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Abstract

| introduce topic evolution models for longitudinal epochs of word documents. The models employ
marginally dependent latent state-space models for evolving topic proportion distributions and topicspecific
word distributions; and either a logistic-normal-multinomial or a logistic-normal-Poisson model for
document likelihood. These models allow posterior inference of latent topic themes over time, and topical
clustering of longitudinal document epochs. | derive a variational inference algorithm for nonconjugate
generalized linear models based on truncated Taylor approximation, and | also outline formulae for
parameter estimation based on variational EM principle.
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1 Introduction

Text information, such as media documents, journal articles and emails, often come as temporal streams.
Current information retrieval systems working on corpora collected over time make little use of the time
stamps associated with the documents. They often merely pool all the documents into a single collection,
in which each document is treated as an iid sample from some topical distribution [Hofmann, 1999; Blei
et al., 2003; Griffiths and Steyvers, 2004]; or model the topics of each time-specific epoch separately and
then examine relationships among the independently inferred time-specific topics [Steyvers et al., 2004].
In practice, topic themes that generate the documents can evolve over time, and there exist dependencies
among documents over time. In this report, I develop a principled statistical framework for modeling topic
evolution and extracting high-level insights of the topic history based on latent space dynamic processes,
and I derive the formulae for posterior inference and parameter estimation.

2 Topic Evolution

Let {D1,...,Dr} represent a temporal series of corpus, where D; = {xg’) éV:tl denotes the set of N
documents available at time ¢, x4 denotes a document consisting of word sequence (z41,...,Z4n,), and
fig = (Ng,1,--.,nq,m) denotes an M-dimensional count vector corresponding to the frequencies of M words

(defined by a fixed vocabulary) in document d. We assume that every document x4 can express multiple
topics coming from a predefined topic space, and the weights of every topic can be represented by a nor-
malized vector 4 of fixed dimension. Furthermore, we assume that each topic can be represented by a set
of parameters that determine how words from a fixed vocabulary can be drawn in a topic-specific manner
to compose the document (for simplicity, here we assume a bag-of-word model for the word-to-document
relationship, so that topic-specific semantics only translate to measures on word rates, but not to non-trivial
syntactic grammars).

Under a topic evolution model, the prior distributions of topic proportions of every document, and the
representations of each of the topics themselves, are evolving over time. In the following, I present two topic
evolution models defined on two different kinds of topic representations, and derive the variational inference
formulas in each case.

2.1 A Dynamic Logistic-Normal-Multinomial Model

In this model we assume that each document is an admizture of topics resulting from a bag of topic-specific
instances of words, each of which is marginally a mixture of topics. Each topic, say topic k, is represented by
an M-dimensional normalized word frequency vector Bk, which parameterizes a topic-specific multinomial
distribution of word. Here is an outline of a generative process under such a model (a graphical model
representation of this model is illustrated in Figure 1):

e We assume that the topic proportion vector 0 for each document follows a time-specific logistic normal
prior LN (f;,¥;), whose mean ji; is evolving over time according to a linear Gaussian model: (For
simplicity, we assume that the ¥;’s capturing time-specific topic correlations are independent across

time.)
— fi1 ~ Normal(v, @), sample the mean of the topic mixing prior at time 1.
— [iy = Normal(Af;_1,®), sample the means of the topic mixing priors over time.

for each document, sample a topic proportion vector (for
simplicity, in the sequel we will omit the time index ¢ and /or
document index d when describing a general law that ap-
plies to all time points and/or all documents).

Notice that the last step above can be broken into two sub-steps:

— 0 ~ LogisticNormal(f;, %),

=(t)

« 4y ~ Normal(fy, X),
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* 0y = SRTTSCR vVk=1,..., K.
Furthermore, due to the normalizability constrain of the multinomial parameters, g
only has K — 1 degree of freedom. Thus, as described in detail in the sequel, we only
need to draw the first K —1 components of 4 from a (K — 1)-dimensional multivariate
Gaussian, and leave yx = 0. But for simplicity, we omit this technicality in the forth
coming general description of our model.

e We further assume that the representation of each topic, in this case a topic-specific multinomial
vector 5 of word frequencies, is also evolving over time. By defining ﬁ as a logistic transformation of
a multivariate normal random vector 77, we can model the temporal evolution of ﬁ in a simplex via a
linear Gaussian dynamics model:

— 7, ~ Normal(ts, ¥y), sample the topic k at time 1.

— 772“ ~ Normaul(Bkﬁ};_”7 Uy, sample topic k over subsequent time points.
(t) exp(n,(ct? ) ess . .. .
fw = — Yw =1,..., M, compute word probabilities via logistic transformation.

X, exp(ng”, )’

()

e Now we assume that each occurrence of word, e.g., the nth word in document d at time ¢, z;,, is

-

drawn from a topic-specific word distribution ﬁ,(:), specified by a latent topic indicator zf;)n =k.

sample the latent topic indicator (again, for simplicity, in-
— 2, ~ Multinomial(’) dices t and d will be omitted in the sequel where no confu-
sion arises.)

- J;&t)n|zf;)n =k~ Multinornial(ﬁ_‘,(;))7 sample the word from a topic-specific word distribution.

In principle, we can use the above topic evolution model to capture not only topic correlation among
documents at a specific time (as did in [Blei and Lafferty, 2006]), but also dynamic coupling (i.e., co-
evolution) of topics via covariance matrix ®, and topic-specific word-coupling via covariance matrices {Uy}.
In the simplest scenario, when A =1, B =1, ® = oI, and ¥y = pl, this model reduces to random walk
in both the topic spaces, and the topic-mixing space. Since in most realistic temporal series of corpus, both
the proportions of topics, and the semantic representations of topics are unlikely to be invariant over time,
we expect that even a random walk topic evolution model can provide a better fit of the data than a static
model that ignores the time stamps of all documents.

2.2 A Dynamic Log-Normal-Poisson Model

The above topic evolution process assumes an admixture likelihood model for documents belonging to a
specific time interval, and the admixing is realized at the word level, i.e., the marginal probability of each
word in the document is defined by a mixture of topic-specific word distributions.

Now we present another text likelihood model employing a different topic mixing mechanism, which can
be also plugged into the topic evolution model. Note that in a bag-of-word model all we observed are counts
of words in the documents. Instead of assuming each occurrence of a word is sampled from the topic-specific
word distribution, we can directly assume that the total count n,, of word w is made up of fractions each
contributed by a specific topic according to a topic-specific Poisson distribution Poisson(w87, k), where
w denotes the length of the document, 6, denotes the proportion of topic k in the document as defined
before, and 7,1 is a rate measure for word w associated with topic k. Specifically, n, = >, N ks Nk ~
Poisson(wly 7y x). It can be shown that under this model we have:

Ny ~ Poisson(w Z OkTw.i) = exp{n, log(w Z OpTw k) — W Z OrTwr — D(ny + 1)}
k k k
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Figure 1: A graphical model representation of the dynamic logistic-normal-multinomial model for topic evolution.

Note that in the above setting for each word w we have a row vector of rates each associated with a specific

topic: Tw, = (Tw,1,---,Tw k). For each topic k, we have a column vector of rates each associated with a spe-
cific word, 7 = (71,4 .., 7 k)’- Unlike the multinomial topic model parameterized by column-normalized
topic matrix 8 = [31, ..., Ok], the Poisson topic model is parameterized by matrix T = [T/ 1,..., 7. k] that

does not have to be column- or row-normalized. Thus we can directly use a Log-Normal distribution to
model 7, which is simpler than the logistic-normal distribution. This leads to the following generative model
for topic evolution (assuming we are interested in modeling cross-topic coupling of word rates):

e — ji; ~ Normal(v, ®), sample the mean of the topic mixing prior at time 1.
— [y = Normal(Af;—1,®), sample the means of the topic mixing priors over time.
— 9_2(1’5) ~ LogisticNormal(fi;, ¥t ), for each document, sample a topic proportion vector.

o — (W~ Normal(0,¥,), sample rates for word w at time 1.
— ffj) ~ Normal(Bwéu‘*l), U.,), sample rates for word w over subsequent time points.
— 79 =exp(¢,), Yw=1,...,M, compute word rates.

°« - nizt,)w ~ Poisson(w Y, Ok Tuw.k) sample the word counts.

Figure 2 illustrates a graphical model representation of such a dynamic log-normal-Poisson model.

3 Variational Inference

3.1 Variational Inference for the Logistic-Normal-Multinomial Model

Under the Logistic-Normal-Multinomial topic evolution model, the complete likelihood function can be
written as follows:
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Figure 2: A graphical model representation of the dynamic log-normal-Poisson model for topic evolution. Note that the topic
representations evolve as M independent word-rate vectors, each of which defines the rates of a word of a fixed set of topics.
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The posterior of {{f;}, {é;”}, {7}, {zg)n}} under the above model is intractable, therefore we approxi-
mate p({/i:}, {65}, {7}, {z4,}) with a product of simpler marginals, each on a cluster of latent variables:

q= qu({ut})qg({9_2”})qn({ﬁ?})qz({zéﬁn ). Based on the generalized mean field theorem [Xing et al., 2003,
the optimal parameterization of each marginal, ¢(-|®), can be derived by plugging the generalized mean
field (GMF) messages received by the cluster of variables (say, X¢) under each marginal to the original
conditional distribution of each variable cluster given its Markov blanket (MB); the GMF messages can be
thought of as surrogates of the dependent variables Xyp in the Markov blanket of the cluster of variables
under the marginal (e.g., X¢), and they will be used to replace the original values of the dependent variables
in the MB, e.g., p(X¢|Xms) = p(Xc|GMF(Xyp)). [Xing et al., 2003] showed that in case of generalized
linear model, the generalized mean field message corresponds to an expectation of the sufficient statistics
of the relevant Markov blanket variables under its associated GMF cluster marginal. In the sequel, we use
(Sx) 0 1O denote the GMF message due to latent variable x; and the optimal GMF approximation to p(X¢)
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As a prelude for detailed derivations, we first rearrange some relevant local conditional distributions in our
model into the canonical form of generalized linear models. As mentioned before, the multinomial parameters
0. are logistic transformations of elements of a multivariate normal vector 7: 6, = e />, e?. In fact, since
6 is a multinomial parameter vector, it has only K —1 degree of freedom. Therefore, we only need to model a
K — 1 dimensional normal vector, and pad it with an vacuous element vx = 0. Under this parameterization,
the logistic transformation from 4 to g remains the same, but the inverse of this transformation takes a
simple form: v, = In ﬁ =1In 0%' Assuming that z is a normalized K-dimensional random binary

vector, that is, when z indicate the kth event, we have z, = 1, 22, = 0, and ), z; = 1; the exponential
family representation of a multinomial distribution for a topic indicator z is:

K K-1 K-1 K—1
p(z|0) = exp{z zplnfp} = exp { Z 2 (e — In(1 + Z €"™)) — zx In(1 + e%)}
k=1 k=1 k=1 k=1
K—1 K—1
= exp { 2pYE — Z 2k ln 1+ e“”“) } (3)
k=1 k=1

For a collection of topic indicators {z(” }, we have the following conditional likelihood at time ¢:

K—1
p({z;"; :Vn}|0_:(;)) = exp{ Z Z zg)n k'y((i’)k Zzzélﬂn X 1 + Z exp{v(” }
k= n k=1 n
K-
= exp{ Z oYk — anfk In (1+ Z exp{7y%}) }
= exp{ myyy — 771 x (YY)

_ Cxp{ﬂu)ﬂm Nie(7 <t>)} (4)

® ® 7 = (ng) ®
where n ;. = => . % n.k 18 the number of words from topic & in document d at time ¢, (nd IERRRRELON o8 1)

denotes the row vector of total word-counts from topics 1 to K — 1 at time ¢; ”(” = (T?ij’,nf;)K) denotes
the row vector of total word-counts in document d from all topics; 1 is a column vector of all ones; and
() =In(1+ S "exp{y} ”}) is a scalar determined by 7.

Similarly, the local conditional probability of the data {x“’ where x is also defined as a M-dimensional

norm-1 binary indicator vector, can be written as:

Pz, - Y, d}{zg), - Vn, d}, {i7})

K M-1 K M
— E (t) (f) (t) E E E (t) (t) E (t)
- exp{ xdnw dnknkw xdnwzdnk 1+ exp{n }
k=1 w=1 d,n k=1w=1 dn
M-1 K,M

K
= exp Z ngy)wn,(:,)w— Z ”;:,)w In 1—|— Z exp{n(“ }

k=1 w=1 k=1,w=1

K K
— exp { SO - 301 x c@”)}
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where nj’ Zd n T mawZdn i 15 the count for word w from topic k at time ¢; = ( )

Mo e -1
denotes the row vector of total word-counts of all but the last word of topic k at tlme t; ity = (my”, ng)M)

denotes the row vector of counts of every word generated from topic k at time ¢; and c("( )} is a scalar
determined by 77,"”. Note that we have the following identity: 7, = Y., 7} =, ﬁfj).

With the above specifications of local conditional probability distributions, in the following we can write
down one by one the GMF approximations to marginal posteriors of subsets of latent variables.

3.1.1

We first show that the marginal posterior of {/i;} can be approximated by a re-parameterized state-space
model.

= p{i}|(Se)y,) = P{A}(Sy),,)

T
. L "7 1 B 1 7 - \rEH—1(~
X WGXP{_i(MI - V) d (Ml - 1/)} X (W) eXp{—E tz_;(ut — A/fét—l) [} (Ut
T N
<111 2m)K- 1/2|2 iz expl= (<“(”> 'S ) — o
t=1d:1

where (7;7) = ((vg1)s-- -, (7§ k1)) is the expected topic vector of document d at time ¢, in which (v{,)

(t) Oa,k

= In 5~ under variational marginal ¢, ({7 7'}). For simplicity, we define

denotes the expectation of Va,

7, = (7)) as a short hand for the expected topic vector, and Y; = {(”m)}d:’1 as a short hand for all such
vectors at time ¢.

Note that the above Eq. 6 is a linear Gaussian SSM, except that at each time the output is not a single
observation (7), but a set of observations {(¥{")}3 . Tt is well known that under a standard SSM, the
posterior distribution of the centroid fi; given the entire observation sequence is still a normal distribution, of
which the mean and covariance matrix can be readily estimated using the Kalman filtering (KF) and Rauch-
Tung-Striebel (RTS) smoothing algorithms. Here we give the modified Kalman filter “measurement-update”
equations that take into account multiple rather than single output data points '. The RTS equations and
the “time-update” equations of KF is identical to the standard case for single output. Let fi;; denote the
mean of fi; conditioned on partial sequence Y1, ...,Y;. The convariance matrix of ji; conditioned on partial
sequence Y1, ..., Y, is denoted Py; that is:

'[:\[,t‘t = E[/:(:t|Y1,...7Yt]
Py = EB[(f — fuge) x (B — fr)) Y1, Yol
Similarly, we let ji,1}; denotes the mean of u;11 conditioned on the partial sequence Y1,...,Ys; Py
denotes the covariance matrices of p; 1), conditioned of partial sequences Y7, ...,Yy; and so on. Thus, the

SSM inference formulae are as follows:

e Time update:

figie = Aflge (8)
Py = AP +@ 9)

IThis can be derived using the fact that the posterior mean and covariance matrix of the mean of a normal distribution
N(p, %) given data Y and prior of the mean N (uo, o) is:

Sp=mI T 25T gy = (2T S5 T (2T g 4 55 o) (7)

— Afi—1)}



e Measurement update:

fstjrr = feprpe + P (P + Se/No) ™ Gera = fegage) (10)
Pitjeyr = Pipapp — Pevp(Pegage + Se/No) " Prgaye, (11)
e RTS smoothing:
Li = PpA'Pyy (12)
fijr = e+ Le(fugyr — fegige) (13)
Pyr = P+ L (Pt+1\T - Pt+1\t>L:§ (14)

where ;41 denote the sample mean of observations at time ¢t + 1: J;41 = N,+1 Zd A+l
To estimate the state dynamic matrix A, we also need to compute the cross-time convariance matrix

about fi; and fi;—; conditioned on complete sequence Yi,...,Yr: Ppy_qjp = E[(fi: — fuyr) X (-1 —
fi—17)'|Y1,. .., Y] It can be shown that P,_;_;p satisfies the following backward recursion:
P__yr = PtltL 1+ Li(Pppayr — APt\f)Lt 1 (15)

which is initialized by PT—1—>T\T = (I—KT)APT_HT_]_, where KT = Pt+1\t(Pt+1|t+Zt/Nt)7l is the Kalman
gain matriz.

3.1.2

Now we move on to the variational marginal ¢, ({7{}).

¢.({74"})
p({7 (S, » (Sa),.)

T N,

= HHp (t)| Mt ap 7<Szt,d,>qz)
t=1d=1
T Ny
I e g SRl (01— (S = Gy es {35 — (7)1 x ()} (16)

where (7iy) = ((ng)), ..., (ng'x)) (c.f. (my))), and (ng)) =32, (24), ) denotes the sum of expected topic-

specific counts for each word in document d under qz({z(” ) (which will be specified in the sequel).

Due to the complexity of ¢(7}’) =In (1+ Zk 1 exp{*y“) ), the ¢(75”) defined above is not integratable

during inference (e.g., for computing an expectation of 4). In [Blei and Lafferty, 2006], an variational

approximation based on optimizing a relaxed bound of the KL-divergence between ¢(-) and p(-) is used to
approximate q(?c([)). In the following, we present a different approach that overcome the non-conjugacy
between the multinomial likelihood and the logistic-normal prior, and make the joint tractable. We seek
a normal approximation to q(’yg)) using Taylor expansion technique. Let’s take a second-order Taylor

expansion of ¢(¥) with respect to ¥:

Oc e _
7 1+ Zk 1 te z
Po 0@y et () oo
o = - K—1 -
07i0v; i \1 gt € (1 + Ek 1 eﬁ/k)
_ (1+Zk 1,k#i ew)ew = I
(1+ Zk 1 6%)
92¢ 9 ( Vi ) —eieli
_ 9 - =h (17)
- _ K1 2 *J
070 O N+ 302 e (1+ Zk 1 e%)



Therefore, the 2nd-order Taylor series of ¢(7) =1In (1 + 22{:711 exp{y,}) with respect to some ¥ is:

S =AY H,(7=4) + R, (18)

where ¢, = V,c(7) = (g1,...,9Kx-1) denotes the gradient vector of ¢(7), H, = {h;;} denotes the Hessian
matrix, and Rs is the Lagrange remainder. Assuming that 4 is close enough to the true 7 for each document
at each time (e.g., the posterior mean of all ), we have:

o)  of4) + 8,0 ~A) + (7~ AV H, ()T ~3). (19)

It can be shown that since ¢(7) is convex w.r.t. ¥, the above approximation is a 2nd-order polymornial lower
bound of ¢(¥) [Jordan et al., 1999].
Now we have:

(_‘(t)|<suf>q 7<Szt d>q )

G Rl (0 — (ST — (D es {197 - )1 x (i)}

() =cH) + 7,7 =) +

1 1 - “(t) 1 t = (t)
(2m)K-172|%,[1/2 eXp{ 27 d E +9 d AGARE §<Mt> Se(fie) + 7 < )

~NY(e3) +Z BV ~3) + 568 AV EEE - )]
x exp{ = 37 (574 NS, GD)AP + 70 (55 () + 07 - Nig,(3) + NSHL (D7)} (20)

Rearranging the terms, and setting 4 = (jis) = fi;7 (from §2.1.1), we have the following multivariate-normal
approximation:

PO NS ue) g0 (Saa) ) = NP, £h),s (21)
where
S o= inv(Sy+ NGH, () (22)
g = (ST e + NGH, (fyr) e + (7vg) = Nagi, (fuyr)
= fur + (Z) 7 ((7g") — Nag, (fur))- (23)
3.1.3

Now we compute variational marginal q[,({ﬁ,(c”}).

({160 = [T e, B 1(S2),.) (24)
k=1

This is a product of conditionally independent SSMs (given sufficient statistics (S ) 0 (Sa),., model param-
eters {tr, Vi, B}, and data D). The variational marginal of a single chain of a evolving topic represented

in pre-transformed normal vector 77, ..., 7" is:
p(T—lb(l),..-,nk |< >qz)
1 T 1 1 Z
_ (g 1 . L _,(t 1 —»(t b
= ((QWk)(Mfl)/2|q>k|1/2) eXp{ 5T = w) O (T — ) = 5 tZ YU (7 — By )}

xHexp{ ) () % (i)



Recall that we can approximate c(ﬁ?) with its second-order truncated Taylor series with respect to an

estimate of 77", say :

c(iy’) ~ () + 9(i0) @ — 1) + 5 0 — ) O )@, = 17,”). (26)

In the following we first outline a normal approximation to a multinomial distribution of count vector n.
In particular, we assume that the multinomial parameters are logistic transformations of a real vector 7:

M-—1
p(nln) = exp {n’n +NIn(1—- > nw)}
w=1
M-—1
~ exp {(n’ ~ Ng +#/NH)j — 5n’NHn — SH/NHi — Nln(1+ > i) + Nﬁ’g}
w=1

= exp{ — %((NH)_l(n — Ng+ NH7A) — n)’NH((NH)—l(n — Ng+ NH#) —n) —

Nin(1+ 3" i) + 5 (n — No)! (NH) ™ (n — Ng) + n's}

~ Ny, (NH)™Y) (27)

where g = V,¢|,—3, H = Hessian,c|,—3, v = (NH)"'(n — Ng + NH7)) = §+ (NH)"'(n — Ng); and the
Taylor expansion point 7 can be set at the empirical estimate or just a guess of 7.

With this approximation, we can approximate Eq. 25 by an SSM with linear Gaussian emission models:

P s 1(82) )
1 T 1 1 &
~ B VA S WO L LY 700
~ ((2@)(M—1>/2|<1>k|1/2> eXp{ g (I = ) Wi (7 = ) 2; i) — B] )}
o (¢ 0t t St <Nk> t 2t St t it
xHexp{ VR = (NOel) = (Ng GO = 70) = 2GR = 0V B @~ )
T T
~ NP e, @) [TV 1Bei ), @) x [[N @17, (NH) ™, (28)
t=2 t=1

where the observation” @y = i) + ((N{VH(7"))” ((n‘i}?) (Ng (—m)) M, can be set to be its

estimate in the previous round of GMF iteration (see §2.1.5); and the expectation of the count vector (im}’)
and total word count (N;”) associated with topic k at time ¢ can be computed using variation marginal

e ®y ) ® o : : )
qa(-), specifically, (ny’,) = > 4., T’ w(Za k) i the expected count for word w from topic k at time ¢;
(my) = ((n?ﬁ <n§;)M 1)) denotes the expected row vector of total word-counts of all but the last word

of topic k at time ¢; ("'(t>> (my), (ng)M>) denotes the row vector of counts of every word generated from

topic k at time ¢; (N} = [(7i}")].

Now the posterior of 7 can be approximate by a multivariate Gaussian N(:|f 47, Py 1), here we
give the formula for the KF time/measurement update, and the RTS smoothing of the topics distribution
parameters at time ¢:

e Time update:

ﬁk,t+1|t = Bkﬁk,t\t
Priie = BpPry + Vi (29)



e Measurement update:
~ ~ —1\ 1, A
Met1)t+1 =  Ne+1)e + Pk,t+1|t(Pk,t+1|t + (NH) 1) (U;(:) - 77k,t+1|t)
_1y -1
Peiirjerr = Porrrje — Poarpp(Pease + (NH) ™) P (30)

e RTS smoothing:

Lit = PoyuBiPriyap
Mt = Mieytlt + Loyt e t1)7 — Thee+11¢)
Poyr = Puge+ Lit(Poarr — Pograge) Ly
Peioiyir = PugeLlis—1 + Lit(Prg—trrr — BePrgje) L1 (31)

We can estimate the parameters ¢y, W) and By using an EM algorithm.

3.1.4

Now we compute variational marginal qz({z(” ).
p(z[D,(Sy),.» (Sn),,)
= [ pGonlas, (S(vg" g, S, }) (32)

d,n,t

For notational simplicity, we omit indices, and give bellow a generic formula for the variational approxi-
mation for singleton marginal: (Recall that z is a unit base vector, thus |z| = )", 2, = 1. Similar definition
applies to z.)

p(zlz, (Sy), (Sy)) o< p(z[(Sy))p(z[z, ( n>)
= exp{2(7) = () + ' (E)z =Y zleli (33)
k

where v follows a Gaussian distribution, and = is an (M — 1) x K matrix whose column vectors 7, also
follows a Gaussian distribution.

The close form solutions of (¢(¥)) and (c(7;)) under normal distribution is not available. Note that
the multinomial parameter vector 6 = ﬁ(m, ..., TK—-1,TK ), where vector @ = (m1,...,Tx_1) follows a
multivariate log-normal distribution and g = 1. To better approximate (c¢(¥)) (and similarly also {c(7jx))),
we rewrite ¢(¥) = ln(l +3 ol Yexpqi) = ¢(®) = In(|®]), where 7 is the unnormalized version of multinomial
parameter vector g. Now we expand ¢(7) w.r.t. to @ around the mean of © up to the second order.

The gradient of ¢(7) w.r.t. to 7 is:

0 1
In(|7|)) = —
G nlli) =
S 1 S
= V.Ihn(|7]) = ﬁl = Gr. (34)
The Hessian of ¢(7) w.r.t. to 7 is:
0? 0 /1 1
In(|7]) = 7(7) -
amom; 2 o \|7| |72
0? . 1
aﬂ_laﬂ_j (|7T|) - _W
1 1 1
) 1111 1 1 /
= Hﬂ— ln(|7r|) = 132 - . . . = __,721 x 1 ) (35)
S I .o |7
1 1 1
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where 1 x 1’ represents an outer product of the two one-vectors.
Therefore,

(@) =~ (7)) +di(x —7)+ = (7 — %) Hy (7 — 7). (36)

Let # = E[7] under @ ~ LNk _1(ii,X), then we have:

Q

{e(m)) In(|E[7]|) + %Tr(Hw(E[ﬁ]) - E[(7 - B[#])(7 - E[7])])

In(|B[7]) + 5 Tr(HA(E[R) - $2), (37)

where f];r is the covariance of 7 under a multivariate log-normal distribution. It can be shown that [Kleiber
and Kotz, 2003):

COU(ﬂ'i,ﬂ'j) = exp {ﬂi"‘ﬂj"‘%(Uii"_o—jj)}(exp(azj) —1) (38)
E(m;) = exp {Ni + %Uii} (39)
Elf] = expli+ %Diag(Z)}. (40)

This computation can be applied to the expectation of both the pre-normalized topic proportion vector
7 and the pre-normalized topic-specific word frequency vector & corresponding to (. So, we have

p(zl2, (S5),(Sy)) oc exp {2/ (7) = (e(@)) + 2 (B)z = Y znfe()) }
k

= oxp{<'BA] - (| E[F)) - 5 T (HL (B[] - $7)

o' BiEle ~ 3 o (B — 5 Te(H(BIGD - 5g,)) ). (41)

k

where Hg(E[f_;c]) = m

distribution as in Egs. (38)-(40), E[Z] consists of column-by-column expectation, E[fj], under a normal dis-
tribution of 7. Note that in the above computation, one must be careful about appropriately recovering the
K-dimensional multinomial distribution of z from the (K —1)-dimensional pre-tranformed natural parameter
vector ¥, and the (M — 1) x K dimensional pre-tranformed natural parameter matrix & = (771, ...,7k). I
omit details of such manipulations. .

We need to compute the above singleton marginal for each 23, given (7y"), (7y), {(7})}, and {(¢,")};

where 7 ~ LN($, 57), 79 ~ N(a$, £), &7 ~ LN (fig, ¢, Pie,gjr), and 7 ~ N(fig ¢, Pioj7)-

1x1, E[g;f} and f]gk are the mean and covariance of f_;g under a log-normal

3.1.5 Summary

The above 4 variational marginals are coupled and thus constitute a set of fixed-point equations, computing
the GMF message for one marginal require the marginals of other sets of variables. Thus, we can iteratively
update each marginal until convergence (i.e., all the GMF messages stop changing). This approximation
scheme can be shown to minimize the KL divergence between the variational posterior and the true posterior
of latent variables.

We can use a variational EM scheme to estimate the parameters in our model, which are essentially the
SSM parameters. Operationally, VEM is no different from a standard EM for SSM—we have observation
sequence vy = N% >4 (73) for the topic mixing SSM (as defined by g,(-)), and observation sequence "~ for
each of the K topic representation (i.e., word-frequency) SSMs (as defined by gy, (-)); and we can use the
standard learning learning rules for SSM parameter estimation.

11



In the E step, we use Eqgs.(13)-(14), and Eqgs.(31)-(31) to estimate the expected sufficient statistics of the
latent states; In the M step, we update the parameters ®, A, ¥; of the topic mixing SSM, and ¥y, By of the
topic representation SSM (see [Ghahramani and Hinton, 1996; Ghahramani and Hinton, 1998] for details).

3.2 Variational Inference for Log-Normal-Poisson model

Now we need to approximate

Ty ~ Poisson(NZ Ok Tw k) = exp{nqy IH(NZQkTw,k) — NZGkTw,k —T'(ny + 1)}
k k k

Again, let 7@ denote the unnormalized version of the multinomial parameter vector . Note that the

Jacobian of vector § with respect to 7 is:

00; YT =T ki Tk
om; Crme)® (o, me)?
801 _ Uy
o, >k k)2
dokp1 Th T —1
1 - Y ko Tk —Ty
JO) = e (42)
(Zk ) :
—TK —TK Zk‘#K Tk
From this derivation, we know that
o0 -1 ,
T D VA
-1
= T|e; — 7
Sy (7l =)
o0’ 7, -1 . N 1, . o
= = Tle; — ) Tw = =5 ([T Tw,i — T Tw
o w1 (T )
oln (NO'7, N 007 1 ~1
= ( ) _ - T o X (| — #R)
om; NO'7, Omi g7, |7 ’
1 -1 o 1 P
- = T(Twl *9/7_—‘10) = T(l *Tw,i/alfw)
o7, |7 |7
1 Tw.i
= — . 43
7| T Tw (43)
similarly,
9’ (NO'7,) 0 ( 1 7w ) 1 o
om;0m; oom N\ w7, 7R (F7)?
8%1n (Ng’?w) 0 < 1 Tw,i ) . 1 Tw,iTw,j (44)
om0 o omp\|R|  ®T,/ TP (FT)?

Therefore, here is the matrix form of the gradient and Hessian of the Poisson log-likelihood with respect
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to 0:

> 1 1
Vi, In (NG’%'U,) = —1—-—=="7
|7T‘ ' Tw
75;,1 Tw,1Tw,2 o TwaTw,K 1 1 1
2
~ 1 Tw1Tw,2  Ty2 o Tw2Tw, K 1 1 1 1
H.In(NO'7,) = ' -
n( 7 ) (R'7p)2 | - : U EE
Tw,1Tw, K Tw,K-1Tw,K *"* Ti,K 11 - 1
1 - 1
= Ty X Ty — ==1x1, 45
Fre T AP (45)
where 7 X T4 represents an outer product of the two vectors.
The gradient and Hessian with respect to 7 is:
ol (NO'F,) o
ori zs
0*In (NO'7,) 9 ( 0 )_ 0?2
or;07; o g7 - (Wﬁw)z
&21n (NG'7, o /6 0:0;
P (NIT) 0 by b )
87’1‘(97']' 67‘j T (9’7_—'w)2
In matrix form:
_ 1 -
V,1n (NG’FUJ) = S0
T Th
L 1 - -
H, In (NH’Tw) = _(7?’_34))29 x 6. (47)
Assume that 6 and 7 are independent, i.e., cov(r,0) = 0, we have the following approximation of

In (Né"i"w):

(48)
where 7 and 7,, are some estimates of the true 7 and 7. Note that under this approximation, computing

the expectation <ln (NG Fw)> under ¢(6) and ¢(7,,) can be done (approximately) in close-from by using the

variational marginals of 4 and 5“,.

Now, the variational marginal for {1} (the inverse logistic-transformation of {7}, also known as the
natural parameter of the multinomial) and {7{’} (the inverse logistic-transformation of {9_&”}) can be derived
from the following GMF approximations to the marginal posterior of {ﬁ{;)} and {79}, respectively.

p(CY, ... ¢ 1(Se) )
1 r oo 17 1 = =t ~(t— —1/ 7 ~(t—
() ov{ - 30wl - 3 0 - Budy v € - Budi )
w t=2

X l_T[ exp {nif)>< log(wy Z OkTw’k)> — wy Z(@k)ﬂu,k —T(n§ + 1)}; (49)
t=1 k

q0 k
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and

¢.({77'})
= p({73 (k) (S7)q,)

T N,

= HHp (f)‘ Ht qu ’<Szt,d>qz)

t=1d=1
T N

~ JI1I (2m) K- 1/2\2 BE exp{— (4“) (i) S (7 — (i)}

tldl

xexp {n) (1og(wn D Okmun)) = we D Okl = T(n + 1)}, (50)
k 4 k

Note that by introducing the taylor approximation to In (N g’ Fw), and using the laws for computing
the means and covariance of 7,, and 7 under multivariate log-normal distribution (i.e., Eqs. (38)-(40), the
expectation terms in the above equations can be approximately solved. Using similar techniques employed
in §2.1, they can be approximated by standard SSMs with Gaussian emissions.

4 Parameter Estimation

As mentioned before, we can use a variational EM scheme to estimate the parameters in our model, which
are essentially the SSM parameters Operationally, VEM is no different from a standard EM for SSM—we
have observation sequence ¥, = N >4 (73) for the topic mixing SSM (as defined by g, (-)), and observation
sequence ;" for each of the K topic representation (i.e., word-frequency) SSMs (as defined by ¢, (+)); and
we can use the standard learning learning rules for SSM parameter estimation.

In the E step, we use Eqs.(13)-(14), and Eqgs.(31)-(31) to estimate the expected sufficient statistics of
the latent states; In the M step, we update the parameters ®, A, 3; of the topic mixing SSM, and Wy,
B, of the topic representation SSM. Following [Ghahramani and Hinton, 1996; Ghahramani and Hinton,
1998], which gave detailed derivations for the MLE standard SSM and switching SSM, bellow we give the
relevant formulae of MLE for the parameters in our model. Each of the estimate can be derived by taken
the corresponding partial derivative of the expected loglikelohood under the our variational approximation
to the true posterior, setting to zero and solving.

e Topic mixing dynamic matrix:

(ZWﬁA(M))(ZVt—l(M)_l)v (51)

where Vi(1) = E[ftfi;|Y1,...,Y:] (not to be confused with the center moment P; in Eq. (?7)), and
Vije—1(p) = Efiefi;_1|Y1,...,Y¢]. From RTS smoother, it is easy to see:
Viln) = Py + furivyr
Vijeer(n) = Picyayr + fuyrity_qyp (52)

where the posterior estimate of the self and cross-time covariance matrices Py and P, ;17 can be
computed from Egs. (13)-(15).

e Noise covariance matrix for topic mixing state:
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e Output covariance matrix for topic mixing vectors:
1 &
= 5 ()~ ) (7)) — )’ (54)
d=1
e Topic representation (i.e., topic-specific word frequency vector) dynamic matrix:

T T
B = (O Vi—1) (O Viea(m) ™), (55)
2 2

where

Viei(n) = Pryr+ ﬁk,t\Tﬁ;c,ﬂT
Vite—1(n) = Prgciyr + ﬁk,t\Tﬁ;g,t—l\T (56)

e Noise covariance matrix for topic representation vector:
1 I T
v, = T ( Z Vi,e(n) — B” Z Vieeje—1(n))- (57)
2 2

We set the initial vectors ¢;, and v to be zero vectors instead of estimating them from the data. Finally,
note that what are given above are the most general form of transition and correlations of topics and words.
In practice, to avoid over-parameterization, we can choose to reduce, for example, the transition matrices
By ’s and the covariance matrices Wy’s of the topic representations to be sparse or diagonal matrix to model
only random walk effects.

5 Conclusion

In this report I introduce topic evolution models for longitudinal epochs of word documents. The models
employ marginally dependent latent state-space models for evolving topic proportion distributions and topic-
specific word distributions; and both a logistic-normal-multinomial and a logistic-normal-Poisson model for
document likelihood. These models allow posterior inference of latent topic themes over time, and topical
clustering of longitudinal document epochs. I derive a variational inference algorithm for non-conjugate
generalized linear models based on truncated Taylor approximation, and I also outline formulae for parameter
estimation based on variational EM principle. In the current model, I assume all topics coexist over time,
and no new topic will emerge over time. In a companion report, I present a birth-death process model
that capture more complicated and realistic behaviors of topic evolution, such as aggregation, emergence,
extinction, and split of topics over time.
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