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Abstract

Symbolicmodelcheckinghasbeensuccessfullyappliedin verificationof variousfinite statesystemsrang-
ing from hardware circuits to software protocols. A coretechnologyunderlyingthis successs the Binary

DecisionDiagram(BDD) representationGiventheimportanceof BDDsin modelcheckingit is surprising
thattherehasbeernlittle or nowork on studyingBDD computationsn the context of modelchecking.As a

result,the computationahspect®f BDDs arenotwell understoodndmary BDD-basedalgorithmstendto

beunstabldan termsof performanceThis thesisaddressethe performancenstability issuebothby devel-

opingagenerakvaluationmethodologyor studyingBDD computationgndby proposinghnev BDD-based
optimizationgo stabilizeandto improve the overall performance.

The evaluationmethodologyconsistsof two parts: (1) a setof evaluationmetricscharacterizingey
componentsf BDD computationsand(2) atrace-basedvaluationplatformfor generatingealisticbench-
marksfrom computationatracesof BDD-basedoolsandfor replayingtheseraceson BDD packagesThis
methodologyallows BDD-packagedesignerdo studyandtunetheir packagedasedon realisticcomputa-
tions. Thisis thefirst evaluationmethodologyfor studyingBDD computatiorsystematically

Basedon this evaluationmethodology we have designedand conducteda BDD performancestudy
in the context of model checking. This studyis a collaboratie effort amongsix BDD designerausing
their own BDD packages.The study hasresultedin significantperformancemprovements(with some
speedupsver 100) andseveral characterizationef model-checkingomputationse.g.,this studyshaved
that computationatharacteristicof modelcheckingareinherentlydifferentfrom thoseof combinational
equivalencechecking. Theseresultsdemonstratéhe importanceof systematievaluationandvalidateour
methodology

Using a similar systematicapproach] have stabilizedandimproved the performanceof animportant
model-checkin@ptimizationcalledconjunctivepartitioningandhave derivedanew algorithmfor verifying
constraint-richsystems.n both casestheinformationencodedn the BDD representatiors usedto drive
the optimizations. For conjunctie partitioning, the setof variables,the graphsizes,andtentativeBDD
operationsare usedto heuristicallyorderandmege the partitionsof the transitionrelation. For verifying
constraint-richsystems] developeda new BDD-basedalgorithm,calledassignmentséraction algorithm
to establishrelationshipsbetweenstatevariables. This assignmentxdraction algorithmdecomposeary
Booleanexpressiorinto assignmengxpressionsFromtheseassignmentsye canmorepreciselydetermine
the setof variablesthatcanbe replacedwith equivalentexpressiongmacio expansiol. The goalis to re-
maove unnecessarstatevariableso reducethe overall statespace As with theimprovementdo conjunctie
partitioning,BDD characteristicareusedhereto stabilizethe optimization.

Our systematicapproacho studyandto improve the underlyingBDD computationculminatedin a
significantlyimproved versionof the SMV model checler that hashelpedotherresearchersackle real-
world applications.In particular our approacthasenabledhe verificationof the fault diagnosismodel of
NASA's DeepSpaceOnespacecratt.






Acknowledgements

Firstandforemostabig thankyouto my advisorDave for his supporiandenthusiasmHe haspainstakingly
taughtmehow to doresearctandtutoredmeonhow to presentesearchesultseffectively. | amparticularly
gratefulto him for giving methe freedomin researchopicsandfor believing in my ability.

I thankRandy my virtual advisor for giving me guidanceon researctdirectionsandfor alwaysbeing
available to answerquestions. He hasbeena greatsupporterof my research.l am also gratefulto Ed,
ThomasandKenfor their enthusiasnandfor theircommentsaindsuggestionaboutthis work.

Jim hasbeena big helpto my researcton the Fx parallelizingcompiler | thankYirng-An for starting
my thesiswork on BDDs four yearsago.He hasgreatlyfacilitatedmy transitionfrom parallelizingcompiler
to BDDs.

| thank Claudsonand Henry for beingmy soundingboardfor researchideasand randomcomplaints.
They have beenamazingfriendsthroughouthis PhD processandthe completionof their theseshasbeen
a greatmotivating force for meto finish sooner | thankJamedor teachingme aboutthe Americanculture
andfor sharinghis horrorstories andmostof all, for relentlesslyquotingmeout of contet. | thankSharon,
Karen,andCatherindor beingextremelynice andfor takingcareof administratre details.l thankLisafor
keepingmy wrists healthy SamandAgneshave beena greatsourceof yummy homemaddood. Tammy
hasbroughtspecialmeaningsto the words purple and pecan They and other friends—JenniferArup,
Nita, Girija, Xuemei,Jas,Chi, Margret, Huifen, Sanijit, Peter Shipra,Armin, Yunshan\Yuan,andseveral
others—hwae madethis pastseven yearsa ratherfun experience.And despitewhatyou might have heard
aboutPittshurgh, | really enjoyedlivingin it.

| amvery gratefulto my parentsand my sisters,particularlyHeng-¥n, for their love and support. |
thankmy grandparentsynclesandauntsfor providing meahome-avay-from-homeFinally, speciathanks
to Shun-Lienfor helpingmethroughmary difficult times.






Contents

1

Intr oduction

1.1 WhyModelChecking?. . . . . . . . . . . e
1.2 StateSpaceExplosion. . . . . . . . .. e e
1.3 BDD Performancénstability . . . . . . . ... ... .. ...
1.4 ScopeandOverviev of TheThesis. . . . . . . . . . . . .. . ... . . . . ..

BDDs and Symbolic Model Checking

21 BDD. ..

2.2 TerminologyandNotation . . . . . . . . . . . ...
2.3 BDD CONSIrUCLION . . . . . . o e e e e
2.3.1 Basisof BDD Construction . . . . . . . . . . e
2.3.2 BDD Algorithms: Depth-FirstApproach . . . . . .. ... ... ... ... ....
2.3.3 Breadth-FirsApproach . . . . .. ... .. .. ... . . ...

2.4 BDD PackageComponentandTheirCommonFeatures. . . . . . .. ... ... .....
2.5 BooleanRepresentationsf Finite StateSystems . . . . . . . ... ... ... . L.

2.5.2 SymbolicStateTraversal. . . . . . . . . . . e
2.5.3 Conjunctie Partitioningof TransitionRelations. . . . . . ... ... ... ... ..
2.6 CTL TemporalLogicandModelChecking. . . . . . . . . . .. .. . .. . ... .. ...,
2.6.1 CTL . . . .
2.6.2 CTLModelChecking . . ... ... ... . . . . . . . . . . . . ...

2.7 Summary

BDD Performance Evaluation Methodology

3.1 EvaluationMetriCs . . . . . . . . o e e e
3.1.1 MetricsforHashing . . . . ... ... ... .. .. ... .
3.1.2 Metricsfor GarbageCollection . . . . .. ... ... ... ... ... ... ...
3.1.3 Metricsfor DynamicVariableReordering. . . . . . . ... ... ... ... ....
3.1.4 MetricsforWork . . . . . .
3.1.5 Metricsfor MemoryLocality. . . . .. ... ... ... ... ... ...
3.1.6 Metricsfor MemoryUsage. . . . . . .. ... ... ... ..
3.1.7 MetricsforTime . . . . . . . . .
3.1.8 Metricsfor theSizeof BDD Computations. . . . . . .. ... ... ... .....

3.2 Trace-Base@tvaluationPlatform. . . . . . . . . ... ...

3.3 Summary

11
12
12
13
14
17
20
23
23
26
27
27
28
29
30



ii CONTENTS

4 BDD Performance Study 51
4.1 SetupoftheStudy. . . . . . . . . . 52
4.1.1 Benchmark. . . . . .. .. 52
4.1.2 BDDPackages. . . . ... ... ... 53
4.1.3 EvaluationProCess. . . . . . . . . . 55
4.2 Phasel Results:No VariableReordering . . . . . ... .. ... ... .. .. ... .... 56
4.2.1 ComputedCacheSize . . ... .. .. ... . . . ... 56
4.2.2 GarbageCollectionFrequeng . . . . . . . .. ... . 59
4.2.3 EffectsoftheComplemenEdge. . . . . ... ... ... ... ... ... ..... 60
4.2.4 MemoryLocality for Breadth-FirsBDD Construction. . . . . .. ... ... ... 61

4.3 Phase Results:DynamicVariableReordering . . . . . . ... ... ... ... ...... 63
4.3.1 PresentandNext-StateVariableGrouping . . . . . ... ... .. ... ... ... 63
4.3.2 ReorderingheTransitionRelations . . . . . ... ... ... ... ......... 64
4.3.3 Effectsof Initial VariableOrders. . . . . . . ... ... ... ... ... ..., 65

4.4 GeneraResults. . . . . . . . 71
4.5 IssuesaandOpenQuestions. . . . . . . . .. 73
4.6 RelatedWork . . . . . . . e 75
A7 SUMMATY . . . . o e e e e e e e e e e e e e e e 75
5 BDD Optimizations for Conjunctive Partitioning 77
5.1 OurConjunctve-RartitioningAlgorithm . . . . . . . .. ... ... ... . . . L 77
5.2 EBvaluation. . . . . . . . . 83
5.2.1 ExperimentaBetup. . . . . . . . ... 83
5,22 OverallResults. . . . . . . . . 84
5.2.3 Impactof Pre-Meging . . . . . . . . . . . .. 85
5.2.4 Impactof OurOrderingHeuristic . . . . . .. ... ... .. ... ... ...... 87

5.3 Summary . . .. e e 89
6 BDD Optimizations for Constraint-Rich Models 91
6.1 Time-InvariantConstraint@andTheirCommonUsages. . . . . . . . . .. ... ... ... 92
6.2 ExtendedConjunctie Partitioning . . . . . . . . . . . ... 92
6.3 Eliminationof RedundanStateVariables . . . . . . . ... ... ... ... .. . ... 93
6.3.1 BDD-BasedAssignmenExtraction . . . . ... ... ... ... .. ... .. ... 94
6.3.2 Correctnes®rooffor Assignment-ExtractioAlgorithm . . . . .. ... ... ... 95
6.3.3 MacroExtractionandExpansion . . . . . ... ... ... . . oL 96
6.4 Evaluation. . . . . . . . . 97
6.4.1 ExperimentaBetup. . . . . . . .. ... 97
6.4.2 OverallResults. . . . . . ... . 98
6.4.3 Impactof Early Quantification. . . . .. ... ... ... ... ... ........ 99
6.4.4 Impactof MacroExtractionandMacroExpansion . . . . ... ... ... ... .. 100
6.4.5 Impactof Conjunctve-RartitioningSizeLimit . . . . . . ... ... ... ... ... 102

6.5 RelatedWork . . . . . . . 102
6.6 Summary . . . .. e e e e 103
7 Conclusionsand Futur e Work 105
7.1 In Searchof anAccurateObjectve Function. . . . . . . . . ... ... L. 106

7.2 SUMMAIY . . . o e e e e e e e e e e e e e 106



CONTENTS iii

Bibliography 109



CONTENTS



Chapter 1

Intr oduction

Model checkingis an automaticverification paradigmthat checkstemporalproperties(e.g., safetyand
liveness)f finite statesystems.t hasbeensuccessfullyappliedto a variety of applicationsrangingfrom
hardware designsto software protocols. A coretechnologyenablingthesesuccesseis the useof Binary
DecisionDiagrams(BDDs) to modelthe statespaceandto performthe underlyingcomputation.

Researctefforts in this field focus mainly on high-level optimizations,suchasabstiaction composi-
tional reasoning and symmetryreductionto reducethe size of the statespace while the computational
aspectof BDDs have largely beenignored. As a result,the performanceof mary modelcheckingalgo-
rithms canbe unstablej.e., smallchangego the parametersanhave dramaticperformanceémpact. This
performancenstability diminishesmodel-checking adwantageof beingfully automatic,becausexpert
knowledgeis often neededo fine tunethe parameters Furthermorethe performancenstability hasim-
pededresearciprogresdecauseheimpactof new algorithmsis difficult to evaluate.

In this thesis,| addresgshe performancenstability problemby systematicallystudyingBDD compu-
tations. The main contrikution is the first evaluationmethodologyfor generalBDD computations.Using
this evaluationmethodologyandin collaborationwith otherBDD packagedesigners| have conductecda
BDD performancestudyin the contet of modelchecking. This studyresultedin betterunderstandingf
model-checkingomputationgndsignificantperformancémprovements Thisevaluationmethodologyhas
helpedo raiseBDD evaluationgo amorescientificbasis andit is now graduallybeingadoptedy theBDD
community For example,researcherbave usedthis methodologyto extenda BDD variantcalledMORE
to cover modelcheckingcomputations.

Using a similar approach,| have systematicallystudiedcomputationalaspectsof various stagesof
model-checkingcomputations. In particulay | have stabilizedthe performanceof an importantmodel-
checkingoptimization called conjunctivepartitioning and have derived a new algorithm for verifying
constraint-richsystems. This thesisculminatedin a muchimproved SMV model checler [58 that has
enabledthe verification of complex systemssuchas the fault diagnosismodelsof the Nomadrobot (an
Antarcticmeteoriteexplorer)andthe NASA DeepSpaceOnespacecraffFigurel.1).

In therestof thisintroductionchapter! will explaintheimportanceof modelcheckinganddescribehe
performancénstability problemthatmotivatesmy thesis.

1.1 Why Model Checking?

Today the compleity of both hardwareandsoftwaredesigndgs growing very rapidly. Ensuringtheir cor
rectnesshas correspondinglybecomea much more difficult problem. On the other hand, hardware and
softwarearenow anintegral partof our daily life. Their correctnesss alsocorrespondingljpecomingan
indispensabl@artof the designprocess.n particular for securityandsafetycritical applicationssuchas

1



2 CHAPTERI1. INTRODUCTION

Figurel.1: Autonomoussystems{a) Nomad(b) DeepSpaceOne.

automobilesmedicalinstrumentshighway andair traffic controlsystemsandelectroniccommercefailure
canhave catastrophiconsequences:or example,on June4th, 1996,a softwareerror causedhe Ariane 5
rocket to explodeshortly afterit waslaunched Evenfor non-safetycritical devices,designerrorscanhave
hugeeconomiccost,asdemonstratethy the Pentiumbug that costedintel almosthalf a billion dollarsin
1994.

Therearefour principalverificationtechniquessimulation testing theorenproving, andmodelcheck-
ing. Beforewe proceedto describeeachof thesetechniquesit is importantto note that the conceptof
correctness$s not absolute.We canonly ensurea designsatisfiesa given specification.We cannotdeter
mineif the specificatiorcoversall thenecessarproperties.

Traditionally simulationandtestingarethevalidationtechnique®f choice.Bothtechniquesalidatethe
designby observinghe outputsof testinputpatterns Thesimulationis performecon amodelof thedesign,
while thetestingis performedntheactualproduct. Theseawo methodsarevery effective, particularlyearly
in thedesignprocessvhentherearemary errors.However, they oftencannotguarante¢gheabsencef error
ascheckingall input combinationds rarely possiblefor comple systems. Theoremproving and model
checkingareformal techniquesisedto addresshis problem.

Theoremproving usesaxiomsand proof rulesto prove the correctnes®f systems.Historically, such
proofswereconstructecntirelyby hand.Today therearepowerful softwaretools (theoemprovers), such
asHOL [43] andPVS[65], that enforcethe correctuseof axiomsand proof rules and suggestpossible
waysto make progressn the proof. Theoremproving is a very powerful approactandcanbe appliedto
infinite statesystemsHowever, proving thecorrectnessf a singlecircuit or a protocolcaninvolve manual
guidancein proving hundredsandthousand®f lemmasin detail. For example,over 1600definitionsand
lemmasareinvolvedto prove thecorrectnessf thefloating-pointdivision algorithmusedn theAMD 5K86
processol14]. Evenfor themoremathematicallynclineddesignersthistaskcanbeprohibitively daunting.
Thusdesigneroftenchoosedo rely on simulationandtestingtechniquesnstead.Anotherdisadwantageof
thetheorem-preing approachs thatthereis no boundon the amountof time andmemoryneededo find a
proof.

Model checking,on the other hand,is an automatictechniquefor verifying finite statesystems. By
restrictingthe scopeto finite statesystemsthis techniqueautomaticallyandexhaustvely exploresthe state
spacedo checkwhetheror notthespecificatiorholds. Givenenoughcomputationatesourceshis procedure
will alwaysterminate.If a propertydoesnot hold, an errortracecanoften be generateciutomaticallyas
awitness. For example,if a safetypropertycanbe violated,a modelchecler will generateanerrortrace
indicatinghow the systemcantransitionfrom aninitial stateto a fault statewherethe safetypropertyfails
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to hold.

Thefully automaticaspecof modelcheckingmalesit a preferablechoiceover theoremproving. Even
thoughmodelcheckingis limited to finite-statesystemsmary real-world applicationsareeitherfinite state
or canbereducedo finite-statesystemsin particular modelcheckinghasbecomenimportantpartof the
verificationprocessn hardwarecompaniesuchasintel, IBM, andMotorola. Notethattherewill alwaysbe
importantapplicationsvheremodelcheckingfails dueto large or infinite statespaceandtheoremproving
is necessaryA recentresearchrendhasbeento meige thesetwo approacheby usingmodelcheckingfor
verifying subcomponentandtheorenproving to composeheresultsbacktogethe68].

1.2 StateSpaceExplosion

Historically, modelcheckingwas performedby explicit statetraversal. An inherentproblemof this ap-
proachis thatthe numberof statesis exponentialin the numberof systemcomponents.Symbolicmodel
cheking [58] addressethis stateexplosionproblemby usingagraphrepresentationalledBinary Decision
Diagram(BDD) [3, 17]. In symbolicmodelcheckingBDDs areusedthroughouthe entiremodelchecking
processfrom modelingthe systento verifying propertiesandgeneratingounterexamples.

Theuseof BDDshasgreatlyincreasedhepowerof modelcheckingoughlyfrom 10° to 103 stategi.e.,
from 17 to around100 statebits). Occasionallysystemswith up to 1000statebits have beensuccessfully
verified. However, in termsof real-world applications, 100 statebits (or even 1000) arefairly small. For
example the numberof latchesin todays digital systemsareeasilyordersof magnituddarger Thus,there
have beenmary researctefforts in reducingthe statespace.The main focushasbeenin designinghigh-
level methodologiesuchasabstractioncompositionateasoningpartial orderingreductionandsymmetry
reduction.

Abstraction[6, 25, 34, 33, 52] reducesthe statespaceby mappingcomplec componentgo simple
abstractepresentationshisis particularlyusefulfor datapaths wherelarge setof datavaluesaremapped
to asmallsetof abstracvalues.

Compositionakeasoning 27, 44, 45, 51, 50, 53, 77] exploits the modularstructurein the designby
verifying eachpartof acomple systemseparatelyandthencomposesheresultsto infer thecorrectnessf
the overall system.By focusingthe verificationon the componentsatherthanthe overall systemthe size
of the statespacecanbesignificantlyreducedpbecauséhesizeis exponentialin thenumberof components
beingverified. Whentherearemutualdependencielsetweercomponentsa specialstratgy calledassume-
guaranteereasonind45,51,50,62] is used.In thisapproachpropertieof eachpartareverifiedby making
assumption®f other parts’ behaiors. Theseassumptionsnustbe proved later whenthe correctnes®f
otherpartsare proved to be correct. Sincethesepartsmay be mutually dependentthis approachseems
circular;i.e., proving the correctnes®f onepartdepend®n makingassumptionsiboutthe correctnessf
anothempartof the systemandvice versa.This seeminglycircularreasonings addressefly usinginduction
ontime[1,59. More specifically the propertiesof onepartareverifiedfor the currenttime stepby making
theassumptionbasednthe behaior of otherpartsin the previoustime step.

Partialorderreduction[41,42,79) is targetedto reducethe statespaceor concurrenisynchronousys-
tems.This optimizationis basedntheideathatif differentexecutionsequencesf asynchronouprocesses
cannotbedistinguishedy the propertywe wantto check,we only needto consideronerepresentate se-
guenceUsingthis approachthe statespacecanbe greatlyreducedoecauseve no longerneedto consider
all possibleexecutionsequences.

Symmetryreduction[24, 37, 48] reduceshe statespaceby replacingsymmetricstructuresn the sys-
tem by a representate. Symmetryoften occurswhencomponentarereplicated. This replicationarises
naturallyin both software protocolsand hardware designs;e.g., mary communicationprotocolsinvolve
interactionsbetweenidenticalprocessesin superscalaprocessorshe functionalunits arereplicated;the



4 CHAPTERI1. INTRODUCTION

memoryhierarchyis alsofull of replicatedcomponentsuchasregisters,cachdines,andthemainmemory

Thesestate-spaceeductiontechniquegarget differentinherentstructuresn a modelandare comple-
mentaryto eachother Currently onedisadwantageof theseapproachess thatthey oftenrequirehuman
interventionto identify theinherentstructuresandto describehow to exploit thesestructuresThis process
can be labor intensive and may even be errorprone. Much of currentresearchwork focuseson how to
automatehesetechniques.

1.3 BDD Performancelnstability

Usingoptimizationsdescribedn theprevioussection(Sectionl.2),symbolicmodelcheckinghasbeensuc-
cessfullyappliedto avarietyof applicationsrangingfrom the computethardwaredomain,includingdigital
circuitdesignsgcachecohereng protocols.andinstructionschedulingalgorithmsin superscalaprocessors,
aswell asto otherdomainssuchasthe protocolsin the airplaneTraffic Alert and Collision Avoidance
System(TCAS), telephonesystemsandreactorsystems.The useof BDDs hasplayeda key role in this
success.

Giventheimportanceof BDDsin modelcheckingjt is surprisinghattherehasbeenlittle researcleffort
to studythe computationabhspectof BDD andBDD-basedalgorithmsin the context of modelchecking.
SinceBDD computationg@regenerallyery time andmemoryintensve, thislack of attentionoftenresulted
in performanceénstability in model-checkinglgorithms.For example,Figurel.2 plotsthe performancef
amodelchecler while varyingthe partition-sizeimit of a popularconjunctive-partibning algorithm[69].
Conjunctve partitioningis usedto representhe overall transitionrelationof afinite statesystemasa setof
conjuncts.The partition-sizdimit (rangingfrom 1 to 10 million BDD nodesin this experiment)is usedto
limit the graphsize of the BDD representatiofor eachconjunct. Theresultsshav thatfor eachpartition-
sizelimit, therearealwayssomemodelsthatcannotbe verified. Furthermorefor mary models,improper
choiceof the partition-sizelimit canresultin afactorof 10to 100slovdowvn andsometimesvenresultin
completefailure.

In general performanceénstability is often dueto poor evaluationmethodologiesvherevalidationsof
new algorithmsarebasedon a few synthetichbenchmark®r the useof runningtime asthe only evaluation
metric. When evaluatingheuristicsolutionsto complex problems;this lack of systematicanalysisoften
leadsto algorithmsthatperformwell only with expertusersfine tuningthe parametersAs aresult,todays
modelcheclersoftencomewith mary run-timeparameterandmanuallyfine-tuningtheseparameterss a
routine part of the model-checkingaprocess.Overall, this performancenstability not only diminishesthe
model-checking adwantageof beingfully automatic,it alsoimpedesresearciprogresdbecauseét makes
theimpactof new algorithmsdifficult to evaluate.

1.4 Scopeand Overview of The Thesis

This thesisaddresseshe performanceanstability issueby systematicallystudyingthe computationaks-
pectsof BDD-basedmodel-checkinglgorithmsandderiving new heuristicsaandalgorithmsto stabilizeand
improve the overall performance.This systemati@approachculminatedin a significantlyimproved SMV

modelchecler bothin termsof stability (Figure1.3) andrunningtime (Figure1.4). Figure1.3 shaws the

stability-impravementresultsfor the conjunctve-partitioring algorithmdescribedn the previous section.
In comparisorio theresultsfrom theoriginal version(Figurel.2), ourimprovementsave greatlystabilized
this algorithm. In particular the resultsshav thatfor a wide rangeof partition-sizelimits (from 10 thou-
sandto 1 million BDD nodes)we canverify all the models.Furthermorewithin thisrange theworstcase
penaltyis reducedo a factorof 15 slovdownn in comparisorto manuallychoosingthe bestpartition-size
limit for eachbenchmarkmodel. Figure 1.4 shavs the performancemprovementover the latestversionof
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Performance Stability of a
Conjunctive-Partitioning Algorithm

fail
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Figure 1.2: Normalizedrunning time of a popularconjunctve-partitioning algorithmon 27 benchmark
models. Six partition-sizelimits usedare: 1, 1000, 10,000,100,000,1,000,000,and 10,000,000BDD
nodes. For eachbenchmarkmodel, the runningtime is normalizedagainstthe bestrunningtime for that
modelacrosdifferentpartition-sizdimits. Notethatthe six curvesshavn logically belongto onechart. It
is separateéhto 3 chartsfor clarity.
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Performance Stability of _
Our Impr oved Conjunctive-Partitioning Algorithm
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Figurel.3: Normalizedrunningtime of ourimproved conjunctve-partitioning algorithmon 27 benchmark
models. Six partition-sizelimits usedare: 1, 1000, 10,000,100,000,1,000,000,and 10,000,000BDD
nodes. For eachbenchmarkmodel, the runningtime is normalizedagainstthe bestrunningtime for that
modelacrosdifferentpartition-sizdimits. Notethatthe six curvesshavn logically belongto onechart. It
is separateéhto 3 chartsfor clarity.
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the SMV modelchecler from Carngjie Mellon University The resultsshav thatwe have achieved over
anorderof magnitudeperformanceémprovementfor mostof cases.n this dissertation] will describethe
mainmethodologyandoptimizationghatareresponsibldor suchsignificantimprovementsn bothstability
andrunningtime.

SpeedupHistograms over SMV version2.5

# of cases

<2 2-5 5-10 10-100 100-1000 >1000 enabled

speedups

Figurel.4: Overall performancemprovementof our optimizationsover SMV 2.5.

Before presentinghe contritutions of this thesis,Chapter2 first provides an overviev of BDDs and
symbolicmodelchecking.

Chapter3 describes generakvaluationmethodologyto studyBDD computationsThis methodology
hastwo parts:the evaluationmetricsandan evaluationplatform. In this chapterthe metricsarepresented
asadependencgraphto indicatehow onemetricinfluencesanother Usingthis dependencgraph,we can
systematicallgliagnosdéheimpactof anev BDD algorithmandidentify performancdottlenecksTheeval-
uationplatformconsistof atracerecorderfor recordingcomputatiortracesandatraceplayerfor replaying
thesetraces.The purposeof thetracerecordelis to generatdbenchmarkbasednrealBDD computations.
Thepurposeof thetraceplayeris to provide a simpleinterfaceandanuniform platformfor studyingvarious
BDD packages.Note thatin otherfields suchas dynamicstorageallocationand network protocols,the
trace-basee@valuationmethodologyhasbeendemonstratedsa powerful techniqueto study characterize,
andoptimizereal computationsThe BDD trace-basedvaluationplatformandthe setof BDD evaluation
metricstogetherform thefirst evaluationmethodologyto systematicallystudyBDD computations.

Chapterd describes BDD performancetudywherethe evaluationmethodologyis usedto studyBDD
computationsn the context of modelchecking.Thiswork is acollaboratiorof six BDD-packageadesigners
from both the industry andthe academiagachusingtheir own BDD packages.EachBDD packagehas
its own distinguishingfeatures By systematicallystudyingthesepackageswe areableto determinewhat
featuresareimportantfor model-checkingcomputations.Using this systematicapproachpur collabora-
tive efforts have resultedin several characterizationsf modelingcheckingcomputationsand significant
performancémprovement(two ordersof magnitudespeedupi somecasespcrossll the BDD packages
involved. This notonly is thefirst time thatBDD computationsrestudiedin the context of actualmodel-
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checkingcomputationsbut it is alsothefirst time thatBDD-packagelesignersollaboratedo shareideas
andto helpeachotherwith performancealehugging.

Chapter5 describesmprovementsto addresghe issueof performancenstability in the conjunctie-
partitioningalgorithmdescribedn Figurel.2. In ary conjunctie-partitioning algorithm,therearetwo main
phasesorderingandmeiging. The orderingphasecomputeghe orderamongthe conjuncts(i.e., compute
the associatiity). After the conjunctsare ordered the meging phasecombinesneighboringconjunctsto
reducghenumberof partitions. Themainideabehindmy improvementss to pre-mege stronglyinteracting
conjunctgogethetbeforethe orderingphase .The concepof stronglyinteractingis definedbasedon BDD
characteristicsuchasthe numberof commonvariablesbetweentwo conjunctsand the meiged results
graphsize. An extensve experimentalevaluationis usedto demonstratéhatour improvementshasmade
theconjunctve-partitioring algorithmmuchmorestable.

Chapter6 presents casestudywhereby studyingBDD computationsl derived new BDD-basedpti-
mizationsandtogetherwith otherimprovementamentionedearlier this work hasenabledhe verification
of a classof constraint-richapplications.This researchis motivatedby the symbolicmodelsdevelopedby
NASA for on-linefault diagnosid81] of autonomousystemssuchasspacecrafandrobotexplorers. The
modelsfor thesesystemsarevery large with the numberof statebits rangingfrom 600to 1200,whereas
the capacityof todays modelchecler is around100 statebits. Onecommoncharacteristiof thesemodels
is thatthey are dominatedby time-invariant constraintghat are usedto specifythe relationshipbetween
expectedandtheactualbehaior of thesystemandto encodéanterconnectionbetweersystemcomponents.
To verify suchconstraint-ricrsystemswe introducetwo new optimizations.Thefirst optimizationis a sim-
ple extensionof ourimproved conjunctie-partitionng algorithm.Theseconds acollectionof BDD-based
macro-atractionandmacro-&pansionalgorithmsto remove statevariables.We shav thatthesetwo opti-
mizationsareessentiain verifying constraint-richproblemsjn particulay theseoptimizationshave enabled
theverificationof faultdiagnosignodelsfor the Nomadrobotandthe NASA DeepSpaceOnespacecraft.

Chapter7 finisheswith concludingremarkson the overall contritutions of this thesisandfuture direc-
tionsfor researchlin particular eventhoughour approacthasresultedn a muchimproved modelchecler,
the performanceénstability issueis by no meansolved. For example,the resultsin Figure 1.3 shav that
improperchoiceof parameterganstill costa factorof 15in performance This chapterdescribesanother
fundamentatausefor performancenstability: the lack of accurateobjective functions. For example,for
conjunctve-partitioring algorithms the orderingandthe meging heuristicsuseobjective functionsthatare
basedon BDD characteristicsuchasthe numberof variablesandthe graphsizes. However, we do not
know exactly how theseobjective functionsor eventhe resultingconjunctve-partitioring schedulesffect
theoverall performanceThus,evenif we find the optimalsolutionfor theseobjective functions,it maystill
performpoorly in comparisorto othernot-so-optimakolutions.In this chapter| discussongoingresearch
thattriesto addresshis issuealongwith otherinterestingdirectionsfor futureresearch.



Chapter 2

BDDs and Symbolic Model Checking

In 1978,AkersintroducedBinary DecisionDiagrams(BDDs) ascompactepresentation®r Booleanfunc-
tions[2]. In themid-1980sBryantproposedrderedBinary DecisionDiagramgOBDDs)ascanonicatep-
resentationfor BoolearfunctionsandOBDD algorithmsfor computingBooleanoperationfficiently [17].
SinceBryant's work, therehasbeenanexplosionin OBDD relatedresearchparticularlyin thefield of for-
malverification.In this processalarge numberof BDD-variantshave beenproposedangingfrom ADD to
ZDD [18]. In generalwe will referto all theseBDD variantsasBDDs unlessotherwisespecified.

Parallel to the BDD development,Clarke and Emersoninventedmodelcheckingin early 1980s[22,
36]. They introducedalgorithmsto automaticallyreasorabouttemporalpropertieof finite statesystemsy
exploring the statespace.The propertiesare specifiedin atemporallogic calledCTL—ComputationTree
Logic. Eventhoughtheearlymodelcheclerswerefairly limited in thesizeof the problemghey couldsolwe
(about100, 000 states)they wereableto verify anumbersequentiatircuitsandnetwork protocols[15, 16,
23,35,61].

In late 1980sand early 1990s,several researcherindependentlyrealizedthat BDDs can be usedto
extendthe scopeof modelchecking[10, 30, 58, 66]. The useof BDDs to represenfinite statesystems
andto performsymbolicstatetraversalis called symbolicmodelchedking. The useof BDDs hasgreatly
extendedthe modelchecler’s capacitywheremodelswith up to 2190 statesareroutinely beingverified.

This chaptergivesanoverviev of BDDs andsymbolicmodelcheckingin a bottom-upfashion.We first
definewhatBDDs areanddescribehe BDD constructiorprocess We thendescribehe maincomponents
andcommonimplementatiorfeaturesn aBDD packageWe thendescribehow to mapfinite-statesystems
into Booleandomainso that BDDs canbe usedto performmodelchecking. Finally, we describea CTL
model-checkinglgorithmto tie all theseconceptsogether

2.1 BDD

A Binary DecisionDiagram(BDD) is a directedagyclic graph(DAG) representationf a Booleanfunction
whereequialentBooleansubexpressionsareuniquelyrepresenteddueto thisuniquenesgropertyaBDD
canbe exponentiallymorecompacthanits correspondingruth tablerepresentationFigure2.1illustrates
this conceptwith threerepresentationsf the Booleanfunction f = ¢ A (a V b). Notethatwe areusing
0 to representalseand1 to representrue. Figure2.1(a)is thetruth tablerepresentatioffor this function
andFigure2.1(b)is the correspondindpinary decisiontreerepresentationln a binary decisiontree,each
internalvertex is labeledwith avariableandhasedgedirectedtowardtwo children:the0-branch(shavn as
adashedine) corresponds$o the casewherethe variableis assigned, andthe 1-branch(shavn asa solid
line) correspondso the casewherethevariableis assigned.. Eachleafnodeis labeled0 or 1 to correspond
to thevalueof the function. Eachpathfrom theroot to aleaf nodecorrespondso a truth tableentrywhere

9
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theedgedn the pathcorrespond$o theassignmenof the Booleanvariables andthevalueof theleafnode
is thevalueof thefunctionunderthatassignmentNoticethatbinarydecisiontreerepresentationsanhave
alot of unnecessarmodes. In this example,thereare multiple copiesof 0’'s and 1's, andthreeof the ¢
subgraphareisomorphicto eachother Oneof the mainideasbehindthe BDD representatiois to remove
all theredundancieandrepresenthegraphasa DAG. Figure2.1(c)shavs the BDD representatiofor the
samefunction. Clearly the BDD representatioiis more compactthanboth the truth tableandthe binary
decisiontreerepresentation.

f=cA(aVd)

P FRPPFRPPOOOOD
P RPOORFRPEFOOUT
P OPRPOFR,ROPFr OO0
P OPFPORFR,OOO —

~
QD
N

Figure2.1: A Booleanfunctionrepresentedith (a) truthtable,(b) binarydecisiontree,(c) binarydecision
diagram.Thedashed-edgesre0-branchesindthe solid-edgesrethe 1-branches.

Onecriterionfor guaranteeintheuniquenessf theBDD representatiois thatall theBDDsconstructed
mustfollow the samevariableorder;i.e., all variablesmustappeaiin the sameorderfor ary pathfrom the
root to a leaf. More formally, for ary two variablesz andy thatareon a pathfrom theroot to a leaf, if
x precedey (z < y) basedon the choservariableorder thenz mustappearmeforey on this path. For
example thevariableorderusedin Figure2.1(c)isa < b < c.

The variableorder usedcan have a significantimpacton the size of the BDD graph,from linear to
exponentialin the numberof variables. Let usillustrate the impactof variableorderwith a comparator
circuit example. In n-bit comparatorcircuit, thereare two setsof n-bit inputse = (ay, ...,an—1) and
b = (bo,...,b,_1) andthecircuit returnsl if andonly if (¢ == b), i.e., A7 (a; <> b;), wherethe “=="
representshe equality operatorin a predicate(similar to the C programminglanguage). Figure 2.2(a)
shaws a 2-bit comparatocircuit. By interlearing the variableordersbetweers;’s andb;’s (Figure2.2(b)),
essentiallytheBDD is computingthe equalitycomparisongthe exclusive-norgatesn thecircuit) onebit at
atime andonly movesonto comparehenext bit if all previouscomparisonseturnstrue. As Figure2.2(b)
shaws, with theinterleaved variableorder the BDD structurefor eachcomparisorrequiresonly 3 internal
nodes For n-bit comparatqrthis comparisorstructurds duplicated. timesandthusthe BDD sizeis linear
in the numberof input variables.On the otherhand,if the variableorderusedis all the a;'s beforeall the
b;'s (Figure2.2(c)),thenwe needto first encodeall possibleassignmentsf a;'s asa completebinarytree.
We thenperformthe comparisongsb;’s areintroduced.Becauseve needto constructa completebinary
treefor a;'s,the BDD sizefor this variableorderis exponentialin the numberof input variables.
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(@, « by) O(ay < by)

a; by a by

@)

Figure2.2: Effectsof variableorderontheBDD for the2-bit comparatocircuit: (a)thecircuit, (b) BDD for
theinterleaved variableorder and(c) BDD for the variableorderwith all the a;'s beforeall theb;’s. Note
thatthe BDD node0 is duplicatedo avoid crossedges.In practice thereis only onenodefor the constant
0.

2.2 Terminology and Notation

Before describinghow BDDs are built, we first introducesometerminologyand notation. We use0 to
represenfalseandl to representrue. We useadditionto represenBooleanOR and multiplication to
represenBooleanAND. We use== to representhethe equalityoperatoiin a predicateto distinguishfrom
theequalityoperator= in derving equations.

Let V bethesetof Booleanvariablesusedn thesystemandletn = |V|. Wedefinef|,.o andf|,1 to
becofactos of function f with respecto Boolearvariablev € V', wheref |, o, theO-cofactor is equatto f
with thevariablev assignedhevalueof 0, andf|,. 1, the1-cofactor is equalto f with v assignedhevalue
of 1. We definelogical operation®n Booleanfunctionsasfollows. Givenv € V, f : {0,1}" — {0,1}, and
g:{0,1}" — {0,1}, thenvz € {0,1}",

(fopg)(z) := f(z) opg(z),
(Fv.f)(@) := (floe0) (@) + (floe1)(2),

whereopis ary binarylogical operator

A reathablesubgaphof anodew is definedto beall thenodeghatcanbereachedrom w by traversing
0 or more (directed)edges.BDD nodesaredefinedto be internalverticesof BDDs. Givena BDD b, the
function f representedly b is recursvely definedby Shannordecomposition:

f:ﬁ'f|v<—0+v'f|v<—1 (2.1)

(illustratedin Figure 2.3) wherew is the variablein b’s root nodeandthe O-cofactor f|,. ¢ is recursiely
definedby the reachablesubgraphof b’'s 0-branchchild. Similarly, the 1-cofactor f|,.; is recursvely
definedby thereachablesubgraphof 's 1-branchchild.
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> BDD b

v=0 v=1

flv.-O flv.-l/

Figure2.3: TheBooleanfunction f representeddy theBDD b.

We saythata function f dependson a Booleanvariablev if f|,0 # fls1. We definethe support
variablesof a functionto bethevariableghatthefunctiondepend®n, andthe supportof a functionto be
thesetof supportvariables.

We definethe ITE operator(if-then-else)asfollows: givenary two setsD and R, andthreefunctions
f:D—R,g:D— R,andp: D — {0,1}, thenforall z € D,

| f(z) if p(z)istrue
ITE(p, f,9)(z) == { 9(z) otﬁerwise

We definea care-spaceoptimizationas ary algorithm care-opt that hasfollowing properties: given an
arbitraryfunction f wheref maybeanon-Boolearfunction,anda Booleanfunctionc, then

Care_op(fa C) = ITE(C’ fa d)a

whered is definedby the particularalgorithmusedand may dependon the function f andc. The usual
interpretationof this is thatwe only care aboutthe valuesof f whenc is true. We will referto ¢ asthe
care spaceand—c asthedont-care space Thegoalof care-spaceptimizationss to heuristicallyminimize
therepresentatiofor f by choosinga suitabled in the dont-carespace Descriptionsanda studyof some
care-spaceptimizationsjncludingthe commonlyusedrestrictalgorithm[31], canbefoundin [76].

2.3 BDD Construction

BDD constructionis a memaoization-basedynamicprogrammingalgorithm. A cacheknown asthe com-
putedcadeis usedto recordpreviously computedesults. We usea cacheinsteadof a traditionalmemo-
izationtable because¢he numberof distinct subproblemss so large (someare over a billion) thatusinga
completetableis infeasible.Givena Booleanoperationthe constructiorof its BDD representationonsists
of two main phases.In the top-davn expansionphase the Booleanoperationis recursvely decomposed
into subproblemsln thebottom-upreductionphase theresultof eachsubproblenis putinto the canonical
form. The uniquenes®f the results representatioiis generallyenforcedby hashtablesknown asunique
tables
This sectiondescribegachof theseconceptsn detail.

2.3.1 Basisof BDD Construction

Let usfirst look the theorybehindBDD construction.Givena variableorder two BDDs f andg, andary
logical operatorop. The resultingBDD r of the operationf opg is constructecbasedon the Shannon
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expansion

r= f opg=T7- (f|'r<—0 0p9|7-<—0) +T- (f|T<—1 0pg|7<—1) (2-2)

wherer, the top variablg is the variablewith the highestprecedencamongall the variablesin f andg.

Thisequatiorsplitstheoperationf op g into two subproblem&asedhevalueof thevariabler. If 7 isfalse
(7 is true), thenthe value of this operationcanbe computedrom the 0-cofactors,i.e., (f|-«o 0P g|+«o)-

Otherwisejf 7 is true,thenthe valueof this operationis (f|,«1 0p g|-«1). The BDDs for thesecofactors
canbeeasilyobtained If thetopvariableistherootof agraph thentheBDD representatiorfer its cofactors
aresimply the childrenof thatroot node. Otherwise by definition, the top variabledoesnot appeatin the
graph;thusthe BDD representatiofor both cofactorsis justthe graphitself.

In the top-davn expansionphase this Shannon-gpansionprocessrepeatsecursiely following the
givenvariableorderfor all theBooleanvariablesin f andg. Thebasecase(alsocalledtheterminalcasé of
this recursie processs whenthe operationcanbetrivially evaluated.For example the Booleanoperation
f A fis aterminalcasebecausét canbetrivially evaluatedto f. Similarly, f A 0 is alsoaterminalcase.
Therecursve processwill terminatebecauseestrictingall the variablesof a function producesa constant
function, andall Booleanoperationsnvolving only constantoperand(stanbetrivially evaluated.At the
endof theexpansionphasetheremaybereduciblesubepressionsuchas(z - h + z - h). Thus,to ensure
uniguenessareductionphaseis necessaryo reduceexpressiondike (z - h + z - h) to h. This bottom-up
reductionphaséds performedn thereverseorderof the expansiornphase.

Shannorexpansionf subproblemsanbe performedin ary order In particulay the depth-firstcon-
structionalwaysexpandshe subproblemsvith the greatestiepth(lowestvariable-ordeprecedencezimi-
larly, the breadth-firstonstructiorexpandshe subproblemsvith the smallesdepth(highestvariable-order
precedence).

For therestof thisdocumentwewill referto theBooleanoperationgssueddy auserof aBDD package
asthetop-level opemtionsto distinguishthemfrom sub-opeations (subproblemsyeneratednternally by
the Shannon-gpansionprocess.

2.3.2 BDD Algorithms: Depth-First Approach

Typical BDD algorithmsarebasedn the depth-firsttraversalintroducedn Bryant’s original BDD publica-
tion. Here,l will describehreeimportantBDD algorithmsusedin symbolicmodelchecking.

Thefirstalgorithmcomputesry basiclogical operationsuchasAND, OR andXOR Bryanthasshavn
thatthe compleity of theseoperationds quadraticin the graphsizesof the input aguments.Figure2.4
shaws a typical depth-firstalgorithmusedin modernBDD packagedor this classof operationd11, 55].
Thisalgorithmtakesalogicaloperatorop) andits two BDD operandgf andg) asinputsandreturnsaBDD
for theresultof the operationfopg. TheresultBDD is constructedy recursvely performingShannon
expansionin the depth-firstmanner This recursve expansionendswhenthe nev operationcreatedis a
terminalcasg(line 1) or whenit is foundin thecomputedcachg(line 2). A computedcachestorereviously
computedesultso avoid repeatingvork thatwasdonebefore.Line 3 determineshetopvariableof f andg.
Line 4 and5 recursvely performShannorexpansioronthecofactors.At theendof thisrecursie expansion,
thereductionstep(line 6) ensureghatthe BDD resultis areducedBDD node.Thentheuniquenessf the
resultingBDD nodeis checled againsta uniquetable which recordsall existing BDD nodes(lines 7—-11).
Finally, the operationwith its resultis insertedinto the computedcache(line 12) andthe BDD resultis
returned(line 13). Typically, both the computedcacheandthe uniquetable areimplementedwith hash
tables.The computectachereplacemenpolicy variesfrom directmap,n-way associatie, to LRU.

The secondalgorithmis calledrelational product (alsoknowvn as AndExistsor and-smooth[19] that
computesiv.f A g. Therelationalproductis the coreoperationin symbolicmodelcheckingasit is used
to perform both forward and backward statetraversal. This processs describedn Section2.5.1. The
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df-opp, f.g)
/* computef op g, wheref andg aretwo BDDs andopis alogical operator*/
if (terminalcaseYyeturnsimplifiedresult
if theoperation(op,f,g) is in computedcacheyeturnresultfoundin cache
let  bethetop variableof f andg
o + df_op(op, flT(—O! g|Te0)
T < df_op(Op, f|’r<—11 g|T<—1)
if (ro == r1) returnrg
b < BDD node(t, rg, 1)
result« lookup(uniqueable,b)
if (BDD nodeb doesnotexistin theuniquetable)
10 insertb into the uniquetable
11 T+ b
12 insertthis operationandits resultinto the computeccache
13 returnr

OO ~NOOOUTDAWDNPRF

Figure2.4: Depth-firstBDD algorithm.

basicideais thatthe productf A g selectshe setof valid transitionsandthe existentialquantificatiordv
extractsandunionsdestinationstatesfrom the selectedransitions. This operationhasbeenproven to be
NP-hard[58].

Figure2.5 shaws a typical BDD algorithmfor computingthe relational-producbperation. This algo-
rithm is structurallyvery similar to the above algorithmfor basicBooleanoperations The maindifference
is thatwhenthe top variable(r) needsto be quantified,a new BDD operation(OR(g, 1)) is generated
(lines5-11). Dueto this additionalrecursionthe worstcasecompleity of this algorithmis exponentialin
thegraphsizeof theinputarguments.

Thethird algorithmis acare-spaceptimizationalgorithm(asdefinedin Section2.2)calledrestrict[31].
It is a commonlyusedalgorithmto minimize the BDD representationf a Booleanfunction by choosing
appropriatevaluesfor the dont-carespace.Figure2.6 shavs a typical BDD algorithmfor computingthe
restrictoperation.Thisalgorithmis alsostructurallyvery similarto thedf op algorithm.Therearetwo main
differences First, whenthetop variable(r) only appearsn the carespacec (line 4), this algorithmavoids
introducingthe new variableinto the resultby quantifyingout 7 (OR(|- o, ¢|r«1)) andthenrecurseon
theresult(line 5). The otherdifferenceis thatwhenoneof f’'s cofactoris in the don't-carespacethenthe
restrictalgorithmtriesto reducethe graphsizeby replacingboth f’s root nodeandits dont-care cofactor
with the minimizedresultof f’s othercofactor(lines6-9). For example,line 6 andline 7 shav thatif the
0-cofactor f|,¢ is in the dont-carespacej.e., c|ro == 0, thenthe resultgraphis the restrict of the
1-cofactor f|,«1. Theworstcasecompleity of this algorithmis exponentialin the graphsizeof theinput
amgumentdbecausehe additionalrecursionntroducedby the quantificationin line 5.

2.3.3 Breadth-First Approach

Theotherpopularapproactof performingBDD constructioris the breadth-firsapproachin thisapproach,
the Shannorexpansiorfor atop-level operationis performedop-davn from the highestto the lowestvari-
ableorder Thus,all operationswith the samevariableorderwill be expandedat the sametime. Similarly,
thereductionphasds performedbottom-upfrom the lowestto the highestvariableorderwhereall opera-
tionsof thesamevariableorderwill bereducedatthe sametime. Notethatthis levelizedaccesgpatternis a
little differentfrom the traditionalnotion of breadth-firstraversal. We will continueto referto this access
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RP@, f, 9)
[* computerelationalproduct:3v. f A g, wherev is a setof variablesto be quantifiedand
* f andg aretwo BDDs.
*/

1 if (terminalcaseYyeturnsimplifiedresult

2 if theresultof (RR 4, f, g) is cachedreturntheresult

3 letr bethetopvariableof f andg

4 19« RPW, f|r<o, glr<0) I* Shannorexpansionon0-cofactors*/

5 if (r € ¥) I* existentialquantificatioron” = OR(rg, RP@, f|r<1, glr<1)) */
6 if (g ==1) /* OR(LRPE, flrc1,glre1)) = 1%

7 r < 1.

8 else

9 r1 + RP@, f|r1, 9|7<1) /* Shannorexpansionon 1-cofactors*/
10 r < df_.op(OR,rq, r1)

11 else

12 r1 < RP@, f|r1, g|7<1) * Shannorexpansioron 1-cofactors*/
13 r < reduceduniqueBDD nodefor (7, rg, 1)

14 cacheheresultof this operation

15 returnr

Figure2.5: A typical relationalproductalgorithm.

restrict(f, c)
[* computecare-spaceptimization:

* if cthenf elsechoosesomevalueto minimizetheresult
* Preconditione # 0.
*/

if (f is constantpr (c == 1) returnf

if theresultof (restrict, f, c) is cachedreturntheresult

let 7 bethetop variableof f andc

if (7 is notthetop variableof f) /* ¢ hasvariablesnotin f. quantify thenrecurset/
r < restrict(f, df_op(OR,¢|r«o, ¢|r1))

elseif (¢|;«o == 0) /* dont careabout0-brancht/
T < restrict(f |1, ¢[r1)

elseif (c[;..1 == 0) /* dont careaboutl-branch¥/

9 T 4 restrict(f| o, ¢/r«o0)

10 else /* normalShannordecompositiort/

11 o < restrict(f |, o, c|r«0) /* 0-cofactors*/

12 r1 < restrict(f|;«1, ¢|r«1) /* 1-cofactors*/

13 r < reduceduniqueBDD nodefor (7, rg, 1)

14 cacheheresultof this operation

15 returnr

0O~NO Ok WN P

Figure2.6: restrictcare-spaceptimizationalgorithm.
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patternas breadth-firstto be consistentwith previous work. Basedon this structuredaccesgattern,we

canexploit memorylocality by usingpervariablememorymanagersandpervariablebreadth-firsgueues
to clusterthe nodesof the samevariabletogether This clusteringis beneficialonly if mary nodesare

processedor eachbreadth-firsfueueduringeachexpansionandreductionphase.

In this subsectionwe will illustratethe breadth-firsBDD constructiomprocesdy introducinga graph-
ical approachto visualizethe BDD constructionprocess. Figure 2.7 illustratesthe Shannonexpansion
(Equation2.2) for the operationf op g. Ontheleft sideof this figure,the operationis representedvith an
opeiator node(therectangulanode)whichrefersto BDD representationsf f andg asthis operatiors left
andright operandstespectiely’. Theright sideof this figure shavs the Shannorexpansionof this opera-
tion with respecto thevariabler. Theoriginal operatomodenow storeghetop variabler. Thetwo newly
createcchildrenoperatomodesrepresenthe operationon the O-cofactors(dashedge)andthe operationon
the 1-cofactors(solid edge). A smallcircle is placedon the edgegto thesenewly generate@perationgo
distinguishtheseedgedrom internaledgesof actualBDD nodes.

Notice that this expansionis very much like sifting down the operatoralong both the left andright
branchesThis view of BDD constructioris a generalizatiorof the codingvariableapproactin [46] which
essentiallyis an OR operation. This generalizatiorallows representationf differenttypesof operations,
including bit-level andword-level operations.Furthermorethis sifting view integratesBDD construction
procesawith the level exchange method[39] in dynamicvariablereordering. The only differencehereis
thatthelevel exchangemethodsifts down BDD variableswhile BDD constructiorsifts down operators.

expand T

AN

op op

/\

flTHO glreo flrel gl'[el

Figure2.7: Graphicalview of Shannorexpansion. The dashededgewith a circle represent®-cofactors
sub-operatiomndthe solid edgewith acircle representd-cofactorssub-operation.

Figure2.8illustrateshetwo rulesusedn thereductionphase Figure2.8(a)illustrateshecasewvhenthe
resultsof bothbranchegbdd, andbdd,) aredistinct. Figure2.8(b)illustratesthe casewhenbothbranches
arethesameandthustheresultingBDD doesnotdependnthevariabler. In bothcasesthereductionstep
changesheoperatomodeto forwardto theuniqueBDD resultfor this operation.

Therestof this sectionillustratesthebreadth-firsBDD constructiorwith anexample.Figure2.9(a)and
(b) shawv the BDDs for theoperands andg. Figure2.9(c)shavstheinitial graphrepresentatiofor f + g.
Notethatin thefollowing figures,the constanhode0 is duplicatedmultiple timesto avoid excessie cross
edgesIn practice thereis only onenodefor the constan0.

Figure 2.10illustratesthe top-davn expansionphase. Figure 2.10(a)shawvs the resultafter Shannon
expandingthe variablea. Figure2.10(bl) illustratesShannorexpansionon the variablebd. In this figure,
note that the secondand the fourth OR operatornodescan be trivially evaluated. Furthermorethe first
andthe third OR operatomodeareidentical. Figure2.10(b2) shavs the resultafter thesesimplifications.
Figure2.10(c.1)shawvs the expansionon thevariablec andFigure2.10(c.2)shavs theresultof simplifying
(c.1). At this point, the expansionphasesndssincethereareno moreunexpandecdperations.

The depth-firstalgorithmsdoesnot explicitly storethe operationsasoperatomodes.Insteadthe operationis implicitly stored
in the stackasargumentgo therecursve calls.
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1 reduce F T reduce F

5 % sy

bdd, bdd, bdd, bdd, bdd,

bdé0 bdd,
(@) (b)

Figure2.8: Reduction. A reductionchangesan operatomodeto a forwarding nodeand forwardsto the
resultingBDD: (a) reductionwhen the childrens result BDDs are distinct, and (b) reductionwhenthe
childrens resultBDDs arethe same.

Figure2.9: BDD constructiorexample:(a) BDD for f, (b) BDD for g, and(c) graphicalrepresentatiofor
theoperationf + g.

Figure2.11illustratesthe bottom-upreductionphase Figure2.11(a.1)shavs theresultafterreduction
onvariablec. In thisfigure,anew BDD node(labeledc) is createdandthe correspondingperatomodeis
thenchangedo a forwardingnodesothatthe parentscanaccesshe nenly createdresult. Figure2.11(a.2)
shaws the parentsupdatingthe forwardingpointer Figure2.11(b)shaws the resultafter reductionon vari-
ableb. Finally, Figure 2.11(c) shaws the result after updatingthe forwarding pointersand performing
reductiononvariablea. In thisfinal figure,theBDD graphreferredto by theforwardingpointeris theresult
of theoperationf + g in Figure2.9(c).

2.3.4 Depth-First or Breadth-First?

BDD constructioncanbe very memoryintensie, especiallywhenlarge graphsareinvolved. It not only
requiresa lot of memory it alsorequiresfrequentaccesse mary small datastructuregthe nodesizeis
typically 16 byteson 32-bitmachines)CorventionalBDD constructioralgorithmsarebasedn depth-first
traversalof theBDDs[11,55]. Thisapproachmayhave poormemorybehaior asthereis notagoodwayto
ensurethatthe BDD nodesaccessedreclosein memory The performanceémpactis especiallyseverefor
BDDs largerthanthe physicalmemory Recently therehasbeenmuchinterestin BDD constructiorbased
onbreadth-firstraversal[4, 46,63,64,71,83. In abreadth-firstraversal boththe expansiorphaseandthe
reductionphaseprocessll the nodesof the samevariableat the sametime. The breadth-firstonstruction
exploits this structuredaccesdy clusteringnodes(for bothBDD andoperatomodes)of the samevariable
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(a) expansionon variablea (b.1) expansionon variableb (b.2) simplificationof b.1

(c.1)expansionon variablec (c.2)simplificationof c.1

Figure2.10: Breadth-firsBDD constructionexpansionphase.
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(b) reductionon variableb (c) reductiononvariablea

Figure2.11: Breadth-firsBDD constructionreductionphase.

19
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togethelin memorywith specializechodemanagers.

Despiteits poorermemorylocality, the depth-firstconstructionhasvery low memoryoverhead. The
numberof unsolhed subproblemshatit keepgracksof atary giventimeis thedepthof therecursionwhich
is atmostthenumbetrof variables Sincethenumbetrof variableds typically avery smallconstantthedepth-
first constructiordoesnot requiremuchmemoryto storethesesubproblemsln contrastfor eachtop-level
operationthe breadth-firstonstructiorkeepsall the subproblemgoperatomodes)generatedy Shannon
expansionof this top-level operationuntil theresultfor this top-level operationis constructedBecausehe
numberof subproblemsanbe quadraticin the size of the BDD operandsthe breadth-firsiapproactcan
incur a large memoryoverhead. In particulay for borderlinecasesvherethe depth-firstconstructiorfits
in the physicalmemorywhile the breadth-firstconstructiondoesnot, the performanceof the breadth-first
constructiorcandegradesignificantlydueto pagefaults.

To limit memoryoverheadye have introduceda partialbreadth-firstonstructiod 83 basedn context
switch. Within eachevaluationcontext, thebreadth-firsexpansioris useduntil thenumberof operatonodes
(unsohed subproblemsyeachesa fixed evaluationthreshold. Upon reachingthis threshold,the current
contet is pushedonto a context stak and a new child contet is started. Thenthe yet-to-be-gpanded
operatomodesof the parentcontet are partitionedinto smallgroupsandthe child context evaluateghese
operation®negroupatatime. If thechild context reachedts evaluationthresholdit will alsocontet switch
andthis procesgepeats.Whenall yet-to-be-gpandedoperationsrom the parentcontet are evaluated,
the child context terminates. This techniqueboundsthe memoryoverheadto O(numberof variables x
threshold) By keepingtheevaluationthresholdo be a smallfractionof availablephysicalmemory we can
limit the memoryoverheadand control the working setsizeto gain bettermemorylocality. Finally, this
approaclcanbe naturallyparallelizedby distributing the contexts acrosghe processor§s4.

Otherthanthememoryoverheadthebreadth-firsbasedapproachebave otherperformancaravbacks.
In termsof runningtime, onedrawvbackis in theimplementatiorof thecache.Iln thebreadth-firsapproach,
the sub-problemsareexplicitly representedsoperatomodesandthe uniquenessf thesenodess ensured
by using a hashtable with chainingfor collision resolution. Accessego this hashtable are inherently
slowerthanaccessew atypical directmapped1-way associatie) computedcacheusedin the depth-first
approached-urthermorehandlingof boththe computedandyet-to-be-computedperatomodesaddseven
moreoverhead Dependingntheimplementatiorstratgy, this overheadcouldbein theform of anexplicit
cachegarbagecollectionphaseasa cachereplacemenstratgy or asa transferof computedresultsfrom
operatomodes’hashtableto a computedcache.Maintenancef the breadth-firsgueueds anothersource
of overhead.This overheadcanbe higherfor operationsuchasrelationalproductshecaus®f the possible
additionalrecursion(line 7 in Figure 2.5). Giventhat eachsub-problenrequiresonly a couplehundred
cycleson modernmachinestheseoverheadsanhave a non-ngligible impacton the overall performance.

2.4 BDD PackageComponentsand Their Common Features

ModernBDD packagesypically sharecommonimplementatiorfeaturedbasen[11,72]. Therearethree
main componentsn a BDD package:the BDD algorithm componentthe dynamicvariablereordering
componentandthe garbagecollectioncomponent.In this section,we describethe commonfeaturesin
eachof thesecomponents.

BDD Algorithm

This componentomputeghe resultBDDs for variousBooleanoperationgasdescribedn previous sec-
tions). Theimplementatiorof thesealgorithmsis typically basedn depth-firstraversal. The uniquetables
are hashtableswith the hashcollisionsresolhed by chaining. A separatainiquetableis associatedvith
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eachvariableto facilitatethe dynamic-ariable-reordring processThecomputedcaches a hash-basedi-
rectmapped1-way associatie) cache.BDD nodessupportcomplemenedges[3] wherefor eachedge,an
extrabit is usedto indicatewhetheror not the tamgetfunction shouldbe complemente@Booleannegation).
The adwantageof this encodings thata functionandits complementanberepresentetly the sameBDD
andusethis extra bit in the referenceedgeto interpretthe BDD eitherin the positive or the negatedform.
Implementation-wisethis extra bit is typically encodedn the leastsignificantbit of the addresgpointer
(thereferenceedge)to avoid incurring extra memorycost. This encodingexploits the propertythataddress
pointersin modernmachinesare always at least4-byte aligned, which meansthe leastsignificantbit is
alwaysO0. Thusit canbe usedto encodehe complemeninformation.

Dynamic Variable Reordering

As thevariableordercanhave significantimpacton the sizeof a BDD graph,dynamicvariablereordering
is an essentiapartof all modernBDD packagesThe goalfor this components to dynamicallyestablish
a good variableorderasthe computationprogresses.Typically, whena variablereorderingalgorithmis
invoked, all top-level operationshatarecurrentlybeingprocessedreaborted Whenthevariablereordering
algorithmterminates theseabortedoperationsare restartedfrom the beginning. The dynamicvariable
reorderingalgorithmsaregenerallypasedbn the sifting algorithm[72]; i.e., thevariableordersarechanged
by exchangingnodesin onelevel with nodesin theadjacentevel. Figure2.12illustratesthis processThis
figure shaws the sifting procesdor exchanginghe ordersof the variablea andthe variableb. We tageach
nodewith a numberso thatwe canrefer to themeasily To understandhis operation,let us first recall
Equation2.1thatdefineghefunctionrepresentetdy a BDD in termsof its cofactors.Usingthis definition,
theBDD in Figure2.12(a)canberepresenteds

a-(b-fo+b-fi)+a-(b-go+b-g1).
By rearranginghis formula,we get

b-(@-fota-g)+b-(a fi+a-g),

which is the BDD afterthe sifting procesqFigure2.12(b)). Implementation-wisenode4 andnode5 are
createdo representhe new childrenof nodel. Nodel is updatedo referencehesenew childrenandis
relabeledwith variableb. As for node2 andnode3, they remainunchange@ndif thereareno references
to them,they will be garbagecollectedlater Notethatbecauseodel might bereferencedy othersiit is
importantthatnodel is reusedwith its reachablgraphrepresentinghe samefunction. Without thisreuse,
we will needto createa new nodein placeof nodel andwill have to locateall the referencedo nodel
andupdatethemto referencehis new node,whichis veryinefficient. Thenode-reuséechniqueallows the
sifting algorithmto be alocal operationinvolving only the nodeandits children.

Figure 2.13 illustratesthe sifting processfor the 2-bit comparatorexample from Section2.1. Fig-
ure2.13(a)is the BDD representatiofor thevariableorderwith all thea;’s beforeall theb;’s. By exchang-
ing the ordersof variableag andb;, we obtainthe BDD for theinterleaved variableorder(Figure2.13(b)).
In this example,nodel andnode2 arereusedsothatwe do not needto updatereference$rom their parent
(node0). As for nodes3, 4, 5, and6, they areno longer part of the comparatorfunctionandif thereare
no otherreferenceso them,they canbe garbagecollected. Note thatthe reachablesubgraptof node0 in
Figure2.13(b)hasaninterleared variableorderandis identicalto the BDD in Figure2.2(c).

GarbageCollection

BDD computationsireinherentlymemoryintensve becausefterall, it is all abouttraversingandconstruct-
ing graphs. Furthermorejn verification,mary intermediateBDD resultsare createdto arrive at a simple
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(b)

Figure2.12: Sifting operationfor dynamicvariablereordering:(a) beforesifting and(b) aftersifting down
variablea. The nodesaretaggedwith numbersto shav which nodesare reused(node 1) andwhich are
newly creatednode4 and5).

2300

(b)

Figure2.13: Variablereorderingexamplefor 2-bit comparator(a) BDD for a;'s befored;’s variableorder
(b) Exchangehe variableordersof variableay, andb; to obtaintheinterleaved variableorder
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final answer—true or false. Thus, it is importantto have a goodgarbagecollectorto automaticallyremaove
BDD nodesthatareno longeruseful. We will referto a BDD nodeasreadableif it is in someBDD that
externaluserhasareferenceo. As externaluserdreereferenceso BDDs,someBDD nodesmaynolonger
bereachablddeath$. We will referto thesenodesasunreadableBDD nodes.

Typical garbagecollectorsusedin modernBDD packagesare basedon referencecountingand the
reclaimednodesare maintainedn a free-listfor laterreuse. Garbagecollectionis invoked whenthe per
centagef theunreachabl8DD nodesexceedsapresethreshold Becauséheunreachabl®DD nodesare
notgarbagecollectedassoonastheir referencecountsreachzero,garbagecollectionin the BDD world has
anunusualconceptcalledrebirth, whereunreachabl&odesbecomereachableagain. This rebirth further
introducesanunexpectedoropertythatthe garbagecollectionalgorithmnotonly hasimpactonthememory
usage put canalsohave significantimpacton the overall runningtime. In thefollowing, we will describe
how rebirthoccursandhow it caninfluencerunningtime.

Therebirthof aBDD nodecanoccurasfollows. BDD nodesarereferencedothexternallyby usersof
a BDD packageandinternally by the uniquetablesandalsopossiblyby the computedcache. WhenBDD
nodesbecomeunreachabldrom externalreferencesthey are not garbagecollectedimmediately Thus,
someof theseunreachabl8DD nodesmay becomereachableagain(rebirths)if they endup beingthe
resultsfor new subproblems.

So,in presence®f rebirths,how doesgarbagecollectionaffect therunningtime?Let ususeanexample
to demonstrate¢his. Figure2.14shavs a snapshotof a BDD packageln this example,nodesin the BDD
f arenotreachabldrom ary externalreferencesand f hasaninternalreferencerom the i** entry of the
computedcache. Since f hasno external referencesthe entire BDD canbe garbagecollected. During
garbagecollection, we mustalsoremove all danglingreferences.In particulay we mustclearthe cache
entryi. Let usassumehatlateron, f is rebornasaresultof a new subproblemandwe needto compute
thesameoperationthatwaspreviousrecordedn cacheentrys. In this case pecause¢he garbagecollection
hasalreadyclearedthat cacheentry we will needto recomputethe entire operation. Thus, in the case
that BDD nodestoggle betweenreachableand unreachabldrequently garbagecollectioncanreducethe
effectivenessf the computedcacheandsignificantlydegradethe overall performanceIn fact, for model
checkingcomputationsyve found that this is one main sourceof the performancebottlenecksn modern
BDD package¢Chapter).

2.5 BooleanRepresentationsof Finite State Systems

To useBDDsin modelcheckingwe will needto mapthe modelcheckingproblemto the Booleandomain.
This meanamappingthe setof statesthetransitionrelation,andthe statetraversalto Booleanfunctions.

In general,we may also needto model non-Booleanfunctions or hon-Booleanvariablesto repre-
senta finite statesystem. Thesenon-Boolearfunctionscanbe representedsingvariantsof BDDs (e.g.,
MTBDD [28]) thatextendthe BDD conceptto includenon-Boolearvalues. Theseextensionsalsoinclude
algorithmdor Booleanoperatorsvith non-Boolearargumentsuchasthe“ <”, “>", “=="and“€”. Unless
clarificationis necessarywe will continueto referto all theseBDD-variantssimply asBDDs.

2.5.1 StateSetsand State Transitions

For finite statesystemsa statetypically describeghe valuesof mary componentge.g.,latchesin digital
circuits)andeachcomponents representetly a statevariable LetV = {vy, ..., v,_1} betheuniverseof
statevariablesn asystemandK,, bethesetof possiblevaluesfor variablev;, thenastatecanbedescribed
by assigningraluesto all thevariablesn V andthe setof possiblestatesS 4 is

Sa = Kyy X Ky, X ... x K

Un—1*
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BDD Package

computed cache

op| arg,| arg,|res

Figure 2.14: A snapshobf a BDD package:f is a BDD whosenodesare not reachablérom external
references.

This valuationcanin termbewritten asa Booleanfunctionthatis true exactly for the valuationas

n—1

/\ (Ui == ci)a

=0

wherec; € K,, isthevalueassignedo thevariablev;. A setof statescanberepresentedsa disjunctionof
theBoolearnfunctionsthatrepresenthestates We denotehe BDD representatiofor asetof statesS C S 4
by S(V) to indicatethatthe setof variablesV is usedin theBDD representation.

Letusillustratethisusinga 3-bit counter(Figure2.15). A statein a 3-bit countelis a3-tuplerepresenting
the valuesof threestatevariablesv,, v1, andv,. For example,a state(0, 1, 1) representshe statewhere
thevalueof vs is 0, v; is 1, anduwy is 1. Its correspondindooleanrepresentatiors (v == 0) A (v; ==
1) A (vp == 1) or moreconcisely 5ov1v9. Representing setof statesasa Booleanfunctionis just as
straightforvard. Forexample theset{(0,0,1), (0,1, 1)} canberepresentedsv,v;vy+v2v1v9. ESsentially
for Booleanvariables,a statecanbe representetty a mintermanda setof statescanbe representethy a
sumof minterms.

\P) Vi Vo

Figure2.15: 3-bit counter
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In additionto thesetof statesyve alsoneedto mapthesystems statetransitiongo the Booleandomain.
We extendtheabore concepbf representing setof statego representing setof ordered-pairsf statesTo
represena pair of stateswe needtwo setsof statevariables:V thesetof present-stateariablesfor thefirst
tupleandV’ the setof next-statevariablesfor the seconduple. Eachvariablev in V' hasa corresponding
next-statevariablev’ in V'. A valuationof variablesin V andV’ canbe viewed asa statetransitionfrom
a presentstate(valuationof variablesin V) to its next state(valuationof variablesin V'). A transition
relationcanthenberepresentedsa setof thesevaluations or a disjunctionof their corresponding@oolean
representationdVe denotethe BDD representatioof atransitionrelationT asT'(V, V).

For the 3-bit countey onevalid transitionis from (0,0, 1) to (0, 1,0). This transitioncanthenberep-
resentedas 21 vT4v Ty, Wherewyvivy encodeshe presentstate(0, 0,1) and vy v;, encodeghe next
state(0, 1, 0). This processanbeappliedto obtainthe mintermsrepresentingll thevalid transitions.The
transitionrelationcanthenbe computedasthe sumof theseminterms.

In modelingdfinite statesystemsthe overall statetransitionsaregenerallyspecifiecby definingthevalid
transitionsfor eachstatevariableseparately To supportnon-deterministidransitionsa statevariablewv;'s
transitionrelationis definedby afunctionf; thatmapseachstateof the systento a setof possiblenext-state
valuesfor variablev;, i.e.,f; : K, x Ky, X ... x K,, | — 2Kvi,whereK,,i is the setof all possiblevalues
for variablev;. We usethe bold facefont to emphasizehatthe functionf; returnsa setpossiblenext-state
values(insteadof a singlenext-statevaluefor the deterministiccase).Let f; bethefunctionthatdefineshe
statetransitionsof the statevariablev;. Thenthe BDD representatiofior v;'s transitionrelationT; canbe
definedas

T;(V, V') = (v; € fi(V)).

For deterministicsystemawith f;’s asthetransitionfunctions,we canreplacehesetoperatore with == as
T;(V,V') := (v; == fi(V)).

For synchronousystemsall the statevariablestransitionat the sametime. Thus,the BDD for the overall
statetransitionrelationT" is the conjunctionof all the statevariables’transitionrelations;.e.,

T(V,V') = /n\ T,(V,V").
=0

Detaileddescription®nthis formulation,includingmappingof asynchronousystemsganbefoundin [19,
5g.

Let usrevisit the 3-bit counterexampleto illustratethis mapping.The Booleanfunctionsfor thelatches’
transitionrelationsare

To(V,V') = (v ==1p),
Ti(V,V') = (v) == (v1 ®w)),
To(V,V') = (vy == (v2® (vo A 1))

Ty saysthatthe next statevalueof theleastsignificantbit v is alwaysthe complemenbf its currentvalue;
i.e., it togglesat every clock. T7 saysv; will togglein the next stateif v, is currentlyl. Ty saysvs will

togglein the next stateif all the lower bits arecurrently1. Using this formulation,the overall transition
relationT is

T(V,V') = [(v == o) A (v) == (v1 @ v9)) A (vy == (v2 @ (vo Av1)))].
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2.5.2 Symbolic State Traversal

To reasonabouttemporalproperties the image andthe pre-image of the transitionrelation are usedfor
forward andbackwvard statetraversal,respectrely. Basedon the BDD representationef a stateset.S and
thetransitionrelation7’, we cancomputetheimage andthe pre-image of S asfollows:

imagey(S) = 3AV[T(V,V')AS(V)],
pre-imagey (S) = IV.[T(V,V')ASV")].

whereimage, (S) denotesheBDD resultfor image(.S) representedith variablesn V', andpre-imagey, (S)
denotesheBDD resultfor pre-image(S) representedith variablesn V. Theintuitionis thatfor bothcases,
theconjunctionT’ A S selectghesetof valid transitionsandtheexistentialquantificatiorextractsandunions
the destinationstatestogether Note that both the imageandthe pre-imageoperationcanbe computedby
therelational-producalgorithm(3v. f A g) in Figure2.5.

In Figure 2.16, we illustrate how the image operationcan be computedusing the relational-product
operation.In thisfigure,theleftmosttablerepresentshe setof statesS = {(0,0,0), (1,1,0)} thatwe want
to computetheimagefrom. The correspondinddooleanfunctionis

S(V) = UU1Vq + VU1 Vg.-

Thetransition-relationableT in the centerepresentthe setof valid transitionsfor the 3-bit counter Each
row represents valid transitionwith the left-hand-sideof the tablerepresentinghe currentstateandthe
right-hand-sidef thetablerepresentinghenext state.The correspondinddooleanfunctionis

/ ol = = ] I | =  — — [ | | — I =t —t
T(V,V') = 001000501V + V2010051 T + T2v1T0Vav1 U + U20100V901 T +

— = 1=l 1 — ! 11— — I — —I —/
VU1 VUV UV + V2V 1VV9V1 Uy + V2V1VVoV1 Vg + V2V1V0VU9V1 V-

The rightmosttableis the setof statesthat canbe reachedrom S in onestep, i.e., theimage(S). The
conjunctionS(V) A T(V, V') usesthe statesin S to selectthe valid transitionrelationsby matchingS to
the present-statpart(theleft part) of tableT'. Theexistentialquantificationextractstheresultby removing
the present-statpart of tableT" andby unioningthe selectechext-statepart (theright part) of T. For the
pre-imagecomputationwe simply reversethis processandfrom right to left, performthe selectionon the
next-statepartof T' andthe extractionfrom present-statpartof 7.

transition relation T

presentg next
v2v1v9§v2vlvQ
states S y0 0 0 :0 0 1
001:010
Va V1 Vo 010:i011
0 00 select 011:100 extract
11 0 100:101
110:i1 1 17 ,
sMTVV) | 1158500 Clv. sv) T(v, v)

= VoV VoV, Vo' Vgt =V Vi Vy VY, VY
VoV VgV Vy Vg

Figure2.16: Forward statetraversalfor 3-bit counter
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2.5.3 Conjunctive Partitioning of Transition Relations

Onelimitation of the BDD representatiois thatthe monolithicBDD for the transitionrelationT" is often
too large to build. A solutionto this problemis the conjunctivepartitioning [19] of the transitionrelation.
In conjunctve partitioning, the transitionrelationis represente@sa conjunctionP; A P, A ... A P with
eachconjunctP; representethy a BDD. Then,the pre-imagecanbe computedby conjunctingwith one
P; at atime, and by using early quantificationto quantify out variablesas soonas possible. The early-
guantificationoptimizationis basedon the propertythat sub-formulasanbe moved out of the scopeof an
existentialquantificationif they do not dependon ary of thevariablesbeingquantified.Formally, let V;, a
subsebf V, bethesetof variablesthatdo not appeaiin ary of the subsequen®;’s, wherel < i < k and
1 < j < k. Thentheimagecanbecomputecas

pr = Vi.[P(V,V)AS(V)]
p2 = 3‘6[P2(V, V’) /\pl]
pe = Ve [Pe(V,V') A pp_i]

imagey: (S) = pi

For example,in the 3-bit countey if we chooseP; = T,(V, V'), P, = T1(V, V'), and P = Ty(V, V'),
(whereT;’s for the 3-bit countersaaredefinedin Section2.5.1)thentheimage(S) is equalto

Fo.[To(V, V') A Fu1 . [T1(V, V') A Fua.[To(V, V') AS(V)] ]]-

Here,we canquantify the variablev, early becausdor the 3-bit counter neitherTy (V, V') nor 71 (V, V')
depend®nwvs. Similarly, v; canbe early quantifiedbecausd;(V, V') doesnotdependonit. Now, if we
wereto reversethe orderof conjunctionswith P, = Ty (V, V'), P, = T1(V, V'), andP; = T»(V, V') then
bothV;, andV; areempty thusearly quantifications not possibleandtheimage(S) is equalto

3@0.31)1.3’02.[712(‘/, V’) A (Tl(V, V’) N (T()(V, V’) A S(V’)))]

This shaws that the orderingof the partitionscanaffect the numberof variablesthat we canquantify out
early

In generalthe determinatiorandorderingof partitions(the P;’s in abose) canhave significantperfor
manceimpact. Commonlyusedheuristics[40, 69 treatthe statevariables’transitionrelations(7;’s) as
the partitions. The orderingstepthengreedily scheduleghe partitionsto quantify out more variablesas
soonaspossiblewhile introducingfewer new variables. Then,the orderedoartitionsaretentatvely meiged
with their predecesson® reducethe numberof intermediataesults.Eachmeigedresultis keptonly if the
resultinggraphsizeis lessthana pre-determinetimit calledpartition-sizelimit.

Theconjunctve partitioningfor the pre-imagecomputatioris performedsimilarly with next-statevari-
ablesin V' beingthevariablesto be quantifiedinsteadof present-stateariablesn V. Notethatbecaus¢he
setof variablesto be quantifiedis different,the resultingconjunctsfor theimagecomputatioraretypically
differentfrom thosefor the pre-imagecomputation.

2.6 CTL Temporal Logic and Model Checking

In model checking,temporallogic is usedto specifythe behaior of a systemastime progresses.The
particulartemporallogic that we areinterestedn is a logic called CTL [22, 36]. In this section,we in-
formally describeCTL andmodelcheckingbasedon CTL. Descriptionsof othertemporallogics suchas
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CTL* andLTL andmoredetaileddescription®f CTL modelchecking,includingmodificationsto restrict
the verificationonly to fair computatiorpathg, canbefoundin [19,21,58].
26.1 CTL

In CTL, eachtemporaloperatohastwo parts:a pathquantifierfollowed by atenseoperator Therearetwo
pathquantifiers:A representindgor all computationpaths andE representindghere existsa computation
path Therearefour maintenseoperators:

X : thenexttimeoperator

F : theeventuallyoperatoyr
G : theglobally operatorand
U : theuntil operator

Combiningthetwo pathquantifierswith thefour tenseoperatorsthereis atotal of eightCTL operators.
In the following, we first defineCTL formulausingthe threebasicCTL operatorsEX, E [ U ], andEG.
We thenshav how theremainingfive operatorsanbe expressedisingthesethreebasicoperators.

Let P bethesetof atomicpropositionsthena CTL formulais definedasfollows:

e Everyatomicpropositionp € P is aformulain CTL.
e If f andg areCTL formulas,thensoare—f, f v g, EX f,E [f U g], andEG f.

The propositionaloperator— and V are negation and disjunction, respectiely. The other propositional
operatorsanbe definedin term of thesetwo operators.The definitionsof the temporaloperatorsareas
follows:

e EX f: f holdsatsomesuccessostateof thecurrentstate.

e E [f U g]: for somecomputatiorpathstartingfrom currentstate thereexistsa statesuchthatg holds,
and f holdsfor all previous statesn this computatiorpath.

e EG f: thereexistsacomputatiompathsuchthat f holdson every stateof the path.
Theremainingfive CTL operatorcanbe expresseasfollows:
e AX f =-EX —=f: f holdsfor all successostateof the currentstate.

e EF f = E [true U f]: for somecomputatiorpathstartingfrom currentstate thereexistsa statesuch
that f holds.

e AF f = -EG —f: for every computatiorpathstartingfrom the currentstate thereexistsa statesuch
that f holds.

e AG f = —EF —f: for every path, f holdsfor every stateon the path.

e A[fUg]=(-E[-g U (=f A—g)]) N (-EG —g): for every computatiorpathstartingfrom thecur
rentstate thereexistsa statesuchthatg holds,and f holdsfor all previous statesn this computation
path.

2A computatiorpathis fair underaconstraint if ¢ is trueinfinitely oftenin this path. Oneusageof thefairnessconstaint ¢ is
to restrictthe verificationto pathswhereevery processxecutesnfinitely often;i.e., no stanation.
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Thefollowing aresometypical CTL formulas:

e EF (thrusterstate == nominal ): it is possibleto reachthe statewherethe thrusters statusis
nominal.

e AG (EF restar): from ary state we canalwaysreachtherestartstate.
e AG (req— AF a): if arequesbccursit will eventuallybeacknavledged.

e AG (AF deviceEnabledt thedevice is enablednfinitely oftenalongall computationapaths.

2.6.2 CTL Model Checking

In modelchecking,a CTL propertyis expresseddy a notation“ (M, s) = f” which meanghatthe CTL

formula f is truein states of thefinite statemodelM . A CTL formulaf canbeinterpretedasa setof states
which satisfiesf, i.e., {s | (M, s) = f}. In thefollowing, we will useaformula f to represenboththe

formulaitself andthe setof statesvherethe formulais true. Underthis interpretationthe CTL operators
canbecomputedasfollows [22]:

EXf = pre-imae(f)
E[fUg] = Ifp Z[gV (f NEX(Z))]
EGf = dfpZ[f ANEX(Z)]

wherelfp Z [h(Z)] andgfp Z [h(Z)] computethe leastandthe greatesfixed-point,respectiely, of the
function h. In the following, we describealgorithmsfor computingeachof thesethree operationsand
provide intuition on how it works. For detailedproofs,pleaseseeClarke andEmersors work [22].

EX f computeghe setof statessuchthat f holdsfor somesuccessostate. Thus,if we interpreta
formula f asthesetof stateghat f is hold, thenEX f computeghe predecessorsf f, i.e., pre-imaye(f).
The BDD algorithmfor computingthe pre-imageoperationis shavn in Section2.5.

Similarly, E [f U g] computeghe setof stateghatfor ary of thesestatess, thereexists a computation
pathsuchthatalongthis pathstartingfrom s, f mustbetrue until thefirst statewhereg is true. Thus,we
cancomputeE [f U g] by startingfrom g andincludeall the stateshatcanreachg while satisfyingf. In
anothemwords, this is the backward reachabilitycomputatiorstartingfrom g andtraversesthe statespace
backwardwhile restrictingthevalid predecessatatego f.

Figure 2.17 shavs the algorithm for computingE [f U g]. Note that all the Booleanoperationscan
be computedusingthe BDD algorithmdf op in Figure 2.4 andthe pre-imageoperationcanbe computed
usingthe BDD algorithmshawvn in Section2.5. In the eval_eu() subroutine the resultof the leastfixed-
pointis storedin variableY andit is initially setto g (line 1), the startingstatesor thereversereachability
computation.ThevariableAY storeshesetof newly reachedstatesandit is alsoinitially setto g (line 2).
Thenthis algorithmcomputeghesetof stateghatsatisfiesf andcanbereachedrom AY in onebackward
step(line 4). Thenit updateghe setof newly reachedstate(line 5) andthe setof reachedstateg(line 6).
This procesgepeatauntil no new statesarereachedline 7). At this point, we have reacheda fixed point
andthe procesgerminatesNote thatbecauseve aretraversingafinite statespacesooneror later, we will
have exploredall thereachablestates Thusthis algorithmalwaysterminates.

EG f computeghesetof stateghatfor ary of thesestatess, thereexistsa computatiorpathp suchthat
alongthis pathstartingfrom s, f is alwaystrue. Basedon this definition,we candefineEG f recursiely as
thefollowing:

EG f istruein states if andonlyif f istruein s andEG f istruein somesuccessostateof s.
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eval eu(f, g)
[* computeE [f U g] */
Y « ¢ /* initial resultsfor theleastfixed-point*/
AY < g [* changesn Y from oneiterationto thenext */
do
pY < (f A pre-imaye(AY))
AY + pY A (1Y)
Y+ YVAY
while (AY # false )
returnY’

cO~NO O h WN P

Figure2.17: Algorithm for evaluatingthe E [f U g].

Or moreconcisely
EG f = f NEX (EG f).

This equationsaysthatEG f is afixedpointfor thefunctionh(Z) = f AEX Z. In Figure2.17,we shav
thealgorithmfor computingthis fixed point.

eval eg(f)
/* computeEG f */
Y « f [*initial resultsfor the greatestixed-point*/
do
Y’ «+ Y [* remembepreviousvalueof Y */
Y + (Y A pre-image(Y))
while (Y # Y’)
returnY’

oO~NPWNPE

Figure2.18: Algorithm for evaluatingthe EG f.

2.7 Summary

Symbolicmodelcheckingverifiestemporalpropertief finite statesystemdy traversingthe statespaceo
ensurethe propertieshold for all valid states.The BDDs have beenprovento be anefficient representation
for model-checkingomputations.

Becausehis thesisfocuseson the computationabspectf BDDs in the context modelchecking,we
have devotedthis chaptetto describeBDD characteristicsBDD constructionBDD packagesandsymbolic
statetraversalwith a fair amountof detail. However, on the subjectof the CTL temporallogic andCTL
modelchecking,we have provided only enoughdetail to demonstratdhow basicBooleanoperationsand
the statetraversalcan be usedto perform model checking. For more detaileddescriptionsof the CTL
modelcheckingprocesswe referinterestedeadergo Burchetal!s paperon symbolicmodelcheckingfor
sequentiakircuit verification[19]. Also, McMillan’s book on symbolic modelchecking[58 providesa
morecompletetreatmenf symbolicmodelchecking,includinga descriptionof the SMV modelchecler.
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Finally, Clarke et al’s upcomingbook [21] is perhapshe mostcompleteguideto dateon the subjectof
modelchecking.
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Chapter 3

BDD Performance Evaluation Methodology

Giventheimportanceof theBDD representatiortherehave beenmary researcteffortsfocusedon develop-
ing new BDD constructioralgorithms.Traditionally the validationsareoftenbasecn a setof benchmark
circuits (e.qg., building BDDs for the combinationalpartsof ISCAS'85[13] or ISCAS’89[12]) with the
runningtime asthe evaluationmetric for comparingdifferent algorithms. This approachhastwo major
drawbacks:(1) theBDD computationgor constructingoenchmarlcircuitscanbevery differentfrom other
applicationssuchasmodelchecking,and(2) validationssolely basedn runningtime oftenfail to account
for implementation-dependeeffects. Thesedravbackscanresultin misleadingconclusionsaboutthe
impactof new optimizations.

Recently in studyingmemorylocality issueshardware specificmetricssuchashardware-catie miss
rate and translation-lookasie buffer (TLB) missrate have beenintroduced[57]. Thesemetricsareim-
portantin studyingmemorylocality, but by themseles, they still do not sufiiciently decouplethe effects
of implementatiordetails. For example,differentimplementationsan have very different stratgies for
controllingthe garbage-collectiofrequeng andthe computed-cachsize. Thesestratgiescangreatlyaf-
fecttheamountof work performedwhich, in turn, canhave significantimpacton hardwaremetricssuchas
cacheandTLB missrates.Thus,thesehardwaremetricsalonearestill notsuficientfor draving conclusions
aboutmemorylocality of differentalgorithms.

This chapteraddressetheissuef evaluationmetricsandrealisticbenchmark$®y proposingageneral
evaluationmethodologyfor studyingBDD performance.This methodologyproposesa setof evaluation
metricsfor characterizingkey component®f BDD computationsanda trace-basedvaluationplatformto
studyBDD computationdasedon realworkloads.

In generalthis methodologyis designedo put BDD evaluationson a morescientificbasis.

3.1 Evaluation Metrics

Thissectiondefinesasetof metricsfor characterizind3DD computationsOurgoalis to find metricsthatare
usefulfor moreaccuratelyneasuringheperformancempactof differenttechniquesisedto performBDD
computations.To achieve this goal,we try to accountfor othersecondaneffects(suchasimplementation
details)asmuchaspossible andusemachine-andimplementation-indepeent metricsto characteriz¢he
BDD computationsvheneer possible.

Along with descriptionsof metrics,we usedependencgraphsto illustratehow the metricsinfluence
eachother In thesedependencgraphs.eachmetricis representethy a nodeandthereis a directededge
betweenwo nodeswhenthe sourcenodes metricinfluencesthe destinatiomodes metric. For example,
theeffectivenessf cachingstronglyinfluenceghe numberof subproblemgenerateih BDD construction;
thus,in thecorrespondinglependencgraph,we put anedgefrom the nodefor the effectivenes®of caching
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to the nodefor the numberof sub-operations.In draving the dependencgraphs,we usea rectangular
nodeC™ to represent metricthatcanbe directly measured A shadedectangulanode& representst
gualitative metricthatcannotbe directly measuredhut canbe approximatedy studyingthe metricsin its
descendantsA double-rectangulatodec> or &= indicateshe descendantsf thatnodearenotshavn in
thefigureandcanbefoundin otherdependencgraphsshavn in this section.This simplificationmakesthe
dependencgraphseasieito readandemphasizéhe primarymetricsfor studyingeachcomponentsf BDD
computations.

In Figure 3.1, we shaw the overall dependencgraphof all the metricsto be definedin this section.
This dependencgraphprovidesanoverviev of whatthe metricsareandhow they all fit together Detailed
descriptionsof thesemetricsand explanationson their usagewill be presentedater In this figure, each
nodeis labeledwith anumberz.y to indicatethatthe metricis they'* nev metricdefinedin Section3.1z.
For consisteng themetricswill belabeledthe sameway throughouthis section.

A dependencgraphof metricsprovidesa simpleway to determinewhatsetof metricsis necessaryo
evaluatenew BDD algorithms.For example,in studyingtheimpactof the breadth-firsBDD construction,
the commonpracticeis to comparea breadth-first8DD packagewith a state-of-the-artlepth-firstBDD
packageandusethe runningtime (node7.1) to demonstrat¢he impactof the breadth-firsapproach And
wheneer applicable the pagefault rate (node5.2), the hardware cachemissrate (node5.3), andthe TLB
missrate(nodeb5.4) areusedto explain thatthe main causes dueto memorylocality (node5.1). However,
whatis oftenignoredis thatthe numberof sub-operationgnode4.1) generated¢andiffer greatlydepend-
ing on the computed-cachmanagemenrdlgorithms(hodel.5) andthe garbage-collectiofrequenyg (node
2.5). Thuswithoutfirst ensuringthatthe resultsof thesemetricsareaccountedor, we cannotbe surethat
the performanceémpactwe obsered is truly dueto memorylocality. This informationis encodedn the
dependencgraphasedgesfrom the numberof sub-operationgnode4.1) to the hardware cachemissrate
(node5.3)andthe TLB missrate(node5.4).

Using a similar approachthis dependencgraphcan be usedfor systematigperformancediagnosis
and performancduning. For example,the graphshavs that the overall performancgnode7.1) depends
on CPU time (node7.2) andthe pagefault rate (node5.2). Thus,we canmeasurghesetwo metricsto
determinethe causedor performancdlifferences.Supposehe discrepang is in CPUtime, thenwe can
follow down the dependencgraphand measurehe metricsthatthe CPU time dependson, namelytime
spenton dynamicvariablereorderinglnode3.2), garbagecollection(node2.4),andBDD algorithms(node
7.3). We canrepeathis processuntil the maincausedor performancalifferencesareidentified. Oncethe
maincausesireidentified,we canmale improvementdo addresperformancéssuesiueto implementation
detailsandrepeathis procesauntil the performancaelifferencesaremainly dueto theinherentlyalgorithmic
differencesThusthisdependencgraphsenesasaroadmapfor performingsystematigperformancéuning
andfor understandinghetrueimpactof the underlyingalgorithms.For example,in theBDD performance
studyto be presentedn the next chapterwe usedthis approacho identify the impactof the breadth-first
BDD constructiorto model-checkingomputation@ndfoundthatthe breadth-firsbasedapproactasno
measurabladwantageover the depth-firstbasedapproach.

Eachof the following subsectionslescribeghe metricsfor evaluatinga componenof BDD compu-
tations. We presenthe componentsn a bottom-upfashion,from metricsfor nodehashingto metricsfor
the spaceandthetime usageandfor characterizinghe size (or the difficulty) of thegivenBDD computa-
tions. The metricsfor eachcomponentrealsopresentecsa dependencgraph. The root of eachgraph
representshe componenthatthe correspondingubsectiorfocuseson. Nodesthathave somepathsto the
root representhe metricsthat caninfluencethatcomponentNodesthatarereachabldrom the root repre-
sentthe metricsfor measuringhatcomponens impact. Note that the definition of eachmetricis labeled
to correspondo the nodesin Figure3.1. Somemetricsarerepeatedn differentsubsectionasthey con-
tribute to several component®f BDD computationgsometimesn differentways). Therepeated/ersions
of metricsareannotatedvith squarebracletsasin [z.y] to reflectthatthe metric's mainuseis describedn
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1.1: BDD-node hashing 3.1: reordering effectiveness 7.1: elapsed time
1.2: cost of BDD hash function 3.2: reordering time 7.2: CPU time
1.3: # of BDD nodes visited per 3.3: # of nodes sifted 7.3: BDD alg time
BDD table access 3.4: # of reorderings
1.4: max BDD table S'_Ze 8.1: size of BDD computations
1.5: cache-node hashing . 4.1: # of ops 8.2: # of BDD vars
1.6: cost.of cache hash function 8.3: min # of ops
1.7: quality of cache hash fn 5.1: memory locality
1.8: max computed cache size 5.2: page-fault rate
5.3: hardware-cache miss rate
2.1: GC effectiveness 5.4: TLB miss rate
2.2: rebirth rate 5.5: # of ops processed per BF queue visit
2.3: # of dead BDD nodes
2.4: death rate 6.1: max memory usage
2.5: GC time 6.2: max # of BDD nodes
2.6: # of GCs 6.3: max # of live BDD nodes

Figure3.1: The overall dependencgraphof metricsfor studyingBDD computationsThe descriptionof
metricsandhow they areusedaredescribedn therestof this sectiononecomponenttatime. The node
labelz.y indicatesthatthe metricis they'" nev metricdefinedin Section3.1z.
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Section3.1z asthey'™ new metricin thatsubsection.

3.1.1 Metrics for Hashing

Hashingis a fundamentapart of typical BDD packageslt is usedbothto ensurethe uniquenessf BDD

nodesandto cachetheresultsof previously computedsubproblemsFor eachsubproblengeneratedthere
canbeupto 3 hash-tableaccessef computed-cachimokupanda computed-cachmsertplusa combined
BDD unique-tabldookup-and-insert) Becausdhe time spentprocessingeachsubproblermis only a few

hundredCPUcycles,hashingcanbeasignificantpartof theoverall costin theBDD computationFigure3.2
shavs thedependencgraphsof metricsfor monitoringandcomparingthe impactof the hashfunctionson
bothBDD uniguetablesandcomputedcachesThenodesn thisgraphare:

1.1 BDD-nodehashing: the quality of the hashingalgorithmusedfor the BDD uniquetables. This in-
cludesboththequality andthe costof the hashfunctionplusthetableresizingstratgy. This qualita-
tive metriccannotbedirectly measured.

1.2 costof BDD hashfunction: thetime neededo computethe BDD hashfunction. The metric mea-
suregthe costof arithmeticoperationaisedto computethe hashfunctionexcludingthetime spenton
fetchingthe operandgrom memory It canbe usedto shav the tradeof betweerthe quality andthe
costof hashfunction. This metricis independenof BDD packagesndhashkey values. It canbe
measuredby averagingover thetime usedfor computingthe hashvalueof somearbitraryinput keys
alarge numberof times.

1.3 # of BDD nodesvisited per BDD table access:thetotal numberof BDD nodesexaminedduringac-
cesseso theBDD uniquetables/ thetotal numberof accesse® theBDD uniquetables.This metric
measurethe degreeof nodeclusteringandthusindicateshe quality of the hashfunctionused.

1.4 max BDD table size: the maximumnumberof total entriesin the BDD uniquetables.Thetablesize
directly affectsthe clusteringof the nodes. Thus,to comparethe quality of the hashfunctions,we
mustensurehetablesizesareroughlythesame.

1.5 cache-nodehashing: the quality of the hashingalgorithmusedfor the computedcache. This value
includesboth the quality and the cost of the hashfunction plus the table resizing stratgy. This
gualitative metriccannotbe directly measured.

1.6 costof cachehashfunction: thetime neededo computethe hashfunctionfor the computedcache.
The metricis usedto measurehe costof arithmeticoperationsusedto computethe hashfunction
excludingthetime spenton fetchingthe operandérom memory It canbe usedto shav the tradeof
betweerthe quality andthe costof hashfunction. Similar to the “costof BDD hashfunctiori, this
metricis independenof BDD packagesindhashkey values.It canbe measuredby averagingover
thetime usedfor computingthe hashvalueof somearbitraryinputkeys alarge numberof times.

1.7 quality of cachehashfn: the quality of the caches hashfunction. For a fully associatie cache the
“total numberof cachenodesexaminedduringaccesse® the computeccached thetotal numberof
accesseto the computedcaches’senesasa goodmetricto measurehe degreesof collision. For a
direct-mapcachgalsoknovn asl-way associatie cache)we measurghepercentagef emptycache
entriesandcomparet with n(2=1)™, wheren is thesizeof the computectacheandm is thenumber
of thecachensertionssofar. Theformulan("T*l)m (providedby Fabio Somenzirom the University
of Colorado)is theexpectechumberof emptycacheentrieswith a completelyrandomhashfunction.
For othertypesof cache(e.g.,k-way associatie wherel < k < n), bothof theabose measuresan
be usedto quantifythe quality of the hashfunction.
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The formula for the expectednumberof empty entriesfor a direct-mapcachecan be derived as
follows: for eachinsertion,the probabilityfor a cacheentrynotto be chosens ”T‘l for acacheof n
entries.Thus,for m insertionsthe probabilitythata cacheentryis still emptyis (%)m. Sincethere
aren entries the expectedhumberof emptyentriesis n(”T_l)m.

1.8 max computedcachesize: the maximumnumberof total entriesof the computedcaches.Thetable
sizedirectly affectsthe clusteringof the nodes.Thus,to comparethe quality of the hashfunctions,
we mustensurehetablesizesareroughlythesame.

1.1
%node
. hashing
XX KX XKL
1.2 1.3 1.4
cost of BDD # of BDD nodes visited max BDD
hash function per BDD table access table size

(@)

XX

hashing

.

1.6

cost of cache
hash function

1.8

cache hash fn

X S0 3¢ 0 0 5 o 3 5 50
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Figure 3.2: Metrics for studyingthe effectivenessof hashingof (a) BDD nodes,and(b) computedcache
nodes.

max computed
cache size

Notethatsomeresearcherasethe hit rate of the computedcacheasa measurdor the effectivenessof
the computedcache. This measureénasbeenempirically obsered to be unreliable. In the following, we
shav thatwhenthe hit rateis lessthan50%,a cachemisscanactuallyincreaseheoverall hit rate.

Letn bethenumberof cachdookupsandh bethenumberof cachehits atsomepointof BDD computa-
tions. Let o bethenext BDD operatiornto be computed Considetthefollowing two scenarios(1) Suppose
thattheresultof operationo waspreviously computedandis currentlystoredin the computedcache then
executingoperationo will resultin the cachehit rate of Z—ﬂ (2) On the otherhand,if the operationo is
not storedin the computedcache thenwe have a cachemissandat leasttwo new sub-operationsvill be
generatedIn this case supposehatthe resultof thesetwo new sub-operationarecurrentlystoredin the
computed-cachél henthe overall cachehit rateaftercompletingthe operatioro will be Z—i?,,

Basedthesetwo scenariosa computed-cachmisscanincreasehe computed-cachhit ratewhenthe
hit ratefor scenaridl is lessthanthe hit ratefor scenari@; i.e.,

h+1 h+2
<
n+1 n+ 3
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(h+1D)(n+3) < (h+2)(n+1)
hn+3h+n+3 < hn+h+2n+2
2h < n—1
h 1

Thus,for suficiently large numberof lookupsn, whenthe cachehit rate(%) is lessthan50%,thenacache
misscanresultin highercachehit rate.

3.1.2 Metrics for Garbage Collection

The effectivenessof garbagecollection can have significantimpacton both spaceandtime usage. The
impacton time is a bit unusualin comparisornto conventionalsoftware systemssuchasLISP, that also
performgarbagecollectionautomatically The main differenceis that unlike thesecorventionalsystems
wherememoryassociatedvith a deadobjectremainsunusableuntil it is rec/cled by garbagecollection,
for BDD packagesa deadobjectcanbecomdive or reachablegainandthis rebirth processanaffectthe
overall runningtime. This processs describedn Section2.4. Hereis a brief summary

Garbagecollections impacton runningtime is causedby its effect on the computedcache. When
garbagecollectionreclaimsdeadBDD nodesthe computed-cachentriesthatreferenceghesenodesmust
alsoberemovedto eliminatedanglingreferencesHowever, if the rebirthrateof BDD nodesis high, then
it is very likely thatcomputed-cachentriesbeingremored mayactuallybe useful. Thus,invoking garbage
collectiontoofrequentlycanincreasahetotalnumberof operationglueto cachemissesOntheotherhand,
invoking garbagecollectiontooinfrequentlycangreatlyincreasehememoryusage Thus,theeffectiveness
of garbagecollectioncanhave significantimpacton boththe spaceandthetime usages.

Figure3.3(a)shavs the dependencgraphof the metricsthat canbe usedto measurehe effectiveness
of garbagecollection. Thenodesn thegraphsare:

2.1 GC effectiveness: the effectivenessof the garbage-collectioalgorithmin reducingthe time andthe
memoryusagesThis qualitatve metriccannotbedirectly measured.

2.2 rebirth rate: the numberof rebirths/ the numberof deaths.This metric providesa measureon how
muchmemoryis truly reclaimedby garbagecollection. Notethatfor BDD packageshatusemark-
and-sweeparbagecollectors,the numberof rebirthsis not readily available. For reference-count
basedgarbagecollectors,therebirth rate canbe measureasthe referencecountstoggle betweer?
andl. For theseBDD packagesiebirthrateis agoodmetricto usefor triggeringgarbagecollection.

2.3 #of deadBDD nodes: the numberof deadBDD nodes. This metric is the measureon how much
memorycanbe reclaimedby garbagecollectionat any given pointin time. Traditionally thisis the
main metric usedfor triggeringgarbagecollection. However, sincerebirthscanoccur this metricis
not anaccurataneasuref its effectivenesdn reclaimingmemory Thus,this metric shouldbe used
with therebirthrateto determinevhento performgarbagecollection.

2.4 deathrate: the numberof deaths the numberof operations.This metric measureshe frequenyg of
deathslt is yetanothemusefulmetricto determinevhento triggergarbagecollection.

Figure3.3(b) shavs the dependencgraphof metricsusedto measurehe costof garbagecollection. The
nodesn thegraphare:

2.5 GCtime: time spenton performinggarbagecollection. This is measuredn the numberof CPU sec-
onds.
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2.6 #of GCs: thenumberof timesgarbagecollectionis invoked. As mentionedcbefore,the frequenyg of
garbagecollectioncanhave significantimpactin bothspaceandtime.

[3.4] # of reorderings: thenumberof timesthatthedynamicreorderingalgorithmis invoked. Sincegarbage
collectionis typically invoked beforeandafterthe dynamicvariablereorderingo clearaway thedead
nodesthefrequenyg of dynamicvariablereorderingaffectsthefrequenyg of garbagecollection.

1.1 BDD-nodehashing: thequality of thehashingalgorithmusedfor the BDD uniquetable. Thisonly in-
fluencegyarbage-collectionlgorithmsthatneedto rehastthe BDD uniquetable(e.g.,dueto memory
compaction).
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Figure3.3: Metricsfor studyinggarbagecollection: (a) effectivenessof garbagecollection,and (b) effort
spenton garbagecollection.
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3.1.3 Metrics for Dynamic Variable Reordering

Dynamicvariablereorderingis animportantpartof BDD packagesbecausehe BDD graphsizestrongly
depend®n thevariableorderused.Dynamic-\ariable-reordeng algorithmsaregenerallybasedn sifting
andwindow permutationalgorithms[72] whosecore operationis exchangingnodesin the adjacentevel
(level-exchang). Whenthe initial variable orderusedis not “good enough”to finish the computation,
dynamicvariablereorderingis invoked to find a bettervariableorder Whenthis occurs,thetime spentin
thereorderingprocesgypically dominateghe overall computatiortime.

Dynamicvariablereorderings inherentlyadifficult problemfor mary reasonsFirst, findinganoptimal
orderingis NP-hard.Secondsmall changesn the triggeringandterminationcriteria may have significant
impactin boththe spaceandtime requirementsThird, someBDD algorithms(e.g. therestrictalgorithmin
Figure2.6) producedifferentresultswith differentvariableorders. Thesedifferentresultsleadto different
subsequentomputationsThusit is difficult to isolatethe effectsof differentreorderingalgorithms.These
difficulties make dynamicvariablereorderinga very challengingproblemandalsomale this the wealest
partof our evaluationmethodology Figure 3.4 shavs the dependencgraphof the metricsproposed.The
nodesn thegraphare:
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3.1 reordering effectiveness: the impactof dynamicvariablereordering. This qualitatve metric cannot
bedirectly measured.

3.2 reorderingtime: thetime spentin dynamicvariablereordering. This is measuredn the numberof
CPUsecondsThemetricmeasureshe percentagef time spentin thereorderingorocess.

3.3 #of nodessifted: the numberof nodessifted down; i.e., the numberof nodesthat swappedthe vari-
ableorderwith their childrenduringthe variablereorderingprocess.The basicoperationin variable
reorderings sifting down nodesto swapthevariableorderwith their childrento reordertheadjacent
variables. Thus, this metric provides a good machine-independemieasureon the amountof work
performedby (or the costof) thereorderingorocess.

3.4 #of reorderings: thenumberof timesthatthe dynamic-ariable-readering algorithmis invoked.

[1.11 BDD-nodehashing: the quality of the hashingalgorithmusedfor the BDD uniquetable. During
dynamicvariablereordering,the BDD uniquetableis usedto ensurethe uniquenes®f new nodes
created.

[4.1] # of ops: thenumberof operationsecursvely generatethy theBDD computationsThismetriccanbe
usedto reflecttheimpactof dynamicvariablereorderingontheamountof work thatBDD algorithms
needto performed.

6.3 max# of live BDD nodes: themaximumnumberof live BDD nodes.Thismetriccanbeusedo reflect
theimpactof dynamicvariablereorderingon the minimummemoryrequirement.

3.1

reordering
effectiveness

reordering : # of ops .
time i (work) i

# of nodes sifted J i max # of live BDD nodes J.

(reorder cost) :[ (minimum memory required) .

."\..._..._..._..._..._..._..._..._..._..._..._..._.-”
Y|

# of
reorderings

Figure3.4: Metricsfor studyingdynamic-ariable-reordring algorithms.
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3.1.4 Metrics for Work

We definethe amountof work performedoy BDD computationgo bethe numberof operationgecursvely
generatedFigure3.5 shavs thedependencgraphof metricsfor work. Thenodesin thegraphare:

41 #of ops: thenumberof operationsecursvely generatedyy BDD computationsThis metricprovides
a machine-independenteasurdor evaluatingthe impactof differentalgorithms,suchasdynamic-
variable-reorderinglgorithmsor computed-cachstratgies.

[3.1] reordering effectiveness: theimpactof dynamicvariablereordering. Thequality of thevariableorder
producedcan have a very strongimpacton BDD graphsizes,which in turn, affect the numberof
operationgyenerated.

[2.6] #of GCs: thenumberof timesgarbagecollectionis invoked. Thefrequeng of garbagecollectioncan
have a significantimpacton the total numberof operationsdecause&luring garbagecollection,com-
putedcacheentrieswith referenceso deadBDD nodesmustbe cleared A moredetaileddescription
of this effect canbefoundin Section2.4andSection3.1.2.

[1.5] cache-nodehashing: thequality of thehashingalgorithmusedfor thecomputedtache . Thecomputed-
cachehashingstrategy affects both which andhow mary computedresultsare recorded,andthus
directlyinfluenceghe numberof operationdeingrepeated.

ibS cache-node
: hashing
Lo )

~

Figure3.5: Metricsfor studyingthe amountof work performedoy the BDD algorithms.

3.1.5 Metrics for Memory Locality

BDD computatioris very memoryintensve, andthusmary researctefforts have focusedon new algorithms
for bettermemorylocality [4, 56,63, 64, 71,83] andto studythe memorylocality of BDD package$57].
Onecommondravbackof all theseapproachess that the evaluationmetricsuseddo not accountfor im-
plementationdetailsthat could have significantoverall performancampact. For example,the garbage
collectionfrequeny andthe computedcachesize canimpactthe overall performanceby over 100 times
(seeSection4.2). Without accountingor theseeffects,the conclusiongiravn canbe misleading.

Figure3.6 shavsthedependencgraphof metricsfor studyingmemorylocality. Thenodesn thegraph
are:

5.1 memory locality: thespatialandtemporalocality of memoryreferencesThis qualitative metriccan-
notbe easilymeasuredlirectly.



42 CHAPTER3. BDD PERFORMANCEEVALUATION METHODOLOGY

5.2 page-faultrate: the numberof pagefaults/ elapsedtime. This measureghe locality of memory
accesseat pagelevel andis effective only whenthe computatiordoesnotfit in the physicalmemory

5.3 hardware-cachemissrate: the numberof hardware-cachemisses/ CPU time. This measureshe
locality of memoryaccesseatcache-lindevel. Thismetricrequiresitherhardwaresupporto report
thenumberof cachemissesor canbeobtainedhroughsoftwaresimulation.Oneway to simulatethe
cacheis to instrumentthe BDD packagesvith softwaresuchasATOM [38] andmeasurehe cache
missratethrougha softwaresimulatedcache.

5.4 TLB missrate: themissrateof thetranslation-lookaselbuffer (TLB). The TLB is usedto cachethe
translationbetweervirtual andphysicalpage.This metricmeasureghelocality of memoryaccesses
atpagelevel. Unlike the page-ault rate, this metricis usefulwhenthe computationdits in the main
memory Similarto “hardware-catiemissrate’, thismetricrequiresitherhardwaresupporto report
thenumberof cachemissesor canbeobtainedhroughsoftwaresimulation.Oneway to simulatethe
TLB is to instrumentthe BDD packageswvith software suchasATOM [38] andmeasurahe cache
missratethrougha softwaresimulatedTLB.

5.5 # of opsprocessegber BF queuevisit: the numberof operationgrocessedby the breadth-firstech-
nique/ thetotal numberof visits to the breadth-firsgueuesThebreadth-firstechniquesanimprove
memorylocality by clusteringBDD nodesandoperationsof the samevariabletogether Thus, this
metric provides an indicationon the maximumbenefitone canderive from suchclustering. If this
valueis small,thenbreadth-firstechniquedave little impacton memorylocality. Onthe otherhand,
whenthis numberis high, we have anindirectindicationthat breadth-firstechniquesnay improve
memorylocality. In this case the metricsdescribedabore canbe usedto further substantiateheir
impact.

[6.11 max memory usage: the maximumamountof memoryused. Whenthe memoryusageexceedsthe
availablephysicalmemory it becomes major contrituting factorto the page-ault rateandthuscan
have significantoverall performance.

[4.1] # of ops: the numberof operationgecursvely generatedy the BDD computations.This metric di-
rectly affectsthe hardware-cachenissrateandthe TLB missrate.

This graphindicateshateventhoughthe page-ault rate,hardware-cachenissrate,and TLB missrateare
goodmeasure®f memaorylocality, onemustalsotake into accounthe memoryusageandthe amountof
work performedo properlyassessheimpactof differentalgorithmson memorylocality.

3.1.6 Metrics for Memory Usage
Figure3.7 shavs thedependencgraphof the metricsfor memoryusage Themetricsare:

6.1 Max memory usage: the maximumamountof memoryused.

6.2 max# of BDD nodes: the maximumnumberof BDD nodes.In BDD computationsBDD nodesare
typically the largestsourceof memoryconsumption.

6.3 max# of live BDD nodes: the maximumnumberof live BDD nodes. When variablereorderingis
disabled the maximumnumberof live BDD nodesis generallyfixed for given BDD computations.
Thusthisis amachine-andimplementation-indepelert metricfor measuringhe minimummemaory
requiredto solve BDD computations.
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5.1
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page fault hardware cache TLB # of ops process_,e_d
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Figure3.6: Metricsfor studyingmemorylocality.

The oneexceptionwherethis metricfails to measurghe absoluteminimummemoryrequirements
whenthe BDD operationshave morethanonelevel of recursion,suchasthe relational-producop-
erationwhich generatesiev OR operationsasa second-leel of recursionto quantify out specified
variables(line 7 in Figure 2.5). For theseoperations,a computed-cacheniss can meangenerat-
ing temporaryBDD resultsfrom the first level of recursion(for relationalproduct,this is recursive
decompositiorof therelational-producoperation) andthenthesetemporaryBDDs areusedto con-
structthe resultof this operationthrougha secondevel of recursion(for relationalproduct,this is
the OR operationto performquantification). ThesetemporaryBDDs not only canincrease¢he max-
imum numberof BDD nodesthey alsocanincreasehe maximumnumberof live BDD nodesn the
following way. Supposea relational-producoperationwaspreviously computedandtheresultBDD
alreadyexistsin memory but this operationis no longercached.Thenrecomputingthis relational
productmay generatanary new temporaryBDDs dueto two levels of recursionandthusincreases
the numberof live BDD nodes. This increasewould not have happenedf the resultof this opera-
tion werekeptin the cache.Sinceboththe frequeng of garbagecollectionandthe effectivenessof
computed-cachkashingoothcanattribute to cachemissesthemaximumnumberof live BDD nodes
depend®nthesetwo metrics.

Despitethis exception,the maximumnumberof live BDD nodesstill senesasa goodmeasurdor
the minimumamountof memoryrequiredfor BDD computations.

[2.6] # of GCs: the numberof times garbagecollectionis invoked. The frequeng of garbagecollection
affects the percentagef the deadBDD nodesin the systemand thus affects the overall memory
usage.

[3.1] reordering effectiveness: theeffectivenesof dynamicvariablereordering Dynamicvariablereorder
ing directly affectsthe BDD graphsizesandthuscanbeamajorcontrituting factorin memoryusage.

[1.8] max computedcachesize: themaximumnumberof total entriesof the computecdcachesThesizeof
thecomputedcacheis a majorsourceof memoryusagean BDD computations.
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[1.5] cache-nodehashing: thequality of thehashingalgorithmusedfor thecomputedcache For operations
thathave two levels of recursion,a cachemissmay resultin generatingadditionaltemporaryBDDs
andthusit canaffect both the maximumnumberof BDD nodesandthe maximumnumberof live
BDD nodes.For moredetail,pleaseaeferto thedescriptiorfor themetric* max# of live BDD nodes.

6.1

max
memory usage

. [1.8]

: max # of max computed

i BDD nodes cache size
\ i (1.5

cache-node
hashing

.

reorderlng max # of live BDD nodes
effectiveness (minimum memory required)
o o o i A A i o

S ————————————— ~

Figure3.7: Metricsfor studyingmemoryusage.

3.1.7 Metrics for Time

The ultimateperformancaneasures runningtime. Figure 3.8 shavs the dependencgraphof the metrics
relatedto time. Themetricsare:

7.1 elapsedtime: thetotalamountof time used.Thisis alsoknaovn asthewall-clocktime or realtime.
7.2 CPUtime: theamountof time usedby the CPU.

2.5] GC time: time spenton performinggarbagecollection. This is measuredn CPU seconds.Garbage
collectionis oneof thethreemajorpartsof atypical BDD package.

[3.2] reorderingtime: thetime spentin dynamicvariablereordering. This is measuredn CPU seconds.
Dynamicvariablereorderings anothemajorpartof atypical BDD package.

7.3 BDD algtime: thetime spentin computingBDD operationsThis is measuredn CPUsecondsThis
partis thethird majorpartof atypical BDD package.

[4.1] # of ops: thenumberof operationsecursiely generatethy theBDD computationsThisis amachine-
independentnetricfor measuringheamountof work performedby the BDD algorithms.

[1.11 BDD-nodehashing: the quality of the hashingalgorithmusedfor the BDD uniquetable. Hashing
BDD nodesds necessarjo guarante¢heuniquenessf BDD nodesn bothdynamicvariablereorder
ing andin generatinghe resultingBDDs for BDD operations For garbagecollection,dependingpn
thealgorithmused rehashingdDD nodesmayor maynotbenecessary
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[5.2] page-faultrate: the numberof pagefaults/ elapsedtime. This measureshe locality of memory

accesseat pagelevel. If thenumberof page-aultsis high, the elapsedime canbe over anorderof
magnituddargerthanthe CPUtime.

[6.11 max memory usage: the maximumamountof memoryused. If the pagefault rateis high, thenthis

metric canprovide anindicationof its causesin particular if the maximummemoryusagesxceeds
theavailablephysicalmemory the page-ault ratewill increasedramatically

7.1
elapsed time
(performance)
. / \ -
CPU time page fault
rate

BDD Alg : reordering : : . : : max :
[ - J .[ time J, .[ GC time J. i[memoryusage J.

. [1.1]

' # of ops : ' BDD-node *f;
: (work) . : hashing :
BRI e e

Figure3.8: Metricsfor studyingoverall performance.

3.1.8 Metrics for the Sizeof BDD Computations

In this section,we proposeghree machine-andimplementation-indepelert metricsfor quantifyingthe
sizeof BDD computationsFigure3.9 shavs the dependencgraphof the metricsfor this. Themetricsare:

8.1 sizeof BDD computations: ameasur@n thedifficulty of thegivenBDD computationsThis qualita-
tive metriccannotbe measuredlirectly but canbecharacterizedy the metricsdescribedext.

8.2 #of BDD vars: thetotal numberof BDD variablesused. This metric givesa very roughestimateon
thedifficulty of thecomputationgnvolved.

8.3 min # of ops: theminimumnumberof recursie operationsvith dynamicvariablereorderingdisabled.
This metric providesthe minimum amountof work necessaryo computethe given BDD computa-
tions. This metriccanbe measuredby (1) disablingthe dynamicvariablereordering(2) maintaining
a completecomputedcache,and(3) disablinggarbagecollection. Step(2) and(3) arenecessaryo
ensureghe subproblemsirenever computednorethanonce.Notethatdue(2) and(3), theamountof
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memoryrequiredcanbevery large. For long runningBDD computationsthesetwo metricscanbe
approximatedy garbagecollectingonly whennecessargndby keepingthecomputedtachesizeas
largeaspossible.

16.3] max# of live BDD nodes: themaximumnumberof live BDD nodeswith dynamicvariablereordering
disabled. With a fixed variableorder the maximumnumberof live BDD nodesare generallyfixed
for given BDD computations.Thus,this is a machine-andimplementation-indepead metric for
measuringhe minimum memoryrequiredto solve BDD computationsNote thatthereis an excep-
tion wherethis metric overestimateshe absoluteminimum memoryrequirement.This exceptionis
discussedh the definitionof this metricin Section3.1.6.

8.1

size of BDD
<computations

XX X SC X XXX

8.2 B3]

# of (" max # of live BDD nodes i [ min# of ops
BDD vars : (minimum memory required) |i (work)

A

8.3

Figure3.9: Metricsfor quantifyingthe sizeof BDD computationsWith dynamicvariablereorderingdis-
abled thesemetricsarebothmachine-andimplementation-indempgent

3.2 Trace-BasedEvaluation Platform

This sectiondescribes framevork for studyingBDD computationsisingrealisticworkloads.This frame-
work is basednrecordingBDD executiontracedfrom BDD-basedoolsandthenreplayingthesetraceson

BDD packagesThis framewvork allows the evaluationto focuson selecteperations.Thus,we canstudy
theimpactof new BDD techniquesvithoutimplementingall the auxiliary functionsneededy BDD-based
tools. For example somemodel-checkingoolssuchasSMV [58] usenon-Boolearvariantsof BDDs (e.g.,
MTBDDs [28]) to represennon-Boolearstatevariablesor to specify non-deterministidransitions. Im-

plementingall thesefunctionsto studynew BDD techniquesanbetime consuming.In the caseof SMV,

becausé¢heoverall computatiortime is generallydominatedy Booleanoperationsye canfocusthestudy
ontheseBooleanoperationdy recordingonly theseoperationsin generalthis framevork notonly allows

evaluationbasedon a realisticworkload, but it alsofacilitatesthe evaluationof nev BDD techniquesy

eliminatingthe needto fully integratewith variousBDD-basedools. Similar techniqgueave beenused
effectively for yearsby the processoandthe cachedesigncommunity

Our evaluationframewvork consistof thefollowing threeparts:

Common DecisionDiagram Interface

To facilitatethe tracegeneratiorandreplay we definean interfacestandardcalled DecisionDiagram In-
terface(DDI). Figure3.10shavs a BDD-basedool (Figure3.10(a))instrumentedvith DDI adaptorgFig-
ure 3.10(b)). In this figure, P; is thetool’s original interfaceto its own BDD packagd. The adaptoP; —
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DDI translateshetool’s BDD functioncallsto conformwith the DDI standard TheadaptoDDI — P; re-
verseghisprocesandtranslatesheDDI callsbackto theBDD packagé’sinterface.Implementation-wise,
eachadaptoiis a collectionof wrapperfunctionsthattranslatehe BDD callsbetweertheinterfaces.

Otherthanfacilitating tracegeneratiorandreplay this commoninterfacehasthe additionaladvantage
of allowing BDD-basedoolsto useotherBDD packagegFigure3.11). Notethatasin the designof other
softwaresuchascompilersacommoninterfacereduceshe compleity of portingeffort [29]. For example,
to port n BDD packageso m BDD-basedtools would traditionally requirean O(nm) amountof effort.
With acommoninterface this portingeffort is reducedo O(n + m).

4 N\
Tool
> <
[ Tool } Pi —— DD
Pil—=========-- DDl======cc-ccc--
BDD Package i } L DDl —=—=Pi |
4 N
BDD Package i
G J
(a) (b)

Figure3.10:InsertingDDI adaptordo a BDD-basedool. (a)thetool, whereP; is theinterfacebetweerthe
tool andits own BDD package. (b) thetool with the DDI adaptorsnserted.

[ DDl == PO ] [ DDI === Pn ]

(X X )
[ BDD Package 0 } [ BDD Package n }

Figure3.11: Usingacommoninterface,a BDD-basedool cantheninterfacewith variousBDD packages.

Benchmark Generation

Thetracerecoder is insertednto a BDD-basedool to recordthe BDD-functioncalls. Thetracerecorder
canbeusedto recorda subsebf BDD functioncalls. Theadwantageof this featureis to facilitatethe study
of variousBDD packagegalgorithms)without requiringeachpackageio implementthe full setof BDD
operations.

A side effect of recordingonly a subsetof BDD operationds that the constructionprocessof some
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BDDs s skipped,andtheseBDDs might be neededater by someof the selectecperationsThus,before
anoperatioris recordedn thetraceif theconstruction®f someof its agumentdave notbeerrecordedthe
tracerecoder mustgenerata descriptioron how theBDDs of themissingargumentanbereconstructed.
In the currentimplementationywe generatehe reconstructiordescriptionof the missingBDD arguments
by traversingthe BDDs bottom-upandusetheif-then-elseoperatorto build eachBDD node. This process
is basedn the propertythateachBDD node(v;, childy, child;) essentiallyrepresentthe Booleanfunction
“if v; thenchild, elsechildy”.

Anotherfeatureincorporatednto thetracerecordetis to recordthe sizeof resultBDDs andthe output
of the equality comparison. This featurecan be usedto generateracesfor delhugging purposesuring
developmeniof aBDD package.

Similarto the DDI adaptorsthetracerecordelis mainly a collectionof wrapperfunctionsthatrecords
theBDD operationsAdditionalsupporis neededo performtheaforementione8DD reconstructionvhere
the if-then-elseoperationsare addedto the traceto reconstructhe necessarnBDD amguments. Another
implementationdetail is that we needto establisha mappingbetweenthe BDDs andthe corresponding
namesdn thetracefile. During garbagecollection,thereneedso bea call-backmechanismo remove dead
BDDs from this mapping.

Figure3.12shavsincorporatiorof thetracerecordeiinto thetool. Here,usingacommonDDI interface
hasthe advantagehatthe sametracerecordercanbereusedo gathertracesfrom otherBDD-basedools.

P
Tool }

Pi == DDI ]
DDl-==========--

Trace Recorder ]—;
DDl == Pj .
Execution
Trace

Y

Y

BDD Package i

'
A

.

Figure3.12:Benchmarlgeneration.

Trace Replay

Thetraceplayeris a platformthat providesa simpleinterfaceto BDD packagesndreplaysthe traceson
thesepackagegFigure3.13). This platformcanthenbeusedto systematicallystudyvariousBDD packages
usingtracesrom realworkloads.

Thetraceplayeralsosenesasa platformfor developingnew BDD packagesWith thetracesrecording
the attributesof resultBDDs of eachcomputationwe canusethetraceplayerto checkif aBDD package
is producingthe expectedresultandthusit senesasa dehuggingplatform. Furthermoreijt alsosenesas
a performance-tuninglatform. We canusethetraceplayerto gatherthe resultsfor the evaluationmetrics
for boththe BDD packagewe aredevelopingandfor a state-of-the-arBDD packagesBy comparingthe
results we canidentify the performanceéottlenecksandtry to comeup with solutions.
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Figure3.13: Tracereplay

3.3 Summary

This chapterdescribedhe first evaluationmethodologyto studygeneralBDD computations.The depen-
dencegraphsfor the evaluationmetricssene asa road map for systematicallyidentifying performance
bottlenecksOnepowerful way to usethis dependencgraphis to incorporatet in a performancevisualiza-
tion tool thatautomaticallyidentifiesthemaincomponent$or performancdottlenecksOurtracerecorder
andthe traceplayersoftware sere asan evaluationplatformfor generatingealisticbenchmarksandfor
studyingBDD computations.We hopethat this work will help transformthis field’s future performance
evaluationto a moresystematiguantitatve approach.
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Chapter 4

BDD Performance Study

Even thoughBDDs are the core technologyfor symbolic model checking,therehasbeenlittle work on
studyingthe computationabspectof BDDs in modelchecking. Historically, characterizationand com-
parisonof new BDD-basedalgorithmshave beenbasedon two setsof benchmarlcircuits: ISCAS85[13]
andISCAS89[12]. However, resultshasedon thesecombinational-circtibenchmarksnay not accurately
characterizé8DD computationsn a completelydifferentclassof problemssuchasmodelchecking. Fur
thermore thereare two qualitative differencesbetweenbuilding BDD representationfor combinational
circuits versusmodel checking. The first differenceis that for combinationalcircuits, the outputBDDs
(BDD representationfor thecircuit outputs)arebuilt andthenareonly usedfor constant-timeaquivalence
checking.In contrasta modelchecler first builds the BDD representationfor the systems transitionrela-
tion, andthenperformsa seriesof fixedpointcomputationgnalyzingthe statespaceof thesystem.In doing
S0, it is solving PSRACE-completgroblems. Anotherdifferenceis thatBDD constructioralgorithmsfor
combinational-circuibperation$ave polynomialcompleity in thegraphsizesof theinputargumentg17],
while the key operationsn modelcheckingareNP-hard[58]. Thesedifferencesareour main motivations
for organizinga BDD studyon model-checkingomputations.

Using the evaluationmethodologydescribedn Chapter3, we have organizedand conductedhe first
systematidBDD performancestudy This studyis a collaborationof six BDD designerswith their own
BDD packagesThe model-checkindbenchmarlconsistof 16 executiontracesfrom the SymbolicModel
Verifier (SMV) [58]. For comparisorwith combinationakircuits, we alsostudied4 circuits derived from
thelSCAS85benchmark.

This systemati@ndcollaboratve evaluationmethodologyhasled to betterunderstandingf the effects
of cachesizeandgarbagecollectionfrequeng andhasalsoresultedin significantperformancemprove-
ments(someup to 2 ordersof magnitude)acrossall the BDD packages.Systematicevaluationalsoun-
coveredvastdifferencesn thecomputationatharacteristicef modelcheckingandcombinationatircuits.
Thesedifferencedncludethe effectsof the cachesize,the garbagecollectionfrequeng, the complement
edgerepresentatiofid], andthe memorylocality of the breadth-firstBDD packages.For the difficult is-
sueof dynamicvariablereorderingwe introducesomemethodologiesor studyingthe effectsof variable
reorderingalgorithmsandinitial variableorders.

It is importantto note that the resultsin this study are obtainedbasedon a very small sampleof all
possibleBDD-basedmodel-checkinggomputations.Thus,in this chaptertheresultsare presenteagshy-
pothesealongwith theirsupportingevidence. Theseresultsarenotconclusve. Insteadthey raiseanumber
of interestingssuesandsuggeshew researcldirections.

The restof this chapteris organizedasfollows. We first presenthe experimentalsetupfor the study
(Sectiord.1). Thisis followedby threesectionf experimentalesults.First, we reportthefindingswithout
dynamicvariablereordering(Section4.2). Then,we presentthe resultson dynamicvariablereordering
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algorithmsandthe effects of initial variableorders(Section4.3). Third, we presentresultsthat may be
generallyhelpful in studyingor improving BDD packagegSection4.4). After theseresultsectionswe
wrapup with a discussioron someunresoled issuegSectiond.5). Thework describedn this chaptercan
alsobefoundin [82].

4.1 Setupof the Study

4.1.1 Benchmark

The benchmarkusedin this studyis a setof executiontracesgatheredrom the SymbolicModel Verifier
(SMV) [58] from Carngjie Mellon University Thetracesweregatheredy recordingBDD functioncalls
madeduringtheexecutionof SMV. To facilitatethe portingprocesdor differentpackageswe recordecnly
asetof thekey Booleanoperationsainddiscardedhll word-lesel operationsThecoverageof theselectedset
of BDD operationgs greaterthan95% of thetotal SMV executiontime for all but onecase(abpl1) which
spend1% of CPUtime in theword-level functionsconstructinghetransitionrelation.

For this study we have selectedl6 SMV modelsto generatéhetraces.Thefollowing is abrief descrip-
tion of thesemodelsalongwith their sources.

abpl1: alternatingbit protocol.
Source:Armin Biere, Universitt Karlsruhe.

dartes: communicatiorprotocolof anAda program.

dpd75: dining philosophergrotocol.

ftp3: file transferprotocol.

furnacel7: remotefurnaceprogram.

key10: keyboard/screeimteractionprotocolin awindov manager
mmgt20: distributedmemorymanageprotocol.

overl2: automatedighway systemovertale protocol.
Source:JamegCorbett,University of Hawaii.

dme2-16: distributedmutualexclusionprotocol.
Source:SMV distribution, Carngjie Mellon University

futur ebus: FutureBuscachecoherencegrotocol.
Source:Someshlha,Carngie Mellon University

motor-stuck: batch-reactosystemmodel.

valves-gates: batch-reactosystemmodel.
Source:AdamTurk, Carngjie Mellon University

phone-async: asynchronoumodelof a simpletelephonesystem.

phone-sync-CW synchronousnodelof atelephonesystemwith call waiting.
Source:Malte PlathandMark Ryan,University of Birmingham GreatBritain.
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tcas: traffic alertandcollision systentor airplanes.
Source:William Chan,University of Washington.

tomasulo: abuggymodelof the Tomasulaalgorithmfor instructionschedulingn superscalar
processors.
Source:Yunsharzhu, Carngie Mellon University

As we studiedandimproved on the model-checkinggomputationgluring the courseof the study we
comparedheir computationatharacteristicsvith the BDD constructionof combinational-circuibutputs.
For this comparisonwe usedthe ISCAS85benchmarkcircuits asthe representate circuits. We chose
ISCAS85becausét is perhapghe mostpopularbenchmarksuitefor BDD performancevaluations.The
ISCASB85circuitswerecorvertedinto the sameformatasthe modelcheckingtraces(courtesyof Yirng-An
Chen).Thevariableordersusedweregeneratedy the order-dfsin SIS[75]. We excludedcaseghatwere
eithertoosmall(< 5 CPUsecondspr too large (> 1 GByte memoryrequirement)Basedon this criterion,
we wereleft with two circuits—C2670and C3540. To obtainmorecircuits, we derved 13-bit and 14-bit
integer multipliers,basedn the C6288,which we referto asC6288-13andC6288-14 For the multipliers,
the variableorderis a,_1 < ay—92 < ... < ag < byp_1 < by_9 < ... < by, whered = Z;"‘Z‘Ol 2iq,; and
B = Z?:_Ol 2'b; arethetwo n-bit inputoperandso the multiplier.

Figure4.1 quantifieghesizesof thetraceshasednthe metricsin Section3.1.8. Themetric“# of BDD
vars’ is the numberof BDD variablesused. The metric “min # of ops' is the minimum numberof sub-
operationgor subproblemsheededor thecomputationThis metriccharacterizethe minimumamountof
work for eachtrace.It wasgatheredisinga BDD packagevith acompletecacheandno garbageollection.
Thus,thismetricrepresenttheminimumnumberof sub-operationseededor atypicalBDD packageDue
to insuficientmemory thereare4 casegfuturetus, phone-sync-C\Wcas,tomasuld for whichwe werenot
ableto obtaintheresultsfor this metric. For thesecasesthe resultsshavn arethe minimumacrossall the
packagesisedin the study Theseresultsare marked with the “<” symbol. The third metric, “max# of
live BDD nodes, representshe peaknumberof reachabléBDD nodesduringthe execution. It providesa
lower boundon the memoryrequiredto executethe correspondingrace. Note that neither*min # of ops
nor “max# of live BDD node$ reflectsthe effectsof the dynamicvariablereorderingprocess.

4.1.2 BDD Packages

The following is a list of the BDD packagesisedin the study For eachBDD packagewe note how it
differsfrom the commonimplementatiordescribedn Section2.4. Althoughmary of theseBDD packages
containawide variety of usefulfeaturespnly thosepertinentto the studyaredescribedn this section.

ABCD (Author: Armin Biere)
ABCD [9] is anexperimentalBDD packagebasedon the classicaldepth-firsttraversal. Interesting
featuresinclude mark-and-sweepasedgarbagecollection, the integration of BDD nodeswith the
BDD uniquetable by usingopenaddressingandindex-based(insteadof pointerbased)references
to BDD nodes.Thesetechniqueseducethe BDD nodesizeby half (2 machinewordsinsteadof 4).
In addition,to avoid clusteringin openaddressingABCD usesa quadraticprobesequencdor the
hashingcollision resolution.

CAL (Authors:Rajeer RanjanandJagestSanghui)
CAL [70] is a publicly available BDD packagebasedon breadth-firstraversalto exploit memory
locality. The garbagecollectionalgorithmis basedon reference-countingiith memorycompaction.
To increasdocality of referencegachBDD nodecontainsthe indicesof its cofactornodes.To keep
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min # of ops | max# of live BDD nodes
Trace #of BDDvars| (x106) (x10?)

abpll 122 116 53
dartes 198 6 468
dme2-16 586 106 905
dpd75 600 41 1719
ftp3 100 132 763
furnacel? 184 30 2109
futuretus 348 < 10270 4473
key10 140 91 626
mmgt20 264 35 1113
motors-stuck 172 29 325
overl2 174 58 3008
phone-async 86 329 1446
phone-sync-CW 88 < 3803 22829
tcas 292 <1323 19921
tomasulo 212 < 1497 26944
valves-gates 172 44 433
c2670 233 15 4363
c3540 50 57 7775
c6288-13 26 60 3378
c6288-14 28 178 9662

Figure4.1: Sizesof the benchmarktraces.“# of BDD vars’ is the numberof BDD variables.“min # of
ops istheminimumnumberof sub-operationshich characterizework. Theentriesmarkedwith the* <”
symbolindicatethe casesvherewe werenotableto obtaintheresultsfor this metric. Theresultsshavn are
theminimumacrossall the packagesisedin the study “max# of live BDD nodes is themaximumnumber
of reachablé8DD nodeswhich characterizethe minimummemoryrequirement.
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thenodesizeto 4 machinewords,bit taggingis usedto storeandretrieve the valueof thereference
countof a node. For this study the relationalproductoperationis basedon the depth-firsttraversal
with thequantificatiorstep(line 7 in Figure2.5) computedisingthe breadth-firstraversal.

CUDD (Author: Fabio Somenzi)

CUDD [7§] is a publicly available BDD packagebasedon depth-firsttraversal. In CUDD, the ref-
erencecountsof the nodeswerekept up-to-datethroughoutthe computation.To counterthe impact
on performanceof theseupdatesvhen mary nodesare freed andreclaimed,CUDD enqueueshe
requestdor updatesandperformsthemonly if they arestill valid whenthey are extractedfrom the
queue.Thegrowth of thetablesin CUDD is determinedy arewardpolicy. For instancethe cache
grows if the hit rateis high. CUDD partially sortsthe freelist during garbagecollectionto improve
memorylocality. Anotherdistinguishingfeatureis that CUDD containsa suite of heuristicsfor dy-
namicvariablereordering.

EHV (Author: GeertJanssen)
EHV [49 is a publicly available BDD packagebasedon depth-firsttraversal. The main differences
from the commonimplementatiorfeaturesare additionalsupportfor invertedinputs[60] andprovi-
sionsfor userdatato be attachedo a BDD node. The latterfeatureallows intermediataesultsto be
storedin the BDD nodeswhichin turn removesthe needto useseparateomputedcachedor some
specialBDD operationsThis featureincursa memoryoverheadf 2 extra machinewordsperBDD
node.

PBF (Authors:BwolenYangandYirng-An Chen)
PBF[83] is anexperimentaBDD packagédasecn partialbreadth-firstraversal. Thepartialbreadth-
first traversal along with pervariable memory managersand the memory-compactingnark-and-
sweepgarbagecollectorare usedto exploit memorylocality. The partial breadth-firstraversalalso
boundghebreadth-firsexpansiorto avoid thepotentialexcessie memoryoverheadf afull breadth-
first expansion.

TiGeR (Authors:Olivier CoudertJeanC. MadreandHerve Touati)
TiGeR[32] is a commercialBDD packagebasedon the depth-firstapproach. Interestingfeatures
include the segmentationof the computedcachesandthe garbagecollectionalgorithm. In TiGeR,
eachoperationtype hasits own cache. This allows the cachedo be tunedindependently For this
study the cachedor thenon-polynomiabperationsuchasrelationalproductaresetto beaboutfour
timesassparseasthe cachedor the polynomialoperations TiGeR’s garbagecollectionalgorithmis
differentfrom typical garbagecollectionalgorithmsin two ways: the free-listis sortedto maintain
memorylocality, andthe memorycompactioris performedvhenmemoryresourcedecomecritical.

4.1.3 Evaluation Process

The performancestudywascarriedout in two phasesThefirst phasestudiedperformancessuesn BDD
constructiorwithout variablereordering.The secondbhasefocusedon theimpactof dynamicvariablere-
ordering. The evaluationprocesswasiterative, with the study evolving dynamicallyas new issueswere
raisedandnew insightsgained. Basedon the resultsfrom eachiteration,we collaboratvely tried to iden-
tify the performancédssuesand possibleimprovements. EachBDD packagedesignerthenincorporated
andvalidatedthe suggestedmprovements.During this iterative processwe alsotried to hypothesizehe
characteristicef the computatioranddesignnewv experimentgo testthesehypotheses.
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4.2 Phasel Results: No Variable Reordering

Figure4.2presentsheoverall performancémprovementgor Phasel with dynamicvariablereorderingdis-
abled.Thereare6 packagesind16 model-checkindgracesfor atotal of 96 casesFigure4.2(a)cateyorizes
theresultsfor thesecasedbasedn speedupsiNotethatthespeedupareplottedin acumulatve fashionj.e.,
the > z columnrepresentshe total numberof casesvith speedupgreaterthanz. Figure4.2(b)presents
a comparisorbetweertheinitial timing results(whenwe first startedthe study)andthefinal timing results
(afterthe authorsmadechangego their packagedasedon insightsgainedfrom previousiterations). The
n/aresultsrepresentasesvhereresultscould notbe obtained.

Initially, 19 casedid not completebecauseaf implementatiorbugsor memorylimits. 13 of thesel9
casesverecompletedat the endof the study(the new casesn the charts). The other6 casesstill did not
completewithin the resourcdimit of 8 hoursand 900 MByte (the failed casesin the charts). Thereis
onecase(the bad casein the charts)thatinitially completedput did not completeat the end of the study
Thisbadcaseoccurredbecausehe particularBDD packagéanvolvedincreasedts overallmemoryusagdo
improve its performancecrossall the traces.However, for onetrace this packagaisedtoo muchmemory
andexceededhe memorylimit.

Figure4.2(a)shavsthatsignificantspeedupbave beenobtainedor mary casesMostnotably 22 cases
have speedupgreaterthanan orderof magnitudethe > 10 column),and6 out of these22 casesactually
achieve speedupgreaterthantwo ordersof magnitudgthe > 100 column)!

Figure 4.2(b) shaws that significantspeedup$have beenobtainedmostly from the smallto medium
traces althoughsomeof thelargertraceshave achieved speedupgreatethan3. Anotherinterestingpoint
is thatthe new casegthosethatinitially failed but aredoableatthe endof the study)rangeacrosssmallto
largetraces.

Overall, for the 76 casesvherethe comparisorcould be made the total CPU time wasreducedrom
554,94%econdso 127,786seconds—apeedumf 4.34. Anotherinterestingoverall statisticis thatinitially
noneof the 6 BDD packageould completeall 16 traces.At the endof the study 3 BDD packagean
completeall of them.

The remainderof this sectionpresentgesultson a seriesof experimentghat characterizéhe compu-
tational aspectof the BDD traces. We first presentresultson two aspectswvith significantperformance
impact—computedachesizeandgarbagecollectionfrequeng. Thenwe presentesultson the effectsof
thecomplementdgerepresentatiorfinally, we give resultson memorylocality issuedor the breadth-first
basedraversal.

4.2.1 Computed CacheSize

We have foundthatdramaticperformancémprovementsarepossibleby usingalargercomputedcache.To
studytheimpactof the computedcache we performedsomeexperimentsandarrived at the following two
hypotheses.

Hypothesis1l Model-hedking computationdravea large numberof repeatedsubpoblemsacrossthe top-
level opemtions. On the other hand, combinational-cicuit computationggeneally havefar fewer such
repeatedsubpoblems.

Experiment: Measurehe minimumnumberof subproblemsieededy usinga completecache(denoted
CC-NO-GC).Comparethis with the samesetupbut with the cacheflushedbetweertop-level opera-
tions (denotedCC-GC).For bothcasesBDD-nodegarbagecollectionis disabled.

Result: Figure4.3 shavs the resultsof this experiment. Note that the resultsfor the four largestmodel
checkingtracesarenot availabledueto insuficientmemory
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Figure4.2: Overall performancémpraovementsvithoutdynamicvariableordering. Thenew casesepresent
the caseghatfailedinitially andaredoableat the endof the study The failed casesepresenthosethat
still exceedthelimits of 8 CPUhoursand900 MByte at the endof the study Thebad shavs the casethat
finishedinitially, but cannotcompleteat the endof the study Therestaretheremainingcases(a) Results
shavn ashistogramsFor the 76 casesvhereboththeinitial andthefinal resultsareavailable,the speedup
resultsareshavn in a cumulatve fashion;i.e., the > x columnrepresentshe total numberof caseswith
speedupgreaterthanz. (b) Time comparison(in secondshpetweenthe initial andthe final results. n/a
representsesultsthatarenot availabledueto exceedingresourcdimits.

Theseesultsshav thatfor model-checkingracesthereareindeedmary subproblemsepeate@cross
thetop-level operationsFor 8 tracestheratio of thenumberof operationsn CC-GCoverthenumber
of operationsn CC-NO-GCis greaterthan 10. In contrast,this ratio is lessthan 2 for building
outputBDDsfor theISCAS85circuits. For model-checkingomputationssincesubproblemsanbe
repeatedurtherapartin time, alargercacheis crucial.

Hypothesis2 Thecomputedccadeis mote importantfor modelchedking thanfor combinationakircuits.

Experiment: Vary the cachesizeasa percentag®f the numberof BDD nodesandcollecttheresultson
thenumberof subproblemgieneratedo measurehe effect of the cachesize. In this experimentthe
cachesizesvary from 10%to 80% of the numberof BDD nodes.The cachereplacemenpolicy used
is FIFO (first-in-first-out).

Results: Figure4.4 plots the resultsof this experiment. Eachcure representshe resultfor a tracewith
varying cachesizes. The “# of ops metricis normalizedover the minimum numberof operations
necessaryi.e., the CC-NO-GCresults). Note that for the four largestmodel-checkingraces,the
resultsarenot availabledueto insuficient memory

Theseresultsclearly shav thatthe cachesize canhave muchmoresignificanteffectson the model-
checkingcomputationghan on building BDDs for the ISCAS85circuit outputs. In particular the
traditionalwisdomof keepingthe cachesizeto be a small percentag®f the total memoryusages
notvalid for model-checkingomputations.
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Figure4.3: Performanceneasuremertdn thefrequeng of repeatedubproblemsicrosghetop-level oper
ations.CC-GCdenoteghe casein whichthecaches flushedbetweerthetop-level operationsCC-NO-GC
denotedhe casein which the cacheis never flushed.In both casesa completecacheis maintainedwithin
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Figure 4.4: Effects of cachesize on overall performancedor (a) the model-checkingracesand (b) the
ISCASB85circuits. The cachesizeis setto be a percentag®f the numberof BDD nodes. The numberof
operationgsubproblemsj)s normalizedto the minimum numberof subproblemsecessaryi.e., the CC-
NO-GCresults).
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4.2.2 GarbageCollection Frequency

The other sourceof significantperformancémprovementis the reductionof the garbagecollection fre-

gueng. We have foundthatfor themodel-checkindracestherateat which reachabld8DD nodesbecome
unreachablédeathrate)andtherateat which unreachabl®DD nodesbecomeeachablérebirthrate)can
be quite high. Thisleadsto the following conclusions:

e Garbageollectionshouldoccurlessfrequently
e Garbageollectionshouldnot betriggeredsolelybasecn the percentagef theunreachableodes.

e Forreference-countgbasedyarbagesollectionalgorithmsmaintainingaccurateeferenceountsall
thetime mayincur non-ngligible overhead.

Hypothesis3 Model-hedking computationganhaveveryhigh deathandrebirthrates wheeascombina-
tional-circuit computationdraveverylow deathandrebirth rates.

Experiment: Measurehedeathandrebirthratesfor themodel-checkingracesandthe ISCAS85circuits.

Results: Figure4.5(a)plotstheratio of thetotal numberof deathsover thetotal numberof sub-operations.
The numberof sub-operationss usedto representime This chartshavs that the deathratesfor
the model-checkingracescanvary considerably In 5 casesthe numberof deathsis higherthan
the numberof sub-operationgi.e., deathrateis greaterthan1). In contrastthe deathratesof the
ISCASB85circuitsareall lessthan0.3.

The deathratesof greatethanl arequite unexpected.To explain the significanceof this result,we
digressoriefly to describehe procesof BDD nodeshecomingunreachablédeath)andthenbecom-
ing reachablegain(rebirth). Whena BDD nodebecomesinreachabléts childrencanalsobecome
unreachablé this BDD nodeis its childrens only reference.Thus, it is possiblethatwhena BDD
nodebecomesinreachablea large numberof its descendantalsobecomeunreachableSimilarly, if
anunreachabl®DD nodebecomeseachablegain,its unreachablelescendantsyhich canbelarge
in numberscanalsobecomereachable.Otherthanrebirth, the only way the numberof reachable
nodescanincreasds whena sub-operatiorcreatesa nev BDD nodeasits result. Becauseeachsub-
operatiorncanproduceat mostonenen BDD node,a deathrateof greateithanl canonly occurwhen
the correspondingebirthrateis alsovery high. In general high deathrate coupledwith high rebirth
rateindicateghatmary nodesaretogglingbetweerbeingreachablendbeingunreachableThus,for
reference-countingasedjarbageollectionalgorithms maintainingaccurateeferencecountsall the
time may incur significantoverhead.This problemcanbe addressetty usinga bounded-sizgueue
(known asthe deathrow?) to delaythe reference-counipdatesuntil the queueoverflows.

Figure4.5(b) plots the ratio of the total numberof rebirthsover the total numberof deaths. Since
garbagecollectionis enabledin theseruns and doesreclaim unreachablaodes,the rebirth rates
shavn may be lower thanwithout garbagecollection. This figure shavs thatthe rebirthratesfor the
model-checkingracesaregenerallyery high—8outof 16 case$ave rebirthratesgreatethan80%.
In comparisontherebirthratefor the ISCAS85circuitsareall lessthan30%.

Thehighrebirthratesindicatethatgarbagesollectionfor themodelcheckingrraceshouldbedelayed
aslongaspossible . Therearetwo reasongor this: first, becausa large numberof unreachablaeodes
becomeaeachablegain,garbagecollectionwill notbevery effective in reducingthe memoryusage.
Secondthehigh rebirthratemayresultin repeategubproblemsnvolving the currentlyunreachable
nodes.By garbagecollectingtheseunreachabl@odes their correspondingomputed-cachentries

Thetermdeathrowis coinedby Fabio Somenzirom the University of Colorado.
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mustalsobe cleared.Thus,garbagecollectionmay greatlyincreasehe numberof re-computations
of identicalsubproblems.

The high rebirth ratesand the potentially high deathratesalso suggesthat the garbagecollection
algorithm should not be triggeredbasedsolely on the percentageof the deadnodes,as with the
classicaBDD packages.
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Figure4.5: (a) Rateatwhich BDD nodesbecomeunreachablé¢death).(b) Rateat which unreachabl®&DD
nodesbecomereachablagain(rebirth).

4.2.3 Effectsof the ComplementEdge

The complement-edgeepresentatiofi3] hasbeenfoundto be somavhatusefulin reducingboththe space
andtime requiredto build the outputBDDs for theISCAS85circuits[60]. In thefollowing experimentsye
studythe effectsof the complementdgeon the model-checkingracesandcompareghemuwith the results
for theISCASS85circuits.

Hypothesis4 Thecomplement-edgepresentatiorcansignificantlyreduceheamouniofworkfor combina-
tional-circuit computationsput not for model-tieking computations.Howerer, in geneal, it haslittle
impacton memoryusage.

Experiment: Measureandcomparethe numberof subproblemgamountof work) andtheresultinggraph
sizegmemoryusageyeneratedrom two BDD packages—onwith andtheotherwithoutthecomple-
ment-edgdeature.For the graphsize measurementsumthe resultingBDD graphsizesof all top-
level operationsNotethatbecauséwo packagesreused minor differencesn the numberof opera-
tionscanoccurdueto differentgarbagecollectionandcachingalgorithms.

Results: Figure 4.6(a) shavs that the complementedgeshave no significanteffect for model-checking
traces.In contrastfor the ISCAS85circuits, the ratio of the no-complement-edgesultsover with-
complement-edgeesultsrangesrom 1.75to 2.00. Figure4.6(b) shavs thatthe complemenedges
have no significanteffectonthe BDD graphsizesin ary of thebenchmarkraces.
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Figure4.6: Effectsof the complement-edgeepresentatioon (a) numberof the operationsand (b) graph
sizes.

4.2.4 Memory Locality for Breadth-First BDD Construction

In recentyears,a numberof researcherbave proposedireadth-firsBDD constructiorto exploit memory
locality [4, 63,64, 71,83]. Thebasicideais thatfor eachexpansionphaseall sub-operationsf the same
variableareprocessetbgether Similarly, for eachreductionphaseall BDD nodesof thesamevariableare
producedogether Basedon this structuredaccesgattern,we canexploit memorylocality by usingper
variablememorymanagersand pervariablebreadth-firsgueuedo clusterthe nodesof the samevariable
together This clusteringis beneficialonly if mary nodesareprocessedor eachbreadth-firsqueueduring
eachexpansiorandreductionphase.

In this study we have notfound ary evidencethatthe breadth-firsbasedoackagesrebetterthanthe
depth-firstbasedpackageavhenthe computationfits in main memory Our conjectureis that sincethe
relational-productlgorithm (Figure 2.5) can have exponentialcompleity, the graphsizesof the BDD
argumentsdo not have to be very large to incur a long runningtime. As a result,the numberof nodes
processe@achtime canbevery small. Thefollowing experimentteststhis conjecture.

Hypothesis5 For our testcasesfew nodesare processe@ad timea breadth-fist queuds visited. For the
sameamountof total work, combinational-cicuit computationdhave mud better “breadth-first”locality
thanmodelchedking computations.

Experiment: Measurethe numberof sub-operationprocesseeachtime a breadth-firsgueueis visited.
Thencomputethe maximummeanandstandardieviation of theresults.Notethatthesecalculations
donotincludethecasesvherethequeuesareemptysincethey have noimpactonthememaorylocality
issue.

Result: Figure4.7 shavs the resultsfor this experiment. The top part of the table shawvs the resultsfor
the model-checkingraces. The bottom part shawvs the resultsfor the ISCAS85circuits. We have
alsoincludedthe “average / total # of ops” columnto shaw the resultsfor the averagenumberof
sub-operationprocessegerpassnormalizedagainsthetotalamountof work performed.
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Theresultsshav thaton average,10 out of 16 model-checkingracesprocessedessthan300 sub-
operationglessthanone8-KByte memorypage)in eachpass.Overall, the averagenumberof sub-
operationsn a breadth-firsgueueis at most4685,whichis lessthan16 memorypageq128KByte).
This numberis quite smallgiventhathundredsof MByte of total memoryareused.This shavs that
for thesetracesthe breadth-firsepproachearenotvery effective in clusteringaccesses.

# of opsprocessegerBF queuevisit | average total# of ops
Trace average| max. | std. dev. (x107%)

abpll 228 | 41108 86.43 1.86
dartes 27 969 12.53 3.56
dme2-16 34 8122 17.22 0.31
dpd75 15 186 4.75 0.32
ftp3 1562 | 149792 63.11 8.80
furnacel? 75| 131071 42.40 2.38
futuretus 2176 | 207797 76.50 0.23
key10 155| 31594 48.23 1.70
mmgt20 66 4741 21.67 1.73
motors-stuck 11| 41712 50.14 0.39
overl2 282 | 28582 55.60 3.32
phone-async 1497 | 175532 87.95 3.53
phone-sync-CW 1176 | 186937 80.83 0.19
tcas 1566 | 228907 69.86 1.16
tomasulo 2719 | 182582 71.20 1.95
valves-gates 25| 51039 70.41 0.55
c2670 3816 | 147488 71.18 204.65
c3540 1971 | 219090 45.49 34.87
€c6288-13 4594 | 229902 24.92 69.52
c6288-14 4685 | 237494 42.29 23.59

Figure4.7: Resultson memorylocality of the breadth-firsapproach.

Anotherinterestingresultis thatthe maximumnumberof nodesin the queuess quite large andis
generallymorethan 100 standarddeviationsaway from the average. This resultsuggestshatsome
depth-firstandbreadth-firstiybrid (perhapssanextensionto whatis donein the CAL packagemay
obtainfurtherperformancemprovements.

Theresultsfor “average/ total # of ops” clearlyshawv thatfor thesameamountof work, theISCAS85

computationshave much betterlocality for the breadth-firstapproaches.Thus, for a comparable
level of “breadth-fist’ locality, model-checkingpplicationamight needto be muchlargerthanthe

combinationatircuit applications.

We have alsostudiedthe effectsof the breadth-firsapproacts memorylocality whenthecomputations
do notfit in themainmemory This experimentwasperformedby varyingthe sizeof the physicalmemory
The resultsshav that the breadth-firstbasedpackagesare significantly betteronly for the threelargest
caseqlargestin termsof memoryusage).Theresultsarenot very conclusve becausasan artifact of this
study the participatingBDD packages$endto usealot morememorythanthey did beforethe studybegan,
andfurthermore becausa¢heseBDD packagegenerallydo not adjustmemoryusagebasedon the actual
physicalmemorysizesandpagefault rates theresultsare heaiily influencedby excessie memoryusage.
Thus,they maynot accuratelyeflectthe effectsof the memorylocality of the breadth-firsapproach.
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4.3 Phase2 Results: Dynamic Variable Reordering

Evaluatingdynamicvariablereorderingis inherentlydifficult for mary reasons.First, thereis a tradeof
betweenime spentin variablereorderingandthetotal elapsedime. Secondsmallchangedn thetriggering
and terminationcriteria may have significantimpactin both the spaceand time requirements.Another
difficulty is thatbecausehe spaceof possiblevariableordersis sohugeandvariablereorderingalgorithms
tendto be very expensve, mary machinesare requiredto performa comprehense study Dueto these
inherentdifficulties andlack of resourceswe wereonly ableto obtainvery preliminaryresultsand have
performedonly oneroundof evaluation.

For this phasepnly the CAL, CUDD, EHV, andTiGeRBDD packagesvereused because¢he ABCD
andPBFpackagesave no supportfor dynamicvariablereordering.Thereare4 packagesandl6tracesfor
atotal of 64 casesFigure4.8 presentshetiming resultsfor these64 casesin thisfigure,the casedhatdid
notcompletewithin theresourcdimits aremarkedwith n/a. Thespeedupinesrangingfrom 0.01x to 100x
areincludedto helpclassifythe performanceesults.

Figure 4.8(a) comparegunning time with and without dynamicvariablereordering. With dynamic
variablereorderingenabled,19 casesdo not finish within the resourcdimits. Six of thesel9 casesalso
cannotfinish without variablereordering(the failed casesn Figure4.8(a)). Thirteenof thesel9 casesare
doablewithout dynamicvariablereorderingenabledthe bad casesn Figure4.8(a)). Thereis onecasethat
doesnot finish without dynamicvariablereordering put finisheswith dynamicvariablereorderingenabled
(thenewin Figure4.8(a)). Theremainingd5 casearemarledastherestin Figure4.8(a). Thesaesultsshav
thatgivenreasonablgoodinitial orders(e.g.,thoseprovidedby the original authorsof theseSMV models),
dynamicvariablereorderinggenerallyslons down the computation This slovdown maybepartially caused
by the cacheflushingin the dynamicvariablereorderingphasej.e., giventheimportanceof the computed
cachecacheflushingcanincreaseéhe numberof repeatedgubproblems.

To evaluatethequality of theordersproducedwe usedthefinal ordersproducedy thedynamicvariable
reorderingalgorithmsasnew initial ordersandreranthetraceswithout dynamicvariablereordering.Then
we comparedheseresultswith theresultsobtainedusingthe originalinitial orderandalsowithoutdynamic
variablereordering. This comparisoris onegoodway of evaluatingthe quality of the variablereordering
algorithmsbecausén practice goodinitial variableordersareoftenobtainedoy iteratively feedingbackthe
resultingvariableordersfrom the previousvariablereorderinguns.

Figure 4.8(b) plots the resultsfor this experiment. The y-axis representshe caseausingthe original
initial variable orders. The x-axis representshe caseswherethe final variable ordersproducedby the
dynamicvariablereorderingalgorithmsareusedastheinitial variableorders.In this figure, the caseghat
finishedusingthe original initial ordersbut failed usingthe new initial ordersare marked asthe bad and
theremainingcasesaremarkedastherest Theresultsshawv thatimprovementscanstill be madefrom the
original variableorders.A few casesvenachiered speedupsf over 10.

Theremaindeof this sectionpresentsesultsof alimited setof experimentdor characterizinglynamic
variablereordering. We first presenthe resultson two heuristicsfor dynamicvariablereordering. Then
we presentresultson sensitvity of dynamicvariablereorderingto the initial variableorders. For these
experimentspnly the CUDD packages used.Notethattheresultsin this sectionarevery limited in scope
andarefar from beingconclusie. Our intentis to suggeshew researctdirectionsfor dynamicvariable
reordering.

4.3.1 Present-and Next-StateVariable Grouping

We setup an experimentto studythe effectsof variable grouping wherethe groupedvariablesarealways
keptadjacento eachother
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Figure4.8: Overall resultsfor variablereordering.The new caserepresentshe casethatfailed withoutthe
dynamicvariablereordering but canbe completedwith the dynamicvariablereordering.The failed cases
representhosethat always exceedthe resourcdimits. The bad casesepresenthosethat are originally
doablebut failed with the new setup. The restrepresenthe remainingcases. (a) Timing comparison
betweenwith and without dynamicvariablereordering. (b) Timing comparisorbetweenoriginal initial
variableordersandnew initial variableorders. The new initial variableordersare obtainedfrom thefinal
variableordersproducedy thedynamicvariablereorderingalgorithms.For resultsin (b), dynamicvariable
reorderings disabled.

Hypothesis6 Pairwise groupingof present-stateariableswith their correspondingext-statevariablesis
geneally beneficialfor dynamicvariablereodering

Experiment: Measurdheeffectsof thisgroupingonthenumberf subproblemg$work), maximumnumber
of live BDD nodes(space),and numberof nodessifted down during dynamicvariablereordering
(reordercost).

Results: Figure4.9plotstheeffectsof groupingonwork (Figure4.9(a)),spacgFigure4.9(b)),andreorder
cost (Figure 4.9(c)). Note that the resultsfor two tracesare not available. One trace (ftomasuld
exceededhe memorylimit, while the other(abpl) is too smallto triggervariablereordering.

Theseesultsshawv thatpairwisegroupingof thepresentandthenext-statevariabless agoodheuris-
tic in general. However, thereare a coupleof exceptions. A bettersolution might be to usethe
groupinginitially andrelaxthe groupingcriteriasomeavhatasthereorderingprocesprogresses.

4.3.2 Reordering the Transition Relations

Sincethe BDDs for thetransitionrelationsareusedrepeatedlyn model-checkinggomputationsye setup
anexperimentto studythe effectsof reorderinghe BDDs for thetransitionrelations.

Hypothesis7 Findinga goodvariableorderfor thetransitionrelationis aneffectiveheuristicfor improving
overall performance
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Figure4.9: Effectsof pairwisegroupingof the present-andnext-statevariableson (a) the numberof sub-
problems(b) the numberof maximumlive BDD nodesand(c) theamountof work in performingdynamic
variablereordering.

Experiment: Reordervariablesonce,immediatelyafter the BDDs for the transitionrelationsare built,

andmeasurehe effect on the numberof subproblemgwork), maximumnumberof live BDD nodes
(space)andnumberof nodessifteddowvn duringdynamicvariablereordering(reordercost).

Results: Figure4.10plotstheresultsof this experimenton work (Figure4.10(a)),space(Figure4.10(b)),

andreordercost(Figure4.10(c)). Theresultsarenormalizedagainstthe resultsfrom automaticdy-
namicvariablereorderingfor comparisorpurposesNote thattheresultsfor two tracesarenot avail-
able. With automaticdynamicvariablereorderingonetrace(tomasuld exceededhe memorylimit,
while the other(abp1l) is too smallto triggervariablereordering.

The resultsshav that reorderingonce, immediatelyafter the constructionof transitionrelations’
BDDs, generallyworks well in reducingthe numberof subproblemgFigure4.10(a)). This heuris-
tic's effects on the maximumnumberof live BDD nodesis mixed (Figure4.10(b)). Figure4.10(c)
shaws that this heuristics reorderingcostis generallymuchlower thanautomaticdynamicvariable
reordering.Overall, the variable-reorderingrequeng for automaticdynamicvariablereorderingis

5.75timesthevariable-reorderinfrequeng usingthis heuristic. Theseresultsarenot strongenough
to supportour hypothesisascacheflushingmay be the main factorfor the effectson the numberof

subproblemsHowever, it doesprovide anindicationthatthe automatiodynamicvariablereordering
algorithmmaybeinvoking thevariablereorderingprocesgoo frequently

4.3.3 Effectsof Initial Variable Orders

In this sectionwe studytheeffectsof initial variableorderson BDD constructiorwith andwithoutdynamic
variablereordering.We generatea suiteof initial variableordersby perturbinga setof goodinitial orders.
In thefollowing, we describehis experimentaketupin detailandthenpresensomehypothesealongwith
supportingevidence.
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Figure4.10: Effectsof variablereorderinghetransitionrelationson (a) thenumberof subproblemgb) the
numberof maximumlive BDD nodes,and(c) the amountof work in performingvariablereordering.For
comparisorpurposesall resultsarenormalizedagainsthe resultsfor automatiocdynamicvariablereorder

ing.

Experimental Setup

The first stepis the selectionof good initial variable orders—onefor eachmodel-checkingrace. The
quality of aninitial variableorderis evaluatedoy therunningtime usingthis orderwithoutdynamicvariable
reordering.

Oncethebestinitial variableorderis selectedyve perturbit basedon two perturbatiorparametersthe
probability (p), which is the probability thata variablewill be moved, andthe distancgd), which controls
how far a variablemay move. The perturbationalgorithmusedis shavn in Figure4.11. Initially, each
variableis assignecweightcorrespondingo its variableorder(line 1). If thisvariableis chosen(with the
probability of p) to be perturbedby the distanceparametetl), thenwe changdts weightby dw, wheredw
is chosemrandomlyfrom therange[—d, d] (lines3-5). At theend,theperturbedsariableorderis determined
by sortingthevariabledbasedntheirfinal weights(line 6). Thisalgorithmhasthe propertythaton average,
p fraction of the BDD variablesare perturbedandeachvariables final variableorderis at most2d away
fromits initial order Anotherpropertyis thatthe perturbatiorpair (p = 1, d = oo) essentiallyproduces
completelyrandomvariableorder

Sincerandomnesss involved in the perturbationalgorithm, to gain betterstatisticalsignificance we
generatamultiple initial variableordersfor eachpair of perturbationparametergp, d). For eachtrace,if
we studyn,, differentperturbatiorprobabilities nq differentperturbatiordistancesandk initial ordersfor
eachperturbationpair, we will generatea total of kn,n, differentinitial variableorders. For eachinitial
variableorder we comparethe resultswith and without dynamicvariablereorderingenabled. Thus, for
eachtrace therewill be2kn,n,4 runs.Dueto lack of time andmachineresourcesye wereableto complete
this experimentonly for the smallestrace—abpl1

Theperturbednitial variableordersweregeneratedrom the bestinitial variableorderingwe foundfor
abpll Usingthis order the abplltracecanbe executed(with the dynamicvariablereorderingdisabled)
usingl12.69second®f CPUtime and127MByte of memoryona 248 MHz UltraSpardl. Thisinitial order
andits resultsare usedasthe basecasefor this experiment. Usingthis basecase we setthetime limit of
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perturhorderf(n], p, d)

/* perturbthevariableorderwith probabilityp anddistanced.
v[ ] is anarrayof n variablessortedbasedn decreasing
variableorderprecedencet/
for (0 < i < n) w(i] < 4 /* initialize weight*/
for (0 <7 < n) /* for eachvariable,with probabilityp, perturbits weight. */
with probabilityp do
dw < randomlychooseanintegerfrom therange[—d, d]
wli] + w(i] + dw
sortvariablesn arrayv[ | basednincreasingveightw |
returnv] |

Figure4.11: Variable-ordeperturbatioralgorithm.

eachrunto 1624.32secondg128timesthe basecaseland500MByte of memory

For the perturbatiorparametersye let p rangefrom 0.1 to 1.0 with anincrementof 0.1. Sinceabpl1l

has122BDD variableswe let d rangefrom 10 to 100 with anincrementof 10 andaddedthed = oo case.
Thesechoicesresultin 110 perturbationgairs(with n, = 10 andn, = 11). For eachperturbatiorpair, we
generatelOinitial variableorders(k = 10). Thus,thereareatotal of 1100initial variableordersand2200
runs.

Resultsfor abpll

Hypothesis8 Dynamicvariablereomderingimprovesthe performanceof modelcheking computations.

Supporting Results: Figure4.12plotsthenumberof caseshatdid notcompletewithin varioustime limits

for runswith andwithout dynamicvariablereordering.For theseruns,the memorylimit is fixed at
500 MByte. Thetime limits in this plot are normalizedto the basecaseof 12.69 secondsandare
plottedin log scale.

Theresultsclearly shav thatgiven enoughtime, the casewith dynamicvariablereorderingperform
better Overall, with a time limit of 128 timesthe basecase,only 10.1% of caseswith dynamic
variablereorderingexceededhe resourcdimits. In comparison67.6% of caseswithout dynamic
variablereorderingfailedto complete.

Note that for the time limit of 2 timesthe basecase(the > 2x casein the chart), the resultswith
dynamicvariablereorderingis worse. This reflectsthe factthat dynamicvariablereorderingcanbe
expensve. As thetime limit increasesthe numberof unfinishedcasedor with dynamicvariable
reorderingdropsmore quickly until at about32 timesthe basecase.After this point, the numberof
unfinishedcasedor both with andwithout dynamicvariablereorderingappearo be decreasingt
aboutthe samerate.

Anotherinterestingresultis thatnoneof the casedakeslesstime to completethanthe basecaseof
12.69secondgi.e.,the> 1x resultsareboth1100). Thisresultindicatesghattheinitial variableorder
of our basecases indeeda very goodvariableorder

To betterunderstandhe impactof the perturbationsn runningtime, we analyzedthe distribution of

theseresults(in Figure4.12)acrosghe perturbatiorspaceandformedthe following hypothesis.
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Effects of Variable Reordering
(# of unfinished cases)

—&—no reorder
1200 —{—reorder

800 -

# of cases

400 +

>1x >2X >4x >8x >16x >32x >64x >128x

time limit

Figure4.12: Effectsof variablereorderingon abpll This chartplots the numberof unfinishedcasedor
varioustime limits. Thetime limits arenormalizedto the basecaseof 12.69 secondsThe memorylimit is
setat500 MByte.

Hypothesis9 Thedynamicvariablereoreringalgorithmperforms‘unnecessary'workwhenit is already
dealingwith reasonablygoodvariableorders. Ovenall, givenenoughtime dynamicvariablereomderingis
effectivein recoreringfrompoor initial variableorder

Supporting Results: Figure4.13(a)shavs the resultswith a time limit of 4 timesthe basecaseof 12.69
secondsTheseplotsshav thatwhenthe perturbatiorlevel is low (p = 0.1 or d = 10), we arebetter
off without dynamicvariablereordering.However, for higherlevels of perturbationsthe caseswith
dynamicvariablereorderingusuallydoesa little better

Figures4.13(b)and4.13(c)shav the resultswith time limits of 32 and128times, respectiely, the
basecase. Note that because 28 timesis the maximumtime limit we studied,Figure4.13(c)also
representghedistribution of the caseghatdid notcompleteatall for this study Theseresultsclearly
shav thatgivenenoughtime, the casewith dynamicvariablereorderingoerformmuchbetter

Hypothesis10 Thequality of initial variableorder affectsthe spaceandtimerequirementswith or without
dynamicvariablereomdering

Supporting Results: Figure4.l4classifiegheunfinishedcasesnto memory-ou(Figure4.14(a))or timed-
out (Figure 4.14(b)). For clarity, we repeatedhe plots for the total numberof unfinishedcases
(memory-outplustimed-outresults)in Figure4.14(c). It is importantto notethatbecaus¢he BDD
packageausedin this study still do not adaptvery well upon exceedingmemorylimits, memory-
out casesshouldbe interpretedasindicationsof high memorypressuransteadof that thesecases
inherentlydo notfit within the memorylimit.

Theresultsshaw thatlevelsof perturbatiordirectly influencethetime andmemoryrequirementWith
averyhighlevel of perturbationmostof theunfinishecdcasesredueto exceedinghememorylimit of
500 MByte (the uppetleft triangularregionsin Figure4.14(a)).For amoderatdevel of perturbation,
mostof the unfinishedcasesaredueto thetime limit (the diagonalbandsfrom the lower-left to the
upperrightin Figure4.14(b)).

Note thatthe resultsin Figure4.14 arenot very monotonic;i.e., the resultsare not necessarilyworse
with alargerdegreeof perturbationThisleadsto the next hypothesis.
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Figure4.13: Histogramson the numberof caseghatcannotbefinishedwithin the specifiedresourcdimits.
For all casesthememorylimit is setat 500 MByte. Thetime limit variesfrom (a) 4 times,(b) 32 times,to

(c) 128timesthe basecaseof 12.69 seconds.
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Figure4.14:Breakdavn onthecasegshatcannotbefinished.(a) memory-outcases(b) timed-outcases(c)
total numberof unfinishedcases.
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Hypothesis1ll Theeffectsof the dynamicvariablereoreringalgorithmandtheinitial variableorders are
verychaotic.

Supporting Results: Figure4.15plotsthe standarddeviation of runningtime normalizedagainstaverage
runningtime. For the caseghat cannotcompletewithin the resourcdimits, they areincludedasif
they useexactly thetime limit. Notethatasanartifact of this calculation,whenall 10 variantsof a
perturbatiorpairexceedtheresourcdimits, thestandardleviationis 0. In particular withoutvariable
reordering,noneof the casexanbe completedn the highly perturbedregion (upperleft triangular
regionin Fig 4.14(c))andthustheseresultsareall shavn as0 in thechart.

Theresultsshav thatthe standarddeviations are generallygreaterthanthe averagetime (i.e., with
thenormalizedresultof > 1). Thisfinding partially confirmsour hypothesislt alsoindicateshat10
initial variableordersperperturbatiorpair (p, d) is probablytoo smallfor someperturbatiorpairs.

The resultsalso shav that with very low level of perturbation(lower-right triangularregion), the
normalizedstandarddeviation is generallysmaller This givesanindicationthathigherperturbation
level mayresultin moreunpredictablgerformancéehaior.

Furthermorethe normalizedstandardieviation for without dynamicvariablereorderings generally
smallerthanthe samemeasurdor with dynamicvariablereordering.This resultprovidesanindica-
tion thatdynamicvariablereorderingmayalsohave very unpredictableffects.

No Reorder, Time Std. Dev. Reorder, Time Std. Dev.

] (0]
S IS
= = B
5 2. T
< < |
> = =
g z & z
5 3 5 3
x x
Distance Distance
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Figure 4.15: Standarddeviation of the runningtime for abpllwith perturbedinitial variableorders(a)
withoutdynamicvariablereorderingand(b) with dynamicvariablereordering Eachresultsarenormalized

to theaveragerunningtime.

4.4 General Results

This sectionpresentsesultswhich maybegenerallyhelpfulin studyingor improving BDD packages.

Hash Function
Hashingis a vital partof BDD constructiorsinceboththe uniquenes®f BDD nodesandthe cache

accessearebasedon hashing.Currently we have not found ary theoreticallygoodhashfunctions
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for handlingmultiple hashkeys. In this study we have empiricallyfoundthatthe hashfunctionused
by the TiGeRBDD packageavorkedwell in distributing the nodes.This hashfunctionis of theform

H(ki, ko) = ((kip1 + k2)p2)/2° 7"

wherek’s arethehashkeys, p's aresuficiently large primes,w is thenumberof bitsin aninteger, and
2™ is the sizeof the hashtable. Note thatdivision by 2*~" is usedto extractthe n mostsignificant
bits andis implementedy right shifting (w — n) bits.

Thebasicideais to distribute andcombinethe bits in the hashkeys to the higherorderbits by using
integer multiplications,andthento extractthe resultfrom the high orderbits. The powver-of-2 hash
tablesizeis usedto avoid the more expensve modulusoperation. Somesmall speedupsiave been
obsenred usingthis hashfunction. Onepitfall is thatfor backward compatibilityreasonssomecom-
pilers might generatea function call to computeinteger multiplication, which can causesignificant
performancealegradation(up to afactorof 2). In thesecasesarchitecture-specificompilerflagscan
be usedto ensurgheintegermultiplier hardwareis usedinstead.

Caching Strategy

Giventheimportanceof cacheanaturalquestions: Canwe cacdhe more intelligently? Oneheuristic,
usedin CUDD, is thatthecaches accessednly if atleastoneof theargumenthasareferencecount
greaterthanl. Thistechniques basedon the factthatif all amumentshave referencecountsof 1,
thenthis subproblemis not likely to be repeatedwithin the currenttop-level operation. In fact, if
a completecacheis used,this subproblenwill not be repeatedvithin the sametop-level operation.
Usingthis techniqueCUDD is ableto reducethe numberof cachdookupsby upto half, with atotal
time reductionof up to 40%.

Relational Product Algorithm

Therelationalproductalgorithmin Figure2.5 canbe furtherimproved. The new optimizationsare
basedon the following derivations.Let ry betheresultof the 0-cofactors(line 4 in Figure2.5), v be
thesetof variableso be quantified andh beary Booleanfunction,then

7‘()\/(3’[7.7‘()/\}7,) =TOV(TOA317.h) =T0

and
o V (377(‘! ’l"()) A h) =79V ((‘! ’l“()) A ﬂﬁh) =roV du.h

The validity comesfrom the fact that ry doesnot dependon the variablesin ¥. Basedon these
equationswe canaddthe following optimizations(betweenline 7 andline 8 in Figure2.5) to the
relationalproductalgorithm:

7.1 elseif (rg == f|r1) Or (ro == g|r1)
7.2 T4 TQ

7.3 elseif (ro == —f|r1)

7.4 r 1oV (30.9lre1)

7.5 elseif (ro == —g|«1)

7.6 r <19V (IV.f[re1)

In generaltheseoptimizationonly slightly reducethe numberof subproblemsyith theexceptionof
thefuturetustrace wherethe numberof subproblemss reducedy over 20%.
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BDD PackageComparisons

In comparingBDD packagespne fairnessquestionis often raised: Is it fair to compae the per
formanceof a bare-bonesexperimentalBDD padage with a more completepublic domainBDD
padkage? This questionarisesparticularlywhenone packagesupportsdynamicvariablereordering,
while the otherdoesnot. This is anissuebecausesupportingdynamicvariablereorderingrequires
additionaldatastructuresand indirection overheadgo the computationfor BDD construction. To
partially answetthis questionwe studieda packagewvith andwithoutits supportfor variablereorder
ing in place. Our preliminaryresultsshav thatthe additionaloverheado supportdynamicvariable
reorderinghasno measurablperformancémpact. This maybedueto thefactthatBDD computation
is somemoryintensye, a coupleadditionalnon-memoryintensie operationcanbe schedulectither
by the hardwareor the compilerwithoutary measurabl@erformanceenalty

CacheHit Rate
The computed-cachhit rateis not a reliable measureof overall performance.ln Section3.1.1,we
have shavn thatwhenthe cachehit rateis lessthan49%,a cachemisscanactuallyresultin a higher
hit rate. This is because cachemiss generatesnore subproblemsandthesesubproblemstesults
could have alreadybeencomputedandarestill in cache.

Platform IndependentMetrics
Throughouthis study we have found severalusefulmachine-independentetricsfor characterizing
theBDD computationsThesemetricsare:

¢ thenumberof subpoblemsasa measurdor work,
¢ themaximurmumberof live nodesasa measurdor thelower boundon memoryrequirement,

¢ thenumberof subppbblemsprocessedor eat breadth-fist queuevisit to reflectthe possibility
of exploiting memorylocality usingthe breadth-firstraversal,and

e thenumberof nodesswappedvith their children during dynamicvariablereorderingasamea-
sureof theamountof work performedn dynamicvariablereordering.

Thesemetricsareincorporatedn the BDD evaluationmethodologyasdescribedn Chapter3.

4.5 Issuesand Open Questions

CacheSizeManagement

In this study we have found that the size of the computecachecan have a significantimpacton
model-checkingcomputations.Given that BDD computationsare very memoryintensve, thereis
an inherentconflict betweenusinga larger cachefor betterperformanceandusinga smallercache
to consere memoryusage. For BDD packageghat maintain multiple computecachesthereare
additionalconflictsasthesecacheswill competewith eachotherfor the memoryresourcesAs the
problemsizesgetlarger, finding agooddynamiccachemanagemerdlgorithmwill becomanoreand
moreimportantfor building anefficient BDD package.

Garbage Collection Triggering Algorithm
Anotherdynamicmemorymanagemenissueis the frequeng of garbagecollection. The resultsin
Figure4.5(b)clearly suggesthatdelayinggarbagecollectioncanbe very beneficial.Again, thisis a
spaceandtime tradeof issue.Onepossibilityis to invoke garbagecollectionwhenthe percentagef
unreachableodess highandtherebirthrateis low. Notethatfor BDD packageshatdo notmaintain
referencecountstherebirthrateis not readilyavailableandthusa differentstrategy is needed.
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Resource Awareness

Giventheimportanceof spaceandtimetradeof, acommerciaktrengtiBDD packageaotonly needs
to knowv whento gobbleup the memoryto reducecomputationtime, it shouldalso be ableto free
up spaceunderresourcecontention. This contentioncould comefrom different partsof the same
tool chainor from a completelydifferentapplication. Oneway to dealwith this issueis for BDD
packagego becomemore aware of the ervironment,in particular the available physicalmemory
variousmemorylimits, andthe pagefault rate. This informationis readily availableto the usersof
modernoperatingsystems Severalof theBDD packagesisedin this studyalreadyhave somelimited
form of resourceawarenessHowever, this problemis still not well understoogndprobablycannot
be easilystudiedusingthe trace-dwen framework.

CrossTop-Level Sharing

For the model-checkingraces,why are there so mary subproblemsepeatedacrossthe top-level
operations? This questionis particularly importantbecausehis may be the main reasonfor the
necessityof both much bigger cacheandinfrequentgarbagecollection. We have two conjectures.
First, thereis quitea bit of symmetryin someof theseSMV models.Theseinherentsymmetriesare
somehowcapturedby the BDD representationlf so,it might be moreeffective to usehigherlevel
algorithmsto exploit thesymmetriesn themodels.Theotherconjecturds thatthesameBDDsfor the
transitionrelationsare usedrepeatedithroughoutmodelcheckingin the fixed-pointcomputations.
This repeatediseof the samesetof BDDs increaseshe likelihood of the samesubproblemsbeing
repeatedcrosgop-level operationsAt this point, we do notknow how to validatetheseconjectures.
To betterunderstandhis property one startingpoint would be to identify how far apartare these
crosstop-level repeatedsubproblemsij.e., is it within one statetransition, within one fixed-point
computationwithin onetemporallogic operatoror acrosdifferenttemporallogic operators?

Breadth-First's Memory Locality

In this study we have foundno evidencethatbreadth-firsbasedechnique$ave ary advantagevhen
the computationfits in the main memory An interestingquestionwould be: As the BDD graph
sizesget mud larger, is there goingto be a crosswer point whete the breadth-fist padageswill be
significantlybetter? If so,anotherissuewould be finding a gooddepth-firstandbreadth-firshybrid
to getthebestof bothworlds.

InconsistentCrossPlatform Results

Inconsisteng in timing resultsacrossmachineds yet anotherunresoled issuein this study More
specificallyfor someBDD packageshe CPU-timeresultsonaUltraSpardl machineareupto twice
aslong asthecorrespondingesultson a PentiumProwhile for otherBDD packagesthedifferences
arenotsosignificant.Similarinconsistenciearealsoobseredin the Sentwich study[73]. A related
performancediscrepang is that for the depth-firstbasedpackagesthe garbagecollection costfor
UltraSparcll is generallytwice ashigh asthat of PentiumPro.However, for the breadth-firsbased
packagesthe garbagecollection performancedetweenthesetwo machinesare much closer In
particular for onebreadth-firsbasedrackagetheratiois very closeto 1. Thisdiscrepang maybea
reflectionof the memorylocality of theseBDD packagesTo testthis conjecturewe have performed
asetof simpleexperimentausingsyntheticworkloads.Unfortunately the resultsdid not confirmthis
hypothesis However, theseresultsdo indicatethatour PentiumPranachineappeardo have a better
memoryhierarchythanour UltraSpardl machine. A betterunderstandingf this issuecanprobably
shedsomelight on how to improve memorylocality for BDD computations.

Pointer- vs. Index-BasedReferences

Anotherissueis that within the next ten years,machinesvith memorysizesgreaterthan4 GByte
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aregoing to becomecommon. Thusthe size of a pointer(i.e., memoryaddressill increaserom
32to 64 bits. SincemostBDD packagesodayare pointerbasedthe memoryusagewill doubleon
64-bit machines.Oneway to reducethis extra memoryoverheads to useintegerindicesinsteadof
pointersto referenceBDDs asin the caseof the ABCD packageOnepossibledravbackof anindex-
basedechniques thatan extra level of indirectionis introducedfor eachreference However, since
ABCD’sresultsaregenerallyamongthe bestin this study this providesa positive indicationthatthe
index-basedapproachmaybe afeasiblesolutionto thisimpendingmemoryoverheadoroblem.

Computed CacheFlushing in Dynamic Variable Reordering

In Section4.3,we shavedthatdynamicvariablereorderingcangenerallyslonv dovn the entirecom-
putationwhengiven a reasonablygoodinitial variableorder Sincethe computedcacheis typically

flushedwhendynamicvariablereorderingtakesplace,it would beinterestingto studywhatpercent-
ageof theslowvdown is causedy anincreasen theamountof work (numberof subproblemsiiueto

cacheflushing. If this percentagés high, thenanotherinterestingissuewould bein finding a good
wayto incorporatehe cacheperformancesa parametefor controllingdynamicvariablereordering
frequeng.

4.6 RelatedWork

In [73], Sentwich presentec BDD studycomparingthe performancef severalBDD packagesHer study
coveredbuilding outputBDDs for combinationactircuits,computingreachabilityof sequentiatircuits,and
variablereordering.

In [57], Manneet al. performeda BDD study examiningthe memorylocality issuesfor several BDD
packages.This work compareghe hardware cachemissrates, TLB missrates,and pagefault ratesin
building the outputBDDs for combinationatircuits.

In contrastto the Sentwich study our studyfocusesin characterizinghe BDD computationsnstead
of doing a performancecomparisonof BDD packages.In contrastto the Mannestudy our work uses
platformindependeninetricsfor performanceavaluationinsteadof hardware specificmetrics. Both types
of metricsareequallyvalid andcomplementaryOur studyalsodiffers from thesetwo prior studiesin that
our performancevaluationis basedn the executionof amodelchecler insteadof benchmaricircuits.

4.7 Summary

In this BDD performancestudy we have significantlyimproved the overall performanceof variousBDD
packagesaindhave alsolearneda numberinterestingcharacteristicof BDD computationsn the context
of modelchecking.In particular we have confirmedthat modelcheckingandcombinationakircuit com-
putationshave fundamentallydifferent performancecharacteristics Thesedifferencesnclude the effects
of the cachesize,the garbagecollectionfrequeny, the complementdgerepresentatiorandthe memory
locality for the breadth-firsBDD packages.For dynamicvariablereordering,we have introducedsome
new methodologiedor studyingthe effects of variablereorderingalgorithmsand initial variableorders.
Furthermorefrom theseexperimentswe have uncorereda numberof openproblemsandfutureresearch
directions.

As this studyis fairly limited in scope,especiallyfor the dynamicvariablereorderingphase further
validationsof the hypothesearestill necessaryit would be especiallyinterestingo repeathe sameexper
imentson executiontracesfrom otherBDD-basedools.

Eventhoughthe studyis limited in scopetheresultsof this studyhave clearlydemonstratethe power
of our evaluationmethodologyandtheimportanceof our collaboratve efforts in advancingthe knowledge
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of BDD computations.



Chapter 5

BDD Optimizations for Conjunctive
Partitioning

Conjunctie partitioningis usedto representhe transitionrelation whenthe monolithic BDD represen-
tation is too big to build. The orderingand meiging algorithmsof conjunctve partitions play an im-
portantrole in avoiding the BDD explosion of intermediateresults. In commonly usedheuristics[40,
691, the orderingstepgreedily scheduleghesepartitionsto quantify out more variablesas soonas pos-
sible,while introducingfewer new variables.The meging stepthententatvely meigeseachof the ordered
partitionswith its neighborgo reducehenumberof conjunctswhichin turnreducegshe numberintermedi-
ateresultsduringimageandpre-imagecomputationgor the symbolicstatetraversal. Eachmeigedresultis
keptonly if theresultgraphsizeis lessthana pre-determinedimit, whichwe will referto asthe partition-
sizelimit. Pleaseaeferto Section2.5.3for detailsof the conjunctve partitioningandthe earlyquantification
optimization.

Oneproblemwe have empirically obsered is thatthe performancémpactof conjunctive partitioning
algorithmstendsto beunstablej.e., smallperturbationdo adjustablgparameterssuchasthe partition-size
limit, in the algorithmcanresultin big performancaifferences.In particular differentmodel-checking
computation®ftenrequirevery differentpartition-sizelimits, whereawrong choiceresultsin eithercom-
pletefailure or significantperformancelegradationin bothspaceandtime usage.

In this chapter we describenew heuristicsthat utilize informationencodedn BDDs to help stabilize
conjunctve partitioning. Our improvementsarebasedon the obseration thata potentialproblemwith the
previous approachess thatthe orderingphasedoesnot accountfor its impacton the subsequenteiging
phase.Our approachor stabilizingconjunctve-partitioring algorithmis to useBDD characteristicssuch
asthesupportvariablesandgraphsizes to definethe strengthof interaction betweereachpair of partitions
andmegestronglyinteractingpartitionsasa preprocessingtep,andto applyaslightly modifiedversionof
the corventionalgreedyalgorithmfor orderingandmeiging the conjunctve partitions. In Section5.1, we
describahiswork. Thenin Section5.2,we presenexperimentakesultson theimpactof ourimprovements
on performancestability.

5.1 Our Conjunctive-Partitioning Algorithm

The mainideais to group strongly interacting partitionstogetherfirst. In our algorithm, the underlying
hypothesiss thattwo partitionsarestronglyinteractingif

1. they sharea large portion of supportvariables(variableswhosevalueshave directinfluenceon the
function),and

77
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2. meging thesetwo partitionsresultsin a BDD thatis nottoolarge.

Anotherkey ideaof ouralgorithmis theuseof tentativeBDD opeiationsto meige partitions.A tentative
BDD opemtion is a BDD operationthatis restrictedto someresourcdimitations. Whena tentatve BDD
operatiorexceedghespecifiedresourcdimit, theoperatiorabortsassoonaspossibleandreturnsatokento
indicatethe computatiorhasfailed. Our useof tentatve BDD operationss inspiredby ChenandBryant’s
short-circuiting techniquein the verification of floating point adders[20], wherethe tentatve operations
are usedto automaticallyremove the unnecessarpart of the circuit in conditionalsymbolic simulation.
In our approachwe usetentatve BDD operationsto boundthe cost of applying potentially expensie
optimizations.

In theimplementatiorof tentatve BDD operationsyve usethe numberof sub-operationgenerateds
the time limit, and useboth the resultinggraphsize andthe numberof newly generated8DD nodesas
the spacdimit. Note thatthis definition of the spacdimit boundsboth the additionalmemoryusageand
theresultgraphsize. To implementthe time limit, we usea counterto trackthe numberof sub-operations
generatedofarandabortwhenthe countexceedghe specifiedimit. For thespacdimit, we keepanother
counterto trackthe numberof new BDD nodesgenerateéndabortwhenthe countexceedghe specified
spacdimit. To properlyimplementhespacdimit asdefined whenthecomputatiorcompletesuccessfully
we needto checkthesizeof theresultgraphsincethis graphmay containnodeshatexistedpreviously and
thusarenotaccountedor by the counterfor the numberof nev nodes.Notethatwhetheror notatentatve
operationwill be ableto finish successfullyis somavhat unpredictablébecauset dependon what sub-
operationarecachedcandwhatBDD nodesalreadyexist in the system.

Basedon the abore conceptof strongly interacting partitionsandtentative operationspur conjunctve
partitioningalgorithmhasthreephasespre-meging, ordering,andpost-meging. Note thatour algorithm
is basedn the Ranjanet al’s work [69]. The maindifferenceis thatwe have addedthe pre-meging phase
andthattheorderingphaseés basedn differentheuristic§asdescribedelor). Thephasedn ouralgorithm
are:

Pre-Merging

In this phase stronglyinteractingpartitionsaremeiged. The strengthof interactionis definedby the per
centageof sharedsupportvariablesandthe growth in the graphsize of the meigedresult. Our pre-meging
algorithmis aniteratie algorithmwith eachsubsequeriterationrelaxingtheminimuminteraction-strengt
requirementor memging partitions. The purposeof this iterative approachs to meige morestronglyinter
actingpartitionsfirst. An alternatve would be to usea priority queuethat prioritizesthe meiging basedn
theinteractionstrength.

The core pre-meging algorithmthat we iterate over with differentinteractionstrengthrequirements
is shawvn in Figure5.1. The interactionstrengthrequirementsre characterizedby two input parameters:
minShae\arsRatiq which specifieghe minimumthresholdfor the numberof supportvariablessharedoy
two partitions,andgrowthLimit which specifieshe maximumgrowth in thegraphsizeof themeigedresult
in comparisono the graphsizesof thetwo partitions. This algorithmalsotakestwo additionalparameters
sizeLimitandtimeLimitto limit the spaceandtime usageof eachpair of partitionswe tried to mege.

The core pre-meging algorithmworks asfollows. For eachpair of partitions(line 1), we determine
if this pair satisfiegthe minShae\arsRatiothreshold(lines2-5). If so,we tentatvely tried to melgethese
two partitions(line 6). If themeigedresultcanbe successfull}computedthenwe checkto seeif theresult
BDD’sgraphsizesatisfieghe growthLimitconstrainon themaximumgrowth limit (lines9-11).If so,then
this pair of partitionsis replacedby the meigedresult(line 12) andthis procesgepeatdor the next pair of
partitions.
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premege cp.tr(T’, minShae\arsRatiq growthLimit sizeLimif timeLimid

12
13

I* pre-meging for conjunctve partitioningof transitionrelation.

* T thesetof partitionsascandidateso be meiged.

* minShae\arsRatio minimumvariable-sharinghresholdbeforetwo partitionsareto be meged.
* growthLimit limit onthegrowth of themegedgraphsize.

* sizeLimit limit onthemegedgraphsize.

* timeLimit timelimit setfor eachmeige operation.

for eachpairt; andt; € T' /* try to meget; with ¢; */

numShae\ars < ||supportt;) N supportt;)||
minNum¥rs < min(||supportt;)||, ||supportt;)||)
if (numShae\ars/ minNum¥rs) < minShae\arsRatio /* notenoughsharedvariablest/
goto baginningof theloop (line 1) andtry next pair
(meged isSuccessfuk— tentatve_andg¢;, ¢;, sizeLimif timeLimi
if (— isSuccessful* exceededimits */
goto baginningof theloop (line 1) andtry next pair
growth < graphsize(neged / (graphsize¢;) + graphsizeg;))
if growth> growthLimit /* exceededyrowth limit */
goto baginningof theloop (line 1) andtry next pair
[* atthis point, keepthemegedresult*/

T « (T'\ {t:,t;}) U {meged}

returnT

Figure5.1: The corepre-meging algorithmfor meiging strongly interacting componentgor conjunctve
partitioningof transitionrelation. In this subroutinethe support()functionreturnsthe setof supportvari-
ablesthetentativeand() functionis thetentatve operationof BooleanAND, andthegraph size()function
returnsthesizeof theBDD.
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Ordering

In this phasea linear orderof the partitionsis computedbasedon the numberof early quantificationvari-
ables,the total numberof new variablesintroduced the graphsize of the partition, andthe growth ratio
if a partitionis melgedwith its predecesson the linear order Basedon theseBDD characteristicsthe
partitionsareorderedgreedily

Our orderingalgorithmis shavn in Figure5.2. Thisis a greedyalgorithmthat selectghe partitionthat
scoesthehighestto bethe next partitionin the order The scoringfunctionis shawvn in Figure5.3.

ordercp._tr(T', quan\ars)
[* orderingpartitionsof transitionrelation.
* T the setof partitionsto be ordered.
* quan\ars: thesetof quantifyingvariables.usedto determinebenefitsof early quantification.
*/
L < emptylist /* initialize theresultorderedist */
while T is notempty /* selectthe next partition*/
foreacht € T
scoeft] < cp.computescoret, L, T\ {t}, L, quan\ars)
tmax < partitiont € T with the highestscoe[¢].
T+ T\ {tmax
L + appendL, tmax)
returnL

O~NO UL, WN P

Figure5.2: Algorithm for orderingpartitionsof transitionrelation. The orderingis performby greedily
orderingthe“best” partitionsbasedbn a scoringfunction.

Thescoringfunctionis basedn thefollowing six BDD characteristicsf a partition:
1. thenumberof supportvariablesin the setof variablego be quantified(line 1),

2. thenumberof variableghatcanbe quantifiedoutif the partitionis addecdhext to theorderedist (line
2),

. thenumberof variableghatarenotin thesetof variableso be quantified(line 3),
. thenumberof new variablesintroducedf the partitionis addednext (line 4),

. the BDD graphsizeof the partition(line5),and

o 01~ W

. the growth in the BDD graphsizeif this partition wereto be meiged with the last partition in the
currentlyorderedist L (lines6-7).

Thesecharacteristicarechoserbecausehe costof arelational-producbperationdependstronglyon the
numberof variablesthe numberof variablesto be quantified,andthe graphsizes. We addedthe gronth-
factorparamete(line 6) to accountor the next phasgpost-meging) thatmeigesneighboringpartitionsin
thelinearordertogether Thevalueof thesecharacteristicarethenweightedwith constanfactors(W’s)to
computethe scoreof this partition(line 8).

The orderingalgorithmis a variant of the conjunctie partitioning by Ranjanet al. [69]. The only
differencesarein the heuristicscoringfunction“cp_computescore”.Otherthanthe additionof the growth-
factor parametellines 6—7), anotherdifferenceis that we use absolutenumbers,suchasthe numberof
variablesto be quantified,insteadof relative numberssuchasthe percentagef the numberof variablesto
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cp.computescoret, L, R, quan\ars)
I* computethe scoreif ¢ werethenext partitionto beaddto list L.
* t: thepartitionto bescored.
* L: list of partitionsorderedsofar.
* R: setof partitionsnotyetorderedgxcludingt.
* quan\ars. thesetof quantifyingvariables.usedto determinebenefitsof early quantification.
*/
* computethe numberof ¢'s supportvariablesthatarein quan\ars */
1 nInQuanVdrs < ||supporft) N quan\ars||
[* computethe numberof ¢'s supportvariableshatarein quan\ars but notin ary of partitionsin R */
2 nEarlyQuan¥rs < [|(supportt) N quan\ars) \ U, supportr)||
[* computethe numberof ¢'s supportvariablethatarenotin quan\ars */
3 nNonQuan¥rs « ||supporft) \ quan\ars|
[* computethe numberof new variableghatt would introduce*/
4 nNewvNonQuanslrs « ||(suppor(t) \ quan\ars) \ |, supportl)||
[* computethe graphsizet */
5 nNodes— graphsize()
[* computethe growth factorif ¢ is meigedwith thelastpartitionin L */
6  tast < lastpartitionin list L
7 growth< graphsizeg A tjas) / (graphsizeg) + graphsizet)asy))
I* computethe overall scoreof addingt next. W’s arepre-selectedonstaniveights.*/
8 scoe <+ Wi - nInQuanVars + Wy - nEarlyQuanVars + W3 - nNonQuan Vars +
Wy - nNewNonQuanVars + Wy - nNodes + Wg - growth
9 returnscoe

Figure5.3: Computehescoringfunctionfor choosinghenext partitionto beadded In this subroutinethe
support()functionreturnsthe setof supportvariables,andthe graph size()functionreturnsthe sizeof the
BDD.
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bequantified.We believe thatthe costof computingtherelational-producbperations moredirectly related
to absolutenumbersnsteadof relatve numbers,

Post-Merging

In this phasethe orderedpartitionsaremeigedwith theirneighborsn linearorder The purposeof this step
is to reducethe numberof partitionsandthusreducethe numberof intermediateesultsin computingthe
imageandthe pre-imagecomputation Our post-meging algorithmis aniterative algorithmwith the meig-
ing constraint{graphsizeandgraphgrowth) successkely relaxed from oneiterationto thenext. Similarto
the pre-meging algorithm,the purposeof this iterative approachs to megethe stronglyinteractingparti-
tionsfirst. However, sincethe partitionsarealreadylinearly orderedthe megeis only performedbetween
neighboringpartitionsin theorder

Thecorepost-megingalgorithm(Figure5.4)worksasfollows. Givenalinearly orderedist of partitions
L, remove thefirst partition () in thelist (lines 3—4) andtry to meige with the next partition () in thelist
(lines 6-7). If the mege doesnot exceedthe size limit, then checkthat the graphsize of the meged
resultalsosatisfieghe growth-factor constraint(lines 10-12). If the graphsizesatisfieshe gronth-factor
constraintthencontinueto meige with the next partitionin thelist (lines 13-14). If eitherthe graph-size
constrainr the growth-factorconstrainfails (lines8-9,11-12) thenkeepthe meigedresult(line 15) and
repeathis entireprocesauntil thelist L is empty(line 2).

postmege cp_tr(L, growthLimit sizeLimi)
[* post-meging stepto meige partitionsadjacento eachotherin L with
* thefollowing constraints:
* growthLimit limit onthegrowth of themegedgraphsize.
* sizeLimit limit onthemeigedgraphsize.
*/

1 P« emptylist /* initialize theresultorderedist */
2 while L is notempty
3 t + firstelemenin L
4 removet from L
5 while L is notempty /* melgeasmary neighbordo ¢ aspossible*/
6 u < firstelementn L
7 (meged isSuccessfuk— tentatve and¢, u, sizeLimi)
8 if (— isSuccessful* exceededizelimit */
9 gotoline 15 /* donewith this meging. */
10 growth <+ graphsizefneged / (graphsizef) + graphsize))
11 if growth> growthLimit /* exceededyrowth limit */
12 gotoline 15 /* donewith this meiging */
I* memgeis successfut/
13 remove u from L
14 t < meged
15 P + appendP, t)
16 returnP

Figure5.4: The core post-meging algorithmfor conjunctive partitioning. Merge adjacentpartitionswith
the specifiedsize and growth constraints.In this subroutine the tentativeand() functionis the tentatve
operationof BooleanAND, andthegraph size()functionreturnsthe sizeof the BDD.
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5.2 Evaluation

5.2.1 Experimental Setup

The benchmarksuite usedis a collection of 58 SMV modelsgatheredfrom a wide variety of sources,
includingthe 16 modelsusedin the BDD performancestudydescribedn Chapter. In 10 modelsthereis
only onetransitionrelationfor the whole system(insteadof onetransitionrelationfor eachstatevariable)
andthusconjunctve partitioninghasno effect on thesemodels. Out of the remaining48 models,21 very
smallmodels(< 10secondsgreeliminated.Thereis onemodelthatis toolargefor SMV to verify andmay
requireotherclasse®f optimizationssuchascone-of-influencanalysisto reduceghemodelfirst. We also
excludedthis modelfrom the experimentsin the following, the experimentakesultsreportedarebasedn
theremaining27 models.

Theresultsreportedin this sectionarelabeledwith the following keys to indicatewhich optimizations
areenabled:

BASE: thebasecaseusingthealgorithmby Ranjanetal.[69]; i.e.,theirorderingheuristicplus
the post-meging phase.

PreMerge: thebasecasewith theadditionof the pre-meging preprocessingtep.

ORDER: thebasecasewith the orderingphasamodifiedto useour scoringheuristicinstead.

OURS: PreMerge plus ORDER case;i.e., with all the techniquegescribedn this chapter
turnedon.

Thepartition-sizdimits usedn thisexperimentsare: 1, 1000,10,000,100,000,1 million, and10million
BDD nodes.The partition-sizelimit of 1 meanghatonly the orderingphaseis active becauseneging can
only occurwhenthe BDD sizeis lessthanthe partition-sizelimit. Note thatthe partition-sizelimit of 10
million is quitelarge (i.e., eachBDD canuseup to 160 MByte of memory). The usualpracticeis to usea
limit of nogreateithan10,000nodes We studiedtheresultsup to the partition-sizdimit of 10 million node
becaus¢hat’s whenour algorithmstartedto behae badly

We performedthe evaluation using the Symbolic Model Verifier (SMV) model checler [58] from
Carngie Mellon University For the orderingphaseusingour scoringfunction, the valuesof the constant
weights(W;’s) areasfollows:

W, = 0, W, = 0,
Wy = 8, Ws = 0,
Wy = —4, We = —1.

Thesevaluesarenot determinedsery systematically They werechoserbasedon experimentakesults
onasetof medium-sizenodelg(roughly30—-100secondsunningtime)in thebenchmarlsuite.We adjusted
theweightsuntil theseexamples’runningtime for partition-sizeimit of 5000nodess at mosta factorof 3
slowerthanwithoutconjunctve partitioning(i.e.,usingamonolithicBDD for theoveralltransitionrelation).
Another generalcriteria we usedis to have asfew non-zeroweightsas possible. Using thesecriteria,
only threeout of the six parametersirechosen:(1) W, the weightfor the numberof early quantification
variables(2) W3, theweightfor the numberof non-quantifyingvariables and(3) W, the growth factorif
meigedwith thelastpartitionin currentlyorderedist.

The evaluationwasperformedon a 200MHz Pentium-Pravith 1 GB of memoryrunningLinux. Each
runwaslimited to 3 hoursof CPUtime and900MByte of memory All thetiming resultsshavn laterin this
sectionwerenormalizedagainsthebestrunningtime acrossall 24 combinations—@lifferentpartition-size
limits over 4 differentsetupgBASE, PreMerge ORDER, andOURS).
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5.2.2 Overall Results

Figure5.5shavstheoverallimpactof ourimprovementsFor thetwo boundarycasespartition-sizdimit of
1 and10million, our optimization OURS) performaspoorly asthe basecase(BASE). For partition-size
limit of 1000,0URS bgyinsto performbetterthanBASE. For the remainingpartition-sizelimits (10,000
to 1 million), OURS performsmuchbetterthanBASE. In particular within this range,OURS canfinish
all the models. This resultshavs that our improvementshave greatly stabilizedthe conjunctve-partition
algorithmbecausdt now workswell for awide rangeof partition-sizeimits (10,000to 1 million) with the
worst casepenaltyto be arounda factorof 15 slovdown in comparisorthe bestof all combinationswve
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testedIn thefollowing sectionsye examinetheimpactof ourimprovementsn moredetail.
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5.2.3 Impact of Pre-Merging

To studytheimpactof our pre-meging heuristic,we comparets effectsbothwith andwithoutour changes
to the orderingphase. Figure 5.6 compareghe resultswithout our changedo the orderingphase;i.e.,
BASE vs.PreMerge Theresultsshav thatoverall, addingthe pre-meging phasedecreasethe numberof
failed casesand generallyimproves performance.One notableexceptionis for the benchmarkmodel 25,
PreMergefails to completefor boththe partition-sizdimit of 10,000and100,000nodes.

Impact of Pre-Merging: BASE vs. PreMerge
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Figure5.6: Impactof pre-meging phase:without our improved orderingalgorithm. The resultfor each
modelis normalizedto the bestrunningtime acrossall runs. Note that the partition-sizelimit of 1, the
meiging doesnot occurandthustheresultsarethe same.
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time (normalized to min of all)
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Figure5.7 shavs theimpactof the pre-mege phasean presencef our orderingheuristicby comparing
theresultsbetweenORDER andOURS. Similar to the previous setof results,theseresultsshav thatthe
pre-meging phasehelpsto decreas¢he numberof failed casesandto improve the overall performance.
This andthe previous setof resultsprovide a strongevidencethatthe pre-meging phase jndependenof
our orderingphaseis effective in stabilizingthe conjunctve-partition algorithm.
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Figure5.7: Impactof pre-meging phasewith ourimproved orderingalgorithm. Theresultfor eachmodel
is normalizedto the bestrunningtime acrossall runs. Note thatthe partition-sizelimit of 1, the meging
doesnotoccurandthustheresultsarethesame.
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5.2.4 Impact of Our Ordering Heuristic

To studythe impactof our changedo the orderingphase we compareits effects both with and without
the pre-meging phase.Figure5.8 comparegheresultswithout the pre-meging: BASE vs. ORDER. The
resultsshawv thatour orderingheuristichelpsto reducethe numberof failed casesOnenotablecaseis that
for thelimit of 100,000nodesusingourorderingheuristic,we areableto finish all thecaseswithin at most
afactorof 15 slower thanthe best.
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Figure5.8: Impactof ourimproved orderingalgorithm: without pre-meging. Theresultfor eachmodelis
normalizedo the bestrunningtime acrossall runs.
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Figure5.9shavstheimpactof ourorderingheuristicin presencef thepre-meging phasey comparing
the resultsbetweenORDER and OURS. Similar to the resultswithout pre-meging phase,our ordering
heuristicimprovesthe overall performancen general.

Combiningtheresultsfrom this sectionandfrom the previoussection we concludethatthe pre-meging
phaseand our ordering heuristiccomplementeachotherin producinga much more stableconjunctve-
partitionalgorithm.
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normalizedo the bestrunningtime acrossall runs.



5.3. SUMMARY 89

5.3 Summary

The mainideain our improvementsis to useBDD characteristicto clusterpartitionsthat would meige
well together Theexperimentatesultsshav thatour optimizationshave successfullymprovedthe stability
of the conjunctve-partitioning algorithm. In particular for a wide rangeof partition-sizelimits (10,000to
1 million), the improved algorithmhasthe worst-caseenaltyof arounda factorof 15 slovdown in com-
parisonto manuallyfinding the bestparameters.This stability resultimplies lessmanualinterventionis
necessarypecausehe penaltyfor choosingthe wrong parametesettingis now muchlesssevere. Further
more,because¢herangeof goodparametesettingsis solarge, the likelihood of makinga wrong choiceis
alsosignificantlydecreased.

However, afactorof 15 slowver thanmanuallyfinding the bestsetof parameterstill leavesalot of room
for furtherimprovement. Onefundamentaproblemthatwe did not solwe in this thesisis that we do not
have a goodobjective functionfor quickly andaccuratelyevaluatingthe goodnes®f the resultsproduced
by different conjunctve-partitioning algorithms. From optimizationpoint of view, an accurateobjective
function,oncefound, canbe usedto designnew heuristics.In particular given suchan objectie function,
there are powerful optimizationtechniqguesrom Al domainsthat will help us find a good heuristicfor
solvingtheseNP-hardproblems.In generalthe lack of goodobjective functionsis a fundamentateason
why mary model-checkingptimizationsareunstable.ln Chapter7, we will discussour ongoingresearch
to addresghisissue.
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Chapter 6

BDD Optimizations for Constraint-Rich
Models

This chaptercombineghe improvementamadein the previous chapterswith a new setof BDD-basedpti-
mizationsandappliesthemto enablethe verificationof a classof real-world applicationghathave comple
time-invariant constraints. An exampleof constraint-richsystemsis the symbolic modelsdevelopedby
NASA for on-line fault diagnosis[81]. Thesemodelsdescribethe operationof componentsn comple
electro-mechanicalystemssuchasautonomouspacecrafor robotexplorers. Themodelsconsistof inter
connecteddomponentge.g..thrusterssensorsmotors,computersandvalves)anddescribenow the modé
of eachcomponenthange®vertime. Basedonthesemodels the Livingstonediagnosticengine[81] mon-
itors sensowvaluesanddetects diagnosesandtries to recover from inconsistenciebetweernhe obsered
sensowvaluesandthe predictednodesof the componentsTherelationshipdbetweerthe modesandsensor
valuesareencodedisingsymbolicconstraints Constraintbetweerstatevariablesarealsousedto encode
interconnectionbetweencomponentsWe have developedan automatidranslatorfrom suchfault models
to SMV (Symbolic Model Verifier) [58], wheremodetransitionsare encodedas transitionrelationsand
state-ariableconstraintsaretranslatednto setsof time-invariantconstraints.

To verify constraint-richsystemswe introducetwo new optimizations.Thefirst optimizationis a sim-
ple extensionof the conjunctye-partitioning algorithm. The otheris a collection of BDD-basedmacro-
extractionand macro-&pansionalgorithmsto remove redundanstatevariables. We shav that thesetwo
optimizationsareessentialn verifying constraint-rictproblems.In particulay theseoptimizationshave en-
abledthe verificationof fault diagnosisnodelsfor the Nomadrobot (an Antarctic meteoriteexplorer) [5]
andthe NASA DeepSpaceOne (DS1) spacecraft7]. Thesemodelscanbe quite large, with up to 1200
statebits.

In this chapter we first briefly describehow time-irvariant constraintsarise naturallyfrom modeling
(Section6.1). We thenpresenbur new optimizations:anextensionto conjunctve partitioning(Section6.2),
and BDD-basedalgorithmsfor eliminatingredundanstatevariables(Section6.3). We thenshav the re-
sults of a performancesvaluationon the effects of eachoptimization(Section6.4). Finally, we present
a comparisorto prior work (Section6.5). The work describedn this chaptercan also be found in [85,
86.

1A modeof acomponentjualitatively describeshe stateof a componentFor example themodeof a thrusters forceis oneof
thefollowing: low, nominal or high.
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6.1 Time-Invariant Constraints and Their CommonUsages

In symbolicmodelchecking time-irvariantconstraintspecifythe conditionsthatmustalwayshold. More
formally, let C1, ..., C; bethetime-irvariantconstraintandlet C := C; A C3 A ... A C;. Then,in symbolic
statetraversal,we consideronly stateswhereC is true. We referto C asthe constained space More
specifically the image andthe pre-image of the transitionrelationT” on a stateset.S, while restrictingthe
computationgo the constrainegpaceC, arecomputedasfollows:

image,:(S) = C(V)AIVITV,V)A(SV)ACV))],
pre-imagey (S) = C(V)AIV.[T(V,V')A(S(V)ACV))].

To motivate how time-irvariantconstraintsarisenaturallyin modelingcomplex systemswe describe
threecommonusagesOnecommonusagés to make thesamenon-deterministichoiceacrossnultiple ex-
pressiongn transitionrelations.For example,in a masteslave model,themastercannon-deterministicafl
choosewhich setof idle slavesto assignthe pendingjobs,andthe slaves’ next-statevalueswill dependbn
thechoicemade.To modelthis, letf bethefunctionrepresentingpow themastemakesits non-deterministic
choice.Notethatwe areusingthe bold-facefont to emphasize¢hatthe functionf returnsa set(of possible
choices). If the slaves’ transitionrelationsare definedusingf directly, theneachuseof f makesits own
non-deterministichoiceindependenbf otheruses. Thus,to ensurethat all the slaves seethe samenon-
deterministicchoice,a separatestatevariableu is usedto recordthe choicemade,andu is thenused(in
its presenttateform) to definethe slaves’ transitionrelations. This recordingprocesss expressedsthe
time-irvariantconstraint € f.

Anothercommonusageis for establishinghe interfacebetweerdifferentcomponentén a system.For
example,supposdwo componentsare connectedvith a pipe of a fixed capacity Then,the input of one
components the minimum of the pipe’'s capacityandthe outputof the othercomponentThis relationship
is describedhsatime-invariantconstrainbetweertheinputandthe outputof thesetwo components.

Thethird commonusagss specificuseof generigparts.For example,a bi-directionalfuel pipemaybe
usedto connectwo componentslf we wantto make surethefuel flows only oneway, we needto constrain
thevalvesin the fuel pipe. Theseconstraintsarespecifiedastime-invariantconstraintsln general specific
usesof genericpartsarisenaturallyin both the softwareandthe hardvware domainaswe often usegeneric
building blocksin constructinga complex system.

In theexamplesabove, the useof time-invariantconstraintgs not alwaysnecessarpecaussomethese
constraintcanbe directly expressedasa part of the transitionrelationandthe associatedtatevariables
canberemoved. For example,a specificuni-directionafuel pipe canbe usedin the abore exampleinstead
of agenericbi-directionalfuel pipe andthuswould eliminatethe extra statevariableneededo specifythe
directionof the valves. However, theseconstraintsare usedto facilitate the descriptionof the systemor
to reflectthe way complex systemsaare built. Without theseconstraintsmultiple expressionawill needto
be combinedinto possiblya very complicatedexpression. Performingthis transformatiormanuallycan
be labor intensive and errorprone. Thusit is up to the verificationtool to automaticallyperformthese
transformationsindremove unnecessargtatevariables. Our optimizationsfor constraint-richmodelsare
to automaticallyeliminateredundanttatevariables(Section6.3) and partition the remainingconstraints
(Section6.2).

6.2 ExtendedConjunctive Partitioning

Thefirst optimizationis theapplicationof the conjunctve-partitioring algorithmon thetime-irvariantcon-
straints.This extensionis dervedbasedntwo obserations.First, aswith thetransitionrelations theBDD
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representatiofor time-invariantconstraintanbetoo large to berepresentedsa monolithicgraph.Thus,
it is crucialto representhe constraintsasa setof conjunctgatherthana monolithicgraph.

Secondin constraint-richmodelsmary quantifyingvariables(variablesbeingquantified)do notappear
in thetransitionrelation. Therearetwo commoncausesor this. First, whentime-invariantconstraintsare
usedo make thesamenon-deterministichoicesyariablesareintroducedo recordthesechoiceqdescribed
asthefirst examplein Section6.1). In thetransitionrelation,thesevariablesareusedonly in their present-
stateform. Thus,their correspondingext-statevariablesdo notappeain thetransitionrelation,andfor the
pre-imagecomputationthesenext-statevariablesarepartsof the quantifyingvariables.The othercauses
thatmary statevariablesare usedonly to establishtime-irvariantconstraints.Thus,boththe present-and
the next-stateversionof thesevariablesdo not appeain thetransitionrelations.

Basednthisobseration,we canimprove theearly-quantificatiorptimizationby pulling outthequan-
tifying variableg(V;) thatdo notappeatn ary of thetransitionrelations.Then,thesequantifyingvariables
(V§) canbeusedfor early quantificationin conjunctve partitioningof the constrainegpacg(C) wherethe
time-invariantconstraintdold. Formally, let P, A P> A ... A Py, bethe conjunctve partitioningof thetran-
sition relationwith V;, asubsebf V, beingthe setof variablesthatdo not appeaiin ary of the subsequent
Vj's,wherel <i < kandi < j < k. LetVp, asubsebf V, bethesetof quantifyingvariablesthatdo not
appeaiin ary of the P;’s. Let @1, Q-, ..., Q. bethepartitionsproducedoy the conjunctie partitioningof
the constrainedspaceC, whereC' = Q1 A Q2 A ... A Q. Let W;, asubsedf 14, bethe setof variables
thatdo not appeaiin ary of thesubsequen;’s,for 1 < i < m and: < j < m. Then,the conjunctve
partitioningof theimagecomputatiorfrom Section2.5.3is extendedo be

g = IWL[QUV)AS(V)]

g = IW2[Q2(V) A qi]

dm = Ele[Qm(V) A mel]

p1 = E|V1.[P1 (V, VI) A qm]

P2 = HVQ.[PQ(V, VI) A p1]

D = E]Vk.[Pk(V, V’) A pk—l]
image,:(S) == C(V')Apy

Similarly, this extensionalsoappliesto the pre-imagecomputation.

6.3 Elimination of Redundant State Variables

Our secondoptimizationfor constraint-richmodelsis targetedat reducingthe statespaceby removing
unnecessargtatevariables.This optimizationis a setof BDD-basedalgorithmsthatcomputeanequivalent
expressionfor eachvariableusedin the time-invariant constraintsmacio extraction) and then globally
replacea suitablesubsef variableswith their equivalentexpressiongmacio expansioi to reducethetotal
numberof variables.

The useof macrosis traditionally supportedby languageconstructye.g., DEFINE in the SMV lan-
guage[58]) andby simple syntacticanalysessuchas detectingdeterministicassignment¢e.g.,a ==
whereq is a statevariableand f is anexpression)n the specificationsHowever, in constraint-rickimodels,
thetime-invariantconstraintsareoften specifiedn a morecomplex mannersuchasconditionaldependen-
cieson otherstatevariablese.g.,p = (a == f) asthe conditionalassignmenof expressionf to variable
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a whenp is true. To identify the setof valid macrosn suchmodelswe needto combinethe effectsof mul-
tiple constraints Onedravbackof syntacticanalysiss that, for eachtype of expressionsyntacticanalysis
will needto adda templateto patternmatchtheseexpressionsAnothermoreseveredravbackis thatit is
difficult for syntacticanalysisto estimatethe actualcostof instantiatinga macro. Estimatingthis costis
importantbecauseeducingthe numberof variableshy macroexpansioncansometimesesultin significant
performancalegradationcausedy large increasesn otherBDDs’ sizes. Thesetwo dravbacksmalke the
syntacticapproachunsuitablefor modelswith complex time-invariantconstraints.

Our approactusesBDD-basedalgorithmsto analyzetime-irvariantconstraintaandto derive the setof
possiblemacros. The core algorithmis a new assignmentsdraction algorithmthat extractsassignments
from arbitraryBooleanexpressiongSection6.3.1).For eachvariable by extractingits assignmenform, we
candeterminethe variables correspondingequivalentexpressionandwhenappropriateglobally replace
the variablewith its equivalentexpression(Section6.3.3). The strengthof this algorithmis that by using
BDDs, the costof macroexpansioncanbe bettercharacterizetbecausehe model-checkingomputatioris
performedusingBDDs.

Notethattherehave beenanumberof researctefforts on BDD-basededundanstate-ariableremoval.
To bettercompareour approacho theseprevious researchefforts, we postponahe discussiorof this prior
work until Section6.5, afterdescribingour algorithmsandthe performancevaluation.

6.3.1 BDD-BasedAssignmentExtraction

The assignmentsdraction problemcanbe statedasfollows: given an arbitrary Booleanfunction f anda
variablev (wherev canbenon-Boolean)find g andh suchthat

e f=(veEQ) Ah,
e gdoesnotdependnw, and
e hisaBooleanfunctionanddoesnotdependnw.

Wereferto theexpression(v € g) asanon-deterministi@assignmenio thevariablev from thevaluesin the
setreturnedby thefunctiong. Thisterminologyis derived from thefactthatthis expressioris structurally
similarto theassignmenof the next-statevaluesof statevariablesasdescribedn Section2.5.1.

In the casethatg alwaysevaluatedo a singletonset,theassignmentv € g) is deterministic A solution
to this assignmentxdractionproblemis asfollows:

h = H.f
= U TEfluen (5.0)

kEK,
g = restricft,h)

where K, is the setof all possiblevaluesof variablev, andrestrict (describedn Section2.3.2)is a care-
spaceoptimizationalgorithmthat tries to reducethe BDD size (of t) by collapsingthe dont-carespace
(=h). The BDD algorithmfor the (J, ., operatoris similar to the BDD algorithm for the existential
quantificationwith the v operatorreplacedby the U operatorfor variablequantification. A correctness
proof of this algorithmis shavn in the next subsection.

Notethatin the assignmentsdractionalgorithm,the useof therestrictalgorithmis not necessaryin
fact,any care-spaceptimizationalgorithmscanbe usedinsteadof therestrictalgorithm.We chooseo use
therestrictalgorithmbecausedt workswell in practicefor otherpartof model-checkingomputations.
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6.3.2 Correctnessroof for Assignment-Extraction Algorithm

In this section,we presenta correctnesproof for the assignmentsdraction algorithmin Section6.3.1.
Beforepresentinghe mainresult,we first stateandprove two supportingemmas.

Lemmal Givenany care-spaceoptimizationcare-opt. Then,for anyfunctiont, Booleanfunctionh, and
variablew,
(v € care-op(t, h)) A h = care-op{v € t,h) A h.

Proof
By thedefinitionof the care-spaceptimization,we have thefollowing properties:

h = (care-op(t,h) ==1),
h = [care-op(v € t,h) == (v € 1)].
Therefore,
(v ecare-op{t,h)) AN = (veEt)AR
= care-op{v € t,h) A h.

Lemma?2 Givenanarbitrary Booleanfunction f anda variablewv. Let

t= U |TE(f|v<—k,{k},®)’

keEKy

whee K, is thesetof all possiblevaluesof variablev. Then,
(vet)=f.
Proof

vet = \/ (w==F)A(K €t)

k'eKy

= \ w=)AK € |J ITE(flvs,{k},0)]
k'€EK, kEK,

=V w=&)A\/ K € ITE(f|vs,{k},0)]
k'eKy kEKy

=\ w==K)A\/ ITE(flocs, ¥ € {k},K €0)
k€K, kEK,

=V =)A\/ ITE(flocs, ¥ € {k},0)
k'eK, kEK,

=\ (v==F)AITE(f|pew,k € {K'},0)
k'eK,

=V (v=="F)AITE(f|pcw,1,0)
k'e Ky,

=V =K)Aflocw
k'eK,

= 7.



96 CHAPTERG6. BDD OPTIMIZATIONS FORCONSTRAINTRICHMODELS

Usingthetwo lemmasabore, we cannow prove thecorrectnessf theassignmentsdractionalgorithm.

Theorem 1 Givenan arbitrary Booleanfunction f anda variablewv. Let

h = Zu.f,
= | TE(flocr, {E},0),
keK,
g = care-op(t,h),

whee care-optis any care-spaceoptimizationalgorithm and care-op{t, ») doesnot dependon any new
variables(otherthanthosealreadyin t andh). Then,thefollowing conditionsare true.

1. f=(veQ) Ah,
2. gdoesnotdependnwv, and

3. his a Booleanfunctionanddoesnotdepencnv.

Proof
To prove Condition1, we applybothLemmal andLemmaz2 in thefollowing derivation:

(veg Ah = (vecare-op(t,h)) Ah
care-op{v € t,h) A h
= care-op{(f,h) A h
= fAhR
= fAT.f
= f

Condition2 is true becausé doesnot dependn v (by constructionndthe care-optalgorithmdoes
notintroducenew variabledependencie@iven). Condition3 is truebecause is a Booleanfunction
andh = Jv.f is aBooleanfunctionthatdoesnotdepencn v.

O

6.3.3 Macro Extraction and Expansion

In this section,we describethe elimination of statevariablesbasedon macroextractionand macroex-
pansion. The first stepis to extract macroswith the algorithmshawvn in Figure6.1. This algorithm ex-
tractsmacrosfrom the constrainedgspace(C), which is representedsa setof conjuncts. It first usesthe
assignmentydractionalgorithmto extractassignmenexpressiongline 5). It thenidentifiesthe determin-
istic assignmentascandidatenacrogline 6). For eachcandidatethe algorithmdeterminesf instantiating
themacromaybebeneficialline 7). Thistestis basedntheheuristicthatif theBDD sizeof amacrois not
too large andits instantiationrdoesnot causeexcessie increasen otherBDDs' sizes theninstantiatinghis
macromay be beneficial.lf theresultingright-hand-sidey is not a singletonset, it is keptseparatelyline
9). Theseg's arecombinediater (line 10) to determinef their intersectionvould resultin a macro(lines
11-13).Finally, this algorithmreturnsthe setof selectednacrog(line 14).

After the macrosare extracted,the next stepis to determinethe instantiationorder The mainpurpose
of this algorithm (in Figure 6.2) is to remove circular dependenciesFor example,if one macrodefines
variablev; to be (v A v3) anda secondmacrodefinesvs to be (v; V v4), theninstantiatingthe first macro
resultsin a circular definitionin the secondmacro(v, = (v2 A v3) V v4) andthusinvalidatesthis second
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extractmacros(C, V)
[* Extractmacrodfor variablesn V' from
thesetC of conjunctsrepresentinghe constrainegpacet/
M + 0 [*initialize the setof macrosfoundsofar*/
foreachv € V
N < @ /* initialize the setof non-singletonsoundsofar*/
for eachf € C suchthat f depend®nwv
(g, h) < assignmentdraction(f,v) /* f=(veg)Ah?*
if (g alwaysreturnsasingletonset) /* macrofound*/
if (is-this-result-good))
M+ {(v,g}UM
elseN «+ {gjUN
10 g« gen9
11 if (g’ alwaysreturnsasingletonset) /* macrofound*/

©CoOoO~NOULr~, WNE

12 if ((is-this-result-goody"))
13 M+ {(v,g)}UM
14 returnM

Figure6.1: Macro-etractionalgorithm.In lines7 and12, “is-this-result-gootl usesBDD propertieqsuch
asgraphsizes)o determindf theresultshouldbekept.

macro. Similarly, the reverseis alsotrue. To determinethe setof macrosto remove, the algorithmbuilds
a dependencgraph(line 1) and breakscircular dependenciebasedon graphsizes(lines 2-4). It then
determineghe orderingof the remainingmacrosbasedon the topologicalorder(line 4) of thedependence
graph.

Finally, in the topologicalorder eachmacro(v, g) is instantiatedn the remainingmacrosandin all
otherexpressiongrepresentetty BDDs) in the system,by substitutingthe variablev with its equivalent
expressiory.

ordermacros{|/)
/* Determinetheinstantiatiororderof themacrosn seti */
I* first build thedependencgraphG = (M, E) */
1 E = {(may)|$ = (vmagz) € May = ('Uyagy) € M, gy depend@nvZ}
[* thenremove circulardependencey
while therearecyclesin G,
M + setof macroghatarein somecycle
remove the macrowith largestBDD sizein Mg
returnatopologicalorderingof theremainingmacrosn G

a b wiN

Figure6.2: Macro-orderingalgorithm.

6.4 Evaluation

6.4.1 Experimental Setup

The benchmarksuite usedis a collection of 58 SMV modelsgatheredfrom a wide variety of sources,
including the 16 modelsusedin the BDD performancestudy describedn Chapter4. Out of these58
models,37 modelshave no time-invariant constraints,and thus our optimizationsare not triggeredand
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have no influenceon the overall verificationtime. Out of the remaining21 models,10 very small models
(< 10secondspreeliminated. On the remainingl1l models,our optimizationshave madenon-ngjligible
performancémprovementn 7 models wheretheresultschangedy morethan10 CPUsecondsaind10%
from the basecasewhereno optimizationsareenabled.In Figure6.3, we briefly describethese7 models.
Notethatsomeof thesemodelsarequite large, with up to 1200statebits.

| Model | # of StateBits | Description |
acs 497 | thealtitude-controinoduleof NASA's DS1spacecraft
dsl-b 657 | abuggyfaultdiagnosisnodelfor NASA's DS1spacecraft
dsi 657 | correctedversionof ds1-b
f-bus 174 | FutureBuscachecoherenyg protocol
nomad 1273 | faultdiagnosigmodelfor an Antarcticmeteoriteexplorer
v-gate 86 | reactorsystenmodel
xavier 100 | faultdiagnosiamodelfor CMU’s Xavier robot

Figure6.3: Descriptionof modelswhoseperformanceesultsareaffectedby our optimizations.

Theresultsreportedin this sectionarelabeledwith the following keys to indicatewhich optimizations
areenabled:

None: nooptimizations.
Quan: the“early quantificationonthe constrainegpace optimization(Section6.2).

SynM: syntacticanalysisfor macro-&tractionand macro-&pansion. This algorithmpattern
matchegleterministicassignmenéxpressions == f, wherev is a statevariableand f
is anexpressionasmacrosandexpandshesemacros.

BDDM: theBDD-basednacroextractionandmacroexpansion(Section6.3).
Q+SynM: bothQuan andSynM optimizations.
Q+BDDM: bothQuan andBDDM optimizations.

We performedthe evaluation using the Symbolic Model Verifier (SMV) model checler [58] from
Carngie Mellon University Conjunctive partitioningwasusedonly whenit wasnecessaryo complete
the verification. In thesecaseqincludingacs,dsl1-b,dslandnomad, thesizelimit for eachpartitionwas
setto 10,000BDD nodes.For theremainingcasesthe transitionrelationswererepresentedsmonolithic
BDDs. The constrainedgspaceC wasrepresentedsa conjunctionwith eachconjuncts BDD sizelimited
to 10,000nodes.Without partitioning,we could not constructthe BDD representatiofior the constrained
spacefor 4 models. Theevaluationwasperformedona200MHzPentium-PraunningLinux. Eachrunwas
limited to 6 hoursof CPUtime and900MByte of the mainmemory

In Figure6.4,we shav therunningtime of differentoptimizations Notethatfor all benchmarkghetime
spentby our optimizationss very small(< 5 second®r < 5% of total time) andis includedin therunning
time shavn. In therestof this section we analyzetheseresultsin thefollowing order:the overallimpactof
our optimizationgSection6.4.2),theimpactof early quantificationon the constraintspaceg(Section6.4.3),
andthe impactof macrooptimization(Section6.4.4). We thenfinish with a brief studyon the impactof
differentsizelimits for conjunctve partitioning(Section6.4.5).

6.4.2 Overall Results

Theresultsin Figure6.5 shawv the overall performancempactof our optimizations.Theseresultsdemon-
stratethat our optimizationshave significantlyimproved the performancdor 2 models(with speedupsip



6.4. EVALUATION 99

None | Quan | SynM | BDDM | Q+SynM | Q+BDDM
Model | (sec) | (sec) | (sec) (sec) (sec) (sec)
acs m.o. 32 m.o. 1059 76 7
dsl-b m.o. 321 t.o. m.o. 138 54
dsl m.o.| m.o. m.o. t.o. t.o. 37
f-bus 1410 53 78 37 35 19
nomad | m.o. t.o. m.o. t.o. 7801 633
v-gates 36 35 51 50 53 50
xavier 16 5 6 5 1 2

Figure 6.4: Runningtime with differentoptimizationsenabled. The m.o!s andt.o0.'s are the resultsthat
exceededhe900-MBytememorylimit andthe 6-hourtime limit, respectiely.

to 74) andhave enabledhe verificationof 4 models. For the v-gatesmodel, the performancealegradation
(speedup= 0.7)is in the computatiorof the reachablestatesrom theinitial states.Uponfurtherinvestiga-
tion, we believe thatit is causedy the macrooptimization,which increaseshe graphsizeof thetransition
relationfrom 122-thousando 476-thousandhodes. This casedemonstratethat reducingthe numberof
statevariablesdoesnot alwaysimprove performance.

failed ‘I ‘I ‘I ‘I ‘l

10000+

O None
BEQ+BDDM

1000+

100

10+

acs dsl-b dsil ds4  f-bus nomad v-gates xavier

Figure6.5: Overall impactof our optimizations.Thefaileds arethe resultsthat exceededhe 900-MByte
memorylimit.

6.4.3 Impact of Early Quantification

Theresultsin Figure6.6shav theimpactof applyingearlyquantificatioron time-invariantconstraintsThe
impactis measuredbothin the numberof quantifyingBDD variablesextractedfrom thetransitionrelations
andin the performancespeedupsThe speedupesultsfor None/ Quan shawv thataddingthis optimization
hasenabledhe verificationof acsandds1-h andachieved significantperformancemprovementon f-bus
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(speedupf 26). Theresultsn theQuan columnsshav thatthisimprovementis mostlydueto thefactthata
large numberof variablescanbe pulled out of thetransitionrelationsandappliedto conjunctve partitioning
andearlyquantificationof thetime-invariantconstraints.

FromtheQ+BDDM andBDDM / Q+BDDM columnswe obsere similar resultsin presencef BDD-
basedmacrooptimization.Notethatfor the Q+BDDM columnsthe“# of BDD varsextracted’resultsalso
includethenumberof BDD variableghatareremoved by themacrooptimization.This is doneto male the
comparisorbetweerQuan’'sandQ+BDDM’s effectson “# of BDD varsextracted’easier

Theresultsin Figure6.6 shav two additionalinterestingpoints. First, thenumberof variablesextracted
for pre-imagecomputationis morethanthat extractedfor imagecomputation.This is becausesomevari-
ablesareonly usedin their present-statiorm in thetransitionrelation(seethefirst examplein Section6.1).
Secondcomparingthe resultsbetweenQuan andQ+BDDM columnsindicatesthatthe macrooptimiza-
tion generallydoesnotinterferewith the early-quantificatioroptimization.The oneexceptionis thenomad
model,wherethe macrooptimizationintroducedl14additionalBDD variableq(1121- 1067)present-state
variablesplus(1174- 1114)next-statevariables}o the overall transitionrelation.

Total Effects of CP Optimization

# of # of BDD varsextracted performancespeedup

BDD Quan Q+BDDM None/ BDDM /
Model | Vars || img p-img| img p-img || Quan | Q+BDDM
acs 994 || 439 449 | 437 449 || enabled 151.0
dsi-b 1314 | 550 566 | 546 566 | enabled enabled
dsl 1314 || 550 566 | 546 566 n/a enabled
f-bus 348 58 110 54 110 26.6 1.9
nomad | 2546 || 1121 1174 | 1067 1114 n/a enabled
v-gates| 172 0 17 8 17 1.0 1.0
xavier 200 69 86 69 86 3.2 2.5

Figure6.6: Effectivenesof theextendedconjunctve-partitionng optimization.Theeffectivenessneasures
are (1) the numberof quantifyingBDD variablesthatare pulled out of the transitionrelationfor the early
guantificationof the time-invariantconstraintsand(2) the impacton overall runningtime asperformance
speedupsFor both measuresywe presentresultsbothwith (+BDDM) andwithout the BDD-basedmacro
optimization. The n/a indicatesthat the speedupannot be computedbecausdoth casedailed to finish
within theresourcdimits. Note: thenumberof BDD variablesis twice the numberof statevariables—one
copy for the presenstateandonecopy for the next state.

6.4.4 Impact of Macro Extraction and Macro Expansion

Theresultsin Figure6.7 shav theimpactof the BDD-basednacrooptimization. This impactis measured
bothin the numberof BDD variablesremored andin the performancespeedupsThe performanceesults
in the None/ BDDM columnshav that addingthis optimizationhasenabledthe verificationof acsand
achievedsignificantperformancemprovementon f-bus (speedumf 38). Theresultsaresimilarin presence
of the early-quantificatioroptimization(the Quan / Q+BDDM column). Theresultsfor “# of BDD vars
removed” shav that theseperformancémprovementsare dueto the effectivenessof BDD-basedmacro
optimizationin removing variablesjn particular over athird of variablesareremovedfor 4 models.

To evaluatetheeffectivenes®f syntactic-baseds. BDD-basednacroextraction,we compargheimpact
of theseéwo approachessingboththenumberof BDD variablesemovedandtherunningtime (Figure6.8).
Thecomparisoris donefor bothwith andwithouttheearly-quantificatioroptimization.Notethatthe early-
guantificationoptimizationdoesnot affect the numberof BDD variablesremoved. Thus,the “# of BDD
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Effects of BDD-basedMacro Optimization
Total # of BDD performancespeedup
#of BDD | variables || None/ Quan/

Model | Variables | removed || BDDM Q+BDDM

acs 994 352 || enabled 4,5
dsl-b 1314 492 n/a 5.9
dsi 1314 496 n/a enabled
f-bus 348 18 38.1 2.7
nomad 2546 844 n/a enabled
v-gates 172 16 0.7 0.7
xavier 200 116 3.2 2.5

101

Figure6.7: Effectivenessof macrooptimizations.The effectivenesaneasuresre (1) the numberof BDD
variablesremored by the macrooptimization,and(2) theimpacton overall runningtime as performance
speedups-or bothmeasuresye presentesultsbothwith andwithouttheearly-quantificatiomptimization.
Then/aindicateghatthespeedugannotbecomputedecauseothcasedailedto finishwithin theresource
limits. Note: thenumberof BDD variableds twice thenumberof statevariables—one&opy for thepresent
stateandonecoyy for thenext state.

varsremoved” resultsarethe samefor bothwith andwithout the early-quantificatioroptimization.

Without the early-quantificatioroptimization(the SynM / BDDM column), the resultsshav thatthe
BDD-basedhpproachs betterwith the verificationof acsenabled.With the early-quantificatioroptimiza-
tion (the Q+SynM / Q+BDDM column),the resultsshav thatthe BDD-basedapproachhasenabledthe
verificationof ds1andgenerallyhasbetterperformancewith speedup®f over 10 in acsandnomad In
the xavier casethe slovdown is 2 (speedupf 0.5) because¢he Q+BDDM usedoneextra CPU secondn
macroextraction. The overall performancemprovementsaredueto thefactthatthe BDD-basedapproach
is moreeffective in reducingthe numberof variableg“# of BDD varsremored” columns).In particular for
theacs,ds1-b,dslandnomadmodels,> 150 additionalBDD variabled(i.e., > 75 additionalstatebits) are
removedin comparisorto usingsyntacticanalysis.

Total Syntaxvs. BDD-basedMacro Optimization

#of | #of BDD varsremoved || performancepeedup

BDD | SynMor | BDDM or || SynM/ | Q+SynM/
Model | Vars | Q+SynM | Q+BDDM || BDDM | Q+BDDM
acs 994 82 352 || enabled 10.8
dsl-b | 1314 148 492 n/a 25
dsi 1314 220 496 n/a enabled
f-bus 348 12 18 2.1 1.8
nomad | 2546 688 844 n/a 12.3
v-gates| 172 16 16 1.0 1.0
xavier 200 64 116 12| 1/2=05

Figure 6.8: Syntactic-baseds. BDD-basedmacrooptimization. The effectvenessmeasuresre (1) the
numberof BDD variablesremoved, and(2) theimpacton overall runningtime as performancespeedups.
For bothmeasuresye presentesultsbothwith andwithout the early-quantificatioroptimization. Then/a
indicateghatthespeedugannotbecomputedecausdothcasedailedto finishwithin theresourcdimits.
Note: the numberof BDD variabless twice the numberof statevariables—oneopy for the presensttate
andonecopy for thenext state.
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6.4.5 Impact of Conjunctive-Partitioning SizeLimit

Becausehe conjunctve-partiticning algorithm often producessignificantly different performanceresults
with differentpartition-sizelimits, we have alsore-evaluatedthe above resultsusinga partition-sizelimit
of 100,000nodes. The new resultsgenerallyfollow the sametrendasbeforewith the exceptionof ds1-b
anddsl Forthesetwo modelstheresults(Figure6.9) shav thatif we chooseheright partition-sizdimit
for eachcase,we do not needto performthe macrooptimizationto verify them. (Note that this is not
alwaystrue; e.g.,thenomadmodelcannotbe verified without the macrooptimization.) However, with the
BDD-basedmacrooptimization(the Q+BDDM column),the performanceesultsare more stableandare
generallymuchbetter

Partition
SizeLimit | None | Quan | SynM | BDDM | Q+SynM | Q+BDDM
Model | (#of nodes)| (sec) | (sec) | (sec) (sec) (sec) (sec)
dsl-b 10,000| m.o. 321 t.o. m.o. 138 54
dsl-b 100,000 t.o. 309 t.o. m.o. t.o. 101
dsi 10,000| m.o. m.o. m.o. t.o. t.o. 37
dsi 100,000 m.o. 255 t.o. m.o. 92 74

Figure6.9: Effectsof the partition-sizelimit. The m.o!s andt.o.’s arethe resultsthat exceededhe 900-
MByte memaorylimit andthe6-hourtime limit, respectiely.

6.5 RelatedWork

Therehave beenmary researctefforts on BDD-basedredundanstate-ariableremoval in bothlogic syn-
thesisandverification. Theseresearclefforts all usethe reachablestatespace(setof stateseachabldrom
initial states}o determingunctionaldependenciefor Booleanvariablegmacroextraction). Thereachable
statespaceeffectively playsthe samerole asa time-invariant constraint,becausehe verificationprocess
only needdo checkthe correctnessf specificationsvithin thereachablestatespace.

Berthetetal. proposeahefirst redundanstate-ariableremoval algorithmin [8]. In [54], Lin andNewton
describea branch-and-boundlgorithmto identify the maximumsetof redundanstatevariables.In [74],
Sentwich etal. proposenew algorithmsfor latchremoval andlatchreplacemenin logic synthesisThereis
alsosomework on detectingandremoving redundanstatevariablesvhile thereachablestatespaceas being
computed47,80].

Fromthe algorithmicpoint of view, our approachis differentfrom prior work in two ways. First, in
determiningthe relationshipbetweenvariables,the algorithmsusedto extract functionaldependenciem
previous work can be viewed as direct extraction of deterministicassignmentso Booleanvariables. In
comparisonpur assignmenextractionalgorithmis moregeneralbecausét canalsohandlenon-Boolean
variablesand extract non-deterministi@ssignments.Second,in performingthe redundanttate-ariable
removal, the approachusedin the previous work would needto combineall the constraintdirst andthen
extractthe macrosdirectly from the combinedresult. However, for constraint-richmodels,it may not be
possibleto combineall the constraintsbecausehe resultingBDD is too large to build. Our approach
addressethis issueby first applyingthe assignmenéxtractionalgorithmto eachconstraintseparatelyand
thencombiningtheresultsto determinef a macrocanbeextracted(seeFigure6.1).

Anotherdifferencels thatin previouswork, the goalis to remaove asmary variablesaspossible. How-
ever, we have empiricallyobseredthatin somecasesremoring additionalvariablescanresultin significant
performancealegradationin overall verificationtime (slovdown over 4). To addresshis issue we usesim-
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ple heuristicgsizeof the macroandthe growth in graphsizes)to choosehe setof macrosto expand.This
simple heuristicworks well in the testcaseswe tried. However, to fully evaluatethe impactof different
heuristicswe needto gatheralarger setof constraint-richmodelsfrom a wider rangeof applications.

6.6 Summary

This chapterdescribedh casestudywherewe appliedthe samesystemati@pproacho studytheverification
of constraint-richapplications As aresult,we developednen BDD-basedptimizationgargetingthis new
classof applications.Combiningtheseoptimizationswith improvementgo the BDD packaggChapter4)
andconjunctve partitioning(Chapteis), we have enabledheverificationof real-world applicationsuchas
theNomadrobotandthe NASA DeepSpaceOnespacecraft.
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Chapter 7

Conclusionsand Futur e Work

The complity of modelcheckingcomputationsogethemith poorevaluationmethodologiesftenresults
in unstablealgorithms.In this thesis,| have demonstratethatrigorousquantitatve analysisis a powerful
toolin obtainingboth performancestability andperformancemprovement.

This thesis’ contrikution to the field of modelcheckingis at two levels: methodologyand optimiza-
tions. In termsof methodology! have proposedandvalidateda generaBDD evaluationframework. This
frameawork allows usto systematicallystudyall typesof BDD computationgnoreeasily It not only helps
BDD packagealesignersn performanceuning,it canalsohelpsdesignerainderstandhe underlyingcom-
putationalcharacteristics.This methodologyis graduallybeingadoptedandis makinganimpactin this
field. For example,researcherhave usedit to extenda BDD variantcalledMORE [46] to performmodel-
checkingcomputationsFurthermorethebenchmarkracesandthetraceplayersene asa platformfor other
researcher® studyotheraspect®f BDD computationse.g.,in evaluatingnew dynamicvariablereordering
algorithms. Sinceits web site wassetup6 monthsago,therehave beenmorethan450accessefrom over
20 differentcountries.

In termsof new optimizations] have proposecheuristicso stabilizethe conjunctve-partitioning algo-
rithm, which playsanimportantrole of modelcheckingcomputationandhave introduceda nen assignment
extractionalgorithmthat enabledthe verification of real-world applicationssuchasthe DeepSpaceOne
spacecratft.

Combiningthe improvementsobtainedfrom systematicvaluationof underlyingBDD packagesvith
theimprovementdrom the higherlevel optimizationsplusincorporatingexisting algorithmssuchasbetter
counterexamplegeneratioi26], | have dramaticallyimprovedthe performancef the SMV modelchecler
with speedupsf over 10for mostcasegFigurel.4in Chapterl). Thekey to thesesuccesseis abottom-up
approachwherewe systematicallystudyBDD computationst every stageof the modelcheckingprocess.

Anothercontritution of thisthesiss thatit introducesanumberof interestingutureresearchirections.
The BDD performancestudydescribedn Chapter4 raisesa numberof openquestions.Oneissuein par
ticular is the large numberof repeatedsubproblemsicrosgop-level operations.This questionis important
becausé@ maybethemainreasonwhy the computedcachesizeandthe garbagecollectionfrequeng have
sucha significantimpact on model-checkingcomputations. Thus, understandinghis issuemay help us
designevenbetterBDD package$or model-checkingomputations.

Anotherinterestingresearchdirectionis to apply our evaluationmethodologyto study other BDD-
basedtools—bothin modelcheckingandin otherareas.In modelchecking,studyingother BDD-based
tools,suchasVIS from UC Berkeley, is importantto testwhetheror not the insightsgainedfrom studying
SMV computationsare particularto SMV or generalcharacteristicef model-checkingomputations As
for otherBDD-basedapplications) am particularlyinterestedn studyinghow BDDs canbe usedin terms
of integer programming.In particular exploiting how BDDs canbe usedin satisfyingresourceconstraints

105



106 CHAPTERY7. CONCLUSIONSAND FUTUREWORK

in network optimization(Kosak,Carngjie Mellon) andin job schedulingZhu, lowa StateUniversity).

Finally, an exciting future researchdirectionis statisticalmodelingof BDD computations.This is an
ongoingresearcho addressa fundamentatausefor the performancenstability problem—thdack of an
accuratebjective functionfor optimizations Previouslyin Sections.3,l have briefly describedhis problem
in the context of the conjunctie partitioning. In therestof the chapter! will describehow this problemis
prevalentin modelcheckingcomputationsindour ongoingeffort to addresshisissue.

7.1 In Search of an Accurate Objective Function

A fundamentafteasorfor performancenstability of optimizationalgorithmsis the lack of anaccurateob-
jective functionthat canquickly andaccuratelyestimatethe impactof eachoptimization. For example,in
macroexpansionwe usevery crudeheuristicssuchasgraphsizeto determinevhich macrosmaybebene-
ficial to instantiate However, we do notknow how accuratelythis measureorrespondso its actualimpact.
Similarly, in dynamicvariablereordering,all the algorithmsare basedon a simple objective function—
minimize thetotal numberof BDD nodes.However, having smallerBDDs now, do not necessarilynean
cheapecomputationsn thefuture. For conjunctie-partitioning algorithms again,we have the sameprob-
lem. We cannotpredict(not even roughly) the performancempactof one orderedsetof conjunctsversus
another Thelack of accuratenbjective functionsto predictperformanceémpactsmeansthatwe canonly
optimize basedon crudeheuristics suchasgraphsizesandthe setof variables.However, becauseve do
not know how thesemetricscorrelateto future performanceevenif we find an optimal solutionfor these
crudeobjectize functions,the performance-instabilitproblemwill continueto persist.

How canan accurateobjective function help? For starterswe canusevariousalgorithmsto produce
solutionsand usethe objective function to choosethe bestsolution. Furthermorethe objective function
itself may shedsomelight on whatparameterareimportantandthuscanbe usedto designnew algorithms
for finding bettersolutions.Ultimately, givenanaccurateobjective function, thereare powerful techniques
suchasgeneticalgorithmsthatcanbe usedto automaticallyfind a goodsolution.

To find agoodobijective function,we currentlyfocuson characterizinghe relational-producbperation.
This is becauséhe relationalproductsof transitionrelationsandsetof statesarethe core of the symbolic
statetraversalandthey areoftenthe mosttime-consumingperationsn modelchecking. Thusby finding
a functionthat canaccuratelyestimatethe costof relational-producbperationswe canuseit asthe cost
functionfor theconjunctve-partitioring of transitionrelations.For dynamicvariablereorderinganaccurate
objectie functionfor relationalproductcanalsobe usedto predictthe impactof differentvariableorders
onfuturerelational-producoperations.

The procedurewe useto find the cost-estimatofunction for the relational-producbperationhastwo
phasesin thefirst phasewe gatherdataon the attributesof a large numberof top-level relational-product
operations.Theseattributesincludethe graphsizesof the BDD amgumentsandthe result,the numberof
variablesnvolved, andthe costof computingthe operationn bothspaceandtime. In thesecondhasewe
fit thesedataby constructinga cost-estimatéunctionbasedn the attributes.

Thisis anongoingresearchAt this point, we have completedhefirst phaseandgatheredfew hundred
thousanddatapoints. We arecurrentlytrying to fit the datausingstatisticaltechniques.Our first attempt
basedn leastsquaredit [67] failedto produceary meaningfulresults.

7.2 Summary

As hardware and software are both becomingan integral part of our daily life, the issueof correctness
will be an essentialpart of the designprocess. Symbolic model checkinghasproven to be a powerful
paradigmto automaticallyverify real-world applications.This thesistook a systemsapproachon studying
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andimproving theunderlyingcomputationst every level of modelcheckingcomputationsThisbottom-up
approachcomplementshis field’'s currenttop-davn approachwhich emphasizesalgorithmicor theoretic
improvementsTogetherwe hopeanindustrialstrengthverificationtool will emegein thevery nearfuture
andmodelcheckingwill becomeayet-anotheusefultod in the designerstool-box.
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