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Abstract

In this thesis, we present novel techniques to solve various fundamental discrete
and continuous optimization problems, with the deployment of highly-efficient data
structures.

* Sparsification: We obtain fast deterministic and randomized algorithms for
spectral sparsification and its variants. We give a deterministic algorithm for
constructing linear-sized spectral sparsifier in time O(d“ ") where w = 2.37 is
the exponent of matrix multiplication, breaking the Q(d*) barrier for all prior
deterministic methods.

* Non-Convex Optimization: We present the first algorithm to train deep and
over-parametrized neural networks in truly sub-quadratic time. It has a training
cost of O(m?2°~%), where m is the width of the network and o ~ 0.31 is the
dual exponent of matrix multiplication.

The main theme of these major improvements is the novel adaption of data struc-
tures in different iterative processes. We show that for different optimization prob-
lems, we can frame their iterations as solving certain data structure problems. We
design different data structures that are efficient and adaptively robust to realize such
speedup.
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Chapter 1

Introduction

Data structures are perhaps the most important and widely-studied objects in computer science.
In fact, every aspect and subfield of computer science heavily replies on data structures. Data
structures also play critical roles in advancing theoretical computer science, and many recent
breakthroughs in developing fast algorithms come from the smart deployment of data structures.
In this thesis, we show how to improve the running time of different discrete and continuous
optimization processes using efficient data structures.

Specifically, we study the following important theoretical problems and give an overview of
their history and improvements.

Linear-Sized Spectral Sparsification and its Varaints. Given a matrix V' € R™*? with m >
d, the goal is to compute a matrix V' € R**¢ with s < m whose rows are a subset of re-scaled
rows of V', with the guarantee that

1—e)VVVV=(14e)VV,

this is the well-known spectral sparsifier problem. Using leverage score sampling, [[80] shows
that it suffices to have s = ©(¢2dlogd). The seminal work by Batson, Spielman and Srivas-
tava [12] further improves this s to ©(~2d), which is essentially optimal. However, for the most
common setting in which m = d?, their algorithm takes 2(d°) time. [90] improves the determin-
istic running time to O(d*) by introducing a deterministic procedure to generate a sparsifier of
size ¢ 2d log d, then run the [12] algorithm. To further speed up the construction, [3} 53] makes
use of a new variant of potential functions, and [54] finally settles down this problem by pro-
viding a randomized algorithm that runs in time O(e~2*m) for graphs and O (e~ *nnz(V "V)) for
general matrices.

While efficient, most of these recent developments highly rely the use of randomness and it
is unclear how to derandomized their methods and preserving the efficiency in the meantime. On
the other hand, it is important to develop fast deterministic algorithms for spectral sparsifier, since
it is much easier to turn a static algorithm to handle updates to the matrix, and obtaining a nearly
linear time deterministic algorithm will also lead to breakthroughs in computing deterministic
minimum weighted cut problem.

Besides linear-sized spectral sparsifier, the potential function in [[12]] has wide range of ap-
plications in other problems, such as restricted invertibility [81], one-sided vector packing [84],
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experimental design [7,51] and Fourier signal interpolation [[77].

Training Over-parametrized Neural Networks. Machine learning and particularly deep learn-
ing is one of the most popular topics in modern computer science. Despite of its empirical suc-
cess, it has always been a mystery from a theoretical perspective, that why deep learning works
so well. Recently, via the power of over-parametrization, a long line of works [5} 16, 31} 132} 38,
41,152,156, 1711 75] show that popular first order methods such as gradient descent and stochastic
gradient descent converge on such architecture of networks. Second order methods provide even
faster convergence rate for two-layer over-parametrized ReLU networks [[17, 18, [89]. However,
such methods typically suffer from slow training time, due to the over-parametrized nature of the
network, which means the network width m = poly(n) where n is the number of data points. In
fact, for deep networks, it seems one has to pay 2(m?) per training iteration, since the weight
matrix itself has size m x m.

For training shallow ReLLU networks, [[75] has shown how to obtain a sublinear training time
per iteration using some high dimensional geometric search data structure. However, the main
reason they can obtain sublinear running time is due to the size of the weight matrix is only m x d
for d < m being the data dimension. Moreover, their algorithms suffer from exponential initial-
ization time due to the data structures they use. For second order methods, [[17] uses sketching for
preconditioning to realize a nearly linear time algorithm for shallow ReLLU networks. However,
when adapting their methods for deep networks, the running time cannot bypass Q(m?).

Linear Programming and Robust Interior Point Method. Linear programmings have been
studied for nearly a century. One of the first and most popular LP algorithm is the simplex
algorithm [28]]. Despite it works well in practical small size problems, the simplex algorithm is
known to be an exponential time algorithm in the worst case of Klee-Minty cube [S0]. The first
polynomial time algorithm for solving LP is the ellipsoid method [49]. Although this algorithm
runs in polynomial time theoretically, but in practice this algorithm runs much slower than the
simplex algorithm. The interior point type of methods [47] have both polynomial running time in
theory and fast and stable performance in practice. In the case of d = €2(n), the time complexity
of Karmarkar’s algorithm is O*(n®%). In the work [65] 82]], the time complexity was further
improved to O*(n?). In 1989, Vaidya further proposed an algorithm that takes a running time
of O*(n*®) [83]]. This result hasn’t been improved for three decades until recent work due to
Cohen, Lee and Song [27], which gives an algorithm that runs in time O* (n® 4n?5=%/2 4 n2+1/6),
where w denotes the exponent of matrix multiplication [8], and « denotes the dual exponent of
matrix multiplication [33]]. Currently w ~ 2.373 and o ~ 0.31. By using a more sophisticated
analysis and data structure, Jiang, Song, Weinsten and Zhang further improve this running time
to O*(n® + n?5=2/2 4 n2+1/18) [42]. Besides the square LP case d = 2(n), there are also a line
of work focusing on studying the flat LP case d < n, for instance [25]].

The breakthrough result by Cohen, Lee and Song [27] can be roughly described as follows:
given a projection matrix P := vWAT (AW AT)"'AV/W for A € R¥" be a fixed constraint
matrix and a diagonal matrix W &€ R™*" with non-negative entries, they provide an algorithm
that maintains P in a lazy fashion when W undergoes ¢, multiplicative change. Specifically,
by utilizing fast rectangular matrix multiplication, they get a per iteration cost of O*(n*=%5 +
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n?~%/2). Further, they need to multiply P with a (possibly dense) vector h € R™. To speed up
this process, they use an importance sampling method to sparsify the vector h, so that it only has
\/n nonzero entries in expectation. To facilitate the analysis, they introduce a novel framework
called stochastic central path, which gives comparable convergence rate as classical central path.

Following their seminal work, many alternative approaches have been proposed to “sparsify”
the vector h or reduce its dimension directly. In [55] and [72]], they use randomized sketching
techniques to reduce the size of either the projection matrix or the vector directly, and achieve
similar result of [27]].

1.1 Data Structures: Tasks and Results

Data structures are integral to speed up iterative processes. Many optimization algorithms can
be formulated as solving certain data structure tasks. In this section, we start with a list of tasks,
and give various data structures for solving these tasks.

1.1.1 Data Structure Tasks

Many of the tasks relate to inner product — perhaps, search, sample and estimate inner product
is one of the most important components in the series problems we study.

References | Sa/Se/Es | Main Task | Special Task | Theorem Chapter
(12, [78]] Search Task|1.1.1{ | Task|1.1.4 Theorem|1.2.1| | Chapter[3
[[75]] Search Task|1.1.1| | Task|1.1.4 Theorem|1.2.6/ | Chapter|l
[53154] Sample | Task|l.1.2] | Task|l.1.5 Theorem|3.1.9| | Chapter 3
2
2

(27, (72]] Estimate | Task|1.1.3| | Task|1.1.9 Theorem [2.6.12| | Chapter
[55] Estimate | Task|1.1.3| | Task|1.1.9 Theorem [2.6.10| | Chapter

Table 1.1: Optimization algorithms and their corresponding data structure tasks: inner product
search/sample/estimate. We use Sa to denote Sample, Se to denote Search and Es to denote
Estimate.

General Inner Product Tasks We give a list of general tasks related to inner product. Roughly,
it can be categorized into inner product search, which, suppose the input dataset satisfies some
constraints on inner product, then give a query matrix, we search a vector that satisfies the desired
property.

Inner product sample is similar to search, but instead, one wants to sample from a distribution
defined by the inner product of vectors in the dataset and the query.

Another task is to estimate inner product. Given a query vector, we are asked to (approxi-
mately) estimate the inner product between query with one or more vectors in the dataset.
Task 1.1.1 (General Inner Product Search). Let X = {zy,...,,,} C R? be a collection of
vectors. Given a query matrix () € R with some promised condition g(X, @), we need to
output a vector x; such that f(i, X, Q) holds.



Inner product search has wide range of applications, we will see later that constructing deter-
ministic spectral sparsification [12] relies on it. Vector packing [[84] and experimental design [7]]
can also be formulated as inner product search. Interesting enough, we also see its applications
in training over-parametrized networks [75].

Task 1.1.2 (General Inner Product Sample). Let X = {zy,...,7,,} C R be a collection of
vectors. Given a query matrix () € R with some promised condition g(X, @), we need to
sample a vector x; with probability f(i, X, Q).

Sampling from the distribution defined by the inner product is core to many problems, such
as randomized linear-sized spectral sparsifier [S3, 54], which is essential to combat the poten-
tial presence of the noise in the model [20]. We believe this task also captures sampling from
symmetric Determinantal Point Process (DPP) and Non-symmetric Determinantal Point Process
(NDPP) distributions.

Task 1.1.3 (General Inner Product Estimation). Let X = {zy,...,7,} C R? be a collection
of vectors. Let ¢ € (0,1) be a parameter. Given a query vector ¢ € R? with some promised
condition g(X, ¢), we need to output some estimates est; such that f(i, X, ¢, ) holds.

At first glance, this task is rather abstract. However, note that the matrix-vector product can
be interpreted as estimating all the inner products: given V € R™*¢ and ¢ € R?, estimating all
inner products can be implemented trivially as computing V¢ in time O(md). So this task can
be alternatively viewed as computing the matrix-vector product approximately and efficiently.

Note that this is a more general task than the prior two: once we estimated all inner products,
we can just scan through all results to implement the search or sample.

Due to its generality, this task facilitates solving linear programs fast [27, [72]] and empirical
risk minimization [535]].

Special Instances We localize the discussion to specific tasks corresponding to the general
inner product tasks we defined above.
Task 1.1.4 (Special case of Task Non-negative Inner Product Search). Let X = {z1,...,z,,}
C IR? be a collection of vectors. Given a query matrix () € R¥? with g(X, Q) being the predi-
cate Zie[m] x] Qx; > 0, we need to output a vector x; such that f(i, X, Q) is the predicate that
332— Qx; > 0.

We will show the above task directly captures the iterative process of deterministic linear-
sized spectral sparsifier [12].
Task 1.1.5 (Special case of Task Inner Product Sample). Let X = {x1,...,2,} C Rébea
collection of vectors. Given a positive semidefinite matrix Q) € R%¢ and g(X, Q) is the predicate

that Q is PSD, we need to sample a vector z; with probability f(i, X, Q) = Zx:—Q:{er
ie[m] Ti ?

Sampling based on a distribution defined by the inner product is key to randomized linear-
sized spectral sparsifier [53}154].
Task 1.1.6 (Special case of Task[I.1.1} Minimum Inner Product Search). Let X = {1, ..., 2}
C R9. Given a query matrix Q € R™? with g(X, Q) being that Vi € [m], z] Qx; > 0, we need
to find an z; with f(i, X, Q) := arg min,cy = ' Q.

Given a set of vectors, the goal is to find the one that has the minimum inner product with the
query vector. Using certain inner product-preserving transformation [S9]], this problem is dual to
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the furthest neighbor search problem, where one wants to find the vector that has the maximum
5 distance with the query vector. This task has classical data structures to realize [39], but as we
will show, it is nontrivial to augment classical data structures for iterative process. Surprisingly
enough, we also show estimating all inner products is a good approach.

Minimum inner product search captures the iterative process for vector packing [84] and
experimental design [7]. In general, when one tries to use a one-sided barrier potential function,
it becomes useful.

Task 1.1.7 (Special case of Task Inner Product Search with Prior Knowledge). Let X =
{21,...,2,} CRYand W = {wy, ..., w,} C R Forany Q = x; for i € [m], we need to find
all w;’s with f(j, W, Q) being (w;, Q) > 7 for some threshold 7 > 0.

This task is related to the training of neural network under ReL.U or similar activations. After
applying ReLU, only a subset of neurons is nonzero, and the training consists of returning the
set of nonzero neurons efficiently [75]. The inner product (w;, z;) can be viewed as multiplying
the weight with the data point, which is key in neural network inference.

Task 1.1.8 (Special case of Task Inner Product Sample with Prior Knowledge). Let X =
{21,...,2m} CRYand Q = {Q1, ..., Q,} C R with g(X, Q) being Q; is positive semidef-
inite for ¢ € [n], at query time, we are given a fixed (); and we need to sample x; with probability

F,X,Q;) = %

icim) i QiTi’

For sampling ’}rlom DPP or NDPP distributions, which are defined on the determinant of
certain sub-matrix, one can generate samples one at a time. By using rank-1 determinant formula,
this can also be formulated as an inner product sample task. In contrast to other applications, the
query quantity comes from a sequence we know in advance: it is a linear combination of the
input vectors. Hence, one can use this knowledge to build up faster data structures.

Task 1.1.9 (Special case of Task Approximate Inner Product Estimation). Let X =
{z1,...,2n} C R¥and ¢ € (0,1). Given a query vector ¢ € R%, we need to output all esti-
mates est; for all i € [m] with f(i, X, q, €) being est; = (x;, q) + €l|z;||2]/¢]|2-

This is perhaps the most important inner product task, since it captures estimating the matrix-
vector product approximately. All prior tasks can be reduced to solve this task, and itself is crucial
for recent breakthroughs in linear programming [27, /2] and empirical risk minimization [S5].

Matrix Maintenance Tasks We discuss two tasks related to maintain certain matrices. Many
optimization algorithms require maintain matrices under some (slow) changes, or maintain some
low rank structure of the change.

References | LR/Proj | Task Theorem Chapter
[76] LR Task|[1.1.10] | Theorem|1.2.4] Chapter |4
[27.155.72] | Proj Task|1.1.11] | Theorem [2.6.10/and[2.6.12| | Chapter 2

Table 1.2: Optimization algorithms and their corresponding data structure tasks: low rank or
projection maintenance. We use LR to denote Low Rank and Proj to denote Projection

Task 1.1.10 (Low Rank Maintenance). Let A € R and U,V € R%* for some k < d. The
goal is to maintain the matrix A + UV so that for any vector x € R?, the matrix-vector product
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query (A + UV ")z can be answered fast.

The above task is inspired by training deep, large neural networks [76]], in which the gradient

of the weight matrix has a natural low rank structure, and the network inference requires to
compute the matrix-vector product with a (sparse) vector.
Task 1.1.11 (Projection Maintenance). Let /7 € R"*" be a diagonal matrix with non-negative
entries, A € R?¥" with d < n and rank d. The goal is to maintain the projection matrix
P=VvW AT(AWAT)‘lA\/W under the change to diagonal matrix W, so that for any vector
h € R", the matrix-vector product query Ph can be answered fast.

Projection maintenance is fundamental for efficiently implementing the central path method,
which is the crux for interior point method (IPM). Problems such as linear programming [27, [72]]
and empirical risk minimization crucially rely on fast IPM implementations.

1.1.2 Data Structure Results

In this section, we give our main data structures, addressing tasks we propose in the previous
section.

Data Structures Special Task | Theorem Chapter
Matrix Search Tree Task|1.1.4 Theorem|1.1.12 Chapter[2.2.1
Matrix Sample Tree Task|1.1.5 Theorem|1.1.12 Chapter|2.2.1
Vector Search Tree Task|1.1.4 Theorem|1.1.13 Chapter[2.2.2
Vector Sample Tree Task|1.1.5 Theorem|l.1.13 Chapter[2.2.2
AFN+TensorSparse Task|1.1.6 Theorem|1.1.14 Chapter 2.3
AIPE Task|1.1.6 Theorem|1.1.15 Chapter 2.4
Correlation DTree Task|1.1.7 Theorem|1.1.16 Chapter[2.2.3
Correlation WTree Task|1.1.7 Theorem|1.1.17 Chapter[2.2.3
Coordinate-wise Embedding | Task|1.1.9 Theorem|1.1.20 Chapter[2.6.2
Low Rank Maintenance Task|1.1.10, | Theorem|1.1.18 Chapter 2.5
Projection Maintenance Task|1.1.11 Theorem [2.6.10]and |2.6.12| Chapter 2.6

Table 1.3: Our data structures that fulfill different tasks.

Matrix and Vector Search & Sample Tree. Our first data structures are surprisingly simple
yet highly effective trees that solves Task [I.1.4] and [T.1.5] They have good initialization and
query time that can be balanced based on the structure of the input. We state their guarantees
here.
Theorem 1.1.12 (Matrix Search & Sample Tree, informal version of Theorem [2.2.1)). There
exists a data structure with the following procedures:
* INIT({M;, My, --- , M,,} C R¥>9), It takes a sequence of matrices My, Ms,- - , M, as
input, and preprocesses in time O()_ ;" | nnz(M;)).
. QUERYPOSITIVESEARC(A € R%*4). Given a matrix A with the promise that ;" (M;, A) >
0, it returns an index i such that (M;, A) > 0 in time O(d*logm).

'Throughout this thesis, we use the phrase “positive search” and “nonnegative search” interchangeably.
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. . Given a positive semidefinite matrix , it samples
UERYSAMPLE(A € R¥9). G posit definite matrix A € R, it sampl

an index i with probability ZéMi’m in time O(d*logm).

i=1 <MZ 7A>
The above data structure has very fast query time, since reading the input matrix A will take
O(d?) time for a dense A, and when the preprocessed dataset { M, ..., M,,} are rather sparse,

it also has fast initialization time.

Theorem 1.1.13 (Vector Search & Sample Tree, informal version of Theorem [2.2.4). There
exists a data structure with the following procedures:

* INIT({v1, v2, -+ , U} C RY). It takes a sequence of vectors vy, vy, - -+ , Uy, as input, and
preprocesses in time O(md“~') and in space O(md).
* QUERYSAMPLE(A € R¥*9). Given a positive semidefinite matrix A € R4, it samples

an index 1 with probability % in time O(d? logm + d*).
i—1 (2]

* QUERYPOSITIVESEARCH(A € R¥*?). Given a matrix A with the promise that > ;- (M;, A)
> 0, it returns an index i such that (M;, A) > 0 in time O(d*logm + d*).

When the dataset is given as a set of vectors, the above data structure gives a faster ini-
tialization time at the expense of a worse query time. Unlike traditional data structures, this is
acceptable — as we will see later, the optimization task we consider has d* barrier per iteration
due to computing some full rank updated inverse. Hence, the slower query time actually gives us
leverage to design algorithm that has overall good running time.

We remark the two data structures do not have any internal randomness, this means they
are automatically robust against adaptive queries. Using these simple data structures to reduce
iteration cost resembles a similarity to that of [48]].

i=

Approximate Furthest Neighbor and Sparse Embedding for Tensors. To solve Task [I.1.6]
1.e., finding the vector with the minimum inner product, it is natural to consider its dual problem,
the furthest neighbor search. By using a reduction that normalizes vector while preserving inner
product, we solve Task using the AFN data structure of [39]. However, there are two
caveats: 1). the data structure is not robust against adaptive adversary, 2). the data structure is
typically used with Johnson-Lindenstrauss transform, which itself is not robust.

We address these two problems individually. For the first one, we use a quantization method
to make it robust. For the second one, we design a new type of sparse embedding matrix for
tensors, and augment it to be robust. Our result can be viewed as a practice to equip classical
data structures with the arsenals for iterative process.

Theorem 1.1.14 (Informal version of Theorem[2.3.24). Let ¢, 7,2,6 € (0,1)and X = {x1,..., 2} C
R<,

Letk = 6(d2) be the number of independent TensorSparse matrices. Then there exists a ran-
domized data structure with success probability at least 1 — 0 even against an adaptive sequence
of queries, such that given a query matrix ) € R with min,cx ' Qz < 7, the data structure
outputs a vector T € X such that T" QT < 7/c + o(1). Moreover if ¢ € (r, (1—5)2470%)’ the
data structure has the following runtime behaviors:

* It preprocesses X in time O((m"* + nnz(X))d?).

* Given a query matrix Q, it outputs a T € X with the promised guarantee in time O(m°°! 4
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* It inserts or deletes a point into the dataset in time O(m°%d?).

Approximate Inner Product Estimation. An alternative approach for Task is to simply
estimate all the inner products approximately. Note data structure with such properties can also
be used for Task but the AIPE data structure uses many independent JL matrices (the
number is proportional to the dimension), hence when iteration is small (which is common in
optimization), it does not have the best performance.

To produce such data structure, we again use the duality between inner product and norm,
and adapt the adaptive distance estimation data structures [22, 23]].
Theorem 1.1.15 (Informal version of Theorem[2.4.6). Letc, 7,6 € (0,1). Given X = {x1,...,zm}
C R and Q € R¥™9 with mingex z' Qx < 7, the data structure outputs a vector T € X such
that T'Qx < 7/c. Moreover, if ¢ € (7, -53\%5), the data structure has the following runtime
behaviors:

« It preprocesses X in time O(md?).

* Given a query matrix @, it outputs a ¥ € X with the promised guarantee in time 6(m+d2).

* It inserts or deltes a point into the dataset in time O(d?).

Correlation Trees. Task[I.1.7]gives us two datasets X and W, then we need to preprocess one
of them, using the other as query dataset. One of the datasets needs to be constantly updated.
This task is closely related to training over-parametrized neural networks, in which one needs to
find the neurons being fired up, which means (w;, z;) > 7 for some 7.
The data structures we design is called the correlation tree, basically, we preprocess either
X or W, storing the maximum inner product at each node. During query, we only search the
subtree with the value at node at least as large as the threshold. Hence, we only touch the subtree
that contains fired-up neurons.
Theorem 1.1.16 (Correlation DTree, informal version of Theorem [2.2.9). There exists a data
structure with the following procedures:
o INIT({wy, wa, -+ ,wp} C R {zy, 29, ,2,} C REn € Nym € N,d € N). Given
a series of weights wy,ws, - -+ ,w,, and datas v, xs,- -+ ,x, in d-dimensional space, it
preprocesses in time O(nmd)
* UPDATE(z € R, r € [m]). Given a weight z and index r, it updates weight w, with z in
time O(n - (d + logm))
* QUERY(i € [n],7 € R). Given an index i indicating data point x; and a threshold T, it
finds all index r € [m)] such that (w,,x;) > 7 in time O(|S(7)| - logm), where S(7) :=
{r :(wp,z;) > 71}
The second data structure preprocesses all data points and supports queries in terms of
weights:
Theorem 1.1.17 (Correlation WTree, informal version of Theorem [2.2.13)). There exists a data
structure with the following procedures:
« INIT({wy, wo, -+ , W} C RE{ay,29,--+ ,2,} C REn € Nym € N,d € N). Given
a series of weights wy,ws, - -- ,w,, and datas x1,xs,--- ,x, in d-dimensional space, it
preprocesses in time O(nmd)



* UPDATE(z € R, r € [m]). Given a weight z and index r, it updates weight w, with z in
time O(nd)

* QUERY(r € [m|, 7 € R). Given an index r indicating weight w, and a threshold T, it finds
all index i € [n] such that (w,,x;) > 7 in time O(|S(7)| - logm), where S(1) := {i :
(wy, ;) > T}

Low Rank Maintenance via Lazy Update. Task describes the following simple prob-
lem: given a matrix A € R4, at each iteration, it receives an update UV, with Uy, V;, € R¥k
for some k < d, we need to maintain A + UV, so that matrix-vector product can be computed
fast. Suppose one has computed Ah for some h € R?, computing U,V,”h only takes O(kd)
time. However, when the number of updates becomes large, this k£ grows larger and larger, and
we might need to restart. The following data structure implements this idea.
Theorem 1.1.18 (Informal version of Lemma [2.5.2)). There exists a deterministic data structure
such that, given an initial matrix A € R, has the following guarantees:
* It preprocesses A in time O(d?).
* Given an update Uy, Vi, € R, it updates the representation A+AA+U,V, in amortized
time O(kd?>=*t°W), where o = 0.31 is the dual matrix multiplication exponent [33]].
* Given a vector h € RY, it computes the product (AA)h in time O(d - (nnz(h) + 1)), where
r is the rank of AA when it is queried.

Projection Maintenance via Inverse Maintenance and Coordinate-wise Embedding. Pro-
jection maintenance in its original form is not obvious how to achieve it efficient, due it its rather
complicated structure. We simplify it via a reduction to inverse maintenance, this reduction is
general enough to take into the account of the sketching matrices to speed up the construction.

The construction itself uses Schur complement, basically, for proper matrices A, B, C, D, we
have

A B]7' [A'4+A'B(D-CA'B)"'CA! —A'B(D—-CA'B)"!
c D| —(D—CA™'B)"lCA™! (D — CA-'B)~!

Assume all corresponding parts that require inversion is invertible. By properly putting the
matrices into correct location, it is not hard to see that

-1

Wl AT VW' 0 0, *

A 0 0 0 0q | *

0 0 —I 0 —h| ~ *
VW HT 0 0 7 —h VIWWAT(AUAT) TAVWh

For a more detailed discussion, we refer readers to Section [2.6]

As observed in [27], even if the projection matrix P is given us for free, computing Ph might
take O(n?) assuming no structures on P and h, so they use a sample scheme to sparsify & so that
it only has y/n nonzero entries. [55] uses sketch to reduce the size of projection matrix, more
specifically, they maintain a matrix RP where R € RV™ x n. [[72] maintains PR" and Rh and
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they categorize a family of sketching matrices that can support their desired accuracy into the
so-called coordinate-wise embedding property.

Definition 1.1.19 ((c, 3, §)-coordinate wise embedding). We say a randomized matrix R € R®*"
satisfying («, (8, 0)-coordinate wise embedding if

1.Egnlg"' RTRh) =g "h,
«
2. Bpnil(g' BT RR)?) < (9" )" + S lgl311AI3,

L
Vb

Coordinate-wise embedding solves Task[I.1.9] it is more light-weighted, optimization friendly
and compatible to many updates to the rows of matrix P, compare to that of AIPE. Both [55]
and [[72] can be directly captured by coordinate-wise embedding. Our result shows that the sam-
pling technique in [27] is also a coordinate-wise embedding:

Theorem 1.1.20 (Informal version of Lemma[2.6.16). Given a vector h € R", let D be a diago-

nal sampling matrix defined as

3. Prllg' R Rh—g"h| = —Z|gll2lhll2| <.

1 . o7 o . =
D, — {p_ﬁ with probability p; :== b (th%

0, otherwise.

For any g € R", we have

* Eplg"Dh] = g"h.

* Epl(g" Dh)*] = (g"h)* + llglZ Rl

* Prpllg" Dh —gTh| > 2L g|ls||R]l5] < 6.

With this result, we achieve a final unification for [27, 55, [72], or more specifically, a class of
algorithms for robust central path method with running tim

O*(nw + n2+1/6)

Both [27] and [72]] can be viewed as sketching on the right, since one can decompose the
sampling matrix in [27] into R R with R € RV™*", The major difference is [27] adapts a data-
dependent approach, since the sampling matrix is designed after observing the vector h. [[72] is
an oblivious approach, in the sense that the sketching matrices are chosen beforehand. Clearly,
the former has some advantages, e.g., has the optimal dependence on /3 (log(1/4)). But the
parameters for oblivious sketching are also enough to achieve comparable results.

[S3]] is an instance of sketching on the left, i.e., maintains RP, and in the query time, first
compute RPh then RT RPh. In contrast for the other two papers, it approximately maintains
the product between / and Ph instead of P and h. This makes the central path infeasible, and
one needs to restart the algorithm after a number of iterations. Their sketching technique is also
oblivious.

2We use O* to hide poly log(n) and n°().
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1.2 Faster Optimization Algorithms via Data Structures

In this section, we give an overview of our main results in speeding up optimization algorithms
using the bag of data structures we developed.

Deterministic Linear-Sized Spectral Sparsifier. We show that the linear-sized spectral spar-
sifier problem solved by Batson, Spielman and Srivastava [12] is an iterative process in which
each iteration, it solves Task[I.1.4] Hence, we use data structures we developed to speed up this

process. Suppose the input is given as a list of vectors X = {x1,...,z,,} C R%
References Time for Sparse Instances | Time for Dense Instances
Batson, Spielman and Srivastava [12] | e7%d(} ¢,y nnz*(2;) + d¥) | e 2d(md” + d*)
Zouzias [90] e d + e ?md? e~ tdt + e 2md?
Theorem 1.2.1] D icimy W02° (1) + e 2d T | md? T 4 e d

Table 1.4: Main results for deterministic linear-sized spectral sparsifier.

Theorem 1.2.1 (Informal version of Theorem 3.1.8). Let {z1,...,z,,} C R% Suppose we have
o x] = I, then there exists a deterministic algorithm that computes a set of non-negative
weights {sl . owith |{s; : s; # 0} = ©(¢72d) in time

min{z nnz?(x;), md* "} 4+ e 2d

For the most standard setting that m = d?, we improve from the O(d*) algorithm of [90]
to O(d“*1). Perhaps the most surprising aspect of our result is it models the algorithm of [12]
as Task [[.1.4] which can also be adapted to improve the algorithm of [3], the sampling process
of [53]] when input is given as rank-1 matrices.

One-Sided Vector Packing and Experimental Design. The potential function studied in [[12]]
has other applications, including restricted invertibility [81] and one-sided vector packing [[84].
The iterative algorithm in [84] can be modeled as solving Task[I.I.6]per iteration. One interesting
perspective of the one-sided vector packing task is the number of vectors one needs to pick
can be small or large. We give different algorithms for these two cases. When the number
of vectors is small, we use the AIPE data structure, and when the number is large, we use the
AFN+TensorSparse data structure.

Theorem 1.2.2 (Informal of Theorem[3.2.10). Let 7,c € (0,1)and N € N, if X := {3:1, e T}
is a finite sequence of vectors in RY satisfying ||x;||» = \/LN’ Vi € [m]and 37" xix] = I. Then
for any n < m, there exists a randomized algorithm (succeed with high probabllzty) that takes
time T to find a set S (|S| = n) such that

Z$1’

€S

< +0( ))-

1 n
c

Further, we have that,
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s ifce (1,290 then T = O((m"™ + nnz(X)) - d* + n - (m°O'd? + dv)).

7 399+7
“ifce (1,88, then T = O(md® +n - (m + d¥)).
| References | Running Time |
(84] n - (md? + d°)

Theorem|1.2.2] | (m"°T + nnz(V)) - d? + n - (m*01d? + a*)
Theorem|1.2.2 | md? +n - (m + dv)

Table 1.5: Main results for one-sided vector packing problem.

A key rounding algorithm for the experimental design problem [7] can also be viewed as
solving Task[I.1.6] we include our result here.

Theorem 1.2.3 (Informal version of Theorem [3.3.16). Ler 7 € [0,1]" with ||7||y < n and
S mx, = Iy Lety > 3and e € (0, %] Then, there exists a subset S C [m| with |S| < n
such that

)\mm(z ziw) ) >1—7-e.

€S

Let 7 € (0,1) and ¢ € (ﬁ, 1). Ifn > vfcll/_af/c, then there exists a randomized algorithm

(success with high probability) that takes time T to find such S. Furthermore,
c Ifce (1, 200) then T = O(nd® + e 'n - (n + d* + (m — n)d?));

7 0.01+7
* Ifc e (7,500 ), then T = O((n**! + nnz(X))d® + e 'n - (n®O1d2 4 d° + (m — n)d?)).
] References \ Running Time ‘
[7] vanilla e~ tmnd?

[7] warm restart | mnd?
Theorem|1.2.3[ | nd? + e In(n +d* + (m — n)d?)
Theorem|1.2.3[ | (n'%1 + nnz(X))d* + e~ 'n((n"°! + 2)d? + d* + (m — n)d?)

Table 1.6: Main results for experimental design via regret minimization.

In the table, we use z to denote max;cp,) nnz(z;).

Training Deep, Over-parametrized Networks. Let X = {z,...,7,} C R? be the dataset,
the goal is to train a neural network with L layers and the network width m = poly(n,d, L).
Note that the weight matrices for layer 2 to L — 1 are of size m X m. From an algorithmic
perspective, the major challenge is to implement a training algorithm that has per iteration cost
o(mz), since in this scenario, m > n*, so reduce the dependence on m is crucial.

We obtain an algorithm that has training cost per iteration 6(nm2_a) where o ~ 0.31.
Under current best over-parametrization setting in which m > n*, our algorithm has running

time O (m194), which is the first truly subquadratic algorithm that realizes such training cost.
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Theorem 1.2.4 (Runtime, informal version of Theorem [4.3.1)). There exists a randomized al-
gorithm that trains a multi-layer neural network of width m with the cost per training iteration
being

O(nm*™%).

Moreover, under current over-parametrization setting in which m > n*, the cost per training
iteration being

O(m' ).

Our algorithm also has a good convergence rate. Let \;, be the smallest eigenvalue of the
induced Neural Tangent Kernel of the deep, over-parametrized network and y € R"™ being the
label. Moreover, let f; € R™ denote the prediction of the our trained neural network at time ¢,
then
Theorem 1.2.5 (Convergence, informal version of Theorem [A.7.14). Suppose the width of the
neural network satisfies m > poly(n, L, \1), then there exists an algorithm such that, over
the randomness of initialization of the network and the algorithm, with probability at least 1 —
e~08* ") e have

1
Hft—H - ?JH2 < _Hft - y||2

Improving Initialization of [75]. One of the most important tasks for training over-parametrized
networks is to quickly lookup the neurons that have been fired-up. This is Task and we’ll
use the Correlation DTree and Correlation WTree to give two different runtime guarantees.

Consider the network architecture being a 2-layer ReLU network with m hidden units, the
last layer is un-trained uniform Rademacher, and the training loss of the squared (5 loss. The
ReLU we use is the shifted ReLU, with shifting parameter b = /0.4 log n.

In [[75]], they obtain different running times for initializing weights or data points. Here, we
show that by using DTree or WTree, the running time is essentially identical, asymptotically.
Theorem 1.2.6. Given n data points in d-dimensional space, running gradient descent using
Correlation DTree (Theorem [I.1.16) or Correlation WTree (Theorem [I.1.17) has initialization
time O(mnd). For each iteration, the expected training cost is O(m*°n2d).

We note that comparing to the per iteration cost of [[75], which is 5(m4/ >nd), we lose an
extra n factor, but our initialization time is much more tractable in contrast to their exponential
initialization time. We believe this result can find more applications for training deep networks,
in which one observes an even larger discrepancy between m and n.

1.3 Discussion: Optimization-Friendly Data Structures

Unlike traditional design of data structures, the data structures we develop are specifically geared
towards their deployment in an iterative process. We highlight some of the major differences:
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* The balance of initialization, and per iteration query, update time. Traditional data struc-
tures typically have very fast query and update time, at the expense of worse initializa-
tion time, with the most prominent case being high dimensional geometric search data
structures [1, [13]. If our goal is to use them in an iterative process, we have to balance
the initialization and per iteration cost, so that the initialization is not too slow, and the
query/update is not too fast so that the initialization time dominates. This makes certain
data structures that are not perfect in both worlds very valuable, since they achieve a good
balance due to the number of iterations of the optimization algorithm.

* Robust against adaptive queries. To improve the efficiency, many data structures maintain
some internal randomness and provide Monte Carlo guarantees. However, most such suc-
cess guarantees are against a sequence that is oblivious towards the internal randomness of
the data structure. In an iterative process, this is usually not the case, since one might use
the query result of the data structure from last iteration as the input to the data structure.
For example, locality senstive hashing-based data structures [30, 40] are typically used
in conjunction with Johnson-Lindenstrauss transforms [43]], which assumes the query and
update sequence is oblivious towards the JL and the LSH data structures, renders them
useless in an iterative process, in their original form.

To address this issue, many techniques have been developed, including:

1. Using deterministic data structures [[78]] or data structures that generate fresh random-
ness for new queries which is perhaps the most prevalent adaptation of data structures
in iterative process.

2. Using an e-net argument and union bound over all points on the net [69, [70]]. Specif-
ically, one can quantize the unit Euclidean ball into lattices spanned by so-called net
points. One can show that exp(d) many net points suffice to cover the unit Euclidean
ball in d-dimension. Then, one can union bound over all net points and the query can
be performed on these points instead. This provides a “for all” guarantee for success
probability, instead of for a fixed set.

3. Effectively detecting the failure of the data structure via so-called flip number [34].
In many streaming problems, one typically maintain a linear sketch to approximate
some statistics in small space, such linear sketch is randomized, and will leak the
randomness of itself as the it receives more and more updates. However, it does
not leak the randomness immediately after receiving one update, rather gradually
performs worse and worse. Flip number captures the moment that the linear sketch
does not function well. One can then use a fresh sketch to restart the computation.

4. Injecting random noise into the algorithm to make it differentially private against the
internal randomness of the data structure [[79]. Differential privacy can be viewed as
a framework to smooth the algorithm, in the sense that if only one row of the input
database has changed, the function output should still be close. By adding carefully-
crafted noises, one makes the algorithm “smooth” with respect to the randomness
of the data structure. In this way, even though the query will leak the randomness,
the adaptive adversary cannot differentiate between the internal randomness and the
noise added.
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5. For specific task such as finding the large/heavy coordinates of a vector, one can use
sparse recovery technique to approximately find location of these coordinates first,
then compute the values for those heavy coordinates exactly. In the standard sparse
recovery problem [21} 35, 163], there are two steps: one is approximately finding the
heavy indices (“locate frequency”). The other is approximately evaluating the fre-
quencies (‘“‘set query”). In classical sparse recovery, we are not allowed to verify the
heavy indices exactly and therefore have to run the set query step [62]. However,
in optimization task, one can evaluate the heavy indices exactly and hence remove
the effect of randomness. The reason is we can conditioned on the correctness of
all locate frequency algorithm are correct at the beginning for the deterministic opti-
mization algorithm.

1.4 Open Problems

In this thesis, we study data structures and optimizations, two central topics in computer science,
to better support each other. We design data structures that are friendly to optimizations, and we
formalize optimization problems in terms of data structure tasks.

Note that Task [I.1.9]is to estimate all inner products approximately, so it can serve as a more
general case for Task[I.1.6] Naturally, all data structures that support Task[I.1.9]also can be used
to solve Task Hence, we have 3 data structures for this task: coordinate-wise embedding
(CE), AIPE and AFN. CE is perhaps one of the most flexible and iteration-sensitive approach,
when number of iterations is small (< d), it provides the best performance due to the number of
sketches it uses depends on the number of iterations. When number of iterations is comparable
to or slightly larger than the small dimension d (~ d), AIPE gives the fastest algorithm, since
it uses roughly d sketches. However, both of these approaches require linear scan over all m
data points, so when number of iterations is very large, say comparable to the large dimension m
(~ m), AFN is more useful since it has the best query complexity. For many optimization tasks,
number of iterations is rather small, therefore CE is more valuable for most applications. It is
interesting to discover and study the natural optimization problems that have many iterations, so
that AIPE and AFN can be utilized.

There are several open problems in this thesis. The first is to obtain a nearly linear time deter-
ministic sparsification algorithm for graph and general matrix V' € R™*¢, Solving this problem
deterministically has major implications in dynamic algorithms and computing minimum cut of
a graph, and even might lend insights to the dynamic graph sparsification problem. We achieve
the current best running time O(d“*1), it will be an interesting to further improve this running
time to O(d*) or even O(d?), which is nearly linear for dense graph.

Also, we state Task [I.1.8|but do not provide a data structure and its corresponding optimiza-
tion problem to it. This task is actually related to the symmetric Determinantal Point Process
(DPP) and Non-symmetric Determinantal Point Process (NDPP). We leave exploring data struc-
tures to speed up this task as an open problem.

Improving the running time of linear programming to O*(n?) is always an important open
problem in computer science. Currently, even though we have w = 2, the best running time is
O*(n*T1/1%). We believe to obtain a breakthrough resul, it is essential to simplify the current best
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algorithms for LP. We show that a coordinate-wise embedding-based dimensionality reduction
tool is key to this speedup, and it will be interesting to see how this property manifests in state-
of-the-art [42]] and potentially lead to other future improvements.

Finally, note that we solve a one-sided Kadison-Singer problem posed by Weaver [84] in this
thesis. The ultimate goal is to solve the two-sided Kadison-Singer problem in quasi-polynomial
time. Marcus, Spielman and Srivastava [58] shows that given a set of vectors {vy, ..., v, } C R?
with > vw! = T and [|v]]3 < «, it is possible to find a subset S with 3 — ¢ - /oo <
Y ies(vi,u)? < % + ¢ - \/a, which resolves the Kadison-Singer conjecture [44]. However,
their algorithm requires exhaustive search over all possible subsets, which takes O(2™) time.
Instead, we ask the following data structure problem: given m vectors in dimension d, does
there exist a data structure that can preprocess these m vectors and answer the query on the
set of vectors > " ¢;u; where ¢; € {£1}? Intuitively, this means that we are given m points,
and we wish to design data structure that answers query in a restricted span of these m points
and can be dynamically updated, in quasi-polynomial time? We believe such data structure is
key to solve Kadison-Singer problem in quasi-polynomial time, improving from the state-of-
the-art which approximates the largest root of polynomial in 20(m'"*) time [9]. Note that when
d = poly(logm), we can aim at a preprocessing time of mP°¥(@ = 2polylleem) which could
already be significant progress on algorithmic Kadison-Singer problem. This is an open problem
posed in a 2021 April manuscript by Song, Xu and Zhang [74ﬂ

1.5 Preliminaries and Thesis Structure

We give a preliminary overview of the notations that will be used across this thesis. We also
discuss the structure of this thesis and provide a general roadmap.

1.5.1 Notations

General Notations. For a positive integer n, we use [n] to denote the set {1,2,--- ,n}. We use
E[] for expectation and Pr|[-] for probability. We use A/ (1, o%) for the Gaussian distribution with
mean 4 and variance o2. We use O(f(n)) for O(f(n)-poly log(f(n)). For a matrix A or a vector
x, we use nnz(A) and nnz(z) to denote the number of nonzero entries of A and z respectively.

Vectors. For any vector x, we use ||z||2 to denote its /5 norm, ||z||o denote the number of
nonzero entries z. Note that || - ||¢ is a semi-norm since it satisfies triangle inequality. Let (-, -)
be the inner product between two vectors defined as (z,y) = 2'y. We use @ y = vec(zy ')
for the tensor product between two conforming vectors x and y. For a vector z € R", we use
diag(z) € R™*" to denote a diagonal matrix with diagonal being z.

Matrices. For any matrix A € R™*™, We use || A|| for the spectral norm of a real symmetric
matrix A, i.e., ||A|| = max;cp,{|A\i(A)|} where A;(A) is the i-th eigenvalue. We use || A|| for

3[74] is an early version of [78]], most of the results in [74] have been improved in [78]. We state the open
problem only in [[74] 2021 manuscript version.
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the Frobenius norm of A. We use || A||o to denote the number of nonzero entries of A.

For any A € R™™ we define AT € R™ " to be the transpose of A. We use I,,, for the
identity matrix of size m x m. For a square and full rank matrix A, we use A~! to denote its
inverse.

Given a real square matrix A, we use Apax(A) and Ay, (A) for its largest and smallest eigen-
values respectively. Given a real matrix A, we use oyax(A) and oy, (A) for its largest and
smallest singular values respectively. We use tr[A] to denote the trace of matrix A.

We use (-, -) to denote the inner product between two conforming matrices A and B, defined
as (A, B) = tr[AT B].

We say a symmetric matrix A € R™*" is positive semidefinite (PSD, denoted as A > 0) if
for any vector z € R", " Az > 0. We say a symmetric matrix A € R"*" is positive definite
(PD, denoted as A > 0) if for any vector z € R", " Ax > 0.

For two symmetric matrices A and B with conforming sizes, we say A < B if and only if
A—-B=X0.

For a real positive semidefinite matrix A, we define its square root A'/? to be the unique
positive semidefinite matrix such that (AY/2)TAY2 = A,

We define Tpa¢(a, b, ¢) to be the time of multiplying an a x b matrix with another b x ¢ matrix.
Note that Tat(a, b, ¢) = O(Tmat(a, ¢, b)) = O(Tmat (b, a, c)).

For real symmetric matrices A and B of the same size, we use A ~. Bif (1 —¢)B < A =<
(14+¢)B.

For two matrices A and B, we use A ® B to denote the Hadamard product between A and B
and we use A x B to denote the tensor product between A and B.

1.5.2 Thesis Structure

In Chapter 2] we design data structures for tasks in Section [[.] In Chapter 3| we use data struc-
tures specifically geared towards inner product type tasks (see Task [I.1.T] and [T.1.2) to improve
various sparsification algorithms. In Chapter[d], we give the first subquadratic algorithm for train-
ing deep, over-parametrized neural networks. In Appendix |A] we include an implementation of
the approximate furthest neighbor search data structure and its proof. In Appendix [B] we include
an implementation of the inverse maintenance data structure when input is a projection matrix,
coupled with a vector. In Appendix [C| we introduce a new variant of fast sketching matrix for
tensors, using circulant matrix.
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Chapter 2

Data Structures

We design data structures to solve the tasks posed in Section For different tasks, we develop
different data structures using techniques from a wide range of literature. Many of our data
structures will be deterministic — this is essential when used in conjunction with an iterative
process. For randomized data structures, we make sure that either each update/query uses fresh
randomness, or we take extra care to make sure the data structure is robust against adaptive
update/query sequence.

The data structures in Section and are based on the arXiv document
https://arxiv.org/pdf/2204.03209.pdf coauthored by the thesis author. Section [2.5]is based on the
arXiv document https://arxiv.org/pdt/2112.07628.pdf coauthored by the thesis author.

2.1 Tools

In this section, we recall some important tools and facts.

In this section, we present some probability tools.

We start with the standard 2-stable Gaussian distribution. We refer the readers to [30] for
more details.

Fact 2.1.1 (Standard Gaussian is 2-stable). Let Z, X1, Xy, ..., Xp ~ N(0,1) and v € R, then
S v X, and ||v||y - Z have the same distribution.

Next, we present a concentration and anti-concentration bound for Gaussian distribution.
Fact 2.1.2 (Gaussian concentration bound). Let X ~ N(0,1) and t > 0, then we have

* Part 1 Concentration. Pr[|X| > ¢] < 2exp(—t%/2)/t.

* Part 2 Anti-Concentration. There exists a constant B > 0 such that

Pr[|X| > t] > 2B - exp(—t?/2)/ max{1,t}.

Definition 2.1.3. Let X be a random variable, we use || X ||z, to denote (E[| X |7])!/%. By Minkowski’s
inequality, || - ||z, is a norm when ¢ > 1.

Lemma 2.1.4 (Hanson-Wright inequality [36l]). For o1, 0, independent Rademachers and A €
R™™ forall ¢ > 1,

lo" As — Elo " Ac]|lL, < O(1) - (Va- [ Alr +q- | Al).
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Lemma 2.1.5. For Y distributed as Binomial(N, «) for integer N > 1 and « € (0,1), let
1 < p < N and define B := p/(aN). Then

V], < {mm YB=¢
T %, if B <e.

2.2 Trees

Trees are perhaps the most widely-used data structure primitives in computer science. In this
thesis, we design trees that can support fast search and sample based on the inner product of
inputs. Unlike the usual self-balancing tree or link-cut tree data structures, for inner product-
typed query, there’s often a naturally induced ordering. This means that we can preprocess data
using this natural order, and search along a tree path only takes O(log m) levels. Unlike typical
search trees in which compute each node takes O(1) time, we’ll have to compute the inner
product in O(d) time.

2.2.1 Matrix Search Tree: Input Sparsity Time Initialization and Fast
Query

Given a list of matrices {M,, ..., M,,} C R%¥? we design a data structure to solve Task

and The data structure proprocesses the list of matrices in input sparsity time, i.e., ) _, em] nnz(M;).
When query, it takes inner product between a query matrix A and a partial sum matrix stored at

a tree node in O(d?) time and only traverses one path from root to a leaf. Note that when we are
dealing with vector inputs, we need to spend O(3_;c(,, nnz(v;)?) time forming the outer prod-

ucts v;v; . Our data structure also supports sample based on the distribution defined by the inner
product.

Algorithms.
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Algorithm 1 Matrix Positive Search

1: data structure MATRIXPS > Theorem
2: members

32 My, M,, -, M, C R (matrix of each index)

4: Sy, 81,8, ,8, C R (partial sum of each node) ‘

5:  Binary tree T' (each node is a tuple (i1, i, S) where i; < i5 are indices and S = z;;l Si)
6: end members

7.

8: procedure INIT(M;, Ms,--- , M,, C R

9: Sg = O

10: for: = 1tomdo

11: Mz — Mz
12: S; < Si—l + M;
13: end for

14: Insert (1, m, S,,) as root of T’

15: while exists a leaf [ = (i1, i3, S) of T such that iy — i; > 1 do

16: k= L(Zl + ZQ)/QJ

17: Insert (i1, k, Sk, — Si, 1) as left child of [

18: Insert (k + 1,49, S;, — Si) as right child of /

19: end while
20: end procedure

21:

22: procedure QUERYPOSITIVESEARCH(A € R¥*%) > Lemmal[2.2.2]
23: r < root of T’

24: while r is not a leaf of T do

25: ry < left child of r, ro <— right child of r

26: M, < matrix of r, My < matrix of ry

2T P14 (A, M), p2 < (A, M>)

28: if p; > 0 then

29: 41

30: else >po >0
31: T 4= To

32: end if

33: end while

34: return index of r

35: end procedure
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Algorithm 2 Matrix Sample

1: data structure MATRIXPS > Theorem 2.2.1]
2: procedure QUERY SAMPLE(A € R%*9) > Lemmal[2.2.3]
3: r < root of T'

4: while 7 is not a leaf of T' do

5: ry < left child of r, ro <— right child of r

6: M, < matrix of r, M5 < matrix of r,

7 pP1 < <A, M1>,p2 — <A, M2>

8: Generate random number b € (0, 1)

9: if b < —2— then

p1+p2

10: r< "
11: else
12: T < T9
13: end if
14: end while
15: return index of r

16: end procedure
17: end data structure

Running time and correctness

We summarize the correctness and running time of Algorithm [I]as follows:
Theorem 2.2.1 (Formal version of Theorem [I.1.12)). There exists a data structure with the fol-
lowing procedures:
* INIT({M;, My, --- , M,,} C R¥>9), It takes a sequence of matrices My, Ms, - - , M,, as
input, and preprocesses in time O(Y ;" nnz(M;)).
* QUERYPOSITIVESEARCH(A € R**?). Given a matrix A with the promise that > ;" (M;, A) >
0, it returns an index i such that (M;, A) > 0 in time O(d*logm).
* QUERYSAMPLE(A € R¥9). Given a positive semidefinite matrix A € R4, it samples

an index i with probability % in time O(d*logm).
i=1 V4,

Proof. We prove the data structure (see Algorithm [T)) satisfies the requirements. In INIT, every

node (i1, 2, M) stores the partial sum of matrices > i, M;, the number of nodes is O(m), then
the preprocess time is O(> " | nnz(M;)) accounts for the sparsity of the input.

For QUERYPOSITIVESEARCH, see Lemmal[2.2.2]and for QUERY SAMPLE, see Lemmal[2.2.3]

O]

Lemma 2.2.2 (Positive Search). Given a matrix A with the promise that )" (M;, A) > 0,
QUERYSEARCH returns an index i such that (M;, A) > 0 in time O(d*logm).

Proof. For QUERYSEARCH, note that the correctness holds obviously: given a node and its two
children, suppose we know the inner product at the node is greater than 0, then it must be the
case that at least one of its two children has value greater than 0. For the running time, each
inner product takes O(d?) time, and we traverse a path on the tree of depth O(log m), so it takes
O(d?log m) time in total. O
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Lemma 2.2.3 (Sample). Given a positive semi-definite matrix A € R¥*¢, QUERYSAMPLE sam-

ples an index i with probability % in time O(d*logm).

Proof. In QUERYSAMPLE, we sequentially sample its child node from the root to a leaf and
return the index of the leaf. To prove its correctness, for an index interval {i;,i; + 1,--- iz},
define wy;, 4, = .2, (A, M;), and for a node m = (i1,4p, M) € T, define w, = wy, iy
Also for a parent p € T and a child ¢ of p, define Pr[c|p] = Pr|cis sampled | p is sampled],
then Pr[c|p] = we. Now for each leaf | = (i,4, M;) € T, suppose the path from root r to [ is

r=rg—>ry— - —r, =1, then

Pr[QUERY outputs [| = Pr[ry|r] Pr[ra|ri] - - - Pr[l|rr_1]

Wy Wy, w;
Cw W,
oy
D Wi
— <A> Ml>
<A’ Z:il MZ> .
And note that the depth of T" is O(logm), the running time of QUERYSAMPLE is O(d? log m)
since computing each inner product takes O(d?) time. ]

2.2.2 Faster Initialization via Fast Matrix Multiplication and Batching

We note that the MATRIXPS data structure is more general than some of the tasks, in which the
input is given as a list of vectors {vy,...,v,} C RY we can speed up the initialization via fast
matrix multiplication, in the expense of worse query time. In certain tasks we can balance the
initialization time and query time to achieve a better overall performance.

The idea is to maintain a tree with only m/d nodes, with each of the leaf is a sum of d outer
products Y, g v;v; for S C [m] and |S| = d. During initialization, we can form each leaf in d*
time, and since there are m/d leaves in total, it only takes O(md*~!) time to initialize. We store
the d x d matrix V' where each column is v;. During query, when we reach the leaf node, we can
perform the matrix multiplication V" AV and extract the diagonal entries in time O(d®).

Algorithm
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Algorithm 3 Vector Search & Sample

1: data structure VECTORPS > Theorem 2.2.4]
2: members
3: V1, V2, -+, Uy C RY (vector of each index)
4: {Si,j}ie{o ..... log(m/d)},j€[2-im/d] € Réx4
5: end members
6:
7: procedure INIT(vy, vs, - - - , v, C RY)
8: fori =1— m/ddo
| [
9: Vi < U(i—1|)d+1 U(z‘—1|)d+2 e U|id
10: Soi  ViVi."
11: end for
12: fori = 1 — log(m/d) do
13: forj=1—2"m/ddo
14: Sij < Sic12j—1 + Si—1,25
15: end for
16: end for
17: end procedure
18:
19: procedure QUERYPOSITIVESEARCH(A € R%*9) > Lemma[2.2.6]
20: g1
21: for i = log(m/d) — 0 do
22: L+ Si71,2j71’ R+ Si—1,2j
23: p1 < (A, L), py < (A R)
o j e 2‘7. -1, w?th probale%ty p1 >0
27, with probability ps > 0.
25: end for
26: V'V
27: B+« VTAV
28: fori:=1—ddo
29: if Bi,i > 0 then
30: R
31: break
32: end if
33: end for
34: return ¢*

35: end procedure
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Algorithm 4 Vector Sample

1: data structure VECTORPS > Theorem 2.2.4]
2: procedure QUERYSAMPLE(A € R¥*%) > Lemma

3:
4
5:
6:
7
8

9:

10:
11:
12:
13:

j+«1

for i = log(m/d) — 1 do
M + S@j
L+ Si71,2j71, R+ Sifl,Zj
P (A L), p2 < (A R)
p (A M)

27 — 1, with probabilit
jo oL probability p; /p

27, with probability ps /p.
end for
V'V
B+ VTAV

return : with probability B, ;/tr[B]

14: end procedure
15: end data structure
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Running time and correctness

Theorem 2.2.4 (Formal version of Theorem [I.1.13)). There exists a data structure with the fol-
lowing procedures:
* INIT({v, 02, , v} C RY). It takes a sequence of vectors vy, vy, -+ - , vy, as input, and
preprocesses in time O(md“~") and in space O(md).
* QUERYSAMPLE(A € R¥Y). Given a positive semidefinite matrix A € R4, it samples

an index i with probability % in time O(d*logm + dv).
i=1 V4,

* QUERYPOSITIVESEARCH(A € R**%). Given a matrix A with the promise that ", (M;, A) >
0, it returns an index i such that (M;, A) > 0 in time O(d*logm + d*).

Proof. We prove the data structure (see Algorithm [3) satisfies the requirements. In INIT, we

will perform m /d matrix multiplications of d X d matrix, yields a time of O(md“~!). We then

compute m/d sums of d x d matrices, which takes O(md) time, or nnz(V?) time. Note that the

space is only O(md), since we have constructed a tree of O(m/d) nodes, with each node stores

a d X d matrix. We note an invariant by our construction: for matrix .5; ;, it represents the sum

of outer products ;> vgvg , where i3 = 2¢(j — 1)d + 1 and i = 2%jd, hence Siogn/i)1 =

D iy Uiy -

For QUERYSAMPLE, we prove in Lemma([2.2.7] For QUERY SEARCH, we prove in Lemma[2.2.6

O

We will show that each matrix S; ; stores the proper sum of v;v;” over a desired range.
Lemma 2.2.5. Leti € {0,1,...,log(m/d)} and j € [2~"m/d), then we have

2id

_ E ) ) T
S@"j = ngj_21+kv2ij72i+k.

k=1

Proof. We start with the bottom level where ¢ = 0. Note that Sy, = V}VJT, where V; =

U(j—1)d+1 U(j—1)d+2 --- Vjq|. Use the outer product formulation of matrix multiplication,

we have that

So,j

I
<

Vi

d
.
- Z V(i-1)d+kV(j-1)d+k

T T
= V(j-1)d+1V(j-1)d+1 T VG-1)d+2V(j-1)a+2 T - - - T VjaVja-
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For internal levels, we can show by induction. For ¢ = 1, note that S} ; = Sg2;—1 + So25, We

_\d T _\d T
know that So2;-1 = >}, V(2j-2)d+kV(2j—2)d+k and So2j = D V(2j-1)d+kV(2j-1)d+k> hence

2d
- T
Sij = g V(25 —-2)d+kV(2j—2)d+k-
k=1
. ) . 2ld T
Assume this holds up until some level /,i.e., S;; = ) ; Vgtj ol 1k Vqti gy g then
Sit1,j = Si2j-1 + Sz
2ld Zld
= ( E Uzl(2j—1)—2l+kvgl(2j—1)—2l+k) + (E :“2l(23')—2l+kv2l(2j)—2l+k)
k=1 k=1
2i+1g
. Z T
= U21+1j_21+1+kv21+1j72l+1+k'
k=1

Hence, we complete the proof. Note that when i = log(m/d), j = 1 and

Sm/d1 = Zv(m/d)f(m/d)Jrk
k=1

]

Lemma 2.2.6 (Positive Search). Given a matrix A with the promise that > (v;v] | A) > 0,

QUERYPOSITIVESEARCH returns an index i such that (v;v, , A) > 0 in time O(d*log(m/d) +
dv).

Proof. To see the correctness, we note a simple if and only if statement: given numbers ay, . . ., a,,
such that Z;’;l a; > 0, then there must exist an ¢ such that a; > 0, otherwise the sum must be
negative. For our search procedure, we can prove the correctness inductively: at root, since
we know that S°7 v Av; > 0, then it must be the case that either S 7/ v Av; > 0 or
S 241 v Av; > 0, otherwise the root sum must be negative. Suppose this holds to level
k, and we are deciding where to go for level k£ 4 1, note by induction hypothesis, for level £,
the inner product must be positive, then it must be the case that one of its children has a positive
inner product, otherwise the sum of inner product will be negative. Also, each node stores the
correct partial sum, as shown in Lemma

At the bottom level for leaf node j, we compute B = VjTAV}, the claim is the diagonal entry

B = Ug,l)dﬂAU(jq)dH, to see this, note that

(V' AV))is = (V;' [AvGnay AvGvare - Avja| )i

J
| | .
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= Ua—1)d+z‘AU(j—1)d+i'
This completes the correctness proof.

For the running time, each inner product takes O(d?) time, and we traverse a path on the tree
of depth O(log(m/d)), for the leaf, it takes O(d*) time. This concludes our proof. O

Lemma 2.2.7 (Sample). Given a positive semidefinite matrix A € R**?, QUERYSAMPLE sam-

ples an index i with probability % in time O(d?log(m/d) + d*).
i=1{Viv;

Proof. To prove we sample index ¢ with probability %,

matrix Sp j, and we use Pr[S) ;] to denote the probability of sampling the matrix S ;.

suppose i comes from the

Pr[QUERYSAMPLE outputs i]
= PI‘[Z | SgJ] PI‘[SOJ]

= PI‘[Z | SO,j] Pr[SO,j | SLU/QJ] ot Pr[Slog(m/d)—l,|_21’l°g(m/d)jj | Slog(m/d),l]
= (V;"AV))ia (A, Sp) ) (A Stog(m/a)-1,[21-rostm/a) )
tr[VjTAV}] (A, 51152 (A, Srog(m/d) 1)
B viTAvi
(A, Stog(m/a.1)
<Uiv;r7 A)

(el AY
.

the last line is by Siog(m/a),1 = D roq Vi¥; -

For the running time, note that from the root to the level above leaves, it takes O(d?) per
level, and there are log(m/d) levels in total. For the leaf, it takes O(d*) time. Hence, it takes
O(d?log(m/d) + d*) time in total.

[

Remark 2.2.8. The VECTORPS data structure can be viewed as using a crude estimation for
all levels above the bottom level, and for the bottom level, we use a more refined computation to
exactly estimate v; Av;. This means we have to spend more time at the bottom level, but this is
fine since we also gain speedup from the initialization. In the setting of a dense graph or a matrix
with m > d? rows, we achieve a initialization time of md*~! and overall iteration cost e~ 2d“*1,
these two terms balance out. In contrast, with the MATRIXPS data structure, it might incur
md? ~ d* time for initialization. Such a high-level idea of the tradeoff between crude and refined
computation has also been utilized in balancing sample complexity in completely different field
(see sparse Fourier transform in the continuous setting [63]). Our case is a different scenario,
since we care about the running time perspective of this tradeoff.

2.2.3 Correlation Trees

In this section, we showcase two data structures for Task The motivation for design-
ing these data structures comes from training over-parametrized neural networks with ReLU or
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shifted ReLU activations. Let X € R™*? consists of n data points of dimension d, the hidden
layer is a matrix W € R™*“ with m > n. For each data point x, the forward pass can be pre-
sented as o,(Wx), where oy, is the (shifted) ReLU activation defined as oy,(z) = max{z — b,0}.
In order to use first order method such as gradient descent to optimize the network, it is important
to find the set {w; : (w;, z) > b,i € [m]} efficiently. Naively one needs to pay O(md) time for
each data point, which will take 2(nmd) time per training iteration.

To speed up this process, [75] uses some deterministic high-dimensional data structure to
find and update this set fast. Unfortunately, their preprocessing time is exponential in terms of
dimension d.

We alleviate this issue via trees based on inner product, but used in a different fashion.

Correlation DTree data structure

We first present a data structure that preprocesses all weights wy, . . ., w,, for each data point x;.
During query, we simply look at one tree.
Theorem 2.2.9 (Correlation DTree data structure, formal version of Theorem [I.1.16). There
exists a data structure with the following procedures:
* INIT({wy, wo, -+ , W} C RE{ay, 20,-++ ,2,} C REn € Nym € N,d € N). Given
a series of weights wy,ws, - - ,w,, and datas x1,xs,--- ,x, in d-dimensional space, it
preprocesses in time O(nmd)
* UPDATE(z € R% r € [m]). Given a weight z and index r, it updates weight w, with z in
time O(n - (d + logm))
* QUERY(i € [n],7 € R). Given an index i indicating data point x; and a threshold T, it
finds all index r € [m] such that (w,,x;) > 7 in time O(|S(7)| - logm), where S(7) :=
{r:(wp,z;) > 71}

Algorithm
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Algorithm 5 Correlation DTree data structure
1: data structure CORRELATIONDTREE > Theorem [2.2.9]
2: members
3 W € R™*? (m weight vectors)
4: X € R™4 (n data points)
5 Binary tree 14,715, --- , 1T, > n binary search trees
6: end members
7.
8
9

: public:
. procedure INIT(wy, ws, - - , W, € RY, m, 21,29, , 2, € RY n,m,d) >Lemmal]2.2.10
10: fori=1—ndo

11: T; < T;

12: end for

13: forj=1—mdo

14: W; <— W

15: end for

16: fori:=1—ndo > for data point, we create a tree

17: for)=1—mdo

18: u; — (x;,w;)

19: end for

20: T; < MAKETREE(uq, - ,u,,) > Each node stores the maximum value for his two
children

21: end for

22: end procedure
23: end data structure
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Algorithm 6 Correlation DTrees

1:
2:
3:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:

AR R A

data structure CORRELATIONTREE
public:
procedure UPDATE(z € R4, 7 € [m)])
Wy, < 2
fort:=1—>ndo
| < the [-th leaf of tree T;
l.value = (z, x;)
while [ is not root do
p <— parent of [
p.value <— max{p.value, [.value}
[+ p
end while
end for
end procedure
public:
procedure QUERY(: € [n], 7 € Rx)
return QUERYSUB(T, root(T}))
end procedure

private:
procedure QUERYSUB(T € R>g, 7 € T))
if r is leaf then
return r
else
ry < left child of r, ry <— right child of r
if r{.value > 7 then
S1 < QUERYSUB(T,77)
end if
if r5.value > 7 then
Sy <~ QUERYSUB(T,73)
end if
end if
return S; U S,
end procedure
end data structure

> Theorem

> Lemma

> Lemmal2.2.12
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Running time

The goal of this secion is to prove the running time of INIT, UPDATE and QUERY.
Lemma 2.2.10 (Running time of INIT). Given a series of weights {wy, wa, -+ ,w,,} C R and
datas {xy, Ty, -+ ,x,} C RY, it preprocesses in time O(nmd)

Proof. The INIT consists of two independent forloop and two recursive forloops. The first for-
loop (start from line has n interations, which takes O(n) time. The second forloop (start
from line has m iterations, which takes O(m) time. Now we consider the recursive forloop.
The outer loop (line has n iterations. In inner loop has m iterations. In each iteration of the
inner loop, line[18|takes O(d) time. Line[20|takes O(m) time. Putting it all together, the running
time of INIT is

O(n+m+ n(md+ m))
= O(nmd)

Thus, we complete the proof. [

Lemma 2.2.11 (Running time of UPDATE). Given a weight z € R% and index j € [m), it updates
weight w; with z in time O(n - (d + log m))

Proof. The running time of UPDATE mainly comes from the forloop (line [5)), which consists of
n iterations. In each iteration, line @ takes O(log m) time, line [7|takes O(d) time and the while
loop takes O(logm) time since it go through a path bottom up. Putting it together, the running
time of UPDATE is O(n(d + logm)). O

Lemma 2.2.12 (Running time of QUERY). Given a query ¢ € R? and a threshold T > 0, it finds
all index i € [n] such that (w;, q) > 7 in time O(|S(7)| -logm), where S(7) := {i : (w;,q) > 7}

Proof. The running time comes from QUERYSUB with input 7 and root(7;). In QUERYSUB,
we start from the root node r and find indices in a recursive way. The INIT guarantees that for
a node r satisfying r.value > 7, the sub-tree with root » must contains a leaf whose value is
greater than 7 If not satisfied, all the values of the nodes in the sub-tree with root r is less than 7.
This guarantees that all the paths it search does not have any branches that leads to the leaf we
don’t need and it will report all the indiex 7 satisfying (w;, q) > 0. Note that the depth of T is
O(logn), the running time of QUERY is O(|S(7)| - logn) O

Correlation WTree data structure

We show that one can also preprocess all data points, and each query each of the weights.
Theorem 2.2.13 (Correlation WTree data structure, formal version of Theorem [I.1.17). There
exists a data structure with the following procedures:
* INIT({wy, wa, -+ ,wy} C R {ay, 29, ,2,} C REn € Nym € N,d € N). Given
a series of weights wy,ws, - -+ ,w,, and datas v, xs,--- ,x, in d-dimensional space, it
preprocesses in time O(nmd)

* UPDATE(z € R, r € [m]). Given a weight z and index r, it updates weight w, with z in
time O(nd)
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* QUERY(r € [m], 7 € R). Given an index r indicating weight w, and a threshold T, it finds
all index i € [n] such that (w,,z;) > 7 in time O(|S(7)| - logm), where S(7) := {i :
(wy, z;) > T}

Algorithm

Algorithm 7 Correlation WTree data structure
1: data structure CORRELATIONW TREE > Theorem 2.2.13]
2: members
W € R™*4 (m weight vectors)
X € R™ (n data points)
Binary tree 17,15, - -+ , Ty > m binary search trees
end members

public:
procedure INIT(w;, wy, - - - ,wy, € R, m,x, 29, -+ , 2, € R n,m,d) >Lemmal2.2.14
10: fori:=1—ndo

A A

11: T; < T;

12: end for

13: forj=1—mdo

14: W; < wWj

15: end for

16: fori:=1— mdo > for weight, we create a tree

17: for)=1—ndo

18: Uj <ZL‘i,lUj>

19: end for

20: T; < MAKETREE(uy,--- ,u,) > Each node stores the maximum value for his two
children

21: end for

22: end procedure
23: end data structure
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Algorithm 8 Correlation WTrees

1:

*®

A A o

data structure CORRELATIONWTREE
public:
procedure UPDATE(z € R4, 7 € [m)])
Wy — 2
for;=1—ndo
uj < (zj,w,)

> Theorem

> Lemma

T; < MAKETREE(uq,--- ,u,) > Each node stores the maximum value for his two

children
end for

9: end procedure

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24
25:
26:
27:
28:
29:
30:

public:

procedure QUERY(r € [m], T € Rx()
return QUERY SUB(7, root(7}.))

end procedure

private:
procedure QUERYSUB(T € R>(,7r €T
if r is leaf then
return r
else
ry < left child of r, ro <— right child of r
if r;.value > 7 then
S <~ QUERYSUB(T,71)
end if
if r5.value > 7 then
Sy <—QUERYSUB(T, )
end if
end if
return S; U Sy
end procedure
end data structure

> Lemmal2.2.16

Running time

The goal of this secion is to prove the running time of INIT, UPDATE and QUERY.
Lemma 2.2.14 (Running time of INIT). Given a series of weights {wy,ws, -+ ,w,} C R? and

datas {x1, x5,

,Tn} C RY, it preprocesses in time O(nmd)

Proof. The INIT consists of two independent forloop and two recursive forloops. The first for-
loop (start from line has n interations, which takes O(n) time. The second forloop (start
from line has m iterations, which takes O(m) time. Now we consider the recursive forloop.
The outer loop (line has m iterations. In inner loop has n iterations. In each iteration of the
inner loop, line [18|takes O(d) time. Line 20|takes O(n) time. Putting it all together, the running
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time of INIT is

O(n +m+ m(nd +n))
= O(nmd)

Thus, we complete the proof. [

Lemma 2.2.15 (Running time of UPDATE). Given a weight z € R® and index r € [m], it updates
weight w; with z in time O(nd)

Proof. In this procedure, it generates a new tree for weight w, with n leaves, which takes O(nd)
time. Thus, we complete the proof. [

Lemma 2.2.16 (Running time of QUERY). Given a query q € R and a threshold T > 0, it finds
all index i € [n] such that (w;, q) > 7 in time O(|S(7)| -logm), where S(7) := {i : (w;,q) > 7}

Proof. The running time comes from QUERYSUB with input 7 and root(7;). In QUERYSUB,
we start from the root node r and find indices in a recursive way. The INIT guarantees that for
a node r satisfying r.value > 7, the sub-tree with root » must contains a leaf whose value is
greater than 7 If not satisfied, all the values of the nodes in the sub-tree with root 7 is less thant.
This guarantees that all the paths it search does not have any branches that leads to the leaf we
don’ want and it will report all the indiex ¢ satisfying (w;,q) > 0. Note that the depth of T is
O(logn), the running time of QUERY is O(|S(7)| - logn) O

2.3 Approximate Furthest Neighbor Search

In this section, we present data structure that solves Task [I.1.6] approximately but efficiently.
To motivate our data structure, we note that finding the smallest inner product is equivalent
of finding a vector that maximizes its distance with the query point ¢, i.e., the x; such that
llx; — q||2 is maximized. This is the so-called furthest neighbor search data structure. While
deterministic implementations of such data structure exists, they typically suffer from the curse
of dimensionality [1/]. Hence, we consider the approximate variant of such data structure.

For later discussions, we will assume the dataset X are in unit Euclidean ball, and so are all
query points ¢g. In general, we have no control over the norm of the query point ¢ and X. To
address this issue, we consider an inner product preserve transformation by [S9]:

Definition 2.3.1 ([59]). Given the query set X C R and a dataset Y C RY, we performs the
following transformations for any x € X andy € Y.

2T EaE yT PEENE
@)= [2= 0 J1-FB] w) =[5 J1-TE o]

where Dy is larger than the maximum diameter of X and and Dy is larger than the maximum
diameter of Y. In this way, we map x € X and y € Y to unit vectors. In this way, we
have [[o(x) — & (y) 3 = 2 — 2(p(x), 1(y)). Moreover, we have arg min,ey [o(x) — ¥ (y)
arg maxyey (z,y) and arg max,ey —||o(x) — ¥ (y)|2 = argmingey (x, y)

9 =
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Remark 2.3.2. In our later applications, we implicitly assume all points have undergone such
transformations in preprocessing phase. We also remark that in query phase, the set Y consists of
a single query point, it suffices to pick Dy as ||y||2, in this case, the transformation can be viewed
as normalizing the query vector. If computing the inner product between x and vy is required, we
can retrieve the original x and y by its first d dimension, and by storing Dx as a variable in the
data structure.

For data structures presented in this section and Section [2.4] we assume all vectors in dataset
and query point have undergone such transformations. Throughout this section, we will use n to
denote the number of points in dataset and d to denote the dimension of points.

Definition 2.3.3 (Min-IP). Given an n-point dataset P C S?"! on the sphere, the goal of the
Minimum Inner Product Search (Min-IP) is to build a data structure that, given a query ¢ € S,
retrieve the solution of arg min,ep(p, q).

The naive brutal force algorithm solves Min-IP in O(nd) time. However, there exists algo-

rithms that achieve time complexity sublinear in n with relaxation on the retrieved vector. These
algorithms aim at solving the approximate Min-IP problem.
Definition 2.3.4 (Approximate Min-IP). Let ¢ € (0,1) and 7 € (0, 1). Given an n-point dataset
P C S%! on the sphere, the goal of the (¢, 7)-Minimum Inner Product Search (Min-IP) is to
build a data structure that, given a query ¢ € S%~! with the promise that min,ep(p,q) < 7, it
reports a point p’ € P with similarity (p', ¢) < 7/c.

The approximate Min-IP has a dual problem: approximate furthest neighbor (AFN). We could

solve approximate Min-IP via solving AFN. To illustrate this, we first present the definition of
AFN.
Definition 2.3.5 (Approximate Furthest Neighbor (AFN)). Let¢ > 1 and r € (0,2). Given an
n-point dataset P C S?"! on the sphere, the goal of the (¢, r)-Approximate Furthest-Neighbor
(AFN) problem is to build a data structure that, given a query ¢ € S%! with the promise that
max,cp ||[p — ql|2 > r, it reports a point p’ € P with distance ||p’ — ¢||2 > r/C.

Next, we show the connection between approximate Min-IP and AFN. In this discussion, we
assume all vectors are unit vectors, later we’ll see a transformation realizes this guarantee.
Lemma 2.3.6. Given an n-point dataset P C S~ and a query point ¢ € S, suppose for some
¢ > landr € (0,2), we have a (¢, r)-AFN data structure, then we can solve the (c, 7)-Min-IP
problem for

1—0.5r2

—1-052c=— "
! T T 0sr@

Proof. For any two points z, y with ||z|s = |ly|l2 = 1, we have ||z — y||3 = 2 — 2(z, y). This
implies that if we have ||x; — ¢||3 > 72, then we have (z;,q) < 1 — 0.5r%. Moreover, if we find
a x; such that ||z; — ¢||3 > r?/c?, then we have (z;,q) < 1—0.5r%/c* If weset 7 = 1 — 0.5r2

_ 2 .
and c = %, then the above inner product guarantee becomes

(zj,q) <1—0.5r%/c
=1-0.5r%+ (1 —1/2%)0.5r2

:7+(1—C<1_—_T))(1—7)
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=7/c

where the second-to-last line is because

2
_9 cr

T 22412
c(2 —27)
2c—2+(2-27)
:M' 2.1)

C—T

This indicates that if we have a data structure for (¢, r)-AFN, it automatically becomes a data
structure for (¢, 7)-Min-IP with 7 and ¢ chosen as above. O

Next, we explore some structures on the function % We show that it increases as 7
increases.
Lemma 2.3.7. Let ¢ € (0,1) and T € (0, 1), we show that function f(c,T) := % is decreas-
ing as c increase and increasing as T increase.

Proof. We take the derivative of f(c, 7) over ¢ and get

9 o :(T—l)T
dc (e,7) (c—7)2<0

where the second step follows from ¢ > 7 and 7 < 1.
Therefore, f(c,7) := =7 is decreasing as ¢ increase.

C—T

We take the derivative of f(c,7) over T and get

0 c(7? = 2¢7 + ¢)
Ef(ca T) - (C B 7_)2
_ 1
_ c((r—=ec)t+c(1—1)) -0
(c—T)?
where the second step follows from ¢ > 7 and 7 < 1.
Therefore, f(c,7) := % is increasing as 7 increases. O

We augment the Min-IP definition to tolerate additive errors.
Definition 2.3.8 (Additive approximate Min-IP). Let c € (0,1) and 7 € (0, 1). Let A > 0. Given
an n-point dataset Y C S9!, the goal of the (c, 7, \)-Min-IP is to build a data structure, given a
query x € S?"! with the promise that min,ep(p, q) < 7, it reports a data point z € Y such that
(z,2) < ¢ ' mingep(p, q) + A

2.3.1 From AFN to approximate Min-IP

The AFN data structure we will be using is inspired by [39]. We include its complete algorithm
and analysis in Appendix
We restate Theorem [A.4.2] here.
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Lemma 2.3.9 (Informal version of Theorem . Let P C RY be an n-point dataset, ¢ >
Lr>0and 0 > 0. Let ¢ = ¢ — 1. There exists a randomized dynamic data structure
(against an oblivious adversary) that solves (¢ + 8,7)-AFN task using space O((n*t*/% log n +
dn/® log n) loglog(d/ed) + dn) with the following operations:

* INIT: Preprocess P in O((n'*V/% log? n + dn'/® log n) log log(d/e6)) time;

* QUERY: Given a point q € R, returns a (¢ + 6)-approximate furthest neighbor p € P

with constant probability in O(n'/® (d + log n) log nlog(d/ed) log log(d/ed)) time;

* INSERT: Insert a point p € R into the data structure in O(n"/® log? nloglog(d/ed) +

dlogn) time;

* DELETE: Delete a point p € RY from the data structure in O(n'/* log® nloglog(d/<8) +

dlogn) time.

Next, we introduce several corollaries that simplify the time complexity in solving AFN.
Corollary 2.3.10. Let P C R? be an n-point dataset, ¢ > V2, and r > 0. There exists
a randomized dynamic data structure (Alg. that solves (2¢,r)-AFN with query time
O(n"®(d+logn) lognlog dloglog d), preprocessing time O((n'®log? n+dn®logn) loglog d)
and space
O((n*?1og® n+dn"°log n) loglog d+nd). Moreover, the dynamic data structure supports insert
or delete in O(n"®log® nloglog d + dlogn) time.

Proof. If ¢ > /2, we have 1/¢> < 0.5. We take this fact into the preprocessing, query, insert
and delete time and get the following:

Space
O((n' % log® n + dn'/* log n) log log(d/=8) + nd) = O((n"*log? n + dn®®log n) loglog d + nd)

Preprocesing time

O((n'"*/% log? n + dn*/* log n) loglog(d/26)) = O((n*®log? n + dn®°log n) log log d)

Query time

O(n"? (d + logn) log nlog(d/ed) loglog(d/=8)) = O(n®*(d + log n) log n log d log log d)
Insert/delete time
O(nI/EQ log? nloglog(d/ed) + dlogn) = O(n’?log® nloglog d + dlogn)
]

Corollary 2.3.11. Let P C R? be an n-point dataset, ¢ > 10, and v > 0. There exists a ran-
domized dynamic data structure (Alg. 26} [27) that solves (22, r)-AFN with query time O (n®%(d+
log n) log n log dlog log d), preprocessing time O((n'° log® n+dn®°! log n) log log d) and space

O((n* log® n + dn®"logn)loglogd + nd). Moreover, the dynamic data structure supports
insert or delete in O(n""log® nloglog d + dlogn) time.
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Proof. If ¢ > 10, we have 1/¢* < 0.01. We take this fact into the preprocessing, query, insert
and delete time and get the following:
Space

O((n'"*/% log? n + dn'/* log n) loglog(d/26) + nd) = O((n"** log? n + dn®°" log n) log log d + nd)
Preprocesing time
O((n"*% log? n + dn'/* log n) loglog(d/<6)) = O((n'*" log? n + dn®° log n) log log d)
Query time
O(n"/% (d + log n) log nlog(d/=6) log log(d/=8)) = O(n®°(d + log n) log n log dlog log d)
Insert/delete time

O(nl/62 log® nloglog(d/ed) + dlogn) = O(n"* log® nloglogd + dlogn)

Using the AFN data structure, we design an approximate Min-IP search data structure.

Algorithm 9 Minimum Inner Product Search
1: data structure MINIMUM INNER PRODUCT SEARCH > Theorem [2.3.24
members
APPROXIMATEFURTHESTNEIGHBOR AFN
end members

procedure INIT(z1, 2o, -+ ,2,,C,T)
AFN.INIT(x1, 29, -+ , Zp, C,T)
end procedure

R e A

procedure INSERT(z € R?)
AFN.INSERT(2)
: end procedure

—_ = = = =
N e

: procedure DELETE(; € [n])
AFN.DELETE(7)
: end procedure

—_—
AN

. procedure QUERYMIN(q € RY)
z; < AFN.QUERY(q)
return z;

: end procedure

: end data structure

NN ==

We take the adaptive query in iterative optimization algorithm into consideration and design
a robust algorithm against adversary. Before proceeding to the main theorem of this section, we
first consider a technical lemma regarding quantization.
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Lemma 2.3.12. Letc € (0,1), 7 € (0,1) and X € (0, 1). Given a set of n-points Y C S, one
can construct a data structure with Tpni, - Kk preprocessing time and Sgpace - K Space so that for
every € S¥ 1 in an adaptive sequence X = {xy,..., w1}, the query time is 6(dn0'01 “R):
* If Min-IP(z,Y") < 7, then we output a vector in Y which is a (¢, 7, \)-Min-IP with respect
to (x,Y') with probability at least 1 — 4.
* Otherwise, we output fail.
where r = dlog(ndDx /(\))), and Dx is the diameter of all queries in X.

Proof. The failure probability for an adaptive sequence X is equivalent to the probability that
at least one query ¢ € (@ fail in solving all x number of (¢, 7)-Min-IP. We bound this failure
probability as

. dD
Pr[3ge Q s.tall (¢,7)-Min-IP fail] = n - (——

) (1/10)" < 6§
where the last step follows from « := dlog(ndDx /(\J)).

For the success queries, it introduces a A error in the inner product. Thus, the results is
(¢, 7, A)-Max-IP.

Then, following Corollary [2.3.11] we finish the proof. O

2.3.2 Efficient and Adaptive Sketchings for Tensors

Often times, the geometric search data structures are used in conjunction with dimensionality
reduction tools, such as Johnson-Lindentrauss transform [43]. However, since we will use the
data structure in an iterative process, it is important to make sure that it is robust against adaptive
inputs. We therefore augment the standard Johnson-Lindenstrauss in a way so that its guarantee
works for all vectors, instead of a fixed set of vectors.

Also, note Task is defined on the inner products in the form of (x;x; , Q), which means
we will pass in rank 1 matrices into our data structure. To speeding up the construction of
r;r] = x; @ z;, we introduce a new type of Johnson-Lindentrasuss transforms that are sparse,
and succeed with high probability. In fact, we generalize the sparse embedding [26} 29, 145! 146]
matrix to process tensor-typed inputs fast.

Throughout this section, we will use m to denote the number of data points, d to denote the
dimension of points, b to denote the sketching dimension and s to denote the column sparsity.

We first recall the Johnson-Lindenstrauss transform [43]]:

Definition 2.3.13 (Johnson-Lindenstrauss transform (JLT)). Let {1, ..., 7} € (RY)™, we say

a distribution IT over s x d matrices is a (m, ,d)-JLT if for any S ~ II, we have
Pr(l[S(wi — 2j)ll; < (L&) as — 2;l5] = 1= 6, V(i) € [m] x m.

We remark that in order to obtain this property for all m? pairs of point, it suffices to obtain
the following guarantee for any fixed point x € R%:

Pr(||Sz; < (1 £e)ll=llz) > 1 -4,

then union bound over all m? pairs of points, we are done.
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2.3.3 TensorSparse: Efficient Tensor Product in Input-Sparsity Time

We recall the sparse embedding matrix [26) [29] 45, 46].
Definition 2.3.14. Let i : [d] x [s] — [b/s] be a random O(log1/§)-wise independent hash
function and o : [d] x [s] — {£1} be O(log1/§)-wise independent. Then R € R**? is a
sparse embedding matrix with sparsity parameter s if we set R(;_1yy/s1n(ij); = 0(i,j)/+/s for
all (4, j) € [d] x [s] and all other entries to 0.

Alternatively, we can define the following:

R.; =3k € [s]:0(i,k)/\/s-1[h(i, k) + (k —1)b/s = 7]

We extend the construction of sparse embedding to handle tensor product of vectors, specif-
ically, our goal is to design a sparse matrix that is similar to Def. [2.3.14] so that we can enjoy
certain nice properties, such as itis a (1,¢,§)-JLT with b = O(¢7?log(1/4)), this again enables
us to union bound over m points.

Definition 2.3.15 (TensorSparse). Let hy, hy : [d] X [s] — [b/s] be O(log 1/0)-wise independent
hash functions and let oy, 09 : [d] X [s] — {£1} be O(log 1/d)-wise independent random sign
functions. Then, the degree two tensor sparse transform, R : R? x R? — R’ is given as:

Ry (i) = 3k € [s] : 01(i, k)o2(j, k) /v/s - L[((M (3, k) + ha(j, k) mod b/s) + (k — 1)b/s = 1]

We will show that for any fixed unit vector z € R%, R preserves the length of = with good
probability. To do so, we first exhibit some properties of our sketch.
Lemma 2.3.16. The degree two TensorSparse transform (Def. has the following property.
We define o,.(; j) as the Bernoulli random variable on whether the entry R,.; ;) is non-zero or not.
Then

1. Each column has support size s.

2. Forallr € [bland (i,7) € [d] x [d], E[d, ;)] = s/b.

3. Negative correlations of b,,; ;s defined as follows:

VT C [b] x [d) x [d] and [T] < ©(10g(1/8)), E| [T dne] < T Ebncal = (3

r,(4,5)ET r(4,7)ET

Proof. We prove three parts separately.

Part 1. To see each column has support size s, we partition each column into s blocks, where
each block contains b/s entries and then show that each block has exactly 1 non-zero entry. Fix
the block to be the k-th block and consider the (i, j)-th column, then we are looking at the values
of hash functions (hy (i, k) + he(j, k)) mod b/s, since both h; and hs have their ranges being
[b/s], this means (hq(i, k) 4+ ho(j, k)) mod b/s must have its value being in the range of [b/s],
and its value corresponding to the entry that is non-zero.

Part 2. We will again use the block-partition view and consider the k-th block of (i, j)-th
column. For each index r, the probability that it is non-zero is equal to the probability that
(h1(i, k) 4+ ha(j, k)) mod b/s = r — (k — 1)b/s. We first observe that if we are using a single
3-wise independent hashing function, then this probability is naturally s/m. Here, the hashing
function we are considering is H (i, 7, k) := hy(i, k) + ha(j, k) mod b/s, it is well-known that H
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is also ©(log(1/4))-wise independent [19, 64]. We hence conclude that Pr[d,.(; ;y = 1] =  and
therefore, E[d,.; ;)] = ;.
Part 3. To see the negative correlation, we let ¢ = |T'|, and we denote the elements in 7T’

as (r1,0),..., (7, 1;). We define the following indicator random variable: 1[3(r;,;), (r;,1;) €
T s.t. r; # r; belong to the same block and [; = [;].
Note that if such event happens, then E[[ ], ;) d,,] = 0 since we can write it as
E[ [] 6 =Pr[ A\ 6u=1
(r,)eT rleT
= Pr[érhll =1A (5,«2712 = 1] . PI‘[ /\ 571,5 =1 | 5,«1711 =1A 57«2,52 = 1]

(rl)€T r#r1,r2,l#l 12

When the above event happens, then we are considering the case that ; # r5 but they belong to
the same block, and the column is the same. By construction, for each column, there is exactly
one non-zero entry. Hence, Pr[d,, ;, = 1 A d,,,, = 1] = 0, and we conclude the expectation is 0.

Suppose the above event does not happen, then we will make use the fact that our hashing
function H is ©(log(1/6))-wise independent, and d,; = 1 is equivalent to for some k € [s], we
have H ([, k) = r. The above event does not happen is equivalent to

Pr[ N\ Jkels|H(lk)=r]= [] Pr[3k € [s], H(I,k) =]

(r,)eT (r,)eT

where the first step is due to H is ©(log(1/0))-wise independence. Therefore, we conclude that
the random variables ¢,.;’s are negatively correlated. ]

Remark 2.3.17. We note that we only require our hashing function H and sign function o to be
O(log(1/4))-wise independent, since in our later proofs, we will only consider the q-th power of
an expression Z which involves the term H(N) cr Org for |T| < q. Thus, the expectation of Z are
term-by-term dominated by the case that all 0, are i.i.d. Bernoulli with expectation s/b. This
justifies our later use of Lemma[2.1.5|and Hanson-Wright inequality.

We will adapt an analysis from [26] to conclude that TensorSparse is a JLT:

Lemma 2.3.18. If R is a TensorSparse matrix as defined in Def. [2.3.15| with target dimension
m > Q(log(1/8)/e?) and sparsity parameter s = em, then

Pr([|Rz; — 1] > €] <.

Proof. We first observe that

b

d2
1
|Rz|)3 = S Z Z OriOr 01O jTi T

r=14ij=1
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b d? b d?
1 , 1
= g E E 67“,1'Ii + g E E 6T,i5T,jUT,igT7j$ixj7

r=1 i=1 r=1 i#j

for the first term (diagonal term), we have

—225,,,:10 = Zx Z
= HxHQ
=1,

where the second step follows from the fact that each column of R has support size s. We
define the intermediate variable Z := ||Rz||53 — 1, which as shown by proceeding calculations,
captures the off-diagonal term. Consider the following terms: we first define A, ; which is a
block diagonal matrix with b blocks, where the k-th block is defined as 1z*) ()T but with
the diagonal zeroed out, with (z*)); = 6y ;2;. Note that by construction, A, 5 € R¥ >4 We
further define the following length bd? vector o € R where o, 1s the sign generated for the
entry (r,17) of R.

It is not hard to see that Z = 1 ZT . Zz# Or,i0r 00Tty = 0 Agso. Let || X||r, =
(E[|X]9])/9. Since o is a vector w1th each entry being independent Rademacher random vari-
able, by Hanson-Wright inequality, we have

lo" Assollz, < Va4,
< V4 [lllAs,

since A, s is block diagonal, its spectral norm is the largest spectral norm of any block. Note that
the spectral norm of k-th block is

’ HAm,JHHLq
T a- Azslllz,,

||— ()T < ©l3

|l

(VAN
W =W | =

)

where the first step is the sub-multiplicativity of spectral norm and the spectral norm of a vector
is its £, norm, and the second line follows from ||z*)||y < ||z, = 1.
Next, we define Q; ; = Zf:l 8y.i0r.j, SO

Az,

Zz(imé ol

r=1 i#j
d2
— i Q; ixia?
- 82 z».]x’i'rj
i#]

Recall that for any column  of R, there exists exactly s non-zero entries, so we suppose 0, ; = 1
for all distinct r;.
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Consider the event that 6,, ; = 1, and let Y; be the indicator random variable for this event.
By Lemma [2.3.16] we assume Y;’s are independent, so that the sum );; = >, | Y} has the
distribution of Binomial(s, s/b). Combining with Lemma 2.1.5 we have that [|Q; ;||z,,, < ¢/2.
Thus,

1/2
Az sllellz, = I AzslF 127,
1 1/2
=5 > _winiQili,,
i#]
1
< E(Z 2}23)|QillL, )"
i#]
<0 (\/_§> ,
$
Put things together, we have
o Apsollz, <O <€> . 2.2)
s
Set ¢ = O(log(1/d)) = O(s*/b), we have || Z||, < O(%), then by Markov inequality, we have

Pr[||Rz|5 — 1] > €] = Pr[|aTAm¢;a| >el<e - C’q(nf‘]/2 + 577 < 4,
as desired. O

Note that our construction resembles the TensorSketch matrix [[11},61], more specifically, we
can view our tensor sparse embedding as s distinct TensorSketch matrices, each with dimension
b/sx d?. Hence, to compute the tensor product between two vectors, we can run the TensorSketch
algorithm for s blocks, yielding an overall running time of O(s - (nnz(z) +nnz(y)) 4+ blog(b/s))
for computing S(z ® y).

We summarize the JLT result and efficient computation of tensor in the following theorem:
Theorem 2.3.19. Let {x1,...,x,} € (RT)™ Let ¢ € (0,1) be precision parameter and § €
(0, 1) be success probability. Let R € RY*® pe a TensorSparse matrix (Def. . Suppose
b= Qe ?log(m/d)) and s = em be the sparsity parameter, then we have R is an (m,e,0)-JLT
(Def:2.3.13).

Moreover, if v = u®v for some u,v € RY, then Rx can be computed in time O(s - (nnz(u) +
nnz(v)) + blog(b/s)).

Proof. The JLT result is by apply union bound over all m? pairs of points using Lemma [2.3.18
The running time is by using the TensorSketch algorithm for s blocks. [l

For further applications, we prove a simple result regarding the Frobenius norm of R.
Lemma 2.3.20. Let R € RY® be a TensorSparse matrix (Def. |2.3.15)), then we have

|1R||F = d.

Proof. We observe that each column of R has exactly s non-zero entries, each has magnitude is,

hence each column is a unit length vector. There are d? columns in total, yielding a Frobenius
norm of d. u
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2.3.4 Robust Sketches Against Adaptive Adversary

We note that the above discussion only applies when we consider an independent set of points,
i.e., all points we want to preserve using TensorSRHT or TensorSparse are picked oblivious with
respect to the randomness of the sketch. However, this is no longer the case for our application
— specifically, the query we send for iteration ¢ 4 1 is dependent on the answer we receive at
iteration ¢.

One idea is to require a sketching matrix that preserves the length of all vectors in a subspace.
Unfortunately, this will result in a sketching dimension of roughly ©(d?/s?), which essentially
diminishes the necessity of using sketching. To address this problem, we exploit the following
idea: we use a number of independent sketches of small dimension, and we show that with high
probability, a good fraction of them will do well on a (potentially) adversary query. We will show
that the dimension-saving by using lower-dimensional sketching matrices will have to be paid
back by the number of sketches required. However, this has one distinctive advantage for our
applications: we will then operate our AFN data structures on much lower dimensions, hence the
preprocessing time and query time can be significantly improved.

We prove the following lemma:

Lemma 2.3.21. Let V := {vy,...,v,} € (R)™, ¢ € (0,1) and § € (0,1). Furthermore,
let {S;}F_, € RY4 for k > Q((d + log(1/6))log(md)) such that each S; is an independent
(m + 1,e,0.99)-JLT matrix (Def. with ||S;||r < d. Then we have

k
Vg e S € Vi S 1[lISiq — v)13 < (1 £ 0(e))lla — vl3 + a] = 0.95k

=1

with probability at least 1 — § and o < O( (mld)g).

Proof. We will prove via a standard y-net argument. Let N be a y-net of S¢~! with v = W
for some small enough constant ¢, and it is not hard to see that |N| < (md)°?. Letu € N,

define the following event:
Wiu) = [[Sullz < (1 + O(e)) and Yoi,v; € V,[u' S Si(vi — v;) — u' (v = v5)| < O(e)|vi = vy,

i.e., the length of u is preserved by S; and for any pair of points in V', the inner product is also
preserved by .S;. We note that we only need this property to hold with respect to the set of points
V U {u}, since S; is a (m + 1,¢,0.99)-JLT, we know this event holds with probability at least
0.99.

By an application of Hoeffding’s inequality on the random variables Zle Wi;(u), we have
that

k
Pr[z Wi(u) < 0.97k] < exp(—2k),

=1

we then union bound over all points in /V:

k
Pr[vu € N,» Wi(u) < 0.97k] < exp(—2k) - (md)°®

i=1
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1
< d/4.

) - (md)?'D - exp(—log(1/9) log(md))

We will condition on this event happen throughout the rest of the proof. To extend this bound
from all points in NV to the entire unit sphere, consider any ¢ € S~! and pick a net point . € N
such that ||g — ul|2 < . Let i € [k] be the index such that W;(u) happens. We shall bound the
term ||.S;(¢ — v)||2 forv € V:

15:(q = v)ll2 < [1Si(g = wll2 + [|Si(w = v)|2
<d-y+ (1£0(e)[lu—vl2
<d-y+(1£0()(lg —vll2 =)
=[1£0())llg —vll2+ (d—= (1 £0()))
< (1£0(e)llg = vll2 +

The conclusion of the lemma follows. O

Remark 2.3.22. We note that by using the y-net argument, we get a weaker conclusion compared
to standard Johnson-Lindenstrauss lemma, namely, we preserve the distance with (1 £ O(e))
relative error and o additive error. Fortunately, the magnitude of « is small enough so that it
won'’t affect the quality of our downstream task too much.

As an example, consider the following adaptive robust AFN: we use k different independent
data structures where each one has an independent JLT matrix S;. At each query point q, we
shall sample ©(log b) data structures and output the one with the best quality.

As a direct consequence, we have the following result for TensorSparse:

Corollary 2.3.23. Let V := {v1,...,v,} € (R)™, & € (0,1) and § € (0,1). Furthermore,
let {R;}f_ | € R¥™4 for k > Q((d + log(1/6)) log(md)) such that each R; is an independent
TensorSparse matrix with b = ©(¢~2logm) rows and || R;||r = d. Then we have

k
Vg e ST Vo € V,Z 1[||Si(g — v)|[3 < (1 £0())|lg — v||3 + o] > 0.95k
i=1

with probability at least 1 — § and o < O(W).

Proof. The result follows from Theorem [2.3.19]and Lemma [2.3.21 [

2.3.5 Putting Things Together

Now we have a powerful dimensionality reduction tool that computes the tensor product fast
and robust against adaptive adversary, and an efficient approximate furthest neighbor search data
structure that are also robust against adaptive inputs. We combine them together to get our meta
result in this section.

Theorem 2.3.24 (Formal version of Theorem [I.1.14). Let ¢ € (0,1), 7 € (0,1), A € (0,1),
e € (0,1)and § € (0,1). We define the following additional parameters:
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ca= O(ﬁ), the additive error by Lemma|2.3.21

* s < d, the dimension of JLT;

* k=0((d+1log(1/6))log(nd)), number of independent JLT sketches;
* k= slog(ns/(A)));

« X =0( c(c1_jr)) - (A + «), the additive error of Min-IP.

Let Ts(x) denote the time of applying S to a vector v € R%. Given a set of n-points Y C S¢1
on the sphere, one can build a dynamic data structure with preprocessing time Tinir- - k+Ts(Y') -
k, space Sepace - K - k insert time (Tinsert - & + Ts(x)) - k and delete time (Tgelete - £ + Ts(x)) - k
so that for every query v € S in an adaptive sequence X = {xy,...,xr}, the query time is

OTosey -+ Ts()): i
* if Min-IP(z,Y") < 7, then we output a vector in Y that is a (c, T, \)-Min-IP with respect to

(z,Y).
* otherwise, we output fail.
Further,
s Ifce (T, (1—5)287#)’ we have Trix = O((n'®log® n + sn®®log n) loglog s),

Sepace = O((n*°log® n+sn? logn) loglog s+n5s), Tuery = O(n"?(s+logn) lognlog slog log s)
and Tinsert = Taelete = O(n*°log® nloglog s + slogn)
* Ifce (T, (175);1:)%), we have Tix = O((n*** log® n+sn* log n) log1og s), Sepace =
O((n** log® n+sn®log n) loglog s4+ns), Tauery = O(n%%(s+logn) log n log s log log s)
and
7i—nsert = 7:1e|ete = O('n/O'Ol 10g2 n IOg lOg S+ s IOg ?1)
Finally, the probability that all queries succeed is at least 1 — 0.

Proof. We first use Lemma[2.3.21]to initiate & > Q((d + log(1/6)) log(nd)) different JLT ma-
trices with parameters (m + 1,£,0.99). Then, for each JLT matrix S; € R**? we run the
quantization process on it. Specifically, this requires us to use £ = slog(ns/(AJ)) independent
AFN data structures due to Lemma2.3.12]

Throughout the proof, we will condition on the event that there exists some i € [k] such that
S; preserves the pair-wise distances between any query point and points in X. To simplify the
notation, we use S to denote the corresponding JLT matrix S;.

We consider the following: given a query point Sx € R®, we quantize it into a point ¥ € R,
then we use Z as our query. Let Sy be the furthest neighbor of Z, the AFN data structure will
output a point Sy’ with the guarantee that ||Sy' — Z || > ||Sy — Z||2/¢. Towards the end, we wish
to have a bound on the term ||z — ¢/|| in terms of ||z — y/|.

1Sy" — Sz|l» = |9y — 7 + 7 — Sz
> |1Sy" = Zll2 — [|Sz — 7|2
> ||Sy —Z|2/c— A
> ||Sy — Sz + Sz — || /¢ — A
> (|Sy = Szl = A)/e = A
>t (L—o)lly —alla —a=X) = A,
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on the other hand, we know that ||z — /|2 > W we hence conclude that

(=gl —yle—(A+eHA - (1 +c o

o =/l > —
— o (1= 0E) o=yl = (1= 0E) (147 ) A+ (1+7) -a).
et X

By further setting 7 = ;*—, we conclude we get a (¢, 7)-AFN data structure with additive error

X. Moreover, this (¢, 7)-AFN data structure would also be a data structure for (c, 7)-Min-IP with
7=1—-05/7%and c = _1-0.5r% Using Eq. @’ we have 2 = c(l—cr).

1-0.572/¢2 " c—T
Next, we present how to obtain the desired query, preprocessing insert, and delete time com-
plexity in the statement.

Part 1. Let ¢ = 2¢/(1 — ¢), we conclude that ¢ = %. If 7 € (0,1) and ¢ €
8t

(T, —(1_5)2T+25+7), we have

I e

4(c —T)
87 l—7
> (1—¢)* ) G
(1—8)2T+25+7 4((1_8)287w) —T)
8T -7
> (1) ). :
(1 - 8)27— - (1 - 8)2 +8 4( (175)27'?(175)2+8) - T)

_ 2(1 —¢)*r(1—1)
8 — (1 —¢€)?m2 4+ (1 —¢e)?7 — 87
=2

where the second and third steps follow from Lemma[2.3.7]

Then, we use Corollary with¢® > 2 and obtain the query time O(n°?(s+logn)lognlog sloglog s),
preprocessing time O((n'® log” n+sn?log n) log log s) and space O((n'® log® n+sn’®logn) log log s+
ns). Moreover, the dynamic data structure supports insert or delete in O(n°°log® nloglog s +
slogn) time.

Part 2. Let ¢ = 2¢/(1 — ¢), we conclude that ¢ = cloenl=o)® ¢, ¢ (0,1) and ¢ €

4(c—T1)
(7, (175)24704(:;&399)’ we have
o c(l—=7)(1—¢)?
C =
4(c—7)
4007 1—71
>(1—¢)?- ) - .
(1 —¢e)?7 4 2¢ + 399 4(—(175)2&?2#399) —7)
4007 1—71
S (1—ep ). :
(1 —¢)?r—(1—¢)24400 4((1—5)2711(()(1)—5)%400) —7)

B 100(1 —)?7(1 — 1)
4007 — (1 —&)272 + (1 — )27 — 4007
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=10

where the second and third steps follow from Lemma [2.3.7]

Then, we use Corollary[2.3.11]with @ > 100 and obtain the query time O (n*"! (s+log n) log nlog s loglog s).
preprocessing time O((n'%' log® n+sn"%" log n) log log s) and space O((n' % log® n+sn®" log n) log log s+
ns). Moreover, the dynamic data structure supports insert or delete in O(n%°! log® n loglog s +
slogn) time.

c(1—7)(1—¢)?

Next, we analyze the additive error. Use the relationship ¢ = we derived above,

" 4(c—1)
we can further simplify A:
1-0@) - (1+c ) A+ (1+e Y -a)<0()- ﬁ ‘(A +a).

Therefore, we simplify A < O(,/ =y -(A+a)), we conclude that we get a (¢, 7, A)-Min-IP. [

2.4 Adaptive Inner Product Estimations

In this section, we design a data structure with the following query feature: given a query vector
q € R? and a preprocessed dataset {z1, ..., ,,} C R it approximately estimates all the inner
products (g, ;).

The data structure builds upon the adaptive distance estimation data structures introduced
in [22] 23]]. Such data structures can output estimates to ||¢ — x;||» for any ¢ € [m|, we use an
inner product preserve reduction to show that it also preserves the inner product.

While such data structure is useful for Task[I.1.9] we will mainly use it for Task[I.1.6] This is

because, for the optimization problems that require us to realize Task[I.1.9/have more structures,
and thus simpler and more efficient data structures can be adapted.
Definition 2.4.1 (Adaptive Inner Product Estimation (AIPE)). Let X = {z1,...,2,} € (R)™
be a dataset of dimension d and radius D and let ¢ € R? be a query point in unit Euclidean ball.
The Adaptive Inner Product Estimation (AIPE) data structure, D, has the following guarantee:
with probability at least 1 — § we have for any i € [m)],

(14 e)(xi,q) — De <w; < (1 —¢€){x;,q) + De,

where w; denotes the inner product estimation between x; and q.
We have the following result from [23]]:
Lemma 2.4.2 (Theorem 1.4 of [23]). Let ,0 € (0,1/2). Then, there exists a data structure for
Distance Estimation in Euclidean space which is initialized correctly with probability at least
1 — 6 and supports the following operations:
* Output a correct answer to a possibly adaptively chosen distance estimation query with
probability at least 1 — 9, i.e.,

(I —)llwi —qlla < di < (1+ )|z — qll2,

where d; denotes the distance estimation between x; and q.
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* Add input x € R? to the dataset X.
Furthermore, the query and update (insert/delete) time of the data structure are O(e~*(m +
d)log1/6) and O(e7%dlog 1/d) respectively while the data structure is constructed in time

O(e 2 mdlog1/9).
Now, we are ready to present our AIPE data structure.

Algorithm 10 Adaptive Inner Product Estimation

1: data structure ADAPTIVE INNER PRODUCT ESTIMATION > Theorem [2.4.6]
2: members

3: ADAPTIVEDISTANCEESTIMATION ADE

4: end members

5:

6: procedure INIT(x1,To, - , Ty, &,0)

7: ADE.INIT(z1, X2, -+ , Ty, €,0)

8: end procedure

9:

procedure INSERT(z € RY)
ADE.INSERT(2)

—_— = =
N =2

: end procedure
13:
14: procedure DELETE(i € [m])
15: ADE.DELETE(%)
16: end procedure
17:
18: procedure QUERY(q € R%) > Lemmal[2.4.5]
19: dy,ds, - ,d, < ADE.QUERY(q)
20: fori=1,2,--- ,mdo
21: w; =1—3d?
22: end for
23: return {w;}!",
24: end procedure
25:
26: procedure QUERYMIN(g € RY) > Lemmal[2.4.3]
27: dy,dy, - ,dy, < ADE.QUERY(q)
28: i 4= arg maX;epm d;
29: return z;
30: end procedure
31: end data structure

We first show that given an ADE data structure, we can solve the AFN data structure problem.

Lemma 2.4.3. Let X = {x1,...,2,} € (S¥1)™ be the dataset and q € S*! be a query
vector. Suppose for some r € (0,2), max,cx ||x — q||2 > 7. Then, procedure QUERYMIN(q) in
Algorithm([I0solves the (1 + ¢, r)-AFN data structure problem.
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Proof. Letx € X be the point in X that maximizes the distance with ¢, also, we have ||z —q||o >
r.Let d, denote the distance estimation corresponds to = outputted by the ADE data structure.
Suppose for some y € X, d, > d,, then we have

dy > d,
> (1 —¢)llz —qll
>(1—e)r
> /(14 2¢),
this concludes our proof. ]

As a corollary, it automatically induces a Min-IP data structure.
Corollary 2.4.4. Let X = {x1,...,7,,} € (S¢1)™ be the dataset and q € S*! be a query
vector. Suppose for some v € (0,2), max,ex ||r — gl > r. Given a (1 + ¢,7)-AFN data
structure, it can solve the (c, T)-Min-IP problem with

(1+¢)?r
(1+e)2—-1471

T=1-05r%c=

Similarly, the AIPE problem can be solved using ADE.
Lemma 24.5. Let X = {x1,...,7,} C R be the dataset with m points and radius D,
let ¢ € S be the query vector. The procedure QUERY(q) in Algorithm |10| outputs a list of
estimates {w; }™ such that

(1+¢e)(zs,q) — De < w; < (1 —¢){x;,q) + De.

Proof. Throughout the proof, we assume transformation () has been applied to all points z; € X
and transformation P has been applied to query vector q.
By Definition 2.3.1] we have

1P(q) = Q(zi)ll3 =2 —2- D™ (g, z;) (2.3)
By Lemma [2.4.2] we have
(1—e)?|P(q) — Q(z)||2 < d2 < (1 +¢)?||P(q) — Q(z:)|12, Vi € [n]

Then we have

2 _ A2 2 _ )2 _ )12
| UePIP@ - Q@ & | (1= ePIP@) - Qs
2 2 2
Applying Eq. (2.3) we get
—9.D1 . 2 - —9.pD"1 ,
L 04392-2Dgw) | @ (1-39)2-2-DMgw)
2 2 2
Thus, we get

d?
(14 3e){q,z;) —3De < D-(1— Ez) < (1 —3¢){q, x;) + 3De.
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We summarize results regarding Algorithm (10[in the following main theorem.
Theorem 2.4.6 (Adaptive Inner Product Estimation, formal version of Theorem [I.1.15)). There
is a data structure uses O(c>mdlog(1/8)) space for the Adaptive Inner Product Estimation
Problem with the following procedures:
* INIT({x1, 29, ..., 2} CRY e € (0,1),8 € (0,1)): Given data points {1, s, ...,x,} C
R? with radius D, an accuracy parameter € and a failure probability ¢ as input, the data
structure preprocesses in time O(s>mdlog(1/9)).
* INSERT(z € RY): Given a vector z, the data structure insert z in time O(c~2dlog(1/6)).

* DELETE(i € [m]): Given an index i, the data structure deletes x; in time O(e~2dlog(1/6)).

* QUERY(q € RY): Given a query point q € R, the QUERY operation takes q as input and
approximately estimates the inner product of q and all the data points {x1,2s, ..., Ty} C
R in time O(e~2(m + d) log(1/8)) i.e. it provides a set of estimates {w; Y™, such that:

Vi € [m], (14 ¢){q,x;) — De <w; < (1 —¢){q,z;) + De

with probability at least 1 — 0, even for a sequence of adaptively chosen queries.

* QUERYMIN(q € RY): Given a query point ¢ € R% the QUERYMIN operation takes q
as input and solves the (1 + €,7)-AFN data structure problem, where r € (0, 2) satisfies
maxgey || — qlla/D > 7, in time O(e~2dlog(1/6)).

Proof. Proof of INIT. The running time follows from the initialization time of Lemma[2.4.2]
Proof of INSERT and DELETE. The running time follows from the update time of Lemma[2.4.2]
Proof of QUERY. The correctness follows from Lemma(2.4.5] for the running time, it follows

from Lemma
Proof of QUERYMIN. The correctness follows from Lemma for the running time, it

follows from Lemma 2.4.2]

[]

Remark 2.4.7. ADE data structure is robust against adaptive queries, which is especially feasi-
ble during an iterative process. During query, to find the vector that approximates the minimum
inner product, we need to perform a linear scan over all m vectors, this makes it useful when
number of iterations is rather small, in which linear scan is affordable. The initialization time of
the data structure is also nearly linear in the size of input.

2.5 Low Rank Maintenance: Simple Restart

Low rank maintenance task (Task [[.I.I0) is a simple yet very useful primitive that finds its
applications in many optimization algorithms. Consider we are given a matrix W & R™*™,
at each iteration, W receives a low rank update U VT, where U,V € R™. Clearly, if n < m,
then one can use a clever data structure to store V¥ and its updates in a fashion such that the
matrix-product query can be answered in time o(m?). We present a data structure that realizes
this guarantee.

Before moving, we define some notions related to rectangular matrix multiplication.
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Definition 2.5.1 ([8, 33| [85]). Let w be the matrix multiplication exponent such that it takes
n@+o(l) time to multiply two n x n matrices. Let o be the dual exponent of the matrix multiplica-
tion which is the supremum among all @ > 0 such that it takes n>t°() time to multiply an n x n
by n X n® matrix.

Additionally, we define the function w(-) where w(b) denotes the exponent of multiplying an
n x n matrix by an n X n’ matrix. Hence, we have w(1) = w and w(a) = 2.

The overall idea of our low rank maintenance data structure is as follows: we keep accumu-
lating the low rank change, when the rank of the change reaches a certain threshold (m®), then
we restart the data structure and update the weight matrix.

Algorithm 11 Low rank maintenance data structure

1: data structure LOWRANKMAINTENANCE > Lemma[2.5.2]

2:  members

3: re, V0 € [L] > 1, denotes the accumulated rank of the change

4: W, VIl € [L] > {Wz}é‘zl € (Rmxm)L

5: AW, VL € [L] > {AW e, € (Rm*m)E

6:  end members

1

8: procedures

9: INIT({W7(0),... W,(0)}) > Initialize the data structure
10: UPDATE(Uy, V;) > Update the low rank representation
11: QUERY({, y) > Compute the matrix-vector product between AV, and y

12: end procedures
13: end data structure

Lemma 2.5.2 (Formal version of Theorem [1.1.18)). There exists a deterministic data struc-
ture (Algorithm|[I1) such that maintains

AW, ... AW,

such that
* The procedure INIT (Algorithm|12) takes O(m>L) time.
* The procedure UPDATE (Algorithm takes O(nm?*~°+°W)) amortized time, where o =
w(2).
* The procedure QUERY (Algorithm takes O(m - (nnz(y) + 1)) time, where ry is the
rank of AW, when QUERY is called.

Proof. The runtime for INIT is straightforward, for QUERY, notice that we are multiplying vector
y with a (possibly) dense matrix W, € R™*™ which takes O (nnz(y) - m) time, and an accumu-
lated low rank matrix AW, with rank r,. By using the low rank decomposition AW, = UV T
with U, V' € R™*" the time to multiply y with AW is O(mr;). Combine them together, we get
a running time of O(m - (nnz(y) + 7).

It remains to analyze the amortized cost of UPDATE. Note that if 7, < m?, then we just
pay O(1) time to update corresponding variables in the data structure. If r, = m?, then we will
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Algorithm 12 Procedures of LRM data structure

1: procedure INIT({W1(0),...,W.(0)}) > Lemma[2.5.2]
2 W, Wg(O)

3 AW, + 0,/ € [L]

4 ry < 0,V0 € [L]

5: end procedure

6:

7: procedure UPDATE(U, € R™*" V, € R™*") > Lemmal[2.5.2]
8 AW, +— AW, + U, gV[ without forming the product and sum the two matrices

9: Te 4 T¢+n

10: if r, = m® where a = w(2) then

11: W, — W, + AW, > Takes O(m?) time
12: o+ 0

13: AW, <0

14: end if

15: end procedure

16:

17: procedure QUERY(Y € [L],y € R™) > Lemma[2.5.2]
18: 2 Wo-y+ AW, -y > Takes O(nnz(y) - m + mr,) time
19: return z

20: end procedure

explicitly form the m x m matrix AW,. To form it, notice we have accumulated r,/n different
sums of rank-n decompositions, which can be represented as

U = [U(1),Up(2),...,Us(re/n)] € R™™,
V =[Vi(1),Vie(2),...,Vi(re/n)] € R™*",

and AW, = UV, which takes O(m?T°)) time to compute since 7, = m?® and a = w(2).
Finally, note that this update of W, only happens once per r,/n number of calls to UPDATE,
therefore we can charge each step by O(TT/Z) = O(m* “n) = O(m?* “n), arrives at our final
amortized running time. O]

Remark 2.5.3. Currently, the dual matrix multiplication exponent o« ~ 0.31 [33|], hence the
amortized time for UPDATE is O(nm!%). If m > n?, then we achieve an update time of o(m?).
Similarly, the time for QUERY is O(m - (nnz(y) + r;)) = O(m - nnz(y) + m'™) = O(m -
nnz(y) + m!'3), as long as nnz(y) = o(m), then its running time is also o(m?).

2.6 Projection Maintenance via Inverse Maintenance and the
Power of Sketching

Given a diagonal matrix W € R™*" with non-negative entries on the diagonal, and A € R¥"
where d < n with rank d, the goal is to maintain the projection P = VW AT (AW AT)"LAVW

54



under ¢, multiplicative changes to W and support the matrix vector product Ph for some vector
h € R". This is a key core step in speeding up the robust interior point method for linear
programming [27, [72]] and empirical risk minimization [S5]. We present a unified framework
that uses Schur completement to reduce the projection maintenance into an inverse maintenance,
coupled with the clever use of sketching techniques to reduce the query complexity.

Fact 2.6.1 (Schur complement). Given four matrices A, B, C, D, we have the following identity
assuming that all inverses exist:

A Bl7' [A'4+A'B(D-CA'B)"'CA™! —A'B(D—CA'B)"!
c D| —(D—CA'B)"lCA™! (D — CA=1B)~!

2.6.1 From Projection to Inverse Maintenance

While projection maintenance has rather complicated form, we can pack the corresponding terms
into a large matrix and use Schur complement in a clever way.

Lemma 2.6.2 (Original version). Let A € R¥"™ be a matrix of rank d and let W € R"™" be a
diagonal matrix with non-zero diagonal entries and let h € R™. Then

—1

W AT VW0 0, *
A 0 0 04 . *
0 0 I 0 n| T X (2.4)
VWY 0 0 -1 _h VIVAT(AUAT) AV

where x represents some entries that do not care about.

Proof. Let A=W cR™ B=AT c R C =Ac R> D=0 ¢ n®™in Fact.6.1]
then the matrix has full-rank (i.e. it is invertible) and the top-left block of the inverse is W —
WAT(AWAT)"LAW € R™". Further, consider the following block-matrix and its inverse:

-1

M N 0 [ M M-IN 0
0 —-I 0 = 0 —1 0
NT 0 -—I _NTM*1 NTMIN —TI
Note that
14/—1 j4T
M=1"4 o

By the Fact2.6.1landset A = W1 ¢ R™" B = AT e R C=AcR> D=0c¢
R%*? then we have

WA+ WAT(0— AWAT) AW —WAT(0 — AWAT)!

-1 _
M= —(0— AWAT)AW (0— AWAT)!

When M € RM+dx(+d) g the previous block-matrix and N € R™*t9*" plock-matrix
( v W_17 OTLXd)T’ i-e-’
-1
v ]
den
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Then we compute the N M 1N € R

NTM N = VW (W = WAT(AWAT) AW W
— I —VWAT(AWAT) ' AVIV

Consider the matrix multiplication in Eq. (2.4) and its last n coordinates, we have

[NTM~* NTM™'N —I] szd =0—-N"M"'Nh+h
—h
= — (I —VWAT(AWA)AVW)h + h
= VWAT(AWAT) AVWh
Therefore we know that Eq. (2.4) holds and complete the proof. ]

Sometimes, we want to put sketching matrix on the left or on the right. By slightly modifying
the matrix, we can also achieve these objectives.
Definition 2.6.3 (M matrix). Let A € R¥*" with rank d and W € R™ " be a diagonal matrix
with non-zero elements on the diagonal. We define the matrix A/ € R+ dx(+d) 55 follows:
w-t AT
=)
Lemma 2.6.4. Let M € RtDx(+d) be defined as in Definition then

W — WAT(AWAT) T AW WAT(AWAT)1]

M~ = l (AW AT) AW (AW AT

Proof. We have

w5

W+ WAT(0 - AWAT) AW —WAT(0 — AWAT)~
- —(0— AWAT)LAW (0— AWAT)!
W= WAT(AWAT) AW WAT(AWAT)~!

(AWAT) 1AW —(AWAT)L

where the first step follows from Fact 2.6.1] and the second step comes from simplifying the
terms. [

Definition 2.6.5 (L matrix). Let A € R?*" be rank d and W € R™*" be a diagonal matrix with
non-zero elements on the diagonal. We define the matrix L € RO +@xGn+d) a5 follows

Wt AT wY2 o0

A 0 0 0

0 0o —I 0
(W=7 0 0o I

56



To get a better view of the inverse of L, we define the matrix /V first.

Definition 2.6.6 (N matrix). Let W € R"*" be a diagonal matrix with non-zero diagonal ele-
ment. We define the matrix N € R("+9x" a5 follows:

W71/2
N pu—
|: O4sxn :|

We can express the inverse of L € R+ d)xGn+d) yging N[ € R(PH)x(ntd) gpd v ¢ R(vFd)xn

Lemma 2.6.7. Let L € REGxGn+d) pe defined in Definition Then,

M1 M—IN 0
L' = 0 -1 0
NTM-Y NTM-IN —I

where M € RFDx(+d) gug N € RHD>*" gre defined in Definition|2.6.3|and|2.6.6|
One important feature of the L € RG+)xGn+d) matrix is multiplying its inverse with a
proper vector gives the desired matrix vector product of interest.

Lemma 2.6.8 (Restatement of Lemma [2.6.2). Let L be defined as in Definition 2.6.5] Then we
have

*
= *

VIWAT(AWAT) LAV h

On+d
L7t h
h

Lemma 2.6.9 (Sketch on the left). Let R € R™ G, et [, € REHD*Gntd) pe the matrix
defined in Definition[2.6.5] consider the matrix

= )
(e 5)) = [

L o]\ _ L 0
R —I | =(=D)*RLY (-D)7!
o
 |RL7Y —T
where the first step comes from Fact[2.6.1] and the second step comes from simplying the terms.
[]

then we have

Proof. We have

57



As we have shown, it is possible to multiply a conforming matrix R? either on the left or on
the right of =1 € RGr+d)x(Bntd) We now show how to design proper sketching matrices. We
start with the discussion on sketching on the left.

Theorem 2.6.10. Let R € R™*™ be a collection of sketching matrices, define R € R™* 3"+ 1o
be the following matrix:

R= [Onx(2n+d) R}
Then we have

Oner

L 0(3n+d) Xn ' h _ *
R I, h RVIWAT(AWAT) ' AVWh
0

3

Proof. By Lemmal[2.6.9] we know

L 0(3n+d)><n - _ Lt 0(3n+d)><n
R -1, RL™1 -1, ’

Compute the matrix vector product gives us

On+d *
Lt O(3n+d)><n h _ On+d
RL™! -1, h | |RL'| h
0, h
We have
0n+d *
RL™7| h | =R *
h VWAT(AWAT)LAVWh
*
= [Onx(2n+d) R] *
VWAT(AWAT)LAVWh
=RVWAT(AWAT) P AVWh
0n+d *
where the first step follows that L= | h | = * by Lemma2.6.2}
h VWAT(AWAT)LAVWh
the second step follows from the definition of R, and the final step comes from the matrix multi-
plication.
This completes the proof. ]

Both [27]] and [[72] can be identified as sketching on the right. We show how to maintain their
sketching as inverse.
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Lemma 2.6.11 (Sketch on the right). Let R € RG™)x7 ot [, ¢ REGHIXGn+d) pe the matrix
defined in Definition[2.6.5] consider the matrix

o )
(I

(G 5]) - [ o

then we have

Proof. We have

[t LR

10 —1
where the first step comes from Fact [2.6.1] and the second step comes from simplifying the
terms. []
Theorem 2.6.12. Let R = [RlT Ry - R;] € R™ ™ be a collection of sketching matrices.

Let T = /n. Define B € R )x" 1o be the following matrix:

0(n+d) xn
B= RT
RT

Then we have

L B -1 037L+d . *
Onx@ntd) —In LRL |~ |VWAT(AWAT)"AVWR] R,

where I, is a diagonal matrix whose @th to "Ttth diagonal entries are 1 and other diagonal

entries are 0 such that RTI,R = RtTRt.

Proof. By Lemmal[2.6.11] we know

(o 51 [t 0
On><(3n+d) _]n 0n><(3n+d) _]n .

Compute the matrix vector product gives us
L~ 1 L~ 1 B 03n+d - *
On><(3n+d) —In [tRh o LilRItRh
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We have
0n+d
L7 'BI,LRh= L' |RTL,Rh
RTI,RA
[ *
p— *
|V WAT(AWAT)_lA\/WRTItRh

*
*

| VIWAT(AWAT)YAVWR] Rih

where the first step follows from the definition of B, the second step follows from Lemma[2.6.2]
and the final step follows that R" [,R = R R,.
This completes the proof. [

Remark 2.6.13. We include these constructions here as a showcase of one attempt to unify the
projection maintenance task. However, the inverse maintenance itself is not the key to realize
the speedup in [27, 55,72, as we will show in next section, it is the coordinate-wise embedding
property that is key to these developments.

For completeness, we include the version where h can be maintained inside the matrix and
an algorithm to update, query and reset the data structure in Appendix

2.6.2 Coordinate-wise Embedding

In [72], they propose a unified framework for sketching or sampling called coordinate-wise em-
bedding property:

Definition 2.6.14 ((«, 3, §)-coordinate wise embedding). We say a randomized matrix R € R®*"
satisfying («, 8, 0)-coordinate wise embedding if

1.Egnlg"' RTRh) = g"h,
«
2. Bpnnl(g' RTRR)?T < (9" )" + S lgl311AI3,

TpT _ T >£ < 0.
3. Prllg' R'Rh—g'h| > \/l—)l\gHthHz <0

Remark 2.6.15. Given a randomized matrix R € R"*™ satisfying («, B, §)-coordinate wise em-
bedding and any orthogonal projection P € R™*", above definition implies

1. Eg-u[PR" Rh] = Ph,
2. En-nl(PRTRR)?) < (Ph)? + 1A,

B

.
L >
3. Pr | [(PRTRR) = (Ph)| = —

[pll2| < 0.
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since || P||a < 1implies || P;.||2 < 1 foralli € [n].

In [[72]], they use certain family of sketching matrices satisfying the coordinate-wise embed-
ding to speed up the computation of the approximate matrix vector product Ph. Their approach
is also oblivious, in the sense that sketching matrices are initialized before we have access to the
vector h.

In [27], they use a diagonal sampling matrix D € R™*™ with roughly b non-zero entries on
the diagonal. We design the matrix R € R"*™ as follows: let S be the set of indices of non-zeros
in D, thenwe set R;; = D, ; fori € S.

The matrix D is designed as follows: given h € R", we have

1
D, — o with probability p; := b - (W + >
0  otherwise

We prove the above diagonal sampling matrix satisfies the first two conditions of Defini-
tion[2.6.141
Lemma 2.6.16 (Formal version of Theorem [I.1.20). Let D € R™" be the sampling matrix
defined as above. For any g € R", we have

* Eplg" Dh] = g"h.

* Epl(g" Dh)*] = (g"h)* + llgl3 Rl

* Prpllg" Dh — g"h| > FEGL | g]ls|Rs] < 6

Proof. In expectation, we have

1
ED;;]=pi-—+1—pi)-0

)

=1
hence, the matrix in expectation is identity.
For variance, we have
E[(g" Dh)? ZgzD“h

n

= E[Z(giDi,ihi)Q + Z 29;D; ihig; Dj jhy]

i=1 i#j
= Y E[(g:Dishi)*] +2 Y Elg;Diihig; Dj hy) .
i=1 7
A B

We bound A (diagonal term) and B (off-diagonal term) separately.
For A, we have

ZQQDf il
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= ng]EDQ |
— Z_QQhQ
bz h2

1
=1 HhH2 +

n|]h||2 272

E g:h;

T b Lz nptt
””h”z g2h?
— b 7/ Z

- guhuéugus

i i

For B, we have
= E[Z 9iDiihig; Dj jhj]
i#£j

= Z 9ihigih;E[D;i ;i D; 5]
i#]

= Z gihig;h,

i#]

:Zgihi Z gih;

i€[n] Je\ i}

:Zgz Zgj zz

i€[n] Jj€ln]

= Zgz Th Gi Z)
zEn]
Zg2h2

i€[n]
<(g9"h)*
Put it together, we have
1
E[(g" Dh)*] < (9"h)* + gHgH%IlhIl%-
For probability, let Y; denote g; D; ;h; — g;h;, note that E[Y;] = 0 and the variance of Y is

Var[V;] = E[Y?]
= ng[(Dm - 1)2]}%2

62



— 21 n|7f3
"t bnhi A4 |3
1
< gnghHg
We also need an absolute value bound:

1Yl = |gi(Dii — 1)h]
< |gihil.

By Bernstein inequality, we have

Pl S Vil > L lgllallbll] < exp [ - Tl
2.2 g : TTGTRAIR + miicie) 2 gl gl /3

2

2\ gll3lln13
S XD\ T e

HPTHRE
= eXp<_ﬁ)7

picking 5 = log(1/4), we obtain the desired result. O

Remark 2.6.17. Our above argument shows that the sampling matrix used in [27] is a (1,1og(1/§),0)-
coordinate-wise embedding.

The above lemma ultimately unifies [27, 55, [72]. From the perspective of inserting the
sketching/sampling matrix, [27] and [72] are very similar in the sense that both of them com-
pute PR" Rh with different R. For [53]], its sketch is in the form

R'"RPh,

in the language of coordinate-wise embedding, we use the sketching matrix to preserve the
norm between [ and Ph, however, this will make central path infeasible.
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Chapter 3

Faster Sparsification via Faster Inner
Product Data Structures

Given a matrix V' € R™*9, the task of sparsifying the matrix by selecting a small number of
re-scaled rows while preserving the spectral structure of the matrix is one of the most important
primitives in graphs and numerical linear algebra tasks. The celebrated work by Batson, Spiel-
man and Srivastava [12] shows that it’s possible to obtain a sparsified matrix with only e~2d
rows. While nearly linear time algorithm has been obtained by Lee and Sun [54], it remains a
major open problem whether it is possible to compute such spectral sparsifier deterministically.
Computing spectral sparsifier deterministically has implications to various graph problems in the
adaptive streaming model and derandomize some important numerical linear algebra problems.
However, the fastest deterministic algorithm still takes time Q(d4) [90].

Our main contribution is a deterministic algorithm that runs in time O(d“*!) for computing
a spectral sparsifier. To achieve such performance, we model the first algorithm in [12] as a data
structure task, and get a direct speedup from their iterative process.

Apart from linear-sized spectral sparsifier, we also obtain faster algorithms for two related
problems: the vector packing problem posed by [84] and the experimental design problem by [[7]].

This chapter is based on the arXiv document: https://arxiv.org/pdt/2204.03209.pdf, coau-
thored by the thesis author.

3.1 Linear-Sized Spectral Sparsifier

In this section, we speed up the construction of deterministic spectral sparsifier. We show that
solving such problem is equivalent of Task We also provide an alternative implementation
of the almost-linear time algorithm by Lee and Sun [53]]. We show that their iterative process can
be solved as Task [[LT.3l

3.1.1 Problem Setup

In this section, we setup the problem. Given a full rank matrix V' € R™*4 with m > d, the goal
is to pick only s = ©(¢72d) rescaled rows of V to form V € R**¢ such that (1 — &)V'V <
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\N/TXN/(l +e)VTV. Since V is full rank, we can normalize V'V and assume it’s identity. The
task can be defined as follows:

Definition 3.1.1. Suppose we are given m vectors v;, . . ., v, € R? satisfying " vv = I,
we want to find scalars {s;}!"; satisfying

{5 s: # 0} = O(d/<?),

such that

(1—2)- 1= sww] 2 (1+e) 1.

=1

We define several notions that will be used extensively in the proof of BSS sparsifier.

Definition 3.1.2. Let A € R%*? be a symmetric matrix with eigenvalues \;, ..., \gand u, / € R,
define:

3.1.2 The BSS Algorithm

The BSS algorithm is as follows: the algorithm starts by maintaining two “barriers” of eigenval-
ues ug = g and () = —g. Iteratively, the algorithm searches for an index ¢ € [m] such that the
inner product between v;v, and a quantity related to lower barrier is large while the inner product
related to barrier is small. Then we add this outer product v;v;” with a scaling into the matrix A

we are forming. After ©(d/e?) iterations, we’ve constructed a matrix A with the property that
A=, 1.

We formalize the algorithm as follows:
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Algorithm 13 BSS algorithm

1: procedure BSS({v1, ..., v} € (RH)™)

2: Ug < = EO < —d
3: AO < 0d><d
4: T+ &
5: 5U<—1 5L<_1+2€
6: fort=1—Tdo
7. Uy eut,1+5y,€t — b1+ 0

. (Ap—1—£:1) 2 . . -1
8: Lt <— ‘I)Zt(Atfl)—(I’Zt_l(Atfl) (At—l Et-[)

) (uel—Ay1)"? -1
9: Ut < %t_l(;lt_l)iqiut(At—l) -+ (UtI — Atfl)
10: Find an index j such that

v (L — Up)v; >0

Li+Ut)v
11: C %
12: Ap— A+ E . UjUJT
13: end for

14: return Ar/d
15: end procedure

The central lemma that guarantees the BSS algorithm to find a good sparsifier that satisfies
both upper and lower bound is the following:
Lemma 3.1.3 (Lemma 3.5 of [12]). Suppose A € R4 satisfying (I < A < ul, let e € (0,1)
and suppose ®,(A) < e,®,(A) < e, and ¢, 0y, I, satisfying

1
0< —fe< ——
=5, +e < 5, g,
then we have
1. Lower bounding lower barrier.
= —(t+9 1
Z: o) — (A= (L +6)) Y > — —e.

<I>e+5L (A) = y(A)

=1

2. Upper bounding upper barrier.

T ((u Sp) T — A) o
;Ui (@“(A) . v (A) (w+0p)l = A) v < = +e.

We also record two lemmas that control the growth of lower and upper barriers.
Lemma 3.1.4 (Lemma 3.3 of [12]]). Suppose A < ul and v € R? is any vector. If

+ ((u+ )l — A)~2

c2v (@u(A) _ (I)u+6U(A> + ((u + 5U)[ - A)il)u
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then

1 1
QA+ = ov") < @Y (A) and A+~ wv’ < (u+ o)l
15 C

Lemma 3.1.5 (Lemma 3.4 of [12]]). Suppose A = (I, ®,(A) < 1/5; and v € R? is any vector.
If

(A—(L+6))72
Drys,(A) — Pe(A)

0<c<v'( — (A= (+ ) M,

then
(I -
CDng(;L(A—'—E‘U’U )§<I)5(A)andA+E-vv = (04 op)I.

Combining the above 3 lemmas, we derive a lemma that justifies that in each iteration of
Alg.[I3] we can always find an index j satisfying the inequality on line 10. To simplify notation,

= —2 w A2
we define L, := (% — (A= (l+6)) ) and U, := (% + ((u46p) I —
A7),

Lemma 3.1.6. Suppose A € R™? satisfying (1 < A < ul, let ¢ € (0,1) and suppose P*(A) <
e, ®(A) <e¢, and e, oy, satisfying

then there exists an index j € [m| and a positive value ¢ such that
1. Witness of gap between lower and upper barriers.

vaLtvj >c> vaUtvj.
2. Spectral property.
1
@+QN<A+24WI<@+%M.
Moreover, if we further have

0<1—|— <1
—+e< — —¢,
oy or,

then the witness of gap between lower and upper barriers has a strict inequality between the two
quantities:

T (A= (L+8,)D)
0, (A) — B,(A)

— (A — (ﬁ + (SL)[)il)’Uj >c

- ((u+op) — A)?
i (@u(A) — oo (4)
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Proof. By Lemma|3.1.3} we have the following:

= €+5L)[) —2 1
;v Dres (A~ B () —(A—(¢+6)D) Yoy iz
ik —|— U—f-(SU) A) -2 1
Zvl — g (A) + ((u+ o) — A) M < E—i—&?

=1
By an averaging argument, there must exist an index j € [m] that witnesses this inequality, i.e.,

T (A= (l40)])?
D5, (A) — u(A)

((u+ opy)I — A)~2
Du(A) — dutiv (A)

— (A= (0+0) ) vy > 0] (

The spectral property is guaranteed by Lemma[3.1.5]and Lemma[3.1.4]
For the strict inequality, note that if we have i —e> % + ¢, then by Lemma and again
by an averaging argument, we conclude that witness also exhibits a strict inequality. ]

We also include a proof for the main Theorem of [[12] here, since we will need to later adapt
our data structure for this problem.

Lemma 3 1.7 (Theorem 3.1 of [12]]). Suppose we are given m vectors vy, . . ., v, € R? satisfying
Yo v, = I, then there exists a deterministic algorithm (Alg. E) can ﬁnd scalars {s;}1",
sansfylng

{5 si # 0} = O(d/<?),

such that
(1—2¢) jz ZTj (1+e)l.

The algorithm (Alg. [13) runs in time O(md?/&?).

Proof. We first prove the correctness. By the update rule of Alg.[I3] we know that we maintain
the following invariants across all iterations due to Lemma [3.1.5|and Lemma [3.1.4]

q)ut (At) < (I)ut—l(At—l) and (I)ft<At) < ®£t—l(At—1)7

which means it suffices to examine ®,,(Ag) and P, (Ag) respectively, recall that we choose
= g, by = —‘E—l, hence we have

d
uo AO Z

=1

Ul ™

I
™

(I)fo (AO)

!
M=
SHRY

@
Il
—
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Il
™

To conclude the proof, we shall apply Lemma for T = ©(d/e?) times, so we verify the
relations between ¢, oy, 0

1
—4+e=14¢2>0,

ou

! 1+ >1+
— —c= e> —+e.
5L _5(]

This means we can apply Lemma [3.1.3]and have

(50 + T(SL)[ < Ap < (Uo + TdU)[,

plug in the values of ¢y, ug, dr,, 0y and T', we conclude that

(1—e—2e)I < Ap/d < (1+¢)I.

Now we analyze the running time, the algorithm iterates for T = O(d/e?) iterations, and for
each iteration ¢, we compute L; and U; in O(d*) time, and the search for index j takes O(md?)
time. Hence, the total running time is O(md>/e?). O

3.1.3 Faster Deterministic Sparsification via Nonnegative Inner Product
Search

We observe that the core of the deterministic BSS algorithm is an inner product search step:
given a query matrix L; — U;, we need to find a vector v; with (v;v;", Ly — U;). To speed up
this process, we make use of the positive search tree we developed in prior section. In short, we
first preprocess all vectors in min{O(nnz(V?)), O(md~~')} time, then at query time, we simply
perform the positive search to find the desired vector, in time O(d2) or O(d¥).

We present our algorithm as follows:
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Algorithm 14 Faster Sparsification with Nonnegative Inner Product Search Tree

1: procedure FASTERSPARSIFICATION(V = {vy,..., v} € (RH)™) > Theorem [3.1.8]
20 ug < L0y =2
Ao  Oaxa
T+ 4
5(] — 1, 07, ﬁ
if md“~! < nnz(V?) then
DS < VECTORPS VECPS
else
DS < MATRIXPS MATPS
10: end if
11: DS.INIT(V)
12: fort=1—Tdo

e A A

13: ut%ut,1—|—6U,€t (—2&,14—51/
14 L 5oty — (e = D)
I5: Uy ¢ gridfe e (] — Ay y) ™!
16: Q < Lt - Ut
17: vj <~ DS.QUERYPOSITIVESEARCH(Q)
vl (Li+Ut)v,
18: ¢
19: At — At,1 + é : Uj'l}]T
20: end for
21: return Ar/d

22: end procedure

The correctness of the above algorithm follows obviously: by using the Positive Inner Product
Search Tree, we are guaranteed to find a vector with positive inner product, which suffices to
proceed the BSS algorithm. We summarize the running time in the following theorem.
Theorem 3.1.8 (Formal version of Theorem . Suppose we have " vv, = 1, let A be
the output of Algorithm |14} then

(1—¢)- I2A=Z(14¢) I
and A =3" s for|{s;: s; # 0} = e72d.
Moreover, Algorithm|(l4|has runtime
min{nnz(V?), md* '} + e 2d“ .

Proof. The correctness follows naturally. To see the running time, note that by Theorem [2.2.1
and Theorem the initialization takes min{nnz(V?), md“~'} time. For each iteration, we
need to invert d X d matrices, which takes O(d“) time, and we need to query the Positive IP
Search Tree, which takes O(d?) (Theorem or O(d¥) (Theorem time. Thus, each
iteration takes O(d*) time, and there are O(c~2d) iterations in total. Hence, the total running
time is

min{nnz(V?), md“ '} + e 2d“ .
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]

3.1.4 Deterministic Sparsification via VECTORPS: Comparisons and Ex-
tensions

We compare our algorithm with known algorithms in the literature, both deterministic and ran-
domized.

[90]: Deterministic. To improve the running time of [12], [90] adapts the following strategy:
it uses a deterministic lossy construction to first compute a sparsifier of size e 2d log d, then it
runs the BSS algorithm on the matrix with e 2dlog d. The deterministic sparsifier it computes
can be viewed as an analogy of the leverage score sampling [80] in deterministic setting. In order
to construct the lossy sparsifier, it makes use of the hyperbolic cosine function as a potential to
progress. At each iteration, it has to compute the hyperbolic cosine potential over all rows of V,
incurring a O(md) cost per iteration. Similar to the BSS algorithm, it only selects one vector
at each iteration, hence its running time is 5(5*2md2) for constructing the lossy sparsifier. For
the case of m = d?, which is the standard case for a dense graph or a tall skinny matrix, their
algorithm has Q(d*) runtime.

[3]: Randomized. The work by Allen-Zhu, Liao and Orecchia provides an alternative view
of constructing the spectral sparsifier, it shows that spectral sparsification can be solved as a
regret minimization problem over PSD matrices. While leverage score sampling [80] has in-
herent connection with matrix multiplicative weights update [10, (60], the linear-sized sparsifier
requires a new view of the problem. Using regret minimization and the popular follow-the-
regularized-leader (FTRL) approach, they show that by using a ¢ norm regularizer, one can ob-
tain a linear-sized sparsifier using mirror descent. This also introduces a novel potential function
that leads later breakthroughs. From an algorithmic perspective, by using Johnson-Lindenstrauss
to reduce the dimension then compute all necessary information at each iteration, they obtain an
improved running time of O(e=%") (md? + d*+1/7)). Unfortunately, without the use of Johnson-
Lindenstrauss, their algorithm is no faster than [12].

[S3]: Randomized. Motivated by the ¢ norm potential function in [3]], Lee and Sun show how
to further speed up their algorithm via randomized sampling. A key (bonus) result of the ¢ norm
potential function is that the iterative process might only run for O(e~2¢qd"/9) iterations. [53]
exploits this feature and ensures that their algorithm only runs for O(c~2¢d®/?) iterations, at each
iteration, they batch sample many vectors and add them into the target matrix. By using fast ma-
trix multiplication, they achieve a per iteration cost of md“~!, coupled with e~2¢d®/? iterations,
their algorithm has a running time of O(s~2¢gmd“~1*+3/4). Since their algorithm heavily relies on
the sampling process, it is certain that their algorithm is randomized.

[54]: Randomized. Note that since [53], reducing the iteration count has been a main theme
of speeding up the construction of linear-sized sparsifier. [34] achieves the optimality by only
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requires O(e72) iterations, with a novel potential function that provides more leeway in the
analysis. This also means that roughly for each iteration, one needs to select O(d) vectors into
the sparsifier. Intuitively, [54] reduces the iteration count by setting up a much stronger objective
per iteration. To solve such an objective, they invoke a positive SDP solver [4]. The correctness
of their SDP solver builds upon its internal randomness, hence it is unclear how to derandomize
their method and achieve a similar running time.

Bootstrapping via Sketching: Randomized. A randomized alternative of [90] is to approx-
imate leverage score quickly then run any fast randomized linear-sized algorithm (say, [54]]) on
the bootstrapped sparsifier. To quickly approximate leverage scores, a popular approach is to use
randomized sketching and adaptive sampling [[16]. Similar to any randomized method we have
discussed above, the speed comes from the use of randomness and efficient sketching matrix,
which is inherent random. Also, such method typically does not care about the dependence on
d, since it typically applies a sketching matrix then perform QR decomposition on the sketched
matrix, incurring a poly(d) dependence on the running time.

Comparison with Our Method. We note that all the faster algorithms that break the (d*)
barrier of [90] are randomized methods, they are either slow when derandomized, or inherently
rely on the randomness to progress the algorithm. This poses a challenge when one wants to de-
sign dynamic spectral sparsifiers against adaptive adversary based on these primitives. In contrast
to their deterministic counterpart, where the robustness against adaptive queries is guaranteed, it
is nontrivial to modify a static randomized algorithm for adaptivity without slowdowns. Obtain-
ing efficient deterministic spectral sparsifier has sophisticated implications for various dynamic
graph and matrix problems.

In many senses, while previous results [53, 54] give almost and nearly linear time algorithms
for spectral sparsification, they all need to read the input data entirely for each iteration. This is
fine when the iteration count is small, and in the case of graph, such ¢~?m dependence seems
inevitable since one replaces the primitive matrix operations such as inversion with a Laplacian
solve. When the target matrix V' is a general matrix, it is clear that reading input for each
iteration is sub-optimal. From this perspective, our data structure formulation gives the right
direction to achieve the fruly optimal running time for this problem, and various sparsification
problem using the potential function of [12]]. It also opens up the door to further study of efficient
and deterministic spectral sparsifier.

Extensions to Sparsify PSD Matrices. We remark that our framework can be further extended
to sparsify sum of PSD matrices, using the regret minimization approach introduced by Allen-
Zhu, Liao and Orecchia [3]]. Observe that their mirror descent algorithm can also be viewed as a
variant of nonnegative inner product search.

3.1.5 Randomized BSS via Efficient Sampling

Note that the vanilla BSS algorithm has e ~2d iterations, and at each iteration, it only adds one
vector and requires inverting d x d matrices. To alleviate this issue, [53] gives a randomized
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sampling algorithm that only has O(s~2¢d>/?) iterations and sample multiple vectors at each
iteration. To this end, they give an O(e~2gmd“~1+3/7) algorithm. We note that their algorithm
reads the entire input at each iteration and involves using fast matrix multiplication, hence it
cannot exploit the sparsity of the input unless for graph case. We show that by using the Weighted
Sampling Tree, we 1). only need to read the input once, 2). exploit the sparsity of the input.

Algorithm 15 Randomized BSS with Weighted Sampling Tree

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:

1
2
3
4:
5:
6
7
8
9

: procedure RANDOMIZEDBSS(V = {vy,...,v,,} € (RH)™)

j+0

Ug < (2d>1/q7£0 — —(2d)1/q
Ag + 0gyq

DS + MATRIXPS MATPS
DS.INIT(V)

while u; — ¢; < 4-(2d)"/? do

W; < Ogxa
Rj<—(u]] A)H+ (A — 4
N; + dZ/qtr[R ] mm{)\mm(ujl A)), )\mm(A] —(;1)}
Ay (1+2)- qtr[R PR AR VA (1—2¢)—ri
fork=1— N;do

M, + DS QUERYSAMPLE(R;)

VVj (— = <Mk, R > Mk
end for
Ajpr < A+ W;
Ujt1 < Uy + Au,j; gj—i—l — Kj + A&j
j+—7+1

T tr[R ]

end while
return A;

21: end procedure

> Theorem m

n [53], they need to compute the quantity v, R;v; for all i € [m] at each iteration, by

leveraging fast matrix multiplication, this can be done in O(md“~!) time. Computing matrix in-
verses and minimum eigenvalue takes O(d“) time, hence, their total running time per iteration is
O(md“~1 4 d). In contrast, our algorithm only needs to perform matrix inversion and minimum
eigenvalue computation in O(d*), and sample N vectors each in 9] (d?) time per iteration.

Theorem 3.1.9. Suppose we have " | v;v;

(1—e)- I2A=Z(1+¢)-1

and A =" s for |{s; : s; # 0} = O(72¢d).

Moreover, Algorithm[I5| has runtime

O(nnz(V?) + e 2qd 31 4 e 2qd?).

= I, let A be the output of Algorlthmu 15| then

Proof. Again, since we only change the sampling process without modifying the distribution,
the correctness follows from Theorem 1.2 of [53]].
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For the running time, initialization takes O (nnz(V/2)) time, each query takes O(d2) time and
there are e ~2qd queries in total, yields O(c~2qd?). There are O(s~2qd*/) iterations in total, each
iteration takes O(d“) time, so the total cost overall all iterations and all queries is

O(e2qd“ 31 + e 2¢d%).
This gives a total running time of
O(mnz(V?) + e 2qd* /7 4+ ¢ 24d®).
]

Remark 3.1.10. Compared to the algorithm of [53], our algorithm has several advantages.
To achieve the per iteration cost of O(md*~1), [53] assumes the input is given in the format
{v1,...,Um}, to get the running time, they need to form a matrix V.€ R™*? then multiply a
d x d matrix, which takes O(md“~"), then they can compute m values using extra O(md) time.
Suppose in the more general case, when one is only given rank 1 matrices M;, then it is no longer
Jfeasible to do the fast matrix multiplication trick since the input size is md? (assume inputs are
dense matrices). In such scenario, the running time of [53|] becomes O(c~2qd*/1(md? + d*)) or
O(e2qd*9(nmz(V2) + d)) in the sparse case.

3.2 Vector Packing, or One-Sided Kadison-Singer Problem

In this section, we improve the running time of the vector packing, or one-sided Kadison-Singer
problem [[84]. We observe that their iterative process essentially Task[I.1.6]

3.2.1 Problem Setup

We consider a simpler and one-sided version of the well-known Kadison-Singer problem studied
by Weaver [84], which is similar to the restricted invertibility problem [81].

Question 3.2.1. Does there exist a constant N € N, such that if {vy, ..., v, } € (RY)™ satisfying
l|lvill2 = \/LN’ Vi € [m), and

m
E v, =1,

=1
then there exists a subset S C {1, ..., m} such that for any q € (0, 1), we have

1
-
v || <q— ——.
I3 ol < 0= 7%
In Weaver’s discrepancy theory 11, 2013 [84], he presented a polynomial algorithm that has
the following guarantee:

n 1
1> v/ | < =+ 0(—=
2 n YOS

Here n := |S|. We will dedicate our efforts to design a faster algorithmic framework to achieve
an approximate guarantee as Weaver’s result.

).
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3.2.2 Tools

We introduce some useful facts and tools that will be used later.
Fact 3.2.2. For any PSD matrix Z € R, we have tr[Z/?] < \/d - tr[Z].

Proof. Note that for any d x d positive semi-definite matrix Z = 0, tr[Z/?] < \/d - tr[Z due
to Cauchy-Schwartz inequality applied to the non-negative spectrum of Z 1/ 2

Fact 3.2.3 (Matrix Woodbury Identity, [86}87). For matrices M € R™*", U € R"*? C € R4,
Vv c Rdxn’

(M+UCV) =Mt - M UCT+ VMU' VM

Fact 3.2.4. Let A and B denote two diagonal matrices in R%¢. Suppose Vi # j € [n], we have
Bi — a; = B — «j, and let v = 3; — «;. We have

trfA™ — B Y =~ - tr[A"'B7Y].

Proof. We have

1 1
tr[A_1 B_l] = —— =
i=1 Q; 57,
_ Zk: ﬁz Q;
i—1 aiﬁz
k
1
-7 ; ;3
=7 tr[A7'B7Y]
Thus, we complete the proof. ]
Fact 3.2.5 (Inequality for two monotone sequences). Suppose a; > as > --- > a, > 0,

by > --->b, >0, then we have

> i< Zasz

=1

3.2.3 Approximate Greedy Lemma

In this section, we describe and analyze a high level greedy process to construct the set S with
the guarantee given in [84]. We generalize his analysis by introducing an approximation factor
B, which is particularly valuable when later, we want to use certain approximate data structure
to implement the high-level idea. We start with the main lemma of this section.
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Lemma 3.2.6 (Approximate greedy lemma). Let N € R, if {vy, ..., v} is a finite sequence of
vectors in R satisfying ||vi||o = \/LN,W € [m] and

Then for any n < m and any unit vector u, we can find a set S (|S| = n) such that

1> vl < 8- (= +0(==)

€S

-

where [ > 1.

Proof. Before proceeding to main body of the proof, we observe that for the choice of N, we
know trv;v; ] = [|v;|3 = + and 7" v;v] = I, thus we have m = dN.
We define the following sequence of numbers

1 1 {
——)—,Vie{0,1,--- ,n}.
Vi€ {01, n)

Let S; to be the set we have at round ¢, we also define the matrix 7} as

1
T = —- ZUW@T
/8 i€S;

We are going to find a set of indices ¢4, . . ., ,, such that the following two things hold

* 7] < ay,
.« O(Ty) > ... > 0 (T),),

where ®“ is the upper barrier potential as in Def.
Assume the above two conditions hold, then we will have

Zvivi—r ZBHTHH
icSn
< pB-a,
1 1 n
= (\/_N+(1+\/N—1)E)
<8 (24 0(—=))

Therefore, it suffices to show how to construct S; that satisfies above two conditions. We will
prove via induction.
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L

Base case. For base case, consider 7 = 0, note ag = TN

> 0and Ty = 0, so ||To|| < ap. For
potential, we compute $ (T):

DU (Ty) = tr(

Inductive hypothesis. For inductive hypothesis, we suppose for some j < n, we have ||7}|| <
a; and Pao (T()) 2 . Z P (,_Tj)

Inductive step. We prove for j + 1. Suppose vy, . .. v; have been chose and weuse A} < --- <
Aq be the eigenvalue of T;. Then the eigenvalues of / — T are 1 — A\ > --- > 1 — A\; and the

eigenvalues of (a1 —T;) ' are aj+117 S S ajﬂ{ e Note that 77 is a complex symmetric

matrix, we can express it using its eigen-decomposition: 7; = Qj_leQj, where D; € C™?is a
diagonal matrix, whose i-th entry is \;.
Then we have

trl(ajnl =TI - BT;)] =

IN

tr[(aj = T3) 7' - e[l — BT

IN

tr[(a;l — Ty) 71 - te[I — BT}

% (T;) - tr[I — BT;]

QI l—l—

IN

®(Ty) - tr[I — BT]]
— VN - tr]I — 8T}], (3.1)

where the fourth step follows from sorting inequality [3.2.5] the sixth step follows from a;,; > a;,
the eighth step follows from the inductive hypothesis.
Consequently, we have

&% (T}) — ®U+(T;) = tr[(a; ] — T;) ™" — (ajad = T;) 7]
= tr[Q; " (a;] — D;)™'Q; — Q5 (a1l — Dy) Q)]
= tr[(aq;1 — D;)™" = (@411 — D;)7']
= (a1 — az)tr[(a;] — D)~ ajal — Dy) 7]
1
VN -1
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1 1 _
Ut T m il = T5)7) (3.2)
where the forth step follows from Fact|3.2.4, and the fifth step follows from a;;1 — a; = % (1+

\/]%_1 ). The last step follows from

v

1 1
< .
(ajr1— )2~ (a5 — A)(aj — A)

Furthermore, we have
d
1

. — . -2 — . — - —
trllagnd =T = P = 3 o= )
1< 1 d
< Elzlmlzl(l — B\)
::étrKaTH]——Zyyq]-tﬂ]——ﬁ]}} (3.3)
Combining Eq. (3.2)) and (3.3)), we get
tr{(ajn I = T) (I = BT})] _mvVN -1
() - nn) S yx o
1

where the last step follows from m/d = N.
Denote S = [m] \ S, then we have

vi (apnl —T) v | ¢
i 0] (a0 — Ty) My
3 (it i) + ol oot = 5071)

i€S
tr{(ajal = T5)"*(1 = BT;)] 1
- tr[(a; il — T;)~N(I — BT,
(Daj(z'jj) _ (Daijl(j—’j) + r[(a3+1 J) ( /B ])}
1
< N(1 - ﬁ) tr[I — BTy + VN - tr[I — BT]]
— N tall - T}
=m—j.
The first step follows from >, o viv,! = I — fT; € C™, the second step follows from
Eq. (3.1) and (3.4). The last step follows from tr[37}] = j/N and m = Nd. Thus we conclude
there exists an element of .S satisfying

UI(aj+1I — 7})_21}'* T
- . ajq I — T <1< 8.
v (1) — () Ol T B =S8
Thus choosing Sj1 = S; U {i*} C [m], and using Lemma [3.1.4] we conclude ||Tj41| < a;41
and 011 (T;..) < 0% (7)), .
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Remark 3.2.7. If we choose B = 1, then the above theorem reduces to the original version
proved by Weaver [84], which corresponds to the exact algorithms. In our generalized version,
we show that if we scale down each copy of v;v; by a factor of j3, then the final bound is just
worse by a factor of B, compared to the bound obtained by Weaver. This means that at each step
of algorithm, we can tolerate for a vector with only approximately small inner products, as long
as we know the approximation ratio, we can scale matrix I' down and pay back the factor at the
final bound. This inspires the use of data structure that outputs approximate solution.

As another side note, the proof provides an algorithm that runs in n iterations and picks one
vector at each iteration. This means the algorithm can either have a few iterations, or a large
amount of iterations. Depending on n, we provide different algorithms.

3.24 An O(n(md? + d*)) Implementation

Algorithm 16 Vanilla greedy algorithm derived from [84], it takes nm - Tat(d, d, d) time.

1: procedure VANILLAGREEDY({v1, ..., Uy}, N, n) > Theorem 3.2.§]
2: To < 0gxq

3: S«

4: for j =0 —ndo

5: a]:\/%—l—(l—l-ﬁ)%

6: end for

7: for ) =0 —ndo

8: fori € [m]|\ S do

9: Ci 4= (PU=1(Ty) — @4 (T5))~H - v (a1 — Tj)"*vi + o] (a;] — Tj) Moy >

Tmat(d, d, d) time

10: end for
11: 1" = arg mingep,)\s Ci
12: Tiv1 < Ty + vpv,l
13: S« Su{ir}
14: end for
15: return S

16: end procedure

Note that Algorithm [T6]is a straightforward implementation of the process derived from the
proof of Lemma 3.2.6]
Theorem 3.2.8. Let N € N, if {vy,...,v,} is a finite sequence of vectors in R? satisfying
lvill2 = \/Lﬁ,‘v’i € [m] and 3", viv] = I. Then for any n < m, there exists a deterministic
algorithm that takes time O(n(md? + d*)) to find a set S with cardinality n such that

n 1
1) v | < =+ 0(—=
2 YO

Proof. The correctness proof is straightforward, since Algorithm[16]implements the greedy pro-
cess exactly. To analyze the runtime, note the expensive step is to compute quantity c¢; at each

),
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iteration, where it involves inverting a d x d matrix, which takes O(d") time, and compute the
quantity in the form of v" A~1v, which takes O(d?) time. Note that at each round, we need to
compute ¢; for at most m vectors, and there are n rounds. Thus, the total running time is

O(n(md® + d*)).

3.2.5 Small Iterations via AIPE Data Structure

We note that the number of iterations in Algorithm[I6]is determined by the number of vectors in
the set S, hence, we provide different algorithms for different choices of n. In this section, we
specifically consider the setting where n < m. In this case, we use the AIPE data structure with
fast preprocessing time but need to linear scan over all vectors at each iteration. This is fine in
our setting, since n is small.

Algorithm 17 AIPE-based Implementation

1: procedure AIPE-BASED(d € Nyme N,n e N,V C R% ¢ € (0,1),7 € (0,1)) >
Theorem 3.2.10]

2: To < 04xq

3: S+ 0

4: Construct V' >V = [v, v, ,Unp

5: for ) =0—ndo

6: a]:\/%+(1+ﬁ)%

7: end for

8: ADAPTIVEINNERPRODUCTESTIMATION AIPE

9: AIPE.INIT(V,1 + £,0)

10: for ) =0—ndo

11: M; + (a;I —Tj)7* > M; € R4, it takes d* time

12: N; + (a1 —Ty)7! > N; € R4 it takes d* time

13: q + vec((tr[N;] — tr[M;]) " M; M; + M;))

14: i* < AIPE.QUERYMIN(q)

15: Tipn <15+ vi*v;

16: S« Su{i*}

17: AIPE.DELETE(7*)

18: end for

19: return S

20: end procedure

Theorem 3.2.9 (Small Iterations). Let 7,¢,0 € (0,1) and N € N, if V.= {vy,...,u,} isa
finite sequence of vectors in R? satisfying ||v;||o = \/LN’ Vi € [m] and >_}"  viv] = I. Then for
any n < m, there exists a randomized algorithm (Algorithm[I7) that takes time T to find a set S
(|S| = n) such that with probability at least 1 — 0,

T 1 'n
ol <D (=
1> vl <= (—+ O

ies

))-

2=
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Further, if c € (T, 0%6%:7)’ then the running time is T = O(md2 + n - (m + d*)).

Proof. We first recall that the AIPE data structure provides a (1 + ,7)-AFN data structure by
Lemma 2.4.3| this means that as long as we have (1 +¢)? = €L, then it gives the guarantee for
(¢, 7)-Min-IP. Note that by the range of ¢, as long as 7 = O(1), we have ¢ = O(1). From now
on, we assume the AIPE data structure produces a (¢, 7)-Min-IP data structure. This implies that

T (¢l =T)72 T

1% Usx g . ; ] - T S -
<U Ugey T Paj (T) — Paj+1 (T) + (aj-i'l ) > c
(ol —T)7 1

:> i+ Usx o 1 [ - T S .
<U Y; Pa (T) — daj+1 (T) + (a']+1 ) > c

i.e., we obtain an index with 1 approximation guarantee. As we showed in Theorem , if we
. . . ¢ . . .
proceed with adding c copies of v;-v;., we will end up with the following guarantee:

E ’Uﬂ)l-T

€S

n 1
(= +0(—=)).
(3 + O()

Regarding the running time the algorithm, we note that it is enough to pick ¢ = O(1),
therefore by Theorem , the initialization takes O(md?) time. At each iteration, we pay
O(d¥) to invert matrices, the QUERYMIN procedure takes O(m + d?) time and the DELETE
procedure takes O(d?) time per Theorem [

1
<=
c

3.2.6 Large Iterations via AFN Data Structure

When number of iterations n becomes large, the linear scan at each round becomes expensive,
e.g., if n = O(m®%), then the overall iteration cost becomes O(m!%). To resolve this issue,
we utilize the AFN-based data structure developed in Appendix [Al which has a slightly worse
initialization time but much improved per iteration cost.

Theorem 3.2.10 (Formal version of Theorem [I.2.2). Let 7,¢,6 € (0,1) and N € Ny, if
V = {vi,...,vn} is a finite sequence of vectors in R? satisfying ||v;||» = \/LN’ Vi € [m] and
Yo viv, = I. Then for any n < m, there exists a randomized algorithm that takes time T to
find a set S (|S| = n) such that with probability at least 1 — 6,

13wl <2 (G +0(—=)),

€S
Further, we have N
s Ifce (1,25), then T = O((m'® +nnz(V))d? + n - (yVmd* + d°));

P T+T

* Ifc e (1, 2%0), then T = O((m"*' + mz(V))d? + n - (m*d? + dv)),

Proof. Note that since we are using the approximate Min-IP data structure with parameter c and

7, we are promised to get an index ¢* such that

T, (¢l =T)72
04 (T) — du+1(T)

(00 (@l —T)) <

QA

%
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Algorithm 18 AFN-based implementation.

. procedure AFN-BASED(d € Nym € N,n € N,V C R%, c € (0,1),7 € (0,1)) >
Theorem [3.2.10]
2: To < O4x4
3: S«
4: Construct V/ >V = [v, v, U
5: for j =0 —ndo
6: aj:\/%—i-(l—i-ﬁ)%
7: end for
8: MINIP MI
9: MLINIT(d?,m,V ,c,T) > The dimension input to the Min-IP has been reduced by JLT
10: for ) =0 — ndo
11: M; + (a; I = Tj)7t > M; € R™4, it takes d time
12: N; « (aj1I —Tj)7* > N; € R it takes d time
13: q + vec((tr[N;] — tr[M;]) " M; M; + M;))
14: i* <~ MI.QUERYMIN(q)
15: Tit1 < Tj 4 vpvl
16: S« Su{i*}
17: MI.DELETE(vec(v;-v;L))
18: end for
19: return S

20: end procedure

T (¢l —T)7*
7@ (T) — du1(T)

= <Ui*v + ((Zj.HI — T)71> <

ol

i.e., we obtain an index with X approximation guarantee. As we showed in Theorem [3.2.6] if we
. . . ¢ . . .
proceed with adding ¢ copies of v;-v;., we will end up with the following guarantee:

Sl

€S

+O0(—=)).

1 n
S_ —
& m

It remains to show we can have a data structure with such guarantee, we shall make use of
Theorem [2.3.24] combined with the transformation illustrated in we complete the proof of
correctness of the data structure.

Now, we prove the correctness of the running time, which follows directly from Theo-
rem [2.3.24] Note that it would incur an additive Z to the guarantee of inner product, which
means the quality of approximation becomes %, with a success probability at least 1 — 6.

This completes the proof. ]

3.3 Experimental Design via Regret Minimization

In [7], they show that by using a regret minimization framework, one can round up a frac-
tional solution to the experimental design problem to integral. Their algorithm is exactly solving

83



Task per iteration.

3.3.1 Definitions and Problem Setup

Definition 3.3.1. Let A ;.4 be the class of matrices defined as
Agrg = {A € R™ . A= 0,tr[A] = 1}.
Definition 3.3.2. Let ¢/ : R¥¢ — R be defined as
PY(A) = —2tr[AY?]

where A € R4 is a positive semi-definite matrix.

Definition 3.3.3. We define the Bregman divergence function associated with 1, A, : R4 x
R4 — R as

Ay(A, B) =¢(B) —¢(A) — (Vy(A4), B — A).
Definition 3.3.4. We define the mirror descent matrices ﬁt € R4 and A, € R¥? as follows:

Ay = arg rjli%{Aw(At,l, A)+ a(Fi1, A)},

A; = arg min Aw(gt,A).

A€A x4
Definition 3.3.5. We define a sequence of matrices Ay, A, ... € R¥? as follows:
AO = (C()I + 0620)72,

where ¢y € R, Z, € R% is symmetric and Ay = 0. We also define A, as

t—1
Avi= (el +aZy+ad )7

=0

where ¢; € R is the unique constant such that A, > 0 and tr[A4,] = 1.

Note we give two alternative definitions of matrix A;, as shown in Claim these two
definitions are equivalent.

Finally, we formally define the rounding up problem for experimental design.
Question 3.3.6. Let 7 € [0,1]™ with ||7||y < nand Y ;" mzx] = I, Lety > 3ande € (0, %]
Does there exist a subset S C [m] with |S| < n such that

)\min(inxI) >1—v-e?

€S
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3.3.2 Useful Facts from Previous Work

In this section, we list the facts and tools that will be useful for our proof. For the complete
proofs of these facts, we refer readers to [7]].

Claim 3.3.7 (Lemma 2.7 in [[7]]). Let A4y q be defined as Definition Suppose Ay = (col +
aZy)~2 € R4 where c,I + aZy € R™ is positive definite, then for any U € A gy g,

Ay(Ag, U) < 2Vd + a(Zy, U).
Claim 3.3.8 (Claim 2.9 in [7]). Let jt, A, € R4 be the matrices defined in Def. if
ozvtTAi/Qvt <1,
then we have
A = (A:l/2 +aF,_)"2

Claim 3.3.9 (Claim 2.10 in [[7]). Let Aixq be defined as in Deﬁnitionm Suppose P, A, 2p, =
b d;d c] € R**? J = diag(1,—1), and QCMUJA;/QUt < 1forv, € R* and Ay € Agyq. Then

reriare) (e[ ) = (o 3 2])

Claim 3.3.10 (Claim 2.11 of [7]). Suppose Z = 0is a d x d PSD matrix with A\yin(Z) < 1. Let
a > 0 be a parameter and A = (aZ + cI)? € R4, where c € R is the unique real number
such that A = 0 and tr[A] = 1. Then

s a(AV2 Z) < d+ aVd,
* (A, Z) < Vd]a+ Auin(2).
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3.3.3 Algorithm

Algorithm 19 Swapping algorithm with Min-IP data structure

1: procedure SWAP(X € R™? n e N, 7€ [0,1]™, e € (0,1/7],c € (0,1),7 € (0,1)) >
Theorem [3.3.16]

2: o VdB/e and T < n/(ce)

3 X« X(XTdiag(m)X)"1/? > Whitening
4: So C [m] be an arbitrary subset of support n

5: t<+1

6:  if mT < nnz(V)d? then > Small iterations
7: DS < ADAPTIVEINNERPRODUCTESTIMATION DS

8: else > Large iterations
9: DS < MINIP DS
10: end if

11: DS.INIT(d?>,m, X ,c,T)

122 whilet < T and Apin(Y_;cq, , 7] ) <1 —7edo

13: Let ¢, be the constant s.t. (¢, + Y ;g % )2 € Agua > Binary search
14: Ay = (eda+ad es,  wix) )™

15: q Vec((l_A;)/n + 20414%/2)

16: /* Query q */

17: iy < DS.QUERYMIN(q) > If DS is AIPE, then here it is QUERYMIN
18: Ji < argmax;z, BT (7)) > Def.with Lasf3
19: Sy Se—a U{ger \ {ie}
20: t+—t+1 > Increase the counter
21: /* Updating data structure by swapping 7, and 7, */
22: DS.DELETE(z;,z; )
23: DS.INSERT(z;, )
24: end while
25: return S;_;

26: end procedure
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3.3.4 Approximate Regret Lemma

In this section, we prove the approximate regret lemma. The key consequence of this lemma is
to provide a lower bound of the eigenvalue A (Y, 22} ).

Lemma 3.3.11 (Approximate regret lemma). Let 3 > 1. Suppose Fy = u,u] — v, for vectors
s, v € R and Ay, ..., Ap_1 € Ayyq are defined in Def. some constant o > 0. Then, if
av A, /2 vy < 3/2 for allt we have for any U € Agjyq,

_7§<Ft U> < ji(_ BujAtut + /B,U;FAtUt ) + BATP(Am U)
=0 T — B+ ZOzutTAi/Zut 8 — 2othAt1/zvt o

Proof. Throughout the proof, we let & := B note that @ has the property that av,’ A, /2 v < 1/2,
this enables us to use both Claim [3.3.8/and[3.3.9] The proof relies on the mirror descent matrices
A, and A, we defined Def. |3 |_4L we need to modlfy the definition of A, with @ instead of .. Per
Claim we know that A, = (A, Y2 aF, 1)~2, and because of their definitions, we know

that Vi)(A,) — Vib(A,_,) + @F,_; = 0 where the gradient is evaluated at A,. This means that
(@F,o1, Aoy = U) = (Vip(Ar1) — VY(A,), Ay — U)
- Aw(At_l, U) - Aw(At, U) + Aw(At, At—l)
S Ad)(At—laU) - Ad,(At,U) +A¢(At,At_1). (35)

Above, the second inequality and the last inequality follow from standard inequlities and gen-
eralized Pythagorean Theorem of Bregman divergence. Now, consider the quantity A (A;, A;—1):

Ay(Ay, Ara) = P(Arr) — ¥(A) — (Vi (A), Ay — Ay)
= — e[ AP + 2ue[ AP 4+ (A Ay — A
= (A2 Apy) + te[ A7) — 2t A}2]
— (AP +aF Ay + A7) = 26r]A]
= A(Fy1, A + [ A7) — e[A)3). (3.6)
Combining Egs. (3.5)) and (3.6)) and telescoping ¢ from 1 to 7" yields

_&Z Ft, < A¢ Ao,U) Aw AT, +Ztr 151_{_21 1/2]
T-1 _
< Ay(Ag, U) + > e[ A7) — te[4)7), (3.7)
t=0

where the second inequality follows from the non-negativitiy of Bregman divergence.

It remains to upper bound tr[A; J/rl] tr[A}7).

Set P, as valu, v;] € R*?and J = diag(1, —1) € R?>*?, we have aF, = P,JP,'. By the
definition of A/tl J/rzl and the matrix Woodbury formula (Fact. , we have

tr[AL2] = tr[(A; 7 + PJIPT) Y = te[A — AP+ PTAPR) T PT AR (3.8)
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By linearity of trace operator, it suffices to give a spectral lower bound on the 2 x 2 matrix
(J+ PtTA;/QPt)‘l/? We will use Claim |3.3.9|as a lower bound:

(A — 4] = — ul-AR( + PTAR) T RTA
< —tr[-APP(J + diag(Zau:Ai/Qut, 2av, A} ?v)) 1P A
au, A av, A
S 6 B O L — (3.9)
1+ 2au] Ay "uy 1 — 2aw] A/ vy
Plugging Eq. (3.9) into Eq. (3.7), we arrive at the desired result:
T-1 T-1 TA t TA
Sy < YA Bu Ay PA (a0
—o ‘= B+2au Auy B—2av] Ay @
O

3.3.5 Approximate Swapping Lemma

The goal of this section is to present and prove Lemma[3.3.13] We start with a helpful definition.
Definition 3.3.12 (B functions). Let «, 5 denote two fixed parameters. Let A denote a fixed
matrix. We define function B* : R? — R and B~ : R? — R as follows:

i (A zxT)
B(z) = B+ 20(AY2 xxT)’
B(x) = (Ajzx")

B —2a(AV2, xaT)’

Lemma 3.3.13. Let 3 € [1,7 — 1) and € € (0,1/7|. For every subset S C [m] of cardinality
n (let S denote [m] \ S), suppose Amin(3;cq i ) <1 —veand A = (cI + ) g wiz] )72

where ¢ € R is the unique number such that A > 0 and tr[A] = 1. For any a = v/d/c and

6 2
n > 7_1_6d/5 , we have

* Part 1. There exists i € S such that 2ax] Ar; < 3 and B~ (z;) <

* Part 2. There exists j € S such that B (z;) > 5%1

l—¢
pn’

Proof. In this proof, we will extensively use Claim [3.3.10} therefore, we pre-compute the value
d + a/d and Vd /a here for references. By the choice of our «, we have

<
5

We also define the quantity v := min;cgs,,7 az,<5 B~ (7;) which will be used throughout our
proof.
The proof directly follows from combining Claim [3.3.14]and Claim [3.3.15] O

d+oVd= (1+§)d,\/3/a= (3.10)
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3.3.6 Approximate Swapping Lemma, Part 1

In this section, we will prove that as long as we enter the main while loop of the algorithm, we
can always find an index ¢ € S such that B~ (z;) is small.

Claim 3.3.14 (Part 1 of Lemma . There exists i € S such that 2oz, Az; < (3 and
B~ (x;) < %

Proof To demonstrate the existence of such an ¢, it suffices to show that min,e g 90,7 4z, <5 B ()

5 , we use v to denote this minimum value. Note that v > 0, due to the fact 20wcTsz <p
and A is posmve definite. To start off, we first show that there always exists an ¢ such that
20:(AY? 2]y < 1. Define Z = ¥, ¢ x;x/, and by definition A = (cI + o}, gwix] )™ =
(aZ +cl)” -2, . Assume for the sake of contradiction that such i does not exists. We have

> 20(AV? ma]) = 20(AV? Z) > |S| = n. (3.11)
i€S
On the other hand, because Z > 0 and A\, (Z) < 1, invoking Claim [3.3.10| we get
20(AY?, Z) < 2d + 2aV/d,

which contradicts Eq. (@) given the choice of @ and n > 4d/e. Thus, there must exist i € S
such that 2a(A'Y2 x;2) < 1. Since we set 3 > 1, this means we can always find an index i such
that 2a(AY? xx]) < Bholds By the same token, we also have Y_,_«(8—2a(AY?, z;2])) > 0.
We claim that

(B —20(AY2 zix] Vv < (A, z;x) ), foralli € S,

because if 2a/(AY2, z;2) > /B the LHS is non-positive while the RHS is always non-negative
due to the positive semi- deﬁmteness of A. Subsequently,

2 ics{A i)

VS (B - 20(A2, )
\/_/oz + /\mm(zzes m»xT)

Bn —2d — 2a/d
e/f+1—re
~ fn(l = pe/3)
1—-¢

<

= n
where the first step holds because the denominator is strictly positive as we have shown; the
second step is due to Claim[3.3.10} the third step has used our choices a and n and our assumption
Amin(D;eg Zix] ) < 1—~e; and the forth step has used 1 — 3¢/3 < 1. We have thus proved that
v<(1-¢)/ (ﬁn) This proves the existence of the ¢ we want.

]
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3.3.7 Approximate Swapping Lemma, Part 2

In this section, we prove the other key gredient for the swapping to proceed, i.e., there exists an
j € S such that B*(x;) is large.

Claim 3.3.15 (Part 2 of Lemma|3.3.13). There exists j € S such that Bt (z;) > ﬁin

Proof. Define t = 1/(fn). To prove Part 2 it suffices to show that

Z mi(A zx]) >t ij(ﬁ + 20(AY?, zx) ), (3.12)
jes jes
because 7; > 0 for all j € [m]. Recall that Y™ | 7; = n, Y. mjx;x] = I;. We then have
ZTI‘] (B + 2a(AV2, T, W <B n—ZWJ )+ 2 Zﬂ'] (A2 , T 7
jes jes =
< fB(n— Z ;) + 20 - ij<A1/2, zx))
jes j=1
=fBn— B> i+ 2a(l, AV
jes
= fn — ﬁZﬂj + 20 - tr[AY2].
jes
Similarly,
Z ;i (A :Bj = Z 7r]$]
jes jeS
— Z T <A, x]x]T)
jes
Subsequently,
> omilAza]) =t (B4 2a(AY? zix]))
jes jes
> tr[A] =Y mi(Aza]) —t- B (n— ) m) — 20t - tr[AV?]
jes jes
>1- Zﬂj(A,xjij> —t-f-(n— Zﬂ'j) —2atVd
jes jes
=1—tfn —2tavd — Zm((A, zjx) ) —tf)
jes
>1—tfn - 2Aavd— Zmax{(A, zjx ) — 16,0}
jes
=1 —tfn —2taVd— Z((A, a:j —tp) — Z max{(t5 — (A, xjij)), 0}
jES jES
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>1—2taVd - Vd/o = Ain(Y_ i) =Y max{(t8 — (A, z;x])),0}

2d
> (~ — _ =
> (y—Be— = Zmax{w (A,z;z]),0} (3.13)
JES
where the second step follows from Fact and tr[A] = 1. The forth step follows from
m; < 1 for all j, the second-to-last step follows from we apply Zje $(A, x]x]T> < \/E/ o+

Amin(D_jes ] ) which comes from Claim [3.3.10, The fifth step comes from the fact that
max{z,0} — max{ z,0} = z. Finally, the Tast step comes from the choices of «,t and
/\min(zjes% F ) <1- YE.

Furthermore, because (8 — 2a(AY2, z;2]))v < (A, w2 for all i € S, using Claim [3.3.10)
we have

Z(BV—(A Tz <ZQV&A1/2xx ) < 2w(d+ aVd),

€S’ €S’

forall ' C S.
Consider S’ = {i € S : ft — (A, z;z) > 0}. We then have

Zmax{ﬂt (A, z; J> 0} = Z( (A,wjij»

jes’ jes’
=Bt =v)IS'|+ > (Br — (A, z;z]))
jeSs’
< B(t — v)n + 2w(d + aVd)
<oy dE (3.14)

n

where the last two inequalities hold because t — v = ¢/(8n) > 0, || < |S| =n,v < 1/(fBn)
and the choice of a.
Combining Eqgs.(3.13) and (3.14) we arrive at

S (A 2]} — 15+ 200 A g} > (= 1= B - oo

en
jes

By choice of n, the RHS of the above inequality is non-negative, which finishes the proof of
Eq. (3.12) and thus also the proof of Part 2. O

3.3.8 Implication of Swapping Lemma

Note that Lemma [3.3.13] gives rise to a natural swapping algorithm: at each round, we can find
an index i € S with 2oz, Az; < 8 and B~ (z;) < % and an index j € S with B*(z;) > ,81 ,
then swap them. As demonstrated in Alg. [I9] the task of finding 7 is a search for minimum
inner product, which can be implemented via our data structures. On the other hand, the search

for j is a Max-IP search. Though it can also be realized by our Max-IP data structure, the two
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approximation factor cyaxp and cuinp Would impose a restriction on the relationship between
them and . Also, due to such precision requirement, one can not use a lossy estimation for
Max-IP data structure as in the BSS case. Hence, we only present an algorithmic result that deals
with one-side of the sets. We will discuss how to implement the two data structures paradigm
towards the end of next section.

We also remark that by considering to finding a S-approximation point instead of an point
with distance exactly 1, we require the cardinality of S to be larger since n o vd_/ff 5- This is
an interesting trade-off compared to the approximate result we get in one-sided Kadison-Singer,
where the quality of solution becomes worse when (3 becomes larger. Here, the quality of solution
is unaffected while we have more leeway to pack vectors into S. To some extent, this makes the
problem easier similar to a worse quality of solution.

3.3.9 Main Result

In this section, we present the correctness and runtime analysis of Algorithm [I9] The correct-
ness follows from the approximate regret and swap lemma, while the runtime comes from the
approximate Min-IP data structure.

Theorem 3.3.16 (Formal version of Theorem [1.2.3). Let 7 € [0,1]™ with ||x||; < n and
S mx, = Ig. Lety > 3and e € (0, 7). Then, there exists a subset S C [m] with
|S| < n such that

)\min(z xzm:) >1—7-c.

i€S

Let 7,6 € (0,1) and c € (ril, 1). If n > W_&li/f;/c and o = \/d/(ce), then there exists a random-

ized algorithm with success probability at least 1—§ and running time T = min{Tsmalitter, TLargelter }
where

1.01
* For Tsmantter, we have ¢ € (7, 551) and

Tsmatiter = O(Tmat (m, d, d) + nd® + e 'n - (4 + n+ (m —n) - d?)).

400
* For TLargelter, We have c € (T, 354 J:T) and

Tiargelter = O(Tmat(m, d, d) + (0" + nnz(X))d® + e 'n- (d + (n*" + 2) - & + (m — n) - &%),
where z = maX;cpy, 1nz(z;).

Proof. We will show Alg. [19] satisfies the properties in the theorem statement. Similar to the
proof of Theorem [3.2.10, we need to scale down the query point by a factor of 7. This means
each query will return an index i € S;_; such that

.
ATz, L
(1—¢)/n T

Set 5 = %, note this is equivalent to find an index i satisfying B~ (x;) < %
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On the other hand, we can search the index j € S, such that
1
B (r:)) > —
(l’]) - 571
This means that at each iteration, we either have
)\min(z ZL’Z.CE:) Z 1-— vE,
icS
which we are done, or we can find 7, and j; such that
_ €
B (xlt> - BJF('rjt) < - %
Combining this fact with Lemma 3.3.11|and Claim we have
28Vd

(67

2o+ SRU) < Y BB () - B ay) +

<_-7. =

2
< ﬁn+ g,

Since we can choose U such that

T-1 T-1
_<ZO + Z Ftu U> = _)\min(ZO + Z Ft) - _Amin<z xzx;r>7
t=0 t=0

€St
this gives a lower bound on the desired eigenvalue we want:
€
€St

Since T' = %, it is lower bounded by 1 — 2¢ > 1 — ~¢, and we have completed the proof of
correctness.

For the running time, we separately consider initialization and cost per iteration. In initial-
ization phase,

* Computing X (X Tdiag(7)X) /2 takes O(Tmat(m, d, d)) time;

* The Initialization time for data structure with n random points is either O(nd?) (see The-

orem 2.4.6) or O((n'®" + nnz(X))d?) (see Theorem [2.3.24);

For each iteration, we perform the following:

* Computing eigen-decomposition of ), .o x;z; takes O(d¥) time;
* Using binary search to finding ¢; takes O(d* log d/(ce)) since the searching range is O(a+
\/E) and each search takes d“ to form the matrix and compute its trace;

* The time of querying data structure is either O(n + d2) (see Theorem [2.4.6) or O(n®0%)
(see Theorem [2.3.24));

* The brute force search for j takes O((m — n) - d2) if we pre-compute A, and A} /2,
* The insertion and deletion of point z;, takes either O(d2) (see Theorem|2.4.6) or O((n%%!+
nnz(z;,))d*) (see Theorem 2.3.24)) time.

This concludes the proof of running time. ]
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Chapter 4

Faster Training of Deep,
Over-parametrized Neural Networks

As machine learning grows in its popularity and practical applications, it is more and more
important to develop algorithms that can train deep neural network efficiently. In this thesis, we
focus on neural networks that are both deep and over-parametrized: most practical networks are
deep, and provable convergence results have been obtained for over-parametrized networks.

Let n denotes the number of data points, d denotes the data dimension, m denotes the width
of the network and L denotes the number of layers, we obtain an algorithm that runs in time
O(m?*>=*Y)) per training iteration, breaking the quadratic barrier for training deep and over-
parametrized networks. Different from the standard first order methods, we use second order
methods, which are considered much harder to compute and implement efficiently. One of the
big advantages of second order methods is its adaptive adjustment of step size, which signifi-
cantly reduces the hyperparameters one needs to tune.

Techniques centered around our algorithms include a shifted-ReLU sparsifier, the low rank
maintenance data structure for Task [I.1.10] and use fast tensor sketching techniques as a good
preconditioner to compute the Gram matrix.

This chapter is based on the following arXiv document: https://arxiv.org/pdf/2112.07628.pdf
coauthored by the thesis author.

4.1 Problem Setup

Let X € R™0*" denote the data matrix with n data points and m features. By proper re-scaling,
we have ||z;||2 = 1 for all i € [n]. Consider an L layer neural network with one vector a € R™~
and L matrices Wy € R™m>*me-1 ... Wy, € R™*™ and W; € R™>*™0,. We will use W,(t)
to denote the weight matrix at layer ¢ at time ¢, and VIW,(¢) to denote its gradient. We also use
W(t) = {Wi(t),...,WL(t)} to denote the collection of weight matrices at time t.
Architecture. We first describe our network architecture. The network consists of L hidden
layers, each represented by a weight matrix W, € R"™*™¢-1 for any ¢ € [L]. The output layer
consists of a vector a € R™~. We define the neural network prediction function f : R — R as
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follows:

FW,z) =a"o(Wr(e(--- (Whx)))),

where ¢ : R — R is the (shifted) ReLU activation function (o,(x) = max{z — b,0}) applied
coordinate-wise to a vector.
We measure the loss via the squared-loss function:
1 ¢ )
LOWV) =3 Z(y — f(W,))*.
This is also the objective function for our training.
The prediction function f; : R™*" — R" is defined as

LX) = [FOVE),21) FOV(E),22) - FOVE),20)] .

Initialization. Our neural networks are initialized as follows:

* For each ¢ € [L], the layer-{’s weight parameter W,(0) € R™*"-1 s initialized such that
each entry is sampled from A/(0, m%)

* Each entry of « is an i.i.d. sample from {—1, +1} uniformly at random.
Gradient. In order to write gradient in an elegant way, we define some artificial variables:

gin = Wiz, hix = o(Wix;), Vi € [n]

gie = Wehig, hie = p(Wihie1), Vi€ [n],V0e [L\{1} 4.1
Dy, = diag(¢'(Whay)), Vi € [n]

Dy = diag(¢'(Wehie-1)), Vi € [n], V0 € [L)\{1}

Using the definitions of f and h, we have
fW,z))=a"h;r, €R, Vié€][n

We can compute the gradient of £ in terms of W, € R™¢*™¢-1 for all ¢ > 2

OLW) & = T T
= E W x,) —v;) D; | | W D; h. 4.2
oW, - (f< vxz) yl) il a1 k i,k A e 4.2)

myXmy Mg _1 XME mp Xmyg mr X1

IxXmyp_1

Note that the gradient for W; € R™*™0 (recall that mq = d) is slightly different and can not be
written by general form. By the chain rule, the gradient of the variables in 11/} can be expressed
as:

OLW) <& Lo .
v, = (f(W,a) vi) Dt g We, D | L2 (4.3)

i=1

mi1Xmi TEmg_1 Xmg my Xmy, mpx1 1xmg
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It is worth noting that the gradient matrix is of rank n, since it’s a sum of n rank-1 matrices.
Jacobian. For each layer ¢ € [L] and time ¢t € [T, we define the Jacobian matrix .J,; €
Rm>meme-1 yia the following formulation:

Ty = [Vec(af(W(t),m)) vec(U W (D.a2)

8f(W(t),xn)) T
oW, (1) oW (D) Towan

vec( RA)

The Gram matrix at layer ¢ and time ¢ is then defined as G = Jg,tJZt € R™™ whose (i, 7)-th
entry is

<8f(W(t),xi) 8f(W(t)>wj)>
ow, oW, /[

Remark 4.1.1. For simplicity, we assume for any i € [L]|, m; = m for some m. Our methods
can be generalized to different m;’s by designing a more general type of sketching matrices.

4.2 Probability Tools

Lemma 4.2.1 (Chernoff bound [24]). Let X = Z?:l X;, where X1, ..., X, are n independent
0/1 Bernoulli random variables with Pr[X; = 1] = p; fori € [n]. Let i = E[X]. Then,

1. Pr[X > (1 +¢)u] < exp(—e?u/3),Ve>0;

2. Pr[X < (1 —e)u] <exp(—e?u/2),Vee (0,1).

Lemma 4.2.2 (Hoeffding bound [37]). Let Y1, -- ,Y,, denote n independent bounded variables
in [, ;). ForY =37 Yiand T > 0, we have

Pr[lY — E[Y]| > 7] < 2exp (_Zn—lfﬁz — ai)2> .

Lemma 4.2.3 (Bernstein inequality [[14]]). Let Z1, - - - , Z,, denote n independent mean-zero ran-
dom variables. Suppose that |Z;| < B almost surely, for all i € [n]. Let 0% := Y }E[Zf].

Then, for all T > 0,
“ 72/2
Z; > < —_ .
24> ‘eXp( 02+BT/3>

Lemma 4.2.4 (Anti-concentration of Gaussian distribution). Let X ~ N(0, 0?), then

i€n

Pr

Pr]|X| <t] =0O(t/o).
Lemma 4.2.5 (Concentration of subgaussian random variables). Let a € R" be a vector where

each coordinate of a is an independent subgaussian random variable with parameter . Then,
for any vector v € R",

t2
Prf|(a, )| > t- [z]ls) < 2exp (_ﬁ) |
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Lemma 4.2.6 (Small ball probability, [66]). Let h € R™ be a vector such that |h;| > § for all
i € [n]. Let a € {—1,1}" be a random vector such that each coordinate is an independent
Rademacher random variable. Then, for some absolute constants C, Cs, we have for any t > 0,

Cit CQt}
PV

Fact 4.2.7 (Minimum eigenvalue of Hadamard product matrices, [68]). Let A, B € R™™" be two
PSD matrices. Then, we have

Pr[|(h,a)| <t] < min{

)\min(A @ B) Z min (B)M . )\min(A)-

i€[n]

4.3 Complete Algorithm and its Runtime Analysis

In this section, we first present our complete algorithm, then we analyze its running time. We
show that as long as we use the shifted ReLLU activation so that the number of activated neurons
is sparse, then all our operations can be realized in subquadratic time.

Algorithm 20 Training last layer.

1: procedure COMPLETEALGORITHM(X € R™" y € R") > Theorem [4.3. 1]
2: /*Initialization™/

3: Initialize W,(0), V¢ € [L]

4: Compute h; ; for ¢ € [L — 1] > Takes O(nm?L) time
5: Store h; 1,1 in memory, Vi € [n]

6: LOWRANKMAINTENANCE LMR > Algorithm [T 1]
7: LMR.INIT({W1(0) ..., WL(0)})

8: fort=0— T do

9: /*Forward computation™®/
10: Vi < h@L_l,Vi € [TL]
11: gi.L < LMR.QUERY(L, h; 1), Vi € [n] > Takes o(nm?) time
12: hir < ©(gi1), Vi € [n] > h; 1, is sparse
13: D; 1, < diag(¢'(gi,)), Vi € [n] > D; 1, is sparse
14: fila"hig,...,a"hyr]" > Takes O(nm) time
15: /*Backward computation*/
16: u;z, < a' Dy, Vi € [n] > Takes o(nm) time
17: gr, < FASTTENSORREGRESSION({w; }7 1, {vir}i—1, ft — y) with precision

\/ )\L/n

18: LMR.UPDATE({QLJUZ"L}?:I7 {vi,L}?:l)
19: end for

20: end procedure

Theorem 4.3.1 (Formal version of Theorem|1.2.4). Let X € R™" and y € R, and let k denote
the sparsity of D, ; and s denote the sparsity of AD, 4, YVl € [L],i € [n]. Let m denote the width
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of neural network, L denote the number of layers and « denote the dual matrix multiplication
exponent (Def.[2.5.1),then the running time of Algorithm[20]is

0(71‘nit + T : ﬁter)a
where

7i-nit = O(man) )
Tier = O(n - (m* +m - (s + k))).

Therefore, the cost per iteration of Algorithm [20]is

O(n- (m*=* +m - (s +k))).

Proof. We analyze Ty, and Ty Separately.

Initialization time. We will first initialize (L — 1) m X m matrices and one m X d matrix,
which takes O(m?L) time. Compute h; ;1 forall i € [n] takes O(m?n L) time. Finally, initialize
the data structure takes O(m?2L) time. Hence, Tris = O(m*nL).

Cost per iteration. For each iteration, we perform one forward computation from layer 1 to
L, then we train the last layer via solving a regression based on its Jacobian matrix.

* Forward computation: In forward computation, we first compute g; ;, € R™, which
involves using the QUERY procedure of LMR data structure, hence by Lemma [2.5.2] it
takes O(m - (s + k + m*®)) time. Compute h; ;, and D; ;, takes O(m) time. Hence the
overall runtime of forward computation is O(nm - (s + k + m®)).

* Backward computation: In backward computation, we first compute u; ;, € R™, which
takes O(m(s + k)) time owing to the sparsity of D; 1. Then, we call Algorithm 22]to solve
the Gram regression problem, which due to Theorem takes 6(mn +n) time. Note
that even we want a high probability version of the solver with e~ log® nLL failure probability,
we only pay extra log” nL term in running time, which is absorbed by the O(-) notation.
Finally, the update takes O(m?~®n) amortized time owing to Lemma Put things
together, we get an overall running time of O(n(m(s + k) + m?~*)) time.

This concludes the proof of our Theorem. ]

Corollary 4.3.2. Suppose the network width m is chosen as in4d.7.20 and the shift parameter b
is chosen as in then the cost per iteration of Algorithm[20)is

O(m* %n).

Remark 4.3.3. As long as the neural network is wide enough, as in and we choose the
shift threshold properly, as in then we can make sure that both sparsity parameters k and
s to be o(m), and we achieve subquadratic cost per iteration.

We also compare our result with our approaches. Note that a naive implementation of vari-
ants of gradient descent will take O(nm?) time, namely, one evaluates the gradient with respect
to each data point and sum them up. By batching the n data points and use fast rectangular
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matrix multiplication, the running time can be improved to T..(m,n,m), in the setting where
n < m®, this will only take O(m?+°) time.
In the specific parameter set we choose, we need that m*>=“n < m? to truly beat the quadratic

barrier, which implies that n < m®. As we will later see the choice of m (Def.4.7.20), we will
have n. < m!*, which means that we get a truly subquadratic time in m.

4.4 Efficient Computation of Rank-1 Decompositions

We note that to compute the vectors u; ;,, we need to compute the vector g; ;, on line 11 of
Algorithm which is a matrix-vector product query in which the matrix is updated in a low
rank fashion. This is Task [I.1.10] and we will use the low rank maintenance data structure to
speed up this step.

We illustrate the method to compute the vectors w; ¢, v;, € R using the low rank mainte-
nance data structure. Recall the definition of these vectors:

um(t)T = CLTDi’L(t)WL(t) N Di,g_;,_l (t)Wg_H(t)Di’g(t) € Rlxm7
Uivg(t) = hi,ffl(t) e R™.
Before proceeding, we list the assumptions we will be using:

* Forany ¢ € [L], D, ,(t) is sp-sparse, where sp := k + s, k is the sparsity of D; ¢(0) and s
is the sparsity of D; ,(t) — D; ,+(0).
* For any ¢ € [L], the change of the weight matrix Wy, AW, (t) := W,(t) — W,(0), is of
low-rank. That is, AW,(t) = 377" ye ;2 ;.
* For any i € [n], W1(0)z; is pre-computed.
We first note that as a direct consequence of D; 4(0) is k-sparse, h; ¢(0) is k-sparse as well.
Similarly, h; ¢(t) — h;¢(0) has sparsity s. Hence h; ¢(t) has sparsity bounded by sp.

Compute u; ,(t). Compute u;(t) is equivalent to compute the following vector:
Dio(t)(Wes1 (0) + AWers (1) " Dya (1) - - (Wi (0) + AW (1)) " Dir(t)a.

First, we know that D; 1 (t)a € R™ is an sp-sparse vector, and it takes O(sp) time. The next ma-

trix is (W, (0)+AWL(t)) ", which gives two terms: W,(0)"(D; 1.(t)a) and AW (¢) T (D; 1.(t)a).

For the first term, since D; 1 (t)a is sp-sparse, it takes O(msp)-time. For the second term, we

have

Tt

AWL(6) (Dip(t)a) = Y z1y) ;(Dis(t)a)

j=1
Tt

= ZZL,]' : <?/L,j7 Di,L(t)a>'
j=1

Each inner-product takes O(sp)-time and it takes O(mr;+spr) = O(mr;)-time in total. Hence,
in O(m(sp +r;))-time, we compute the vector W, (¢)" D; 1. (t)a. Note that we do not assume the
sparsity of a.
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Thus, by repeating this process for the L — ¢ intermediate matrices W, (t)D; ;(t), we can
obtain the vector

< H WjT(t)Di,j(f)> a

j=t+1

in time O((L — ¢)m(sp + r.)). Finally, by multiplying a sparse diagonal matrix D, ,(t), we get
the desired vector u; 4(t).

Compute v; (). Note that v; ,(t) is essentially h; ;1 (), so we consider how to compute h; ¢(t)
for general ¢ € [L]. Recall that

hie(t) = o(We(0) + AWy(t))hie-1(1)),

since h; —1(t) is s p-sparse, the product W;(0)h; ;1 (t) can be computed in O(msp) time. For the
product AWy(t)h; .—1(t) can be computed use the low rank decomposition, which takes O(mr)
time. Apply the shifted ReLU takes O(m) time. Hence, the total time is O(m(r; + sp)) time.
The running time results are summarized in the following lemma:
Lemma 4.4.1. For { € [L] and i € [n], suppose ||D;((0)|lo < k. Lett > 0. Suppose the
change of D,y is sparse, i.e., | D;(t) — D;(0)]|o < s. For ¢ € [L], i € [n], for anyt > 0,
suppose the change of Wy is of low-rank, i.e, AW,(t) = 377" y&jzgj. We further assume that
{We s, 205 }een) e and {W1(0)z; }icpn) are pre-computed.
Then, for any { € [L] and i € [n], the vectors ug;(t),v,;(t) € R™ can be computed in

O(mL(s+k+r))

time.

As a direct consequence, if we combine Lemma [2.5.2] and Lemma [4.4.1] then we get the
following corollary:
Corollary 4.4.2. For( € [L]and i € [n], we can compute v; ¢(t), u; ¢(t) € R™ as in Algorithm[20)
with the following time bound:

* Compute u;(t) in time O(mL(s + k + 1¢)).

* Compute v; (t) in time O(m(s + k + 1¢)).
Remark 4.4.3. We note that the result we present is more general than needed for our algorithm,
since it can handle the updates across all layers. This means we can use it to implement a
subquadratic cost per iteration algorithm for gradient descent algorithm over all layers. In this
work, we focus our attention to the training of last layer, since the step size of that algorithm is
chosen adaptively.

4.5 Fast Tensor Product Regression

In this section, we show how to solve a specific type of regression fast using both tensor-based
sketching matrices for approximation, and sketching-based preconditioner for high precision
solution.
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Consider the following problem: Given two matrices U = [u{,...,u]",V = [v],...,v]] €
R™*" with m > n, consider the matrix .J € R™™" formed by

vec(uyv] )T

vec(ugvg )"

vec(u,v,) )T
We are also given a vector ¢ in n dimension, our task is to find a solution to the following
regression problem:

min

JJ Tz —c|3.
TER™

Our main theorem for this section is as follows:
Theorem 4.5.1 (Restatement of Theorem [4.5.14). Given two n x m matrices U and V, and a
target vector ¢ € R™. Let J = [vec(uyv])T,. .. vec(uav,) )] € R™™. There is an algorithm
(Algorithm 22)) takes O(nm + n2(log(k /) + log(m/ed)e~2) + n¥) time and outputs a vector

Z € R"™ such that
17J7Z — cll, < ellell,

holds with probability at least 1 — 6, and k is the condition number of J.

4.5.1 Approximate J via TensorSketch

We introduce the notion of TensorSketch for two vectors:

Definition 4.5.2. Let h, hs : [m] — [s] be 3-wise independent hash functions, also let o : [m] —
{#£1} be a 4-wise independent random sign function. The degree two TensorSketch transform,
S :R™ x R™ — R* is defined as follows: for any i, j € [m] and r € [s],

ST,(i,j) = O'l(i) : O'Q(j) : 1[h1(2> + hg(]) = r mod 8].

Remark 4.5.3. Apply S to two vectors x,y € R™ can be implemented in time O(slogs +
nnz(z) + nnz(y)).

We introduce one key technical lemma from [[11]:
Lemma 4.5.4 (Theorem 1 of [T1]). Let S € R**™ pe the TensorSketch matrix, consider a
fixed n-dimensional subspace V. If s = Q(n?/(£%))), then with probability at least 1 — 6,
|Sz||2 = (1 £ €)||x||2 simultaneously for all z € V.

Now we are ready to prove the main lemma of this section:
Lemma 4.5.5. Let ,0 € (0, 1) denote two parameters. Let J € R"™ ™ represent a matrix such
that the i-th row of J is equal to vec(u;v; ) for some u;, v; € R™. Then, we can compute a matrix
J € R™ such that for any vector x € R"™, with probability at least 1 — 6, we have

1T ]l = (1 &) ]I a2,

where s = Q(n?/(£25)). The time to compute J is O(nslog s + nnz(U) + nnz(V))).
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Proof. Notice that the row space of matrix .J can be viewed as an n-dimensional subspace, hence,
by Lemma the TensorSketch matrix S with s = Q(n?/(£%6)) can preserve the length of
all vectors in the subspace generated by J ' with probability 1 — &, to a multiplicative factor of
1+e.

The running time part is to apply the FFT algorithm to each row of J with a total of n rows.

For each row, it takes O(slogs + m) time, hence the overall running time is O(n(slogs +
m)). O

4.5.2 Approximate J via TensorSRHT

We note that the dependence on the target dimension of sketching is O(1/d) for TensorSketch.
We introduce another kind of sketching technique for tensor, called TensorSRHT. The tradeoff
is we lose input sparsity runtime of matrices U and V.

Definition 4.5.6. We define the TensorSRHT S : R™ x R™ — R® as S = \/LgP- (HD, x HD,),
where each row of P € {0, 1}5Xm2 contains only one 1 at a random coordinate, one can view P
as a sampling matrix. A is a m x m Hadamard matrix, and Dy, D, are two m X m independent
diagonal matrices with diagonals that are each independently set to be a Rademacher random
variable (uniform in {—1,1}).
Remark 4.5.7. By using FFT algorithm, apply S to two vectors x,y € R™ takes time O(m log m+
s).

We again introduce a technical lemma for TensorSRHT.
Lemma 4.5.8 (Theorem 3 of [2]). Let S € R*™ pe the TensorSRHT matrix, consider a fixed
n-dimensional subspace V. If s = Q(nlog®(nm/0)e~2), then with probability at least 1 — 6,
|Sz||2 = (1 £ €)||x||2 simultaneously for all z € V.
Lemmad4.5.9. Let¢,6 € (0, 1) denote two parameters. Given a list of vectors uy, - -+ , U, V1, -+ , Uy €
R™. Let J € R™™ represent a matrix where the i-th row of J is equal to vec(ugv; ). Then, we

can compute a matrix J € R™ such that for any vector x € R", with probability at least 1 — 0,
we have

1T 2l = (1 £ )| T ]2,
where s = Q(nlog®(nm/(£8))e~2). The time to compute J is O(n(mlogm + s)).

Proof. The correctness follows directly from Lemma [#.5.8] The running time follows from the
FFT algorithm to each row of .J, each application takes O(mlogm + s) time, and we need to
apply it to n rows. [

4.5.3 Sketching-based Preconditioner

In this section, we first use TensorSketch and TensorSRHT to approximate .J, then use a general
sketching matrix as a preconditioner to solve a regression task involving J.J .
Before proceeding, we introduce the notion of subspace embedding:
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Definition 4.5.10 (Subspace Embedding, [67]). Let A € RY** we say a matrix S € R**" is a

(1 & &) — £, subspace embedding for A if for any x € R*, we have ||SAz|]2 = (1 £ ¢)||Az|%

Equivalently, ||I — UTSTSU|| < e where U is an orthonormal basis for the column space of A.
We will mainly utilize efficient subspace embedding.

Definition 4.5.11 ([57, 188]]). Given a matrix A € RY** with N = poly(k), then we can compute

an S € RFpoly(log(k/9))/<*xN gych that with probability at least 1 — &, we have

[SAz[ly = (1 + &) [ Azl

hols for all z € R*. Moreover, SA can be computed in O(Nk log((klog N)/¢)) time.

Algorithm 21 Fast Regression algorithm of [[17]]

1: procedure FASTREGRESSION(A, y, €) > Lemmaf4.5.12]
2: > A € RV*¥ is full rank, € € (0,1/2)
3 Compute a subspace embedding S A > S € Rkpoly(logk) 5
4 Compute R such that SAR has orthonormal columns via QR decomposition >
R e H{kxk

5: zo =0y € R*

6: t« 0

7. while |[ATARz —y|» > = do

8: Zen1 2 — (RTATAR)T(RTATARz — R'y)

9: t+—t+1
10: end while
11: return Rz,

12: end procedure

Lemma 4.5.12 (Lemma 4.2 of [17]). Let N = Q(kpoly(logk)). Given a matrix A € RVN*¥, [et
k denote its condition number. Consider the following regression task:

min ||[A"T Az — yl|5.
zERF

Using the procedure FASTREGRESSION (Algorithm [21)), with probability at least 1 — ¢, we can
compute an £-approximate solution T satisfying

IATAZ — y|l2 < ellyll

in time O(Nklog(r/e) + k).

Our algorithm is similar to the ridge regression procedure in [[73]], where they first apply their
sketching algorithm as a bootstrapping to reduce the dimension of the original matrix, then use
another subspace embedding to proceed and get stronger guarantee.

We shall first prove a useful lemma.

Lemma 4.5.13. Let A € RV**, suppose SA is a subspace embedding for A (Def- , then
we have for any x € R¥, with probability at least 1 — 6,

1(SA)"SAz = blls = (1 £ )| AT Az — b2.
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Proof. Throughout the proof, we condition on the event that S preserves the length of all vectors
in the column space of A.

Note that

I(SA)" SAz — b5 = [[(SA) " SA[l3 + [[Bl[3 — 2((SA) " Az, b).

We will first bound the norm of (SA)T S Az, then the inner product term.

Bounding ||(SA) TS Az|3.

Let U € RY** represent an orthonormal basis of A, then use an alternative definition of
subspace embedding, we have ||UTSTSU — I]| < ¢, this means all the eigenvalues of U ST SU
lie in the range of of [(1—¢)?, (1+¢)?]. Let V denote the matrix U ST SU, then we know that all
eigenvalues of V'V lie inrange [(1—¢)%, (1+¢)?]. Setting € as £/4, we arrive at ||V 'V — 1| < e.
This shows that for any = € R*, we have ||(SA)"SAz|]y = (1 £ ¢)||AT Az]|..

Bounding ((SA)"SAx,b).

Note that

((SA)TSAz,b) = (SAx, SAD)
=1/2- ([[SAz|3 + [|SAb|5 — |SA(z — b)|)3)
=1/2- (1 £ &) (|| Ax[l3 + | Ab]13 — [[A(z = b)[I3)
= (1+e)(AT Az, D).

Combining these two terms, we conclude that, with probability at least 1 — 9,

[(SA)TSAz —blls = (1 £)||AT Az — b]|5.
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Algorithm 22 Fast Regression via tensor trick

1: procedure FASTTENSORREGRESSION({u;} , € R™™ {v;}I' | € R™*" ¢ € R") >
Theorem [4.5.14]
2: > J = [vec(uyv] )T, vec(ugvy )7, ..., vec(u,v])T]T € R™>™?
3: s1 + O(nlog*(nm/s))
4: Sy < O((n +logm)logn)
5: Let S € Rflme be a sketching matrix > S can be TensorSketch or TensorSRHT
6: Compute J = J S| via FFT algorithm > J € Rxe
7: Choose Sy € R*2*°! to be a sketching matrix (see Def.
8: Compute a subspace embedding S/ T
9: Compute R such that So.J " R has orthonormal columns via QR decomposition >
R e R™"
10z« 0 € R”
11: t<0
12: while ||JJ " Rz — c||; > € do
13: zem < 2z — (RTJJTR)(RTJJ TRz — R¢)
14: t+—t+1
15: end while
16: return Rz,

17: end procedure

Theorem 4.5.14. Given two n X m matrices U and V', and a target vector ¢ € R". Let J =
[vec(uyv] )T, ..., vec(uvl )T] € R™™ . There is an algorithm (Algorithm 22) takes O(nm +

n

n?(log(r/e) + log(m/d)) + n®) time and outputs a vector T € R" such that
17T7% — |z < ellel2
holds with probability at least 1 — 6, and k is the condition number of J.

Proof. We can decompose Algorithm 22]into two parts:

* Applying 5 to efficiently form matrix J to approximate J and reduce its dimension, notice
here we only need ¢ for this part to be a small constant, pick ¢ = 0.1 suffices.
* Using S, as a preconditioner and solve the regression problem iteratively.

Let 7 denote the solution found by the iterative regime. We will prove this statement in two-folds:

* First, we will show that || JJ % — ¢||s < ¢||c/|; with probability at least 1 — §;
* Then, we will show that ||JJ"Z — c||s = (1 £ 0.1)||JJ"Z — ¢||» with probability at least
1—06.

Combining these two statements, we can show that

1JJTZ—clla =1 +0.1)|JT 7 —c|s
< 1.1g]|el|2
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Setting € to €/1.1 and 0 to 0/2, we conclude our proof. It remains to prove these two parts.
Part1|JJ'Z — ¢z < ¢l|c||. We observe the iterative procedure is essentially the same as
running FASTREGRESSION on input J ', y, £, hence by Lemma4.5.12} we know

Pr[||JT'Z —clla <elleclla] > 1 - .

Part2 ||JJ % —c||; = (140.1)||JJ"Z — ¢||5. To prove this part, note that by Lemma4.5.8|
we know that .J " is a subspace embedding for .J . Hence, we can utilize Lemma |4.5.13|and get
that,

Pr{[JJTZ —clla=(1£01)|JTZ—c|s] >1 -0

Combining these two parts, we have proven the correctness of the theorem. It remains to
justify the running time. Note that running time can be decomposed into two parts: 1). The time
to generate J, 2). The time to compute ¥ via iterative scheme.

Part 1 Generate J. To generate J, we apply S; € R* ™ which is a TensorSRHT. By
Lemma it takes O(n(mlogm + s1)) time to compute J, plug in s; = O(nlog®(nm/s)),
the time is O(nm).

Part 2 Compute . To compute 7, essentially we run FASTREGRESSION on J T, ¢, €, hence
by Lemma it takes O(sqn log(r/2) + n*) time, with s, = O((n 4 logm)logn) and & is
the condition number of .J, which has the guarantee x = (1 +¢)r(.J). Hence, the overall running
time of this part is O(n?log(r /) + n®).

Put things together, the overall running time is O(nm + n2 log(k/c) + n®). O

Remark 4.5.15. Due to the probability requirement (union bounding over all data points), here
we only prove by using TensorSRHT. One can use similar strategy to obtain an input sparsity
time version using TensorSketch. We remark that this framework is similar to the approach [73]]
takes to solve kernel ridge regression, where one first uses a shallow but fast sketch to bootstrap,
then use another sketching to proceed with the main task.

We also point out that in a more general neural network architecture, the network width
between different layers might differ, i.e., we are in fact dealing with the tensor product u ® v
where u € R™ and v € R™1. Our sketching can be modified to handle this kind of inputs.
Specifically, for TensorSketch, it is defined by a pair of hash functions and sign functions, we
can change their domain to handle different input dimensions. For TensorSRHT, it’s more tricky,
however, we note that the Hadamard matrix is merely for speeding up computation via FFT
algorithm, hence we can differ the size of Dy and D, and change the size of sampling matrix P
accordingly.

4.6 Spectral Properties of Over-parametrized Deep Neural Net-
work

In this section, we study the spectral structure of our Gram matrix and its connection to the multi-
layer NTK matrix. We show two different results regarding the minimum eigenvalue of the last

layer and the intermediate layers. We also show that as long as the weight matrix does not move
too far, the eigenvalue of the Gram matrix is relatively stable around its initialization.
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4.6.1 Bounds on the Least Eigenvalue of Kernel at Initialization

The following fact gives the exact form of the Gram matrix of the /-th layer of the neural network.
Fact 4.6.1 (Multi-layer Gram matrix). For any { € [L], let G, = J,J; € R™" be the layer-U’s
Gram matrix. Then, for any i, j € [n],

L T L
(Go)ig = hig1hjer-a’ (DM I wi/ Dz;k) (DM IT wi/ Dm) a,
k=(+1 k=0+1
where h; 1 = i;ll D; ) Whix;.

Proof. For for any i, j € [n], by definition,

of (W, z;) of (W, z;)
oW, ) vec( oW,

L T L
= vec (DM IT W/ Di,kah;_1> vec <DM IT w/ Dj,kah;g_1>

k=041 k=0+1

L T L
= ((hl-,“mmz) (Di,e IT W/ Di,ka>> (hje-1 @ In,) (Dj,e IT W/ Dj,ka)

k=0+1 k=¢+1

(Gz)m = vec(

L T L
— (DM H w, Di,ka) (hip—y @ L, ) (hje-1 ® Iy,) (DM H w, Dj,ka)

k=0(+1 k=0+1

L T L
= CLT <Di7g H WJDz,k> <Dj’g H WI;FDJ,k> a - h;gflhj,l—l‘

k=041 k=041
[]

The following lemma handles the least eigenvalue for all intermediate layers ¢ € [L — 1].
Lemma 4.6.2 (Bounds on the least eigenvalue at initialization for layer 1 to L — 1). Let \ :=
mingerz—1) Ae. Then, for all ¢ € [L — 1], with probability at least 1 — 6, we have

Amin(Ge) = QAR 2L,

Proof. Let ¢ € [L] and i,j € [n]. By Fact4.6.1} the (7, j)-th entry of the layer-¢ Gram matrix
can be expressed as

L T L
(Gé)i,j = hz—’,rZ—lhj,ﬁ—l . CLT (Di,é H W];I'th) (Dj,Z H W/:Djvk> a
k=0(+1 k=(+1
= (He-1)ij - (Ao)iy,

where (Hy_1)i; = hly_yhjevand (Ag)i; = a™ (D [Teps Wi Di) (Dje TTizss Wi Di)a.
Hence, we can write G as

Gy=Hi_1® Ay,
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where © represents the Hadamard product.

By Fact[4.2.7] we have
Amin(Ge) > min (Ap);; - Amin(He)

1€[n]

Note that for i € [n],

L L
(Ag)ii = CLT(DM H W];rDi,k)T(Di,é H W];rDi,k)a

k=(+1 k=041
L
T 2
=[x TT W Dse
k=(+1
-1 L T 2
(W T2 DisWais Dis Tz Wil Diga)
—1
IWe ITizy DixWaail[3
o <a’7 hi,L>2
- /-1 :
IWe ITizy DigcWiil3
By Lemma part (a), we have

-1

2
W”Dle <OWL
H ¢ AV RT 2 (\/_)

k=1

with probability 1 — e~®*/Z*) for all i € [n], where k = m exp(—b*m/4) = m®® by our choice
of parameters.

By Lemma[4.7.§]
Pr[Vi € [n], ||hirlla € 1+¢e] >1—0(nL)-exp(—Q(ke?/L?)).

Conditioning on this event, let h; ;, be a fixed vector h with length 1 £ ¢ and consider the ran-
domness of the Rademacher vector a.

Note that {a, h) can be written as a' (hh')a = a' Ba, where B := hh' satisfies || B|| = ||h|3
and || B||%s = ||h||3- For r € [mz], we know that a, is a centered subgaussian random variable
with ||CLT||¢2 =1.

By Lemma[4.2.6] we have

Pr[|{a, h)| <t] < min{ Cht Cyt } N

12ll2" O(m—02)vk
By taking ¢ to be O(d/n), we have
PrVi € [n], {(a,hiz)* = Q(6%/n?)] > 1 —O(6).
Applying a union bound gives

Primin (Ay);; = Q(*n 2L N >1-4/2.

1€[n]
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By Lemma.6.4] with probability at least 1 — 6/2, we have:
Amin(Hﬁfl) 2 Q()‘)

forall ¢ € [L].
Combine them together, we get that

Amin(Ge) > Q(0°An2L71)
for all £ € [L] with probability 1 — §, which completes the proof of the lemma. ]

In order to bound \,;, (H), we first define the NTK kernel for multiple layer neural network.

Definition 4.6.3 (Multiple layer NTK kernel). The NTK kernel K, € R"*" for ¢ € {0,...,L}
of an L-layer neural network are defined as follows:

* (Ko)ij =z,

(Kg_1)i,i (Ke—l)i,]i e R2*2 for any (Z,j) c [n] X [n] Then,

* For 0 >0,let3y;; = (K1) (K1)

(K€>i7j = E(m,xz)NN(O,?Ee—l,i,j)[Sp(xl)@(x?)] Vi e [L - 1]7
(KL)i,j = E(xl,932)NN(0,22L—1,i,j) [gp'(xl)ap'(xg)]

Let Ay := Anin (K/) to be the minimum eigenvalue of the NTK kernel K,.
In the following lemma, we generalize Lemma C.3 in [17] (also Lemma 3 in [18]) into
multiple layer neural networks.

Lemma 4.6.4. For { € [L — 1], let \; denote the minimum eigenvalue of NTK defined for (-th
layer of neural networks. Suppose m, = Q(\,;*n?log(n/d)), then with probability at least 1 — 6,
we have

i () > ZA“ v e (L]

Proof. We will prove that || H, — K/|| . is small, which implies that A, (H,) is close to A,. The
proof idea is similar to [31]] via induction on /.
For ¢ = 1, recall (g1,:)r = > peppn)(W1)kp(2:)p for k € [m]. Hence, for any k € [m],

El(gi0)e(g06) = Y BV ka(W)kw (2:)o(z5)y]

b,b' €[m)]
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Then, we have

Elh[ hial = Y El(hia)w(hya)i]

ke[m]

= N Ele((gia)i)el(g.00)]

ke[m)]

= Z E(u,v)NN(o%zl,i,j)[SO(U)SO(U)]

ke[m]
= E(U,U)NN(O,%El,i,j) [mgp(u)gp(v)]
= E(UI7UI)NN(Oa221,i,j) [QO(UI)QO(U/)]
= (K1)

Next, we will show that hzl hj1 concentrates around its expectation. First, for any k € [m],
| (P, (Pg )kl < 1(9i)8 (95,0 k0 < KW kes @) | - KW 1) g5 25) |-

|2 . . . . .
Since ((W1).4, i) ~ N(0, %), by the concentration of Gaussian distribution,

(W) )| < Ve VE € [m],i € [n]

holds with probability at least 1 — mmne"/%.
Conditioning on the above event, we have |(h;1)r(hj1)r] < cforalli,j € [n] and k € [m].

Then, by Hoeffding’s inequality, we have for any (i, j) € [n] x [n],

t2
Pr ([} hjn — (Ki)isl > t] < exp (_Zm—(Zc)?)

= exp(—Q(t?/(mc?))).
Hence, by union bound, we get that

Pf[(‘ max \hi1hji — (Ki)ij| < 1] >1—mn-exp(—Q(mc)) — n® - exp(—Q(t*/ (mc?))).
1,7)E[n]x[n ’

If we choose ¢ := W and ¢t :== m~"/2 . polylog(nL/J), we have with probability at least
1-29
L?

max 0 hy — (K1)ij) < O(m™2).

(i.3)€[n]x[n
Let h < L. Suppose that for { = 1,...h,

max \hihie — (Ko)iy| < O(m™Y2).

(i.5)€n]x[n
Consider ¢ = h + 1. By a similar computation, we have

2
Ew, [(9i,0)k(95.)x] = EhZe—lhﬂ—l-
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Define a new covariance matrix

S hy ihier hl, (hje
E iq = i,0—1 i f—1 i0—1 j0—1 v .7 ) c y |
o [th,e—lhz’,é1 hy 1hje (i,5) € [n] X [n]

We have

Ew, (hphi = Y By, 25, [P(@e(0)]

ke[m]
= E oy nio2s,, ) [p()e(v)]
= (Ke)ij-
Hence, we have with probability at least 1 — %,
(i)€lnix b highse = (Ko)ig| < O(m™'2). (4.4)

It remains to upper bound the difference ||K; — Ky||oc.

Hﬁg — KZH = max

(i,5)€[n]x[n]

E(u,v)NN(o,zizyi,j)[@(U)SD(U)] - E(u,v)w\/(o,zzg,z—,j)[SD(U)SO(U)] :

Recall that

| Kemr)ii (K1) .
s (i (] Y69 < X

and hence, by the induction hypothesis, we have

hzg—lhjf—l - (Kz—l)z‘,j| = 5(m_1/2),

§i~—2i- o < max
1Zeis = Beiille = | max

Notice that im,j can be written as

| ie—1ll3 cos(0p,ij) || hie—1ll2llPje—1ll2
co8(0ri ) 1hie—1ll2llPge—1]l2 171l ‘

Moreover, when ¢ is the ReLU function, we have

B oyonv0,28 0o (0)] = 20| A -1 ll2lhje-allz - F(Ori;),
where

F(0) := Equu)~nos0)p(w)e(v)] with () := {Cosl(e) 0051(9)1 '

We note that F'(6) has the following analytic form:

1

F(0) = 5

— (sin(#) + (m — 0) cos(0)) € [0,1/2]. 4.5)
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Similarly,

Ew)nnv 0,251, [o(w)p(v)] = 2\/(Ké—1)z‘,z‘(K6—1)j7j - F(7144),

(Ke—1)ij
\/(Kl—l)i,i(KZ—l)j,j

hyihej + O(m~Y/2) for all i,j € [n]. By Lemma |4.7.8, we also have ||h;|, € 1 =+ ¢ for all
¢ € [L] and i € [n] with probability 1 — O(nL) - e~*"<*/L), They implies that cos(7y; ;) €
cos(#) £ O(m~%/2). Thus, by Taylor’s theorem, it gives us

where 7, ; = cos™? ( > By the induction hypothesis, we have (Kj);; €

|F(003) — F(rea5)] < O(m™'/2).
Therefore, we have
B 025, P090)] — Buynoam, plp@)e(0)]
=2 Ul Bras) = /(e a(Ke)s P

< O(m™'?).

That is,
IK: — Kefloo < O(m2). (4.6)
Combining Egs. (4.4)) and (4.6)) together, we get that

Cmax |h ke — (Kol < O(m™Y?)
(B,3)€M]xn] 7

holds with probability at least 1 — % for{ =h+1.
By induction, we have proved that for the first L — 1 layers, the intermediate correlation
hy ;he,j is close to the intermediate Gram matrix (Ky); ;, i.e.,

A
| He - Kol < 5 W e [L-1]

Hence, we get that for all ¢ € [L — 1],

Nnin () > %M

The lemma is then proved. [
Lemma 4.6.5 (Bounds on the least eigenvalue at initialization for layer L). Suppose m =
Q(A;*n?log(n/d)), then we have

PrAn (G) > ZAL] >1-56
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Proof. Recall GG, is defined as
of (W, x; of (W, x;
f( ,x))TVGC( f( l'])>
8WL aWL
= Vec(DLLahZLfl)Tvec(Dj,LathLfl)
= aTDi,LDj,La : h;,rLflhj,Lfla
which has the same form as the correlation matrix of a two-layer over-parameterized neural
network with input data {hr_1;}c[,. Define

(Kp)ij =N 1 yhin1 - Burno2 [¢ (W hip1)@' (w hyr-1)] -

Then, by the analysis of the two-layer case (see for example [32, [71]), we have

~ A
|G — K| < gL,

(GL)i,j = VeC(

if m = Q(A\;*n?log(n/d)), where Af, := Apin(K1). It remains to bound IK; — Kp||so. Equiv-
alently, for any (7, j) € [n] x [n],

o B a028,) [£' (W)@ (0)] = Ewwno2s,, )@ (0) @ (0)] ’ :
The expectation has the following analytic form:

1 sin~'(p)

E(zl,zz)NN(O,E) [90/(21)90/<22)] = Z + T with X = |:

p? ppq}

ppq ¢

By the analysis of the (L — 1)-layer, we know that |pz; ; — pp.i;| < O(m~2), where pp;; =
COS(TL7Z'7]‘) and ﬁL,i,j = COS(@LJ’]‘). AlSO, notice that COS(TL,Z‘J’) = F(TLfl,i,j) S [O, 1/2] by
Eq. (.5). Hence, the derivative of the expectation is bounded, and by Taylor’s theorem, we have

1Ky — Kol < Om™"7%).
It implies that ||IA( 1 — Ky || < 2%, which further implies that

A
G — K| < IL

Equivalently, we get that

3
)\min(GL) Z ZAL

with probability at least 1 — §. [

Remark 4.6.6. We observe a discrepancy of eigenvalue in our analysis: For last layer, the eigen-
value of our Gram matrix and the NTK is almost the same, while for intermediate layers, we can
only provide a much weaker lower bound for Gram matrix. The main reason is by definition, the
NTK for last layer is defined as the product of two derivatives of ReLU, which always have value
0 or 1. On the other hand, the NTKs for intermediate layers are defined in terms of the product
of two ReLU’s, which can have much larger magnitudes.

Due to such eigenvalue discrepancy, our algorithm focuses on training the last layer, since
the training dynamic on intermediate layers has a much smaller magnitude. Hence, we present
an algorithm that only trains the last layer while obtaining a good convergence result.
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4.6.2 Bounds on the Least Eigenvalue during Optimization

In this section, we adapt the Lemma C.5 in [17] into the last layer of a multi-layer neural network.
We make use of the result proved in [[73]].

Lemma 4.6.7 (Lemma C.2 in [75]]). Let b > 0 and R < 1/b. Let ¢ > 0 and ¢ > 0 denote two
fixed constants. Suppose we have

Wy, — WL(0)]| < R,

then we have
* |GL(W) = GL(W(0))||r < na holds with probability at least 1 — n?.
* Min(GL(W)) > %)\L — na holds with probability at least 1 — n?j3 — 4,
where a = min{c - exp(—b2/2), 3R} and 8 = exp(—m - min{c’ - exp(—b%/2), R/10}).
Corollary 4.6.8. Suppose we have
* a=3Rand R < O(3L).
* o= c-exp(—b*/2) and exp(—b*/2) < O(2L).
then we have Ay (Gr(W)) > %L

Proof. We first note that to prove the corollary, it suffices to show that na < )jTL. We analyze
two cases.

Case 1: a = 3R. Suppose @ = 3R, then the condition translates to 3nR < % which
indicates R < O(3L).

Case 2: o = c-exp(—b?/2). Suppose @ = c-exp(—b?/2), then we have cn-exp(—b%/2) < A&

4
and exp(—b?/2) < O(2L). O

Remark 4.6.9. We note that the analysis of [75|] focuses on the standard two-layer case of NTK,
the reason we can leverage their result is that we can treat the NTK for last layer as a two-layer
neural network where the inputs are h; ,_; € R™. One can also give include a direct proof of
the multi-layer version, which agrees the above lemma and corollary.

4.7 Convergence Analysis of Our Algorithm

In this section, we present a convergence analysis of Algorithm[20[ We show that as long as the
neural network width is large enough, the convergence of Algorithm 20]is linear, and the weight
matrix does not change too much.

4.7.1 Preliminary

We recall the initialization of our neural network.
Definition 4.7.1 (Initialization). Let m = my, for all £ € [L]. Let mg = d. We assume weights
are initialized as
* Each entry of weight vector a € R™ isi.i.d. sampled from {—1, +1} uniformly at random.
* Each entry of weight matrices W, € R™*™ sampled from A (0,2/m).
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Remark 4.7.2. Later, we will also interpret W, as sampled from N (0, 1) and then being scaled

by \/%

We also restate the architecture of our neural network here.
Definition 4.7.3 (Architecture). Our neural network is a standard L-layer feed-forward neural
network, with the activation functions defined as a scaled version of shifted ReLLU activation:
o(z) = /allz > /2/mblx, where ¢, := (2(1 — ®(b) + bp(b)))~1/%. Here b is a threshold
value we will pick later. At last layer, we use a scaled version of a vector with its entry being
Rademacher random variables. We define the neural network function f : R — R as

W) = a" o(Wrp(Wra(. .. o(Wiz:)))).
We measure the loss of the neural network via squared-loss function:

LOV) = 5 () — )

i=1

We use f; : R9*™ — R" denote the prediction of our network:

X)) = [V (1), 1), ..., fV(t),20)]

We state two assumptions here.
Assumption 4.7.4 (Small Row Norm). Lett € {0,...,T} and let R < 1 be a parameter. We
assume

Wi (t) = Wi (0)]l2 < R/Vm, Vr € [m].

Here, W, , € R™ means the r-th row of matrix W,

Later, we will invoke this assumption by specifying the choice of R.
Assumption 4.7.5 (Sparsity). Let t € {0,...,T} and let s > 1 be an integer parameter. We
assume

IAD; llo < 5,¥¢ € [L],i € [n].

Later, we will invoke this assumption by specifying the choice of s.

4.7.2 Technical Lemmas

We first show that during initialization, by using our shifted ReLU activation, the vector h; ¢ is
sparse. Hence, the diagonal matrix D, ¢ is sparse as well.
Lemma 4.7.6 (Sparse initialization). Let 0,(z) = max{x — b, 0} be the shifted ReLU activation
with threshold b > 0. After initialization, with probability

e—me/4)
)

1 —nL-e %m
it holds for all i € [n] and { € [L],

licllo < O(m - e m/%).
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Proof. We fix i € [n] and ¢ € [L], since we will union bound over all i and / at last. Let u; € R™
be a fixed vector and W, to denote the r-th row of W, then by the concentration of Gaussian,
we have

Prloy((Wi,,u;)) > 0] = z~/\lfj(£ 3)[2 > b < exp(—b*m/4).

Let S be the following index set S := {r € [m| : (W, u;) > b}, the above reasoning means
that for the indicator random variable 1[r € S|, we have

E[1[r € S]] < exp(—b*m/4).
Use Bernstein’s inequality (Lemma[4.2.3]) we have that for all ¢ > 0,

t2/2
k+1t/3

Pr[|S| > k +t] < exp(—

),

where k := m - exp(—b®*m/4). By picking t = k, we have

3,
Pr(|S| > 2k] < eXp(TB).

Note that | S| is essentially the quantity ||/, ||o, hence we can union bound over all ¢ and ¢ and
with probability at least

1 —nL -exp(—Q(m - exp(—b*m/4))),
we have ||k ¢llo < 2m - exp(—b*m/4). O

Remark 4.7.7. The above lemma shows that by using the shifted ReLU activation, we make sure
that all h;, are sparse after initialization. Specifically, we use k := m - exp(—b*m/4) as a
sparsity parameter. Later, we might rescale b so that the probability becomes exp(—b?/2). We
stress that such rescaling does not affect the sparsity of our initial vectors. If we rescale b and
choose it as \/2alogm, then k = m'~% and hence with high probability, ||h; |0 < O(m!'~®).

As a direct consequence, we note that all initial D; ; are k-sparse as well.

We state a lemma that handles the ¢, norm of h;, when one uses truncated Gaussian distri-
bution instead. Due to the length and the delicacy of the proof, we defer it to Section 4.§]
Lemma 4.7.8 (Restatement of Lemma 4.8.6). Letr b > 0 be a fixed scalar. Let the activation
function o(x) := \/ey1{x > /2/mbz, where ¢, :== (2(1 — ®(b) + bp(b)))~V/2. Let e € (0,1),
then over the randomness of W (0), with probability at least

1 —O(nL) - exp(—Q(mexp(—b*/2)e?/L?)),
we have
|\hiell2 € [1 —e,14¢],Vi € [n],£ € [L].

The second lemma handles the consecutive product that appears naturally in the gradient
computation. It is useful in analyzing the spectral property of the Gram matrix.
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Lemma 4.7.9 (Variant of Lemma 7.3 in [S]). Suppose m > Q(nLlog(nL)), then over the ran-
domness of initializations W1(0), ..., W(0) € R™*™, foralli € [n|and1 <a <b< [,

Pr[|WyD;p-1Wy_1 ... DiaWa|| < O(WVL)] > 1 — o~ QUk/L?)

The proof is similarly to the original proof of the corresponding lemma in [S]], however we
replace the bound on /; , with our Lemma We highlight this does not change the bound,
merely in expense of a worse probability.

The next several lemmas bound norms after small perturbation.

Lemma 4.7.10 (Lemma 8.2 in [3]]). Suppose Assumption|4.7.4|is satisfied with R < O(+57——).

N L9/210g% m
With probability at least 1 — e~ UmRAL)
(a) Agiy can be written as Ag; o = Ag; o1 + Agie2 where
* |Agic1ll2 < O(RL??)

53 5/2 /O m
Agi,£,2||oo < O(%)

(b) [|ADigllo < O(mR**L) and ||(ADig)gislla < O(RLY?).

(©) [1Agicll2, | Ahiglls < O(RLY?/logm). N
Remark 4.7.11. Lemma 4.7.1 (ﬂ establishes the connection between parameter R and s of As-
sumption4.7.4\and4.7.5 As long as R is small, then we have s = O(mR2/3L). Such a relation

enables us to pick R to our advantage and ensure the sparsity of AD; 4 is sublinear in m, and
hence the update time per iteration is subquadratic in m.

4.7.3 Bounds on Initialization

In the following lemma, we generalize the Lemma C.2 in [[17] into multiple layer neural net-
works.

Lemma 4.7.12 (Bounds on initialization, multiple layer version of Lemma C.2 in [17]). Suppose
m = Q(nLlog(nL)), then we have the following

« Prlf(W,z;) = O(1), Vi € [n]] > 1 — e~ 20og"n),
* Pr[||Jpo4] = O(1), Vi € [n]] > 1 — O(nL) - e~ */17),

Proof. We will prove the two parts of the statement separately.

Part 1: By definition, for any ¢ € [n], we have
FW,z) = a” o(Wr(p(- - - o(Wizy)))).
We shall make use of Lemma [4.7.8 here:
Pr[||hill2 € [0.9,1.1],Vi € [n]] > 1 — O(nL) - exp(—Q(k/L?)).

Recall that a € R™ has each of its entry being a Rademacher random variable, hence it’s
1-subgaussian. Use the concentration of subgaussian (Lemma.2.5)), we know that

LL2
Pl”HaThi,Ll > 1.1t < Qexp(—g)’

setting t = O(log® n), and union bound over all 7 € [n], we conclude our desired result.
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Part 2: For the last layer, we consider IV, is initialized as follows: each entry is first sampled
from A (0, 1), then we scale down W, by \/—\/% This means we can write the output of last layer

as %WLhi, 11, and therefore, the gradient is \/—\/%Di, Lhi, ;_1a'. Hence,

||JL70,1'|| = i,L—laTDi,LH

1
—||h
NG
5
\/—||th tllz - [|Dipall

—0(1).

The last step follows from the fact that || D; ralls < O(y/m) and ||h; 1—1]]2 < 1.1 with probability
atleast 1 — O(nL) - exp(—Q(k/L?)). O

4.7.4 Bounds on Small Perturbation

In the following, we generalize the Lemma C.4 in [17] into multiple layer neural network. We
use the interpretation that W, is generated from N (0, 1) and scaled by \/% in our proof.

Lemma 4.7.13 (multiple layer version of Lemma C.4 in [17]). Suppose m = Q(nLlog(nL)),
then over the random initialization of

W(0) = {W1(0), W5(0),--- W(0)},

the following holds with probability at least 1 —nL - e~ log”m for any set of weight W, satisfying
foreachr € [m)|,

[Wepe — WL, (0)]l2 < R/vV/m,

We =W (0)lr < R

| Iw, o — Jw0) = O(Rl/Q/m1/4),
||JWL - JWL(O)HF = O(nl/le/Q/ml/ZL).
| Jw, |7 = O(n'/?).

Proof. Part 1. Note that

IWe =W (O)[F = > IIWer = We(0)]3

r=1
<m- R2/m
= R%.

Taking square root yields our desired result.
Part 2. To simplify the notation, we ignore the subscripts ¢ below. We have

2
1w e = Twp )l = — (DL (0) + ADp)ahy, = Dy(0)ahy||?
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2

= = | ADyah]|?
2

- EHADLahTH%

= — Z 2 h%r WLr,hL> > b] - 1[<WLT(O)ahL> Z b”

= O%) Z [[(Wepr, hr) = 0] = LWL (0), hr) > b]].

re[m)]

where we use ADyah] is arank 1 matrix in the third step.
Let s, := |[1[(WL,, hr) > b] — 1[(W,.(0), hr) > b]| and define the event E, as

Ep = {IWep = Wi n ()l < R/Vm, Wiy, hr) = b # 1[(Wp,p(0), h) > 8]}
It is not hard to see that event £, happens if and only if
Wi, (0)Thy € [b— ||hrll2R/v/m, b+ ||hill2R/v/m).

By the anti-concentration of Gaussian distribution (Lemma [.2.4)), we have

Els] = Pr{E, = 1] < :R/Vm

We have
m 4 m
Pr [Zsr > (t+g)||hL||R\/m} < Pr [Z( _E[s,]) > t||hL||QR\/E]
r=1 r=1
262 R% ||y || 3m?
< 2exp(— - )
= 2exp(—2t°R?||h||3)
< 2exp(—t?),

where the first step follows from our above analysis, we use Lemma4.2.2]in the second step, and
we use both ||hz]|3 > 0.5 and R > 1 in the final step.
Set t = logm and by union bound over 7, we have with probability at least 1 —n - e~ log?m,_

1 m
_ E Z
%omm

oL,
\/_

||JWL71'1' - ‘]WL(O),%

IN

= O

3

Taking square root yields our desired result.
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Part 3. Note that the squared Frobenious norm is just the sum of all squared ¢, norm of rows,
hence

1 Jw, — Jw,ollr < OnY2RY? /mi/h).
Part 4. We will prove by triangle inequality:

[Iw, e < [ Twpolle + ([ Jwy, — Jwoo)ll e
< 5(711/2) + 5(n1/2R1/2/m1/4)
=0(n'/?).

Note that, in the final step, we use both the choice of R (see Def. and m (see Def.[4.7.20).
L]

4.7.5 Putting It All Together

In this section, we will prove the following core theorem that analyzes the convergence behavior
of Algorithm 20}

Theorem 4.7.14 (Formal version of Theorem [1.2.5). Suppose the neural network width satisfies
m = Q(\;*n%L2), then over the randomness of the initialization of the neural network and the
randomness of the algorithm, Algorithm 20| satisfies

Prll fut — llo < ollfs — ylla) = 1 — exp(—Q(log? n)).

Before moving on, we introduce several definitions and prove some useful facts related to
them.
Definition 4.7.15 (function J). We define

L

Jg(Zl, ey ZL)z = Divg(Zg) H Z;D$7k(Zk)a(hl(Z1, ceey Zg_l))—r & ngxmg_l
k=(+1
where
DLg(Zg) = dlag(@l(Zghl(Zl, Cey Zg,l))), < ngXm[
hi(Zy, .oy Zer) = o(Ze-1(0(Zi—2 - - (p(Z174))))) € R™
Fact 4.7.16. Let J, denote the function be defined as Definition Foranyt € {0,..., T},
we have

T

ferr— fr = </01 Jo(T—s)W(t) + sW(t+ 1))ds) -vec(Wp(t+ 1) — Wi(t)),

Proof. For i € [n], consider the i-th coordinate.
1
(o= Fi= [ S~ )W)+ sW(E + 1)) ds
0
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B /0 (a?ai(“ —s)W(t) +sW(t+ 1),%)) vee(Wp(t + 1) — Wi (t))ds

1 T
= (/ Jo (1 =)W (t) + sW(t+ 1))ids) ~vec(Wr(t+ 1) — Wi(t)),
0
Thus, we complete the proof. ]
Fact 4.7.17. Foranyt € {0,...,T}, we have Jo(Wy(t),... , WL(t)) = Jos.

Proof. In order to simplify the notation, we drop the term ¢ below.
We note that for i € [n], the i-th row of matrix J,, is defined as

L
Dio( [T Wi Diw)ah]ss,
k=f+1

where

D;, = diag(SD/(Wehi,é—l)),
hig—1 = (W1 (0(Wi—a ... (¢(Wh))))),

this is essentially the same as h;(W1, ..., W,_;) and D, o(W,). This completes the proof. O

We state the range we require for parameter R and R:
Definition 4.7.18. We choose I? so that

2

2"
Jm

Recall that R is the scale-up version of R, hence

~ ) 1 AL
S R S mln{m, ; .

n 1 AL
— <R<min{——— 2L
A T T mln{L4'5 log®>m’ n

b v

Remark 4.7.19. Recall that the sparsity parameter s is directly related to R:s= O(mﬁg/ 31),
hence to ensure the sparsity is small, we shall pick R as small as possible.

Next, we pick the value of m:
Definition 4.7.20. We choose m to be

m > Qn*LAY).

We use induction to prove the following two claims recursively.
Definition 4.7.21 (Induction hypothesis 1). Let ¢t € [T] be a fixed integer. We have

W (t) = Wi (0)]l2 < R/Vm

holds for any r € [m)].
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Definition 4.7.22 (Induction Hypothesis 2). Let ¢ € [T] be a fixed integer. We have

1
1fe —yll2 < §||ft—1 — 9yl[2-

Suppose the above two claims hold up to ¢, we prove they continue to hold for time ¢ + 1.
The second claim is more delicate, we are going to prove it first and we define

1
JK,t,t-‘,—l = / Jg((l — S)Wt + SWt+1>d$,
0

where J, is defined as Definition4.7.15
Lemma 4.7.23. Let g} = (Jp.J] ) '(fi — y). We have

[ ferr = ylla < W fe — v — Joad L gnell
+ 1Tt = Jopas) T 197
+ | (Jot — JL,t,t+1)JZt(gL,t —91)l2- 4.7)

Proof. Consider the following computation:

[ fie1 — yll2
=lfi =y + (frra — fo)l2
=Ifi =y + Jrppe1 - vee(Wrip1 — Wri)ll
=[fi —v—Jrte J;tgL,tHQ
=\fi—y— JoadL9rs + Joadl 9o — JrpsirJL 1904l
<\fe =y = Joadigralla + 1(Jee = Joaern) L gl
<|\fe =y = Jeadigrlla + 1(ee = Joaer) JL gl + 1(Joe = Joaeen) J7 1 (gne — 97) 2,

The second step follows from the definition of J, ;1 and simple calculus. O]

Claim 4.7.24 (1st term in Eq. (4.7)). We have
1
Ife —vy— JL,tJLT,tgL,tHQ < §||ft — |2
Proof. We have

Ife —vy— JL,tJEtgL,tHQ <eollfe = yll2
1
<Lisi- vl @)

since gr,; 1s an gp (g9 < %) approximate solution to the regression problem

min 1 TedL 09— (fe = 9)ll2-
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Claim 4.7.25 (2nd term in Eq. (4.7))). We have

N 1
(e = Traee) Jegillz < Gl = vl
Proof. We bound the second term in Eq. (@.7) as follows:

(e = Treer) L 91l < I ee = Jrpssll - 12,97 |12
= HJL,t - JL,t,t+1|| ’ ||JLT,t(JL,tJLT,t)_1 ’ (ft - y)H?

< Jre = Jreasll - ||JLT,t(<]L,tJLT,t)_1” N fe = yll2-

We bound these term separately.
For the first term in Eq. (4.9),

1
Wie = Toeenll = 3007 — / J0((1 = $)Wi + sW1)ds

0

1
< / 1L(W0) = Jo((1 — )W + sWi)]| ds
0

4.9)

< /0 M2 (We) = Je(Wo) [l + [ (Wo) = JL((1 — $)We + sWiia )| ds

< i) = Je(Wo)l[ + /0 92 (Wo) = JL((1 = )W, + sWip )| ds

< 5(n1/2R1/2/m1/4),

(4.10)

where by Fact|4.7.17) we know [|J(W,) — J.(Wo)|| = | Jw, ) — Jwo ]l < O(nM2RY2 Jml/4),

we use Lemma in the last inequality.

For the term [, [[J2(Wo) — JL((1 — s)W; + sWip1)|| ds, we analyze the following:

I(1 = s) - vee(WL(t))
< (1 =) [lvec(Wi(t))
=1 —=s5)-[[Wr(t) = Wr(O)|lp+s-[[Wr(t+1) = WL(0)||r
< O(R).

+ 5 vec(Wr(t 4+ 1)) — vec(W(0))]|2

— vec(Wr(0))||2 + s - [[vec(Wr(t + 1)) — vec(WL(0))||

This means the perturbation of (1 — s)Wp(t) + sWy (¢ + 1) with respect to W,(0) is small, hence

L(Wo) = Jp((1 — )Wy + sWia)|| = O(n'/2RY2 /m!/*).
Furthermore, we have

HJLT,t<JL,tJLT,t)_1H = 2/)‘La

(T

(4.11)

where the second inequality follows from opin (J1:) = 4/ Amin(JL tJLTt /AL/2 (see Lemma4.6.8).

Combining Eq. @.9), @.10) and (#.11), we have
I(Jre — JLyt,t—l-l)JlT,tgﬂh < 5(n1/2R1/2/m1/4) : )‘21/2 N fe = vll2

1
< _
< llfe =yl
where the last step follows from choice of m (Definition {.7.20).
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Claim 4.7.26 (3rd term in Eq. (4.7))). We have

1
||(<]L,t - JL,t7t+1)JIT,t(gL,t - 92)”2 < §||ft - y||2
Proof. We can show

H(JL,t - JL,t,t+1)JLT,t(gL,t - gZ)HQ < HJL,t - JL,t,t+1|| ’ HJLTtH ) ||9L,t - 92”2- (4.13)

Moreover, one has

A
§||9L,t — gill2 < Amin(Jre L) - llgre — gill

<\ JpadL90s — JadL 952
= HJL,tJ[T,J:gL,t —(fi —y)ll2

VA
< QL/n Alfe = ylle- (4.14)

The first step comes from Awin (J2.¢J; ;) = Amin(GLy) > Ar/2 (see Lemma4.6.8). The last step

follows from gz, ; is an €y (9 < /AL /n) approximate solution to the regression.
Consequently, we have

1(Tee = Treer) TEelgre = gillle < e = Teeerll - 1L - Ngze — gillz

~ ~ 2
<0 n1/2R1/2 m1/4 .0 n1/2 L= . .
= ( / ) ( ) m Hft y“2
_ pl/2R1/2
=O0(———73) " Ifs = yll2.
m1/4)\L/
Note that, for the 2nd step, it follows from Eq. (4.10) and (@.14) and the fact that || J. .|| < O(y/n)
(see Lemma[4.7.13).
Finally, we have
. _ pl2R1/2
1 et = Jraeer) Jo(gre = g90)ll2 < O(——7) - lfr — vl (4.15)
m/A\
L
1
<3f =yl (4.16)
The last step follows from choice of m (Definition 4.7.20).
O]
Lemma 4.7.27 (Putting it all together). We have
1
[ frrr —ylla < §||ft —ylla- (4.17)

Proof. Combining Eq. (.7)), (4.8), (4.12), and (4.15)), we have proved the second claim, i.e.,

1
||ft+1 - 3J||2 < g”ft - ?JH?

125



4.7.6 Bounds on the Movement of Weights
Lemma 4.7.28. Let R be chosen as in Definition then the following holds:

IWr,(t+1) — Wi (0)]2 < R//m.

Proof. First, we have

lgr.ell2 < llgzllz + llgr.e — g7 ll2
= (o) (fe = W2 + llgre — g2
< WL )M N =) ll2 + lgze — gt ll2

1 1
/\ ||ft y”2 \/m ||ft yH?
1
)\— 1t = yll2 (4.18)
where the third step is owing to Eq. (4.14)), and the final step is due to the fact that 1/y/nA; <

1/ArL.
Then

1
[Wee(k+1) = Wep(B)]s = | > ool LW (k) i) = Ol

< O(\/_ﬁ)z 9L ki

< (\/__) lgL.kl2
Jio1
(\/—) N I|fr — yll2
nl/2
< O(W) A fo —yll2
~ n
< Ol mir)

The first step follows from the update rule, the second step is by triangle inequality, the third step
uses the fact the ¢; norm of a vector is upper bounded by /n times the £, norm, the fourth step
is by Eq. (4.18), and the last step is by each entry of f; and y is of order 5(1)

Consequently, we have

t
IWee(t+1) = Wi (0)l2 < Y (IWer(k +1) = Wi (k)5
k=0

~ n
< e —
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~ n
<O 7s)

By the choice of R (Definition|4.7.18), we know this is upper bounded by R/+/m. This concludes
our proof.
[

4.8 Bounds on the Intermediate Layer Output with Shifted
ReLU

In this section, we prove a technical lemma (Lemma involving truncated gaussian distri-
bution, which correlates to the shifted ReLLU activation we use.
Definition 4.8.1 (Truncated Gaussian distribution). Suppose X ~ N(0,0?%). Let b € R. Then,
we say a random variable Y follows from a truncated Gaussian distribution N;(0,0?) if Y =
X|X > b. The probability density function for N, (0, 0?) is as follows:
1 1 2 /(962
= : e v/ y e b, 00),

f() =000 Vo y € [b,00)
where ®(-) is the standard Gaussian distribution’s CDF.
Fact 4.8.2 (Properties of truncated Gaussian distribution). For b € R, suppose X ~ N3(0,c?).
Let B :=b/o. Then, we have

o —x2
* E[X] = 1_‘2%2), where o(x) = \/%76 2,

* Var[X] = o?(1+ Bp(B)/(1 — (8)) — (¢(8)/(1 — (8)))?).

* X/o ~Ny(0,1).

* When o =1, X is C(b+ 1)-subgaussian, where C' > 0 is an absolute constant.
Lemma 4.8.3 (Concentration inequality for b-truncated chi-square distribution). For b € R,
n >0, let X ~ Xg,n; that is, X = > | Y? where Y1,...,Y, ~ N,(0,1) are independent
b-truncated Gaussian random variables. Then, there exist two constants C', Cy such that for any

t >0,
Pr{

In particular, we have

bp(b)

X_n(1+—1—®(b)

)‘ > nt] < exp (—C’lnt2/b4) + exp (—ant/bQ) )

Pr{|X —n(1+b(b+1))| >t] <exp(—Cit?/(nb")) + exp (—Cat/b°) .

Proof. Since we know that Y; ~ A3(0,1) is C'(b + 1)-subgaussian, it implies that Y;* is a sub-
exponential random variable with parameters (4v/2C%(b + 1)2,4C?(b + 1)?). Hence, by the
standard concentration of sub-exponential random variables, we have

n 2exp —"—’52> if nt < 8C2(b+ 1)
Pr||Y Y —nE[Y?]| > nt| < 2 3204t(b+1)4 |
- Zexp | — Mw otherwise
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< 2exp (—C’lntQ/b4) + 2exp (—ant/bQ) )
O]

Fact 4.8.4. Let h € RP? be fixed vectors and h # 0, let b > 0 be a fixed scalar, W € R™*?
be random matrix with i.i.d. entries W;; ~ N (0, %) and vector v € R™ defined as v; =
((Wh);) = 1[(Wh); = b](Wh);. Then
* |vi| follows i.i.d. from the following distribution: with probability 1 — e~V"™/(lIIP) 1y | =
0, and with probability et m/@IRI), |v;| follows from truncated Gaussian distribution
Ni(0, 1R 13).

2
ZW% is in distribution identical to x3, , (V'-truncated chi-square distribution of order w)
3 :

where w follows from binomial distribution B(m, e="""/AIMN*)Y and b = %b.

Proof. We assume each vector W, is generated by first generating a gaussian vector g ~ A/(0, %I )
and then setting W; = £g where the sign is chosen with half-half probability.

Now, [(W;, h)| = |{g, h)| only depends on g, and is in distribution identical to N;(0, 2 |A[|3).

Next, after the sign is determined, the indicator 1[(W;h); > b] is 1 with probability e~/ (4I21)
and 0 with probability 1 — e/ @lIAI).

Therefore, |v;] satisfies the aforementioned distribution.

As for ||v]|3, letting w € {0, 1,...,m} be the variable indicates how many indicators are 1,

then w ~ B(m, e~/ (M%) and BIME 32 where o' = YE, 0
2 b

Fact 4.8.5 (Gaussian tail bound). For any b > 0, we have

eV <1— ) <e P2
—_— — e
Ch+1) ~ = ’

where C' is an absolute constant.
We prove a truncated Gaussian version of Lemma 7.1 of [3]].
Lemma 4.8.6. Let b > 0 be a fixed scalar. Let the activation function be defined as

o) = Valle > 2 mblz,
where
= (21— B(b) + b (b))
Let ¢ € (0, 1), then over the randomness of W (0), with probability at least
1 —O(nL) - exp(—Q(mexp(—b*/2)e*/L?)),
we have
|hiello € [1 —€,1+¢€],Vien],le[L]
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Proof. We only prove for a fixed i € [n] and ¢ € {0,1,2,..., L} because we can apply union
bound at the end. Below, we drop the subscript 7 for notational convenience, and write h; , and
x; as hy and x respectively.

According to Fact|4.8.4] fixing any h,_; # 0 and letting 1, be the only source of randomness,
we have

m :
5!\he||§ ~ Xifhlawr  With w ~ B(m, 1 — ®(b)),
where b/ := b/||he—1]|2.
We first consider the £ = 1 case. Then, we have ||hy_1||2 = 1, and ¥ = b. Let P, := 1 — ®(b).
By Chernoff bound, for any § € (0, 1), we have
Priw € (14+0)mP,y) > 1 — exp(—Q(6°Pym)).

In the following proof, we condition on this event. By Fact[4.8.5]

—b2/2
we(lxi)Pm <— wEe [(1 - 5)mm, (1+6)exp(—b*/2)m| .
By Lemma[4.8.3] we have
Pr [ %thHg —w (1 + b(pT(bb)) ‘ > t} <exp (—Q(t*/(wb"))) + exp (—Q(t/b%))

Note that

w (1 + bi(bb)) € (1+8)mP, + (1 +8)mP, - bi(bb) = (1 £0)(P, + bp(b)) - m.

Letc, ' := 2(P, + byp(b)) be the normalization constant. Then, we have
Prf|cy|| a5 — (1 £ 8)] > 2tcy/m] < exp (—Q(t*/(wb?))) + exp (—Q(t/b?)) .

We want 2tc,/m = O(0), i.e., t = O(5c; 'm). Then, we have wt = m®) > b2 Hence, by
Lemma[4.8.3] we actually have

Prfley [l — (1£8)] > O(8)] < exp (~Q0m/ (b))
By taking = ¢/L, we get that
|hil3 € [1 — /L, 1 +¢/L]
holds with probability at least
1 — exp(— 2P/ L2)) — exp (~Qem/ (1)) = 1 — exp(—e>Pym/12)),

where the last step follows from Cb% = %f(b) = 0(h).
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We can inductively prove the ¢ > 1 case. Since the blowup of the norm of h; is 1 + ¢/L,
the concentration bound is roughly the same for h, for ¢ > 2. Thus, by carefully choosing the
parameters, we can achieve ||h||3 € [(1 —e/L)*, (1 + ¢/L)*] with high probability.

In this end, by a union bound over all the layers ¢ € [L] and all the input data i € [n], we get
that

|hiell2 € [1 —e,14 €]
with probability at least
1 — O(nL) exp(—Q(e*Pym/L?)),

which completes the proof of the lemma.
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Appendix A
The AFN Data Structure

In this section, we include the algorithm and correctness analysis of the AFN data structure.
Throughout this section, we use n to denote the number of data points, and d denote the
dimension of the data.

A.1 Algorithm

The AFN data structure we are going to use has similar high-level idea as that of Indyk [39]], but
we give an improved analysis on the overall running time.

In this section, we present our algorithm that solves approximate Min-IP efficiently. We start
with presenting the SORTEDLIST data structure in Alg.

Algorithm 23 Helper data structure SORTEDLIST

1: data structure SORTEDLIST > This data structure can be implemented via various
self-balancing binary search trees

2. INIT(P € (R x RY)™) > n points each has a real key and d dimensional data points,
O(nlogn) time

3. INSERT(p € R x R%) > Insert a single key-value pair, O(logn) time

4. DELETE(p € R x R?) > Remove a single key-value pair, O(logn) time

5 SEARCHLEQ(T € R) > Output a subtree with key less than or equal to 7', O(log n) time

6:  SEARCHGEQ(T € R) » Output a subtree with key greater than or equal to 7", O(log n)
time

7. MAX() > Return max key-value pair, O(log n) time

8:  MIN() > Return min key-value pair, O(logn) time

9: end data structure

Next, we introduce a task called (¢, r)-DFN defined in Task [A.1.1]
Task A.1.1. Let P C R? be an n-point dataset. Let ¢ > 1 We define the (¢, 7)-DFN problem as
follows: given a point ¢ € R? and r > 0, if there exists a point p € P such that, if ||p — ¢||2 > r,
then the data structure reports a point p € P such that ||p — ¢|l2 > r/¢, otherwise, it reports
“Fail”.
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The data structure for (¢, )-DFN shown in Alg. 24| and Alg.[25|is the building block of our

approximate Min-IP algorithm.

Algorithm 24 Data structure DFN: members, init, insert and delete

—_

21:
: end procedure

data structure DFN > Theorem[A.3.1]
members
(e Ny > Number of random directions
G € R>d > Random Gaussian vectors
SORTEDLISTL;, ..., L, > ¢ sorted lists, Alg.
te Ry > Threshold parameter
e (1,00) > Approximation parameter

end members

procedure INIT(A € R™? ¢ € (1,00))

c<¢C

{ + O(n"/e log =1/ 2 p)

t <+ O(y/logn) > t is the solution to e /2 /t = 2n
G, ~N(0,1),Vi € [(],Vj € [d] > Each entry is a standard Gaussian
SORTEDLIST Ly,..., L, > Alg. 23|

Let g; denote the i-th row of GG and A; denote the i-th row of A
fori:=1— (do

P« {({gi,a5),a;) : j € [n]}

L; INIT(FP;) > Alg.
end for

. procedure INSERT(p € RY)

fori=1— /¢do

L; INSERT((k, p)) > Alg. 23]
end for

: end procedure

. procedure DELETE(p € R%)

fori=1—/do

k < (9i,p)
L; DELETE((k,p)) > Alg.
end for

: end procedure

. end data structure
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Algorithm 25 Data structure DFN: query
1: data structure DFN > Theorem[A.3.1]
2:
. procedure QUERY(q € RY,r € R,)
: T < rt/c

3

4

5: 1< 1,m<+0

6: S0

7 while i < /andm < 2/ +1do

8 dist < (g;, q)

9: Ty < L;.SEARCHLEQ(dist — 71"
10: Ty « L;. SEARCHGEQ(T + dist)

11: > Search for the subtree such that |(g;,q — p)| > T
12: if m + |T1| + |T2| < 2¢+ 1 then

13: S« SUTIUT,

14: m —m + |T1| + |15

15: else

16: Add points from 77 and T5 to S until |S| =20+ 1
17: m <20+ 1

18: end if

19: 14—1+1

20: end while

21: for p € Sdo

22: if ||p — ¢||2 > r/c then

23: return p

24: else

25: return “Fail”

26: end if

27: end for

28: end procedure

29:

30: end data structure

Finally, in Alg. and Alg. we present our algorithm that solves AFN (see Defini-
tion [2.3.5). As AFN is the dual problem of approximate Min-IP, this algorithm could be used to
solve approximate Min-IP.
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Algorithm 26 AFN Algorithm: members, init, insert and delete

1

e e e e e
R A A T S el

DR N NN
SANF

W W W L W W W LW N NN
e AU A A N

R A o

: procedure INIT(A € R™*? ¢ €

\*}
- O

e}
N v

data structure AFN

members
ee€(0,1)
de(0,1)
S & N+
DFN dfl’ll, dfl’lg, ..
bw e R,
SORTEDLIST 77, . ..
end members

., dfng

7Td

e+c—1
s < O(loglog(d/d))
dfn;.INIT(A, ¢) for all ¢ € [s]
forj=1—ddo
T;.INIT(A, ;)
end for
bw < max;cig |7;.MAX() — T;.MIN()|

: end procedure

. procedure INSERT(p € R%)

dfn;.INSERT(p) for all 7 € [s]
for)=1—ddo
T;.INSERT(p;)
end for
bw < max;eq |75.MAX() — T;.MIN()|

: end procedure

. procedure DELETE(p € R%)

dfn;.DELETE(p) for all i € [s]
forj=1—ddo
T;.DELETE(p;)
end for
bw < max;cig |T;.MAX() — T;.MIN()|

: end procedure

. end data structure

(1,00),6 € (0,

> Theorem

> Number of data structures

> Boxwidth of all points
> Max/min value for each dimension

1))

> Alg.
> Alg.

> 1d boxwidth

> Alg.
> Alg.

> Alg.
> Alg.
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Algorithm 27 AFN Algorithm: query

1: data structure AFN > Theorem [A.4.2]
2:
3: procedure QUERY(q € R%)
4: lo + bw/2
5:  hi+ Vd/e bw
6: Binary search over the range [lo, hi| to search for r € R,
7 with the predicate dfn;.QUERY/(q, ') for i € [s]
8 > O(log(d/ed)) rounds
9: fori=1— sdo
10: p < dfn;.QUERY(q, )
11: if p # “Fail” then
12: return p
13: end if
14: end for
15: return “Fail”
16: end procedure
17:

18: end data structure

A.2 Success and Failure Probability of Random Projection

In this section, we analyze both the success and failure probability of random projection. To start
with, we supply a technical lemma that upper bounds the failure probability that two points are
far in the random direction but close in the original space.

Lemma A.2.1. Let t be the solution to ¢"/2/t = 2n and T = rt/c. Let p be a point such that
P — qll2 < r/c. Then

P - >T] < 1/n.
poir He:p) =g, @)l =2 TT < 1/m

Proof. Observe that

) o leF—al
Pill) (a2 71 = Pr | LA > 71 gy

lg.p—a)l 1_}
L P —qll2 r/e
_p |lop ol t}

L 1P —qll2
< 2exp(—t*/2)/t
<1/n.

< Pr

The second step follows from ||p — ¢||2 < 7/¢. For the fourth step, note that since standard

Gaussian is 2-stable (Fact|2.1.1), we know that ﬁ%’f ;ﬁ’i follows a standard Gaussian distribution,

so we can apply part 1 of the Gaussian concentration bound (Fact[2.1.2). O
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Next, we provide a lower bound on the success probability that when two points are far away
from each other in the random direction, then they are far away in the original space.
Lemma A.2.2. Let t be the solutionto ¢/ /t = 2n.and T = rt/c. Let { = O(n"/% log!=1/9/2 p),
Let p be a point such that ||p — q||2 > r. Then

_ > > .
gN}V)({)J)[|<9,p> (9 9)] >T) > 1/t

Proof. The proof is similar to Lemma|A.2.1] consider

gp—af T }
Cllp—dll: ~ llp—all2

Pr[{g,p) — (9,¢)| > T] = Pr

> pr (Lo —al Z}
L lp—qll: — 7
[ - t

_pe (Lo a)l :}
L lp —dqll2 c

> 2B - exp(—(t/)*/2)/(t/?)
2B - lexp(—t2/2) /t)/E
$1-1/2

2Bc
nl/e¢1-1/e"
The second step follows from ||p — ¢||2 > r, the fourth step follows from Fact Note that
by picking ¢ = O(n!/® log!1=1/¢)/2 n), we get our desired result. O

A.3 Guarantees of DFN Data Structure

In this section, we setup the theoretical guarantees of Alg. We state and prove the following
theorem regarding our DFN data structure.

Theorem A.3.1. Let P C R? be an n-point dataset and ¢ > 1. There exists a randomized dy-
namic data structure (Alg. that solves c-DFN task (see Task using O(n'*1/ e log n+
dn/® log n) space with the following operations:

* INIT: Preprocess P in O(n'*1/% log? n + dn'/ log n) time;

* QUERY: Given a point ¢ € RY and r > 0, either outputs a point p € P such that
1P — qll2 > 7/ with constant probability or outputs “Fail” in O(n"/% (d + logn) logn)
time;

* INSERT: Insert a point p € R® into the data structure in O(nl/62 log? n) time;

* DELETE: Delete a point p € P in O(n*/® log?n) time.

Proof. We prove four corresponding parts of Theorem [A.3.1] accordingly.

Space: Storing the ¢ x d standard Gaussian matrix takes O(¢d) space. Maintaining ¢ sorted list
takes O(¢n) space. Thus, the total space is

OUU(d+ n)) = OV 1og!=19/2 4 dn/@ 10g1 =112 ).
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Procedure INIT: By Alg. the initiation needs to initialize an ¢ x d standard Gaussian
matrix, which takes O(¢d) time, processing all points into sorted lists takes O(¢(d + nlogn))
time. Thus, the total time for INIT is

O(0(d+ nlogn)) = O(n* Y% log nlog'~Y/9/2 n 4 dn'/* 1og=1/9/2 ).

Procedure QUERY: We first show the correctness. Our goal is to prove that with constant
probability, our data structure retrieves a pair (p,:) among the first 2/ + 1 pairs where each
point p satisfies |(g;,p) — (gi,q)| > T and at least one of the point p has the guarantee that
lp—al2=r/c

We first justify that picking 2¢ + 1 pairs suffices for at least one point has desired distance
guarantee, with constant probability. Let Y, denote the event that a pair (p, i) € P x [¢] has the
property that |p — ¢||l2 < r/c¢ and |{gi, q¢) — (gi,p)| > T. Then

B[ V3] =nl- Pr[Yy]
(20]

1
<nl-=

n
=/

The second step follows from Lemma Note that E[}_ 5 ;) Y5,] is the expected total number
of such pairs, this means via a Markov bound, with the probability at least 1/2, there are no more
than 2¢ such pairs. Thus, if we retrieve exactly 2¢ + 1 such pairs, there must be at least one pair
(p,4) with ||p — q||2 > r/¢. Next, we analyze the failure probability when picking 2¢ + 1 pairs.
Note that for a point p € P with |(g;,p) — (g:,q)| > T, the probability that ||p — ¢||» < /¢ is at
most 1 — 1/¢, due to Lemma This means the probability that some i among the first 2¢ 4 1
pairs has the property that ||p — ¢||o > r/C is at least

1—(1—1/0*" >1—1/e,

this means we have a constant probability of success. Thus, our DFN data structure has a constant
probability to output a point which is nor within the distance of 7 /¢ from q.

For the running time, note that we do at most ¢ rounds of search, at each round, we search the
sorted lists, so we pay a total of O(¢logn) for searching the lists. Finally, we need to examine
these 2¢ + 1 pairs for their distances, this takes O(¢d) time. Therefore, the total running time is

O(nl/E2 logn log(l_l/EQ)/2 n+ dn'/® log(l_l/zz)/2 n).

Procedure INSERT and DELETE: It is obvious that the running time of both procedures is
O(4(d + log n)), which is the same as the time of procedure QUERY. O

A.4 Guarantees of AFN Data Structure

In this section we provide an analysis for an AFN data structure implemented via DFN data
structure. The idea is to use binary search to find the correct distance r. The search range is
determined via the notion of box width.
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Definition A.4.1. Given a dataset P C R, we define the box width of P, denoted as bw(P) or
bw if P is clear from context as

bw(P) := max | max(p;) — min(p;)].
Note that p; denotes the i-th coordinate of point p.
We now proceed with the formal statement and proof.
Theorem A.4.2. Let P C R? be an n-point dataset, ¢ > 1, 7 > 0and § > 0. Lete = ¢ — 1.
There exists a randomized dynamic data structure (Alg. 26} that solves (¢ + §,7)-AFN task
using space O((n'"+1/% log n + dn'/® log n) loglog(d/ed) + dn) with the following operations:
* INIT: Preprocess P in O((n*™V/% log? n 4+ dn/% log n) loglog(d/ed)) time;
* QUERY: Given a point q € R, returns a (¢ + 6)-approximate furthest neighbor p € P
with constant probability in O(n'/® (d + log n) log nlog(d/ed) log log(d/e6)) time;
* INSERT: Insert a point p € R into the data structure in O(n/® log? nloglog(d/ed) +
dlogn) time;
* DELETE: Delete a point p € R? from the data structure in O(nl/E2 log? nloglog(d/sd) +
dlogn) time.

Proof. We start with the space complexity

Space: We note that there are s = O(loglog(d/ed)) DFN data structures to initialize, each data
structure takes O(n!'*1/ G logn + dn'/ @ logn) space. Moreover. the d different sorted lists for
each dimension takes O(dn) space. Therefore, the final space is

O((n"*% log n + dn"/® log n)log log(d/e8) + dn)

Next, we prove four parts separately.

Procedure INIT: We note that there are s = O(loglog(d/<d)) DFN data structures to initialize,
each data structure takes O (n' /¢ log? n+dn'/® log n) time. To initialize d different sorted lists
for each dimension, it takes O(dnlogn) time. Finally, computing boxwidth bw takes O(logn)
time. Thus, the total time in initialization phase is

O((n'"*/% log? n + dn*/* log n) log log(d/=6)).

Procedure QUERY: We need to prove the runtime and correctness of the procedure. For the
runtime, we note that QUERY makes O(log(d/£6)) calls to binary search with O(log log(d/£6))
different data structures. Each call takes O(n'/ (d + log n) log n) time by Theorem |A.3.1] This
completes the proof of runtime.

For correctness, note that for any query ¢ € R, if p is its furthest neighbor then ||p — ¢||» >
bw /2 since ¢ must be further from one point defining boxwidth. On the other hand, if the distance
from ¢ to the center of box is at least 2v/d/c - bw, then any point in P is a (1 + )-approximate
furthest neighbor. To see this, note that any point p € P is at most \/c_l/ 2 - bw away from the
center, so the nearest point from the box to the center is at least (% — %)\/c_l - bw. On the other
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hand, the furthest point on the box to ¢ has a distance (g + %)\/E - bw, it suffices to show that
(2+H)vd -bw/(1+¢) < (2 — 1)V/d-bw, since the furthest neighbor to ¢ from dataset P must

[

have distance smaller than (2 + 1)/d - bw. Note that

2 1 44¢
24/ —__-r=
(€+2)/( +e) 2¢(1+¢)’
On the other hand,
2 1_4—5
e 2 2
_4+3e—¢°
 2(1+e)

Since ¢ € (0, 1), we always have 3¢ — e > ¢, as desired.

This gives a lower and upper bound on binary search, namely we search the range [bw /2, 2v/d =
bw], hence, we need O(log %) rounds to achieve a é-precision solution. This leads to a ¢(1 +
e)(1+6) = (1 + €)*(1 + d)-approximation furthest neighbor. By picking ¢ as £/2 and § as 6/3,
this leads to a (1+c49) = (¢+4)-approximate furthest neighbor. Finally, to amplify the success
probability of each query, we need to use O(log log %) different data structures. This completes
the correctness analysis.

Procedure INSERT and DELETE: Both of these procedures require to insert or delete a point
to s different data structures and update the sorted list for each dimension, then compute the new
boxwidth. The insert/delete point step takes O(n'/ @ log® nloglog %) time and update the sorted
list takes O(dlog n) time. This completes the proof. O
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Appendix B

Inverse Maintenance: The Algorithm

In this section, we show how to maintain the vector h inside the matrix, so that a certain block of
the inverse directly gives the desired matrix-vector product Ph. We also give an algorithm that
updates W and h in the data structure.

B.1 Maintaining / for Sketch on the Left

We show how to maintain / inside the matrix, especially for sketching on the left.
We start with the following simple lemma implied by Schur complement.
Lemma B.1.1. Let N € R"*"™ and h € R", then we have

N ]\ [N! N
01><n —1 - 01><n —1

Proof. By Fact[2.6.1, we have that D — CA™'B = —1 and so is its inverse, A~'B = N~!h,
CA~! = 0. So the top left block is N~!, top right block is N~1h, bottom left block is 0 and
bottom right block is —1. [

Using the L matrix we defined in Definition [2.6.5] it is not hard to say that we can augment
the matrix as

0

L h

h

O1x3n+a —1

so that the top right block of the inverse is our desired product.

Lemma B.1.2 (Sketch on the left, with vector). Let R € R"™ "™ be a collection of sketching
matrices, then we have

—1

w-t AT w2 0 0 0

A 0 0 0 0 0

0 0 —I 0 0 h — {: RJ: h}
w12 0 0 -I 0 h

0 0 0 R -1 0
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B.2 Inverse Maintenance Algorithm

In this section, we present a data structure that maintains the big matrix (possibly with A), sup-
ports efficient update, reset and query the matrix-vector product. It is a key data structure to
recover the results in [27, 155 [72]].

For simplicity and generality, we consider the matrix without sketching.

Algorithm 28 Projection Maintenance via Inverse Maintenance. Note that we store the inverse
of M, but only update it during the procedure RESET. For UPDATE, we assume the change
happens for at most n® entries in at most n’ columns. If we are not maintaining h, we can set h
to 0.

1: data structure PROJECTIONMAINTENANCE > Theorem [B.2.8]
2: members

3: U e R™"

4. AeRdxn

5 M e R(3n+d+1)><(3n+d+1)

6: aec(0,1) > Entry change threshold
7. be(0,1) > Column change threshold
8§ X,V e RGntdtlxn’ > Each column of Y has only one nonzero entry
9: Q € R xn’
10 N € ROnHd+1)xBntd+1) > Inverse of M
11: heR”
12: end members
13: private:
14: procedure INIT(b € (0,1),ug € R", R € R A € R¥>™) > Lemmam

15: b+ b A+ A
16: U «+ diag(u)

17: R+ R
ut AT U2 0 0
A 0 0 0 0
18: M «+ 0 0 - 0 h
U7 0 0 —I h
0 0 0 0 -1
19: XY O(3n+d+1)><nb
200 N« Mt > Takes O(n*) time
21: Q <+ 0,6,,p

22: end procedure

Lemma B.2.1 (Update correctness). The output of UPDATE(u"®", h**) in Algorithm 28 satis-

fies:
Q=I+Y"'M*X)!

Proof. This follows directly from the invariant that N = M ~!. Note that by storing the quantity
(I +YTM~1X)~!, we can compute the query quickly, as we will show later. O
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Lemma B.2.2 (Reset correctness). The output of RESET(X"Y, YY) in Algorithm|29|satisfies:
N=M"
Proof.

NV =N - NXQY'N
=M '-MI'XUT+Y M 'X)'YT M
= (M+XYy"H)!
— (Mnew)fl

where the first step follows from N = M !, the second step follows the matrix Woodbury
formula, and the third step follows from Line [38|in Algorithm

Note at the end of RESET, N and M are updated with the new value. This completes the
proof. []

Lemma B.2.3 (Query correctness). The output of QUERY(!/ C [nl],j € [n]) in Algorithm
satisfies:

v=(M ", — (M'X(I+Y M X)'YTM ey,
Proof. We have

v=N; — (NX)QY " Ne;
= (MY, — (M 'XQY "M 'e;);
= (MY, — (M XT+Y M X)'Y T M e));
where the first step follows from N = M~!
Y'NX) ' =I+YTM'X)™"
This completes the proof. [

, and the second step follows from Q@ = (I +

Initialization Time

Lemma B.2.4 (Initialization Time). Taking a threshold a € (0,1), a vector uy € R", a sketching
matrix R € R™™, a matrix A € R™" and a vector h € R™ as input, INIT (Algorithm [28)
operation takes O(n*) time to complete.

Proof. The running time of INIT (Algorithm 28)) operation consists of the following component:
* N <+ M~ takes O(n“) to compute the matrix inverse of M € REn+d+D)x@Entd+l),

Therefore, we complete the proof. [
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Update Time

Lemma B.2.5 (Update Time). Taking a vector u**" € R™ as input, the UPDATE (Algorithm 28)
operation takes O(n®™ + n®*) time to complete.

Proof. The running time of UPDATE operation consists of the following components:

* YTN takes O(n®) time to compute the matrix multiplication between a sparse matrix

YT e RY*Bntd+l) where each column of Y only has one non-zero entry and matrix
N e R(3n+d+1)><(3n+d+1).

* (YTN) - X takes O(n®*?)) time to compute the matrix multiplication between Y TN €
Rnbx(3n+d+1) and X € R(Sn—i—d-&-l)xnb'

* Q « S ! takes o(n®) time to compute the matrix inverse of § € R"" "’
Therefore, we have:

O(n®) + O(n***) 4+ O(n™)
= O(n*™) 4+ O(n™)

This completes the proof. [

Query Time
Lemma B.2.6 (Query Time). Taking I C [n| and an index j € [n| as input, the QUERY (Algo-
rithm[29) operation takes O(n® + |I| - n®) time to complete.

Proof. The running time of QUERY operation consists of the following components:

* v; + YT Ne, takes O(n®) time to compute Y " Ne; where Y only contains one non-zero
entry per column and e; only has non-zero entry on jth element.

* vy + Qu; takes O(n?) time to compute the matrix vector multiplication between Q €
R"" 7" and v € R™.

* L + (NX)j takes O(|I| - n*) time to compute the matrix multiplication between N €
RErHdH)xEntdtl) apd X € RUD*7" with n® nonzero entries, for || rows.

* v3 < Luv, takes O(|I| - n®) time to compute the matrix vector multiplication between
L € R and vy € R™.

Therefore, we have:

O(n’) + O(n*) + O(|I| - n") + O(|1] - n*)
=O0(n* + 1] - n")

This completes our proof. []
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Reset Time
Lemma B.2.7 (Reset Time). Let XV YV ¢ REHDXn" be the inputs to RESET (Algo-
rithm 29), then RESET takes O(Tmat(n°, n,n)) time to complete.

Proof. For the simplicity of notation, we use X and Y to denote X"V and Y "°V.
The running time of RESET operation consists of the following components:

* Ly < YTN takes O(Tmat(n¢,n,n)) time to compute the multiplication between a n¢ x
(3n +d+ 1) matrix anda (3n +d + 1) x (3n + d + 1) matrix.

* Q<+ (I+YTM1X)7L, it takes O(Tat(n, 1, n)) time to compute the product Y T M~ X
and O(n®*) time to compute the inverse.

* Ly + QL; takes O(Tmat(n¢,n¢ n)) time to compute the matrix multiplication between
Q € R™*" and L, € R *Gnrtd+l)

* L3 < NXL, takes O(Tpat(n, n,n)) time to compute the matrix multiplication between
N € RGrHd+1)xBntdtl) gpnd X ¢ ROMHHDX and O(Trae(n€, n, 1)) time to compute the
matrix multiplication between NX € RG»+d+1)xn® apd [, ¢ R *Bn+d+1) Therefore, the
total time for Lz — NX Ly is O(Tpat(n€,n,n)).

Therefore, we have:

This completes the proof. O]

Main Result
Theorem B.2.8. Let T = \/nand m = 3n +d + 1.

Let A € R¥™" of rank d and let U € R™" be a diagonal matrix with non-zero diagonal
entries and h € R". There exists a data structure PROJECTIONMAINTENANCE (Algorithm
and[29) which supports the following operations:

* INIT(b € (0,1),u0 € R*, A € R¥" h € R"): Given threshold b € (0,1), a vector

uo € R", a sketching matrix R € R™", a matrix A € R¥™ and a vector h € R as input,
INIT (Algorithm 28) operation runs in O(n®) time.

* UPDATE(u™" € R™ h"Y € R"): Given a vector u"® € R" and a vector h**" € R" as
input, the UPDATE (Algorithm @) operation runs O(n®t + n®%) time suppose u** has
at most n® nonzero entries and |h**"||o + ||u™¥||o is at most n®.

* QUERY(! C [n],7 € [n]): Given I C [n] and an index j € [n] as input, the QUERY
(Algorithm[29) operation runs in O(n** + |I| - n®) time to return the rows of inverse in set
I and column j.

* RESET(X™Y, YV Give matrices X"V, Y™ € R"*"°, RESET (Algorithm opera-
tions runs in O(Tmat(n°,n,n)) time.

Proof. The correctness follows from combining Lemma[B.2.T] Lemma[B.2.2]and Lemma[B.2.3]
The running time follows from combining Lemma [B.2.4] Lemma Lemma and
Lemma[B.2.7] O

145



Remark B.2.9. Using this simple Schur complement-based inverse maintenance, we can simplify
the projection maintenance a bit and unify it using the data structure. However, this is not
enough, and even not the key to obtain the speed up for [27, 35 |72], rather, coordinate-wise
embedding, as we have demonstrated earlier, is the most important ingredient for improving the
running time.
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Algorithm 29 Query and Reset

1: data structure PROJECTIONMAINTENANCE > Theorem [B.2.8]

10:

17

28

33:
34:
35:
36:
37:
38:
39:

AN A N

: procedure UPDATE(u"*" € R™ A"V € R™) > Lemma|B.2.1)and Lemma |(B.2.

> To run this procedure, we require that «™*" has at most n° non-zero entries
if ||u™*"]|o > n’ then
return error

end if
a < [[u"[|o + [[A"[lo
(Unew)—l 0 (Unew)—l/Q 0 0
0 0 0 0 0
A 0 0 0 0 h"ev
((Unew)—l/Q)T 0 0 0 hrew
0 0 0 0 O

Let A = XY T where X € ROmHd+1)xn" anqy ¢ RBn+d+1)xn" o X consists of nonzero

entries, Y is a column selection matrix
11:
12:
13:
14:
15:
16:
: procedure QUERY(] C [n],j € [n]) > Lemma and Lemma
18:
19:
20:
21:
22:
23:
24
25:
26:
27:
. procedure RESET(X "V ¢ ROFd+1)xk ymew o R(3ntd+l)xk) > Lemma and
Lemma [B.2.7]
29:
30:
31:
32:

> Each row of Y has only 1 nonzero entry

X+ X Y«+Y
S+ I+YT"NX > ComputeY N takes O(n’) time and Y" N X takes O(n®*?) time
Q<+ St > Takes O(n"“) time

end procedure

> Compute query using matrix Woodbury formula
>Return (M), — (M' X +YTM X)W T M~ te;);

v+ YT - N-e; > Takes O(n?) time, v; € R
vy + Quy > Takes O(n?) time
L+ (NX); > Takes O(|1| - n®) time, L € RII>*"*
v « Lug > Takes O(|I| - n®) time
V< N[J‘ — Vs

return v

end procedure

> To run this procedure, we require that £ > n®
> Compute M ~! explicitly by matrix Woodbury formula
M+ XY =M1 -M1IXT+Y M 1X) YT M1

>Let k = n°

Ly + (Yr)TN > Takes O(Tmat(n€, n,n)) time
Q <+ (I + (ymew)T pf—txnew)-1 > Takes O(Tmat (1, n, n¢)) time
Lo+ QL4 > Takes O(Tmat(n€, n n)) time
L3+ NX"V [, > Takes O(Tmat (1, n,n°)) time
L+ N —L;g
N <« L
M« M + Xrew (ynew)T 147
X 0, <0

40: end procedure
41: end data structure







Appendix C

Tensor Circulant Transform

In this section, we introduce a novel sketching matrix for tensors: the Tensor Circulant Gaussian
Transform.

C.1 Definitions and Basic Facts

We start with the definitions for Circulant Transform, Tensor Circulant Transform and some basic
useful facts regarding tensor product of matrices.

Definition C.1.1 (Circulant Transform). Let z € R¢ be a random vector, whose elements are
ii.d. Rademacher random variables. Also, let P € R™*? be a random matrix in which each
row contains a 1 at a uniformly distributed coordinate and zeros elsewhere. Let G € R%*? be a
circulant matrix generated by x and D € R%*? be a diagonal matrix whose diagonal elements
are 1.1.d. Rademacher random variables. Then, the Circulant Transform is defined as follows:

S = PGD,

where S : R? — R™.

Note that since G is a circulant matrix, multiplying G with vector € R? only takes time
O(dlog d). Therefore, apply the matrix S to vector z € R? takes time O(dlogd + m).
Definition C.1.2 (Tensor Circulant Transform). Let € R? be a random vector, whose elements
are 1.1.d. Rademacher random variables. Also, let P € R™*4” be a random matrix in which each
row contains a 1 at a uniformly distributed coordinate and zeros elsewhere and let G € R%*? be
a circulant matrix generated by x. Let D; € R¥? and D, € R?*? be two independent diagonal
matrices whose diagonal elements are i.i.d. Rademacher random variables. Then, the tensor
Circulant Transform 7' is defined as follows:

T=P- (GD1 X GDQ),

where T : R? x R — R™,
We recall a simple fact called mixed product property:
Fact C.1.3. Let A, B, C, D be conforming matrices, then we have

(Ax B)-(C x D) = (AC) x (BD).
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Using the mixed product property, we have that, for A, B € R¥“ and z,y € R,

(A x B)(z®y) = (Ar) @ (By).

Therefore, the product 7'(x ® y) can be written as

T(z®y) = P(GD, x GDy)(z @)
= P((GDyz) ® (GDay)),

note that computing GD;x and G Doy takes O(dlogd) time. After that, we don’t directly
form (GD;x) ® (GDyy), rather, P is a selection matrix that picks out m indices, so we use P to
locate the indices of the desired entries, and compute each of the entry. Hence, applying 7" to a
tensor product z ® y only takes time O(dlogd + m).

C.2 Circulant Transform and Tensor Circulant Transform:
Strong JL. Moment Property

We show that both Circulant Transform and Tensor Circulant Transform satisfy the so-called
Strong JL Moment Property. Strong JL Moment Property is one of the core properties that can
show the sketching matrix has subspace embedding property [67].

Definition C.2.1 (Strong JL Moment Property [2]]). For every ¢, € [0, 1], we say a distribution
over random matrices M € R™*9 has the Strong (&, §)-JL Moment Property when

t

e\ log(1/4)

| ™

M]3 — 1|z <

and
E [[[Mz]3] =1

for all x € R, ||x||, = 1 and every integer ¢ < log(1/9).

To prove that Circulant Transform and Tensor Circulant Transform satisfy the strong JL mo-
ment property. We will do this by proving that a more general class of matrices satisfies the
strong JL. moment property. More precisely, let & € Z- be a positive integer and (D(i))ie[k] €
I €lK] R%*% be independent matrices, each with diagonal entries given by independent Rademacher

variables. Let d = [, di, and P € {0, 1}™*? be a random sampling matrix in which each
row contains exactly one uniformly distributed nonzero element which has value one. Then we
prove that the matrix M = \/LEPG(Dl X -+ x Dy) satisfies the strong JL moment property,
where GG is d x d circulant matrix which is generated by a random vector whose elements are
Rademacher variables. If £ = 1 then M is just a Circulant Transform, and if k£ = 2 the M is a
Tensor Circulant Transform.

In order to prove this result we need a couple of lemmas. The first lemma can be seen as a
version of Khintchine’s inequality for higher order chaos.
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Lemma C.2.2 (Khintchine’s inequality for higher order chaos). Let t > 1, k € Z-qo, and
(0D)icpy € WicRY be independent vectors each satisfying the Khintchine inequality ||(o¥, z) || <
Ci||z||2 for t > 1 and any vector v € R%. Let (@iy,...ip)ireld)].....ineld,) e a tensor in R > xdp
then

I Y (I eDanil<ci-¢ >0 a )Y

i1€ldi],....in€[ds] F€[k] i1€[d1],...,ix €[d]

fort > 1. Or, considering a € R avector, then simply |[(cV) @ ---@0® a)| < CF|
fort > 1.

Proof. The proof will be by induction on k. For £ = 1 then the result is by assumption. So

assume that the result is true for every valueupto k — 1. Let B;, _;,_, = Zike[dk] aff)aihwik.

We then pull it out of the left hand term in the theorem:

> (JIeai sl =1 > (II e)Bi.iu e

ile[dl],...,ice[dc] ]E[k‘] ’L1€[d1] eyl 16[ ] ]E[k‘—l]
<P > B} i )l
i1€[d1] ik — 1€[dk_1]
_ 1/2
=Gl X Bl
i1€[d1], ik —1€[dR 1]
<CFt > 1B Npee)?
i1€[d1],. i1 €ldR—1]
=5t ( > IBY o 7)Y

i1€[d1],. ik —1€[dg—1]

where the first step follows from the definition of B;, _; ,, the second step follows from the
inductive hypothesis, the third step follows from the Definition[2.1.3] the fourth step follows from
the triangle inequality, and the last step follows from the Definition E} Now || By, v, 13 <
C? Zice[dc] a?lmic by Khintchine’s inequality, which finishes the induction step and hence the
proof. [

The next lemma we will be using is a type of Rosenthal inequality, but which mixes large
and small moments in a careful way. It bears similarity to the one sided bound in [15]] (Theorem
15.10) derived from the Efron Stein inequality, and the literature has many similar bounds, but
we still include a proof here based on first principles.

Lemma C.2.3 (properties of random variables with t-moment). There exists a universal constant
L, such that, fort > 1 if Xy,..., Xy are independent non-negative random variables with t-
moment, then

1Y (X —EX )l < L- (Vi ||maxX||1/2 ZE NY2 4t ||maXX||Lt)

i€[k]
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Proof. Throughout these calculations L4, Ly and L3 will be universal constants.

1Y (X = EXDze < LallY - oiXillze
i€[k] i€ (K]
< LoVt | >0 X2

i€[k]

1/2
< L2\/Z' || rzré%s](XZ ' ZXZ'HLtm
< LoVt || max X, ||“2 [ ZX s

< LVt ”maxX””z'(ZE P2+ Lol 30 - B

1€[k] 1€[k]

where the first step follows from symmetrization of X, the second step follows from Khint-
chine’s inequality, the third step follows from Non-negativity of X;, and the fourth step follows
from Cauchy-Schwartz inequality, and the last step follows from triangle inequality.

Now let C, B, A be defined as follows:

_HZX E[X 1/2

i€[k]

B=Lo(X e E[X;])"/?, and A = v/t|| max;c X,Hyt2 then we have shown C? < A(B + C).
That implies C' is smaller than the largest of the roots of the quadratic. Solving this quadratic
inequality gives C? < L3(AB + A?%) which is the result. O

We can now prove that Circulant Transform and Tensor Circulant Transform have the Strong
JL Moment Property.
Theorem C.2.4 (Circulant Transform satisfies the Strong JL. Moment Property). There exists a
universal constant L, such that, the following holds. Let k € Z~, and (D(i))ie[k} € Hie[k] R%i*ds
be independent diagonal matrices with independent Rademacher variables. Define d = Hiem d;

and D = Dy x Dy x ... D, € R Let P € R™*? be an independent sampling matrix which
samples exactly one coordinate per row, and define M = PGD where G is a d X d circulant
matrix which is generated by a random vector y whose elements are i.i.d. Rademacher random
variables. Let € R? be any vector with ||z||s = 1 and t > 1, then

trk  trk
<L({/—+ —),

Lt m m

1
H—HPGDH% .
m

where r = max{t,logm}.
There exists a universal constant L', such that, setting m = Q(e721og(1/0) (L log(1/£d)¥),
we get that \/—%PGD has Strong (e, d)-JL Moment Property.

Proof. Throughout the proof ', C5 and C'5 will denote universal constants.

152



For every i € [m] we let P; be the random variable that says which coordinate the i-th row
of P samples, and we define the random variable Z, = M,z = Gp Dx. We note that since
the variables (P;);cp,) are independent then the variables (Z;);c[,, are conditionally independent
given D, that is, if we fix D then (Z;);c[,, are independent.

Then, we could get the following inequality:

1
ISz
1€[m]
1
E[(— > 21| DY

i€[m]
Vit t
< Cill—— - (Bl(max Z2) | D)V - (Y E[Z} | D)2+ — - (E[(max Z7)" | D)1

ze[m] m ”LE[ ]
i€[m]

t
S Cli— . H(]E[(max Z2 ‘ D 1/(21) Z E Z2 ‘ D 1/2||L'5 + Cl_ H maXZ HLt
m 1€[m] icm]

<oVt Wmmzw“QH§3E2¢!DH“?+GFE-WmmZmU
m m i€[m]
where the first step follows from Definition [2.1.3] the second step follows from Lemma [C.2.3]
the third step follows from triangle inequality, and the last step follows from Cauchy-Schwartz
inequality.
Due to the reason that (& is generated by a random vector y whose elements are i.i.d. Rademacher
random variables, we could obtain that

E(ZIID] = Y, po-((z,0)

oe{-1,+1}4
s
=ai+ad+- -+
= l=Il3
We could get that

SOEZ| D= Y el =m

1€[m] 1€[m)|

where the second step follows from ||z||3 = 1.
To bound || max;e(, Z7| 1+, we could show

1Z} ||z = |G Dx||Z2r = || D[ < r*llf3.

where the first step follows from the definition of Z;, the second step follows from G is generated
by the random vector y whose elements are i.i.d. Rademacher random variables, and the last step
follows from Lemma
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We then bound the maximum using a sufficiently high powered sum:

Imax Z7[|pe < | max ZF e < (Y 127707 < m7r¥ a3 < er,
i€[m] i€[m]

1€[m)|

where the first step follows from Definition [2.1.3] the second step follows from Z? is non-
negative, and the last inequality follows from r > log m. This gives us that

1 trk trk
N 2 el < Oy e
I3 22 = allllar < O+

1€[m]

which finishes the first part of the proof.
We want to choose m as follows m = 4e?Ce~2 - log(1/6) - (C3log(1/(d¢)))*.
According to the above choice of m we know following condition for r is holding: r» <

Cs3log(1/(de)).
Hence m > 4e2C2¢72 - 1og(1/9) - r*. We then get that

tr*
4e2C3e2log(1/6)rk

S L
~ e/ log(1/0)

forall 1 <t <log(1/d) which finishes the proof. O

k

PGDz|5 — 1|1 <
I PGDxl; — 1|1 < Caf *4e2C2elog(1/6)r"
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