing to note is the lack of an RL algorithm with a multiple step backup (i.e. policy iteration or TD(�).)
One complication for multi-step backup techniques is that they areon-policy, that is they require that the agent be
executing the policy it is learning. In a multiagent environment this would require that the other agents also be
learningon-policy. Despite this limitation it is still very suggestive of new algorithms that may be worth investigating.
Also, there has been work to make an off-policy TD(�) [15, 26] that may be useful in overcoming this limitation.

A second observation is that proving convergence to an equilibrium solution is not a trivial thing. For convergence
almost all the algorithms assume a zero-sum game, and the Pollatschek & Avi-Itzhak algorithm requires stringent
assumptions on the game’s transition function. The only other algorithm, Nash-Q, although doesn’t assume zero-sum,
still requires that the game have a unique equilibrium along with additional assumptions about the payoffs.
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The final observation is that all of these algorithms use a closed-form solution for matrix games (i.e. linear pro-
gramming or quadratic programming.) Although this provides what appears to be opponent-independent algorithms
for finding equilibria, it automatically rules out stochastic games with multiple equilibria. If a game has multiple
equilibria, the “optimal” policy must depend on the policies of the other agents. Values of states therefore depend on
the other agents policies, and static opponent-independent algorithms simply will not work. In the next section we
examine algorithms that do not use a static matrix game solver.

4 Other Solutions

We now examine algorithms that use some form oflearningas the matrix game solving component. There are two
reasons that one would want to consider a matrix game learner rather than a closed form solution. The first was
mentioned in the previous section that selecting between multiple equilibria requires observing and adapting to the
other players’ behavior. It is important to point out that observing other players’ behavior cannot be a step that follows
a static learning algorithm. Equilibrium selection affects both the agent’s policy at a state and that state’s value. The
value of a state in turn affects the equilibria of states that transition into it. In fact the number of equilibrium solutions
in stochastic games can grow exponentially with the number of states, and so equilibrium selection after learning is
not feasible.

The second reason is that using an opponent-dependent matrix game solver, allows us to examine the problem
of behaving when the other agents have limitations, physical or rational. These limitations might prevent the agent
from playing certain equilibria strategies, which the static algorithms would not be able to exploit. Handling these
situations are important since solving large problems often requires generalization and approximation techniques that
impose learning limitations [1, 4, 8, 23].

Here we present two similar algorithms, one from game theory and the other from reinforcement learning, that
depend on the other players’ behavior. Both of these algorithms are only capable of playing deterministic policies,
and therefore can only converge to pure strategy equilibria. Despite this fact, they still have interesting properties for
zero-sum games that have a mixed policy equilibrium.

4.1 Fictitious Play

Fictitious play [16, 25] assumes opponents play stationary strategies. The basic game theory algorithm is shown in
Table 5. The algorithm maintains information about the average value of each action (i.e.Ui(s; a)=Ci(s; a) is the
average expected discounted reward from past experience.). The algorithm then deterministically selects the action
that has done the best in the past. This is nearly identical to single agent value iteration with a uniform weighting
of past experience. Like value iteration the algorithm is deterministic and cannot play a mixed strategy. Despite
this limitation, when all players are playing fictitious play, they will converge to a Nash equilibrium in games that
are iterated dominance solvable [7] or fully collaborative [5]. In addition, in zero-sum games the players’ empirical
distribution of actions selected converges to the game’s equilibrium mixed strategy [16, 25].

The algorithm has a number of advantages. It is capable of finding equilibria in both zero-sum games and some
classes of general-sum games. It also finds an equilibrium without keeping track of the values or rewards of the
other players. It suffers from the problem that for zero-sum games, it can onlyfind an equilibrium strategy, without
actuallyplayingaccording to that strategy. There is an approximation to fictitious play for matrix games called smooth
fictitious play [7], which is capable of playing mixed equilibrium. It would interesting to apply it to stochastic games.

4.2 Opponent Modeling

Opponent modeling [22] or joint action learners (JALs) [5] are RL algorithms that are similar to fictitious play. The
algorithm is shown in Table 6. Explicit models of the opponents are learned as stationary distributions over their
actions (i.e.C(s; a�i)=n(s) is the probability the other players will select joint actiona�i based on past experience.)
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1. InitializeV arbitrarily,Ui(s 2 S; a 2 Ai) 0, andCi(s 2 S; a 2 Ai) 0.

2. Repeat: for every states, let joint actiona = (a1; a2), such thatai = argmaxai2Ai

Ui(s;ai)

Ci(s;ai)
. Then,

Ci(s; ai)  Ci(s; ai) + 1

Ui(s; ai)  Ui(s; ai) +Ri(s; a) + 

 X
s02S

T (s; a; s0)V (s0)

!

V (s)  max
a12A1

U1(s; a1)

C1(s; a1)

Table 5: Algorithm: Fictitious play for two-player, zero-sum stochastic games using a model.

These distributions combined with learned joint-action values from standard temporal differencing are used to select
an action. Uther & Veloso [22] investigated this algorithm in the context of a fully competitive domain, and Claus &
Boutilier [5] examined it for fully collaborative domains.

The algorithm has very similar behavior to fictitious play. It does require observations of the opponents’ actions, but
not of their individual rewards. Like fictitious play, it’s empirical distribution of play may converge to an equilibrium
solution, but its action selection is deterministic and cannot play a mixed strategy.

5 Conclusion

This paper examined a number of different algorithms for solving stochastic games from both the game theory and
reinforcement learning community. The algorithms have differences in their assumptions, such as whether a model is
available, or what behavior or control is required of the other agents. But the algorithms also have strong similarities
in the division of their matrix game and temporal differencing components.

This paper also points out a number of areas for future work. There currently is no multi-step backup algorithm
for stochastic games. There is also no algorithm to find solutions to general-sum games with possibly many equilibria.
Variants of fictitious play that learn policies based on the behavior of the other agents may be extended to these
domains. Another related issue is algorithms that can handle less information, for example, not requiring observation
or knowledge of the other agents’ rewards, or not requiring observation of their actions.

Another important area for future work is examining how to learn when the other agents may have some apparent
physical or rational limitation (e.g. [24]). These limitations may come vfrom an incorrect belief about the actions
available to other agents, or their reward function. More than likely, limitations on learning will be imposed to bias the
agent for faster learning in large problems. These limitations often take the form of using a function approximator for
the values or policy. Learning to cope with limited teammates or exploiting limited opponents is necessary to applying
multiagent reinforcement learning to large problems.
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