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Abstract

The approximation of matrices by smaller, simpler, or structured matrices is a
fundamental problem in various fields of mathematics and computer science including
numerical linear algebra, graph algorithms, computational geometry, signal process-
ing, statistics, machine learning, and optimization. Recently, matrix approximation
has been particularly important in modern computing as a key technique for efficiently
processing enormous datasets in running time and memory scaling linearly, or even
sublinearly, in the size of the dataset. In this thesis, we develop new and improved
algorithms for a wide variety of matrix approximation tasks, drawing particularly
heavily from sketching and sampling techniques from randomized numerical linear
algebra, as well as sparse optimization techniques. We also utilize and develop
connections of these problems with the literature of geometric functional analysis.

We develop and improve foundational tools for matrix approximation, and find
novel applications of these building blocks to solve central questions in matrix
approximation. Some of the basic tools that we develop and sharpen include nearly
optimal constructions of oblivious and non-oblivious subspace embeddings, improved
low rank approximation algorithms, and new properties of ¢; regularization. Using
our improved understanding of these primitives, we obtain a suite of applications
such as the first polynomial space algorithms for high-dimensional computational
geometry, nearly optimal algorithms for active linear regression, and the first nearly
optimal coresets for multiple regression and subspace approximation. Many of our
results have implications in big data computing settings, such as streaming, online,
and distributed computation.
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Chapter 1

Introduction

Matrices are one of the most fundamental forms of representing data. As data-driven technologies
proliferate throughout modern computer science, large matrices that represent enormous datasets
have become central objects of study, and designing approximation algorithms for efficiently
handling these matrices and datasets has become one of the most important computational
challenges today. A natural and highly effective idea for computing with such large matrices is to
first approximate them by smaller or more structured matrices, so that downstream algorithms
enjoy a more well-behaved instance. Popular approximations that have been studied include low
dimensional embeddings, low rank approximations, approximations by a small subset of rows
or columns (subset selection and feature selection), projections onto a collection of points or
subspaces (clustering and projective clustering), sparse linear combinations (sparse dictionary
learning), or in general, any other structured object with efficient representation. We generally
refer to such problems as matrix approximation, and algorithms and lower bounds for matrix
approximation tasks are the focus of this thesis.

1.1 Randomized numerical linear algebra

The rise of the field of randomized numerical linear algebra [Mahl1, Wool4, MT20] in the past
two decades has been particularly fruitful for the development of algorithmic results for matrix
approximation, and many results of this thesis are best placed in the context of this literature.
Traditionally, the study of computational and numerical aspects of matrices and linear algebra,
or numerical linear algebra [TB97, GVIL.13], focused on designing deterministic algorithms for
manipulating matrices at machine precision, with input instances that are small enough to fit in
memory. Thus, in this regime, algorithms are generally assumed to have access to the entire input
instance, and running time and space complexity scaling polynomially in the input dimensions
are acceptable. In contrast, randomized numerical linear algebra places an emphasis on massive
input instances that arise in big data settings, where the datasets are so large that only small
parts of the input can be accessed at a time, and algorithms must run in at most linear or even
sublinear time to be considered practical. To handle such inputs, we allow for randomized and
approximate algorithms, that is, the algorithm is allowed to fail with some small probability § (say
1% probability), and is considered successful if it outputs a solution that is correct up to some



small tolerance parameter ¢ (say 1% error in some appropriate sense).

1.1.1 Sketching

Linear sketching is a fundamental technique of randomized numerical linear algebra, where input
matrices are compressed by multiplication with a random matrix. More concretely, sketching
algorithms roughly follow the following framework. Given as input an n X d matrix A, first
apply a random r X n matrix S for some r < n to obtain a compressed r x d input SA. Then,
perform some computations on the compressed instance SA, and use the result to output a
solution for the original instance A. By drawing the random sketching matrix S from a carefully
chosen distribution, this framework yields the fastest known algorithms for a wide range of
linear algebraic tasks including linear regression, low rank approximation, matrix multiplication,
and trace estimation [DMMW 12, CW 13, CEM 15, CNW16, MMMW21, CSWZ23, CDDR23]
as well as further applications to clustering [CEM ™15, MMR19], sparse dictionary learning
[DDWY?23], subspace approximation [FMSW 10, CW15a], minimum volume enclosing ellipsoids
[CCLY 19, WY22a], graph algorithms [CKL.22, AKY?23], tensor decompositions [MW7Z24], and
far beyond. Sketching algorithms often (but not always) take S to be drawn independently of
the input A, which facilitates its application in settings when A may change, for example if A
undergoes additive updates in a stream or is multiplied on the right by some projection. These
sketches are known as oblivious sketches, and our results for oblivious sketching algorithms for
matrix approximation is the subject of Part I of this thesis.

1.1.2 Subspace embeddings

The study of sketching algorithms and their applications has generated a number of foundational
definitions for formalizing useful guarantees in matrix approximation. One such definition is that
of a subspace embedding, which we describe here to provide a more detailed illustration of the
sketching paradigm.

A subspace embedding is a notion of matrix approximation which considers an approximation
A to be close to a matrix A if the norms of vectors in colspan(A’) = {A’x : x € R} are close
to those of colspan(A) = {Ax : x € R?}. While A’ could, in principle, be constructed in any
way, we will always focus on constructions of the form A’ = SA for a sketching matrix S in this
thesis.

Definition 1.1.1 (Subspace embedding). Let A € R"*% and S € R"*". Let x > 1 be a distortion
parameter and let ||-|| be a norm. Then, S is a k-approximate subspace embedding if

for every x € R, |Ax] < [|SAx| < k|| Ax]].

One of the most ideal settings for the application of subspace embeddings is the design of
efficient approximation algorithms for the overdetermined least squares linear regression problem
[DMMO6a, Sar06]. Let A € R™*? be a tall (n > d) design matrix and let b € R" be a label
vector, and suppose that we want to efficiently approximate

in||Ax — b
min|Ax — b,

2



where [|-||2 denotes the ¢, norm given by ||y||> = v/>_._, ¥(¢)? for an n-dimensional vector y.
Classically, this problem requires O(nd?) time to solve exactly by using Gaussian elimination. '
However, if n and d are large, then this running time is much larger than the size of the input
which is nd, and thus may be prohibitive. We will now describe a way to design much faster
algorithms by using efficient constructions of subspace embeddings. Suppose that we have an
algorithm for efficiently computing a x-approximate subspace embedding S € R"*" in the ¢
norm for the n x (d + 1) matrix [A b], that is, A together with b appended as an additional
column. Note then that,

forevery x € R%,  ||[Ax —b||Z < ||SAx — Sb|} < x*||Ax — b|]3, (1.1)
since Ax — b is in the column span of [A b]. Now suppose we set
% = arg min||SAx — Sb|3
x€R

x* = arg min||[Ax — b||?
gxeRdH ||2

Then, X is a k2-approximately optimal solution since

|Ax — b3 < |[SAx — Sb|[; (1.1)
< |[SAx* — Sb||; optimality of x
< KY|AX* — b = & mir;HAx—ng (1.1)
xeR

and furthermore, it can be computed in the time that it takes to compute SA and Sb, plus only
O(rd?) time. This can potentially be much faster than the original O(nd?) time, if r < n and
the computation of SA and Sb is fast. Indeed, this framework has been applied to develop some
of the fastest known algorithms for least squares linear regression, as well as a variety of other
related linear algebraic tasks [DMMW 12, CW 13, CCKW22, CSWZ23, CDDR23].

Throughout this thesis, we will place great emphasis on developing subspace embeddings
for norms ||-|| beyond the ¢, norm, as well as new applications of related ideas to solve problems
such as streaming computational geometry, active regression, multiple regression, subspace
approximation, and column subset selection.

1.2 Oblivious sketches

We begin our discussion of algorithms for subspace embeddings (Definition 1.1.1) by considering
a particularly useful restricted class of subspace embeddings known as oblivious subspace embed-
dings. As the name suggests, the construction of oblivious subspace embeddings S are oblivious
to the input matrix A, that is, they are constructed independently of A. More formally, we have
the following definition:

! By using fast matrix multiplication, this running time can be improved to O(nd“~!) for w ~ 2.372 [DWZ23,
WXXZ23], but such algorithms are rarely used in practice.

3



Definition 1.2.1 (Oblivious subspace embedding). Let 0 < § < 1. Let D be a distribution over
r x n matrices S. Let k > 1 be a distortion parameter and let ||-|| be a norm. Then, D is a
k-approximate oblivious subspace embedding with probability 1 — ¢ if for every A € R4,
S ~ D is a k-approximate subspace embedding (Definition 1.1.1) for A with probability at least
1—9.

Remark 1.2.2. Note that in order to construct nontrivial oblivious subspace embeddings embed-
dings, i.e. constructions with » < n and k < oo, then randomized constructions are necessary.
Indeed, otherwise, for any fixed S € R"*" with r < n, there exists some nonzero y € R" such
that Sy = 0.

1.2.1 Why are oblivious subspace embeddings useful?

Oblivious subspace embeddings are particularly useful in settings where we need to efficiently
update the sketch SA, for example in streaming algorithms or distributed computing. For
instance, consider the turnstile streaming model, in which our input matrix A undergoes entrywise
additive updates of the form A, ; <~ A, ; + A for A € R. Then, the sketch SA can be updated
efficiently under this model by using the linearity of the sketch, and furthermore, S is still a
subspace embedding for the updated matrix with high probability due to the oblivious property.
This simple yet powerful observation has been extremely useful in the design of streaming
algorithms for many problems in numerical linear algebra and machine learning, including ¢,
linear regression [SW 11, MMI13, WZ13, WW19, LWY21, WY23a], ridge regression [KW?22],
low rank approximation [CW09, BWZ16], robust regression [CW 15b], and logistic regression
[MOW21, MOW?23]. Similar benefits apply in distributed models of computation, where the input
matrix A is represented as a sum of matrices, each of which is stored in a separate server.

1.2.2 Oblivious /; subspace embeddings

Consider the problem of computing an oblivious subspace embedding for the /5 norm for d = 1,
which simply corresponds to the problem of finding a norm-preserving linear map for a single
vector. This natural problem is resolved by a classical result due to Johnson and Lindenstrauss
[JL.84], which states that given a set S C R" of m vectors in n dimensions, a random linear
projection S € R™ " from n dimensions to r = O(¢~?log m) dimensions has the property that

1Sylly = (T +e)llyll,

simultaneously for every y € S, with probability at least 2/3. Thus, the ¢, norm of a finite
number of vectors can be preserved up to (1 £ ¢) factors. Furthermore, note that the matrix S is
an independent random linear map, so it satisfies the obliviousness property of Definition 1.2.1.
Thus, for d = 1, oblivious subspace embeddings for the exist for the /5 norm with dimension
r = O(e7?) and distortion x = (1 + ¢).

It may not be immediately clear that the technique of random projections also solves the
problem of computing a subspace embedding for d > 1, since this involves preserving the ¢, norm
of every vector in the column space of A, which is an uncountably infinite number of vectors,
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rather than a finite number m. Nevertheless, the following seminal result of Sarlos [Sar06] shows
that random projections in fact do yield ¢/, subspace embeddings with distortion xk = (1 + ¢).

Theorem 1.2.3 (Sarlos [Sar06]). Let S be an r x n matrix of i.i.d. Gaussian random variables.
There is an r = O(e~2d log d) such that for any A € R"*¢,

99
Pr{forallx € R?, [Ax|, < |[|SAx|, < (1+¢)|Ax|,} > e

that is, S is an ¢, subspace embedding of A with distortion (1 + ¢), with probability at least
99/100.

It is known that the bound on the embedding dimension 7 in Theorem 1.2.3 is nearly optimal
for oblivious subspace embeddings [NN14]. Since the result of Theorem 1.2.3, a long line of
work has studied further improvements to oblivious /5 subspace embeddings, yielding smaller
embedding dimensions, faster algorithms, and simpler proofs [Sar06, CW 13, NN13, Cohl6,
CCKW22, CSWZ23, CDDR23]. Similar techniques have been also been applied to embedding
objects beyond subspaces, including sparse vectors, collections of subspaces, and manifolds
[BDNI15].

1.2.3 Overview of Part 1

With the construction of oblivious ¢, norms established, a natural question is whether similar
results can be obtained for ¢, norms rather than ¢, norms, where the ¢, norm of a vector y € R"
for 1 < p < oo is defined by

n 1/10
Il = (Z\ywp) .

For example, for p = 1, the ¢, norm corresponds to the use of the absolute deviations loss in the
context of linear regression, and captures the average loss rather than the average squared loss as
in the {5 norm. This gives a more robust loss function that is less sensitive to outliers, and is more
appropriate in settings where the data may be more prone to corruption by noise. On the other
hand, if p = oo, the /., norm measures the maximum error in the context of linear regression, and
is more appropriate when the worst-case error must be minimized. In general, ¢, norms allow us
to smoothly interpolate between these two cases, with p < 2 giving more robust losses and p > 2
giving more worst-case losses.

Unfortunately, it is in fact impossible to construct oblivious ¢, subspace embeddings that
match the guarantees of Theorem 1.2.3 in general for p # 2. As we discuss further in Chapter 3,
there are lower bounds that prohibit the sketching dimension » from being subpolynomial in 7 for
p > 2, and subexponential in d for p < 2, if we insist on a distortion of K = (1 4 ¢). For p < 2,
however, we can at least salvage a useful result if d is relatively small compared to n. In Chapter
3, we will show how to obtain the best possible oblivious ¢, subspace embedding when we allow
for  to be as large as x = poly(d), where we achieve a trade-off of x = O(d'/?) distortion with
r= O(d) sketching dimension, based on work of [WY23a]. In Chapter 4, we show new results
when we insist on a distortion of x = (1 + &), showing an upper bound of 7 = exp(O(d/<)) based
on work of [LWY21], which exponentially improves upon a prior bound of r = exp exp(O(d)).

Open questions arising from work in this part are collected in Chapter 5.
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1.3 Sampling

Another particularly useful special case of sketching techniques is sampling, in which the sketching
matrix S has at most one nonzero entry in each row. Sampling methods are appealing since
they can be interpreted as subset selection (also known as coresets), which is an important and
well-studied problem in its own right. Another advantage of sampling is that it often preserves
useful properties of the input such as sparsity or tensor product structure, which can be important
for efficient algorithms when consuming the resulting sketch SA. Furthermore, despite the
restriction to a simpler class of sketching matrices S, sampling-based sketches, in many cases, in
fact achieve the best known upper bounds in a variety of sketching problems. Sampling-based
matrix approximation algorithms is a major focus of this thesis, and our results in this setting are
found in Part II of this thesis.

Unlike matrix approximations discussed in Part I based on oblivious sketching, sampling-
based methods will generally be constructed as a function of the input matrix A € R"*%, that
is, they are non-oblivious. The use of additional information about the input matrix A has both
drawbacks and advantages. On one hand, the requirement of knowing A beforehand prevents the
use of these techniques in various information-limited settings, such as turnstile streaming (see
Section 1.2.1). However, this additional information will, in many cases, lead to dramatically
improved guarantees such as smaller approximation errors, greater compression of the matrix size,
or both. Furthermore, when the input matrix A is structured, sampling methods often produce
matrix approximations that preserve these structural properties, for example if the rows of the
matrix are sparse or carry tensor product structure. These characteristics make sampling methods
a highly attractive class of matrix approximation algorithms to study.

In this section, we introduce the notion of coresets and its relationship to sampling algorithms
in Section 1.3.1, the technique of leverage score sampling for sampling {5 subspace embeddings
in Section 1.3.2, and the online coreset model in Section 1.3.3 which extends the problem of
constructing coresets to the setting of online algorithms. All of these concepts will be recurring
fundamental themes throughout Part II of this thesis. Finally, we give an overview of the rest of
Part II in Section 1.3.5.

1.3.1 Coresets and sensitivity sampling

Sampling-based matrix approximations are intimately related to the notion of coresets, which
broadly refer to the paradigm of solving computational problems on large datasets by first
approximating the dataset by a small reweighted subset of the dataset. The “computational
problem on datasets” that have been studied in this context range from statistical inference tasks
such as mean and median estimation, linear regression, and logistic regression, computational
geometric tasks such as low rank approximation, clustering, convex hull estimation, and ellipsoidal
rounding, machine learning tasks such as training deep neural networks, and far beyond. In all
of these problems, datasets are typically represented as matrices, and thus each of these coreset
problems correspond to a different matrix approximation problem. Furthermore, sampling
methods naturally give approximations that are of the form of a subset of the dataset, and thus
there is a rich interplay between the literature of coreset algorithms and matrix approximation.
We refer the reader to [Fel20] for a survey on the literature of coreset algorithms.
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Sensitivity sampling

One of the most important sampling-based approaches to constructing coresets is the sensitivity
sampling method, and will form the starting point for many of the sampling-based algorithms
that we study in Part II. The sensitivity framework was introduced by [L.S10, FLL11] and further
optimized by [BFL16, FSS20] in order to develop a unified approach to sampling-based approxi-
mation algorithms for a wide range of problems including clustering, projective clustering, low
rank approximation and subspace approximation, empirical risk minimization, and others.

In this general framework, we seek to approximate an objective function f : X — R of the
form of a sum

fx) =) filx)
i=1
by sampling a subset S C [n] as well as associated weights w; for i € S, so that
fx)=(1%e)> wifi(x) (1.2)
€S

simultaneously for every x € X. As an example instantiation of this framework, we may consider
the approximate mean estimation problem, where given an input matrix A € R"*?, we wish to
find some vector X € R? such that

n n
D llai = %5 < (1+¢) min > Jla; — x|5.
i1 xeR

=1

The functions f; in this case correspond to f;(x) = ||a; — x||3.
To sample our approximation, we define sensitivity scores o;, and sample functions f; with
probabilities p; proportional to o; with weights w; = 1/p;.

Definition 1.3.1 (Sensitivity score [LS10, FL11]). Fori € [n], let f; : X — Rs( be functions.
Then, the ith sensitivity score is defined as

o) = sup %)
" xex ?:1 fi(x)

and the fotal sensitivity is defined as & == """ | o;.

A preview of sampling arguments

Suppose that we construct weights {w; }" ; via the sensitivity sampling framework by sampling
the weight w; = 1/p; with probability min{1, o;/a} for some o > 0 to be determined later.
Then for any fixed x € X, we have that

3 wifi<x>] =Y Elwahit) = Y p 2 = 3 i

€S =1 p

E
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S0 ;s Wi fi(x) is an unbiased estimator of " ; f;(x). We can also bound the variance as

Var[;wifi ] ZVar wifi(x <Z f
_Z f@ fz (Zfz >2-

Thus, it follows from Chebyshev’s inequality that

n

> wifi(x) = (1£0(a) Y fi(x)

€S i=1

with constant probability, so setting o = O(&?) gives a (1 4 €) approximation for any fixed x with
constant probability. We can further replace the use of Chebyshev’s inequality with a Bernstein
bound to get improved concentration, so that if we set « = O(g?)/ log %, then the above bound
holds with probability at least 1 — 4, for each fixed x € X. Note that the support size required for
this guarantee is E|S| = O(&/a) = O(¢~*S log }) in expectation.

The sampling argument so far gives a (1 + ) approximation of the objective function f(x) for
any fixed x € X, but this alone is not sufficient to guarantee that ) ,_.w; fi(x) = (1 £ ¢)f(x)
simultaneously for every x € X, which is what we need if we wish to find an approximate
minimizer of f. To obtain such a guarantee, we need a net argument where we approximate the
domain X by a finite subset N C X known as a net, for which (1 + ¢) approximations on A/
imply (14 O(¢)) approximations on X . We can then apply the previous result with 6 = O(1/|N])
and union bound over all x € N to conclude that the sampling weights w yield approximations
for every x € X. For X in d-dimensional space, || is typically on the order of (1/£)%, and thus
the above argument typically gives a coreset size of roughly | S| = O(e_ZGd). In fact, for a wide
variety of applications, it can be shown that sampling |S| = O(¢~2&d) functions f; is sufficient
to achieve the guarantee of (1.2), where d is a complexity parameter known as the VC-dimension
of a certain set system associated with the functions { f;}*_, [LS10, FL11, BFL16, FSS20].

Beyond VC-dimension arguments

While the above basic sensitivity sampling framework gives a strong baseline sampling result, the
resulting guarantees are often far from optimal, and more sophisticated arguments are needed to
obtain nearly optimal coreset sizes |S|. A large fraction of Part II of this thesis will be concerned
with studying and developing arguments to improve over the basic union bound and/or VC-
dimension argument, which often lead to nearly optimal bounds on coreset sizes for a variety
of problems. In particular, we will work extensively with a technique known as chaining in
later chapters, which improves the basic union bound argument discussed above by carefully
constructing a sequence of nets at different levels of granularity, rather than considering only a
single nets.



1.3.2 Leverage score sampling

Suppose that we apply the sensitivity sampling framework to the objective function f(x) =
|Ax|3 =" (a;,x)?, where A is an n x d matrix and the domain of f is R?. In this case, the
sensitivity sampling framework samples weights w; for i € S C [n] such that

S wilanx)? = (1:+ )| Ax]E.

€S

Note that if we set S to be a diagonal matrix with S;; = /W, whenever 7 € S is sampled, then
we can write the above guarantee as

ISAx[3 = (1 )] Ax]]3

simultaneously for every x € R?. That is, S is an ¢, subspace embedding (Definition 1.1.1) for
A! In this special case of sensitivity sampling, the sensitivity scores have been known for a long
time in the statistics literature as the leverage scores of A. Indeed, the use of leverage scores in
the context of coreset algorithms preceded the development of the sensitivity sampling framework,
and was studied in works such as [BSST13, BK15] in the context of graph sparsification as well
as [DMMO6a, DMMO6b, DKMO06a, DKMO06b, RV07, DMMO08, Mag10] to construct coresets for
{5 linear regression and Frobenius norm low rank approximation. Furthermore, it is known that
leverage scores can be approximated extremely efficiently by combining ideas from sketching and
recursive sampling [SS11, DMMW 12, CW13, LMP13, CLM " 15], in fact in time O(nnz(A)—l—dﬂ,
and thus leverage score sampling has become an important primitive for designing fast randomized
algorithms for numerical linear algebra.

Definition 1.3.2 (Leverage scores). Let A € R™*<, Then for each i € [n], the ith leverage score
of A is defined to be
Axd| (i
ri(a) = sup AIOT_ (AT Ay,
ko X}

where a; = e/ A is the ith row of A.

Let us now instantiate the sensitivity sampling guarantee discussed in Section 1.3.1 to the
setting of ¢, subspace embeddings. We first bound the total sensitivity & = Y | 7;(A). Let
U e R™*rak(A) pe an orthogonal basis for the column space of A. Then, the supremum
characterization of leverage scores in Definition 1.3.2 does not depend on the particular basis
chosen for the column space of A, so we have that

Ux](i)? Ux](7)? 4
ri(A) = sup (9" OOT o uxgap? = el U
ux£0 ||Ux||3 uxzo X3 [Ix[|2=1
It is then easy to see that
Y mi(A) =) lle]Ul; = ||U[|} = rank(A). (1.3)
i=1 i=1



Thus, the bound given by the sensitivity sampling framework on the number of rows r sampled by
the leverage score sampling-based ¢, subspace embedding is

r=0(E26d) = O 2d?)

Recall from Theorem 1.2.3 in Part I, however, that a bound of » = O(¢~2d) is achievable via

oblivious random projections, even without knowing A. A bound of 7 = O(e72d) is thus quite
pessimistic, and in fact, the analysis can be improved to a bound of r = O(a_Qd). Indeed, a series
of works have culminated in the following guarantee for leverage score sampling, which achieves

a nearly linear dependence on d in the row count 7.

Theorem 1.3.3 (Leverage score sampling [DMMO06a, RV07, Mag10]). Let A € R™ Leta > 0
and let p; = min{1, 7;(A)/a} for i € [n]. Let S € R™" be the diagonal matrix formed by
independently setting

1
—— with probability p;
Sii =14 VP
0 with probability 1 — p;
for each ¢ € [n]. Then, there is an « such that with probability at least 99/100, S is an ¢,
subspace embedding satisfying Definition 1.1.1 with x = (1 + ¢), and furthermore, S has at most
r = O(e~2dlog d) nonzero rows.

The proofs of the above result given by the works [RV07, Mag10] crucially rely on the special
structure of the /5 norm, which allows one to translate the problem of analyzing the maximum
sampling error sup; o, <1 |/[SAx||3 — [|Ax||3] to a problem about analyzing the spectral norm
of random matrices. However, such an argument does not generalize easily to other sampling
problems such as ¢, subspace embeddings. In order to obtain similar improvements for these
other problems, we will instead need a technique known as chaining. These arguments will be
discussed extensively in later chapters.

1.3.3 Streaming and online coresets

In many big data settings, one does not have the luxury of accessing the entire dataset at once,
and one must instead settle for accessing the dataset one row at a time. This is known as the
row arrival streaming model or the geometric streaming model, and represents many realistic
settings, for example when data is loaded into memory in batches of rows from disk. Coresets are
a valuable tool in this setting, since they can be used to store representatives of large amounts of
data in a small amount of space, for example via the use of the merge-and-reduce technique which
repeatedly accumulates data and computes coresets to maintain a coreset without ever requiring
a large amount of working memory. A further useful restriction to this setting is to require that
the coreset be constructed in an online fashion, meaning that the a row must be selected to be
included in the coreset irrevocably at the time of arrival. This setting is known as the online
coreset model introduced by [CMP16, CMP20], and has proven to be a highly valuable tool for
streaming algorithms, with applications to the design of sliding window algorithms [BDM " 20]
as well as smaller space row arrival algorithms [C'WZ23]. Throughout our study of coresets and
sampling algorithms, we will often simultaneously study how to extend our constructions to the
online setting.
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Online leverage score sampling

As an introduction to results and techniques in the online coreset setting, we discuss a result of
[CMP16, CMP20] which shows how to construct online coresets for {5 subspace embeddings. In
this setting, our input is an n X d matrix A whose rows a; € R? arrive one at a time. At each time
step ¢ € [n], the row a; arrives, and we must irrevocably commit to some weight s; for this row and
discard a; if s; = 0 or keep a; if s; # 0. Finally, we must have that ||S;A;x||3 = (1 £+ ¢)||Ax]|3
simultaneously for every x € R? for each i € [n], where A; € R™*? denotes the matrix formed
by the first i rows of A. Our goal is to take 7 = nnz(S) to be as small as possible.

To analyze algorithms for this problem, we first introduce a couple of definitions. The first and
most important definition is the online leverage scores of A, which defines a version of leverage
scores that can be computed in a manner compatible with the online coreset model.

Definition 1.3.4 (Definition 2.1 of [BDM20], Theorem 2.2 of [CMP20]). Let A € R™*?. Then,
for each i € [n], the ith online leverage score of A is defined as
FOL(A) {min{a?(AiTlAil)_al-, 1} a; € rowspan(A;_;)

! 1 otherwise

where A; € R7*¢ denotes the submatrix of A formed by the first j rows.

It is not hard to see that the online leverage scores upper bound the usual leverage scores of A,
since each of the rows a; are being compared with a smaller quadratic form.

Lemma 1.3.5 (Online leverage scores bound leverage scores). Let A € R™*?, Then, for each
i € [n],
TOH(A) > Ti(A).

Furthermore, the quadratic form A | A; | needed to compute the online leverage scores
can be maintained in d? words of space. Thus, if the sum of the leverage scores is not too large,
then sampling proportionally to the online leverage score immediately yields online coresets
for /5 subspace embeddings. The remaining task is to show that the sum of the online leverage
scores can be bounded. We define the online condition number of A, which is a quantity that will
characterize this crucial quantity.

Definition 1.3.6 (Online condition number). Let A € R™*?. Then, the online condition number
of A is defined as
KO = | Al miec | (A) o

One of the main results of [CMP16, CMP20] is to show that the online leverage scores sum to
at most O(dlog x°b). It is known that such a dependence on the condition number is necessary
[CMP16, CMP20]. A crucial lemma used in the bound on the sum of online leverage scores is
the matrix determinant lemma:

Lemma 1.3.7 (Matrix determinant lemma). Let M € R%*¢ be an invertible matrix and let a € R
Then,
det(M +aa') = det(M)(1 +a'M'a)

Lemma 1.3.8 (Sum of online leverage scores [CMP16, CMP20]). Let A € R™ 9. Then,
S TONA) = O(dlog £OY).
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Online leverage scores for integer points [WY22a]

Although the O(d log x°) bound is necessary in general, this bound is quite pessimistic, especially
if A is an integer matrix with entries bounded by, say, poly(n). In this case, the online condition
number can be as large as poly(n)? [AVu97], so Lemma 1.3.8 results in a bound of O(d?logn)
on the sum of online leverage scores. Note that this is quadratically worse than d bound that holds
for offline leverage scores (1.3). In fact, we show in [WY?22b] (see Theorem 11.1.1 in Chapter 11)
that for integer matrices with entries bounded by poly(n), we can improve the bound on the sum
of online leverage scores to O(dlogn), matching the offline result up to just a O(logn) factor.

1.3.4 Applications of sampling algorithms beyond coresets

So far, we have motivated sampling algorithms mostly as a way of obtaining dataset compres-
sions via small coresets. While this is certainly a compelling application, the special form of
compression by sampling lends itself to many uses beyond this simple use case.

One setting in which sampling algorithms excel is the setting of active learning. In this setting,
we wish to solve a supervised learning problem which usually involves solving an optimization
problem with training examples as well as corresponding labels. Furthermore, we consider
accessing labels to be an expensive process; for example, labeling a training example may involve
conducting a survey, a physical experiment, or a time-intensive computer simulation. Thus, it is
desirable to solve this supervised learning problem while minimizing the number of label entries
that we need to read. In this setting, sampling algorithms are a natural strategy to consider, since if
a small subset of the dataset is sufficient to solve the optimization problem, then we only need to
access the labels corresponding to these dataset entries. This observation has indeed been utilized
to solve least squares regression in work of [CP19], and we use a similar strategy to obtain nearly
optimal algorithms for active ¢, linear regression in Chapter 12.

Another setting involving the analysis of sampling algorithms to design query-efficient algo-
rithms is sublinear power mean estimation. In this problem, we have query access to a set of n
points {x1, Xa, ..., X, } in d dimensions, and we wish to estimate the power mean of this dataset,
that is, the point x € R? that minimizes the ¢, norm of the Euclidean distances of x; to x. It is
in fact possible to approximately solve this problem in sublinear time, i.e., in time substantially
less than the time it takes to read the entire dataset. Indeed, prior results of [CSS21] show that a
uniform sample of poly(~!) points is sufficient to optimize the objective up to a (1 + ¢) factor.
In Chapter 13, we will show that our techniques from active ¢, linear regression can in fact be
applied this problem to obtain a tight upper bound on the query complexity of this problem.

Finally, we note that sampling-based compressions, and especially online coreset techniques,
are particularly well-suited to solve problems in the geometric streaming model (see Section
1.3.3) since the dataset is partitioned into rows in this streaming model, which is naturally how
sampling algorithms interact with the data. One natural question in the geometric streaming model
is the problem of maintaining a small ellipsoid that covers all of the points of the stream, known
as the streaming minimum enclosing ellipsoid problem. Perhaps surprisingly, it was not known
how to solve this simple problem in a small amount of space despite consideration by various
works [AHV04, AHVO5, MSS10, AS15]. In Chapter 11, we use insights from our study of online
coresets to solve this decade-old question in computational geometry.
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1.3.5 Opverview of Part I1

We have alluded to the fact that sampling-based methods for matrix approximation can give
improved guarantees over the oblivious methods discussed in Part I. We will see the full power of
this fact in Chapter 6, where we study the method of ¢, Lewis weight sampling for constructing
(1 4 ¢)-approximate ¢, subspace embeddings for every p > 0, and describe some improvements
and extensions to the online coreset model given by [WY23b]. In Chapters 7 and 8, we study
two other sampling methods, £, sensitivity sampling and root leverage score sampling, that give
similar guarantees that can at times be more useful than ¢, Lewis weight sampling. The results
in this section are taken from [WY23c] and [WY?24b]. Chapter 9 studies the question of how
the row count r of ¢, subspace embeddings can be improved if we allow for the distortion x to
be substantially larger than (1 + ). In particular, we study trade-offs shown in [WY?22b] that
improve the row count r by poly(d) factors if the distortion can be as large as poly(d). Chapter
10 shows that subspace embeddings can be constructed for loss functions for beyond ¢, norms by
using the sensitivity sampling technique, based on results in [MMW Y22].

While Chapters 6 through 10 have focused intensely on developing sampling techniques for
subspace embeddings, the next two chapters look more towards applications. Chapter 11 continues
the study of high-distortion ¢, subspace embeddings and presents the results of [WY22b] that
obtains the first streaming, and in fact online, coreset for /., subspace embeddings, which has
profound implications in streaming computational geometry. In Chapter 12, we present the results
of [MMW Y22, WY?23a] that obtains nearly optimal bounds on the problem of active ¢, linear
regression, which solves ¢, linear regression while reading the minimal number of labels. This is
applied in Chapter 13 to obtain a wide variety of coreset results for multiple (,, regression with
important corollaries for sublinear power mean estimation and subspace approximation, based on
work of [WY24a]. In Chapter 14, we construct the first nearly optimal coresets for the problem of
¢,, subspace approximation, based on the work of [WY24b].

Open questions arising from work in this part are collected in Chapter 15.

1.4 Sparse optimization

The approximation of matrices by a simpler matrix is quite similar in spirit to the problem of sparse
optimization. Indeed, “approximation” is often captured by some (often convex) optimization
problem, while a “simple” or “structured” matrix is often captured by sparsity. It is thus natural to
expect that techniques in the literature of sparse optimization would be of great utility in matrix
approximation problems. In Part III, we depart from the sketching and sampling-based approaches
discussed in Parts I and II to discuss our results on matrix approximation that draw from problems
and techniques more closely related to sparse optimization.

1.4.1 Sparse linear regression

We start with a discussion of sparse linear regression, which is arguably the most fundamental
question in sparse optimization. In sparse linear regression, we are given an instance of the usual
linear regression problem, i.e. a design matrix A € R™*? and a target vector b, with an additional
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parameter k£ which specifies a sparsity parameter. The goal is then to output a coefficient vector
x with at most k nonzero entries that minimizes ||Ax — b||3. That is, we wish to solve linear
regression, restricted to k-sparse vectors x. One of the most popular motivations for this problem
is for applications to feature selection, in which we wish to select a small subset of features to
use for a prediction model. This often leads to improvements in efficiency, generalizability, and
interpretability.

Unfortunately, the sparse linear regression problem is NP-hard to solve in the worst case,
even with bicriteria sparsity and large multiplicative error [Nat95, FKT15, GV21, PSZ22]. To
overcome this intractability, there has been much work on studying popular efficient algorithms
used in practice that can at least successfully solve well-behaved instances. One popular approach
is convex relaxation, where the sparsity constraint is relaxed to an ¢; constraint, which leads to an
approach known as the LASSO [Tib96]. The LASSO and its variants are known to provably solve
the sparse linear regression problem when the design matrix A satisfies a condition known as the
restricted isometry property (RIP) [DS89, CDS98, Tro06, CRT06, CT07, Can08, BRT09, Zho09,
RWY10, BCES14] and b is (almost) exactly a k-sparse linear combination of the columns of A.
The combination of efficient algorithms and provable guarantees has made the LASSO one of the
most widely used methods for sparse linear regression.

Another class of popular algorithms for sparse linear regression are greedy algorithms, which
are based on the idea of greedily adding the column of A with the largest “local improvement”
to the current set of columns. Greedy algorithms are perhaps one of the oldest and most natural
approaches, and provable guarantees for such greedy methods have been established under similar
RIP-like conditions [SSZ10, DK11, LS17, EKDN18]. In fact, these works have succeeded in
proving similar results beyond the sparse linear regression setting, and work in general for the
more general setting of sparse convex optimization, under an appropriate generalization of the
restricted isometry property to general convex functions via restricted strong convexity and
restricted smoothness.

1.4.2 Column subset selection

Another well-studied linear algebraic problem in the area of sparse optimization is column subset
selection. This problem has origins in the numerical linear algebra literature [Cha86, GE96,
GVL13], and asks for a small subset of columns of a matrix A that “best represents” A. This
problem was also studied in the randomized numerical linear algebra literature by making use
of sampling techniques that sample a subset of columns that span a nearly optimal (bicriteria)
low rank approximation of A [FKV04, DV06, DKMO06b, DMMO06b, DMMO08, BWZ16]. In this
formulation, we seek a sparse set of columns S that minimizes ||A|*X — A||%, and thus this
problem can also be viewed as a special case of a sparse linear regression problem with multiple
responses. One can thus expect greedy algorithms to be applicable for the column subset selection
problem as well, and indeed, such results have been established by several works [SVW 15,
ABFT16, LS17]. Related greedy algorithms have also been analyzed for loss functions other than
the Frobenius norm [SWZ17, CGK™ 17, DWZ"19, SWZ19, JLL"21, MW21, WY23a, AY23].
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1.4.3 Overview of Part II1

In Chapter 16, we develop a new connection between the LASSO and greedy algorithms by
showing that when applied sequentially, the LASSO is in fact equivalent to a greedy algorithm
known as orthogonal matching pursuit for sparse convex optimization. In fact, this holds even in
the group sparse convex optimization setting, which allows our results to be immediately applied to
the matrix column subset selection problem. These results give theoretical explanations for a novel
feature selection algorithm proposed in [YBC "23] called Sequential Attention, which achieves
remarkable results in experiments. These results are based on the works [YBC ™23, AY23].

As mentioned previously, there has been substantial interest in developing algorithms for
column subset selection under loss functions beyond the Frobenius norm. In Chapter 17, we move
away from the general setting of sparse convex optimization, and focus specifically on the matrix
column subset selection problem with entrywise loss functions. Based on work developed in
[WY23a], we show how the idea of well-conditioned spanning sets, which we used in Chapter 3
to obtain nearly optimal oblivious ¢, subspace embeddings, can be used to obtain improved (and
even optimal) column subset selection algorithms for entrywise loss functions.

Finally, we change perspectives on the theme of sparse optimization and low rank approxi-
mation by studying algorithms for low rank approximation when the input is assumed to have a
sparse optimal solution. In Chapter 18, we show that if a matrix A is promised to have sparse
singular vectors, then a (1 + ¢)-approximate spectral rank k approximation of A can be com-
puted in roughly nnz(A)/+/¢ time, improving the best known algorithm for spectral low rank
approximation [MM15] by a factor of £.

Open questions arising from work in this part are collected in Chapter 19.

1.5 Connections to geometric functional analysis

In addition to randomized numerical algebra and sparse optimization, much of the theory devel-
oped in this thesis interacts heavily with the literature of geometric functional analysis. Indeed,
many matrix approximation problems can be phrased as embedding problems, i.e. the problem
of constructing “nice” mappings from one space to another, which is a fundamental theme in
geometric functional analysis.

1.5.1 Lewis weights and embedding subspaces of ¢,

The ¢, spaces, the space of vectors (or functions) equipped with the ¢, norm, are a fundamental
object in functional analysis, and the embedding of subspaces of ¢, into other spaces is similarly
one of the most well-studied questions in functional analysis. In our thesis, we make contributions
to two such questions, one on embeddings into ¢, for a small n, and one on embeddings into /.

Embeddings from 7, to /,,: {,, Lewis weight sampling

It is a well-known fact that any d-dimensional subspace V' of ¢, (regardless of the ambient
dimension) is isometric to R¢ equipped with the £, norm. That is, there is an invertible linear map
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T : V — R? such that
1T(y)ll2 = llyll2

for every y € V. Such a result is not possible for the £, norm if we insist on an isometry,
but in general, we can ask for a trade-off between the target dimension r and a distortion
parameter . This leads to the following natural question that was studied by many works
[Sch87, BLM&9, Tal90, LT91, Tal95, Zva00, SZ01, Sch11]:

Question 1.5.1. Given a distortion parameter «, what is the smallest target dimension r such that
every d-dimensional subspace V' of £,, admits an invertible linear map 7" : V' — R" such that

Iylly < 1Tl < #llylln?

We may recognize that this is exactly the question of constructing subspace embeddings
for the ¢, norm (Definition 1.1.1). In the regime of x = (1 + ¢) for a small ¢, this question is
nearly optimally resolved by works of [BLM&89, Tal90, LT91, Tal95, SZ01] (see Theorem 6.1.4),
even algorithmically [CP15], via a technique known as ¢, Lewis weight sampling (see Chapter
6). Throughout this thesis, we will develop various generalizations of this machinery to solve a
wide variety of problems in theoretical computer science, including active /,, regression (Chapter
12), multiple ¢, regression (Chapter 13), and /,, subspace approximation (Chapter 14), even in
information-limited settings such as online, streaming, and distributed computation.

Embeddings from /, to (,

Another natural question on embedding subspaces of ¢, studied by [L'T80], is the following:

Question 1.5.2. What is the smallest distortion k such that every d-dimensional subspace V' of {,,
admits an invertible linear map T : V' — V' for any space V' such that

Iylle < ITW)llg < #liylly?

That is, what is the smallest distortion incurred when embedding a subspace of /,, into any
subspace of ¢,? This question is in fact nearly optimally resolved by [L'T80], but their proof is
quite sophisticated, relying on deep results from the factorization theory of operator ideals [Pie80].
On the other hand, we show the same theorem with an elementary proof based on a simple yet
new property of ¢, Lewis weights in Chapter 9. Our observations may be useful in gaining further
insight into the deeper results employed by [L.T80] and simplifying some of the techniques in this
field.

1.5.2 Well-conditioned bases and spanning sets

Another example of the connections between matrix approximation and geometric functional
analysis appears in the construction of oblivious ¢, subspace embeddings (see Section 1.2.3).
The work of [SW11] first showed that oblivious ¢; subspace embeddings for a matrix A could
be constructed by using the existence of a basis for the subspace V' = colspan(A) with certain
“well-conditioning” properties that generalizes the notion of orthogonal bases for the /5 norm.
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More specifically, for a d-dimensional subspace V' C R™, an orthogonal basis U € R™*? is a set
of d {5-unit vectors spanning V' such that

10|z = [Ix]2

for every x € R%. Similarly, an /; well-conditioned basis U € R™*¢ is a set of d ¢,-unit vectors
spanning V' such that
0%}y =[] oc-

In fact, the construction of such bases for the /; norm implies nearly optimal constructions
[LWW21], and can be accomplished by using a construction from geometric functional analysis
known as Auerbach bases [Aue30]. In general, it is known that the appropriate generalization to
¢, norms for 1 < p < 2 similarly implies nearly optimal oblivious ¢, subspace embeddings, that
is, a set of d ¢,-unit vectors spanning V' such that

0], = [xlg,

where ¢ is the Holder conjugate exponent of p. However, the existence of such bases is still
not known, despite substantial interest in well-conditioned bases for subspaces of ¢,. Some
partial attempts leading to suboptimal trade-offs include the use of Auerbach bases [Aue30], John
ellipsoids [Joh48], and Lewis bases [Lew78].

In Chapter 3, we show that by relaxing the requirement of constructing a basis for the subspace
to a spanning set, we can construct a set of O(d) ¢,-unit vectors U spanning V' such that for any
Ax €V, we can write Ax = Uy such that

Uy, = cllylly

for some universal constant c. This relaxation is in fact sufficient to recover nearly optimal ¢,
subspace embeddings, resolving an old question in randomized numerical linear algebra.
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Chapter 2

Preliminaries

2.1 Notation

* We write [n] to denote the set {1,2,3,...,n} ={i e N: 1 <i<n}.

* For an n-dimensional vector y € R", we write y (i) or y; to denote the ith entry of y. For
ann X d matrix A € R"™?, we write A, ; to denote the (i, j)th entry of A.

2.1.1 Linear algebra

* We write e; to denote the ¢-th standard basis vector, i.e., the vector with 1 in the ¢-th entry
and Os everywhere else.

* We write I; € R%*4 to denote the identity matrix in d dimensions, that is, the matrix with
I4(i,i) = 1fori € [d] and 1,(3,j) = 0 for i # j € [d].
* We write nnz(A) for the number of nonzero entries of a matrix A.

* For a matrix A € R™?, we write colspan(A) = {Ax € R" : x € R?} for the column
span of A, and rowspan(A) = {y'A € R?: y € R"} for the row span of A.

* For a matrix A € R™¢, we write A = UX 'V for the singular value decomposition (SVD)
of A.

* For a rank parameter k, we let 33, denote the matrix 32 with all but the top £ singular values
zeroed out, X\, for the matrix 3 with all but the bottom d — k singular values zeroed out,
and A, = UX, VT for the optimal rank k& approximation of A under the Frobenius norm.

* For a matrix A € R"*? we write A~ € R%" to denote the Moore—Penrose pseudoinverse,
or simply the pseudoinverse, of A.

2.1.2 Inequalities
We repeatedly use the following inequalities.

Fact 2.1.1. Forany p > 1 and any a,b € R, |a + b]P < 2P~ !([a|? + |b|P) = O(|a|? + [b]?).
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Fact 2.1.2 (Corollary A.2, [MMR19]). For any p > 1, > 0, and any a,b € R, |a + b]P <
(1+¢)|alr + SE2L by,

ep—1

Fact 2.1.3. For any p > 1 and any a,b € R, |al? — |b|P < pla — b|(|a[P~! + |b[P~1).

2.1.3 Probability

* We write € ~ {£1}" to denote a random n-dimensional Rademacher vector € drawn with
each entry €; drawn independently and uniformly from the set {£1}.

* For a vector i € R? and positive semidefinite matrix 3 € R4, we write N (u, X) to
denote the Gaussian distribution with mean p and covariance matrix 3.

2.2 Streaming
2.2.1 INDEX

In the INDEX problem, Alice has a set A C [n] and Bob has an index ¢ € [n]. Alice then generates
a message M using a possibly randomized algorithm A as a function of A, and then passes the
message M to Bob. Bob must then determine whether ¢ € A or not.

Theorem 2.2.1 (INDEX lower bound [KNR99]). Suppose A solves the INDEX problem with
probability at least 2/3. Then, .A must use at least €2(n) bits.

2.3 Random processes

In our study of sampling algorithms (see Part II), we often seek to approximate a separable
function

1) = 3" i)

by a weighted subset of summands given by
fx) = wifi(x)
i=1

where most of weights w; are zero (i.e., nnz(w) < n) so that f provides a compressed approxi-
mation. Suppose that the random weights w; are generated by independently setting w; = 1/¢;
with probability ¢; and 0 with probability 1 — ¢; for some sampling probability ¢; € (0, 1), as is
the case for most sampling algorithms. Then, the sampling error at any particular point x € X in

the domain, given by

Z(Wi — 1) fi(x)

i=1

f(x) = f(x)| =

’
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is a random variable that lives in the probability space defined by the randomness of sampling the
weights w. Thus, the collection of all of these random variables, indexed by x € X, naturally
defines a random process.

Definition 2.3.1 (Random process). A random process is a collection (X;);cr of random variables
X, on the same probability space, which is indexed by some set 7.

To bound the error of this approximation, or the sampling error, we will be interested in
bounding the quantity

n

Z( w; — 1) fi(x)

=1

A = sup| f(x) — f(x)| = sup

xeX xeX

for some bounded domain set X, which represents the largest error in the approximation over all
x in the set X. That is, we wish to bound the supremum of this random process. In particular, we
seek moment bounds of the form E[A’] < &' for I = O(log 3), which implies that A < O(e) with
probability at least 1 — § by Markov’s inequality.

2.3.1 Symmetrization: reduction to a Rademacher process

In most cases, directly analyzing the sampling error A is inconvenient, and we instead resort to
bounding A by a simpler random process via a technique known as symmetrization, which was
first introduced in the study of empirical processes [GZ84]. This exploits the fact that the random
variables (w; — 1) have zero mean to bound the original random process by a Rademacher process,
where the randomness is transferred from the sampling weights w; to independent random signs
g; ~ {£1}, up to a constant factor.

Lemma 2.3.2 (Symmetrization). Suppose that for each i € [n], w; is independently set to 1/g¢;
with probability ¢; and 0 with probability 1 — ¢; for some sampling probability ¢; € (0, 1). Then,

Z Elwlfl

Proof. Note that Z(x) = >, (w; — 1) fi(x) is a zero mean random variable. Then if Z’ is an
independent copy of Z with sampling weights w;, then by Jensen’s inequality, we have that

l

n

B | sup| S (wi — 1)fi(x)
WxeX |5

< 2 sup
EN{il}"W xeX

n l

> (wi = Wi fi(x)| -

=1

E suplZ(x)|' < E suplZ(x) - Z/(x)] = E sup

WW xeX WW xeX WW xeX

Furthermore, by independence, the distribution does not change if we multiply each summand
i € [n] with signs €; € {£1}. In particular, we can take these signs to be random Rademacher
signs, so the above quantity is equal to

n l

ZEi(Wz‘ —w;) fi(x)] -

=1

E sup
e~{E1}"w,w xcXx
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This is at most

l l

o=t E sup
e~{£1}"w xe X

Z &;w; fi(x)

=1

E  sup ZsiWin(X)

e~{E1}" W xeX 1

by Fact 2.1.1, which proves the claimed bound since w and w’ have the same distribution. [

In particular, it suffices to fix a choice of weights w and then bound the Rademacher process

l

Z eiwi fi(x

sup
EN{:H}” xeX

2.3.2 Subgaussian processes

One useful fact about Rademacher processes is that it is a subgaussian process, a property which
we will fully exploit in the next section.

Definition 2.3.3 (Subgaussian process). A random process (X;);cr equipped with a distance d is
subgaussian if E[X;] = 0 for every t € T and

Elexp(A(X, — X3))] < exp(A\?d(s, t)?/2)
for every s,t € T"and A > 0. Equivalently,
Pr{| X, — X;| > \d(s,1)} < K exp(—\*/K)

for some universal constant K and any s,t € T"and A > 0.

For a Rademacher process (X):cr, the natural pseudo-metric can be used as the distance d
that makes (X;):cr a subgaussian process.

Definition 2.3.4 (Natural pseudo-metric). Let (X;);cr be a random process. Then, the natural
pseudo-metric associated with the random process is

dx(s,t) = VE|X, — X, = | X, — Xi.

2.3.3 Chaining and Dudley’s inequality

We will now introduce Dudley’s inequality, which is a powerful tool for bounding the suprema of
subgaussian processes. Our exposition here largely follows [vH14].
To introduce Dudley’s inequality, we consider the problem of bounding the first moment

Esup| X, — X|
seT

for some fixed ¢ € 7. Similar ideas will also allow us to bound higher moments.
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For a subgaussian process (X;);er with a finite indexing set 7', the subgaussian tail inequality
of Definition 2.3.3 allows for a bound on the supremum with only a polylogarithmic dependence
on the size |T'|. Indeed, suppose we fix some ¢ € T'. Then, for each fixed s € 7', we have that

1
Pr{|X; — Xi| > Ad(s,1)} < KeXP(_)‘Q/K) < 1007
by setting A = O(/log|T|). Then by a union bound over all the elements s € T, we have that
| Xs — Xi| < O(y/log|T|)d(s,t) simultaneously for every s € T, with probability at least 99/100.
That is, with probability at least 99/100, we have that

sup|Xs — Xy| < O(\/log|T|)supd(s,t) < O(+/log|T|) diam(T")

seT seT

where
diam(7T") = sup d(s, )
s,teT

denotes the diameter of the set T" with respect to the distance d. A similar argument shows that
the same bound holds in expectation, that is, E[sup,.,|X; — X;|] < O(y/log|T|) diam(T").

While the O(4/log|T’|) dependence is acceptable for small finite sets 7', we are often interested
in infinite sets 7', for example the interval [0, 1] or the Euclidean ball. Thus, we will need to
modify our strategy to handle these cases.

To make use of our previous result for finite sets 7', we may consider approximating the
infinite set 7" by a finite set /V. For this, we make use of nets.

Definition 2.3.5 (s-net). A finite set N is an e-net of a set 7" with distance d if for every t € T,
there exists 7(¢) € N such that d(t, 7(t)) < e.

If N is an e-net for T, then we have that

Sup|Xs - Xt| < Sup|Xs - XTI’(S)| + SuplXﬂ'(S) - Xt|
seT seT seT

s0 sup,cr|Xs — X¢| can now be controlled by the error from approximating 7" by N and the
supremum of X; over a finite set N. The latter can be handled by our previous union bound
argument, so it suffices to consider the former term. Note that for any fixed s, we may expect the
“net error” sup,c7|Xs — Xr(s)| to be at most roughly e by the net construction.

At this point, one option is to directly consider a construction of a net N which allows the net
error to be directly controlled, which can be accomplished under additional assumptions on 7
and d such as Lipschitzness [vH 14]. Another elegant option, however, is to iferate this argument
and introduce another net, say an (¢/2)-net Ny, which approximates 7" to a finer error /2. If
mo : T" — N5 is the mapping for Vo, then we have that

Sup|Xs - XTI'(S)| S Sup|Xs - Xﬂ2(5)| + Sup|X7r2(s) - Xﬂ(s)|
seT seT seT

We have now achieved a smaller “net error” by introducing another finite supremum term, and
this process can now be repeated indefinitely. In general, we set 7; = {t} to be a diam(7")-net
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and T; to be a 27* diam(T")-net for 7 € [I] so that

1
sup|XS — Xt| < su$|XS - Xm+1(5)| + ZSUp’Xm(s) - Xm+1(5)|
S

seT s i—1 seT

Note that the finite supremum bound gives

E sup|Xr,(s) — Xmiir(s)] < 027" diam(7T"))y/log|N; x N1

seT
< 02 "diam(T))/log|N; 1|

summing gives us the bound

1

Esup| X, — X[ < Esup|X, — X, (| + O(diam(T)) Y ~27*/log| Ni14].

seT seT —
=1

Finally, note that for 7" of any finite size, the first term vanishes for sufficiently large I, so we
obtain the bound .
Esup|X, — X,[ <) 027 diam(T))/log|Ni 1|
seT i—1

whenever 7' is finite. This bound extends to the setting of infinite 7" under mild assumptions such
as separability of 7', which gives us the result known as Dudley’s inequality [Dud67].

Dudley’s inequality is often stated in terms of metric entropy numbers E(T,d,u) which
denotes the minimal number of d-balls of radius u required to cover 7'. Furthermore, we can also
write this bound as an integral, giving the bound

Esup| X — Xy| < 0(1)/ Vieg E(T,d,u) du
0

seT

known as Dudley’s entropy integral. In fact, a very similar argument also gives tail bounds, which
we state in the following theorem.

Theorem 2.3.6 (Dudley’s entropy integral, Theorem 8.1.6, [Ver18]). Let (X;);cr be a subgaussian
process with pseudo-metric dx (s, t) == || X; — X;||,. Let E(T, dx, u) denote the minimal number
of dx-balls of radius u required to cover 7. Then, for every z > 0, we have that

Pr{ sup | Xs — X¢| > C {/ Vg B(T, dx,u) du + z - diam(T)] } < 2exp(—2?)
s,teT 0

The way in which the entropy numbers E(7', dy,u) and the diameter diam(7") are bounded is
heavily problem-dependent, and will be discussed further in the coming chapters.

In order to recover moment bounds for subgaussian processes, we can integrate the tail bound
given by Theorem 2.3.6. This is executed in the following lemma.

Lemma 2.3.7 (Moment bounds). Let A be the supremum of a subgaussian process with domain
T and distance dx. Let £ := [ \/log E(T, dx,u) du and D = diam(X). Then, for [ € N,

g~N]23071n)“A|l] < (26)'(£/D) + O(VID)'
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Proof. By Theorem 2.3.6, we have that

Pr{A > C’{/ Vg B(X,dg,u) du + z - diam(X)} } < 2exp(—2?)
0
for a constant C' = O(1). Then,

E[(A/D)'] = l/ooo 2 Pr{A > 2D} dz

< (2/D)"** + l/ Z'Pr{A > 2D} dz
26/D

< (2¢/D)* + z/ ZPr{A > &+ (2/2)D} dz
28/D

< (28/D)* 421 /00 Zexp(—2%/4) dz
< (28/D)* + O()?

" E[\] < (26)'(£/D) + O(VID).
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Part 1

Oblivious Sketching
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Chapter 3

High distortion embeddings for ¢, [WY23a]

Given the oblivious /¢, subspace embedding result of Theorem 1.2.3, a natural question to ask
is whether similar results exist for ¢, norms for p # 2. For d = 1, the more general question
of whether the ¢, norm of a single vector can be preserved given a small number of linear
measurements of the vector is well-studied in the streaming literature [SS02, BJKS04, IWO05,
Ind06], where for p < 2, (:)(5*2) measurements is necessary and sufficient for approximation up
to a factor of (1 + ¢), while for p > 2, the £, norm cannot be approximated to within a constant
factor unless ©(n'~2/?) measurements are used. The latter result already prohibits a result of the
form of Theorem 1.2.3 for p > 2, if the number of rows r of S must be subpolynomial in n. Thus,
the key question is whether a theorem analogous to Theorem 1.2.3 is possible for p < 2.

One idea is to take inspiration from the proof of Theorem 1.2.3 and a classic streaming
algorithm for £, norm estimation for vectors due to Indyk [Ind06]. In Theorem 1.2.3 for the case
of p = 2, the sketch S can be taken to be a matrix with i.i.d. Gaussian entries [DG03], largely
owing to the fact that the Gaussian distribution is 2-stable, that is, if g € R" is an i.i.d. Gaussian
vector and y € R™ is an arbitrary vector, then (g, y) is distributed as a single Gaussian random
variable, scaled by ||y||2. In fact, an analogous result is known for ¢/, norms for p < 2:

Theorem 3.0.1 (Standard p-stable distributions [Ind06, Nol20]). For 0 < p < 2, there exists a
probability distribution D,, called the standard p-stable distribution such that if g € R™ has entries
drawn i.i.d. from D, then for any y € R” (g, y) is distributed as ||y||,g, for g ~ D,

While Theorem 3.0.1 takes a step in the right direction, several challenges remain. For p < 2,
the p-stable distributions D,, are heavy-tailed (unlike the 2-stable Gaussian distribution which
enjoys sub-Gaussian tails), and thus in order to obtain (1 + ¢)-approximate estimates with high
probability, we need to take a median of independent measurements of |(g, y)| to approximate
|ly|l,- However, the approximation that we seek, of the form of Definition 1.1.1, would take a
mean of the measurements, which in turn results in either a much higher distortion, or a much
higher number of rows r for the sketch S.

In fact, it turns out that this loss for p < 2 is inherent for oblivious ¢, subspace embeddings,
as shown by [WW 19, WW22] in the following impossibility result:

Theorem 3.0.2 (Lower bounds for oblivious ¢, subspace embeddings, [WW 19, WW22]). Sup-
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pose that a distribution D over r X n matrices S satisfies, for any A € R"*,

99

d
SI:%{for allx e RY,  ||Ax|, < [SAx], < I{HAXHP} > .

Then, the distortion « is at least

1
k=) .
N\ 1/p—1/2
(dll/p logQ/pr+ (;) /p—=1/ )

Note that typically, we seek r = poly(d), which means that the distortion x must be at least

= Q( i ) — Q(d)

log?/? d

and so the distortion must be at least polynomial in d. Thus, (1 + ¢)-approximations, or even
O(1)-approximations, are not possible in this regime. On the other hand, the question of whether
we can match the lower bound of Theorem 3.0.2 and design oblivious subspace embeddings with
distortion 5 = O(d'/?) is a natural and interesting one.

The first known upper bounds for £, subspace embeddings for p < 2 were obtained by [SW11],
who gave a construction with 7 = O(d) rows and distortion k = O(d) for the case of p = 1.
In fact, their sketch S is constructed analogously to Theorem 1.2.3 with the 2-stable Gaussian
distribution replaced by the 1-stable distribution, also known as the Cauchy distribution. That
is, S is just an appropriate scaling of the r x n matrix where each entry is drawn independently
from the standard Cauchy distribution. Note that this result achieves a nearly optimal trade-off
distortion for any r = poly(d) rows by the lower bound of Theorem 3.0.2. While a dense Cauchy
matrix is not as ideal to apply quickly, faster variants of this construction have been developed in
subsequent works [MM 13, WZ13, CDM " 16, WW19, WW22].

With the resolution of the trade-offs for oblivious /; subspace embeddings, the next natural
question is to settle the analogous problem for 1 < p < 2.

Question 3.0.3 ((WW19, WW22]). Do there exist obliViousfp subspace embeddings that achieve
the guarantee of Definition 1.1.1 for the £, norm with x = O(d*/?) and r = poly(d)?

In fact, for a long time, the Question 3.0.3 was thought to be resolved, and many papers
claimed constructions of oblivious ¢, subspace embeddings achieving a distortion of k = O(dl/ P)
[MM13, WZ13, WW19]. Unfortunately, all of these results relied on the existence of a certain
well-conditioned basis, whose proof contained an error, and the revised proofs only achieves
constructions with a distortion of x = O(d) [WW22] for any p € (1,2). Thus, the resolution of
Question 3.0.3 became a central open question in the study of randomized matrix approximation
[WW22]. In the work [WY23a], we give a positive resolution to Question 3.0.3:

Theorem 3.0.4 (Nearly optimal oblivious ¢, subspace embeddings [WY23a]). Let Sbeanr x n
matrix of i.i.d. p-stable random variables. There is an 7 = O(d) such that for any A € R™"*¢,
99
>
— 100

that is, S is an ¢, subspace embedding of A with distortion xk = O(dl/ P), with probability at least
99/100.

Pr{for allx e RY,  [|Ax|, < [SAx], < O<d1/p)HAx|yp}
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We discuss our approach towards proving Theorem 3.0.4 in the rest of Chapter 3.

3.1 The question of well-conditioned bases

As alluded to previously, the central question is the existence of a well-conditioned basis. We start
with a discussion of these objects.

For the /¢, norm, every subspace admits an orthogonal basis, which is a basis for the subspace
which exactly preserves the ¢, norm. That is, for any matrix A € R™*¢, there exists a matrix
U € R™ 4 such that for any x € R, there exists X’ € R such that Ax = Ux/, and furthermore,
|Ux]|, = ||x]|2 for every x € R In other words, U is a norm-preserving map from R? to
R"™. The existence of orthogonal bases plays a key role in the analyses of oblivious /5 subspace
embeddings [NN13, Wool4]. However, for p # 2, exact analogues of orthogonal bases do not
exist, in the sense that there does not necessarily exist a basis such that [|Ux||, = |x||,. Thus,
we must settle for an appropriately relaxed notion of “orthogonal bases” when working with
subspaces of £,. One way to meaningfully define such an analogue was introduced by [DDH09],
based on a similar definition by [Cla05]:

Definition 3.1.1 ((«, 3, p)-well-conditioned basis, Definition 3, [DDH " 09]). Let A € R"*¢ be
rank d matrix, let p > 1, and let ¢ = p/(p — 1) be the Holder dual of p. Then, U € R™*? is an
(a, B, p)-well-conditioned basis if (1) ||U||, , < o and (2) for any z € R?, |||, < 3[|Uz||,,.

Note that for /5, an orthogonal basis U corresponds to an («, 3, 2)-well-conditioned basis
with parameters o = d*/? and 3 = 1. For ¢;, [SW11] showed that the well-known construction
of Auerbach bases [Aue30] from the geometric functional analysis literature corresponds to an
(o, B, 1)-well-conditioned basis with « = d and § = 1. For p € (1,2), however, the works
of [MM 13, WZ13, WW19] mistakenly claimed that Auerbach bases also give («, /3, p)-well-
conditioned bases for « = d'/? and 3 = 1, while they in fact only give & = d and 3 = 1
[WW22].

3.2 Relaxing linear bases to spanning sets

In fact, our techniques in [WY23a] do not give a construction for (dl/ ? 1, p)-well-conditioned
basis. Instead, we show that by relaxing the notion of well-conditioned bases to well-conditioned
spanning sets, we can obtain a construction that is sufficient to prove Theorem 3.0.4. More
specifically, we show the following:

Theorem 3.2.1 (o, 3, p)-well-conditioned spanning set, [WY23a]). Let A € R"*¢ and letp > 1.
Then, there exists U € R™** for s = O(d) such that (1) U], , < s'/» and (2) for any x € R",
there exists z € R® such that Ax = Uz and |z||, < ||Uz]||,.

That is, we show that by relaxing the use of a basis, which is only allowed to contain d
vectors, to a spanning set consisting of a slightly larger O(d) vectors, we can obtain a spanning
set which has properties that are just as good as a (O(d'/?), 1, p)-well-conditioned basis. In fact,
the well-conditioning guarantee is even better than the one in Definition 3.1.1, since the Holder
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conjugate g of p is greater than 2 for p < 2, so we in fact have the guarantee that
2]l < llzllz < [[Uz]],.

Towards our result, we will need the following result on the construction of volumetric
spanners [HK16], which, given a set of vectors, is a small subset of vectors such that the minimum
volume ellipsoid enclosing the subset is also the minimum volume ellipsoid enclosing the entire
set of n vectors. These objects can also be stated as coresets for Lowner—John ellipsoids. Related
and improved constructions are also given in [KY05, Tod16, BMV23].

Theorem 3.2.2 (Theorem 1.1, [HK16]). Let K € R? be compact. There exists S C K with
S| < 12d such that K C £(S), where £(S) = {3, sv-x € RT: x € R¥ ||x]|, < 1}.

From the guarantees of Theorem 3.2.2, we immediately the following lemma about spanning
sets for subspaces of £,.

Lemma 3.2.3 (Well-conditioned spanning sets for subspaces of ¢,). Let p € (0,00) and let
A € R There exists R € R™* for s = O(d) such that || ARe;||, < 1 for every i € [s], and

for any x € R? with |Ax||, <1, there exists y € R* such that Ax = ARy and |y||, < 1.

Proof. We take K = {Ax : ||[Ax||, < 1}. Then by Theorem 3.2.2, there is a subset of at most
s < 12d vectors, say the columns of AR for some R € R%**, such that any v € K can be written
as v = ARy with ||ylls < 1. O

Given the above lemma, the proof of Theorem 3.2.1 is immediate:

Proof of Theorem 3.2.1. We simply translate the guarantees of Lemma 3.2.3 into that of Theorem
3.2.1. First, we take U = AR, where R is given by Lemma 3.2.3. Then, the entrywise ¢, norm
of U is bounded since

10115, ZHUGJHP ZHARGJHP <s.

Next, let x € RY satisfy ||Ax|| , = 1. Then, by Lemma 3.2.3, we may identify a z € R* such that
Ax = Uz and
lzll, <1 < [JAx]], = [[Uz]],.

The result for general x € R? follows by scaling. O

3.3 Proof of Theorem 3.0.4

Finally, with the construction of well-conditioned spanning sets (Theorem 3.2.1) in hand, we
obtain a construction of nearly optimal oblivious ¢, subspace embeddings. We give a simple proof
based on the work of [SW11] for the /; norm, which uses a dense p-stable embedding S. This
embedding has a much slower running time to apply to the matrix A, but gives a simple proof
and still gives a nearly optimal trade-off between the embedding dimension r and the distortion k.
Constructions with faster running time can be obtained by combining our ideas with results in
[WZ13, WW19, WW22], but we omit the details for sake of simplicity.
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Proof of Theorem 3.0.4. We take S € R"*? to be drawn with i.i.d. p-stable random variables
[Nol20], scaled by C/r'/P for some large enough constant C. For every (i,j) € [r] x [d],
e/ SUe; is distributed as C||Ue; I,/ /P times a p-stable variable X; ;, by definition of p-stable
variables. With probability at least 1 — 1/ poly(rd), |X; ;| is at most poly(rd), so by a union
bound over all rd choices of (i, 7), this is true for every (i,j) € [r] x [d]. Call this event £.
Conditioned on this event, the expectation of | X ;| is O(log(rd)), so by linearity of expectation,
we have

- U a||p

E[IsU|;,le] = ZZE\eTSUeA €] <o) >3 2 = O([U| log(rd)).

i=1 j=1 i=1 j=1

By Markov’s inequality, this bound holds up to constant factors with probability at least 199/200.
We condition on this event. Then, for any x € R"*¢, we write Ax = Uz for z promised by
Theorem 3.2.1, so that

ISUz|[2 =) "|e/SUz|"
=1

<=l Z|eiT SU|§ Holder’s inequality

< |lz[2ISUIl,
< || Uz|,[ISUI[;,
< [[Uz|;0([U][;, log(rd))
< O(dlog(rd))HUzHi.
Taking pth roots gives the upper inequality.
For the lower inequality, we use the following concentration lemma [WW 19, Lemma 2.12]:

Lemma 3.3.1 (Lemma 2.12 of [WW19]). Let { X}, be independent p-stable random variables.
Then for sufficiently large n and 7',

- n 1
P X;P > L,nl >1— =

for some constant L,,.

For every x € R with [|Ax||, = 1, |[SAx|/? is the sum of r independent p-stable random
variables, raised to the p and scaled by . We then apply the above lemma with n = r and
T = exp(r) to conclude that for every x € R¢ with ||Ax|| » = L [[SAx][? > 1 with probability at
least 1 — exp(—7), by choosing our constant C' large enough. By a standard net argument (see,
e.g., [SW11]), this is true for every x € R? with || Ax||, = 1. This in turn implies the lower tail
inequality for every x € R? by scaling. [
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Chapter 4
Low distortion embeddings for /; [LWY21]

In Chapter 3, we studied algorithms for oblivious ¢, subspace embeddings with distortion x
on the order of poly(d), as the lower bound of Theorem 3.0.2 prohibited a construction with
smaller distortion, if we insist on r = poly(d). However, if we are allowed to make r as large
as exp(poly(d)), then the lower bound of Theorem 3.0.2 no longer gives a lower bound, and
we can hope for a distortion of k = (1 + ¢). Indeed, [WW 19, WW22] studied the question of
whether (1 + ¢) approximations are possible if we allow for superpolynomial dependencies on
d, and showed that if  is doubly exponential, i.e. r = exp(exp(poly(d))), then a dense Cauchy
embedding (similarly to that used in [SW11]) admits oblivious ¢; subspace embeddings with
(1 + ) distortion. However, this leads to an exponential gap in the bound on r. A natural question
is to resolve this gap:

Question 4.0.1 ([WW 19, WW22]). Do there exist oblivious ¢, subspace embeddings that achieves
the guarantee of Definition 1.1.1 for the ¢, norm with k = (1 + ¢) and r = exp(poly(d,e~!))?

In [LWY21], we study Question 4.0.1 and answer it affirmatively for p = 1 with the following
theorem:

Theorem 4.0.2 ((1 + ) oblivious ¢; subspace embeddings [LWY21]). There exists a distribution
over r X n matrices S for 7 = exp(O(d/¢)) such that for any A € R"*4,

99
Pr{forallx € RY, [Ax|, <|[SAx|, < (1+¢)[Ax]|,} > 100

that is, S is an /; subspace embedding of A with distortion x = (1 + ), with probability at least
99/100.

Our techniques developed in this work have been further developed in [MOW?23] to design
streaming algorithms for logistic regression and ¢, regression. The remainder of Chapter 4 will be
devoted to proving Theorem 4.0.2.

4.1 Overview of sketch construction and analysis

Our sketch S for proving Theorem 4.0.2 requires a number of novel ideas over prior constructions.
Instead of using the typical approach for oblivious ¢; subspace embeddings based on Cauchy
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sketches [SW11, WW19, WW22], we instead start with the M -sketch of [CW15a], which is
based on classic techniques of hashing and subsampling from the streaming literature [[W05].

Let us now discuss the original construction of the M -sketch and its analysis, as well as
its shortcomings that we will need to overcome when proving Theorem 4.0.2. The M -sketch
matrix S first samples the rows of A at O(logn) geometrically decreasing scales of sampling
probabilities ranging from p = 1 to p = 1/n. We will refer to each of these scales as levels, and
denote the sampling matrix at level 2 by S™. At level h, S™ will sample each row i € [n] with
probability p, = B~" for some branching factor B to be chosen later. For each of these sampling
levels, we apply a CountSketch matrix [CW 13] C®), given by the following definition:

Definition 4.1.1 (CountSketch [CW13]). The r x n CountSketch matrix is a random matrix
associated with a random hash function H : [n] — [r] and random signs A; ~ {£1} fori € [n],
so that for each i € [n], Cp(;),; = A

Finally, the M-sketch construction S takes the vertical concatenation of the matrices C"S".

4.1.1 Sketching a single vector

Let us first discuss what this sketch does for a fixed vector y € R". We focus on showing that our
construction does not expand the ¢; norm too much, i.e., ||[Sy||1 < (1 + ¢)||y]||1, since the other
inequality ||Sy||; > (1 — ¢)||y|[» will turn out to be much simpler. As we justify later, we can
assume that y is a vector with m coordinates of ones and n — m coordinates of zeros without loss
of generality. We first consider three cases on the sampling probability p used in the M -sketch.
Two of these are “easy”, while the last is a challenge we will need to overcome. In the first case, p
is much smaller than 1/m, which means that none of the m nonzero entries of y are sampled. In
this case, there is no contribution towards ||Sy||; in this sampling level, so the analysis is simple.
On the other hand, if p is much larger than 1/(g%m), then we will have good concentration by
Chernoff bounds and thus the sampled mass is ||S®™y||; = (1 & )|y||:. Then when we apply a
CountSketch matrix C" on the sampled coordinates Sy, we will perfectly hash the sampled
coordinates if this number is small relative to the number of hash buckets, or introduce many
collisions if the number of sampled coordinates is much larger than the number of hash buckets. In
the former case, we continue to preserve the £; norm so H C(")S(h)y”1 =(1+¢) ||S(h)y ,» while
in the latter case, the collisions will cause a substantial reduction in ¢; mass due to cancellations
due to the random signs of CountSketch. Both of these will be amenable to analysis.

The last case is the challenging case, where the sampling probability p is larger than 1/m so
that we will sample some of the nonzero entries of y with constant probability, but smaller than
1/(£*m) so that we cannot expect (1 = ¢) approximation with high enough probability. We will
refer to this as the “badly concentrated” levels. When such badly concentrated levels exist, then
we cannot hope for our sketch to achieve (1 £ ¢) approximation. However, for any fixed sampling
probability p, one can define a hard instance for this algorithm by taking the input vector to be the
binary vector supported on m = ©(1/p) entries. The crucial idea for getting around this problem
is to randomize the sampling probability itself. To implement this idea, we draw a uniformly
random offset u ~ [0, 1] and take the sampling probability at level & to now be p, = B~
Then, for any fixed support size m, the probability that any fixed pj, is between 1/m and 1/(¢?m)
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1s at most
Pr{p, € [1/m,1/(e’m)]} = Pr{—(u+h) € [0,logge™?] — logym} < logze >

Now if we take B = (¢72)'/9, then this probability is at most d, so the expected contribution
from badly concentrated levels is now at most 6||y||,. We can then set 0 = ¢ so that the expected
contribution is at most an ¢ fraction of the entire mass, and this idea is sufficient to carry the
proof out when applying the sketch to one vector. At this point, we may formally introduce the
construction we use to prove Theorem 4.0.2, which we call random boundary M -sketch.

Definition 4.1.2 (Random boundary M -sketch). Let CO be a Ny x n CountSketch matrix
(Definition 4.1.1) and for each h € [hyay], let C? be a N x n CountSketch matrix. Let u ~ [0, 1]
be uniformly random, and for each h € [Rpay], let p, = B~+"~1) and let S? be the diagonal
sampling matrix with SEZ) set to 1/py, with probability p, and 0 otherwise. Then, the random
boundary M -sketch matrix is defined as the vertical concatenation

C(0)
cs®)
s—| c@s®

C(hmax)S(hmax)

4.1.2 Extension to subspaces

We now turn to extending the analysis to the case of general d. A common technique in the
sketching literature is to extend an analysis for a single vector to a whole d-dimensional subspace
through the use of a net argument, in which the single vector analysis is applied with failure
probability 6 = exp(—d). However, this is a problem in our case since the dependence on the
failure rate is exponential in the analysis of badly concentrated levels and thus this would still lead
to a doubly exponential dependence in d, which is the original bound we sought to improve. On
the other hand, the analysis of badly concentrated levels is the only place in which this problem
occurs; in all other parts of the analysis, a union bound is sufficient.

A second key insight we need to get around this problem is that when analyzing the badly
concentrated levels, we can apply the analysis just once to the vector of ¢ sensitivities, that is, the
vector o' (A) € R" given by

1

o1(A) sy AN

Z AT 4.1)
Axto || AX]|;

The ¢th ¢, sensitivity of A captures the largest value that Ax can take on the ¢th coordinate
ranging over all ¢, unit vectors Ax, and thus bounding badly concentrated levels of the vector of
sensitivities simultaneously bounds the badly concentrated levels of every column space vector
Ax. Furthermore, it is known that |6} (A)||; < d [WY23c] and thus we only incur an additional
factor of d in the error. This can be handled by replacing ¢ by ¢/d, which only leads to a singly
exponential dependence on d, rather than doubly exponential.
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4.2 No expansion
Our goal in this section is to show that ||SAx||; < (1+¢)||Ax]||; simultaneously for every x € R,
with probability at least 1 — §. We first introduce some notation.

Definition 4.2.1 (Sensitivity weight classes). Let A € R™*<, Then, for each ¢ € N, we let
W4(A) C [n] denote the set

WIA) = {i€n]:o;(A)e (27927}

(2

and let A9 and 0@ denote the restriction of A and o' to the rows indexed by W?(A)), respec-
tively.

We decompose the sketch by the sampling level i and the sensitivity weight class ¢ as

00 hmax

ISAx], < [COAx] + ) ) ||[cMsMAWx]|,

qg=1 h=1

We will then bound this quantity by casework on h and ¢, and in particular, by casing on the
expected number of sampled elements py,|W9(A)|.

4.2.1 Bounding badly concentrated levels

Lemma 4.2.2. Suppose that 0 < a < b are such that logz(b/a) < 1. Then with probability at
least 1 — J, we have that simultaneously for every x € RY,

00 hmax

2d
> ICWSWADK|, - 1{py|W(A)] € [a,b]} < FlogB - [[Ax]]1.

q=1 h=1

Proof. By the definition of sensitivities (4.1), we have that for every h and g,
||C(h)S(h)A(‘5’)x|\1 < ||S(h)A(q)X||1 < ||Ax]|; - HS(h)a(q)Hl.

Note that for each g, there are at most two choices of i € [hp,x] such that

Pr (mIW/(A)| € [0} = Pr {~(u+h—1) € logsalogsb] ~ logsIW(A)[} >0

since [log a,logy b] is an interval of length at most 1. In this case, this probability is bounded by
logg(b/a). Then,

00 hmax o0
E|Y Y I18We @y - 1{paWU(A)| € [0, 8]} | <Y E[ISWeD|] - 210g,(b/a)
qg=1 h=1 q=1

< 2dlogg(b/a).

Thus by Markov’s inequality, this quantity is at most 2d logz(b/a)/é with probability at least
1—9. O
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The above lemma allows us to bound all levels below some threshold expectation py, |IW?(A)| <
Merowd-

Lemma 4.2.3. Let Mcrowd = 0/ Pmax@max be some threshold and suppose

2d hmax max CIrOwW
Bzexp<6—log g 5m d)
€

Then with probability at least 1 — 25, we have for all x € R that

Y. D ICWSWADXLL{py | W(A)] € [0, merowa)} < 2¢]| A1

he [hmax} qe [Qmax]

Proof. We case on p,|W9(A)| by intervals [0, § / AmaxGmax) and [8/AmaxGmax, Merowd )-

* Dead levels: First consider the h for which pp,|W9(A)| < §/hmaxGmax- In this case, the
probability that we sample any row ¢ € W?(A) is at most p,|W9(A)| < §/hmaxGmax
by a union bound over the |IW9(A)| rows. Then by a further union bound over all pairs
(h,q) € [hmax] X [gmax], this category of levels contributes no mass with probability at least
1—9.

* Badly concentrated levels: Consider the subsampling levels with pj, |[IW9(A)| € [0/ hmaxGmaxs Merowd )-
Then, B is chosen large enough such that by Lemma 4.2.2, the contribution from these
levels is at most £||Ax||; simultaneously for every x € R?, with probability at least 1 — 4.

We thus conclude by a union bound over the above three events. ]

4.2.2 Bounding well-concentrated levels

For each weight class ¢, we will bound exactly one sampling level h by (1 + ¢)||A@x]||; by
showing that the sampling S concentrates.

Lemma 4.2.4. Let a > 0. For each ¢, let h; € [hmax| such that p,|IW9(A)| > a. Let

X = ZHS(hq)A(q)XHl

q=1
Then, with probability at least 1 — exp(—as?/8d), we have X < E[X] + ¢||Ax]|,.
Proof. We will show that at this level, S"«) performs sensitivity sampling. Note that

ADX()] < |Ax]|4 - LA) < 2179l A
[[Ax](7)| < ||Ax]|; jerglvé}g;)%( ) < Ay

for each i € W9(A), by definition of sensitivities (4.1). We also have that d > ||o'(A)|; >
279 WI(A)| so

a
> >

Phq = . 2*‘1.
[We(A)]

ISHES
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Then, the variance of X is

Var() =3 3 ROy v K

g=1 i€Wai(A) q=1 jeW1(A) hq
gz > At [A9x0)] < 2 ax;
q=1 icW4(A)

and each term is bounded by [[A?x](i)|/ps, < (2d/a)||Ax]|;. Then by Bernstein’s inequality,

e p< ‘C’:QHID(H% )
<xp|[ —=
2(Qd/a)HI&XHl(HJ&XHl 5H‘D(H1/3)

2
< exp(—%). ]

4.2.3 Bounding oversampled levels

Pri{X > E[X] +¢]|Ax|;} <

Lemma 4.2.5. Leta > 0. Let p,|[W9(A)| > a. Then, for each x € R, with probability at least
1 —2Nexp(—a/3N) — 6, we have that

2v2dvN
HC(h)S(h)A(q)X”1 < T\/ log(N/4) - || Ax[|;.

Proof. Let 1 = pp|W9(A)| > a. By Chernoff’s bound, the probability that a fixed CountSketch
hash bucket in level h gets more than X > 2 /N elements from W9(A) is at least

1 ,u} /N ( u)
— < =3%>1 - —— | = R
Pr{‘X N‘_N 21 QGXP( 3) L=2expl =5y

By a union bound over the N buckets, this is true for every bucket with probability at least
1 — 2N exp(—pu/3N). We condition on this event. Then by Hoeffding’s bound, the inner product
of m elements {a;}”, bounded by 1 with random signs s; ~ {£1} is bounded by

Pr{ isiai > \/mlog(N/é)} < —

i=1
Now let X; denote the number of elements sampled from W ?(A) in the ith hash bucket. Then,
applying the above Hoeffding bound gives

: 2174
[CWS™A@x](5)| < o |Ax][,/ Xilog(N/4)

219 1W9(A)| 20
20 VYL Ax] ) 2 tog(N/6
< gy 1Al 5 los(V/0)
2d 2
< llax), Nulog(N/(S)
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By a union bound over N buckets, with probability at least 1 — §, the above bound holds for all N
buckets. Summing over the N buckets gives

HC(h)S(h)A(q)X”1 < W /log(N/6) - || Ax]|,. 0

4.2.4 Bounding tiny levels
Lemma 4.2.6. Let ¢, > log(2nh,.x/0¢). Then with probability at least 1 — 0, it holds for all
x € R? that
Y. D IsWADx|, < eflAx].
h€[hmax) 4> gmax
Proof. For the weight classes ¢ > gmax, the total sensitivity mass contribution is bounded by

)
Y Je@h < Y 2w (a) 2

@>Qmax @>Qmax X 4> gmax max

Then in expectation, the sum of the sampled and scaled sensitivity scores is bounded by

E Z Z ISMa@||, | = Z Z lo@]; < Z h5€ = Je.

h€[hmax] 4> gmax h€[hmax] 4> gmax he[hmax) ax

Then with probability at least 1 — ¢, the above sum is at most €. We condition on this event. Then,
for all x € R¢,

Yo D IsWAUNL < Ax] Y Z (@)

hE[hmax] g>Qmax he[hmax] g>Qmax ’LEWq

<JAx|y Y > IS™e' (AL < ellAx]|

he [hmax] q>Gmax

as desired. ]

4.2.5 Net argument

In this section, we collect the bounds obtained in previous sections and conclude with a net
argument.

Lemma 4.2.7. Let the randomized boundary )M -sketch S satisfy the hypotheses of Lemmas 4.2.3
and 4.2.6. Let a € (0, 1). Let

8. 1 Ny8d%¢? NoGmax N 8d?¢? NoGmax
Merowd 2 > — 108; - + _0 qmax IOg Oq + S qmax lOg Oq
g2 B &2 «Q B

There is an event with probability 1 — 3§ such that conditioned on this event, for every x € R?,

Pr(|[SAx[); < (1+5¢)[|Ax[|1) > 1 — 20
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Proof. By Lemma 4.2.6, the contribution from weight classes ¢ > ¢uax is at most || Ax||; with
probability at least 1 — . We let this event be £, and restrict our attention to ¢ < Guax.-

For each ¢ € [¢max), We bound the mass contribution of rows corresponding to W7(A) at each
subsampling level {0} U [hnax|- Note that by Lemma 4.2.3, there is an event £ with probability
at least 1 — 24 such that all levels h,q except for those such that h = 0, or p,|W?(A)| €
[Merowds BMerowd)> OF pp|W2(A)| € [BMerowd, o0) are bounded by at most 2¢||Ax||;, so it
remains to bound these levels.

Note that for each ¢ € [gmax], there exists at most one level h; € [huax) such that py, [W9(A)| €
[Merowd, BMerowd ), Since py, varies in factors of B by construction. For these levels, we have by
Lemma 4.2.4 that with probability at least 1 — a,

Y lIsUIADx|L < Y AWy + <] Ax]h.

qe [Qmax] qG [Qmax}

If such a sampling level h, exists, then we have |IW9(A)| > Mcrowd/Ph, = BMerowa. Then by
Lemma 4.2.5, the h = 0 level of sampling level contributes mass at most (£/qmax) || Ax||; with
probability at least 1 — &/@umax. Thus by a union bound over all ¢ € [gmax] With a Goldilocks
level and summing over these, the Oth level contributes at most || Ax||;. Otherwise, if a weight
class ¢ has no level h,, then we have by the triangle inequality that || C(Y A@Wx||; < ||A@x]|;
and thus we simply bound the contribution of the Oth level by ||A(@x||;. Finally, note that for
levels with p,|WW?(A)| € [Bmerowd, ), @ similar application of Lemma 4.2.5 shows that the
total contribution of all of these levels is at most || Ax||;.

Note that & N &; occurs with probability at least 1 — 39. Then conditioned on this event, every
x € R%has a 1 — 2« probability that

ISAx|; = [ Z ISA@x||; | + Z |COA@x]|, + Z |cMs™M A@x]|,

g>Qqmax qe[Qmax} hE[hmax}
<celAx|i + (1 +e)llAxli+  ellAx]ly + 2¢|| Ax|y
—_— ——
hgq or Oth level Oth level if hq level exists ~ badly concentrated and oversampled levels
< (14 5¢)||Ax||:
which is the desired bound. [

We conclude by a standard net argument.

Theorem 4.2.8 (No expansion). Let the randomized boundary M -sketch S satisfy the hypotheses
of Lemmas 4.2.3, 4.2.6, and 4.2.7. Let « = §exp(—dlog(3/¢))/2. With probability at least
1 — 44, we have that for all x € R?,

[SAx[[y < (1 +8¢)[|Ax]]s.

Proof. By Lemma 4.2.7, there is an event with probability at least 1 — 36 such that conditioned
on this event, for each x, there is a 1 — 2« probability that

ISAx][; < (1+ 5e)||Ax]|;. (4.2)
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It is well-known (see e.g., [BL.M&9]), that there exists an e-net N of size at most (3/¢)¢ =
exp(dlog(3/¢)) over the set { Ax : x € R?, ||Ax|| = 1}. Then by a union bound over the net,
(4.2) holds for every Ax € N with probability at least 1 — 4.

Finally, let x € R? be arbitrary with ||Ax||; = 1. It is shown in [WW 19, Theorem 3.5] that
Ax =Y,y where each nonzero y has y@ /|ly™||; € M and ||y?||; < '. We then have
that

ISAx[; = ISyl <Y ISy < (1+58) Y Iyl < (1+52) Y & <1+8e.
=0 i=0 i=0 =0

We conclude by homogeneity. ]

4.3 No contraction

Our goal in this section is to show that [|[SAx||; < (1 — €)||Ax]|; simultaneously for every
x € R%, with probability at least 1 — 4.

We analyze the no contraction lemma for each unit vector y € R"”, and conclude by a union
bound over a net (Section 4.3.4). We thus define weight classes based on an individual vector y.

Definition 4.3.1 (Weight classes). Let y € R” be an ¢; unit vector. Then, for each ¢ € N, we let
Wi(y) C [n] denote the set

Wi(y) = {i € [n] : [y(i)] € (277,277}

and let y(? denote the restriction of y to the rows indexed by W4(y).

4.3.1 Essential weight classes

We first reduce the analysis of preserving ||y||; to the analysis of preserving a subset of the weight
classes ||y?;.

Lemma 4.3.2. Consider a random boundary M -sketch (Definition 4.1.2). Let ¢yax = logy(n/e),
qo = logy(Mmin/p1€), and my;, > 1. Define
Qo = {4 € [gmax] : 1 [W(y)| < 10min}
Qn = {q € [gmax] : PalWY)| € [Mmin, Bmuin)}, B € [hman]
Qo={a€Qo:q=<q, |yl >¢/a}
Qn={g € Qn:q <minQy +logy(B/e). Iy V1 2 &/dmax}, 1 € [hana]

and let Q* == [JI™> Q. If Aoy > log n, then

Sy @Y > 1 -8

qeQ*
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Proof. Note that

o0

@), < 9% q <9
Do Iyl < 2= IWiy)] < 2

g2 Gmax q=1

so we only need to consider ¢ € [¢may]|. Note also that the Qh for h € [hmax) U {0} partition the
set [¢max| by our choice of Ayax.

We first show that (), preserves almost all of the mass of QO. Indeed, the g € QO with ¢ > qq
has total ¢; mass at most

1

N A P11 Mmin
q€Q0,9>q0 q€Q0,9>q0
Of the levels ¢ < qo, the levels ¢ with ||y(@||; < &/¢o have total mass at most €. R
Similarly, we show that (), preserves almost all of the mass of (). Indeed, the ¢ € (), with
q > min @y, + log,(B/¢) has total /1 mass at most

Bmmin € min Q min Q
§ ( Hy(q)Hl < E : 9l—q ;. < QBEHY Qh”l — 25”},( Qn) L
gGQh gEQh "
g>min Qp,+logy (B/¢) g>min Qp+logy(B/¢)

so the total mass over all h € [hyay is at most 2e. Of the levels ¢ < gumax, the levels ¢ with
¥ 9|l < €/Gmax have total mass at most &.
The total lost mass is 2 + 2 + € + 2 + € = 8e. [l

4.3.2 Hashing lemmas

We collect lemmas on the hashing guarantees of CountSketch.

Lemma 4.3.3. Let p;|W9(y)| > mupin for mpyi, > 126 2log(4/4). Then, with probability at

least 1 — 6,
ISPy @l = (1= )pally @l
ISy D]l = (1% &)pully' |
Proof. This follows from Chernoff bounds. [

The following lemma uses a standard balls and bins martingale argument to show that most
items are hashed uniquely.

Lemma 4.3.4 (Concentration for unique hashing). Let H : [n] — [r] be a random hash function.
Let S CT C[n],p € (0,1],and € € (0,1) with er > p|T'|. Consider the process that samples
each element ¢ € [n| with probability p and hashes it to a bucket in [r] if it was sampled. Let X
be the number of elements ¢ € S that are sampled and hashed to a bucket containing no other
member of 1. Then,

2
Pr{X > (1-<Plsl} < 2exp( - Spls1).
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Proof. For each ¢ € S, sample ¢ with probability p and place the result in a uniformly random
hash bucket in [r] if it was sampled. Let &; denote the event where 7 is sampled and is hashed
to a bucket with no other members of T'. Let C1, (5, ..., (|5 denote the sequence of these
independent random choices and let f(C}, Cy, . .., Cy) denote the number of hash buckets in [r]
that contains members ¢ € S satisfying &; at the end of the sampling and hashing process. Note
that f is 1-Lipschitz, and that

A\ 7! p|T
B (G CareoosCla) = S Pr(e) = 181p(1- £) " 2 i) (1= 201) = 1= ey
€S
Now consider the Doob martingale

Zp = E[f(C1,Ca,...,Clg) | C1,Ca, ..., Cyl.

Note that the increments 7, — Z;_; conditioned on C',Cy, ..., C)_1 is simply the indicator
variable of whether on choice C;, we sampled an entry and placed it in a new bucket or not. Then
Zy — Zy_1 = 1 with probability at most p and thus E,_1(Z;, — Z;_1)?> < p. Then by Freedman’s
inequality [Fre75],

1 (e(1—¢)plS))° e?
Pr(]Z|5| — Zy| > eZO) < 2exp<—§p|5’ (= ISl < 2exp —Ep\S] . O

We apply Lemma 4.3.4 in the context of the M-sketch in the following lemma.

Lemma 4.3.5 (Approximately perfect hashing). Let h € [hmax] and Q@ C {q : pp|Wy| > Mumin }
for Moy > 1267 21og(4/4). Let W D W, for W = U,cq W (y) and suppose that W <
eN for some ¢ € (0,1/2). Then with probability at least 1 — 2|Q|d, every W9(y) has a subset
W34 C Wi(y) that gets sampled and placed in a hash bucket with no other members of W, and

1y 9Dlo > (1 = 28)pally? o
Iyl > (1= 78)pally9 |
(q)

where y.” is the restriction of y(?) to W4.

Proof. We apply Lemma 4.3.4 to see that with probability at least
&2
1= 2o (= SV ) <18

there is a set W2 C W(y) of elements that are hashed to a bucket with no other element of W in
it and of size |WJ| > (1 — &)*pn|[W(y)| > (1 — 2¢)ps|W(y)|. We condition on this event.

By Lemma 4.3.3, with probability at least 1 — 9, we sample (1 & €)p,|W9(y)| elements with
mass (1 & &)py|ly‘?||;. Note then that there are at most 3ep,|W?(y)| sampled elements that do
not belong to W 4. The mass of these elements is at most

Bepn|Wi(y)[2' ™ < 6epally@|:.

Thus,
Iy = (1 = &)pally @l — 6epully @l = (1 = 7e)pully @)1

We conclude by a union bound over the weight classes (). [
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Lemma 4.3.6 (Balls and bins). Let W C [n] such that ||y|w||oc < 7" and let the number of hash
buckets N be at least N > ||y|w|[1/7. For k € [N], let L, C W denote the indices from W
hashed to the hash bucket k. Then, with probability at least 1 — 9,

N
max||y|, [l < 3Tlog(N/0)

Proof. Fix a single bucket k € [N]. Then, E|ly|.. |1 = ||y|wll1/N < T'. Furthermore, ||y|z, |1
is the independent sum of |1V | random variables that are bounded by 7" with variance

2

y yiw T\ly|w
Var(|ly|z, [l = Y " _ |yl Hz_ H]\‘r b e
ieEW

Then by Bernstein bounds, we have that

Pr{|ly|c.l1 > Elly|z.|li + 2T 1og(N/d)} < exp (_%TQ iiggigg(/]f])/)é)/?))

< exp(— log(N/3)) = 8/N.

A union bound over the N buckets yields the claim. ]

4.3.3 Preserving weight classes

We now use the previous results on approximate perfect hashing to show the main result, that the
random boundary M -sketch S does not contract ¢; norms.
We first show the no contraction lemma for sampling levels i € [hpax]-

Lemma 4.3.7. Let the number of hash buckets /V satisfy

6 BMupinGmax 108 (N hmax log, (B/e)/0)
23

N >
Then, we have with probability at least 1 — 2 that

ICWSMy[ly > (1—8e) > Iy
qEQp,

for every h € [hpax]-

Proof. Note that for any i € W4(y) for ¢ € Qp,

1—q q (9)
2! Ipp | W (y)| < prlly'? ||y S Dhé

N> 27 =
’y(’l)‘ - 2phlwq<y)‘ - QBmmin B 2Qmamemin

= Th.
By Lemma 4.3.6, as long as we avoid hashing ¢ with any entry that is larger than an ¢ fraction of
this (i.e. T' = £73,), then the total /; mass of all other elements in the hash bucket will only be

roughly an ¢ fraction of 7;,. We will now carry out this analysis.
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Let T), == e73,/3108( N Aoy 10gy(B/€)/6) and let W, = Uf;:gi(l/Th) Wi(y). Note that
i € W satisfies y (i) > T, s0
1 1 6 BMuminGmax 108( N humax log,(B/e) /9) < eN

Wlarge < - -
W ‘_Th Ph g2 = opn

that is, p,|W,"®°| < eN. Furthermore, W, C W,***. We may thus apply Lemma 4.3.5 with
W = "8 and Q = Qj,. We condition on the success of Lemma 4.3.5.

Now for each ¢ € @5, and i € W given by Lemma 4.3.5, let k; € [N] be the hash bucket
containing 7. Then, by applying Lemma 4.3.6 with W' = [n] \I/Villarge with N > p;, /T}, buckets, we
have that the total ¢, mass in bucket k; besides the item ¢ is at most 37}, log( N hpax log,(B/e)/6) <
€T, With probability at least 1 — §/hpyayx log,(B/€). Thus, we have that

[CUS310)] 2 ()] - em) 2 (1 - &) 2.

This holds simultaneously for every ¢ € @, with probability at least 1 — [QQ4]0/hmax l0gy(B/e) >
1 — §/hmax by a union bound. By summing over all ¢ € @, and i € W2, we have that

e8]z -9 Y 3 MO

q€Qn ieWl
> (1—¢)(1 —7e) Z ||y<q>||1 Lemma 4.3.5
q€Qhn
> (1-8) Y [lyl.
q€Qhn

By another union bound over h € [hy,.y], this is true for every sampling level /4 with probability
atleast 1 — 9. O

We show a similar result for the 4 = 0 level. Instead of using a concentration-based argument
via Lemma 4.3.5, we instead show that important elements at this level can be perfectly hashed.

Lemma 4.3.8. Let the number of hash buckets V, satisfy

6 log(NO/é)qgmmin
de?p

Ny >

Then, we have with probability at least 1 — 2¢ that

ICOy[ > (1—2) Y Iyl

q€Qo

Proof. Note that for any i € W(y) for ¢ € Qo,

2 Wiyl pally@ll e
2]91’Wq(}’)’ - 2Tn/rnin o 2qornlmin

(@) =271 = = 7.
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Let Tp == e7y/3log(No/d) and let Woee = | J°82(/T0) yy7a(y). With at least Ny > 1/Ty, by

=
Lemma 4.3.6, any hash bucket k& € [Ny] has a total ¢; contribution from elements outside 7W/,**°
of at most €7y, with probability at least 1 — §. Furthermore, with Ny > qo/07; buckets, we can
perfectly hash all indices in W?(A) to different buckets from TW,"** with probability at least
1 — 6. Thus, for each i € W, and hash bucket k; € [No] containing i, we have

[COY](ka)l > [y ()] = emo > (1= )ly(0)].

By summing over all i € W;**°, we obtain that

ICOI=(1—e) > Iy@l=1—-2) > Iyl

iEWTE 7€Qo

4.3.4 Net argument

Finally, we will assemble our previous lemmas to show that the randomized boundary M -sketch
does not contract /; norms. The proof is analogous to that of Theorem 4.2.8.

Theorem 4.3.9 (No contraction). Let the randomized boundary M -sketch S satisfy the hypotheses
of Lemmas 4.3.7 and 4.3.8. Let a = 0 exp(—dlog(3/¢))/4. With probability at least 1 — 4, we
have that for all x € R?,

ISAx[); = (1 —67¢)[|Ax];.

Proof. For any fixed vector y, Lemmas 4.3.7 and 4.3.8 hold with probability at least 1 — o by a
union bound. By summing over the results of these lemmas and then applying Lemma 4.3.2, we
have that

ISyl = (1 =82) Y Iy @l = (1= 82)°[ly]h-

qeQ*

We then conclude by a net argument simular to the proof of Theorem 4.2.8. [

4.4 Endgame

We first verify that the parameters of the randomized boundary M -sketch can be chosen to satisfy
all the hypotheses necessary to satisfy Theorems 4.2.8 and 4.3.9 to obtain the following.

Theorem 4.4.1 (Singly exponential oblivious ¢; subspace embeddings). Let S be a randomized
boundary M -sketch (Definition 4.1.2) with parameters /,,,x = log, n and

4 dl
B, Ny, N = exp <O (— log Og"))

o€ de

d dl
r= exp(O(%log ;fn))
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rows and satisfies
Pr{forallx e R?, (1—¢)||Ax|, <|SAx[, < (1+¢)[Ax|,} >1-04.

The above theorem is almost the claimed result for Theorem 4.0.2, up to the loglog n de-
pendence in the exponent. To remove this dependence, we will use the dense Cauchy sketch
of [WW19, WW22], which removes the dependence on n at a cost of a doubly exponential
dependence on d. While [WW 19, WW22] only prove the result for O(1) approximation, we
improve their analysis to (1 + ¢) approximations.

Theorem 4.4.2 (Doubly exponential oblivious £; subspace embeddings [WW 19, WW?22]). There
exists a distribution over r x n matrices S for r = exp(exp(O(d/e?))/d) such that for any
Ac RnXd,

Pr{forallx € R?, (1-¢)|Ax|, <[SAx|, < (1+¢)|Ax|,} >1-4¢

Proof. We take S to be an appropriate scaling of a  x n dense Cauchy matrix.

Let X, X5, ... X, be independent Cauchy variables. Let R = @(ggkf%) and let £ denote
the event that max/_, | X;| < R. Note that Pr[| X;| > t| < O(1/t) for Cauchy variables, so by a
union bound, we have that Pr(£) > 1 — O(r/R) > 1 — O((loglog )/ log r). Furthermore, we

have by linearity of expectation that E[|| X ||, | £] = Q(rlog R). Then by Chernoff bounds,

1
Pr{||X|, = (1 £e)E[|X]. | €] | £} > 1—26Xp<—062%> > 1-2exp(—Ce?loglog )

for some constant C'. Thus for = exp(exp(O(d/e?))/6), we have
Pr{|[ X[ = (L £ ) E[|X]: | €]} = 1 - d(/3)"

Finally, note that X = Sy is distributed as r independent Cauchy variables scaled by ||y||; by
the 1-stability of Cauchy variables. Thus, by the above result, ||Sy||; concentrates around some
scaling of ||y||; up to a (1 + &) factor, with probability at least 1 — §(¢/3)%. We may then perform
a net argument just as in Theorems 4.2.8 and 4.3.9 to conclude the theorem. U

With the above theorem in hand, we finally arrive at a proof of Theorem 4.0.2.

Proof of Theorem 4.0.2. We first apply Theorem 4.4.2 to reduce n to exp(exp(O(d/e?))). Then,
applying Theorem 4.4.1 once reduces the number of rows to exp(O(d? /<)), and then applying it
again further reduces the number of rows to exp(O(d/¢)), as claimed. O
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Chapter 5

Future directions for oblivious /), subspace
embeddings

While we have been able to resolve many of the outstanding gaps in our understanding of oblivious
¢, subspace embeddings, several interesting questions still remain to be explored. Perhaps one of
the most notable unresolved challenges is to resolve the dependence on the accuracy parameter
e for (1 + ¢) oblivious ¢; subspace embeddings. Our upper bounds in [LWY?21] have a singly
exponential dependence on 1/¢, while there is no known lower bound which rules out an upper
bound of the form r = exp(poly(d))/ poly(e). We conjecture that our upper bound is tight, and
ask whether one can show an exponential lower bound in ¢, even for d = O(1).

Question 5.0.1. Is there an exp(poly(1/¢)) lower bound on r for (1 + ¢) oblivious ¢; subspace
embeddings for d = O(1)?

A second question is to pin down the polynomial dependence on d in the exponent. The lower
bound result of [WW 19, WW?22] of Theorem 3.0.2 shows that for a distortion of k = O(1), we
need d = O((log7)?), or r = exp(€2(+/d)). On the other hand, our upper bound is linear in d in
the exponent, i.e., 7 = exp(O(d)). Thus, an interesting question is to resolve this gap.

Question 5.0.2. Is there an exp(€2(d)) lower bound on r for O(1) oblivious ¢; subspace embed-
dings?
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Part 11

Sampling Algorithms and Coresets
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Chapter 6

), Lewis weight sampling [WY23b]

In Section 1.3.2, we have discussed the leverage score sampling algorithm, which gives a sampling-
based approach to constructing nearly optimal /5 subspace embeddings. A highly fruitful direction
of research is to explore how this result can be generalized to other loss functions, and in particular
¢, losses. That is, we will study randomized algorithms for constructing (1 =+ ¢)-approximate
subspace embeddings S € R™*" for the £, norm (Definition 1.1.1) satisfying

Pr{forall x € R?,[|[SAx|]? = (1 +¢)||Ax|2} > 1—6.

Here, S will be a sampling matrix, that is, S is a diagonal matrix with few nonzero entries, and
we will seek to minimize the row count r = nnz(S) of S.

In this chapter, we will introduce the sampling methods for constructing ¢,, subspace embed-
dings, with a particular focus on the technique of ¢, Lewis weight sampling, and discuss two
improvements to this technique made in the work of [WY23b]. In particular, we give a nearly
optimal “one-shot” ¢, Lewis weight sampling theorem and an online ¢, Lewis weight sampling
theorem in Section 6.6.

6.1 Sampling algorithms for /, subspace embeddings

There are many possible natural generalizations of leverage scores to the setting of ¢, subspace
embeddings, but not all are known to achieve the best trade-offs between the dimension d, the
accuracy parameter ¢, and the row count . We discuss several of these approaches and their
shortcomings before introducing ¢,, Lewis weights, which is the main subject study for most of
this chapter. We introduce the following definition to facilitate our discussion:

Definition 6.1.1 (¢, sampling matrix). Let p > 1. A random diagonal matrix S € R"*" is a
random (,, sampling matrix with sampling probabilities {q;}_, if for each i € [n], the ith diagonal
entry is independently set to be

5 _ 1/q//? with probability g;
"0 otherwise
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6.1.1 /, sensitivity sampling

We originally motivated the definition of leverage scores in Section 1.3.2 as the sampling algorithm
obtained when specializing the general technique of sensitivity sampling to the setting of /s
subspace embeddings. Doing the same for £, subspace embeddings yields a sampling algorithm
known as ¢, sensitivity sampling.

Definition 6.1.2 (¢, sensitivities). Let A € R™*?and 0 < p < oco. Then for each i € [n], the ith
¢, sensitivity of A is defined to be

[[Ax](i)[?
a'p A = su _—
{(4) Axaépo | Ax][?

The total {,, sensitivity is SP(A) =Y " o (A).
Recall that the sensitivity sampling framework of [LLS10, FLL11] (see Section 1.3.1) gives a

bound of r = O(E”Gd) on the row count required to sample an ¢, subspace embedding.

While aesthetically pleasing, the ¢, sensitivity sampling has a number of disadvantages.
Perhaps the most glaring is that ¢, sensitivity sampling is not known to achieve nearly optimal
row counts for ¢, subspace embeddings for worst-case matrices. Indeed, we will see that ¢, Lewis
weight sampling achieves nearly optimal row counts, whereas ¢, sensitivity sampling is only
known to match these results for p = 2. Another drawback of /¢, sensitivity sampling is that we
do not currently know fast algorithms for estimating the ¢, sensitivity scores. Indeed, naively
computing the ¢, sensitivity scores essentially requires solving an /,, linear regression problem of
the form of

1
——— = mi Ax|P
ol (A) [Ax](lz‘r)1:1|| X1y

7

for each i € [n], and algorithms that can compute these scores in time as fast as solving linear
regression as in the case of p = 2 [SS11, DMMW 12, CW 13, LMP13, CLM " 15] are not known.
A recent work of [PWZ23] shows a trade-off that the number of sensitivity calculations can be
reduced to O(n/«) at a cost of an « factor blow-up in the total sensitivity, but this still does not
match the known results for ¢, leverage score sampling. For these reasons, ¢, sensitivity sampling
has not attracted as much attention from the literature of randomized numerical linear algebra.
Nonetheless, the study of ¢, sensitivity sampling does have benefits over other sampling
algorithms for ¢, subspace embeddings, in particular for constructing ¢, subspace embeddings
for p > 2 for input matrices A with total sensitivity &”(A ) much less than the worst case of d?/2.
We will give a much more in-depth study of ¢, sensitivity sampling in Chapter 7, together with
another natural generalization of leverage score sampling known as root leverage score sampling.

6.1.2 /, well-conditioned basis sampling

Although ¢, sensitivity scores appear to be difficult to quickly estimate up to a small constant
factor, if one is willing to sacrifice on the row count up to poly(d) factors, then fast routines do
exist. Indeed, some of the earliest works on sampling-based algorithms for £, linear regression
proceed in this manner. The main idea is to generalize the observation that the leverage scores
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can be characterized as the row norms of any orthogonal basis of A. That is, if U € R"*? is an
orthogonal basis of A € R™ %, then it is not hard to see that

Ti(A) = [le/ U3

for every ¢ € [n] (see (1.3)). To generalize this to the ¢, norm setting, we can then recall
constructions of well-conditioned bases U for subspaces of ¢, (Definition 3.1.1) and define
analogous scores that are proportional to ||e;” U||?. Indeed, such approaches were considered and
used to obtain ¢, subspace embeddings with » = poly(d/e) rows and x = (1 + ¢) distortion
[Cla05, DDH*09]:

Theorem 6.1.3 (/, well-conditioned basis sampling [Cla05, DDH09]). Let A € R™ % and
1 <p<oo. Let U € R™?be a (poly(d), 1, p)-well-conditioned basis for the column space of
A (see Definition 3.1.1). Let o > 0 and let ¢; = min{1, ||e;/ U2/} for i € [n]. Let S € R™*"
be the ¢)p sampling matrix with probabilities {¢;}"_; (Definition 6.1.1). Then, there is an « such
that with probability at least 99/100 S is an ¢, subspace embedding satistying Definition 1.1.1
with k = (1 + ¢), and furthermore, S has at most = poly(d/e) nonzero rows.

In the results of [Cla05, DDH™09], the crucial subroutine of computing the well-conditioned
basis U was done by using algorithms for computing Lowner—John ellipsoids for ¢, balls. This
results in running times of the form n poly(d). While this avoids the O(n?) running time cost
resulting from solving n ¢, linear regression instances of size n x d for sensitivity sampling, this
is still far less efficient than the running time of O(nnz(A) + d*) for leverage score sampling.

6.1.3 /, Lewis weight sampling

The work of [CP15] observed that the problem of constructing ¢, subspace embeddings of the
form of Definition 1.1.1 has actually been studied decades ago in the geometric functional analysis
literature, and obtains nearly optimal trade-offs between the number of rows r and the accuracy
parameter <. Indeed, a series of works [Lew78, BLM89, Tal90, LT91, Tal95, SZ01] culminated
in the following result:

Theorem 6.1.4 (¢, subspace embeddings, existential version [Lew78, BLMS89, LT91, SZ01]).
Let A € R4 and 0 < p < co. Then, there exists an £, subspace embedding S € R™*" with
distortion x = (1 + ¢) with

B O(e2d(log d)*log(d/<)) 0<p<2
O 2 (log d)?log(d/e)) 2 <p < oo

We will present an algorithmic version of the bounds of Theorem 6.1.4 in the following
sections of this chapter, following the proofs presented in the works of [LLT91, CP15] as well
as improvements obtained in our work [WY23b]. We note that the statement of Theorem 6.1.4
is slightly suboptimal in the logarithmic factors compared to the best known results [BL.M&9,
Tal90, Tal95, Zva00, CP15], but we present this version as it uses a simpler proof that we work
extensively with, while achieving the best known dependencies on d and ¢, up to polylogarithmic
factors.
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It has recently been shown that the upper bound of Theorem 6.1.4 is nearly optimal for p < 2,
while for p > 2, the dependence on ¢ and d are individually optimal [LWW?21, LLW23] when

d = Qlog(1/e)).

Theorem 6.1.5 ([LWW21]). Let p € [1,00) \ 2Z. Suppose that S € R™*™ is a diagonal matrix
with 7 = nnz(S) such that

forall x € R, |[SAx|? = (1 +¢)||Ax]]2

Then, » = Q(d/e?). Furthermore, for p > 2, 7 = Q(s~'d?/?).

Algorithmic aspects: approximating /, Lewis weights

The proof of Theorem 6.1.4 is almost algorithmic, as the proof is based on the probabilistic
method; the only component which is not algorithmic is the construction of a certain set of
weights known as the Lewis weights [L.ew78], which can be viewed as a certain generalization
of the leverage scores (Definition 1.3.2) for ¢, that differs from the other scores that we have
discussed so far.

Definition 6.1.6 (¢, Lewis weights [Lew78, CP15]). Let A € R"™% and 0 < p < oo. Then, the
{,, Lewis weights of A are the unique set of weights w € R% such that for every i € [n],

Ww; = Ti(W1/2_1/pA),

where W = diag(w). We will denote the ¢, Lewis weights of A as w?(A) for i € [n].

The work of Cohen and Peng [CP15] addresses the problem of the algorithmic computation
of Lewis weights by showing that Lewis weights can, in fact, be approximated efficiently, and
even in nearly input sparsity time for p € (0,4). For p € (0, 4), their algorithm uses the following
equivalent and more algorithmically useful characterization of ¢, Lewis weights in a fixed point
iteration algorithm
w; = (a) (ATW' 27 A)a,)"”. 6.1)
Follow-up works have further refined algorithms for approximating ¢, Lewis weights [Leel6,
CCLY19, FLPS22, JL.S22], and approximate ¢, Lewis weights that are compatible with sampling
can now be computed in nearly input sparsity time for all p > 0 [JLS22]. In particular, a crucial
relaxation for the efficient computation of ¢, Lewis weights is the notion of one-sided (,, Lewis
weights, which we show is sufficient for sampling:

Definition 6.1.7 (One-sided ¢, Lewis weights [J1.S22, WY22b]). Let A € R"*? and p € (0, 0).
Let v € (0,1]. Then, weights w € R™ are y-one-sided (,, Lewis weights if

Wi >y T (WA,
where W := diag(w), or equivalently,
w; > 'YP/Q [a;I'(ATwl—2/pA)ai}p/2‘

If v = 1, we just say that w are one-sided {,, Lewis weights.
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The following theorem collects the results of [CP15, JL.S22] on the fastest known algorithms
for approximating one-sided ¢, Lewis weights:

Theorem 6.1.8 ([(CP15, JLS22]). Let A € R™ 9 and 0 < p < oo. Then, there is an algorithm
which computes one-sided ¢, Lewis weights (Definition 6.1.7) w such that d < ||w||; < 2d in

O(nnz(A) + d) time.

Algorithmic aspects: sampling

While the works above address the question of approximating Lewis weights, using the Lewis
weights to sample ¢, subspace embeddings is an orthogonal direction of investigation. By an
appropriate adaptation of the earlier work in geometric functional analysis [BLLM&9, L'T91, SZ01],
as well as the construction of /, Lewis weights due to [CP15], one can obtain algorithmic con-
structions of /,, subspace embeddings which match the guarantees of Theorem 6.1.4 [MMWY22].
However, this construction has the drawback that the sampling algorithm requires a sophisticated
recursive structure in which the number of rows are reduced by half for O(log n) recursive rounds
of sampling. This hinders the use of Lewis weight sampling in one-pass streaming settings
[WY23b], and poses a gap from algorithms for ¢, leverage score sampling, which admits ¢, sub-
space embeddings just by sampling proportionally to the leverage scores in a “one-shot” sampling
algorithm [DMMO06a, RV07, Magl0], as well as streaming and online variants [CMP 16, CMP20].
Indeed, the work of [CP15] studies the problem of obtaining ¢,, subspace embeddings via sampling
algorithms that simply sample rows proportionally to the Lewis weights in a “one-shot” manner
analogous to leverage score sampling as in Theorem 1.3.3, rather than using a recursive sampling
algorithm. In fact, such results are possible, and [CP15] obtain the following result:

Theorem 6.1.9 (¢, Lewis weight sampling [CP15]). Let A € R"™*¢and 1 < p < oco. Let
a > 0 and let ¢; = min{l,w?(A)/a} fori € [n]. Let S € R"" be the ¢, sampling matrix
with probabilities {¢; }!, (Definition 6.1.1). Then, there is an « such that, with probability at
least 99/100, S is an ¢, subspace embedding satisfying Definition 1.1.1 with x = (1 + ¢), and
furthermore, S has at most r nonzero rows, for

O(e2dlog(d/e)) p=1
r =< O(e*dlog(d/c) loglog(d/e)) 1<p<2
O(e~2d"*(log d) log(1/¢)) 2<p<o0

However, a notable gap exists between the algorithmic results of Theorem 6.1.9 based on
“one-shot” sampling versus the existential results of Theorem 6.1.4 for p > 2 and its algorithmic
version based on recursive sampling, where Theorem 6.1.4 achieves a quadratic dependence on ¢,
while Theorem 6.1.9 incurs a dependence of £5. An important question in the study of ¢, Lewis
weight sampling is whether this gap can be closed:

Question 6.1.10. For p > 2, can the guarantee of one-shot £, Lewis weight sampling in Theorem
6.1.9 be improved to O(c~2d"/?)?

One of the main results we obtain in [WY23b] is a positive resolution to Question 6.1.10:
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Theorem 6.1.11 (¢, Lewis weight sampling, improved [WY23b]). Let A € R™?and2 < p < oco.
Then, Theorem 6.1.9 holds with

= O(e~2d% log d)? log(d/)).

6.2 Properties of one-sided /, Lewis weights

We collect some elementary properties of one-sided ¢, Lewis weights. We will extensively use
the notion of Lewis bases, which is the change of basis matrix R such that W'/2~1/?PAR is an
orthonormal matrix.

The first lemma relates one-sided Lewis weights and Lewis bases.

Lemma 6.2.1. Let A € R"™*? and let 0 < p < oo. The following hold: Let w € R™ be ~y-one-
sided ¢, Lewis weights, and let R be the corresponding one-sided Lewis basis. Then, for each
i € [n],

w; > 772 |le] AR|[L.

Proof. We have that
Wi >y T (WYZUPAY = o He;rwl/Q—l/pARHz — - Wi1_2/pHezTARH;
which rearranges to the desired result. [

We will also use the following two lemmas relating Lewis-reweighted ¢, norms and ¢, norms.

Lemma 6.2.2. Let A € R"*% and let w be y-one-sided ¢, Lewis weights for A. Then,

1/2—-1
Iwll= 7| Axl, p>2

1/2-1/p
HW AXH2 < {,_)/1/2—1/pHAX”p p <2

Proof. Let R € R%*¢ be a change of basis matrix such that W'/2-1/? AR is orthonormal. If
p > 2, then by Holder’s inequality,

W AR = 3wl ] AR

=1

n 1-2/pr p 2/p
<] [Sleraner| it ansg
i=1 i=1
and if p < 2, then
W2 PARx |, = 3wl ™7 [e] ARx]" " [e] ARx]"
=1

< szl 2p HeiTARHzprng_p [e] ARx]" Cauchy—Schwarz

i=1
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< ZW;_Z/” - (wi PR x5 7P [e:ARx]p Lemma 6.2.1

=97/ 7| AR
_,yzv/2 1HVVI/2 /P ARx H |ARx ||P

Lemma 6.2.3. Let A € R"*? and let w be y-one-sided ¢, Lewis weights for A. Then,

IAx] ,yl/p—1/2le/2—1/pAXH2 D> 2
w7~ WY Ax), p <2

Proof. Let R € R%? be a change of basis matrix such that W'/2~1/? Ax is orthonormal. If
p > 2, then

AR} = ZI[ARX )P = Z\ [ARx] (i) *|[ARx] (i) [~

=1
= |Ix|[5~2 [ARx](i)[*||e] AR|]5? Cauchy-Schwarz
y
= ||x|j5~ Z|[ARX}(Z')F(Wi/Vp/Q)l_Z/p Lemma 6.2.1

= [[W2 1 AR Y | [WA AR (1) P
=1

= AW AR

and

n

IARx|lp =) |[ARX]())P = Y w'™?/*[[W'/*~1/? AR (i)

i=1 i=1
n 1-p/2
= [Z Wi] IWY2-1/P AR ||} Holder’s inequality
i=1

]

The next lemma uses the above result to bound /,, sensitivities by one-sided Lewis weights.

Lemma 6.2.4 (One-sided Lewis weights bound sensitivities). Let A € R™% and 0 < p < oo.
Let w € R" be y-one-sided ¢, Lewis weights. Then,

sup

x€rowspan(A)\{0} ||AX||§ !

. — 2—-1
[AX]@F" _ [ 2wl - wi p>2
v W p<2
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Proof. Let R € R%*? be a change of basis matrix such that W'/2~1/? AR is orthonormal. Then
by Lemmas 6.2.1 and 6.2.2, we have

[ARx]())" _ [le/ AR[[[Ix]I3 _ [ wli?* | ARX]|

=y

> < w; =
IARX||; I ARX][; 77| ARx |
for p > 2 and
[ARXG)P _ [lel ARJ x5 _ o IARXIF Ly
IARx|l} = [[ARx[]} T 72|ARx|) '
for p < 2. O

6.3 Analysis of /, Lewis weight sampling: reduction to a Rademacher
process

We start off our analysis of ¢, Lewis weight sampling by a standard symmetrization argument (see
Section 2.3 and Lemma 2.3.2). However, the Rademacher process given by Lemma 2.3.2 alone is
still hard to analyze. Throughout Section 6.3, we will make a series of reductions to bound the
process by successively “simpler” Rademacher processes.

6.3.1 Regularizing the Rademacher process

We first specialize our Rademacher process for sampling-based algorithms for ¢, subspace
embeddings as well as related problems, such as ¢, affine embeddings and ¢, linear regression.
Our end goal is to reduce the analysis to bounding a Rademacher process of the form of

l

eil [AX] (i)

=1

E sup (6.2)

e~ LT | Arx|,<1

where A’ is a matrix whose ¢, Lewis weights are uniformly bounded by « = £*. These special
properties about the Rademacher process will be necessary in the next step of the analysis when
we bound the Rademacher process in Section 6.4.

Note that (6.2) differs from our original Rademacher process in Lemma 2.3.2 in two aspects.
The first is that the matrix A’ that appears in the objective function is the same matrix A’ that
defines the domain X = {x € R%: ||A’x]|, < 1}. This allows us to use an ¢, norm bound on
the objective function when analyzing this Rademacher process. Note that this does not hold a
priori in the Rademacher process of Lemma 2.3.2, since the objective is reweighted by weights
w;, whereas the domain only bounds the ¢, norm of Ax itself. The next lemma, based on [CP15],
addresses this problem. The second aspect to address is the flatness of the ¢, Lewis weights of A’.
Intuitively, we expect this to be true since a row with ¢, Lewis weight w?(A) is reweighted by at
most (a/w¥(A))Y/P, which would lead to an ¢, Lewis weight of at most «. This intuition will be
formalized in Sections 6.3.2 and 6.3.3.

62



Lemma 6.3.1. Let A € R"*“and let X = {x € R?: |Ax||? < 1}. Furthermore, let B € R"*¢
and C' > 1 be such that | Bx|[? < C'||Ax][? for every x € R”. For every setting of the weights
w, let S, be the n x n sampling matrix with (Sy);; = W;/p and let B, denote the (n +m) x d
matrix obtained by a vertical concatenation of S, A and B. Suppose that

n l

E sup Z giw; fi(x)

~ n
e~{E" | Bux|B<R|

< Rlel§

for each fixed w and R > 1. Then, we have that

n

Z( w; — 1) fi(x)

=1

(C + 1)1(2v/2me)l6
1—(2)4

E sup <

W xeX

Proof. Fix a setting of the weights w and define

Then for any x € R?, we have that
[SwAXx|P < (1 + Fy)||Ax|?

so [|[Bwx|? < (C'+ 1+ Fy)||Ax][b. Thus, we have that

n l

Z giw; fi(x)

i=1

E sup

sup <
€~{i1}" IBwx|[E<C+1+Fy

EN{ﬂ}" lAx|p<1|

Z glwlfl

l

n

<(C+1+FR) - E  sup |Y gwifi(x)

~ n
e~{EL By x|E<1 im1

< (CH 14 F)'E'd < ((C+ 1) + FL)(2)'8

Then by Lemma 2.3.2,
E[FL] <E((C+ 1) + FL)(V2m)!(2¢)'6 = (C + 1)!(2¢)'6 + E[FL](2v/2m¢e)'6
or

(C + 1) (2v/27e )l
1— (20)16

E[F] <
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6.3.2 Flattening the Rademacher process: p < 2

As discussed in Section 6.3.1, the next step in our analysis of ¢, Lewis weight sampling is to
flatten the ¢, Lewis weights of the Rademacher process resulting from Lemma 2.3.2. We wish to
argue that if we reweight a row i € [n] of A by (a/w?(A))/?, then the ¢, Lewis weight of the
reweighted row increases by at most an o/ w? (A) factor to a new ¢, Lewis weight of o. However,
directly arguing as such as difficult, due to the recursive nature of the definition of ¢, Lewis
weights.

The observation of [CP15] is that such an argument works if we concatenate the sampled
matrix SA with A. Note that this is exactly the matrix By, constructed in Lemma 2.3.2 with
B = A. In this case, by (6.1), the ¢, Lewis weight of any row 7 of B,, corresponding to a row
SA satisfies

wP(By) = (a] (B W (By,)"%"By)a;)""”

(al (AW(A)27A)"a,)"* < o

where W (B,) denotes the diagonal matrix of the ¢, Lewis weights of B,,, and W (A ) denotes
the ¢, Lewis weights for A.

Two problems remain. The first is that if we concatenate A with SA, then A may not have
uniformly bounded ¢, Lewis weights, even if SA does. This can be addressed by flattening A,
that is, we take any row ¢ € [n| of A with a large ¢, Lewis weight and replace it with k copies of
a;/k/P. We will show that splitting a row into k copies reduces the ¢, Lewis weight of each of
the rows by a factor of k, so we can take & = 1/« for every row to reduce the maximum ¢, Lewis
weight of the flattened matrix to «. Furthermore, flattening does not change the Lewis quadratic
AW (A)'=2/P A and thus the argument above still holds.

Lemma 6.3.2 (Flattening ¢, Lewis weights). Let A € R™*?and 0 < w € R". Let 0 < p < .
Let A’ € R(++=1xd be gbtained by replacing some row i € [n] with k copies of a;/k'/? and let
w’ € R("HF=1xd be obtained by replacing w; with k copies of w;/k. Then, [|Ax|? = [|A’x|]?
for every x € R% and ATW!=2/PA = A'/TW'I-2/P A/,

Proof. We have for every x € R that
[(ai, )| = k|(ai/K'/7,%)|”

which shows that [|Ax||? = |[[A'x||P. Furthermore,

_ T
—2/p_ T _ &>1 2/v a; a
w; aa, =k < ’ T T/
which shows that ATW2/PA = A/TW/I-2/P A/, O

The second problem is that while flattening may reduce the ¢,, Lewis weights of A alone, the
¢, Lewis weights may change when concatenated with SA. Fortunately, for p < 2, it can be
shown that the ¢, Lewis weights can in fact only decrease after concatenations (Lemma 6.3.3).
Note that this property does not hold for p > 2, and thus we will need a different argument, which
we show in Section 6.3.3.
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Lemma 6.3.3 (Monotonicity of ¢, Lewis weights, Lemma 5.5, [CP15]). Let A € R™ 4 and
0 <p<2 Letm >nandlet A’ € R™*? be a matrix such that e, A = e/ A’ for all i € [n], that
is, A’ is obtained by adding rows to A. Then, w?(A) > w¥(A’) for every i € [n].

6.3.3 Flattening the Rademacher process: p > 2 [WY23b]

As discussed in Section 6.3.2, for p > 2, we need to overcome the lack of monotonicity of
¢, Lewis weights to flatten the Rademacher process. In the work [WY23b], we show how to
circumvent the issue of non-monotonicity by directly constructing one-sided ¢, Lewis weights
(Definition 6.1.7) for the concatenation of SA and the flattened version of A that still allows the
argument from Section 6.3.2 to go through. In particular, we wish to construct one-sided ¢, Lewis
weights such that the Lewis quadratic of the concatenated matrix is at least the Lewis quadratic
AW!'=%/P A in order to argue that the £, Lewis weights of SA are at most «. The next lemma
constructs such weights.

Lemma 6.3.4 (Batch online ¢, Lewis weights, 2 < p < 00). Let A € R™% let M = L'L €
R4 be a symmetric PSD matrix, and let 2 < p < oo. There exists weights w € R" such that for
i € [nl,

p/

_p/2
w; = (g) @l (ATWI2PA 4 M) )P

and
n 1
dowis (5)
=1 2

Proof. Consider the following optimization problem over symmetric PSD matrices Q:

maximize det(Q)
n d

subjectto > (a/ Qa,)”*+> 1/ Ql; <d
i=1 j=1

Q=0

where a; is the ith row of A and L; is the jth row of L. Let Q be any matrix which attains this

maximum. Note then that
n

d
> (@ Qa)?+ > 11Ql =d
i=1 j=1
since otherwise scaling Q up can increase the objective function. Furthermore, by considering
Lagrange multipliers, the gradient of the constraint is some scalar C' times the gradient of of the

objective, so
n

d
Z g(aiTQal-)1’/2’123%(";12-T + Z ljle = Cdet(Q)Q .

i=1 j=1
We now define )
wi = (5) 77 (a] Qa2

65



Then, we have that
ATWI2PA 1 M = Cdet(Q)Q !

for W = diag(w). Rearranging, we have that
Q = Cdet(Q)(ATWI2PA + M)

SO

1

wi= (2)7 @Qay = (B) 77 (C det( @)l (ATWIHA £ M) e

and thus

2/
wi= ()7 (O det (@) (w72 T(ATWI A £ M) (w) T )

_ (g) = (Cdet(Q))7:(B)

where B is the vertical concatenation of W'/2-1/? A and L. Note also that for rows j correspond-
ing to LL in B, we have that

(C'det(Q))T;(B) = (Cdet(Q))] (ATW' P A + M)™'1; =1/ Ql,.

Now by the normalization constraint, we have that

n

n 1 d d
2 1-2/p
> :<13> wi+ > QL= (a/Qa)"*+> 1/Ql; =d.
j=1 j=1

i=1 i=1

However,

(2) /W = (%) = (g) %(C det(Q))7:(B) = g(c det(Q))7:(B)

so we must have that p/2 = C det(Q). The result follows. O

Remark 6.3.5. Note that if we set M = 0 and redefine w; = w;/(p/2) 1—12/1), then we will
retrieve the usual definition of ¢, Lewis weights.

By setting M = AW'~2/?A, we can use Lemma 6.3.4 to construct one-sided ¢, Lewis
weights for the concatenation of SA and the flattened version of A such that the Lewis quadratic
is bounded below by AW'~2/P A which makes the same argument as in Section 6.3.2 go through
even for p > 2.

We make one final reduction of the Rademacher process by restricting to the set of rows
i € [n] with significantly large ¢, Lewis weights.

Lemma 6.3.6. Let J D {i € [n| : 0¥(A) > ¢/n}. Then,

l l

Z eil[Ax](D)P| < (20)' + 2/ eil[Ax] (i)

i€

for any x such that || Ax||, < 1.
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Proof. We have that

. ) €
> ellAX] )| < > IIAX]@) <D —llAx[f < ellAx|[7
ig¢J i¢J i¢J

which proves the claim. [

6.4 Analysis of /, Lewis weight sampling: Dudley’s entropy
integral

In the previous section, we have reduced our task to bounding a Rademacher process of the form
of (6.2), where A’ is a matrix whose ¢, Lewis weights are uniformly bounded by o &~ 2. We
will finally tackle the task of bounding this Rademacher process via Dudley’s entropy integral.
Our task is thus to estimate the entropy numbers F(7T, dx,u) appearing in Theorem 2.3.6. Our
calculations will be slightly more general than required for the analysis of /, Lewis weight
sampling, to facilitate further applications in this thesis.

6.4.1 Bounds on the pseudo-metric

The Rademacher process that we study is indexed by the index set 7' = {x € R? : ||Ax]|, < 1},
and is given by

Xo= ) el[AX](0)
icJ
We will now estimate the pseudo-metric.
Lemma 6.4.1. Let 1 < p < oo and let A € R"*?, Define the pseudo-metric
o\ 1/2

dx(x,x') =

> eil[AX|()F = el [AX] ()]

E
e icJ

Let 0 > max;c; o (A). Then, for any x,x’ € R? such that | Ax||,, | Ax/[|, < 1,

2(|(Ax — AX)|, | p<?2
20" />VP L ||(Ax — AX)|s|, P> 2

dx(x,x") < {

Proof. Note first that by expanding out the square and noting that E[e,e;] = 1(i = j), we have

1/2
dx(x,x') = (Z(|AX(i)Ip - IAX’(i)|p)2)

ieJ

Lety = Axand y' = Ax'. For p < 2, we bound this as

dx(x,x)* = (Iy@)IF = ly'@)P)

icJ

67



=D (y@OFZ = [y’ Oy @F + Iy @)[/*)*

<D (y@) =y Oy OF + 1y (0)P2)?
icJ
< 2ll(y = y)sll% D_ly@F + Iy’ @)

eJ
<A4(y — y)sI%

For p > 2, we have by convexity that

y(@)F = [y @OF < pl(y@) =y @)y @OF " + ¥ @OF )
and that ||y ||, < /7, so we have
dx (x,x')* = Z(|Y(73)|p —|y'(@)")?
<p’> Iy WPy @)+ ly' @)

e

2 . — . —
<20 (y = ¥)ls % DIy (P2 + Iy ()72
i=1

— 2 . .
< 2p% max{|ly|ll. 11l 21y = ¥l DIy OF + 1y ()
i=1

< 4oy = )l =
From the above lemma, we also immediately obtain diameter bounds.
Lemma 6.4.2. Let 1 < p < co and let A € R"*%, Let 0 > max;c; o?(A). Then, the diameter
of T'= {x : ||Ax]|, < 1} with respect to dx is bounded by
4.0 p<2
dp-o'? p>2

diam(7T) < {

Proof. Foranyy = Ax with ||Ax||, < 1, we have that ||y|;||, < ¢'/?, so combining the triangle
inequality and Lemma 6.4.1 yields the result. O]

6.4.2 Entropy bounds

With bounds on the pseudo-metric dx in hand, we can estimate the entropy numbers E (7T, dx, u)
as required by Theorem 2.3.6. The bounds in this section are taken from [WY23c], which in turn
follows [BLLM89]. We first introduce the dual Sudakov minoration theorem, which is a general
tool for bounding covering numbers of the Euclidean ball.

Definition 6.4.3 (Levy mean). The Levy mean is defined as
x= [ Ixldoo = B x|
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Remark 6.4.4. By noting that x ~ S?~1 is the same as drawing a Gaussian vector and normalizing,

that is,

1

= Elg|
Ellgl,

g :E\IgHzEH g
Il ll - Elsll 1l

since the norm of the Gaussian is independent of its direction.

Lemma 6.4.5 (Dual Sudakov minoration (Proposition 4.2, [BLM89])). Let (X, ||-||) be Banach
space on R and let be the Levy mean of ||-||. Then, for some constant C' > 0, we have that

My —
* g~N(0,1g)

M 2
log E(Bs,t- By) < C - d(TX)

where By = {x : ||x||, <1} and Bx = {x: ||x|| < 1}.
We will compute the above Levy mean bound for reweighted ¢, norms, defined below.

Definition 6.4.6. Let 0 < w € R". We define the w-weighted ¢, norm by

n 1/q
1Y [lw,q = (Z WiIY(i)|q> :
i=1

For a matrix A € R™?, let B (A) = {x : ||Ax||w, < 1} denote the corresponding unit ball in
the column space of A. If w = 1, then we simply write BY(A).

Note that ||y||, = [|[W~Y?y|, for W = diag(w), so we can instead prove bounds under
these reweighted norms, as long as we apply W ~1/? first. We then have the following Levy mean
bound.

Lemma 6.4.7. Let A € R"? and let 1 > w € R" be nonnegative weights. Let 7 >
max?_,||e] A||3. Let 1 < ¢ < oco. Then,

ElAglw, <n'"Var

Proof. We have that

_ 2l

N3

Then by Jensen’s inequality and linearity of expectation, we have

E[[[Ag](®)]] lef Afl3 < ¢ lle] Afl3 < g7/ - 792
g

1/q
BlAglu, < (BlAgl, ) < (0 a?-r?)0 —nl
g g ?

By combining the above calculation with Lemma 6.4.5, we obtain the following:
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Corollary 6.4.8. Let 1 > w € R" be nonnegative weights. Let 2 < ¢ < oo and let A € R™ % be
such that W1/2A is orthonormal. Let 7 > max?leeiTAH;. Then,

niq. T
t2

log E(Bg,(A), By,(A),t) < O(1)
Proof. For W'/2A orthonormal, B2 (A) = B>(W'/2A) is isometric to the Euclidean ball in d
dimensions. Thus Lemma 6.4.5 applies. [

We also get a similar result for ¢ = oo, by applying Corollary 6.4.8 with ¢ = O(logn).

Corollary 6.4.9. Let 1 > w € R" be nonnegative weights with min;cp,) w; > €. Let A € Rnx4
be such that W'/?A is orthonormal. Let 7 > max!_, ||e/ AH; Then,

log E(B2(A), B*(A), 1) < O(1)
Proof. This follows from the fact that for y € R",

QDYoo = I¥lloe < I¥llg < 2"yl = Oyl
for ¢ = O(log(n/e)). O

By interpolation, we can improve the bound in Corollary 6.4.8, which is needed for our results
for p < 2:

Lemma 6.4.10. Let 2 < r < co and let A € R™*? be orthonormal. Let 7 > max?leeiTAHz.
Let 1 <t < poly(d). Then,

1 T
(/22D . <r — log d + log n)T

log E(B%*(A), B"(A),t) < O(1)

Proof. Let g > r,and let 0 < 6 < 1 satisfy

Then by Holder’s inequality, we have for any y € R" that

n 1/r n (1=0)/2 s 5 0/q
HyHT=<Z|y<i>|T<l9>ry<z'>v9> s<z|y<i>|2> (Zw)\q) = vl

Then for any y,y’ € B?, we have
1-6 0 0
Iy =¥'ll, < lly =¥l "y =¥ll, < 2lly = ¥'ll,

SO
n?iq .1

log E(B*(A), B(A),1) < log E(B*(A), B(A), (t/2)""*) < O) 7r7ara
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by Corollary 6.4.8. Now, we have

q—2 2r

q r—2

so by taking ¢ = O(-Z; log d+log n), we have that n?/¢ = O(1) and (¢/2)"/% = ©(1)(t/2)*/=2),
so we conclude as claimed. ]

Using Lemma 6.4.10, we obtain the following analogue of Corollary 6.4.8 for p < 2.

Lemma 6.4.11. Let 1 > w € R" be nonnegative weights. Let 0 < p < 2 and let A € R"*% be
such that W'/2A is orthonormal. Let 7 > max?leeiTWWAHZ. Then,

log d
2—p

log E(B?,(A), B*(A), 1) < 0(1)%7( 4 logn> -

Proof. In order to bound a covering of B?,(A) by B>(A), we first cover B2 (A) by B2 (A), and
then use Corollary 6.4.9 to cover B2 (A) by B*(A).

We will first bound E (B2 (A), BZ(A),t) using Lemma 6.4.10. For each k > 0, let &, C
B2, (A) be a maximal subset of B2 (A) such that for each distinct y,y’ € &, [y — ¥'[l,, > 8,

with &, := {0} for 8¥*!t > n'/P~1/4, Note then that
€l > E(BL(A), By, (A), 8).
By averaging, for each k, there exists y¥) € &, such that if
Fe={yec&: |y —y"|wa <8},
then

& B(By,(A), B (A),8")
| F| > E(BY(A), B2 (A), 8k1) = E(B%(A), B2 (A),8k1)

We now use this observation to construct an /,-packing of BZ(A), where p’ is the Holder
conjugate of p. Let

1
Gr = {8k+1t(y_y(k)) 'Y € Fk}

Then, G, € B2 (A) and G, C BE(A) - 2/8t, and ||y — y'|lw2 > 1/8 for every distinct
v,y € Gi. Then by Holder’s inequality,

1 ) 4
@ Sy =¥l Iy =¥lplly =¥ lwy < gy = ¥l

50 ||y = ¥'lly, = 2 - 8"77t. Thus, Gy is an £,,-packing of B}, (A), so

log B(B},(A), B(A),8"7%) > log|Gy| = log| Fi|

> log E(BL,(A), By.(A),8°t) —log E(BL,(A), Bo(A), 8511).
(6.3)
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Summing over k gives

log E(By,(A), BEV(A), t)
= ) log B(BL(A), By(A),8) — log E(BL(A). By, (A), 87't)

k>0
< Y log E(BL(A), Bi(A),8" %) (6.3)

k>0

O ! P ogd il 6.4.10, Cor. 6.4
> <1)(t/2)2p’/(1)’—2) : <p’—2 oga + ogn>7' Lem. 6.4.10, Cor. 6.4.9

1 p
- O(l)(t/Q)Qp/@—p) ' (2 —plogdﬂogn)T

where we take p’/(p’ — 2) = 1 for p’ = oo. Using this and Corollary 6.4.9, we now bound

log E(BL,(A), BX(A), 1) < log E(BI,(A), B3(A). \) + log E(B%(A), B*(A), /)

1 P (logn) -7
<0(1 . logd +1 O(l)—————
< O( )()\/2)2[)/(271)) (Q—p ogd + ogn)T—l— (1) i)
for any A € [1,t]. We choose A satisfying
1 _ (/2
(A\/2)2p/(2=p) 42
which gives
2p/(2—p)
(\/2)%P/(C=P) = (t2)2+2p/<2—m =P
so we obtain a bound of . .
O(1)— logd +1 :
( )tP(Q—p ogd+ ogn)T
[

6.4.3 Entropy integral for /, Lewis weight sampling

We will now specialize the general results derived previous to the case of £, Lewis weight sampling.
For this setting, we will make use of reweighted ¢, norms. We first translate our pseudo-metric
bounds to this reweighted setting.

Lemma 6.4.12. Let A € R"*? and let 0 < w € R" be y-one-sided ¢, Lewis weights. Let
J={i€n]:w; >¢e/n} D{i€n]:0f(A)>c/n}. Letw = max;c; w; and W = diag(w).
Let dx be the pseudo-metric as defined in Lemma 6.4.1. Then for ¢ = O(log(n/¢)),

20| WP Ax — WP AX||”) :

2w/ (HWH11>/2*1/,yp/2)1/271/p||W*1/PAx — W’l/pr’qu p>2

p<2
dX(X7X,) S
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and

4. 1/2 2
dam(pr(a)) < @ p=
dp - (v PR wlF T w) 2 p>2

Proof. We have that
[(Ax — AX) |||, = [|[WYP(W VP Ax — WPAX) 4]
< w'P||(WHPAx — W_l/pr’)|JHOO

and o?(A) < v P2 w|?"* " w for p > 2 and 6P(A) < v~'w for p < 2 by Lemma 6.2.4.
Furthermore, note that w; > ¢/n for each i € J, so

=y lolig = Iy lolE > livls I
so for ¢ = O(log(n/¢c)), we have
[((WYPAx — W YPAX)| ]l < 2[WVPAX — WVPAX |,
Plugging these results into Lemmas 6.4.1 and 6.4.2 yields the desired result. U

Next, we obtain entropy bounds using our lemmas from Section 6.4.2 for covering the index
set T = BP(A) = B (W~'/PA) of the Rademacher process by B% (W /P A) (unit balls of the
||-||w,q norm), as required by Lemma 6.4.12.

Lemma 6.4.13 (Entropy bounds, p > 2). Let2 < p < co. Let A € R™*? and let 0 < w € R” be
~v-one-sided £, Lewis weights. Let w = max;e[,) ;. Then,

log(n/e)

p/2—1
’yp/2t2 |1 :

log E(BP(A),dx,t) < O(p*w)

Iwi

Proof. We first bound

log E(BP(A),dx,t) < log E(B*(A), K|[W Y7 A()|lw.4,t)
for K = 2pw'/2(||w|?/*7* J4?/2)1/2-1/P by Lemma 6.4.12. We have by Lemma 6.2.2 that

BP(A) C ||lw|;/* . BL(W1PA)
so we then have
log E(BP(A), K|[[W Y2 A()|lw.g 1)
< log E(|wly/>™" - BL(W P A), K|W Y A() |l )
< log E(BL(W™YPA), [WYPA() |l t/K|w]> 7).

Note that the entropy bounds do not change if we replace A by AR, where R is the change
of basis matrix such that W1/2-1/? AR is orthonormal. Then by the properties of y-one-sided /,,
Lewis weights (Lemma 6.2.1), we have

lef WP AR|2 = w; *7|je] AR|2 < 771
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We can then apply Corollary 6.4.8 to bound
log E(By, (WP A), [[WYPA) gt/ K [l 7)

n2/QQ . /y*l _
O(1)—— (K [|w|}}/*"/7)?

< L
log(n/e) - v 1w _
< 0 B iy e
log(n/e _
< Otu) 20 2

]

Lemma 6.4.14 (Entropy bounds, p < 2). Let 0 < p < 2. Let A € R™*? and let 0 < w € R" be
~-one-sided ¢, Lewis weights. Let w = max;c,) w; and W = diag(w). Then,

log E(BP(A),dx,t) < O(l)—(

Proof. We first bound

log E(B"(A), dx, t) < log E(B*(A), KW~ PA()|[4/7, 1)

w7q’

= log B(B"(A), [[W™YPA() w.q. (t/K)*7)

for K = 2w'/? by Lemma 6.4.12. Note that the entropy bounds do not change if we replace A by
AR, where R is the change of basis matrix such that W'/2-1/P AR is orthonormal. Then by the
properties of y-one-sided ¢, Lewis weights (Lemma 6.2.1), we have

le; WYPAR|2 = w; *7|je] AR|2 <~ L.

Then by Lemma 6.4.11, we have that

|
g BB (A), [W P AC) e (0/)%7) < O1) % (722 4 togn ).

]

We may now evaluate the entropy integral required in Theorem 2.3.6. We use the following
calculus lemma:

Lemma 6.4.15. Let 0 < A < 1. Then,

Y
/0 \/log%dt:)\\/log(l/)\)—l—gerfc(\/log(lﬁx))SA( log(l/)\)+§)

Proof. We calculate

A F o0
log — dt = 2/ z? exp(—2?) dx x = +/log(1/t)
A t \/log(1/X)
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=— x - —2r exp(—2?) dw

A\ /log(l/)\
2 . .

zexp(— — / exp(—x~) dr | integration by parts

< 10%(1/)\) £/ log(1/X) ( ) >

oL Y e o
=A log/\—i— 5 erfc log)\

Lemma 6.4.16 (Entropy integral bound for p < 2). Let 0 < p < 2. Let A € R™*< and let
0 < w € R" be y-one-sided ¢, Lewis weights. Let w = max;¢|,) W;. Then,

]

00 1/2
/ Vieg E(BP(A),dx,t) dt < O((w/v)"?) (éogc]i? + logn> logd
0

Proof. Note that it suffices to integrate the entropy integral to diam(B?(A)) rather than co, which
is at most 4(w/v)'/2 for p < 2 by Lemma 6.4.12.
For small radii less than A for a parameter \ to be chosen, we use a standard volume argument,
which shows that n
log E(BP(A),dx,t) < O(d)log 7

(0]
A A n
/\/IogE(BP(A),dX,t)dt:/ ,/dlog;dt
0 0
A
1
g)\\/dlogn—l—\/a/ \/loggdt
0

1
< \/dlogn + \/E(M/log 1 + \/7%)\> Lemma 6.4.15

gO(A),/dlogg

On the other hand, for large radii larger than A\, we use the bounds of Lemma 6.4.14, which gives

log d
20g » + log n) (w/7v)

log E(B"(A),dx,t) < O(1 )t2 (

so the entropy integral gives a bound of

o() [(;"g‘; +log n) (w/’y)} 1/2 /A B 1 dt
_ O(l){(;ogi—i—logn)(w/’y)}l log 2P < )1/2.

We choose A\ = \/w/~d, which yields the claimed conclusion. ]
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An analogous result and proof holds for p > 2.

Lemma 6.4.17 (Entropy integral bound for p > 2). Let 2 < p < oco. Let A € R™*? and let
0 <w € R" be y-one-sided £, Lewis weights. Let w = max;c|,) W;. Then,

/ Viog E(Br(A), dx, 1) dt < O(pw')(|w[}/*~ /77/%)!/*(log(n/e)) "/ log d
0

Proof. The proof is similar to the case of p < 2. We again introduce a parameter \. For radii
below ), the bound is the same as Lemma 6.4.16. For radii above )\, we use Lemma 6.4.13 to

bound
log(n/<)

p/2—1
fyp/QtQ |1 '

log B(B"(A),dx,t) < O(p*w) [w]

so the entropy integral gives a bound of

1/2 p/2—1 _p/2\1/2 1/ diam(BP(A)) |
O(pw (||l /4722 log(n/2)) /2 - / L
Ap- (v PR wl* w)

< O ) ([wlf* ™" /77/%)"*(log(n/e)) '/ log R

Lemma 6.4.12

Choosing A = pw!/2(~v/2||w]|[?*~")1/2/\/d yields the claimed conclusion. O

6.5 Analysis of /, Lewis weight sampling: endgame

We will now assemble our previous lemmas to prove the main sampling theorem for y-one-sided
¢, Lewis weight sampling.
Theorem 6.5.1. Let 0 < p < co. Let A € R"*? and let 0 < w € R" be y-one-sided £, Lewis

weights. Let & > 0 and let p; = min{1, w’(A)/a} for i € [n]. Let S € R™*" be the diagonal

matrix formed by independently setting S;; = 1/ pi /7 with probability p; and 0 otherwise for each
i € [n]. Then for

e
(log d)?(log n) log 3
,}/p/2€2
[wif*™" (log d)? log(n/<) log 5
ISAx[F = (1 +¢)||Ax][

p<2

o =

> 2

for every x € R¢. With probability at least 1 — §, the number of rows sampled is at most

log d)?(1 log &
0w FEDLEIIED)
nnz(S) = Z L .
0 p/2 (log d)* log(n/e) log § 5
HWHI ’)/p/2€2 p >

76



Proof. In Lemma 6.3.1 we have reduced our task of bounding the sampling error to bounding
the [-th moments of a certain Rademacher process. The bound for this Rademacher process is
reduced to a bound for another Rademacher process of the form of (6.2). Here, A’ is an m X d
matrix with m = O(n/a) rows whose ¢, Lewis weights are uniformly bounded by «, for any
a € (0,1) of our choosing. We bound the tail of this Rademacher process via Dudley’s entropy
integral (Theorem 2.3.6), which then leads to moment bounds via integration (Lemma 2.3.7).

We now evaluate the moment bounds. The entropy integral £ and diameter D required in
Lemma 2.3.7 are given by

log d

1/2
O((a/v)'?) (rp + logn) log d p<2

O(pa’?) (v /2 |w|[* )2 (log(n/e))? logd  p > 2

5:

by Lemmas 6.4.16 and 6.4.17, and

o 4 (/) p<?2
T\ dp - QPR w2 p > 2

by Lemma 6.4.12. Then for « as chosen in the theorem statement, the moment bound is at most
de!. This is the bound requested by Lemma 6.3.1, and thus this proves the theorem. ]

6.6 Online /, Lewis weight sampling

In this section, we obtain the first online ¢,, subspace embeddings which achieve guarantees which
nearly match those of Theorems 6.1.9 and 6.1.11. This provides a generalization of the results
of [CMP16, CMP20] for ¢, subspace embeddings to ¢, subspace embeddings, and answers open
questions of [BDM " 20] and [CLS22].

We define online ¢, Lewis weights, which are defined analogously to online leverage scores
(Definition 1.3.4).

Definition 6.6.1 (Online ¢, Lewis weights). Let A ¢ R™*% and 0 < p < oo. Then, for each
i € [n], the ith online ¢, Lewis weight is defined as

/2
p,OL(A) min{ [az'T(AL1WP’OL(A>§:12/pAi—1)_ai]p 71} if a; € rowspan(A;_1)
W =

(3
1 otherwise

where WPOL(A); is the j x j diagonal matrix with WPOL(A);(i,7) = wP°(A).
Note that by maintaining the online Lewis quadratic A" , WP°L(A) 11__12 /P A;_1, we can access

w?°L(A) upon the arrival of row a; by using only O(d?) words of memory.

6.6.1 Lemmas from linear algebra

Before we prove our results about online /,, Lewis weights, we need a few linear algebraic lemmas.
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Lemma 6.6.2. Let R = VRV € R™ where R € R™*" is a symmetric positive definite matrix
and V € R%" has orthonormal columns. Then,

R =VR 'V
Proof. Note that VRV T is an inverse for the column space of R, i.e.,
R(VR'VHR=VRR'RV' =R
and a weak inverse, i.e.,
(VRI'WVHR(VR'VT) = VRV,

One can also easily check that both R(VR™'VT) and (VR 'VT)R are Hermitian. Thus,
VR 'V is uniquely determined to be the pseudoinverse of R. ]

Lemma 6.6.3. Let 0 < R < S € R% by symmetric positive semidefinite matrices. Let
a € rowspan(R). Then,

a R a>a'S a.
Proof. Let V € R¥" be an orthonormal basis for V' := rowspan(R), where = dim(V/). Let
P = VV' be the projection matrix onto V. Write a = Vb forb € R" and R = VRV,
PSP = VSV for R, S € R™". Then, we have that
alR"a=b'V(VRV')"Vb=b'R!b

and
a'STa=b'V(VSVT)"Vb=b'S"'b.

Furthermore, for all x € R", we have that
x'VIRVx <x'V'SVx = x'V'PSPVx
so R < S, meaning that R~ = S~!. Thus,

aRa=b R 'b>b'S'b=a'S a. O

6.6.2 Properties of online /, Lewis weights
We first show that for 0 < p < 2, the online Lewis weights upper bound Lewis weights.

Lemma 6.6.4. Let A € R"™*?and 0 < p < 2. Then, for each i € [n],

wl(A) < wPOH(A)

3 (2
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Proof. We proceed by induction. It suffices to consider the case when w? ’OL(A) < 1, since
w?(A) < 1 forevery i € [n]. In particular, a; € rowspan(A,;_;) and

/2
WO (A) = |a] (AL, WPOH(A)TPA, 1), ’

7

Then, since 1 — % < 0, we have that

WPOL(A), = WP(A), = 0 = WPOL(A)ITPP < WP(A) /7

— AL (WPOH(A) TP — WP(A)TP)A, 1 <0
— ALWP’OL(A)g__f/pAH = ALWP(A);__E/Z’AFL

By Lemma 6.6.3, it follows that for every a € rowspan(A;_;),
al (AL, WPOHA)TPA ) a > al (AT WP(A)T7A )
Similarly, we have that
a' (AL, WP(A)77A; 1) a>a (ATWP(A)' 727 A)"a

for every a € rowspan(A,;_;). The result follows by taking p/2-th roots on the chain of inequali-
ties. []

Note that for p > 2, the above proof fails since 1 — 2 > 0, which causes the inequalities to go
the wrong way. Nevertheless, we show that these weights satisfy the one-sided Lewis property,
which we have shown to be sufficient for sampling in Theorem 6.5.1.

Lemma 6.6.5 (One-sided Lewis property of online ¢, Lewis weights). Let A € R"*¢ and
0 < p < oco. Then, for each i € [n],

wPOH(A) > 7 (WPOL(A) /2P ),

(2

Proof. We already have the result when a; ¢ rowspan(A;_1), so we assume a; € rowspan(A;_1).
Similarly, we can assume that w”°"(A) < 1. In this case,

i

p/2

wPO(A) = |a] (AL WPOH(A)TPA, 1) 2

which rearranges to

wPOH(A) = (wPOH(A)2 P T(AT  WPOH(A) TP A, )~ (WPOH(A) /2 ray).
By Lemma 6.6.3, this is bounded below by
(Wf,OL(A)l/Q—l/pai)T(ATWp,OL(A)l—Q/pA)—(Wf,OL(A)l/Q—l/pai) — Ti(Wp’OL(A)1/2_1/pA),

which is the claimed result. ]
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6.6.3 The sum of online ¢, Lewis weights

Finally, we bound the sum of online Lewis weights, using bounds on the sum of online leverage
scores. Our proof substantially simplifies the proofs of [BDM 20, Lemma 4.7, Lemma 5.15],
which relied on an elaborate argument involving recursive applications of a “whack-a-mole”
lemma of [CLLM ™ 15], and also slightly improves the bound by logarithmic factors.

Lemma 6.6.6 (Sum of online ¢, Lewis weights). Let A € R"*? and 0 < p < oc. Then,
> wrOH(A) < O(d) log(nk®(A)).
i=1

Proof. Our analysis is similar to those given by [CMP20] and [WY22b]. For w?°“(A) < 1, we

i
have that
p/2

Wi (A) = [a] (AL, W"OH(A) TP A1) 2y

7

This rearranges to

W OH(A) = (WP O (A)2 ) T(AT WPOH(A) TP A (wEOH (A ),

7

which is exactly the ith online leverage score of WPOL(A)!/2=1/P A Similar reasoning for
w?%L(A) = 1 shows that w”°"(A) = 7OL(WPOL(A)1/2-1/PA). Thus,

S wrOH(A) = 37 rOHWPOL(A) /2 PA) < O(dlog KOHWPOH(A) 2P A)
=1 =1

by bounds on the sum of online leverage scores (Lemma 1.3.8). If p < 2, then we have for any
x € R%and i € [n] that

|Ax]], < |[WPOH(A) 2P A, < [[WP(A)2 P A,
< VA, < (nd) V2 A,

s0 KO (A) = poly(n)kOt(WPOL(A)Y/2-1/PA). If p > 2, then by Lemma 6.2.3,
1A, < [[WPOH(A)2 P Aux]|, < [[Ax],.
Thus,

iw?OL(A) < O(d) log(nk®-(A)). O

Now that we have established the one-sided Lewis property of the online ¢, Lewis weights
and bounded their sum, sampling results immediately follow from our results on sampling with
one-sided ¢, Lewis weights in Theorem 6.5.1.
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Chapter 7

{p sensitivity sampling [WY23c]

7.1 Beyond ¢, Lewis weight sampling

In this section, we study the ¢, sensitivity sampling algorithm for sampling ¢, subspace embed-
dings. Recall from our discussion in Section 1.3.1 that the general sensitivity sampling framework
provides an approach towards constructing coresets for an extremely wide class of shape-fitting
problems, and when specialized to the case of ¢, subspace embeddings, sensitivity sampling
achieves a poly(d)/e? bound on the row count for any fixed 0 < p < oo (Section 6.1), although
is not known to achieve the nearly optimal row counts that are possible with ¢, Lewis weight
sampling. However, for p > 2, £, sensitivity sampling in fact has the potential to produce a
smaller number of rows than ¢, Lewis weight sampling, if the total sensitivity G”(A) is small.
Indeed, G”(A) can be as small as d even for p > 2 (while the worst-case bound is dP/?), in which
case one obtains a sample complexity of 0(5_26d) = O~(5_2d2) for such matrices, while Lewis
weight sampling would require O(s”dp/ %), which is polynomially worse for p > 4. We discuss
several explicit families of matrices with small total sensitivity in Section 7.2. Thus, despite the
fact that ¢, Lewis weight sampling already achieves nearly optimal bounds in the worst case (see
Chapter 6), the study of sensitivity sampling using the scores of Definition 6.1.2 is still interesting
for two reasons:

1. The definition of sensitivities can be massively generalized to a wide variety of sampling-
based approximation problems.

2. For p > 2, sensitivity sampling admits matrix-dependent bounds which can circumvent the
lower bounds of Theorem 6.1.5.
For these reasons, our work in [WY?23c] studies the problem of obtaining the tightest possible
bounds for ¢, sensitivity sampling:

Question 7.1.1. What is the smallest sample complexity possible for the £, sensitivity sampling
algorithm?

While we are not able to complete resolve Question 7.1.1, we make progress towards this
question by giving an analysis of ¢, sensitivity sampling which goes beyond the general case
bound of O(eiQGd) for p > 2. Our analysis also gives a similar result for p < 2, although this
result is superseded by an analysis that relates £, sensitivity scores to ¢, Lewis weights, which
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achieves a bound of O(s~2d'?/2&) [CD21, MO23].

Theorem 7.1.2 (¢, sensitivity sampling [WY23c]). Let1 <p < coandlet A € R™ 4 Leta > 0
and let ¢; = min{1,1/n + o%(A)/a} fori € [n]. Let S € R™*" be the ¢, sampling matrix with
probabilities {¢;}! ;. Then, with probability at least 99/100, there is an « such that S is an /,
subspace embedding satisfying Definition 1.1.1 with x = (1 + ¢), and furthermore, S has at most
7 nonzero rows, for

£726P(A)¥? poly logn 1<p<2
B e726P(A)* P polylogn 2 <p < oo

Our improved analysis of ¢, sensitivity sampling is largely based off of the analysis of /,
Lewis weight sampling in the works of [BLLM89, ['T91], and in particular makes use of similar
chaining arguments (see Chapter 6 for further details). In these arguments when ¢, Lewis weights
are used as sampling probabilities, then such a chaining argument goes through due to the fact
that the resulting matrix has uniformly bounded leverage scores and ¢,, sensitivities, which in turn
is a consequence of the specific definition of Lewis weights. However, when we instead use the ¢,
sensitivities as the sampling probabilities, we no longer have this property, and the analysis needs
to be modified.

To address this problem, we observe that although ¢, sensitivity sampling does not directly
lead to uniformly bounded leverage scores, it does lead to uniformly bounded ¢, sensitivities in
the resulting matrix. We then show that this in turn implies approximately uniformly bounded
leverage scores, by relating the /,, sensitivities to the leverage scores.

7.2 Structured matrices with small total sensitivity, p > 2

We first show several examples in structured regression problems in which our new sensitivity
sampling results give the best known sample complexity results for ¢, subspace embeddings for
p > 2. We start by presenting a couple of lemmas which show that certain natural classes of
matrices have total ¢, sensitivity < d?/2,

The first result is a lemma extracted from a result of [MMM"22] bounding the total £,
sensitivity for a sparse perturbation of low rank matrices:

Lemma 7.2.1 (Sensitivity bounds for low rank + sparse matrices [MMM "22]). Let A = K+S €
R4 for a rank & matrix K and an S with at most s nonzero entries per row. Let 1 < p < oo.
Then, GP(A) < d*(k + s)P.

Proof. Let r be an integer such that 2" < p < 2"*1. Then, for each i € [n], we may write

k s
a; =k; +s; = g Q;jVj+ E Bijei;
j=1 j=1

where v; € R? for j € [k]. Then, the tensor product a{’*" of a, with itself 2" times can be written
as a linear combination of tensor products y; ® - - - ® yor, Where each y, for ¢ € [2] is one of
{Vi,Va, ..., Vi, €i,,€,...,€.}. Thus, a®" lies in the span of at most (k + s)*" vectors, for a
fixed choice of e;,, €;,, ..., €;,. Since there are at most d® possible choices of the sparsity pattern,
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every a®? for i € [n] lies in the span of at most d’ := d*(k + s)?" vectors. That is, if A®?" is the
Khatri-Rao 2"th power of A, then A®?" is a rank d’ matrix. Then, we have that

p/2"

[AX](D) = ([[AX](@)]* )P = (2, )" )P = [(af?, x*")

SO
[AX] (i) A5 %2 (i) A= x] (i) "
veto |AX[D sz yor P2 = aon 227 [|P/2
Ax#0 » Ax0 [|ASTXE2|[, A= xA0 || AR,
that is, the £, />~ sensitivities of A®%" upper bound the ¢, sensitivities of A. Since p/2" < 2, the
total £, /o sensitivity of A®?" is bounded by its rank, which is d'. ]

In a second example, we show that “concatenated Vandermonde™ matrices, which were studied
in, e.g., [ASW13], also have small total ¢, sensitivity. These matrices naturally arise as the result
of applying a polynomial feature map to a matrix.

Definition 7.2.2 (Vandermonde matrix). Given a vector a € R", the degree ¢ Vandermonde
matrix V9(a) € R+ is defined entrywise as V?(a); ; = a for j = 0,1,...,q.

Definition 7.2.3 (Polynomial feature map). Given a matrix A € R™** and an integer ¢, we define
the matrix V(A) € R™*@+1) to be the horizontal concatenation of the Vandermonde matrices
Vi(Ae;),Vi(Aey),...,Vi(Aeyg).

We then have the following:

Lemma 7.2.4 (Sensitivity bounds for matrices under polynomial feature maps). Let A € R"**
and let ¢ be an integer. Let 1 < p < oo. Then, &7(V(A)) < (pq + 1)".

Proof. Let r be an integer such that 2" < p < 2'+!. Fix some x € R*9t1) Now consider the
vector (a, x), where a is a k(g + 1)-dimensional vector of monomials of degree 0 through ¢ of

the indeterminate variables a1, as, . . ., ax, that is,
_ 2 q 2 q 2 q
a=(1,ay,af,...,a{, 1l,a9,a3,...,a3, ..., Loagaj,...,a}).
Then, (a,x) is a degree ¢ polynomial in the indeterminates a;, as, ..., a; with coefficients
. or ", o . .
specified by x, so (a,x)” is a polynomial in the indeterminates a1, as, . . ., a, such that every

monomial term is at most degree 2"¢ in each variable. Note that there are at most k variables,
so there can be at most (2"q + 1)* possible monomials, by choosing the degree of each of the
monomials. Let x” denote the coefficients of this polynomial in the monomial basis, for a given
set of original coefficients x.

Now consider the matrix V9(A). Then, for a fixed x € R¥@+1_[V9(A)x](7)?" is the evalua-
tion of (a, x)QT at the ith row a; of A for the indeterminates a, as, . . ., aj, SO it can be written
as the linear combination of at most (2"q + 1)¥ monomials evaluated at a;, with coefficients x’.
Thus, [V9(A)x](i)?" = A’x’ for some A’ with rank at most (2"¢ + 1)*.

Finally, note that

VAR = (VA6 = [[AX] )

Thus, the total £, sensitivity of V9(A) is bounded by the total /,, /o~ sensitivity of A’, which is at
most (27g + 1)* < (pg + 1)*. O
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This generalizes a result of [MMM *22], which bounds the ¢, sensitivities of a single Vander-
monde matrix.

In the low-sensitivity matrices of Lemma 7.2.1 and Lemma 7.2.4, it is in fact possible to apply
Lewis weight sampling to obtain sampling bounds that match these sensitivity bounds, by using
the tensoring trick [MMM " 22]. However, when a tiny amount of noise is added to these matrices,
then algebraic tricks such as tensoring break down, and the sensitivity bounds derived from Lewis
weights increase substantially to d”/? for p > 2. On the other hand, sensitivity sampling itself
is robust with respect to the addition of noise, as it depends only on norms rather than brittle
quantities such as rank.

Lemma 7.2.5. Let A € R"¥? be a rank d matrix with minimum singular value o,,;,. Let
E € R™"*? be an arbitrary perturbation matrix with

Omin

Bl < 52
Then, G?(A + E) < 2P(&P(A) + 1).
Proof. For any x € R¢, we have that
(A +E)x], = | Ax],  [Bx],
= [|Ax]|, = vn|Ex]|,
= || Ax], = 7=

Wﬂxﬂz

Omin 1
= [|Ax|[, £ —=—|Ax]|,

\/ﬁ Omin
1
= | Ax], + 3 | Ax],
= (1+1/2)[|Ax]],

[(A+EXO" _ 0 [[AX@
I(A+Ex]; = [(A+E)x]|;

[Ex]@" o, [[AX]@F o [[Ex)()]"

+2p71 p — p p -
(A + E)x|j; [ AX]|; [Ax]l;

The first term is clearly bounded by 2”0 (A) for any x. On the other hand, the second term is
bounded by

JEXIO P _ Bl [

—_ < n

JAx[Z = Ax]? |Ax]?
o b IXIE 1 Ax]p _ IAX[E o
w2 [Ax|? = % P [Ax|P = 7 nAxIP T n

Thus, the total sensitivity is bounded by

23 o?(A) | Lo wera)+1).
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Thus, for small perturbations of structured matrices with small £, sensitivity as specified by
Lemma 7.2.5, Theorem 7.1.2 give the tightest known bounds on the sample complexity for ¢,
subspace embeddings. Such perturbations may arise due to roundoff error or finite precision
on a computer, and no prior bounds beating Lewis weight sampling or the naive &d bound for
sensitivity sampling were known for the applications above.

7.3 Properties of /, sensitivities

We will first collect several results on ¢, sensitivities that we will use.

7.3.1 Monotonicity of max ¢, sensitivity

Lemma 7.3.1 (Monotonicity of max ¢, sensitivity). Let ¢ > p > 0 and y € R". Then,

P q
y p y q

Proof. We have that

Iyl =D _Iy@1 < Iyl Y_ly@F = Iyl Iyl
i=1 i=1

SO
Iyliee o lIylle Iy lee

Iyl Iy lg/ Iyl il

We also use an “approximate converse” of the above result:

Lemma 7.3.2 (Reverse monotonicity of max /, sensitivity). Let ¢ > p > 0 and y € R". Then,

qa/p
||yuzo<<||yuzo) i
q — p :
Iyl = Iyl

Proof. Since |ly||, < |ly||,n'/?~/%, we have that

. qa/p
Iyle o ly@l vl (nyn’;) i1

Iyllg = ylly - nt=ae = llylly - nt=oe A [yl
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7.3.2 Flattening /, sensitivities

We give a sensitivity flattening lemma, analogous to the ¢, Lewis weight flattening lemma of
Lemma 6.3.2.

Lemma 7.3.3 (¢, Sensitivity Flattening). Let A € R"™? and 1 < p < co. Let C' > 1. Then,
there exists a A’ € R™*4 for m = (1 + 1/C)n such that |Ax|, = [|A’x]|, for every x € RY,
GP(A) = 67(A’), and o}, (A’) < CSP(A)/n for every i’ € [m].

Proof. Suppose that for any row a; € R of A fori € [n] with o¥(A) > CSP(A)/n, we replace
the row with k := [o?(A)/(C&P(A)/n)] copies of a;/k'/? to form a new matrix A’. Then, we
add at most

a;(A) ol(A)  G"A) n
2. {CGP(A)/n—‘ 1S ) CEAn - CerA)n = O

i:oP(A)>6P(A)/n i:07 (A)>6P(A)/n

rows. Furthermore, we clearly have that [|Ax||, = [|A’x]|, for every x € R, and also for any
row ¢ € [m] that comes from row i € [n] in the original matrix,

[[AX] @) _ C&P(A)/n[[AX](H)" _ CSP(A)
A, —  oi(A) A, T o

1

Finally, it is also clear that the sum of the sensitivities is also preserved, since the sum of the
sensitivities of the & copies of each row ¢ € [n] in the original matrix is o7 (A). O

7.3.3 Total sensitivity

Here we collect several bounds on the total ¢, sensitivity.

Lemma 7.3.4 (Sampling preserves total sensitivity). Let A € R™?and 1 < p < oo. Let Sbe a
random /,, sampling matrix such that with probability at least 3 /4,

[SAx]|, = (1 £ 1/2)[Ax]],

simultaneously for every x € R?. Then, with probability at least 1/2,

1
Pr{&"(SA) < 86/(A)} > 5.
Proof. We have that
[SAX](i Ax](i)]” [|Ax];
SUp ————5— SP. sup
ZSAxaféO ||SAX||p Zl "' SAx£0 HAX||p ISAx|?

< g SP.ol(A) sup ———
- i )SAxEéO ||SAXHp
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We are guaranteed that
| Ax[;

Pr{ sup ——2 <2, >
{SAx;«éo IS Ax||; }
On the other hand, we have that

so by Markov’s inequality,

e

A~ w

Pr{ZS“ ol <46p(A)}2

By a union bound,
Pr{G?(SA) < 867(A)} >

N | —

We also prove a high probability and high accuracy version of Lemma 7.3.4.

Lemma 7.3.5 (Sensitivity sampling preserves total sensitivity: high probability and accuracy).
Let A € R™Yand 1 < p < co. Let 0 < &,6 < 1. Let S be a random ¢, sampling matrix such
that with probability at least 1 — 6,

ISAx]|, = (1 +&)[[Ax]],
simultaneously for every x € R?. Furthermore, suppose that
o’ .

2p
_1<M:M
G 3log 2

for every i € [n]. Then, with probability at least 1 — 20,
Pr{G”(SA) = (1+0(g))&P(A)} > 1 —24.
Proof. The proof follows Lemma 7.3.4. Just as in Lemma 7.3.4, we have that

ZS sup HAXHp
i SAx¢0||SAXHp

Similarly,
Ax|?
ZS“ o?(a) int 1oXlp
SAx;éO ||SAX||

Furthermore, since o;/q; < M, S0 ( ) /M is a random variable bounded by 1, with.

) 2
>—1 -
Ogé

—~S07(A)|  &P(A
M g2

(2Y2 ’L

E
M

i=1
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Thus by Chernoff bounds, we have that

Pr{i SP o?(A) = (1+ s)Gp(A)} >1-4.

We conclude by a union bound as in Lemma 7.3.4. ]

7.4 Analysis of /, sensitivity sampling

We will now turn towards an analysis of the /¢, sensitivity algorithm. Most of the components
of the chaining argument for ¢, Lewis weight sampling discussed in Chapter 6 will apply to our
setting, such as the reduction to a Rademacher process in Section 6.3 and the use of Dudley’s
entropy integral in Section 6.4.

7.4.1 Dudley’s entropy integral

The crucial change to the argument comes from the fact that we need to separately control the
leverage scores and sensitivity scores when bounding the Rademacher process associated with
sensitivity sampling. We have the following lemma which bounds Dudley’s entropy integral in
terms of the maximum leverage score 7 and maximum sensitivity score o.

Lemma 7.4.1 (Entropy integral bound for p < 2). Let 1 < p < 2 and let A € R"*? be
orthonormal. Let 7 > max?_, HeZTAHj and let o > max?_, o7(A). Then,

* log d 12
/ Vg E(BP,dx,t) dt < O(r/?) (;i + log n) log do
0 - p T

Proof. Note that it suffices to integrate the entropy integral to diam(B?(A)) rather than co, which
is at most 40'/2 for p < 2 and 4po'/? for p > 2 by Lemma 6.4.2.
By Lemma 6.4.1, we have that

log E(B”, dx,t) < log E(B”,2||-|%%,t) = log E(B”, B, (t/2)*/")
For small radii less than A for a parameter \ to be chosen, we use a standard volume argument,

which shows that n
log E(BP, B*,t) < O(d) log 7

A A o
log E(BP, B>, t) dt = dlog — dt
Vlog E( ) ;
0 0

A
1
< )\\/dlogn+\/a/ wlog;dt
0
1
< )\\/dlogn+\/3</\\/10gx+\/7%/\) Lemma 6.4.15

SO
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< O(/\),/dlogg

On the other hand, for large radii larger than )\, we use the bounds of Lemma 6.4.11, which gives

1 /1
log B(B?, B=, (1/2)%/?) < 0(1>t—2(2"gd + logn)T
-Pp

so the entropy integral gives a bound of

log d 12 papot/? log d V2 ypol/?
O(l)Kz_p‘HOg”)T} //\ ;dt—O(l) 2_p+logn 7| log T

We choose A\ = \/7/d, which yields the claimed conclusion. ]

An analogous result and proof holds for p > 2.

Lemma 7.4.2 (Entropy integral bound for p > 2). Let 2 < p < oo and let A € R4 be
orthonormal. Let 7 > max?_, HelTAH; and let ¢ > max?_ , o?(A). Then,

p*do

/ Viog E(Br, dx,t) dt < O(pr'/?) - (on)>"V2(logn)"/? - log
0

Proof. The proof is similar to the case of p < 2. We again introduce a parameter \. For radii
below A, the bound is the same as Lemma 7.4.1. For radii above )\, we use Lemma 6.4.1 to bound

log E(BP,dx,t) < log E(BP,2p - c'/>7 /7. Ill,t) <log E(BP,B*,t/2p- g/2-1/p)
Then by Corollary 6.4.9,

log E(B?, B>, t/2p - 0.1/271/17) <log E(BZ7 B*® t/2p - (Un)l/Qfl/p)
(logn) -1

<OW’)—%

. (Un)1_2/p

so the entropy integral gives a bound of

diam(BP(A)) po.l/2
O(pTl/Q)-(an)l/Q’l/p(log n)1/2-/ n dt < O(pTl/z)-(on)l/%l/p(log n)l/Q-log N
A

Choosing A = /7/d yields the claimed conclusion. ]

7.4.2 Sensitivity sampling, p < 2

Our first result is a sensitivity sampling guarantee for p < 2.
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Theorem 7.4.3 (Sensitivity sampling for p < 2). Let A € R"™*?and 1 < p < 2. Let Sbe a
random ¢, sampling matrix with sampling probabilities ¢; = min{1,1/n + o+ (A)/a} for an
oversampling parameter « set to

1 GP(A)2r! log d 1
- = % lO(llog O R (ﬁ g Og”) (log d)? + z}
o} € 2—0p €

G&P(A)Yr—1 11
= Lpoly logn,log —, ——
g2 0'2—p

for

1 1 d
l—0(10g5+loglogn+log2_p—|—10gg>.

Then, with probability at least 1 — ¢, simultaneously for all x € RY,

ISAx, = (1 4 )| Ax]];.

Furthermore, with probability at least 1 — §, S samples

GP(A)/P 1 1
L poly | logn,log —, log
g2 0 2—p

ToOws.

Proof. Our approach is to bound

!
E sup ‘HSAxH”—l‘
S |l ax,=1 P

for a large even integer /. Using Lemma 2.3.2, we first bound

l

E sup

l
F ||SAX||§§—1] <@n?E E  suwp
|Ax][,=1

S e~ {£1}" | Ax||,=1

> ellSAX|(D)]

1€S

where S = {i € [n] : ¢; < 1}. For simplicity of presentation, we assume .S = [n], which will not
affect our proof.
By Theorem 6.1.9, there exists a matrix A’ € R™*? with m; = O(d(log d)*®) such that

A} = (1+1/2) Ax]]}

for all x € RY. Furthermore, because A’ in Theorem 6.1.9 is constructed by random sampling,
Lemma 7.3.4 shows that G”(A’) < 8GP(A) (note that we only need existence of this matrix).
We then construct a matrix A” € R™2*¢ with my = O(a *&P(A) +d(logd)?) = O(a"1GP(A))
such that

o = nixo?(A") < o,
GP(A’) = GP(A”), and ||A'x||, = ||A"x]|, for all x € R? by viewing A’ as an (m; +
a 1GP(A)) x d matrix with all zeros except for the first 7m; rows and then applying Lemma 7.3.3.
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Now let

A/// — A
SA

be the (mq + ng) x d matrix formed by the vertical concatenation of A” with SA, where ng is
the number of rows sampled by S.

Sensitivity bounds for A”. We will first bound the ¢, sensitivities of A”". For any row i
corresponding to a row of A”, the ¢, sensitivities are already bounded by «, and furthermore, ¢,
sensitivities can clearly only decrease with row additions. For any row ¢ corresponding to a row
of SA that is sampled with probability ¢; < 1, we have that

[SAX]()" _  [[SAX]()] _ 1 [[AX]())]" _,o7(A)

<2 < <21
| Ax][7 | Ax]|? ¢ |Ax]? ¢

= 2a.

Thus, we have that o' (A"") < 2« for every row i of A”".
With a bound on the ¢, sensitivities of A"’ in hand, we may then convert this into a bound on
the leverage scores of A" using Lemma 7.3.2, which gives

T = mZalx T:i(A") < (20)%P(my + ng)?/P~1

where ng is the number of nonzero entries of S.

Moment bounds on the sampling error. We now fix a choice of S, and define

Fs:= sup
| Ax]|,=1

ISAx]” - 1].

Note that the event that ng is at least
Tlthresh = O(l lOg n) E[”S] = O(l lOg n)&*lgp(A%
occurs with probability at most poly(n)~! by Chernoff bounds over the randomness of S, and

l
|
1+Z—] < (n+1)%

F§ <
i—1 &

and thus this event contributes at most poly(n)~! to the moment bound E F§. Thus, we focus on
bounding E Fé conditioned on ng < Nipresh. Define

ma+ns

> sllAX|@)

=1

Gs = sup
lA"x|,=1

for g ~ N(0,1,,1ns)- Then,

IA"x[l; < (1+ 2+ Fs)[|Ax]}
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SO

ma+ngs l

S gllAX))

=1

Fé < 2! sup
lAx|,=1

matng ! (7.1)

> sllAX]|@)

i=1

<2 (1+2+4 Fs)'  sup
A" x|, =1

< 22713t + FL)GL.

We then take expectations on both sides with respect to g ~ N(0, I,,, +ng ), and bound the right
hand side using Lemma 2.3.7, which gives

E Gl < (25)1% +O0(VID)!

gNN(071m2 +ng )

where £ is the entropy integral and D = 40'/2 is the diameter by Lemma 6.4.2. We have by
Lemma 7.4.1 that

log d 12 o
£ <O(r?) (— + log(ms + ns)) log —
2—p T
1 1/2
< O(at/?(mg + ns)P712) (;’id + log(ms + ns>> log

Thus, conditioned on ng < Nipresh, WE have that

E G§ <
gNN(071m2+ns)

l
- 1 d 1/2
o) (52 s g ] + 001V

Note that
' Pl = O(llog n) 77120 (a7 &P(A)) /777 = O(log ) /7226 (A) P12,

which shows that

due to our choice of o and |.
Now if we take conditional expectations on both sides of (7.1) conditioned on the event F
that ng < Ninresh, then we have

E[F, | F] < 2271 (3" + E[FY | F)e'o < (3" + E[FY | F))(4e)'s

which means

12¢)'6
E[F. < (— < 2(12¢)!
[ S|f]—1_(4€>15— ( 8)6
for (4¢)'6 < 1/2. We thus have
12¢)!9
I < ( < I I
E[Fg] < T (455 = 2(12¢)'0 + poly(n)
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altogether. Finally, we have by a Markov bound that
FL < 2(12¢)' + %poly(n)l < 3(12¢)!
with probability at least 1 — ¢, which means that
Fs < 3-12¢ = 36¢

with probability at least 1 — 0. Rescaling ¢ by constant factors yields the claimed result. U

7.4.3 Sensitivity sampling, p > 2

For p > 2, we first need a construction of a matrix with a small number of rows and small
sensitivity. While this construction can be made to be a randomized algorithm succeeding with
high probability, it uses a sophisticated recursive sampling strategy which may be undesirable. In
Theorem 7.4.5, we use this result to show that a more direct one-shot sensitivity sampling can in
fact achieve a similar guarantee.

Lemma 7.4.4 (Recursive sensitivity sampling). Let A € R™%and 2 < p < co. Let 0 < ¢ < 1.
Then, there exists a matrix A’ € R™*? for

GP(A)*2/p pd
m = 0(292)% log(pd)* log —

such that
[, = (1 + )|l Ax][;
for every x € R% and G*(A’) < (1 + O(¢))&P(A).

Proof. Let A’ € R™*? be the flattened isometric matrix given by Lemma 7.3.3 with C' = 4,
where m < (5/4)n. Then for all i € [m], we have that
GP(A GP(A/
ol(A') <4 ( )<5 ( ).

7 — —

n m

Now consider the random sampling matrix S with sampling probabilities ¢; = 1/2. Note then
that sampling with probability ¢; = 1/2 and scaling by 1/¢; = 2 corresponds to muliplying by the
random variable €; + 1, where €; is a Rademacher variable. Thus,

n

E sup ||SA%[;-1]=E sup Z(ei + D)|[A%](3)|" — |[A'%](3)]"

S |arx|,=1 € |larx|,=1|"=

—E swp |Y al[AX(0)

© llax,=1|Z

By Lemma 2.3.2 and Theorem 2.3.6, this is bounded by

p*do

O(l)/ Vg E(T, dx,u) du < O(pr'/?) - (on)27/P(logn)'/? - log
0
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where 7 is an upper bound on the leverage scores of A’ and ¢ is an upper bound on the 7,
sensitivities of A’. By Lemma 7.3.1, we have that 7 < o, and furthermore, we can take
o = 5GSP(A’)/m. Thus, the resulting bound on the expected sampling error is at most

GP(A)-1/p
NG

so with probability at least 99/100, the same bound holds up to a factor of 100. Furthermore,
S samples m/2 < (5/8)n rows in expectation, so by Markov’s inequality, it samples at most
(3/2)m/2 < (15/16)n rows with probability at least 1/3. We also have that

ea = 0O(p) (logn)"?log(pd)

4 P(A’
qi m
so by Lemma 7.3.5, we have that
99
Pr{G&?(SA') = (1+ O(ea4))8"(A)} > 100"

By a union bound, SA’ samples at most (15/16)n rows, has sampling error at most ¢,,, and has ¢,
total sensitivity at most (1 + O(ea))&P(A) with probability at least 1/3 — 1/100 — 1/100 > 0.
Thus, such an instantiation of SA’ exists.

We now recursively apply our reasoning, by repeatedly applying the flattening and sampling
operation. Note that each time we repeat this procedure, the number of rows goes down by a
factor of 15/16, while the total sensitivity and total sampling error accumulates. Let A; denote
the matrix obtained after [ recursive applications of this procedure and let n; denote the number of
rows of A;. Then,

GP(Aq) 7P
Vi

> (1= 0(ea))O(p)

(log y11)"/? log(pd)

SP(A))-1/p
—(\/ﬁo (log n41)"/* log(pd)
[+1

p 1-1/p
> %1 - O(EAJ)O@%
101

> .
=700 M

as long as e 4, is less than some absolute constant. Thus, the sum of the €4, are dominated by the
last €4,, up to a constant factor. Now let L be the smallest integer [ such that €5, < ¢. Then, we
have that

€Al = O(p)

(logm;)"/* log(pd)

6P(AL) < (14 0(e))6"(A)

and thus
[ALx[[, = (1 £ O(e)) | Ax]]7

for every x € R¢. Furthermore, n;, satisfies
GP(A) /P
v
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or
(‘SP(A)Z_Q/I’

d
ny = O(p?) log(pd)? log p?

]

Theorem 7.4.5 (Sensitivity Sampling for p > 2). Let A € R™%and 2 < p < co. Let Sbe a
random /,, sampling matrix with sampling probabilities ¢; = min{1,1/n + 6% (A)/a} for an
oversampling parameter « set to

1

— = 0(p")&"(A)""(llog n)'~*/" log(pd) log

llogn

+O0(p?)l
for 1 GP(A
[ = O(logg +10glogn+logp+logﬁ).
€
Then, with probability at least 1 — §, simultaneously for all x € R?,
ISAX, = (1+ )] Ax]].
Furthermore, with probability at least 1 — §, S samples

P(A)2—2/p 1
il poly <10g n, log 5 p)

TOWS.

Proof. Our approach is to bound

E sup

l
Isax|p; - 1]
S x|, =1 !

for a large even integer /. Using Lemma 2.3.2, we first bound
!

[SAx||} — 1‘ (2m) /2 E sup
S anlion) ) llAx],=1

> gillSAx|(i

€S

E sup
S ||Ax||,=1

where S = {i € [n] : ¢; < 1}. For simplicity of presentation, we assume .S = [n], which will not
affect our proof.
By Lemma 7.4.4, there exists a matrix A’ € R™*? with m; = O(&>~2/?log(pd)*) such that

IAX]l, = (14 1/2)[| Ax|]]

for all x € RY, and GP(A’) < O(1)&P(A). Then for my = O(m; + G(A)at), let A” €
R™2*4 be the matrix given by Lemma 7.3.3 such that o7 (A”) < « for every i € [ms] and
|A"x||, = [|A’x]|,, for every x € R?. Now let

A/// — A
SA

be the (my + ng) x d matrix formed by the vertical concatenation of A” with SA, where ng is
the number of rows sampled by S.
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Sensitivity bounds for A”. We will first bound the ¢, sensitivities of A”". For any row i
corresponding to a row of A”, the ¢, sensitivities are already bounded by «, and furthermore, ¢,
sensitivities can only decrease with row additions. For any row ¢ corresponding to a row of SA
that is sampled with probability ¢; < 1, we have that

BAXI()P _ [[SA@)P _ [ISAOP _
Al = A ST A S

By Lemma 7.3.1, this immediately implies that the ¢, sensitivities, or the leverage scores, are also
bounded by 2.

Moment bounds on sampling error. We now fix a choice of S, and define

Fs = sup
| Ax]|,=1

Isax|; - 1]

Note that the event that ng is at least
Ninresh = O(Llogn) Elng] = O(llogn)a '&P(A),

occurs with probability at most poly(n)~! by Chernoff bounds over the randomness of S, and

1+Z ] < (n+1)%

and thus this event contributes at most poly(n)~! to the moment bound E F§. Thus, we focus on
bounding E Fé conditioned on ng < Nipresn. INOW define

ma+ns

S gl

i=1

Gg:= sup
lA"x],=1

for g ~ N(0,1,,,,1ns)- Then,
IA"x]; < (142 + Fs)[|Ax|}7

SO
ma+ns

> sllAX]@)

i=1

FL<2' sup
[ Ax[],=1

matns ! (7.2)

> sllAX]@)

=1

<2(1+2+Fg) sup
A", =1

< 2271(3' + Fl)Gs.

We then take expectations on both sides with respect to g ~ N (0, I,,,, ), and bound the right
hand side using Lemma 2.3.7, which gives

E G < (28 )—+0(\fp)

gNN(Ovlmg +ng )
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where & is the entropy integral and D = 4pc'/? is the diameter by Lemma 6.4.2. We have by
Lemma 7.4.2 that

2
E< O(p71/2) (o(mg + ns))l/z_l/p(log(mg + ns))1/2 . 1ng_da
-

< O(pa'’?) - (a(mg + ns)) "7 (log(ms + ns))"/? - log(pd).

Thus, conditioned on ng < Ninresh, W€ have that

l
E Gk < |0(pa)(@(ms + )27 (10g(ms + nuesn))/ 1og(pd) | + O(Vipy/a)!
gNN(O’Img-&-ns)

l
< [Opa* 7207 (0g nueesn) " Tog(pd) | + O(Vipv/a)

Note that
Q2P = O(log )2 ral 1 p (0 1@ (A) 2P = O(1log ) R P e (A) 2,

which shows that
GZS <elg
g~N(0.Inytng)
due to our choice of « and [.
Now if we take conditional expectations on both sides of (7.2) conditioned on the event F
that ng < Nipresh, then we have

E[F, | F] < 2271 (3" + E[FY | F])e'o < (3" + E[FY | F))(4e)'s

which means
(12¢)'6

I < g0 I
BIF | 7] < 1o s < 2012000
for (4¢)'6 < 1/2. We thus have
12¢)!9
I < ( < I 1
E[Fg] < =45 = 2(12¢)"6 + poly(n)

altogether. Finally, we have by a Markov bound that
FL<2(12¢) + %poly(n)l < 3(12¢)’
with probability at least 1 — §, which means that
Fg < 3-12e = 36¢

with probability at least 1 — d. Rescaling ¢ by constant factors yields the claimed result. U
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Chapter 8

Root leverage score sampling
[WY23c, WY24b]

Our techniques and observations used to obtain our improved ¢, sensitivity sampling theorem
(Theorem 7.1.2) lead to improved guarantees for yet another generalization of /5 leverage score
sampling, known as root leverage score sampling. In root leverage score sampling, the sampling
probabilities are taken to be proportional to the (p/2)-th root of the ¢, leverage scores, and have
found applications as upper bounds to sensitivities for more general loss functions with less
structure than the ¢, losses, including the Huber loss and the logistic loss [CW 15a, MSSW 18,
GPV21]. Here, the idea is that the ¢, sensitivities (Definition 6.1.2) can be bounded by the
(p/2)-th roots of the ¢, leverage scores, since for p < 2, we have

YO _ ly@)F _ (|y<z'>|2>p/2

Iyle = lylz = \ vl

and for p > 2, we have

Iyll> [Nal

. . . 2
YOP o lyOF _ np/21<|y<z>|2 v
- 11

(see also Lemma 7.3.2) and thus an ¢, sensitivity sampling argument immediately applies for the
(p/2)-th roots of the /5 leverage scores. Furthermore, the unlike the ¢, sensitivities themselves, ¢,
leverage scores can be computed quickly [SS11, DMMW 12, CW 13, LMP13, CLM" 15] and thus
root leverage score sampling has been a popular choice for fast algorithms.

Note that the number of rows sampled is actually poly(n) for any p # 2, which can be far
larger than the usual bound of poly(d). Indeed, we have the following tight bounds on the sum of
these scores:

Lemma 8.0.1 (Sum of root leverage scores[WY24b]). Let 0 < p < oo and let A € R™*?, Then
for p < 2,

S riAP <
i=1
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and for p > 2,
Zmin{l,n”/z—ln(A)p/z} < 2n'72/7q,
i=1

Proof. The bound for p < 2 follows from relating ¢, norms, that is, if y (i) = 7;(A)?/2, then

n n P/2
Z‘H(A)p/? = |yl < nlfp/ZHyHZ/p — pl-p/2 <Z Ti(A)> — nt=P/2qp/2.
i=1

i=1

For p > 2, we bound the sum of the scores for rows i € [n] with n?/?~17,(AP/?2 <1 <
Ti(A) < n¥P-lby

Z n?? 1 (A)P? = pp/2! Z Ti(A) - T (AP
i€[n]:mP/2=11,(A)P/2<1 i€[n]:mP/2= 11, (A)P/2<1
< pp/271 Z Ti(A) - (n¥/P1yp/21
i€[n]mp/ 21T (A)P/2<1
< (n2/p)p/2—1 Z Ti(A) < nl=2/pq

i€[n]:mP/2- 11, (A)P/2<1

On the other hand, there are at most n'~2/?d rows with 7;(A) > n??~!, so the contribution of
the rest of the rows is also at most n'~2/7d. O

However, because the exponent on 7 is less than 1 in both cases, we repeatedly apply a
subsampling procedure to reduce the number of rows to poly(d). In fact, in the work of [WY23c],
we show that (p/2)-th root leverage score sampling allows us to simultaneously control both the
¢, sensitivity scores and ¢, leverage scores just as with £, Lewis weight sampling, and thus similar
chaining arguments allow us to show that the sum of the root leverage scores in Lemma 8.0.1 is
the resulting row count of this sampling algorithm, up to roughly an £ factor. If we recursively
apply this sampling algorithm multiply times until the row reduction gives no more improvements,
then the row count that we converge to is roughly

n=¢c 2t PRPR — pn=c"7q
for p < 2 and
n=¢e 272 e pn=cPqr/?

for p > 2. Furthermore, it is not hard to see that we converge to this value up to a constant factor
in roughly O(loglogn) rounds.

Theorem 8.0.2 (Root leverage score sampling, p < 2 [WY23c]). Let 1 < p < 2 and let
A € R, Leta > 0 and let ¢; = min{1, 77(A)?/2/a} fori € [n]. Let S € R™*" be the ¢,
sampling matrix with probabilities {¢; }" ;. Then, with probability at least 1 — 1/ poly(n), there
is an a such that S is an ¢, subspace embedding satisfying Definition 1.1.1 with k = (1 + ¢), and
furthermore, S has at most r nonzero rows, for

r = e 2t P2qP2 poly log n.
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Recursively applying this result gives a matrix S with
r = e YPdpolylogn.

We obtain a similar result for p > 2 in the work [WY24b]:

Theorem 8.0.3 (Root leverage score sampling, p > 2 [WY24b]). Let 2 < p < oo and let
A € R4 Let a > 0 and let ¢; = min{1,n?/2~277(A)P/2/a} fori € [n]. Let S € R™" be
the ¢, sampling matrix with probabilities {¢;}! ;. Then, with probability at least 1 — 1/ poly(n),
there is an « such that S is an ¢, subspace embedding satisfying Definition 1.1.1 with k = (1 +¢),
and furthermore, S has at most r nonzero rows, for

r = e 2nt"2Pd poly log n.
Recursively applying this result gives a matrix S with
r = e PdP? poly log n.

Remark 8.0.4. Note that Theorems 8.0.2 and 8.0.3 achieve a nearly optimal dependence on d,
while it is suboptimal in the £ dependence (see Theorem 6.1.5 in Chapter 6 for a discussion on the
lower bound results of [LWW21]).

8.1 Analysis of root leverage score sampling

The idea of bounding Dudley’s entropy integral by separately parameterizing by the maximum
leverage score and maximum sensitivity score in Section 7.4.1 is also useful in the analysis of root
leverage score sampling. We will show the following theorem, which shows that root leverage
score sampling yields ¢, affine embeddings, which is a slight extension of our results for ¢,
subspace embeddings that we will later need in a later chapter (Chapter 14). Note that our ¢,
subspace embedding theorems, Theorems 8.0.2 and 8.0.3, are easily recovered by setting b = 0
and R = 0.

Theorem 8.1.1 (Root leverage score sampling). Let A € R"*?and b € R™. Let 1 < p < co. Let
R > ||b||,. Suppose that

b _ min{1,n”*"'r; (A2} p>2
Rr 7| (A2 p <2

for every i € [n]. Let a = ©(¢?)/((logn)? + log(1/6)) and let

S min{l,np/Q_lTi(A)p/Q/a} p>2
b= min{l,Ti(A)p/Q/a} p<2

Let S be the ¢, sampling matrix (Definition 6.1.1) with sampling probabilities {g; } ;. Then, with
probability at least 1 — §, for every x € R,

IS(Ax +Db)|” = (1 &) Ax + b|” + =R?
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and

O(e2n'~%7d((logn)® + log 1) p>2
nnz(S) = 2. 1-p/2 1p/2 3 1 :
O(e=*n'~P/2qP ((1ogn) + log 5) p <2

Recursively applying this result for O(log log n) reduces the number of rows to

O(e*dr?((log n)® + log %)pﬂ p>2
0(5_4/pd((10g n)® + log %)2/]3 p<2

8.1.1 Reduction to a small number of scales

Our first task is to reduce the proof of Theorem 8.1.1 to showing a similar theorem when Ax is
restricted to a certain scale, for a small number of scales. This is shown in the following lemma:

Lemma 8.1.2. Let A € R"™*?and b € R". Let 1 < p < oc. Let Ry > ||b]|,and 0 < £ < 1/2.
Suppose that

sup [ISAxI, — | Axp| <

[l Ax]l,=1

and that
s [IS(Ax + b)[}5 ~ | Ax + b’

[Ax|[,<R;

holds for each R; = 2° - Ry, i € [I], where I = O(loge™). Then,

< eRP

IS(Ax +b)|? = (1 £2-4%)||Ax + b} + 2" Rg
for every x € R,
Proof. First note that if | Ax||, < Ry, then we immediately have
S(Ax + b)) = [[Ax + b} £ R} = |Ax + b||] £+ 2P Rf.
Next, suppose that ||Ax||, > Ro/e. Note that
[ Ax+bi|, = |Ax], = b, = (1 %) Ax],

and similarly,
IS(Ax +b)l, = [SAx||, + [[Sb||, = (1 + 4¢)[[SAx]|,

Thus,
IS(Ax + b)||p =(1+4e)(1Lte)|Ax+ b||p =(1+7e)||Ax + b||p.

Finally, we handle the intermediate scales between Ry and Ry/c. Consider x such that R; <
|Ax||, <2 - R;. Note then that

|Ax + bl|, > [Ax], - [b], > |Ax],/2 > Ri/2

SO
IS(Ax + b)Hg = ||[Ax + bHi te-(2R)? = ||[Ax + sz +e- (4]Ax+Db|,)".

This covers all cases. ]
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8.1.2 Reduction to a Rademacher process with flat sensitivities

We now work towards bounding a quantity as the one used in Lemma 8.1.2. The following lemma
follows from a standard symmetrization (Lemma 2.3.2) argument.

Lemma 8.1.3 (Reduction to Rademacher processes). Let A € R™%andb € R”. Let 1 < p < oo.
Let R > ||b]|,. Let S be a random ¢, sampling matrix (Definition 6.1.1). Then,

!
E sup |||S(Ax+Db)|? —||Ax + b||® §E
2w [Is(ax b bl < B

sup Ze, (Ax +b)](@)[?

1}" |Ax|, <R

where 7' C [n] is the set of rows with sampling probability ¢; < 1.

We will further reduce the problem to a similar problem for an instance with “flat sensitivities”.
For this, we show the following flattening lemma, which shows how to obtain an ¢, isometry that
simultaneously flatten all ¢, sensitivities.

Lemma 8.1.4 (Flattening all sensitivities). Let 1 < p < coand A € R"™?and b € R". Let
0 < a < 1. Then, there exists A’ € R™*? and b’ € R™ for m = O(na ') such that

A < ) bO
A= a2 T <

for every i € [m] and 1 < ¢ < oco. Furthermore, for any 1 < ¢ < oo and x € RY, we have that
|A% + b, = ©(a/P~4)[[Ax + b]| .

Proof. Letk := [1/a]. Then, we construct A’ € R™*4 for m = nk by replacing the ith row a;
of A for every i € [n] with k copies of a/k'/?, and similarly for b. Then, for every row j € [m]
that is a copy of row i € [n], we have that

Ax(D) k12 A (1)
ocl(A) = su H— < su
S = S TAKT S S T e A )T

< -

| =

as desired, and similarly for b. The second conclusion holds since
|AX +b'||! = k- k9% Ax + b||? = k'~9/?||Ax + b]|?.
O]

Using Lemma 8.1.4, we construct the following new instance with bounded ¢, and ¢, sensitiv-
ities:

Lemma 8.1.5 (Flattened instance). Let A € R"*?and b € R"*?. Let R > [|b||,.. Suppose that

Ib(3)|? - mm{l nP/? 1 p/2} p>2
Rp ‘TZ'(A)p/Z p< 2
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forevery i € [n]. Let 0 < av < 1 and let

N min{l,npﬂ_lri(A)p/Q/oz} p>2
= min{l,T,-(A)p/Q/oz} p<2
Let T C [n] be the set of rows i € [n] with ¢; < 1. Let S be a diagonal matrix with S;; < 1/¢; /7,
Then, there is A” € R™*? and b” € R™ for m = O(n/«) such that
* 7;(A”) < O(a) for p < 2 and 7;(A") < O(a)/n'=%7 for p > 2, for every i € [m]
* o?(A”) < O(«) and [b"(7)|P/R? < O(«) for every i € [m)]
* [[A"x 4+ b"||P = [|[Ax + b|]» + [|S|r(Ax + b)||} for every x € R?
* [JA"x]]P = [[Ax|]? 4 [|S|rAx|]? for every x € R?

Proof. Let A’ € R™ 4 and b’ € R™ be the flattened instances given by Lemma 8.1.4, where

m = O(n/a). Now let
A" = A : b" = b
S|TA S|Tb

be the (m+ng) X d matrix and (m + ng)-dimensional vector formed by the vertical concatenation
of A’ and b’ with SA and Sb, where ng is the number of rows sampled by S.

We now show how to bound the sensitivities of A” and b”.

For any row i corresponding to a row of A’, the /5 sensitivities are already bounded by «,
and furthermore, /5 sensitivities can clearly only decrease with row additions. For any row ¢
corresponding to a row of SA that is sampled with probability ¢; < 1, we have that

[SAX|()[* _ [SAX]()" __ [[SA@” _ 1 [[AX@F _  7i(A) _ O(a).
lA7]; — Ay O ) |Ax|y T g” O(ar || Ax]l; T (art)g”

i

In fact, for p > 2, we have the stronger bound of

Ti(A) O(a)
< .
O/ )l = ni

Thus, we have that 7;(A”) = o?(A”) < O(«) for every row i of A”.
For p < 2, the max sensitivity is bounded by O(«) by the monotonicity of max sensitivities.
For p > 2, we have by reverse monotonicity of max sensitivities that

ol (A) < n?*7lTi(A)
so for any row ¢ corresponding to a row of SA sampled with probability ¢; < 1, we have that

[SAX]()" _ [SAX]()[" _ [SAX]()I" _ 1[[AX]()]" _ o7 (A)

1

AP = AP Ax]E T g Ax]E T g

< O(w).

By similar reasoning, we have that

[Sb]()[" _ 1 |b(z)[?
7 S; 7 < O(a). O
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The next lemma shows that in order to bound the Rademacher process in Lemma 8.1.3, it
suffices to bound a similar Rademacher process for A” and b”.

Lemma 8.1.6 (Reduction to flattened instance). Let S, A, b, and A”, b” be as given in Lemma
8.1.5. Let 6, €, | be such that &' < 1/2. Furthermore, suppose that

l

E E sup < set(RrPY!

S e {1} |Aarx|, <R

> il [A"x + b (i)

€T

for every R > ||b||,. Then,

I
E sup ||S(Ax+b)||£—||Ax+b||£ < 26(2%P¢RP)!

S |ax|,<R

for every R > [|b]| .

Proof. Fix an outcome of S and let

Fsr=sup |[IS(Ax+Db)[[} - [[Ax +b][].
| Ax], <R

Note then that for any [|Ax||, < R, we have
A", < [[Ax]|, + [IS(Ax +b)||, + [[Sb]|,

)1/1)

1/p
)+ (I + [IsblE - bl

< R+ (JAx+ bl + [IS(Ax + b)) — | Ax + b}

» 1/p » 1/p
<R+ (Ilax+bl+ Fsr) "+ (IbIL+ Fr)
< R+||Ax+Db]|, + Fgt + ||b], + Fg'%
< 4R+ 2Fg/h.
Thus,

l

EFsr,<E E  sup > " eil[S(Ax + b)] (i) Lemma 8.1.3

S e~{£1}n |Ax, <R py-

l

IN

E E su gi|[A"x + b" ()]
DB, o (S ellAn 0

l

E sup
EN{:EI} HA/lepS4R+2FSI/Ig

< ]g) Sl (4R + 2F51/§)p)l by hypothesis
<E0(27)'(((2R)") + Fs n)

IN
e

> el [A"x + b")(i)”

i
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= 5(2%¢)' | ((2R)")' + B Fl |

SO rearranging gives

Eg FL
ZS S,R l §5(22p8)l.
(2rRP)t + Es Fg

In turn, this implies that

5(2%¢)! (27 Rr)!

L= sy < W), 0

EFgp <

8.1.3 Bounds on the Rademacher process

In this section, we present results from [WY?23c] (which in turn are based on [BLLM&9, ['T91])
which will allow us to bound a Rademacher process of the form of Lemma 8.1.6.
The following is a straightforward generalization of Lemma 6.4.1.

Lemma 8.1.7. Let 1 < p < coandlet A € R™*%and b € R". Let R > ||bl|,. Define the
pseudo-metric

1/2
n n 2 /

Y oely@F =) ealy' @

i=1 i=1

Ax(y,y) = e~{]£1}n

Let 0 > max].qo?(A) + |b(i)[?/RP. Then, forany y = Ax + b and y’ = Ax’' + b with
[Ax]],, [Ax']], < R,

O(1)||A(x — x)|[”/* RP/? p<2

dx(y,y') <
) {0(1)01/21“”-HA(X—X’)IIOORp1 p>2

With Lemma 8.1.7 in hand, we show the following.
Theorem 8.1.8. Let 1 < p < oo be fixed and let A € R"™*% and b € R™. Let R > ||b||,. Let
7 > max}; 7;(A) and let 0 > max}_; o7(A). Define

£ /2. (logn)*? p<2
o 7_1/2(0_”)1/2—1/]3 . (logn)?’/2 p>2 ‘

Then,

l

> eillAx+ bl

i=1

E sup < [(25)1(5/01/2)+0(\/Z01/2)1 (RP)!

e~ {E1}" || Ax| <R

Proof. LetT = {Ax : ||Ax]|, < 1}. We have that

/ Vg B(T, dx,u) du = O(E)RP
0
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by trivial modifications of Lemmas 7.4.1 and 7.4.2 in Chapter 7. We also have the diameter bound
diam(T) < O(c*/?)R?
by trivial modifications of Lemma 6.4.2. We may then conclude by the moment bounds of Lemma

2.3.7 that are obtained by integrating Dudley’s tail bound (Theorem 2.3.6). ]

8.1.4 Proof of main sampling theorems

We now prove Theorem 8.1.1 by combining the previous results of this section.

Proof of Theorem 8.1.1. By Lemma 8.1.2, it suffices to show that

s |IS(Ax + b)|[s — | Ax + || < eR! @8.1)

[Ax|[,<R;

for R; = 2'Rfori € [I], I = O(loge™!). The corresponding statement for bounding

sup <eg

o [IsAxl - AxI;
P

will follow from the exact same analysis by setting b = 0 and R = 0.

In order to obtain (8.1) for a single scale with high probability, we will bound the /th moment
for a large even power [. We will bound this quantity by passing to a Rademacher process bound
in Lemma 8.1.6, which we can in turn bound using Theorem 8.1.8. Note that by our construction
of the flattened instance A” and b” in Lemmas 8.1.5 and 8.1.6, we have 7 = O(«) and 0 = O(«)
for p < 2and 7 = O(a)/n'~%? and 0 = O(a) for p > 2, so we can bound the £ parameter in
Theorem 8.1.8 by

O(a'=P)(logn)*? p>2
£<
O(at*)(logn)®?  p<?2

In turn, the bound on the Rademacher process in Theorem 8.1.8 is d&'(R¥)! /(I + 1) by our choice
of «, for

1 1
[ = O(loglogn—f—loglogg + log 5)

That is, we have shown that

l
E sup )||S(Ax+b)\|g—|yAx+b|yg < -2 _(RM).

S |Ax|,<R;

I+1

Then by Markov’s inequality, we have that

Pr{ sup ‘||S(Ax+b)||£— |Ax + b]” o

S | lAax|,<R;

gst}sz.
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Now by a union bound, this is simultaneously true for all i € [/] as well as forb =0and R =0
by a union bound, all with probability at least 1 — ¢. In turn, we have that

IS(Ax +Db)[[? = (1 +£2- 47)|| Ax + b|[” + 2= R}

by Lemma 8.1.2. We have the desired conclusion by rescaling € and 4 up to constant factors.
Finally, to analyze the recursive application of this theorem, we use the following elementary
recurrence:

Lemma 8.1.9. Suppose (a;):°, satisfies the recurrence a;.; = Aa; + b for some b > 0 and
A € (0,1). Then,

1 .
i =——(b—=X(b—-(1-A :
a 1— )\( ( ( )a()))
Proof. Let x satisfy x = Ax+0, thatis, = b/(1 — A). Then, the sequence a;,, = a; — x satisfies
aj,, = Aajso a; = Nag. Thus, a; = a} + © = N'(ag — z) + . =

We apply the above result with failure probability § /R and accuracy ¢/ recursively for at most
R = ©(loglogn) rounds, until the number of rows is at most the claimed bound. By a union
bound, we succeed at achieving £/ R sampling error and row count bound on all R rounds, that is,
for any number of rows m; on the ith round, we reduce the number of rows to at most

O(&t‘Qm%*z/pd((log n)? +log 1) p>2
O(e~2m; " a2 ((logn)® + log 1) p <2

rows. We then apply the recurrence lemma (Lemma 8.1.9) on the logarithm of the above bound
with a; = mj, A= (1 —p/2) forp < 2and A = (1 — 2/p) for p > 2 and

- log O(e~2d((log n)® + log §) p>2 |
log O(e~2dP/?((logn)® +log 3) p <2
This gives a bound of

a; =logm; < ——

11—\
that is, a final row count of at most

O(e77dP/*((log n)® + log %)p/Q p>2
O(e=**d((logn)* + log %)2/;) p<2
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Chapter 9

High-distortion ¢, subspace embeddings
[WY22al]

Until now, we have focused on subspace embeddings which achieve a distortion of (1 + ¢).
However, in certain applications, such a high accuracy may not be necessary, and a natural
question is whether the number of rows r of the sketch S can be improved or not if larger errors
are allowed. Note that (1 + ¢) distortion is essentially the end of the story of 0 < p < 2, as the
upper bounds obtained by ¢, Lewis weight sampling (Theorem 6.1.9) already achieve a bound of
O(€_2d), and it is easy to see that at least d rows is needed for any subspace embedding, even just
to maintain the rank. On the other hand, for p > 2, one could still ask for more, since if we require
©(1) distortion, then the number of rows necessary is r = Q(d?/?) [LWW21], whose exponential
dependence on p may be prohibitive for large p. In the work of [WY?22a], we study the following
question:

Question 9.0.1. For p > 2, what trade-offs between the number of rows 7 and the distortion ~ are
possible in the regime where £ > 1?

In [WY?22a], we provide a nearly optimal trade-off between r and « as a solution to Question
9.0.1.

Theorem 9.0.2 (High-distortion ¢, Lewis weight sampling [WY22a]). Let A € R"*¢ and
2 < p < oo. Then, for any 2 < g < p, there is a randomized algorithm for constructing a diagonal
map S € R™ " such that

99
>
— 100
and furthermore, S has at most r nonzero rows, for r = O(d%?(log d)?). Furthermore, any
randomized algorithm which constructs a data structure Q such that

Pr{for allx e RY, || Ax||, < [SAx], < O(d%(l’%))HApr}

Pr{for allx e RY, [|Ax|, < Q(x) < o(d%(l—%))HAxup} >

requires Q(d?/?*1) bits of space.

We note that the lower bound is shown in [LWW?21]. Our proof of the upper bound in Theorem
9.0.2 proceeds in two steps: (1) we first show that we can approximate ||Ax||, by W3 » Ax||,
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for some diagonal reweighting map W up to a factor of d%(l_%), and (2) we use ¢, Lewis weight
sampling to reduce the number of rows to O(d?/?) while preserving the distortion up to ©(1)
factors. Step (2) is simply using Theorem 6.1.11, so the key ingredient here is step (1).

Perhaps surprisingly, we show that step (1) can in fact also be implemented using ¢, Lewis
weights, and the reweighting map W can be simply be taken to be the £, Lewis weights. More
specifically, we show the following theorem:

Theorem 9.0.3 (¢, Lewis weight change of density [WY22a]). Let A € R"*? and let 0 < g <
p < 0o. Let W = diag(w?(A)) be the diagonal map given by the ¢, Lewis weights of A. Then,
there is a scaling factor ¢ such that for every x € R,

|AX], < ¢| Wi~ 5 Ax]|, < k]| Ax],

for L
175 min(p,q) <2

K= L
078 min(p,q) > 2

In fact, the result of Theorem 9.0.3 provides an elementary proof of a result of [L.T80] from
the geometric functional analysis literature, who proved the existence of a diagonal map satisfying
the guarantees of Theorem 9.0.3 by using sophisticated results from the theory of factorization of
operators, p-summing norms, and operator ideals. On the other hand, our proof of Theorem 9.0.3
only requires elementary inequalities and ¢, Lewis weights. One of the key insights we use is that
if W are the ¢, Lewis weights, then the W is also the ¢, Lewis weights of the matrix Wi rA.
We will now develop this idea in the next sections.

9.1 Lewis weight switching

We first show the following crucial identity, which shows that one can reweight a matrix by ¢,
Lewis weights, so that the ¢, Lewis weights of the resulting matrix coincides with the ¢, Lewis
weights of the original matrix. Note that this identity is true by definition for ¢ = 2 (Definition
6.1.6), since {5 Lewis weights are just leverage scores. Thus, this result shows that although
Lewis weights are defined by normalizing a change of density with respect to /5 (see [CP15]),
they actually simultaneously satisfy the analogous property for all /, as well.

Lemma 9.1.1 (Lewis weight switching). Let A € R™*?andletp, ¢ > 0. Let B := WP?(A)Y4~1/PA,
Then, for each i € [n],
w{(B) = wi(A).
Furthermore, the two Lewis bases coincide.
Proof. We have that
TZ,(WP(A)I/2—1/’1B) — TZ,(WP(A)I/2—1/Q . WP(A)I/q—l/pA)
= 7i(WP(A)271PA) = wi(A)
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SO
wi(WP(A)/17PA) = wi(A)

by uniqueness of Lewis weights [CP15]. The Lewis bases coincide since
WP(A)l/Q—l/pAR = WP(A)l/Q—l/QWP(A)l/q—l/pAR _ WP(A)1/2_1/‘1BR.
[

In fact, given only one-sided ¢, Lewis weights (Definition 6.1.7), we can prove a similar
inequality:

Lemma 9.1.2 (One-sided Lewis weight switching). Let A € R™ % and let p,q > 0. Let w € R
be one-sided /¢, Lewis weights for A and let R be the corresponding one-sided ¢, Lewis basis.
Let W = diag(w) and B := W/9"1/PA_ Then, w are one-sided ¢, Lewis weights and R is a
one-sided ¢/, Lewis basis for B, i.e.,

(WY YIB) < w;.
Proof. We have that W'/2~1/? AR is orthonormal, which means
WL/2-1/aBR = WY/2-Vawl/a-1/P AR = W/2-1/PAR
is as well. Then,
T, (W2 1IB) = |le] W/2 /IBR||; = [le] W2 VPAR||, = 7, (W2 VPA) < w,

as desired. L]

9.2 Change of density

Using the above, we show that reweighting the rows of A by a scalar multiple of the ¢, Lewis
weights provide optimal approximations of ¢, by /,. The following lemmas show the upper bounds
and lower bounds. The proofs roughly follow, but are still slightly different from, the estimates
in Lemma 2.6 of [JL.S22] and Lemma 8 in Chapter III.B of [Wo0j91], which show the analogous
results for ¢ = 2. The estimates are an elementary combination of Lewis weight switching
(Lemma 9.1.1/Lemma 9.1.2), sensitivity bounds (Lemma 6.2.4), and Holder’s inequality.

Lemma 9.2.1 (Upper bound, p > ¢). Let A € R™*?and p > ¢ > 0. Let w € R be one-sided t,
Lewis weights for A. Let W = diag(w). For all x € R¢,

[ Ax], < [lw] V2 000p| a1 A
q
Proof. For i € [n], we have that
[[AX](0)] = w P W A i)

< wirle, [H |9V (a/2=1) w; - ||[WHe /P Ax ||} Lemmas 6.2.4,9.1.2
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= w0 P W A

Then,
[ Ax][) = ZHAX] Z\ [Ax](@)[" - [[Ax](2)|*

_ — - _ p—q )
< ZHWHEOVWQ 1/9)l(p—q) .Wz(p q)/puwl/q 1/pAXHq 'HAX](Z)’(]

i=1

ov(l/2—1 — — p—q 1/q—1 .
_ ||W||[1V( /2=1/a)l(p q)”Wl/q 1/pAXHq ng( /a=1P) |1 Ax] (3)]?

i=1
= [Jw| R Wt Ax] [ WP A
q q
= [fw ][ W Ax[
q
Taking pth roots on both sides gives the desired result. ]

Lemma 9.2.2 (Upper bound, ¢ > p). Let A € R"™*%and ¢ > p > 0. Let k > 1 and let w € R"
be a-approximate ¢, Lewis weights for A. Let W = diag(w). For all x € RY,

|Ax]), < [wlly/”~ 7| WP Ax||
Proof. We have

JAX|P =" w7 (W e Ax] (i)

=1

n I=p/ar n p/q
= [Z w§1‘p/q)/(1‘p/q)] [Z[Wl/q_l/pr](i)q] Holder’s inequality

=1
= [wih ™ fwetr A

Taking pth roots on both sides gives the desired result. [

Lemma 9.2.3 (Lower bound, p > ¢). Let A €¢ R™%andp > ¢ > 0. Let x > 1 and let w € R”
be a-approximate ¢, Lewis weights for A. Let W = diag(w). For all x € RY,

[WHe e Ax| < [lw]y ) Ax]),
Proof. We have

[ Wt ax|f =3 wim [AX] ()"

n

n 1=q/p a/p
< [Z wil-a/p)/(=a/p )] [Z[Ax] (z‘)p] Holder’s inequality
i=1

=1

1—
< [lwll " Ax]l?.

Taking qth roots on both sides gives the desired result. ]
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Lemma 9.2.4 (Lower bound, ¢ > p). Let A € R"™?and ¢ > p > 0. Let w € R" be one-sided ¢,
Lewis weights for A. Let W = diag(w). For all x € R,

le/q 1/pAXH < HWH[OV 1/2-1/p)] q—p)/qHAXHp

Proof. We have

Wi ax]y =3 wimIAKIG) = 3wl IAX] @) AX] )

i (a—p)/p
<Y wir [||W\|(1)V(p/2_1)viHAX||§] [Ax](i)’  Lemma 6.2.4

=1
n

ov(p/2—1
_ HAXHq PHWH[ V(p/2-D](¢—p)/p Z[AX]( /)P
i=1

oV(p/2—1)](q—
_ ||W||[1V(p/ IC p)/pHAXHZ-

Taking gth roots on both sides gives the desired result. [

Combining the above lemmas yields the following conclusion.

Theorem 9.2.5 (Change of density via approximate Lewis weights). Let A € R™*? and 0 <
p,q < 0o. Let w € R™ be one-sided ¢, Lewis weight (Definition 6.1.7) and W = diag(w). For
P> qlet
1/g—1
Fapg = [WIH"* "

ov(1/2-1 _
)‘d,p,q = ||WH[1 (1/2=1/9))(p—a)/p

and let kg, 4 = r-ﬁ;;p, Ndpg = )\;}Lp if ¢ < p. Then for all x € R? we have the following:
1A%, < || Adpg - Wl/q—l/PAX”q < KapgMdpqllAX|, ifp>gq
[Ax]|, < ||’<°'d,p,q ' Wl/q_l/pAXHq < KapgAdpqll AX], ifg=>p

Note that

l_l’
( p\/g)
Iwlls

il if min(p, q) < 2

KdpqAdpq =
if min(p,q) > 2

Proof. Let v be the one-sided ¢, Lewis weights such that w > v. First consider the case of
p > g > 0. Note that in this case, 1/¢ — 1/p > 0 so Lemmas 9.2.1 and 9.2.3 yield that

HAXHp < Ad,p,quvl/qil/pAXHq < )‘d,p,qul/Wl/pAXHq < “d,p,q)‘dm,qHAX”p-
On the other hand, if ¢ > p > 0, then 1/g — 1/p < 0 so Lemmas 9.2.2 and 9.2.4 yield that

||AX||p S Kld7p7qHW1/q_1/pAXHq S /ﬁ]d,pﬂHVl/Q—l/pAXHq S /{d,p,q)\d,p,q“AXHp-
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f, for

1 1lp-— 1 1 1 1lp-— 1p— — 1
-t - B )
2 q] p q p 2 q] p q p 2p 2 %

11
if ¢ > 2,and ||w]|{ " if ¢ < 2. Next, when ¢ > p > 0, then we have that the total distortion is
lwly for

1 1lqg- 1 1 1 11qg-— 1q— — 1
S R R ERE e O
2 pl q P q 2 pl q P q 2q 2 q

1_1
if p > 2,and ||w||{ ?if p < 2. These yield the claimed bounds.

For p > ¢, we have that the total distortion is ||w
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Chapter 10

Subspace embeddings for general losses
[MMWY22]

Up until now, we have studied subspace embeddings for the ¢, loss, with applications to ¢,
regression in mind. In fact, the problem of computing subspace embeddings makes sense in a far
more generalized setting, where we wish to approximate loss functions of the form

|AX]|, , = Zw - g([Ax](7)), (10.1)

where we denote the loss function as a norm in an abuse of notation, despite the fact that ||-||, w
may not be a norm. For example, taking the weights w; to be all ones and g to be the so-called

Huber loss H defined as
2/9 <1
i {7 2] <
2| —=1/2 2| > 1

is useful in solving linear regression with the Huber loss, which is a popular loss function in the
literature of robust statistics [CW 15a]. Similarly, taking g to be the Tukey loss T’ defined as

T(r) = {1 —(1=2) el <1

1 |x| > 1

is another popular choice for robust regression [CW W 19]. Yet another example is to take g to be
the logistic loss, given by

g(x) = log(1l + €")
which corresponds to logistic regression [MSSW 18, MMR21].

Improved sensitivity bounds for general loss functions. In fact, we have already discussed a
generalized approach to estimating functions of the form of (10.1) in Chapter 7, via sensitivity
sampling. Recall that in this framework, we wish to compute upper bounds on the sensitivity
scores o ;, which in this case are given by

_ w; - g([Ax] (7))
Ax#0 Z;’L:1 W - g([AX] (j)) .
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Given upper bounds &; > o;(A) on the sensitivity scores, we almost immediately obtain a sam-
pling algorithm which samples at most O(s~2&d) rows of A, where & = >+, &;. The primary
difficult in this approach is efficiently obtaining the sensitivity upper bounds ;. Previously,
an approach based on ellipsoidal rounding of the balls induced by the norm [|Ax]||, , has been
proposed by [TMFEF20]. However, computing Lowner—John ellipsoids for general convex bodies is
computational expensive, and furthermore, leads to poly(d) factor losses in the total sensitivity
upper bound S and thus in the sample complexity.

In the work of [MMWY22], we obtain a significantly improved algorithm for estimating
sensitivity scores, which is nearly optimal for a wide class of loss functions.

Theorem 10.0.1 (Sensitivity upper bounds for general loss functions, Theorem 4.9, [MMW Y22]).
Let M : R>y — R>( be increasing, has M (0) = 0, and has at most quadratic growth, that is,

M(y) <C(y>2

M(z) ~ \z

forall y > x. Let g(x) := M(|x|). Then, there is an algorithm that computes upper bounds &; to
the sensitivities with respect to g such that & = Y7 | o; < O(dlog”n + 7) in time

dw
O (nnz(A) log® n + ne log n> )
T

The class of functions handled by Theorem 10.0.1 include the Huber loss, any ¢, loss for
p < 2, as well as a wide variety of loss functions considered in the robust statistics literature that
behave similarly to the Huber loss, that is, quadratic growth near the origin and linear growth
away from the origin.

The idea behind Theorem 10.0.1 starts from an observation from the streaming literature
[BO10] that for functions g of at most quadratic growth, entries ¢ € [n| of a vector y which
are “heavy” in the g loss, that is, g(y;)/||y|l; = (1), must also be “heavy” in the ¢ loss, that
is, [y:|?/lly |3 = Q(1). Thus, a superset of heavy elements in the g loss can be identified by
identifying the heavy elements in the /5 loss, and furthermore, this superset is not too large by
the definition of heaviness. This can then be generalized to identifying e-heavy elements, that
is, g(y:)/|lyll; > ¢, based on a standard argument. This argument is based on random hashing,
and if we randomly hash the entries of y into O(1/¢) buckets, then within this bucket, an e-heavy
entry is likely to be €2(1)-heavy.

Finally, we can now draw an analogy between ‘“heavy” entries under the g loss with rows of
A with large sensitivity o;, as well as “heavy” entries under the /5 loss with rows of A with large
/5 leverage score. Thus, by combining leverage score estimation with a hashing trick, we arrive at
our Theorem 10.0.1.

In Section 10.1, we collect basic definitions and lemmas concerning M -estimators. Section
10.2 develops basic notions for sensitivity sampling for M-estimators. In Section 10.2.1, we
describe our efficient algorithm for computing sensitivities for a broad class of M-estimators.
In Section 10.2.2, we show that a variation on our efficient algorithm can be used to show an
existential bound of O(d™{1:Px/2} 1og n) total sensitivity for the same class of M -estimators.
Finally, in Section 10.3, we show that the Tukey loss has a total sensitivity of {2(dlogn), and that
the Huber loss has a total sensitivity of ©2(dloglogn).
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10.1 M -estimators preliminaries

In this section, we define M -norms and collect some of their geometric properties. This is a slight
generalization of Section 4.1 of [C'W 15a] which allows for a broader class of M -norms (namely
with a relaxed polynomial lower bound condition). With applications to active regression in mind,
we also slightly generalize the results to handle translations by a single vector b, which can be
taken to be 0 to retrieve the original results.

Definition 10.1.1. Let M : Ry — R be increasing. If there exist constants p > 0 and ¢y > 1
such that for all y > =,

M (y) (y)p
< =z

M(x) — U\z)
then we say that M is polynomially bounded above with degree p and constant cy;. Similarly, if
there exists constants ¢ > 0 and ¢;, > 1 such that for all y > z,

ezl

then we say that M is polynomially bounded below with degree q and constant cy,.

Remark 10.1.2. As noted in [CW 15a], it can be shown that convex functions are polynomially
bounded below with degree 1.

Remark 10.1.3. Throughout this work, we will consider the constants p, q, ¢y, ¢z, in Definition
10.1.1 to be absolute constants that don’t depend on other parameters under consideration.

We define the M-norm as follows. Note that despite our abuse of notation and terminology,
the M -norm need not be an actual norm.

Definition 10.1.4 (A/-norm). Let M : R>; — R>( be such that

* M(0)=0

* M is nondecreasing

* M is polynomially bounded above with degree pj, and constant c;; (see Definition 10.1.1)
Let w € R" be a set of weights such that

for all i € [n]. Then, we define the M -norm of a vector x € R" as

n 1/pm
1%l prw = [ZVWM(!XJ)] :
=1

If w is the vector of all ones, we simple write ||x||,, for |[x[|,, .- If M (z) = [2|” for some p > 0,
then we write [|x||,, ,, for [|x[[ 5/ -

Definition 10.1.5 (M balls and spheres). Let A € R™? and let V = span(A). Let M : R> —
R satisfy the conditions of Definition 10.1.4, and let w > 1,, be a set of weights. Define the
ball B)"* of radius p > 0 as

B = {y €V ¥l < 0}
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Similarly define the sphere S /ﬁ” W of radius p > 0 as

S = {y € Vil =}

If w = 1,,, then we simply write B)" and S, respectively.
The next lemma compares important entries using the polynomial boundedness condition.

Lemma 10.1.6. Let M be polynomially bounded above with degree p and constant ¢;; > 1. Let
x € R" be a vector with entries arranged in order, i.e., |x;1| > |x3| >+ -+ > |x,|. Then,

M{([xa) [x1[”
= Yl

Proof. Note that for all 7 > 2, we have by the polynomially boundedness condition that

M (|x4]) (’Xﬂ)p |x1[”
—< <y =cy .
M([x4]) %] |x;

Then,
M(|xi]) M(|x1])

eIl M(IX1\)+Z?72M(IX1|)

M (|x;]) 1 |x;["
1+ 1+
Z ) Z TP
|X1|p |X1|p

pu— — ~ U .
1|7+t Yo olxil” ||X||§

10.2 Sensitivities upper bounds

Because M -estimators are defined as coordinate-wise sums, one can naturally define analogues of
sensitivities, just as was done for £, norms.

Definition 10.2.1 (M -sensitivity). Let A € R"*¢ and let ||-||,, be an M-norm. Then, the ith
M -sensitivity is defined as

A e wp  MUAXIO)

xERE, Ax£0 ||AX||%/7\2u

and the total M -sensitivity is defined as

"(A) =Y s (A
i=1
Let w > 1, be a set of weights. Then, the ith weighted M -sensitivity is defined as

M,w w; M (|[Ax](9)])
s; " (A): = sup
(4) x€R?, Ax£0 ||AX||pM
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and the rotal weighted M -sensitivity is defined as

TYY(A) = Z ;" (A).

When M (z) = |z|", i.e. for the case of £, norms, it is known that sampling with probabilities
proportional to upper bounds on sensitivities yields subspace embeddings [BL.M89, DDH 09,
CP15]. Analogous results are known as well for M-estimators [CW 15b, CW15a, CWW19] and
Orlicz norms [SWY " 19].

Definition 10.2.2 (Sensitivity Sampling for M -Estimators). Let A € R™*, let ||-||,, be an M-
norm, and let w > 1,, be a set of weights. Let m be an oversampling parameter. Then, a random
set of weights w’ is sampled according to sensitivity upper bounds 5" (A) > s (A) (see
Definition 10.2.1) if

;o w;/pP;i W.p. pi
"o otherwise

where p; == min{1,m - 5" (A)}.

Note that in the case of M -estimators, the lack of scale invariance means that we get norm
preservation guarantees for spheres rather than for entire subspaces. That is, we can get the
following lemma, similar Lemma 43 of [CW 15a]:

Lemma 10.2.3. Let A € R"™? Lete € (0,1),0 > 0,and let p > 1. Let M : R5y — R satisfy
the conditions of Definition 10.1.4, and furthermore that

« M/ is subadditive
* M is polynomially bounded below with degree ¢,, and constant ¢y, (see Definition 10.1.1)

Let w > 1, be a set of weights. Let 5,""(A) > s/ (A) be sensitivity upper bounds. Let
m > my be an oversampling parameter larger than some

d 1 1
mo = O <§ <log E) <log 3) > )
Let w > 1,, be sampled according to Definition 10.2.2. Then with probability at least 1 — 4,
1y 13w = (L £ )y 137
forally € S é” (see Definition 10.1.5). Furthermore,
Ennz(w') < mz SMY = mTMY(A)
i=1

Note that the sample complexity of Lemma 10.2.3 is weaker than the corresponding bound for
¢, Lewis weights by a factor of d. This extra factor of d can in fact be removed, as shown by a
remarkable recent result of [JLLS23].
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10.2.1 Efficient algorithm for sensitivity upper bounds

We first show that algorithmically, one can compute upper bounds to the M -estimator sensitivities
that sum to at most O(d™@*{1»x/2} og® n + 7) in time

O (nnz(A) log®n + nt log n) ,
T

where T' = T'(n, d) is such that constant factor /,,, Lewis weight approximation for an n x d
matrix B takes O(nnz(B)logn + T') time. For example, it is known that ¢, Lewis weights for
0 < p < 4 can be approximated up to constant factors in O(nnz(A)logn + d*) time, so for
7 =T = d*, we obtain a nearly input sparsity time algorithm that computes upper bounds
to M-estimator sensitivities that sum to at most O(d™>{1:»1/2} Jog?  + d). In applications,
this is enough to compute a set of poly(d)log® n rows that approximates the original matrix
well, at which point we can compute sensitivities that sum to only O(d log” n) in an additional
poly(dlogn) time.

The algorithm draws ideas from a theorem of [CWW 19, Theorem 3.4], which shows an input
sparsity time algorithm for locating “heavy entries” for the Tukey loss, which is equivalent to
finding coordinates with high Tukey sensitivity.

Algorithm 1 Sensitivity upper bounds
input: Matrix A € R"*?, M-norm M, parameter 1 < 7 < n.
output: Upper bounds M (A) on sM(A).

1: Initialize sM (A) + 27/n.

2: for r € [[log,(n/7)]] do

32 fort € [O(logn)] do

4: Hash the rows of A into B = 10 - 2" buckets 57, Ss, ..., Sp.

5: Compute O(1)-approximate ¢, Lewis weights of each of the B buckets A |g,, A |,
oo A|sy-

6: For any row i with an ¢,,, Lewis weight of at least (1), set sM(A) <«

max{2/2",sM(A)}.

Theorem 10.2.4 (Sensitivity upper bounds). Let ||-||,, be an M-norm. Let 1 < 7 < n be a
parameter. Then, with probability at least 99/100, Algorithm 1 computes sensitivity upper bounds
sM(A) > sM(A) that sum to at most

7~'M(A) = Z éfw(A) = O(dmax{l’pf‘/’ﬂ} log?n + ).
i=1

If constant factor Lewis weight approximation takes for an n x d matrix B takes O(nnz(B) log n+
T') time (see Theorem 6.1.8), then the total running time is

O (nnz(A) log®n + nt log n) .
T

Proof. We first show correctness of the algorithm, then show the sensitivity bound, and finally
the running time guarantee.
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Correctness. Let r € [[log,(n/7)]]. Consider a coordinate i € [n] that has M -sensitivity
between 1/2" and 2/2" and let y = Ax be a corresponding vector which satisfies

Miy)) (1 2],
vl < 12

Note then that there are at most 2" — 1 entries j of y such that |y;| > |y;|. In our algorithm (line
4), we randomly hash the n rows of A into B = 10 - 2" buckets. Then, the probability that any
one of these 2" — 1 entries is hashed to the same bucket as i is 1/B, so by a union bound, the
probability that y; has the largest absolute value in its hash bucket is at least 1 — 2" /B > 9/10.
Call this event £.

Now let S be the set of indices which hash to the same bucket as row i and let ' = S\ {i}. By
Markov’s inequality, with probability at least 9/10, i is hashed to a bucket such that the AM/-norm

of all other entries is most ||y |s||3} < ||y |4} /2", where y |g is the restriction of y to the indices

in S’. Call this event F.
Condition on £ and F. We have by Lemma 10.1.6 that
|\ PM |\ PM | PM r

Iy Islipe =y sl = MJyal) + Ny s I3~ 2/27 +1/20 3
The above holds with probability at least 4/5. Thus, by repeating the hashing process O(logn)
times, with probability at least 1 —1/(100n log, n) = 1—1/ poly(n), there exists some trial where
the /,,,, sensitivity of the ith row in the matrix A |g is at least 1/3. In this trial, our algorithm will

correctly set s (A) > 2/2" (line 6). By a union bound over O(log(n /7)) levels r and the n rows,
our algorithm succeeds with probability at least 99/100.

Sensitivity bound. By Lemma 6.2.4, the /,,,, sensitivities sum to at most d™#{1»»/2} Thus,
each time we compute O(1)-approximate /,,, Lewis weights (line 5), we find at most O (d™2*{1:pa/2})
entries with M -sensitivity at least 2/2". Thus, for each r and each iteration, we increase the sum
of our upper bounds on )M -sensitivities by a total of at most

B- O(dmax{l,pM/Q}) . ; _ O(dmax{l,pM/Q})'

This occurs at most O((logn)(log(n/7))) times, and we start at a sensitivity bound of

2T

so our upper bounds on the sensitivities sum to at most

O(d™@tLpa/2} Jog n) (log(n/7)) + 1) < O(d™@hPa/2 jog? 4 7).

Running time. For a given r, the dominating running time cost of the inner-most loop of
Algorithm 1 is the computation of /,,, Lewis weights for O(2") matrices whose sparsities sum to
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nnz(A). Thus, if Lewis weight computation for an n x d matrix B takes O(nnz(B)logn + T)
time, then the total running time is

[logy(n/7)

. T
Z O (logn) - O(nnz(A)logn +2"T) = O (nnz(A) log® n + ne log n) O
T

Remark 10.2.5. As noted by [TMF20], if we can control the sensitivities of functions M, and
Mo, then it is straightforward to control the sensitivities of the sum of these two functions, i.e.,
M = M, + M. This applies to our algorithm as well. Suppose that sM(A) € [1/2",2/2"] and
let y = Ax be such that

My(ly]) + Ma(Jyi]) [l 3]

Iy It + 1y 2 2]
Then,
Mi(lyd) | Mollyl) 1
Iyl Iyl 2
so then there is some j € {1, 2} such that
My 11
bm; 2 9

INalpya

so the /,,. Lewis weight of the ith coordinate must be large by using a similar proof as Theorem
10.2.4. Thus, we can obtain similar sensitivity upper bounds up to a constant factor loss. Similarly,
if M, is a “flat” sensitivity function in the sense of [TMF20], that is, if

supw20<l>

xert [ Axyp? n

for all 7 € [n], then this just means that either the M, sensitivity is large, or the M sensitivity is at
most O(1/n), in which case we still get the same bounds.

Although Theorem 10.2.4 only handles unweighted ) -estimators, this result can be general-
ized to weighted M -estimators by splitting into level sets, similarly to Lemma 39 of [CW 15a].

Lemma 10.2.6. Let ||-|[,, be an M-norm. Let w > 1, be a set of weights. Let N =
Nloga(1 -+ [|w[l,)]. For j € [N], let

Ty={ien: 2" <w; <2},
and let A |Tj denote the restriction of A to the rows of 7);. Then,

SZMW(A)<2 S; (A|T)

for: € T;.
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Proof. Leti € T; for some j € [N]. We have that

SM,W<A) _ sup WZM([AX](Z))

xern Axz0 (| AX[h

<
XERS”I,lII\)X7éO HA |T' XHM,W

2 M([A |z, x](4))

< Sup i1 PM

e Koo DALy, [
=2-s)(A |,

as desired. ]

This leads to an algorithm that achieves guarantees similar to Theorem 10.2.4 for weighted
M -sensitivities, up to a loss of a factor of /V in the running time and sensitivity bound.

Corollary 10.2.7. Let ||-||,, be an M-norm. Let w > 1,, be a set of weights. Define N as in
Lemma 10.2.6. There is an algorithm that computes weighted M -estimator sensitivities that sum
to at most

O(Ng»»thrm/2 og? - N7)

in time
T
@) (nnz(A) log®n + N log n) ,
T

where 7" is such that constant factor Lewis weight approximation for an n x d matrix B takes
O(nnz(B) + T) time (see Theorem 6.1.8).

Proof. This is simply the result of applying Theorem 10.2.4 on the N matrices A |7, as defined
in Lemma 10.2.6. Note that the nnz(A |z,) terms add up to nnz(A) in the running time. O

10.2.2 Sharper sensitivity bounds

We show that we may modify the proof of our input sparsity time algorithm to show that the
sum of sensitivities is at most O (d™®{1Px/2} Jog n), if we do not need to efficient algorithms for
constructing these sensitivities.

Theorem 10.2.8. Let ||-||,, be an M-norm. Then, the total M -sensitivity of A is at most
O(dmax{tpae/2 1og ).

Proof. Our idea is essentially to run Algorithm 1 with 7 = d without the O(log n) repetitions of
the hashing process.

Let r € [[log,n]] and let I, be the set of coordinates with M -sensitivity in [1/2",2/2"].
Suppose we hash the rows of A into B = 10 - 2" buckets. Then, as in the proof of Theorem 10.2.4,
for each i € I,, there is at least a 9/10 probability that ¢ has ¢,,, Lewis weight at least 1/3 in its
hash bucket. Thus, the number of such i is (9/10)|/,| in expectation, so there exists some hashing
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such that at least (9/10)|I,| of the indices ¢ € I, have ¢, Lewis weight at least 1/3 in its hash
bucket. However, there can be at most B - d™{1:»/2} guch indices, so we must have that

1] < B aueiof
10" =

SO
’[r| = O(B . dmax{l,p/2}) — O(2T . dmax{l,p/2}>.

By summing over the r, we obtain a bound of

[logy n] 9 [logy n]
Z ? [r’ < Z §0(2r . dmax{l,p/Z}) _ O(dmax{l,p/Z} lOg n) _ O<dmax{1,p/2} lOg n)

r=1 r=1

on the total M -sensitivity, as claimed. ]

10.3 Sensitivity lower bounds

Finally, we show that our sensitivity upper bounds are tight by showing that the Tukey loss
can have a total sensitivity as large as Q2(dlog(n/d)). We also show a weaker lower bound of
2(dloglog(n/d)) for the Huber loss. This is in contrast to sensitivities for the ¢, loss for 0 < p <
o0, which is always at most d™ax{1.p/2} due to the existence of Lewis bases [Lew78, SZ01], and
thus has no dependence on n. The necessity for a dependence on n can be attributed to the lack of
scale invariance for these M -estimator losses. A similar observation has been made previously in
[SWZ19, Theorem 1.3], which shows that the column subset selection problem with the entrywise
Huber loss exhibits a lower bound of €2(y/logn) columns, also attributed to the lack of scale
invariance.

We simultaneously handle the Tukey and Huber losses by analyzing the ¢5-/,, loss for p € [0, 1],
which grows quadratically near the origin and as ¢, away from the origin, and is polynomially
bounded above with degree 2.

Lemma 10.3.1 (Sensitivity lower bound for the ¢5-¢, loss). Define the ¢5-¢,, loss of width 7 to be

(72/7P) - 2P x| > T '
For d > 1 and n > d, there exists an n X d matrix A with total M -sensitivity that is at least

T7(A) > Q(dlogg) ?pr[O,l)

Q(dloglog %) ifp=1.
Proof. Let { = |log, n| and let x € R™ be a vector with 2 coordinates of value /2! for i € [].
We will show a sensitivity lower bound of Q(¢) = Q(logn) for the n x 1 matrix formed by the
vector x. By considering d disjoint copies of this vector, each on n/d coordinates, this implies a

lower bound of Q(dlog(n/d)).
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Let j € [¢]. Then,

| ay 2
ERE . .M(Tg)

i=1

2 J N P 4 N

T i 27 i 27
<. 2-(75) +'Z2-(¢§)

i=1 i=j+1
J ¢ 1

_ _20pj (1-p)i | - 292j
= 772/ 2 2 =

O(2-21) ifpe[0,1)
O(r?-j27) ifp=1

so for each j € [/], there are 27 coordinates 7 such that

M2 -x;) Q(%) ifpel0,1)
12l | o(75) ifp=1
QL) ifpe o)

:{O(J%> ifp=1

Thus, the sum of sensitivities for the Tukey loss for this matrix is at least

é? : 9(2%) = Q(0) = Q(logn)

forp € [0,1) and
¢
. 1
> o Q(?) = Q(log¢) = Q(loglog n)
: J
7j=1

forp = 1.
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Chapter 11

Applications: streaming /~, subspace

embeddings and computational geometry
[WY22a]

An investigation of high-distortion ¢, subspace embeddings for p > 2 in the previous Chapter 9
prompts a closely related study in the streaming setting, in which we must compute an ¢,, subspace
embedding of the matrix A € R"*?, when A is presented as n rows a; € R? which arrive one by
one in one pass over a stream (see Section 1.3.3).

Note that when we have algorithms for subspace embeddings with (1 + ¢) distortion, then we
can easily obtain a streaming algorithm by a technique known as merge-and-reduce, in which we
iteratively perform the operations of concatenating new rows and reducing the size of the stored
subspace embedding by re-computing a subspace embedding. These operations can be performed
in a way such that the subspace embedding is re-computed at a “depth” of only O(log n) if the
input matrix A has n rows, meaning that if we compute subspace embeddings with distortion
(1 + ¢/logn) at each step, then the total distortion is only (1 + &/logn)™ = (1 + O(e)).
However, this trick does not work for when our distortions are £ = (1 + (1)), and leads to
poly(n) factor total distortions when applied in this case.

Perhaps the most important case of this problem is that of computing ¢, subspace embeddings
in the streaming model. In this case, Theorem 9.0.3, both in the upper bound and lower bound,
can be generalized to show that /., subspace embeddings with x = v/d distortion and r = d rows
can be obtained, and that the upper bound comes from /., Lewis weights, which corresponds to
the well-studied problem of Lowner—John ellipsoids [Joh48, Tod16], also known as minimum
volume enclosing ellipsoids. However, the question of computing Léwner—John ellipsoids in the
streaming setting using only poly(d) bits of space is a central unresolved problem in the literature
of computational geometry [MSS10, AS15]. Indeed, the only known prior results for computing
Léwner—John ellipsoids in a stream uses exp(poly(d)) bits of space in order to estimate the extent
of every direction in R? using a net [AHV04, AHV05], rather than polynomial in d. Thus the
question of efficiently maintaining ¢, subspace embeddings in a stream is an important problem.

In our work of [WY22a], we resolve both the problem of maintaining /., subspace embeddings
and Lowner—John ellipsoids in the streaming setting, and in fact, a multitude of other problems in
the streaming computational geometry literature which previously only admitted upper bounds
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with exponential dependencies in the dimension. Our central theorem is the following:

Theorem 11.0.1 (Streaming /., subspace embedding [WY?22a]). There is a deterministic stream-
ing algorithm such that, for any A € Z"*? presented in a geometric stream, the algorithm
maintains SA for a matrix S € Z"" such that for every x € RY,

[A%[|o0 < [[SAX[[oe < O(v/dlogn)[|AX]|oc.

Furthermore, the algorithm uses at most O(d?(log n)?) bits of space.

Our main technique is the use of online leverage scores (see Section 1.3.3) as a tool both to
discover directions x € R? in which the /., norm || Ax||., is updated significantly in a stream,
and to bound the total number of such updates which can occur.

A related result on maintaining Lowner—John ellipsoids in the streaming setting has been
obtained in concurrent work of [MMO?22], which achieve results that depend on a certain condition
number of the ellipsoid. The case of asymmetric polytopes was later handled by [MMO23].

11.1 Nearly optimal sum of online leverage scores

We begin with a theorem establishing a tight bound on the sum of online leverage scores when A
has integer entries bounded by poly(n).

Theorem 11.1.1. Let A € Z"*? have entries bounded in absolute value by poly(n). Then,

Z TO(A) = O(dlogn).

Our argument will need the notion of a pseudodeterminant.

Definition 11.1.2 (Pseudodeterminant). Let M € R%*¢ be a symmetric matrix of rank r. Then,
the pseudodeterminant pdet(M) of M is the product of the nonzero eigenvalues of M.

We need the following simple lemmas which dictate the evolution of pseudodeterminants
under row additions. The first shows how to handle the additional of orthogonal rows.

Lemma 11.1.3. Let A € R"*? and let a € R? be a vector that is orthogonal to the row span of
A. Then,
pdet(ATA +aa’) = ||a|f> - pdet(AT A).

Proof. Let A = UXV . Note that the SVD of the concatenation A’ € R(*t1)*4 of A and a is
v (A _ (U 0\ (5 o v
a 0 1/\0 [al,/ \a"/lall,

d
pdet(ATA +aa’) = pdet(A'TA') = ||a|; [[ o7 = |lal; - pdet(ATA),

J=1

Thus,

as claimed. ]
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Our second lemma is a generalization of the matrix determinant lemma to pseudodeterminants.
Lemma 11.1.4 (Matrix pseudodeterminant lemma). Let A € R"*? and let a € R? be a vector
that is in the row span of A. Then,

pdet(ATA +aa') = pdet(ATA)(1+a(ATA) a).

Proof. Let A = UX V' be the truncated SVD of A. Since a is in the row span of V, we may
write a = Vb for some b € R", where = rank(A). Then,

pdet(ATA +aa') = pdet(X* +bb")
= det(Z*+bb")
= det(2?)(1 +b'27?b) matrix determinant lemma
= pdet(VE*V(1+b'VI(VE2VT)Vb)
— pdet(ATA)(1 +a(ATA) a)

as desired. L]

We also need the following identity found in [GK10], which states that the volume of a
parallelotope is given by both the determinant of the Gram matrix as well as the product of the
heights of the dimensions of the parallelotope.

Lemma 11.1.5 (Determinant volume identity [GK10]). Let A € R"*“ have linearly independent
rows. Then,

Vdet(AAT) = l_IHaZLH2
=1
where ai = a; and a;" is the projection of a; onto the orthogonal complement of the row span of
Ai—l for ¢ 2 2.

We now prove the following main theorem of this section.

Proof of Theorem 11.1.1. Our proof is a careful improvement of the original proof by [CMP20]
under our bit complexity assumption. Let i € [n]. If a;,; is in the row span of A;, then by Lemma
11.1.4, we have that

pdet(A] Air) = pdet(A]A;)(1+ a1 (A Ai) ai)
> pdet(A] A)(1+ 725 (A))
> pdet(A; A;) exp(Ti(A)/2)

and otherwise, let a;;1 = ay 1t a;,,, where all is the projection of a;; onto the row span of A;
and a™ is the residual. We have that

pdet(A A1) = pdet(A] A; +a; 13, )
= pdet(A]A; +al,(al,,)" +at(ahy)")
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ail+1||2 pdet(A; A, +az+1( |z|+1>T) Lemma 11.1.3

ai, |5 - pdet(ATA)(1+al, (ATA)al, ) Lemmall.l4

2 Haz+1H2 pdet(A] A))

Now let S C [n] denote the at most d indices such that a; is not in the row span of A; ;. Note
that we take 1 € S so that a;” = a;. We then have by induction that

pdet(ATA) = pdet(ATA,) > [ exp(=2(A)/2) [[la |3

i€[n]\S jes
1
=exp| o Z TOLA) H||ajH§
ic[n]\S jes

1
=exp| 3 > TMA) | det(A[sAl)  Lemma 11.1.5
i€[n]\S

where A |g is the restriction of A to the rows indexed by S. By bounding each eigenvalue by the

d .

operator norm, we have that pdet(ATA) < ||ATA||) < poly(n)?. Furthermore, since A[sA|J
is a nonsingular integer Gram matrix, it has positive integer determinant, which is in particular at
least 1. We thus have that

1
exp| 5 Z TOHA) | < poly(n)? = Z OL(A) < O(dlogn).
i€n]\S ieln]\S

Finally, |S| < d, which implies that

ot A) = ) TPNA) + ) TMA) < O(dlogn) + d = O(dlogn),
=1 1€[n]\S €S
as claimed. O

11.2 Online coresets for /., subspace embeddings

We will analyze the following algorithm for constructing /., subspace embeddings in the online
coreset model, which keeps a new row a; if and only if it exceeds the “/5 width” of the previously
kept rows.

We show the following guarantee for Algorithm 2:

Theorem 11.2.1. Let A € R™*? such that for any subset S’ C [n], the sum of online leverage

scores is bounded by
Z ’TZQL(A|S/) <T
ies’

and let S be the output of Algorithm 2. Then:
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Algorithm 2 Online /., subspace sketch coreset
input: A ¢ R"*4,
output: Coreset S C [n].

1. S+ 9

2: fori € [n] do
3 if Ix € R": (a;,x)* > ||A|sx]|> then
4: S+ Su{i}
5: return S
* S| <O(T)

* <llAx]| < [|Alsx| < |Ax]| forallx € RY, for A = O(T).
In particular, if A € Z"*4 is an integer matrix with entries bounded by poly(d), then by storing
the rows of S, we obtain an algorithm for the streaming /., subspace sketch problem using
O(d?log® n) bits of space, and if A € R"*“ has online pseudo condition number x°%, then we
obtain an online coreset algorithm storing at most O(d log(nx°")) rows and achieves distortion at

most O(y/dlog(nkO%)).

Proof. We first bound |.S|. Note that for every i € S,
T (Als) = (1)
since if a; € rowspan((A|s);_1), then by Line 3 and Lemma 1.3.5,
2
oL <ai7 X>
77 (Als) = sup ——————>
(Als)i-1x#0 ||(A|S)i—lx||§

while if a; ¢ rowspan((Alg);_1), then TP (A|g) = 1. Since the online leverage scores of Ag
sum to at most 7, it follows that |S| < O(T).

Next, we bound the distortion A. Note that ||A[sx|| < ||Ax]|_ is trivial, so it suffices to
show the lower bound. Let x € R? and let i, € [n] satisfy [|Ax||_ = |(a;,,x)|, i.e., the row that
witnesses the max. If 7, € .S, then we already have that

[A]sx]l,, > [[Ax]l,
so assume that i, ¢ S. Then,
1A%, = (ai., x)”
< HA‘SXH§ Line 3
< 15]- | ALsx]2,
< O(D)|[Alsx]%,
which yields the claimed bound on A. The guarantee for streaming algorithms for A with bounded

bit complexity follow from online leverage score bound from Theorem 11.1.1. The guarantee for
online coreset algorithms follows from Lemma 1.3.8 and by noting that

kO (Ag) < n-rk°(A)
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since for any 7 € [n],

—1 .
Ao = mi Alg);x
H( s)i H2 Hx||2:1,x€rowspan((A|5)i)||( ls)ixll,
> min Alg)ix
- HxH2:1,x6r0wspan((A|S)i)||( |S) ||°°
1
> — min | Ax||
A |x[|,=1,x€rowspan((Als):)
1 1 1
> min Ax|l, > —=||A7], -
- A\/ﬁ ||x||2:1,x6rowspan((A|s)i)|| ”2 n“ H2

Note that we use that S has the /., subspace embedding guarantee here, rather than using an upper
bound on 7. m

Remark 11.2.2. It is not hard to see that |[A|sx]||, can be used as the subspace sketch es-
timator in Theorem 11.2.1 instead of ||A|sx||.. In this case, one can obtain a space com-
plexity of O(d?logn) bits of space instead of O(d?log®n), by storing the quadratic form
A|{Als € Z*?. In particular, we obtain an ellipsoid {x € R?: ||A[sx|, < 1} approximat-
ing the polytope {x € R*: [|Ax||, < 1} up to a factor of O(y/dlogn). If we instead just store
the rows themselves in the online coreset model, we store O(d log(nx°")) rows for a distortion of
O(+/dlog(nkOL)) between the polytope and ellipsoid. See also Theorem 11.4.7.

11.3 Near-optimal bounds for restricted instances

In this section, we study a restricted variant of the /., subspace sketch problem, and give near
optimal algorithms and lower bounds, i.e., without extra log n factors.

Definition 11.3.1 (Restricted /., subspace sketch). We define the restricted /., subspace sketch
problem as follows. Let A € R"*? be a matrix with row norms all ©(1). Then, we must design a
data structure () that receives a row arrival stream of A and answers queries x € R at the end of
the stream. Furthermore, we must output

Q(x) < kl|Ax][,
for all x € R¢, while we must output
Q(x) > [|Ax]|,

when X is an input point, i.e., x is one of the rows a; of A.

We show that the lower bound instance of [LWW?21] is captured by this restriction, and show
an algorithm that matches the lower bound up to logarithmic factors.

11.3.1 Lower bound

We will use the following lemma from coding theory.
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Theorem 11.3.2 ([PTB13]). Forany p > 1 and d = 2* — 1 for some integer k, there exists a set
S C {—1,1}" and a constant C,, depending only on p which satisfy

.« S| =dr

* Forany s,t € S such that s # t, |(s,t)| < C,\/d

We then have the following:

Theorem 11.3.3. Let n = d? for some integer ¢q. Suppose that a streaming algorithm .4 solves
the restricted (., subspace sketch problem (Definition 11.3.1) with x = ¢\/d for some sufficiently
small constant ¢ > 0. Then, A must use €2(n) bits of space.

Proof. We show the result by reduction from the INDEX problem (Theorem 2.2.1).

Let S C {—1,1}9 be the set of vectors given by Theorem 11.3.2 with n = d?. Suppose that
Alice has a subset A C [n]. Then, Alice can feed the vectors of S corresponding to her subset
A, normalized to have norm O(1), and then pass the memory state of .4 to Bob. Now suppose
that Bob has the index b € [n]. Then, Bob queries the subspace sketch data structure the vector
X, € S corresponding to the index b.

If b € A, then we have that Q(x;) > [|Ax||, = [|x3/|2 = ©(1). On the other hand, if b ¢ A,
then we have that

1
Q) < ARl < Vi oo = 00

Thus for ¢ sufficiently small, Bob can distinguish whether b € A or not and thus .4 must use at
least {2(n) bits of space. O

Remark 11.3.4. By replacing our use of Theorem 11.3.2 with n random unit vectors in d
dimensions, we can instead get a collection of vectors with inner product ©(/(logn)/d), which

leads to an €2(n) bit lower bound for distortions better than O(4/d/ log n), even for n larger than
poly(d).

11.3.2 Upper bound

In this section, we design an algorithm solving the restricted ¢, subspace sketch problem (Defini-
tion 11.3.1). Our algorithm is given in Algorithm 3.

Algorithm 3 Restricted /., subspace sketch

input: A € R in a row arrival stream of ©(1) norm rows.
output: Coreset S C [n].
1. S+ 9
2: for i € [n| do
3: if there is no j € S's.t. |(a;/||ayll,, ai/||asll,)| > 1/v2d — 1 then
4: S+ Su{i}

Our analysis will use the well-known Welch bound from coding theory.
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Theorem 11.3.5 (Inner product lower bound [Wel74]). Letay,ay,...,ay € R? be a set of M
unit vectors. Let £ > 1 be an integer. Then,

i#£]

1 M
maxl<auaj>l2k > M—1 [(d+k—1) - 1]
k

Using Theorem 11.3.5, we show the following.

Theorem 11.3.6. Let A € R"*? be a matrix with rows with norm ©(1). Then, Algorithm 3
outputs a coreset S C [n] such that

CVd|Asa . > || Aal,

for all ¢ € [n], for some C' > 0 a sufficiently large constant. Furthermore, Algorithm 3 uses
O(d?log n) bits of space.

Before proving Theorem 11.3.6, note that the result implies that Algorithm 3 solves the
restricted /., subspace sketch problem, since trivially, we have that

CVd|Asx||,, < V| Ax|,

for all x € R<.

Proof of Theorem 11.3.6. First note that by assuming that a; are unit vectors, we only lose O(1)
factors in the distortion parameter x, so we make this assumption without loss of generality.
Note that the correctness guarantee is trivial from the construction of the algorithm, since
every input point that doesn’t satisfy line 3 is kept by the coreset. It suffices to argue the space
complexity of the algorithm.
We will argue that the algorithm keeps at most O(d) points in S. If we apply Theorem 11.3.5
with k = 1 and M = 2d, we get that for any set of M = 2d unit vectors a;, ay, ..., ay € R,

,_ 1 [2d 1
La)? > 2=
max (@i, a;)[" = 2d—1[d 2d — 1

and thus the algorithm cannot keep more than 2d — 1 points. Storing these points only requires
O(d*logn) bits of space. O

11.4 Applications to streaming algorithms for geometric prob-
lems in high dimensions

We now show that our ¢, subspace sketch algorithm gives the first polynomial space algorithms for
many important problems in streaming computational geometry, including fundamental problems
such as symmetric width, convex hull, and Léwner—John ellipsoids. Previous algorithms for these
problems had an exponential dependence on d, due to reliance on e-kernels [AHV04, AHVO5].
In particular, in the high-dimensional regime of d > C'logn for a large enough constant C', the
memory bound for known results becomes larger than (:)(nd), and thus there were no previously
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known nontrivial algorithms in this regime, despite the fact that algorithms that work in the
high-dimensional regime have been sought after for over a decade since they were suggested by
[AHVO04, AHVO05, Cha06, ZC06] and others.

In the following discussion, we generally assume a centrally symmetric input instance, that
is, if a € R? is a point in the input point set, then so is —a. Note that for most geometric
problems falling under the class of extent measure problems [AHV04, AS15], considering only
centrally symmetric instances is without loss of generality, up to constant factor losses in the
distortion. For illustration, consider the directional width problem, in which we wish to estimate
maxj_, (a;,X) — minj_, (a;, x) for any query direction x € R?. One can translate the entire
point set by one of the input points, say a;, so that 0 € R is one of the elements of the point
set. This preserves the directional width. Note then that max ,(a; — a;,x) > (0,x) = 0 and
minj_, (a; — a1, x) < (0,x) =0, so

n n n
malx(ai —a;,X) — ml{l(aj —a;,X) = ma1x<az~ — al,x)‘ +
1= 1= 1=

n
min(a; — a;, x)
i=1

= 2@1@5\<ai —ap, x)|.
Then for each translated point a; — a;, we add its negation —(a; — a; ), which preserves the latter
value. Similar arguments apply to other problems, such as convex hull, Lowner—John ellipsoids,
etc.

We show that our techniques for the streaming subspace sketch problem yield the first one
pass poly(d) space algorithms for a wide variety of geometric approximation problems that are
symmetric with respect to the origin. For these problems, the previously known techniques
typically only yielded space bounds of the form ¢~®@ for a (1 4 ¢) approximation. In contrast,
we show how to obtain poly(d) approximations using poly(d) bits of space. Because our ¢,
subspace sketch algorithm is online, many of our algorithms for streaming geometry are online as
well, and we present results in both the row arrival streaming and online coreset models.

11.4.1 Directional width

The most direct application of our results is that of approximating the directional height oh a
point set, which is a symmetric version of the more well-known directional width:

Definition 11.4.1 (Directional width and height). Let A € R"*?, The directional width [AHV05]
of A with respect to a unit vector x is defined to be

w(x, A) = max(x, a;) — min(x, a;)
1€[n] i€[n]

and the directional height [IMGR20, MRWZ20] of A with respect to a unit vector x is defined to
be
h(x,A) = m{a>}<]<x, a;)|.
i€n
The definition of directional height is equivalent to an /., subspace sketch data structure,
which means that Theorem 11.2.1 directly yields the result by providing a coreset result for the
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problem in the high-dimensional regime. Furthermore, Theorem 11.3.3 improves the lower bound
of [AS15] for directional width from (d'/?) to Q(d"/?). This in turn shows a lower bound of
a (d'/?) factor distortion for the convex hull estimation problem as well, which we discuss in
Section 11.4.2.

By using the “peeling” technique of [AHY08], we extend this to k-robust directional width.
We define this for centrally symmetric instances as follows:

Definition 11.4.2 (Centrally symmetric k-robust directional width [AHY08]). Let A € R™*9 be
a set of n points in d dimensions. We consider each row a; € R? as representing both a; and
—a;, so that the input instance is centrally symmetric. Define the level of a € R? in the direction
x € R? to be

{i € [n] : [(ai, x)| > ((a,x))}
and let A*[x] denote the point (or row) of A at level £'. Then, the k-robust directional width is

defined to be
Eu(x,A) = [(A*[x],x)|.

We now turn to showing Theorem 11.4.3, which uses the reduction of [AHY08] to turn
coresets for directional width for coresets for k-robust directional width, even in one-pass streams.

Theorem 11.4.3 (k-robust directional width in polynomial space). Let A be an n X d matrix
presented in one pass over a row arrival stream. There is an algorithm .4 which maintains a coreset
S C [n] such that

1
ng(xv A) < gk(X7A|S) < gk‘(X7 A)

where
* in the streaming model, A = O(y/dlogn),

bits of space.
* in the online coreset model, A = O(y/dlog(nx°)) and |S| = O(kdlog(nkO")).

S| = O(kdlogn), and A uses O(kd?log® n)

Proof. We follow the reduction described in [AHY08]. We first discuss an algorithm running in
k + 1 passes, and then describe how this can be implemented in one pass. In k + 1 iterations, we
consider a decreasing sequence of sets of rows [n] = Sy 2 51 2 ... D Sk, where S; 11 = S; \ Ti,
where 7; C S; is a coreset for directional width as constructed by our Theorem 11.2.1. The coreset
we output is then 7 = Uf:o T:.

We first argue correctness. Consider an arbitrary direction x € R¢. Say that the ith iteration
is successful if AJ[x] € T; for some j € {0,1,...,k}, and unsuccessful otherwise. Now if
AJ[x| € T for every j, then we already have that &,(x, A|7) > Ex(x, A), so we assume that
there exists some j such that A7[x] ¢ T. It then follows that A7[x]| ¢ 7T; for every iteration i.
Then, let ¢ be any iteration in which the algorithm is unsuccessful in the direction x. Then,

1
Eo(x, Al) > Z&)(X, Alg,) since 7; is a coreset for S;
1 ‘
> ZSj(X, A) since A’[x] € S;

! For simplicity, we assume that there is at most one vector at a given level, as done in [AHY08].
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Z %&ﬁ(x, A)

Furthermore, the A} [x] witnessing the above inequality is not one of the A7[x] of the entire
dataset A, since this iteration was unsuccessful. Thus, no matter whether the iteration is successful
or unsuccessful, the final coreset 7 gains a vector a € R? with |(a, x)| > &(x, A)/A in each
iteration.

To turn this into a one-algorithm, we can follow Section 2.4 of [AHY08] and maintain k + 1
copies of our coreset data structure in parallel, where the ith data structure gets inserted with a
row a if either the (¢ — 1)th copy of the algorithm does not add a to 7;_;. Note that our base
coreset algorithm does not delete points, so we do not need to handle this as [AHY08] does. [

11.4.2 Convex hulls

A fundamental problem in computational geometry is the approximation of the convex hull of n
points a;, ay, . . ., a, € R% For (1+ ¢)-approximation, e-kernels [AH V04, AHV05] give coresets
of near-optimal size of ¢~®(4), even in the streaming model [Cha06, Chal6]. More recently,
[BBK ™ 18] removed the exponential dependence on d for certain beyond-worst-case instances.
However, a general streaming algorithm for convex hull in poly(d, log n) bits of space, even with
poly(d, logn) distortion, remained elusive. In the offline setting, this is possible via coresets for
Lowner—John ellipsoids (see Section 3.6 of [Tod16]).

By using our coreset for /., subspace sketch, we obtain coresets for approximating symmetric
convex hulls, with poly(d, logn) bits of space and distortion. This is done by noticing that our
/, subspace sketch result yields an online coreset for approximating a polytope defined by the
intersection of the linear inequalities specified by each of the rows, and then using the fact that this
linear inequality polytope is the polar body of the symmetric convex hulls of the corresponding
rows [HW20].

The following are standard elementary facts about polars that we will need:

Lemma 11.4.4 (Polars and their properties, Exercises 1.1.14, 2.3.2 of [HW20], Section 3.5 of
[Tod16]). Let K C R? be a convex body and define the polar K° as

K°={xeR*:vx e RY (x,x) <1}.

Then, the following hold:
*if K C L,then K° D L°
s forr>0,(r-K)°=r"' K°
* if 0 € int K, then (K°)° = K
* for A € R, conv({as, as,...,a,})° = {x e R": |Ax| <1}
* foranellipsoid £ = {x € R?: x"Hx < 1}, E°istheellipsoid E° = {x e R? : x"H 'x < 1}
This observation, combined with Theorem 11.2.1, yields the first polynomial space algorithm
for approximating convex hulls in the worst case:

Theorem 11.4.5 (Streaming convex hulls in polynomial space). Let A be an n X d matrix
presented in one pass over a row arrival stream. There is an algorithm .4 which maintains a coreset
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S C [n] such that
conv({%a;};cs) C conv({£a;}I-;) C Aconv({£a;}ics).

where
* in the streaming model, A = O(y/dlogn), |S| = O(dlogn), and A uses O(d? log® n) bits
of space.
* in the online coreset model, A = O(y/dlog(nx°)) and |S| = O(d log(nk°")).

Proof. Let S C [n] be the coreset computed by Algorithm 2. Let K = {x € R? : ||Ax| <1}
and let Kg = {x € R?: ||A|sx|, < 1}. By Theorem 11.2.1, we are guaranteed that

K C Kg CAK

for A = O(y/dlogn) in the row arrival streaming model and A = O(/dlog(nxO")) in the
online coreset model. Then by Lemma 11.4.4, we may take polars on this chain of inclusions to
conclude that

1
K°D KD —K°.
2 Ng A
Since K° = conv({£a;}" ) and Kg = conv({+£a, };cs), we conclude. O

Note that this also gives us a O(+/d log n)?-factor approximation to the volume of convex hull.

11.4.3 Lowner-John ellipsoids

We consider the problem of computing an approximate Lowner—John ellipsoid of a convex
symmetric polytope, also known as the problem of minimum volume enclosing ellipsoid (MVEE).
We define our notion of approximation of Lowner—John ellipsoids as follows:

Definition 11.4.6. Let K C R be a convex body and let F be the Lowner—John ellipsoid of K.
We say that an ellipsoid E’ is an a-approximate Lowner—John ellipsoid for K if

ECFE CaF.

Upper bound

In the literature, there are two closely related variations to this problem (see Equations (1.1.1)
and (1.1.2) of [Tod16]). In one, more common in the computational geometry community,
the input data set A € R™*? is interpreted as the convex hull of the n rows, ie., K =
conv({tay, tay,...,+a,}). In the other, more common in the optimization community, the A is
interpreted as a set of n linear constraints, and the input polytope is K = {x € R? : |Ax|| < 1}.
As noted in Section 11.4.2, these two interpretations are polars of each other.

Our results for the streaming /., subspace sketch problem in Theorem 11.2.1 apply most
readily to the latter interpretation, i.e. the linear inequalities interpretation, and we immediately
obtain the following:
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Theorem 11.4.7 (Lowner—John ellipsoids in polynomial space). Let A be an n X d matrix pre-
sented in one pass over a row arrival stream. Define the polytope K = {x € R? : [|Ax|| < 1}.
There is an algorithm A which maintains a coreset S C [n| from which we can compute an
ellipsoid £’ such that

E'C K CAF
where
* in the streaming model, A = O(y/dlogn), |S| = O(dlogn), and A uses O(d? log” n) bits
of space.

* in the online coreset model, A = O(y/dlog(nx°)) and |S| = O(dlog(nkO")).
Since K C E C VdK, E' is an O(Av/d)-approximate Léwner—John ellipsoid.

The proof is sketched in Remark 11.2.2.

We also show that we can also get results in the convex hull interpretation, by using the fact
that these two interpretations of the input matrix A are polars of each other. See Section 3.5 of
[Tod16] for a discussion on polars and Lowner—John ellipsoids.

Using basic facts about polars (Lemma 11.4.4), we obtain the following:

Corollary 11.4.8. Let A be an n X d matrix presented in one pass over a row arrival stream.
Define the polytope K = conv({£a;, +ay,...,+a,}). There is an algorithm .A which maintains
a coreset S C [n] from which we can compute an ellipsoid £’ such that

E' C K CAFE.
where
* in the streaming model, A = O(y/dlogn), |S| = O(dlogn), and A uses O(d? log® n) bits
of space.

* in the online coreset model, A = O(y/dlog(nx°)) and |S| = O(dlog(nkO")).
Since K C E C V/dK, E'is an O(Av/d)-approximate Lowner—John ellipsoid.

Proof. We claim that we can just interpret the row arrival stream as in Theorem 11.4.7, and then
simply invert the quadratic form of the ellipsoid. Using Theorem 11.4.7 and Lemma 11.4.4, we
obtain some ellipsoid £ such that

ECK°CAME

for some \. Then, the ellipsoid with the inverse quadratic form of £ is E° and satisfies
1
E°D KD —-FE°
A
by Lemma 11.4.4. Scaling by A gives the desired conclusion. O]

Lower bound

In this section, we show the negative result that approximate Lowner—John ellipsoids cannot

be maintained in the row arrival model with small space, if the desired approximation is much
smaller than v/d.
Our main result of the section is the following.
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Theorem 11.4.9. Let n = d°, where ¢ > 1 is any constant integer. Suppose an algorithm A
computes an a-approximate Lowner—John ellipsoid of any n x d matrix A with probability at
least 2/3, for a« = ¢ V/d for a sufficiently small constant ¢/, in one pass over a row arrival stream.
Then, A must use 2(n) bits of space.

Proof. We show the result by reduction from the INDEX problem (Theorem 2.2.1).

Let S be the set constructed in Theorem 11.3.2 with p in the lemma set to ¢, so that |S| =
d® = n. Then, Alice constructs an |A| X d matrix A by choosing the vectors of S corresponding
to the indices ¢ € A. Alice then runs the algorithm .4 on the rows of A, then passes the working
memory of the algorithm to Bob.

Let i, € [n] be the index given to Bob. We claim that Bob can then figure out whether
i« € A or not using this working memory. Let b € S be the vector in S indexed by i,. Let
U, U, ..., uy_; € R?be an orthonormal basis to the orthogonal complement {x eR¢: (b,x) = 0}
of b. Then, Bob inserts the following rows into the working memory of A:

* 4(d — 1) rows &d - u; = b/V/d fori € [d — 1]
* 2(d—1)rows £R - u, fori € [d — 1], for a large R = poly(d) to be determined

Bob will then report that 7, € A if and only if b belongs to the a-approximate Lowner—John
ellipsoid that is output by A.

If i, € A, then it is obvious that b must be in the Lowner—John ellipsoid, so suppose that
i. ¢ A. By rotating, we assume without loss of generality that b = Vd - e; and u; = e;,; for
i € [d — 1]. Now consider the exact Lowner—John ellipsoid F of the input dataset including all
rows added by both Alice and Bob, and let g be the largest magnitude achieved by a point g € F,
in the direction of b. Suppose for contradiction that g > 2.

Replacing Alice’s points by abox. LetV = {£d-u; =b/V/d :i € [d— 1]} be the rows added
by Bob. We first show that the Lowner—John ellipsoid does not change if we remove all of Alice’s
points, by showing that the convex hull of V' must contain Alice’s points. Note that Alice’s points
all have ¢, norm at most V/d and e; component at most 1. If x is any point with x; = 0, then
d - x/||x]|, is a convex combination of +d - ;. The ¢, norm of this point is at least

X

HXHI

J«

> |

Thus, applying this to any of Alice’s points x with the first coordinate removed, these points
must lie in conv(V'), since d - x/||x||; € conv(V') is a vector in the same direction with a greater
magnitude as x that is also in conv (V). It follows that x must lie in conv (V') as well.

Reduction to a two-dimensional ellipse. Note that V' is symmetric with respect to flipping signs
on coordinates, and so is conv(1/), and thus so is the Léwner—John ellipsoid of conv(V"). Now let
v € V be any vertex of conv (1), and consider the two-dimensional ellipse E’ obtained by inter-
secting F with the plane spanned by v, and b. Write this ellipse as £’ = {(x,y) : az?® + by* < 1},
where the cross term disappears due to symmetry of the ellipse. We will think of the x direction
as the b direction, and refer to this coordinate system as the £’ coordinate system.
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Bounds on the ellipse. If the /' vertices do not contact the ellipsoid, then they can be removed
from the Lowner—John ellipsoid, which means that the Léwner—John ellipsoid would be degenerate
since it would lie on a (d—1)-dimensional space. Thus, the vertices of 1 must contact the ellipsoid.
Similarly, for large enough R, the points £ - u; must also contact the ellipsoid, since otherwise
removing them would lead to a John ellipse of bounded radius. Note that the ¢ diameter of
conv (V') is at most O(d), so a Lowner—John ellipsoid of conv(V') would have radius at most
O(d*/*), which means the above holds when R is chosen to be larger than some O(d®?). Also,
we have a point (g,0) € E’ for g > 2. Then, we have that a = 1/¢* and b = 1/ R? so that

1 1
E' = {(w,y) ; ?xQ + ﬁyQ < 1}.

Note that the V' vertices have the form (+d, 1) in the E’ coordinate system. However, we then

have that )

1 d
? + ﬁ <1
so they in fact cannot contact the ellipse. We conclude that g > 2 is impossible.
Finally, even if we have an a-approximate Lowner—John ellipsoid, b will still not be contained

in the ellipsoid, so the Bob will still output the correct answer. []

Remark 11.4.10. By replacing our use of Theorem 11.3.2 with n random unit vectors in d
dimensions, we can instead get a collection of vectors with inner product ©(+/(logn)/d), which

leads to an €2(n) bit lower bound for distortions better than O(/d/ logn), even for n larger than
poly(d).
Remark 11.4.11. Note that the above lower bound holds even if Alice and Bob compute a general

convex body K such that
ECKCaFE,

since such a K can still detect whether Bob’s point is in Alice’s point set or not.

11.4.4 Volume maximization

We next consider the problem of selecting £ rows that approximately maximizes the volume
of the parallelepiped spanned by the rows, known as volume maximization, or maximum a
posteriori (MAP) inference of determinantal point processes (DPPs) [BKI.Z20]. Relative error
guarantees for this problem have been studied by [[IMGR 19, IMGR20, MRWZ20], culminating
in the following:

Theorem 11.4.12 (Streaming volume maximization, Theorem 1.9 of [MRWZ20]). Let A € Z"*¢
have entries bounded by poly(n) and k > 1. Let C' € [1, (log n)/k|. There is a one-pass streaming
algorithm that computes a subset S C [n] of k points such that

Pr{O(Ck)**Vol(A|s) > Vol(Als,)} > ;

where Vol(A|s) is the volume of the parallelepiped spanned by the rows A |g indexed by S and
Alg, is a set of k rows that maximizes the volume. The algorithm uses O(n°/¢)d) bits of space.
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This result is obtained by combining coresets for volume maximization [[MGR19] with
streaming e-kernels for directional width [Cha06]. Note that even when C' = (log n) /k, the space
complexity is exp(O(k))d and thus still exponential in k. By replacing e-kernels for directional
width with our /., subspace sketch result, we obtain the first relative error polynomial space
algorithms for volume maximization®.

Theorem 11.4.13 (Streaming volume maximization in polynomial space). Let A € Z"*? with
entries bounded by poly(n) and £ > 1. Let 1 < C < (logn)/k and r = (logn)/C. There is a
one-pass streaming algorithm that computes a subset S C [n] of k points such that

Pr{O(r*Cklog” n) 2 Vol(A|s) > Vol(Als,)} >

[GSIN )

where Vol(A|s) is the volume of the parallelepiped spanned by the rows A |g indexed by S and
A, is a set of k rows that maximizes the volume. The algorithm uses O(rd log® n) bits of space.

If only the indices (rather than the d-dimensional rows) are required, there is an algorithm
using O(k?log® n) bits of space with O(k log n)* distortion.

Proof. The following is shown in [MRWZ20]:

Lemma 11.4.14 (Lemmas 5.13, 5.14 of [MRWZ20]). Let r = O((logn)/C). Let G € R¥"
have each entry drawn i.i.d. from the Gaussian distribution A/(0, 1/r). Then:

* The volume of the optimal k-subset A

s, satisfies

Pr{2" Vol(AG %

s.) > Vol(Alg,)} >

Pr{VS € ({Z]),VOI(AGIS) < O(Ck)*? v01(A|S)} > 1%

Thus, up to a O(Ck)*/? factor loss in the approximation factor, we may replace A by the n x r
matrix AG. Now applying the observation of Section 11.4.1, we can obtain a directional height
coreset for AG from our Theorem 11.2.1, which produces a set T' C [n] of size |T'| < O(rlogn)
with distortion k = O(y/r logn). Observation 5.9 of [MRWZ20] and Lemma 3.3 of [IMGR19]
then shows that the maximum volume subset of the directional height coreset approximates the
maximum volume subset of A up to a factor of x?* = (k*)*/2. The total approximation factor
is thus O(k*Ck)*/2, while the space complexity is O(dr logn + |T'|dlogn) = O(|T|dlogn) for
storing G and the coreset.

If we only need to output the indices of the coreset, then we can first replace the Gaussian
matrix G with a subspace embedding with a small seed as in, e.g., [KMN11]. Then by setting
6 = exp(—O(k?logn)), we have an O(log 3) x d matrix S such that, with probability at least
1 —n%, for any fixed d x k matrix R, [|[SRx||, = ©(1)||Rx]|, for all x € R*, where S can be
generated from a seed of length O(log k + log %). In particular, |SR||, = ©(1)||R/||, under this

2 The algorithm of [BK1.Z20] has polynomial space as well, but has an additive error guarantee
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event. We now consider any subset S € ([z]). Then by the same reasoning as in [MRWZ20], we
have that the volume spanned by A |s = UXV " written in the SVD is

det(A|sA|f) = 1/ det(Z?)

while the volume of the embedded matrix A|sS" is at most

\/det(A|sSTSA[T) = \/Aet(SVTSTSVE) < [SV][5/det(5?).

Conditioned on the operator norm preservation of V by S for all (Z) subsets S, this is at most

O([[V )"/ det(E?) < exp(O(k))/ det(3%).

The fact that the volume of the maximal volume subset S, does not shrink by more than exp(O(k))
follows similarly as in [MRWZ20]. Then, we repeat the reasoning as before with r = O(k?logn)
on using the directional height coresets, so that our total space usage is just the seed length for the
subspace embedding and the storage of the directional height coreset, which is O(|T'|logn) =
O(rlog®n) = O(k*log® n). The total distortion is O(1/r logn)?* = O(klogn)*. O

11.4.5 Minimum-width spherical shell

Our next application is the problem of approximating the spherical shell of minimum width
which encloses a set of points. Formally, a spherical shell centered at ¢ € R? with inner radius
r and outer radius Ris o(c,r, R) = {x € R?: r < ||x — ¢||, < R}, and we seek relative error
approximations to R —r. This problem has received much attention in the computational geometry
literature [AS98, AAHS99, Cha02, Cha06]. We give a high-dimensional streaming algorithm for
this problem in Theorem 11.4.15. Our proof of Theorem 11.4.15 for minimum-width spherical
shells requires additional care to handle general instances, rather than just centrally symmetric
instances.

Theorem 11.4.15 (Minimum width spherical shell in polynomial space). Let A be an n X d
matrix presented in one pass over a row arrival stream. There is an algorithm .4 which maintains
a coreset S C [n| from which we can compute find a center ¢, inner radius 7 and outer radius R
such that o(¢, 7, R) D {a;}_, and

~

R—7 < A2 min R—r
o(c,r,R)D{a;};,

where
* in the streaming model, A = O(y/dlogn), |S| = O(dlogn), and A uses O(d? log® n) bits
of space.
* in the online coreset model, A = O(y/dlog(nx°)) and |S| = O(dlog(nk°")).

Proof. We will always store the first point a; in order to translate our input instance to the
origin. Now for each i € [n], define the vector b; € R?*! by setting the first d coordinates to
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be —2(a; — a;) and the last coordinate to be ||a; — a;||5. Given a;, we can always compute b;
if we have stored a;. Similarly, define b/ € R?*? to be b; with an additional 1 appended as the
(d + 2)th coordinate.

We now proceed by a variation on the standard linearization trick [AHV04]. Suppose that
we wish to compute the width R — r of the minimum-width spherical shell o(c,r, R) con-
taining {a;}" ,, centered at some arbitrary ¢ € R Note that the inner radius is given by
r = minj_, [|c — a;||, while the outer radius is given by R = maxj_, [|c — a,||,. Now note that

n
R? — r? = max||c — ay[|; — min|jc — a;|;
i=1 7j=1
n 2 2 n 2 2
= max||c[|; —2(c, a;) + [lai|; — IJDZI{IIIC||2 —2(c,a;) + [|a;l;
n 2 n 2
= i —2(c, a) + [Jai 3 — min —2(c, ;) + [l
n

max(b;, ¢’) — min(b;, ¢)
i=1 =1

where ¢’ = [c, 1]. Then by the discussion in Section 11.4, our /., subspace sketch coreset result
of Theorem 11.2.1 can estimate this up to a factor of A both in the row arrival streaming model
and the online coreset model. Similarly, note that

R? =l —
= nfixc]? — 2(c,ai) + [l

= max (b, ")
1=

where ¢” = [c, 1, ||c||3]. We estimate this quantity up to a A factor using Theorem 11.2.1 as well.
Note then that R R
R—r=—— - o ——— d
R+r R

and we obtain a A factor approximation to the numerator, while we obtain a v/A factor ap-
proximation to the denominator. Thus, overall, we obtain a A3/ 2_approximation to the entire
quantity. ]
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Chapter 12

Applications: active /), linear regression
[MMWY22, WY23a]

12.1 Active ¢, linear regression

One of the motivating problems for the study of subspace embeddings is the least squares linear
regression problem [DMMO06a, Sar06] and, more generally, the ¢, linear regression problem, in
which we wish to approximately solve

min||Ax — b||?.
miny| Ax b

When one takes a sampling-based approach to constructing the subspace embedding for the matrix
[A b], including many of the algorithms previously, then the final solution only depends on very
few coordinates of the target vector b, namely the r rows sampled by the subspace embedding
matrix S. Thus, this gives hope for an algorithm which minimizes the number of entries of the
target vector b it has to read, which is a problem known as active learning or active regression.

Definition 12.1.1 (Active ¢, linear regression). An active ¢, linear regression algorithm has query
complexity 7 if, given A € R™*¢ and query access to the entries of b € R", it reads 7 entries of
the vectors and outputs X € R¢ such that

> WP : RN
|A% = bJ}) < (1+2) min|| Ax ~ b|};

Our goal is to minimize the query complexity r.

Such an algorithm has significant value in practice, since label acquisition can oftentimes
require significantly more resources than the training features. Indeed, viewing a single entry of
b might require running a survey, physical experiment, or time-intensive computer simulation
[SWMWS89, Puk06].

Unfortunately, the previous approach of constructing sampling-based subspace embeddings
for [A b| does not immediately yield active regression algorithms, since the sampling probabilities
will depend on b, and thus the algorithm needs to read all entries of b. A natural idea to overcome
this problem is to take the sampling probabilities to only depend on A but not b, by, for example,
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using the ¢, Lewis weights of the matrix A without including b. However, the correctness of this
algorithm is then no longer clear, as we no longer have the subspace embedding guarantee which
includes b. Nonetheless, prior work has shown that this approach in fact does yield efficient active
regression algorithms in several cases.

For the most important case of p = 2, the work of [CP19] obtained an optimal bound of
©(e'd), which notably removes a log d factor that is inherent in sampling-bashed approaches,
by using spectral sparsifiers developed in [LS15]. For perhaps the next most important case
of p = 1, which corresponds to least absolute deviations regression, two simultaneous works
[CD21, PPP21] showed that a sampling-based approach which takes the sampling probabilities to
be the ¢; Lewis weights of A (without appending b) yields an upper bound of O(e~2d log(d/¢)),
with a nearly matching lower bound of (¢ ~2d). However, besides these two special cases, the
true sample complexity of active ¢, linear regression is far from settled. The only other known
bound is an upper bound of O(s~2d?log(d/e)) due to [CD21] for 1 < p < 2. This leads to the
following question:

Question 12.1.2. What is the query complexity of active ¢, linear regression for p # 1, 2?

In two works [MMW Y22, WY?23a], we obtain nearly optimal solutions to Question 12.1.2
for the entire range of 0 < p < oo.

Theorem 12.1.3 (Nearly optimal active ¢, linear regression, [MMW Y22, WY23a]). There is an
active £, linear regression algorithm (see Definition 12.1.1) with query complexity at most r with
probability at least 99/100, where

O(s72d) 0<p<l1
r=1{ O(c'd) l<p<?2
O PdP?) 2<p< oo

Furthermore, for any active ¢, linear regression algorithm which succeeds with probability at least
99/100, its query complexity  must be at least

Q(e2d) 0<p<l
r =<4 Qe d) l<p<2
Qe'PdP?) 2<p< oo

Notably, we show that there is a sharp phase transition in the behavior of the query complexity
at p = 1, where p > 1 admits an upper bound of O(¢~'d) queries while p < 1 requires Q(c~2d)
queries. We also note that while we have stated Theorem 12.1.3 for constant probability, we will
in general obtain an algorithm with failure probability 1 — ¢ where the number of samples scales
as (log %)2. It is an interesting open question to reduce this dependence to linear in log %.

The algorithm used in the proof of Theorem 12.1.3 is similar to prior ideas, and we simply
take the approach of sampling rows of A and entries of b proportionally to the ¢, Lewis weights
of A. However, a tight analysis of this algorithm requires significantly new ideas, and in particular,
we introduce two key ingredients. The first is the observation that, while the ¢, Lewis weights do
not upper bound the sensitivity of the entries of b, any entry b; of b can be classified as either
“too big” or “not too big” by comparing b; to the ith sensitivity (see Definition 6.1.2) o;(A). For
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entries which are “too big”, we show that the loss contribution |[Ax — b](i)|? = |{(a;,x) — b|? on
the ith coordinate is dominated by b; for any nearly optimal solution x, and thus this entry can
be effectively ignored. On the other hand, for entries b; which are “not too big”, the sensitivity
of b; is bounded by o;(A), which allows an appropriate modification of the chaining arguments
for Lewis weight sampling [BLMS&9, L'T91, SZ01] to go through. The idea above is sufficient
for nearly optimal bounds for p < 1, but for p > 1, this still leads to a result that is off by a
single ¢ factor. In order to further optimize our bounds, we additionally introduce a second novel
technique which allows us to reduce the ¢ dependence by using the strict convexity of the ¢, loss
for p > 1. This is done by noting that for p > 1, nearly optimal solutions must necessarily be
close to the optimal solution, and this fact can be used to improve the sampling error analysis.

In Chapter 13, we will discuss various applications of these ideas developed in [WY?24a].
Our work has also been used to obtain online active regression algorithms in follow-up work of
[CLS22].

12.2 Constant factor solution

Our first task is to establish that the “sample-and-solve” algorithm (Algorithm 4 ) gives a constant
factor solution to the active ¢, linear regression problem. Such a result has already been shown in
prior work such as [DDH"09] and is based on a simple analysis that only needs the property that
the ¢, sampling matrix S is an ¢, subspace embedding.

Algorithm 4 Constant factor ¢, regression

input: Matrix A € R™*?, measurement vector b € R".

output: Approximate solution x € R? to min, ||Ax — b||,.
1: Let S € R™*™ be an 1/2-approximate ¢, subspace embedding for A (Theorem 6.5.1).
2: return x with ||[SAx — Sb||, < (1 +7) - min,cp«||SAx — Sb||, forn > 0.

Remark 12.2.1. Running Algorithm 4 only requires querying m entries of b in order to construct
the vector Sb. Also note that in Line 2 of the algorithm, we would have = 0 if an exact
minimizer of the subsampled regression problem min, [SAx — Sb||> was obtained. To allow for
the use of approximation algorithms in implementing Line 2, we state the method for a general
n>0.

We first give an algorithm which works with constant probability, and then show in Section
12.2.1 how to boost the probability to 1 — ¢ for any § € (0, 1), while incurring an O(log(1/4))
factor overhead in our sample complexity.

Theorem 12.2.2 (Constant factor approximation). For A € R"*4 b € R*, and 0 < p < o0,
let OPT = min,cpa| Ax — b||,. Forany § € (0, 1], if x is the output of Algorithm 4, then with
probability at least 1 — 9,

HA)~C . pr < 22max{0,1/p71}+1+1/p(3 + 7])/51/]) .OPT.
When 0 is constant (e.g., 6 = 1/100) and (1 + 7) is constant (e.g., n = 0) then ||Ax — b||, <
C - OPT for constant C.
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Proof. Let x* = argmin g Ax — b||,. By triangle inequality for p > 1 or subadditivity and
approximate triangle inequality (Fact 2.1.1) for p € (0, 1),

|AR=bl|, < 2m*OVP I ([Ax" — b, + | A% — Ax7[|,) = 2227 (OPT +]| Ax — Ax[|,).

Applying the subspace embedding property of Theorem 6.5.1 with & = 1/2 and failure probability
/2, we conclude that, with probability at least 1 — §/2,

|A% —bl|, < 27O 7HOPT +2[SAX — SAX|,).

By similar reasoning, we have (||SAx — SAx*||,) < 2m@{0.1/p=1}(|SA% — Sb||, + [[SAx* — Sb||,).
We know that ||[SAx — Sb||, < (14 n) - min,cga|SAx — Sb||, < (1 +7) - |[SAx* — Sb||,, so
we conclude that

ISA% — SAx*||, < 2m*{01/r=1}(2 4 p)||SAx* — Sb|,.

Finally, note that E[||SAx* — Sb||’] = OPT” for /, sampling matrices S. Then by Markov’s
inequality, with probability > 1—4/2, [[SAx* — Sb|[? < OPT? /(§/2) and so ||[SAx* — Sb||, <
OPT /(8/2)"/?. Combining all these bounds we have that with probability 1 — 4,

|A% — bl|, < 2mex{0/p=1(OPT 4.2 . 2uxl0.1/p=1} (2 4 ) . 21/ OPT /5/7)
S 22max{0,1/p—1}+1+1/p(3 + n) OPT /51/1). H

12.2.1 Probability boosting for constant factor approximation

We now show a boosting step for our constant factor approximation algorithm (Algorithm 4),
described in Algorithm 5. If we repeat the constant factor approximation algorithm with success
probability 99/100 for a total of O(log(1/d)) times, then via a standard Chernoff bound, with
probability at least 1 — 4, at least 9/10 of the computed x,. will satisfy the guarantee of Theorem
12.2.2 —i.e., that ||Ax, — bl|, = O(OPT). Thus, we just need to identify one of these good
solutions, which Algorithm 5 does, deterministically, and without reading any entries of b. The
approach simply computes pairwise distances between solutions and returns any solution with
a relatively low distance to at least 1/2 of the other solutions. For later use, we state the result
in terms of a general error measure ||-|| which satisfies an approximate triangle inequality (for

example, ||| pforp e (0, 1) satisfies an approximate triangle inequality with constant 2!/7~! by
Fact 2.1.1).
Theorem 12.2.3 (Constant factor ||-|| regression — success boosting). Consider A € R™*%

b € R", and an error measure ||-|| which satisfies an approximate triangle inequality, that is,
there exists a constant x > 1 such that ||y; +y2| < &(||y1|| + |ly2||) for any two vectors
y1,y2 € R™ Let OPT = minycpa||Ax — b||. Given a set of solution vectors X, ...,x, € R?
where |Ax; — b|| < a - OPT for at least 9/10 - ¢ of the vectors, Algorithm 5 identifies x; with
|Ax; — b|| < (ka + 2k*(a + 1)) - OPT, without querying any entries of b.

Proof. Letx* = argmin,pa||Ax — b||. Call x; good if ||[Ax; — b|| < o - OPT. By approximate
triangle inequality , for any good x;,

|Ax; — Ax*|| < k(||Ax; — b||, + ||Ax* — b]|,) = k(v + 1) - OPT.
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Algorithm 5 Probability Boosting for Constant Factor Active ¢, Regression

input: ¢ candidate solutions x;,...,x, with at least 9/10 - ¢ satisfying ||Ax;, — b||, <
aming||Ax — b|[,.
output: Approximate solution x € R? to miny||Ax — b|,.
I: Letd € R” contain all pairwise distances || Ax; — Ax;||,, (over ordered pairs (i, 7)) sorted
in increasing order. Let 7 = d(|¢* - 8/10]) be the 80" percentile distance.
2: Return any x; such that ||Ax; — Ax;||, < 7 for at least 1/2 - ¢ vectors x;.

Thus, again via approximate triangle inequality, for any good x;, X,
|Ax; — Axj|| < k(k(a+1) - OPT +k(a+ 1) - OPT) = 2x*(a + 1) - OPT.

Thus, for the pairwise distance vector d & R? computed in line 1 of Algorithm 5, at least
(9/10)% - £2 > 8/10 - £* of the distances will be upper bounded by 2x%(a + 1) - OPT. Thus, the
threshold 7 computed in Line 1, which is the 80" percentile of the distances, gives a lower bound
7 < 2k*(a+ 1) - OPT. In Line 2, we return any x; with ||Ax; — Ax;|| < 7 for at least 1/2 - ¢
vectors x;. First observe that at least one such x; must exist. Otherwise, at most 1/2 - £? of the
pairwise distances would lie below 7.

Additionally, observe that since at least 9/10 - £ of the x; are good, if x; is returned, it must
have ||Ax; — Ax;|| < 7 < 2k*(a+ 1) - OPT for at least one good x;. Since this good x; has
|Ax; — b|| < a- OPT, by approximate triangle inequality, the returned x; must then satisfy

|Ax; — b|| < k(e +2x%*(a + 1)) = (ka + 2k*(a + 1)) - OPT. O

12.3 (1 + ¢) factor solution

Next, we will show the following result, which shows that the “sample-and-solve” algorithm
with one-sided /,, Lewis weights can achieve a nearly optimal dependence on ¢, if we allow for
a polynomial dependence on the failure probability 6 € (0,1). We will separately handle the
probability boosting in Section 12.3.3 to show how to achieve a (log %)2 dependence.

Theorem 12.3.1. Let S be the ¢, sampling matrix (Definition 6.1.1) with sampling probabilities
¢; > min{1l, w;/a} for y-one-sided ¢, Lewis weights w € R™ and

1771 172
O(y)ed? {(log d)*logn + log 5} [log log ;} p<2

~ ) O(yp/2)er1sr 177" 177" '
% [(log d)*logn + log —1 {log log g} p>2
1

[w| J
Then, for any % € R? such that
v p ] _ p
IS(AX —Db)[|F < (1+¢) Q%I;IIS(AX b7,
we have
v p ] _ p
l1A% —b][; < (1 + O(e)) min| Ax — bl
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Two main ingredients are necessary to prove Theorem 12.3.1. The first is a theorem which
establishes that ¢, Lewis weight sampling preserves the cost difference || Ax —b|l — [[Ax* —b||?,
which is the following theorem that we will prove in Section 12.4.

Theorem 12.3.2. Let S be the ¢, sampling matrix (Definition 6.1.1) with sampling probabilities
¢; > min{1l, w;/a} for y-one-sided ¢, Lewis weights w € R™ and

O(v)e? 2 1™
7 (log d)*logn + log 5 p<?2
- P/2)ep 1171 '
O(V—/);l [(log d)*logn + log —] P> 2
0wl 0

For each x* € R and b* = Ax* — b, with probability at least 1 — ¢,
* * * * 1 *
|([IS(Ax = b) [ — [ISb*[[7) — (|Ax = b} — [[b"[2)] < €<|Ib [5 + ISb[} + EHAX — Ax ||£)

simultaneously for every x € R%.

Notably, Theorem 12.3.2 incorporates a parameter n which gives a trade-off between the
closeness of x to the optimal solution x* and the sample complexity, which will be crucial for
achieving the nearly optimal dependence on .

The second ingredient that we need is a result which takes a near-optimality guarantee and
converts it into a closeness guarantee. These are established using various measures of the strict
convexity of £, norms, and are established in Section 12.3.1.

12.3.1 Closeness of nearly optimal solutions

The following lemma uses strong convexity for p < 2 and a Bregman divergence bound for p > 2
to quantify the difference between the ¢, norms of two vectors.

Lemma 12.3.3. For any y,y’ € R", we have

— o(p— p—= 1
I¥115 = Iy 15 = 20y 157"y = ) + ==y = ¥'II7
if 1 <p<2[BMNOI, Lemma 8.1] and

p—1
p2r

Iy'12 >yl — ply°® ",y —y') + ly —y'lI%

if 2 < p < oo [AKPS19, Lemmas 3.2 and 4.6].
We need the following elementary computation.

Lemma 12.3.4 (Gradients of multiple ¢, regression). The gradient V[|Ax — b||? is given by the
formula

> plAx = bl(0)" (ATe)
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The following lemma uses Lemmas 12.3.3 and 12.3.4 to show that if x achieves a nearly
optimal value, then x must be close to the optimal solution x*.

Lemma 12.3.5 (Closeness of nearly optimal solutions). Let 1 < p < oo. For any x € R? such
that [[Ax — b||, < (1 +7) OPT with n € (0, 1), we have that

O(nY*)OPT p<2

|Ax — Ax*|| < )
P=100mYP)OPT p>2

where x* = arg minyege||Ax — b .

Proof. First note that for any x € RY, we have

n

{((Ax* — b)°P~V Ax) = Z[Ax* — b](i)°PV][AX] (i) = <Z[Ax* — b (z’)o(p_l)(ATei),x>.

=1

The left term in the product is the gradient of the objective at the optimum by Lemma 12.3.4, so
this is just O for any x. Then for p < 2, we have by Lemma 12.3.3 that

|AX" — bl + — [Ax— Ax I3 < [Ax = b5 < (1+n)*|Ax" b2

which rearranges to
|Ax — Ax*||, < O(n*/?) OPT .

and for p > 2, we have by Lemma 12.3.3 that
A" = bl + P27 A — s < [[Ax — Bl < (14 )/ Ax’ — b}

which rearranges to
|Ax — Ax*||, < O(n'/?) OPT .

12.3.2 Iterative size reduction argument

We now give the proof of Theorem 12.3.1.
We will need the following initial result to seed our iterative argument. Note that the depen-
dence on ¢ is suboptimal by an ¢ factor for every 1 < p < oo.

Lemma 12.3.6. Let S be the ¢, sampling matrix (Definition 6.1.1) with sampling probabilities
¢; > min{1, w;/a} for y-one-sided ¢, Lewis weights w € R™ and

111
O(7)(£6)? [(log d)*logn + log 5} 1<p<2

O(~?/?)(6)P 1" '
% [(logd)zlogn—l— log S] 2 < p<oo
1

lwi
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Then, for any % € R? such that

IS(Ax —b)][; < (1 +¢) min|[S(Ax — b)[|5,
xXE

we have
& — p 1 _ p
l1A% —bl; < (1 + O(e)) min| Ax — bl

Proof of Lemma 12.3.6. We first show that
. 1
[Ax — Ax*[|h < 0(5) OPT?

with probability at least 1 — . By using the fact that S is an O(1)-approximate ¢, subspace
embedding, we have that

|Ax — Ax*[|P < [|S(Ax — Ax")|]P
<27 (|IS(Ax — b) 5 + [S(Ax" ~ B)|}) Fact2.1.1

< 2PH1|S(Ax* —b) ||§ Approximate optimality of X

The latter quantity is at most O(%) OPT? with probability at least 1 — § by Markov’s inequality.
Thus, we may replace the optimization of X over all x € R¢ with optimization over the ball
{x:|Ax - Ax*||P = O(%) OPT"}.

We apply Theorem 12.3.2 with accuracy parameter ¢ set to €0 and proximity parameter 7 set
to 1. It follows that

|[(IIS(Ax = D) [ — IS(Ax" = b)||2) — (|Ax — by — [[Ax" — b|]7)]
< 25(|Ax" = b|[2 + |S(Ax" — b)||2 + || Ax — Ax"[?) < O(c) OPT”

Thus, in the ball {x : |Ax — Ax*||? = O(3) OPT}, we have that
IS(Ax = b)|[7 = [|Ax = b|[f + ([S(Ax" — b)|[} — [Ax" — b][}) + O(e) OPT*.
It follows that X must minimize || Ax — b||? up to an additive O(s) OPT”. O

Starting from this initial solution bound of Lemma 12.3.6, we can proceed via an iterative
argument which alternates between using a bound on the closeness of the solution to the optimal
solution to improve the approximation (Theorem 12.3.2), and using a bound on the approximation
to improve the closeness to the optimum (Lemma 12.3.5). More specifically, we can show that
for 1 < p < 2, a bound of C'/2? on the sample complexity implies that a bound of C'/£2%/(1+5)
is sufficient as well. Iterating this argument starting from S = 2 due to Lemma 12.3.6 for
O(loglog 1) iterations yields the desired bound of C'/e, as claimed. Similarly, for p > 2, a bound
of C'/<” implies a bound of C'/eP?/(1+8)  which results in a final bound of C'/eP~!, as claimed.
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Proof of Theorem 12.3.1. Let

1
0(7_1)5_2||w||1 [(log d)2 logn + log 5] p<2
O p—

1
Oy #6  wl |logd)*logn + 1o 5| 2

We will make use of the fact that [|S(Ax* — b)[[? = O(5)[|S(Ax* — b)||» with probability at
least 1 — § by Markov’s inequality.

We will first give the argument for p < 2. Suppose that C'/c” rows are needed for a (1 + ¢)-
approximate weak coreset. Now choose a such that a —2 = —af3, thatis, a = 2/(1+ 3). Then for
0P =g, Cn*?/(0)? = C /n?/P)8 rows yields a (1 + 1?/P)-approximate weak coreset. Then, a
(1 4 n*/?)-approximate minimizer x satisfies

[Ax — Ax*[[7 < O(n)[|Ax" — blf

by Lemma 12.3.5. For all such X, Theorem 12.3.2 shows that ||S(Ax — b)||> — [|S(Ax* — b)|?
and [[Ax — b||) — [[Ax* — b||} are close up to an additive error of

* * 1 * *
55<]|Ax — b’ +[[S(Ax™ — b)||> + ;HAX — Ax Hg) = O(¢)||Ax* — b||»

Thus, C'/n?/P)8 rows in fact gives a (1 + O(e))-approximate minimizer. That is, if C//¢? rows is
sufficient for (1 + £)-approximation, then C/n?/P)? = C'/c% = C'/£?8/0+5) rows is sufficient
for (1 + ¢)-approximation as well. We may now iterate this argument. Consider the sequence [3;
given by

20,
1+ 8

The solution to this recurrence is given by the following lemma, with p = 2:

Bo = 2, Bis1 =

Lemma 12.3.7. Let p > 1 and let {/3;}3°, be defined by the recurrence relation 3, = p and
Biv1 = pBi/(1+ ;). Then,

1
ppt == )+ -1

fi =

Proof. Note that /BLH = %Bi + }—17 so the sequence {a;}:°, given by a; = 1/; satisfies the linear

recurrence a; 1 = %ai + %. Note that this recurrence has the fixed point a = 1/(p — 1), so the
sequence a; = a; — a satisfies aj,, = aj, which gives, a; = p~'a;. Thus, a; —a = p~*(ag — a)
S0




Thus, applying this argument O(loglog 1) times yields that 3; < 1+ O(1/log(1)) which
means that reading only O(1)C'/¢ entries suffices. Union bounding over the success of the
O(loglog %) rounds completes the argument.

Next, let p > 2. Suppose that C'/&” rows are needed for a (1 + ¢)-approximate weak coreset.
Now choose a such that a — p = —af3, thatis, a = p/(1 + 3). Then for n = ¢, Cn/e? = C/n®
rows yields a (1 + n)-approximate weak coreset. Then, a (1 + n)-approximate minimizer X
satisfies

[Ax — Ax*[[7 < O(n)[|Ax" — blfj

by Lemma 12.3.5. For all such x, Theorem 12.3.2 shows that ||[S(Ax — b)||> — [|S(Ax* — b)|?
and [|Ax — b||? — [[Ax* — b||? are close up to an additive error of

* 1 * *
€(||AX —bl[} + EHAX — Ax Hﬁ) = O(¢)||Ax" — b|[}

Thus, C/n° rows in fact gives a (1 + O(e))-approximate minimizer. That is, if C'/” rows is
sufficient for (1 4 £)-approximation, then C/n® = C/c% = C/ePP/(+5) rows is sufficient for
(1 + ¢)-approximation as well. We may now iterate this argument. Consider the sequence 3; given
by

pBi
L+ B

Then by Lemma 12.3.7, applying this argument O(log log 1) times yields that 3; < (p — 1) +
O(1/log(%)) which means that reading only O(1)C/eP~" entries suffices. Union bounding over
the success of the O(log log %) rounds completes the argument. ]

B = p, Biy1 =

12.3.3 High probability

Note that in the statement of Theorem 12.3.1, the dependence on the failure rate 4 is polynomial.
This is in fact necessary if we restrict our algorithm to be of the form of “sample-and-solve”
algorithms whose sampling matrices S don’t depend on b (see Theorem 12.6.7). The only reason
why this dependence becomes necessary in the analysis of the upper bound is that [[S(Ax* —b)|[?
may be as large as O(3)||Ax* — b|[? with probability at least ¢, and this is the source of the
hardness result of Theorem 12.6.7 as well. This is a mild problem, and we show how to overcome
this problem via the following two-stage procedure. First, we can obtain a constant factor solution
x with a polylogarithmic dependence on ¢ via the boosting procedure described in Section
12.2.1. Then, we can run log % copies of the algorithm, each which succeeds with probability
1 — 6. Then, we can sort the runs by their estimates |[S(Ax — b)||P and discard half of the
runs with the highest values of ||S(Ax — b)|[b. This guarantees that the remaining runs have
[S(Ax* —b)||? = O(1)[|Ax* — b||? with probability at least 1 — J, which is enough for the rest
of the argument to go through with only a (log %)2 dependence on 4. This proves the following
result:

Theorem 12.3.8 (Nearly optimal active £, linear regression, high probability). There is an active
¢, linear regression algorithm (see Definition 12.1.1) with query complexity at most r with
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probability at least 1 — §, where
O(c72d) (log 5_1)2 0<p<l1
r=< 0(e'd) (log5_1)2 l<p<?2
O(e'2d"?) (log 5’1)2 2<p<oo

12.4 7, Lewis weight sampling for differences

Throughout this section, we fix the following notation:

Definition 12.4.1.
* Letl <p<oo.
* Lete € (0,1) be an accuracy parameter and let § € (0, 1) be a failure probability parameter.
* Let A c R"™*%and b € R".
* Let w € R" be y-one-sided ¢, Lewis weights for A such that max}_; w; < w.
* Letx* € R any center, let ) € (0,1) be a proximity parameter, and let R > ||Ax* — b|?
be a scale parameter.
* Foreachi € [n] and x € RY, let

Ai(x) = |[Ax = b](I)]” — [[Ax" = b](9)[”
Our main result of the section is the following:

Theorem 12.4.2. Let S be the ¢, sampling matrix (Definition 6.1.1) with sampling probabilities
¢; > min{1l, w;/a} for y-one-sided ¢, Lewis weights w € R™ and

g2 ) 177"
O('y)m {(log d)*logn + log 5] p <2
— p/2 E:p , 1 -1 .
O(~y )W (log d) logn+10g3 p>2
nlfwlfy

Then for each x* € R? and R > ||Ax* — b|[2, with probability at least 1 — 4,

sup |([IS(Ax = b)[[} - [IS(Ax" = b)[[}) — (|Ax = b][} — [|Ax" = b|})]|
[Ax—Ax*|p<nR
< e(R+[[S(Ax" —b)||})
We will prove Theorem 12.4.2 throughout this section. Before doing so, we state the following
more convenient form of the result:

Theorem 12.3.2. Let S be the ¢, sampling matrix (Definition 6.1.1) with sampling probabilities
¢; > min{1l, w;/a} for y-one-sided ¢, Lewis weights w € R™ and

O(y)e? 2 1
v (logd)“ logn + log 5 p <2
a= .
P/2)ep 1171
0(7—/)25_1 {(log d)*logn + log —} p>2
nllwlly g
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For each x* € R? and b* = Ax* — b, with probability at least 1 — 6,
* * * * ]' *
|([IS(Ax = b) [ — [ISb*[[7) — (|Ax = b} — [[b*[2)] < 8(H'D [5 + ISkl + EHAX — Ax Hﬁ)

simultaneously for every x € R?.

Proof. We apply Theorem 12.4.2 with § set to §/L for L = O(log(1/d¢)) and R set to 2'|| Ax* —
b||? for [ € [L]. By a union bound, the conclusion holds simultaneously for every [ € [L] with
probability at least 1 —¢. Furthermore, by Markov’s inequality, ||S(Ax* —b)|[P = O(1/4)[|Ax* —
b||P with probability at least 1 — 4.

If |[Ax — Ax*[[F < 2%||Ax* — b||2 = poly(1/de)||Ax* — blE, then the result follows
immediately from applying the conclusion of Theorem 12.4.2 at the appropriate scale [ € [L].
Otherwise, we have that |Ax — Ax*||? > poly(1/d¢)||Ax* — b|[P, in which case

IS(Ax — AxY)[[F > Q(1)[[Ax — AX"[[] > poly(1/de)||Ax" — b|[}

SO
IS(Ax —b)||P — [[S(Ax" = b)|| = (1 + ¢)[|S(Ax — Ax") |} + (gp—)IIIS(AX ~ bl
. 1+e¢)rt .
::ﬂiem&Ax—Axﬂﬁiijg%—ﬂAx—b%

= (1+0(e))IS(Ax — Ax7)|[;

and similarly,
| Ax = [} — [Ax" = b|[} = (1 £ O(e)) | Ax — Ax"[}.

Thus it suffices to have that

IS(Ax — Ax')[2 ~ [ Ax — Ax|!

< S| Ax — AX7”.
U]
In fact, standard ¢, Lewis weight sampling guarantees give

8 *
IS(Ax — Ax)[2 — [ Ax — Ax[}

S é\p/2

which is stronger. O

Throughout our proof of Theorem 12.4.2, we will assume without loss of generality that
Sﬁ , > 1, that is we only consider rows that are sampled with probability ¢; < 1, since rows that
are kept with probability ¢; = 1 do not contribute towards the sampling error. Note first that we
can write

n

> (Sh = DAx)].

i=1

[(IS(Ax = b)[[} — [S(Ax" = b)[[}) = (|Ax = b||} - |Ax" = b[[})| =
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The supremum of this quantity, normalized by (R+||S(Ax*—b)]|[2)’, over {||Ax — Ax*||p < nRk}
is a random variable. We will bound the I-th moment of this random variable for I = O(log ; +
logn).

We start with a standard symmetrization procedure (see Lemma 2.3.2). Next, we replace the
Rademacher process on the right hand side of Lemma 2.3.2 by one which “removes” S, that is,

one of the form

n l

EiAi (X)

i=1

E sup
e~ {EL | || Ax—Ax*|B<nR

(12.1)

This is roughly done by noting that if we take SA to be a “part of” A, then the domain
{||Ax — Ax*||» < nR} only dilates by a constant factor as S preserves ¢, norms in the col-
umn space of A. More formally, we have the following lemma:

Lemma 12.4.3. Let B € R™*“ satisfy || Bx||? < C||Ax|[? for every x € R*. For every fixing of

S, let
SA
BS = ( B >

be the concatenation of SA and B, and let

Fs= sup [[SAx|;— [Ax]z].

lAx|p<1

Suppose that for every fixing of S and ' > R + ||S(Ax* — b)||P, we have that

E sup €87 Ai(x)| < R
e~{E1}" |Bgx—Bgx*||B<nR/ ; ’
Then,
1 = l
E E sup g;SY.A;(x)] < (25)1(5< 1+C) +E[F. )
S R+ TS(AX — BB ettt e aipcn| 2 5 ( Ul

Proof. Note that
IBs(x — x|} = [[SA(x = x")[|; + [[B(x —x7)|[; < (1 + Fs + O)[[A(x = x")[}

SO

l l

=1

n

< E sup Z &iS};Ai(x)

 e{E 1 |Bgx—Bex*[B<(14 Fs+C)nR| 23
<e'o(14 Fs+ C)'(R+ ||S(Ax* — b)|]2)’
<N ((1+0) + FY)(R+ |S(Ax* = Db)|?)'  Fact2.1.1

E sup
e~{EL" | Ax—Ax*|[B<nR

Taking expectations on both sides proves the lemma. [
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Note that if S is the ¢, Lewis weight sampling matrix, then E[| Fs|'] in Lemma 12.4.3 is known
be bounded as O(1)" (that is S, is an O(1)-approximate ¢, subspace embedding) by standard
results on ¢, Lewis weight sampling [CP15, WY23b].

Furthermore, we can design B such that the ¢, Lewis weights of Bg are uniformly bounded
by «, where « is the oversampling parameter such that S samples the ith row with probability
min{1, w;/a}. For p < 2, this simply follows by taking B to be a flattening of A where every
row is duplicated 1/« times due to the monotonicity of ¢, Lewis weights [CP15]. For p > 2,
monotonicity of ¢, Lewis weights does not hold, but Theorem 5.2 of [WY23b] nonetheless shows
that y-one-sided ¢, Lewis weights can be constructed for Bg with y = (1) that makes a similar
argument go through.

Finally, it remains to bound the Rademacher process of the form of (12.1), where A has
~v-one-sided ¢, Lewis weights uniformly bounded by w = a. We will prove the following in
Section 12.5. Assuming this theorem, Theorem 12.4.2 follows by setting w = « as stated.

Theorem 12.4.4. For all [ € N, we have

n I
E sup g, Ai(x)| < (¢R)' (12.2)
e~{E1" | Ax—Ax*|B<nR|
where 2
O(wn?/P)/2y=1/2 [((log d)?log n)lH/l + l] p<2

T 1/p ‘
O(wnl|wlfy/*~1)/py =112 [((log d)*logn) R l} p>2

12.5 Rademacher process bounds

We continue to fix our notation from Definition 12.4.1. We will prove Theorem 12.4.4 in this
section.

We split the sum in (12.2) into two parts: the part that is bounded by the y-one-sided Lewis
weights of A, and the part that is not. To this end, define a threshold

U
fyp/Qgp p< 2
T p/2—1
,-)/p/2€p

where ¢ will be determined later, and define the set of “good” entries G C [n] as

G ={i € [n]:|[Ax" —Db|(i)| < 7w;R} (12.3)
We then bound
n l l
E sup g\ (x)| <21 E sup g;0\;(x
e~ {E1" | Ax—Ax*|B<nR| ) e~{E1" | Ax—Ax* |E<nR ; <

158



+2-t E sup g;0\;(x
e~{E" | Ax—Ax*|E<nR .%%G )

using the Fact 2.1.1, and separately estimate each term. We can think of the first term as the
“sensitivity” term, where each term in the sum is bounded by the Lewis weights of A, and the
latter term as the “outlier” term, where each term in the sum is much larger than the corresponding
Lewis weights.

12.5.1 Estimates on the outlier term

We first bound the outlier terms (i ¢ (), which is much easier.

Lemma 12.5.1. With probability 1, we have that

sip 37 A < O)R

_ *||P
[Ax—Ax ||p§77Rie[n}\G

Proof. For each i € [n] \ G, we have that

[Ax —b](i)| € [[Ax" —b](i)| + |[Ax" — Ax](i)|

€ |[Ax" — b](i)] £ 2||w|;/*/"w,;"|| Ax* — Ax||, Lemma 6.2.4

€ [[AX = bJ(i)] £ 2P wl |} rwi PR

€ |[Ax* — b](i)| £ £|[Ax* — b](i)| ieln)\G
Thus,

[Ai(x)] < O(e)[[Ax" — b](i)["
SO
> 1Aix) < ZO [Ax* — b](i)]” = O(e)|| Ax" — b2 < O(¢)R. O

i€n)\G

12.5.2 Estimates on the sensitivity term
Next, we estimate the sensitivity term (¢ € ),

ZeZAi(x) .

E sup
e~{£1}" |Ax—Ax*||P<nR|;

To estimate this moment, we obtain a subgaussian tail bound via the tail form of Dudley’s entropy
integral, and then integrate it. We will crucially use that |A;(x)| for i € G is bounded over all
|Ax — Ax*||? < nR, which gives the following sensitivity bound:

Lemma 12.5.2. Foralli € G, and x € R? with [|Ax — Ax*||> < nR, we have |[Ax — b](i)|P <
O(tw;R) and |A;(x)| < O(tw; R).
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Proof. We have

[Ax — b](i)|P < 27 Y(|[Ax* = b] ()" + |[Ax — Ax*](i)|") Fact 2.1.1
< P rw R+ 2y PPyl w||NYP2 D R i e G (see (12.3)) and Lemma 6.2.4

The bound on A;(x) follows easily from the above calculation. []

Bounding low-sensitivity entries

We now separately handle entries ¢ € G with small Lewis weight. To do this end, define

J::{iEG:WiZi}.

™

We then bound the mass on the complement of J:

Lemma 12.5.3. For all ||[Ax — Ax* HZ < nR, we have that

> 1Ai(x)] < O(eR)

i€n]\J

Proof. We have that for each i € [n] \ J, w; < &/7n so by Lemma 12.5.2,

Y amic Y orwr < Y MDr<oen)

i€n\J i€n\J i€ln\J

Bounding high-sensitivity entries: Dudley’s inequality
Finally, it remains to bound the Rademacher process only on the entries indexed by 7 € J. Define
a Rademacher process by
Xe= Y &il\i(x)
ieJ

with pseudo-metric

1/2 1/2
dx (x,x') = (ew{ﬂ}JX — X} ) = (Z(Ai(x) —Ai(x’))2>

ieJ

We will use Dudley’s entropy integral (Theorem 2.3.6) to bound the tail of this quantity, and then
integrate to obtain moment bounds.
Using the sensitivity bound of Lemma 12.5.2, we obtain a bound on the pseudo-metric d .
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Lemma 12.5.4. Let g = O(log(7n/¢)). Forx,x" € T for T = {||Ax — Ax*[|; < nR}, we have

that
) < {0<w1/2>n1/p—1/2||w—1/PA<x—x’>||€v/;Rl/2 p<2

O(w' )7 /P W P A (x = X [ B p > 2

and
O(wl/in/pv 1/2R) p<2

diam(7T) = sup dx(x,x') <
) p, dx( )< {O(€w1/271/2R) p>2

x,x'eT

Proof. Lety = Ax —b and y’ = Ax’ — b. Note then that

dx(x,x)? =) (Ai(x) = AX))* =) (Iy@)F — Iy ()F)?

e ieJ
<p* ) ly(i) 2(ly )P~ + |y’ () [P~1)? Fact 2.1.3
iceJ

For p < 2, we have that

dx (x,x')* < pl(y = ¥l D Iy (@) =y @Oy @) + [y’ @)

iceJ
<20ty = ¥')lslI% Z(IY(Z') —y' @O Py (@) + [y’ (6)*?)
ieJ
< 20([(y = Y l%lly = Y1127y 12272 + [ly'[12272) Holder’s inequality

<O Hlly - y)JILR

where the Holder’s inequality is applied with exponents 5= 5> land ;= > 1. Forp > 2, we
have that

dx (,x)* < 20| (y = y)) sl DIy (D72 + [y ()2
=1

_ 2 . .
< 2p” max{|[y|slloo. ¥ 1110}y = ¥ 0ll2 D Iy ()P + |y (0) P
=1

< O(1)(rwR)"*7||(y = ¥) /IR Lemma 12.5.2

Furthermore, we have that

1y =¥l = [[(Ax — AX) 4],
= |[WYP(WPAx — WP AX')|
< wl/pH(Wfl/pr — Wfl/pr’)]JHoo
< 20'P|WVPAx — W PAX ||y

where the last step follows from the fact that w; > ¢/7n fori € J and ¢ = O(log(7n/e)).
Combining these bounds gives the claimed bound on dx (x, x).
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Finally, we have by Lemma 6.2.4 that

. -1/p *
[A(x —x9)](@)] _ |7 PIAG=x)], p<2
W PA(x — x*) |00 = malx - < oy \/2-1/p .
i WA =X, p>2
so we have the claimed diameter bound for the set {|[A(x — x*)||? < nR}. O

The following entropy bounds are obtained from [WY23c], which in turn largely follow
[BLMS9].

Lemma 12.5.5. Let 1 > w € R" be nonnegative weights. Let 2 < ¢ < oo and let A € R™*4 be
such that W'/2A is orthonormal. Let 7 > max?leeiTAHj. Let BE(A) = {x : ||Ax]||w, < 1}.
Then,

2/q4 .
log B(B(A), B (A), £) < O(1) =3
and
p q logd 2/q
log (B4, (A), B4,(A),1) < O(1) . 32+ logn + n¥tg )7
for p < 2.

We may now evaluate Dudley’s entropy integral.

Lemma 12.5.6 (Entropy integral bound for p < 2). We have that

0 1/2
/ V1og E(BP(A), dx, 1) dt < O(w"/?y~ V22 R) (1og %) log d
0

Proof. Note that it suffices to integrate the entropy integral to diam(7"), which is bounded in
Lemma 12.5.4. Note also that 7" is just a translation of (nR)'/? - B(A), so we have

log E(T,dx,t) =log E(

(
= log E((
— log E(B?,(W~YPA), BL(W~YPA), t¥7 | K*P(nR)Y/P)

TIR)I/p ’ BP(A)7 dth)
nR)VP . BP(A), K|W~YPA()|P/2,1) Lemma 12.5.4

w,q’

where K = O(w 1/2 1/p— 1/2R1/2)
For small radii less than \ for a parameter )\ to be chosen, we use a standard volume argument,
which shows that

log E(BY, (W7 A), BL,(W™"7A),1) < O(d) log =

SO

nK?2/p nR)l/P
/\/ngTdX, dt</ \/dl Tdt

A
R2/p
< yfdlogn(orw) o)+ Vi [y log S
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< )\\/dIOg(n(nz/pw)l/p) +Vd - O(M)4/ log?

2/p)1/p
<o A)\/dlogn@v—w

On the other hand, for large radii larger than )\, we use the bounds of Lemma 12.5.5. Note that the
entropy bounds do not change if we replace A by AR, where R is the change of basis matrix
such that W'/2~1/P AR is orthonormal. Then by the properties of y-one-sided ¢, Lewis weights
(Lemma 6.2.1), we have

le/ W PAR||; = w; *7||le] AR |3 < 7.
Then, Lemma 12.5.5 gives

O 2/pR2
log B(BY,(W7A), BY (W) 200y ) = QLTI 10 T
y €
so the entropy integral gives a bound of

1/21/p 12 pdiam(T) ¢ 1/2p1/p 1/2 i T
O(w'*n''?R) (10 Tn> / O(w'*n R)( Tn> log. diam( )
A

We choose A = diam(7") /+/d, which yields the claimed conclusion. O

An analogous result and proof holds for p > 2.

Lemma 12.5.7 (Entropy integral bound for p > 2). Let 2 < p < oco. Let A € R™*? and let
0 < w € R" be y-one-sided /,, Lewis weights. Let w = max;¢|,) w;. Then,

OO 1/2_1/2 T\ /2
V1og E(BP(A), dy, 1) dt < O(w"?e7V?R) (1og ?) log d
0
Proof. Note that it suffices to integrate the entropy integral to diam(7"), which is bounded in
Lemma 12.5.4. Note also that 7" is just a translation of (nR)/? - BP(A), so we have
log E(T, dx,t) = log E((nR)"/* - B*(A), dx, 1)
—=log E((nR)"? - BP(A), K||WY?A()|lwaq t) Lemma 12.5.4
= log E(BY, (WP A), BL(W P A), t/ K (nR)"/?)
where K = O(w!/?71/2=1/pRI=1/p),
For small radii less than A for a parameter A to be chosen, we use a standard volume argument,
which shows that

log E(BY, (W7 A), BL,(W="7A),1) < O(d) log =

SO

A A K 1/p
/\/IogE(T,dX,t)dtg/ \/dlog%dt
0 0
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<)\\/dlog nw'/2nt/pr1/2-1/p) —1—\/_/ \/log—dt
< )\\/dlog nwt/2nt/Prl/2=1/p) 4 /d - O(A )\/log 3

nw'/2n\/pr1/2-1/p R

< O()\)\/dlog N

On the other hand, for large radii larger than A\, we use the bounds of Lemma 12.5.5. Note that the
entropy bounds do not change if we replace A by AR, where R is the change of basis matrix
such that W/2-1/? AR is orthonormal. Then by the properties of y-one-sided ¢, Lewis weights
(Lemma 6.2.1), we have

lef WPAR3 = w; */7||le] AR5 <
Then, Lemma 6.2.2 and Lemma 12.5.5 give

log E(BY, (WP A), BY,(W /P A). /K (nR)'/?)
< log B(BL(W™YPA), BL(W™YPA), t/K (nR)"7|[w]}/* ")

K2(R)>?|w| ™"
log —
~yt2 €

O(w)e?TR? . ™
< — @l
12

so the entropy integral gives a bound of

172 pdiam(T) 1/2 ' T
O(w'?er/?R) <log @> / n dt = O(w'?er'/?R) (log —) log dk%().
A

We choose A = diam(7") /+/d, which yields the claimed conclusion. O
We are now ready to prove Theorem 12.4.4.
Proof of Theorem 12.4.4. We have by Lemma 2.3.7 that the Rademacher process is bounded by

(26)(£/D) + O(VID)!

where

O(wl/g'y_l/znl/pR) (log ﬁ) logd p<?2
A

1/2
O(cw'/?7'/2R) (log ﬂ) logd p>2
by Lemmas 12.5.6 and 12.5.7 and
D < O(wl/QT]l/p’y 1/2R) p< 2
~ | O(ew'/*7'/?R) p>2
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by Lemma 12.5.4. This gives a bound of («R)" on the Rademacher process, where

1+1/1

1/2
O(w"/2nt/Py=1/2) [(<log ?) log d) +V1

141/

(<log %) 2 log d) +Vi

We now set o = ¢ and solve for the « that we can obtain. From this, we see that we can set

p<2

O(sw'*7'/2R) p>2

1/2
O(wn?/P)1 /2y~ 1/2 [((bg d)*logn)' ' + l] p<2
- }l/p

O(wnl|wlf/*~1)1 /Py =112 [((log d)*logn) L p>2

12.6 Lower bounds

We now present our lower bounds on active sampling for ¢, regression.

Our main results show that the number of entries of b read by our upper bounds are nearly
optimal up to polylogarithmic factors. Our first result is a lower bound of Q(d/e?) for p € (0, 1).
Our lower bound is similar to Theorem 5.1 of [CD21], and is based on distinguishing biased coin
flips. We also show that the same instance gives a lower bound €2(d/¢) in the range of p € (1, 2).
For d = 1, we note that the active ¢, regression problem is equivalent to the ¢, power means
problem. Thus, these results also improve upon a query complexity lower bound for this problem
by [CSS21], which shows a lower bound of Q(&?l_p) in one dimension. For p > 2, we generalize
the 2(¢'~P) lower bound argument of [CSS21] and show that (d?/2/eP~!) entries must be read
when p > 2, which is optimal in this regime.

Finally, our last lower bound concerns algorithms which solve the ¢,-regression problem
miny ||Ax — b||, up to a constant factor in a specific way. Namely, say an algorithm is a sampling-
and-reweighting algorithm if, given an n X d input matrix A, the algorithm first reads A and then
decides on a subset .S of s entries of b to read in an arbitrary way. The algorithm also decides
on a diagonal rescaling matrix S € R**® — S may be arbitrary, except that we require that if two
rows of A are identical and are both sampled in .S, they are given the same weight in S. We
also assume that the number s of samples is a function of d, €, and the failure probability 9, and
is independent of n. These assumptions hold for all importance-based sampling methods for
subspace preservation.

After deciding on S and S, the algorithm then reads the entries in b indexed by the set
S, denoted bg, and sets x’ = argmin_||SAsx — Sbg||,, where A is the subset of rows of A
corresponding to the entries in bg. We show that any sampling-and-reweighting algorithm which
fails with probability at most §, necessarily takes |S| = €(1/6P7~!) samples. Moreover, this
remains true even if ||b||, = O(1) - miny ||Ax — b||,.

We stress that our main algorithms are not sampling-and-reweighting algorithms due to the
success probability boosting steps of Section 12.2.1 which ensure that ||b||, = O(1) - miny ||Ax —
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b||, and ||Sb||, = O(]|b]|,) with probability at least 1 —¢. With these steps, our approach achieves
a O(log 1/§) dependence overall, an exponential improvement over what is possible by simple
sampling-and-reweighting algorithms. We also remark that our lower bound becomes vacuous
when p = 1, which is required — Chen and Derezinski [CD21] as well as Parulekar, Parulekar,
and Price [PPP21] achieve O(log(1/0)) dependence with simple sampling-and-reweighting for ¢4
regression.

12.6.1 Lower bounds for p € (0, 1)

We first show an 2(d/e?) lower bound for p € (0, 1), which is tight up to logarithmic factors. The
idea is essentially the same as the lower bound of [CD21]. We use Yao’s minimax principle to
restrict our attention to deterministic algorithms which must succeed with high probability over a
random distribution over input instances.

We first recall the result of [CD21], which provides a generic reduction from d-dimensional
lower bounds to 1-dimensional lower bounds via a padding argument. Although [CD21] prove a
theorem online in the case of /1, the following result is an easy generalization that is implicit from
their proof:

Theorem 12.6.1 (Theorem 5.1, [CD21]). Let Dy and D; be two distributions over label vectors
b € R™ such that distinguishing between b ~ D, and b ~ D; with probability at least 2/3
requires at least ¢ queries to b in expectation, for any deterministic algorithm. Furthermore,
suppose that there exists a € R™ such that, with probability at least 99/100, Dy and D; can be
distinguished by 2 € R such that

~ p : p
a7 — bJl2 < (1+ ) minfaz — bl

Finally, suppose that there exist 2 > 0 and ¢ > 1 such that min, [laz — b} € [R,cR] with
probability at least 99/100 for b ~ 1(Dy + D;). Then, there exists an md x d matrix A and a
distribution D over label vectors b € R™¢ such that any deterministic algorithm which outputs
x € R? such that

99
> 77
— 100

~ € .
Pr{HAx — b} < (1 + 200c) )r(réi%%HAx — ng}

must make at least {2(dq) queries to b in expectation.

Thus, it suffices to show a 1-dimensional lower bound which suits the hypotheses of Theorem
12.6.1. Our hard input distribution will be the same as that of [CD21, Theorem 5.1].

Theorem 12.6.2. Let 0 < p < 1 be a constant. Let ¢ > 0 be sufficiently small and let
n = 100[e72]. Let a € R™ be the all ones vector. Let Dy be the distribution over binary vectors
b € {0, 1}" which independently draws each coordinate as a Bernoulli with bias 1/2 + ¢ and
let D; be the distribution which independently draws each coordinate as a Bernoulli with bias
1/2 — e. Then, any Z such that

la# — b[}2 < (1+ =) minaz bl
distinguishes whether b ~ D or b ~ D; with probability at least 99/100.
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Proof. Note that the optimal z* minimizing ||az — b||] over € R must lie in [0, 1]. Indeed, if
x < 0, then —z has a strictly lower cost than z, and if x > 1, then 2 = 1 has a strictly lower cost.
Thus, the objective function can be written as

laz —b|) = (n—7)-a? +r- (1 —2) (12.4)

where r is the number of ones in b. As noted by [CD21], note that r € [(3 + $)n, (5 + £)n] with
probability at least 99/100 if b ~ Dy, and similarly, 7 € [(1 — £)n, (1 — 2 )n] with probability at
least 99/100 if b ~ D;. Let this event be denoted as £, and condition on this event. Write this as

r =mn/2+ aen for some a € [1/2,3/2]if b ~ Dy and a € [-3/2,—1/2]if b ~ D;.

Optimal Solutions. We will first compute the optimal cost. Since = — 2 for p € (0,1) is
nonconvex, we have three candidate solutions for the optimum: the endpoints x = 0, z = 1, and

the unique stationary point
1

11 (nfr — )Y

of Equation (12.4). It can easily be seen that the costs forz = Oand x = 1 are r and n — r,
respectively. Now assume that b ~ Dy, since the other case follows symmetrically. Then,

T

1 1/(p—-1) 1/2 1/(1-p)
| -] —ivoe

ey |1 1/2+ae
(n/r—1) 1/2+ as 1/2— ae

SO 1 1
= 5v0@ 2 9¢)

The objective cost is thus

s oo (e ) (e o)

-2 |(5-a)a-o@r+ (e )a+oey]
_ %(1 +0(e)).

Since p < 1, this has cost worse than r or n — r, so the optimal solution is n — r, conditioned on
£. Likewise, if b ~ Dy, then the optimal solution is = 0 with cost 7.

Suboptimal Solutions. We now show that, given a nearly optimal solution z, we can determine
whether b is drawn from D, or D; with high probability by testing whether & € [1/2,1] or & €
[0,1/2]. Again, assume by symmetry that b ~ D,. Suppose that z € [0,1/2]. If x > 1/2 — O(e),
then as calculated above, x is not even an «a-factor solution for some constant ««. Otherwise, we

have that )

T 1+ (nfr — DVoD

r< = —0(¢e)

N —

167



which rearranges to
p-(n—r)z?t —pr-(1—z)P ' >0

which means that the objective is increasing on this interval. Thus, for x € [0, 1/2], the smallest
that the cost can be is 7, which is a factor of (1 + ¢) larger than n — r. Thus, a (1 + ¢)-factor
approximation must distinguish between b drawn from D, and D; . ]

As discussed in [CD21], the distributions of Theorem 12.6.2 require at least 2(e~2) queries to
distinguish, by standard arguments. Then, by combining Theorems 12.6.1 and 12.6.2, we arrive at
the following:

Theorem 12.6.3. Let p € (0, 1) be a constant. Let A € R™*? and let b € R™. Suppose that with
probability at least 99/100, an algorithm A returns X € R such that

NI ; R NIT
A% = bl < (1+ <) min | Ax — b]},
Then, A queries €2(d/e?) entries of b in expectation.

12.6.2 Lower bounds for p € (1,2)

In the range of p € (1,2), we analyze the same lower bound instance as in Theorem 12.6.2.
However, the nature of the objective function changes in this parameter regime, and our lower
bound weakens to §2(d/¢). In particular, the value of the endpoints x = 0 and = 1 stay at r and
n — r, but the value of the stationary point, which is near x = 1/2 and has a value of around n /27,
becomes significantly better than the endpoint solutions. This causes a phase transition in the
lower bound that we are able to achieve with this method.

We now present our 1-dimensional lower bound of Q(e7!) for p € (1,2). For easy reuse of
our calculations from Theorem 12.6.2, we state this result as a lower bound of £2(¢2) for any
algorithm achieving an O(g?)-approximation. This can be reparameterized to an Q(¢~!) lower
bound for O(e)-approximations.

Theorem 12.6.4. Let 1 < p < 2 be a constant. Let ¢ > 0 be sufficiently small and let
n = 100[e7?]. Let a € R" be the all ones vector. Let Dy be the distribution over binary vectors
b € {0, 1}" which independently draws each coordinate as a Bernoulli with bias 1/2 + ¢ and
let D, be the distribution which independently draws each coordinate as a Bernoulli with bias
1/2 — e. Then, there exists a constant ¢ such that any Z such that

=, p 2 : p
a7 = b < (1+ ) minfaz — b

distinguishes whether b ~ D; or b ~ D; with probability at least 99/100.

Proof. Many of our calculations from Theorem 12.6.2 directly carry over. Recall our notation of
setting  to be the number of ones in b, which is r = n/2 + aen fora € [1/2,3/2] if b ~ D, and
a € [-3/2,—1/2]if b ~ D;. Recall also that the unique stationary point, which is the optimum

now by convexity, is
1

1+ (n/r — 1)/@-D"

Tr =
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Optimal Solutions. We now calculate the value of the optimum. We carry out calculations for
b ~ Dy since b ~ D; gives symmetric results. Note first that

_ _ 1/(p—1)
1 1/(p—1) 1 — 2a¢ 1/(p—1) & )
Ve |~ g - = [(1-2 E —2a¢)!
(n/r ) 1/2 + ae 1+ 2ae ( az) i:O( as)

= [(1 — 2ag) — (2ae)(1 — 2ae) + (2ae)*(1 — 2ag) + O(”)] 1/(p—1)
= [1 — dace + 2(2ae)* + 0(53)} 1/(p=1)
da 8a?
=1- €+
p—1 p—

152 + O(?)

SO

Then, the objective value at this z is

% (% — as) (1 + p2_a1€ - p4f21€2 + 0(83))7’ + (% + as) (1 - pz_als + p4f21€2 + 0(53))1
= % (% - ag) (1 + prals — ;lp_ajgz + 0(53)) + (% + as) (1 — prale + ;llilj 2+ 0(53))}
= % :1 + (% - ae) (p2fa1€ — ;lp_ajgz + 0(53)) + (% + aa) (—p2€a1€ + ;lp_ang + O(sd)ﬂ

r 2

4
= —|1— ]%624-0(83)}.

If b ~ Dy, then we have that

with the same objective value.

Suboptimal Solutions. We now show that, given a nearly optimal solution z, we can determine
whether b is drawn from D, or D; with high probability by testing whether z € [1/2,1] or
z € [0,1/2]. Again, assume by symmetry that b ~ D,. Suppose that = € [0, 1/2]. Then,

1
<
1+ (n/r— 1)Y=

r <

N —

which rearranges to
pn—r)- 2Pt —pr-(1—2)P 1 <0

which means that the objective is decreasing on this interval. Thus, for x € [0, 1/2], the smallest
that the cost can be is = 1/2, which gives a value of

(n=r)- (/27 +7- (127 = 2,
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which is a factor of 1 — ©(&?) larger than the optimal solution. Thus, a (1 + ©(&?))-approximate
solution can distinguish between Dy and D;. ]

Then, by combining Theorems 12.6.1 and 12.6.4, we arrive at the following:

Theorem 12.6.5. Let p € (1,2) be a constant. Let A € R™*? and let b € R"™. Suppose that with
probability at least 99/100, an algorithm A returns X € R such that

S _ WP : _ IIP
|1A% —b][; < (1 +¢) min[lAx — b

Then, A queries €2(d/¢) entries of b in expectation.

12.6.3 Lower bounds for p € (2, )

We give our lower bound for p > 2 in this section.

Theorem 12.6.6. Let p > 2. Suppose that a randomized algorithm solves the ¢, regression up to
a relative error of (1 + £/3) and queries m entries in expectation and is correct with probability at
least 0.99. Then, m = Q(dP/? /eP~1).

Proof. By Yao’s minimax principle, we may assume that the algorithm is deterministic with cor-
rectness probability at least 0.99 over a distributional hard instance. We will need the construction
from Theorem 11.3.2. Let S be the set given by Theorem 11.3.2 with ¢ = p/2. Setn = s - dP/?
for s = ¢/eP~! with c a sufficiently small constant to be determined. Then, we take our matrix to
be the n x d matrix formed by taking s copies of each of the d”/? vectors in S. Furthermore, we
take our target vector b to be the zero vector with probability 1/2 and d - e; with probability 1/2,
where [ ~ [n] is a uniformly random index and e; is the ith standard basis vector for i € [n].

Call the deterministic algorithm .A. Suppose for contradiction that m < n/100. Consider the
sequence of entries of b read by .4 when b = 0. Note that this sequence is of length at most 2m,
since otherwise A already reads more than m entries in expectation. Furthermore, A must output
x = 0 as the solution if it reads a sequence of 2m entries of zeros, since otherwise A cannot
achieve any relative error. Then since 4 is deterministic, .4 will always output x = 0 if it reads
2m entries of zeros.

On the other hand, suppose that b = d - e; for I ~ [n]. We first upper bound the optimal cost.
If we choose x = ¢ - ay, then for the nonzero row of b, we pay a cost of

(d—e-(af,an)’ = (1 —e)Pd’ < (1 —¢)d”.

For the other rows of A corresponding to copies of a;, we pay a cost of

C

el dP = cedP.
gp—1

s-(e-(as,an))’ =

For all other rows of A for a; # a;, we pay a cost of

s-d"?- (e (ag,a;)) = 5pc—1 LeP @ CPP? = cCPedP.
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Thus, if we choose ¢ < min{C?,1}/3, then the total cost is at most
(1 —e)d’ + ced’ + cCled” < (1 —¢/3)d".

Now note that if b = d - ey, then the probability that / lands on one of the 2m entries read
by A when b = 0 is at most 2m/n < 1/50. Thus, with probability at least 1 — 1/50, A outputs
x = 0 on this instance, which has a cost of d”. By the above calculation, this fails to be a
(1 + £/3)-approximate solution, which contradicts the guarantee of .A. We thus conclude that
m > n/100 = Q(dP/?/eP~1). O

12.6.4 A 1/5"~! lower bound for sampling-and-reweighting algorithms

We next show that sampling-and-reweighting algorithms for ¢, regression must pay a polynomial
dependence in the failure probability §, contrasting with the logarithmic dependence achieved by
our approach.

Theorem 12.6.7. Let p > 1. Any sampling-and-reweighting algorithm which, with probability at
least 1 — 4, outputs a (1 + €)-approximate solution x to the /,-regression problem, for € > 0 less
than a sufficiently small constant, requires reading €(1/67~1) entries of b.

Proof. In our hard instance we will have d = 1 and require a sufficiently fine constant factor
approximation with failure probability . Suppose, with these parameters, that there is an algorithm
reading s entries. We set n = s/¢, and will show that the algorithm cannot output a constant
factor approximation to the ¢,-regression problem with probability at least 1 — 4.

Let A be a single column of n 1s. Since the entries of A are indistinguishable from each other,
we can assume without loss of generality that the sampling-and-reweighting algorithm samples
entries uniformly at random. By assumption, since the rows of A are all identical, the algorithm
reweights the sampled rows uniformly (equivalently assigns weight 1 to each sampled entry). We
choose b = e; for a random standard basis vector e;. For the optimal x, necessarily 0 < z < 1
since if x < 0, replacing « with —z would give lower cost. Similarly, if > 1, then replacing
x with 1 would give lower cost. Then the cost is (1 — x)? 4+ (n — 1)zP. This is convex and
differentiable for p > 1, and is minimized when the derivative is 0. Differentiating, the optimal
x satisfies —p(1 — z)P~! + p(n — 1)2?~! = 0, or (1 — 2)?~! = (n — 1)2P~'. Taking (p — 1)-th
roots, 1 —x = (n — 1)/ Vg, orz = 1/(1 + (n — 1)Y=V, The optimal cost is therefore

1 1 P . n—1
1+ (n— 1)1/ (14 (n—1)Y/@e-D)p

For n = w(1), this is ©(1 + n'~?/?*=Y) = O(1) for any constant p > 1.

On the other hand, given that n = s/¢, with probability at least 9, the algorithm’s sample
includes b;. If this is the case, for the sampled problem, the cost is (1 — z)P~! + (s — 1)z? for a
given x. Setting the derivative to 0, we now have that the optimal 2’ for the sampled problem is:

x = m Computing the cost of using ’ for the original problem, our cost of using z’ is

1 (n—1)
e o i R =
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The cost is at least the second term, which for n = w(1) and s = dn = w(1) is O((s/5)/s?/P~V).
This term must be O(1) to be an O(1)-approximation, by our above calculation of the optimal
cost. Hence, s?/~D=1 = Q(1/5), or s/@~1) = Q(1/5), or s = Q(1/67~). O
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Chapter 13

Applications: coresets for multiple 7,
regression [WY24a]

13.1 Multiple ¢, regression

Up until now, we have focused mostly on least squares and ¢, linear regression problems with
a single response, i.e., there is just a single b vector of responses. However, it is often the
case that we are interested in more than just one target b to predict, and in general, we may
wish to simultaneously fit m target vectors that are given by a matrix B € R™*™ and solve the
minimization problem

min [AX - B[’ = min ) [|AXe; - Be;]”
7=1

XeRdxm XeRdxm &

This is known as the multiple response (,, regression problem, or simply the multiple ¢,, regression
problem, and is the focus of the present chapter.

13.1.1 Coreset constructions for p = 2

For p = 2, the construction of strong coresets for the multiple response problem follows almost
immediately from strong coresets for the single response problem due to orthogonality and the
Pythagorean theorem, and we can construct S such that

IS(AX = B)|I7: = (1 £¢)|AX - B[

with nnz(S) = O(e7?d) samples. Indeed, assume without loss of generality that A has orthogonal
columns, and suppose that S satisfies
* [[SAx||2 = (1 £ ¢€)||Ax]|2 for every x € R? (i.e. S is a subspace embedding)

* ||S(AX* — B)||% = (1 £ ¢)||AX* — B||% where X* is the optimal minimizer
* [ATSTS(AX" — B)|% < (?/d)|Al[F|AX" — B|[f = ?|AX* — B|%
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Then, the following argument of Section 7.5 of [CW 13] shows that S is a strong coreset. Indeed,

IS(AX — B)||F = ISA(X — X)|[5 + [[S(AX”* — B)||3
+2tr((X — X*)TATSTS(AX* — B))

by expanding the square, and the inner product term is bounded by

tr((X — X*)TATSTS(AX* — B))| < [|X — X*||¢[|ATSTS(AX* — B)||»
< e[| A(X = X)[|p[[AX" = Bl|r
< el|AX - B}

and S also preserves the quantities ||SA (X — X*)||% and ||S(AX* — B)||% up to (1 £ ¢) relative
error. A similar trick is available in the weak coreset setting (see, e.g., Section 3.1 of [CNW 16]),
which gives a bound of nnz(S) = O(s~'d) for this guarantee. Unfortunately, almost every step in
the above argument uses special properties of the /, norm that are not available for the ¢, norm,

and thus we will need completely different arguments to handle p # 2.

13.1.2 Challenges for p # 2

If we desire only weak coresets, then prior results on active £, regression (see Chapter 12) in fact
almost immediately provide a solution. These results show that a weak coreset S for the single
response ¢, regression problem can be constructed independently of b, and with the dependence
of nnz(S) on the failure probability ¢ being polylogarithmic. Thus by setting the failure rate
to § = 1/10m, we can simultaneously solve every column of B independently with overall
probability at least 9/10.

For strong coresets, however, such a column-wise strategy must be implemented carefully.
If we consider constructing a strong coreset for a single column j € [m], then the sampling
probabilities now depend on the target vector Be;, so the sampling complexity would need
to scale as m rather than poly log(m) as in the previous upper bound weak coresets. On the
other hand, another natural strategy is to mimic the strategy for the p = 2 case and take the
sampling probabilities to only guarantee a ¢, subspace embedding for the column space of A
and that ¢; > |le/ B*||2/||B*||2, for B* := AX* — B. This is a reasonable choice of sampling
probabilities, and indeed it is not hard to see that

IS(AX - B)|p, = (1 £¢)[|AX - B|]},

[
for any fixed X € R%™ with only nnz(S) = O(¢~2d) samples for p < 2 and nnz(S) =
O(s”dp/ 2) samples for p > 2 via a Bernstein tail bound. However, it is unclear how to extend a
guarantee for any single X € R?*™ to a guarantee simultaneously for all X € R?*™. Although
the dependence on the failure rate ¢ is logarithmic, a net argument, or even more sophisticated
chaining arguments, over the possible choices of X € R?*™ seem to require a union bound over
sets of size exp(dm), thus again introducing a linear dependence on m in the sample complexity
nnz(S). As we show, a careful blend of these two ideas will be necessary to obtain our strong
coreset result.
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13.1.3 Strong coresets for multiple ¢, regression

Our first main result is the first construction of strong coresets for multiple ¢, regression that is
independent of m.

Theorem 13.1.1 (Strong coresets for multiple £, regression). Let A € R"*¢, B € R"*™, and
p > 1. There is an algorithm which constructs S with

1
O€(2d) [(log d)? logg + log 5] 1<p<?2
nnz(S) =
p/2
O(dp ) [(log d)ZIOgg + log %] p>2

such that with probability at least 1 — 9,

IS(AX ~ B)[, = (1 £2)|AX — BJE,

”
p,p

We achieve a nearly optimal dependence on d and ¢, as we show that Q(dP/?/<P) rows are
necessary for strong coresets in Theorem 13.6.1 for p > 2, while it is known that Q(d /%) rows
are necessary even for m = 1 for p < 2 [LWW21]. We note that our upper bound shows that
multiple ¢, regression is as easy as single response ¢, regression for p < 2, while our lower bound
demonstrates an interesting separation between the two for p > 2.

Initial log m bound
We first recall Theorem 12.3.2 from Chapter 12 which shows that
|(I[S(Ax = b)[[7 — [Sb|[7) — ([|Ax = b|[7 — b[I2)] < e(|[bl} +[[Sb[} + [|Ax|})  (13.1)

This guarantee is in a form that can be summed over the m columns of B. Thus, if a logm
dependence is admissible, then we can apply the above result with failure probability 1/10m,
union bound over the m columns, and sum the results to obtain

|(IS(AX = B)|l;, - ISBI;,) — (IAX = BI} , — [BI},)| < =(IBI}, + ISBI}, + |AX]]} ).

[

Now suppose that we additionally have
* [ISBll}, = (L 2)IBI7,

* IB], = O(OPT?) (which is without loss of generality by subtracting an O(1)-optimal
solution)
Then, we have

IS(AX —B)|, = [AX =B}, — 1B}, + [SBI}, + O()(IBI}, + |AX]7,)
= |AX = B}, +<[B, + O) (IBI, + IAXI[,)

= [|AX = B|[}, £ O(e)|AX = B[},

[

so we indeed have a strong coreset as desired.
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Removing the m dependence

Next, we show how to completely remove the m dependence, which requires additional ideas.
When applying (13.1) to each of the m columns, suppose that we set the failure probability
to poly(e9) instead of O(1/m). Then, this guarantee will hold for a 1 — poly(ed) fraction of
“good” columns, for which we can obtain (1 + ¢) approximations. On the remaining poly(£J)
fraction of “bad” columns, note that the mass of B on these columns is at most poly ()| BJ[? ,
with probability 1 — ¢ by Markov’s inequality. Then on these columns, ||S(AX — B)ej||,
is just [[SAXe;l|, up to a small total additive error of poly(ed)||BJ? ,. In turn, we have that
ISAXe,||, = (1£¢)||AXe,||, by using that S is an ¢, subspace embedding. Thus, by combining
with the (1 & ¢) approximation on the rest of the “good” columns, we can still ensure that
IS(AX — B)[,,, = (1 £)[|AX — Bl

13.1.4 Weak coresets for multiple ¢, regression

In the weak coreset setting, we consider a generalized multiple ¢, regression problem, where we
are given a design matrix A € R™*? an “embedding” G € R*™, and a target matrix B € R"*™,
and we wish to approximately minimize the objective function ||[AXG — B||,, .

As noted previously, for multiple ¢, regression without an embedding (i.e. G = I) the
construction of weak coresets follows relatively straightforwardly by applying active ¢, regression
results along each column. However, this strategy fails when we must additionally handle the
embedding matrix G, as this constraint couples the columns of AX together. Furthermore, we
argue that handling the embedding G is substantially more interesting that the unconstrained case.
Indeed, as we see later in Sections 13.1.5 and 13.1.6, the incorporation of the embedding G will
allow us to handle interesting extensions of our results to settings beyond the entrywise ¢, norm
via the use of a linear embedding into this norm. We will denote the optimal value as

OPT := min ||[AXG — B||,,

XERdXt

and let X* denote the matrix achieving this optimum unless otherwise noted. We will prove the
following result:

Theorem 13.1.2 (Weak coresets for multiple /, regression). Let A € R"*¢, G € R™*™ B €
R™*™ and 1 < p < oo. There is an algorithm which constructs S independently of B with

(

O(d) o, d 1 1\?
1 log — + log — | | loglog — =1
252 {(ogd) og— + Og(sKog ogg) p
2
nnz(S) = OEE;? [(log d)? logg + log H (log log é) l<p<2

O(d"'?)

\ ep—1§p

d 1 1\"
[(log d)*log — + log 5} (log log —) 2<p< oo
€ €

such that with probability at least 1 — 9, for any X e R such that

p
p,p’

S(AXG —B)||P < (1 in |S(AXG — B
1S( WM_(+@£$ﬂ( |
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we have .
|AXG =B}, < (1+0(c)) min [|AXG - B,

Furthermore, conditioned on the event that [[S(AX*G — B)|F , = O(|AX*G — BJ} ) for
the global optimizer X*, the dependence on ¢ can be replaced by a single log % factor and the
poly(loglog %) factor can be removed.

We achieve a nearly optimal dependence on d and ¢, as we show that (d?/2/eP~1) rows are
necessary for weak coresets in Theorem 13.6.2 for p > 2. Our weak coreset upper bound result
together with our strong coreset lower bound of Theorem 13.6.1 shows a tight  factor separation
between the two coreset guarantees. Note that in the statement of Theorem 13.1.2, the dependence
on the failure rate ¢ is polynomial. This occurs for the same reason as discussed in Theorem 12.6.7
for the active /,, regression setting, and can be handled in the same way (see Section 12.3.3).

13.1.5 Applications: sublinear algorithms for Euclidean power means

Our first application of our results on coresets for multiple ¢, regression is on designing coresets
for the Euclidean power means problem. In this problem, we are given as input a set of n points
{b;}, C R, and we wish to find a center X € R’ that minimizes the sum of the Euclidean
distances to X, raised to the power p. That is, we seek to minimize the objective function given by

n
> lIx=bif5 = [1x" ~BJlp,
1=1

where 1 is the n x 1 matrix of all ones, B € R"* is the matrix with b; in its n rows, and |||, 2
is the (p, 2)-norm of a matrix given by the ¢, norm of the Euclidean norm of the rows. This is a
fundamental problem which generalizes the well-studied problems of the mean (p = 2), geometric
median (p = 1), and minimum enclosing balls (p = o0o). Coresets and sampling algorithms for
this problem were recently studied by [CSS21], who showed that a uniform sample of O(s’(”?’))
points suffices to output a center X € R’ such that
[1x" =B, < (1+¢) ngRguxT —B|y, = (1+¢)OPT".

In comparison to the upper bounds, the lower bounds given by [CSS21] was Q(e~P~) which is
off by a £ factor compared to the upper bound, which was improved to Q(¢71) for 1 < p < 2 by
[MMWY22] and Q(¢72) for p = 1 by [CD21, PPP21].

One of the main open questions highlighted by the work of [CSS21] is to obtain tight bounds
for this problem: how many uniform samples are necessary and sufficient to output a (1 + ¢)-

approximate solution to the Euclidean power means problem. Our main contribution is a nearly
optimal algorithm which matches the lower bounds of [CD21, PPP21, CSS21, MMWY22].

Theorem 13.1.3. Let {b;}", C R? Then, there is a sublinear algorithm which uniformly
samples at most

@)
@)

(e72)(log L 4 log 3) log p=1
s = - )l

)
(e7)(log L +log 3 l<p<2
O(e'P)(log L +log ) log 5 2<p<oo

= Oql=
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rows b, and outputs a center x such that
n n
x — b;||5 < (1 + ¢) min x — b;||5
DIk bilf < (1+e) i 3l il

with probability at least 1 — 9.

To apply the techniques developed in this work to the Euclidean power means problem, we
need to embed the (p, 2)-norm into the entrywise ¢, norm. To make this reduction, we use a
classic result of Dvoretzky and Milman [Dvo61, Mil71], which shows that a random subspace of
a normed space is approximately Euclidean (see Theorem 14.3.1).

Note then that if G is an appropriately scaled random Gaussian matrix, then we have that

[1x" — BlP,=(1+ £)[1x" G — BG|?,

by the above result. We may now note that the latter optimization problem is exactly of the form
of an embedded /,, regression problem, and thus our weak coreset results immediately apply to
this problem. In fact, handling this Dvoretzky embedding is our main motivation for studying the
¢, regression problem with the embedding. We also note that similar reductions are possible by
making use of other linear embeddings between ¢, norms [WW19, LWY21, LLW23]. The full
argument is given in Appendix 13.4.

In addition to sharpening the bound of [CSS21] to optimality, we note that our techniques,
both algorithmically and in the analysis, are far simpler than the prior work of [CSS21]. The
previous algorithm required partitioning the dataset into “rings” of points with similar costs and
preprocessing these rings. Furthermore, the analysis uses a specially designed chaining argument
with custom net constructions that require terminal Johnson-Lindenstrauss embeddings. On the
other hand, our algorithm simply runs multiple instances of a “sample-and-solve” algorithm,
where the run with lowest sampled mass is kept. Furthermore, the analysis largely builds on
existing net constructions for /¢, regression, and does not need terminal embeddings.

13.1.6 Applications: spanning coresets for /, subspace approximation

As a second application of our results, we give the first construction of spanning coresets for (,,
subspace approximation with nearly optimal size. The ¢, subspace approximation is a popular
generalization of the classic Frobenius norm low rank approximation problem, where the input is
a set of n points {a;}?_, in d dimensions, and we wish to compute a rank & subspace F' C R that
minimizes

n
-
> llal (1= Pr)ls
=1
where P denotes the orthogonal projection matrix onto £'. Equivalently, we can write this as

min_[|A(I; — Pg)[? 5.

rank(F)<k

We also refer to Chapter 14 for further discussion of ¢,, subspace approximation.
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While strong and weak coresets for this problem have attracted much attention [FL.11, SV12,
SWI18, HV20, FKW21, WY23a, WY24b], our main contribution to this line of research is on a
different coreset guarantee, which we call spanning coresets. Spanning coresets are subsets of
the points a; which span a (1 + ¢)-optimal rank & subspace, and is another popular guarantee in
this literature [DVO7, SV12, CW15a]. In addition to being an interesting object in its own right
[SV12], the existence of small spanning coresets have found applications to constructions for
strong and weak coresets for ¢, subspace approximation [HV20].

Definition 13.1.4 (Spanning coreset). Let {a;};_;, C R%. A subset S C [n] is a (1 + ¢)-spanning
coreset if the points {a; };cs span a k-dimensional subspace £ such that

IAL=Pp)l, < (14+2)_min_ AL~ Pp)l,.

Our main result is the following upper bound on the size of spanning coresets.

Theorem 13.1.5. Let {a;} , C R4 1 <p<oo,keN,and 0 < £ < 1. Then, there exists a
(1 4 ¢)-spanning coreset .S of size at most

O(e7?k)(log(k/2))®  p=1
S| = q O(e7'k)(log(k/))? l<p<2
O(e'PkP?)(log(k/e))? 2 <p < o0

In particular, we improve the previous best result of O(e~'k? log(k/c)) due to Theorem 3.1
of [SV12] in the k£ dependence for all 1 < p < 4. The proof of this result is given in Section 13.5.
Furthermore, we give the first lower bounds on the size of spanning coresets by generalizing an
argument of [DV06] for p = 2, showing that spanning coresets must have size at least Q(¢~'k) in
Theorem 13.6.3. Together, our results settles the size of spanning coresets up to polylogarithmic
factors for 1 < p < 2. To obtain this result, we again use Dvoretzky’s theorem to embed the
problem to an embedded entrywise ¢, norm problem, and then apply our weak coreset results.

Finally, we note that our spanning coreset lower bound implies other interesting lower bounds
for coresets. First, we note that weak coresets for £, subspace approximation are automatically
spanning coresets, so our lower bound for spanning coresets also gives the first nontrivial lower
bound on the size of weak coresets for £, subspace approximation. Secondly, we note that our
proof of Theorem 13.1.5 in fact shows that any upper bound on weak coresets for ¢, regression
with an embedding implies upper bounds for spanning coresets of the same size. Thus, our
spanning coreset lower bound in fact implies an 2(d/e) lower bound on the size of weak coresets
for ¢, regression with an embedding, which establishes that our weak coreset upper bound for ¢,
regression (Theorem 13.1.2) is also nearly optimal for 1 < p < 2 up to polylogarithmic factors.

On the other hand, for p > 2, our weak coreset lower bound of Theorem 13.6.2 shows that
our technique of reducing spanning coresets to weak coresets cannot prove a better upper bound
than the result of Theorem 13.1.5, and thus new ideas are required to improve upon the O(s_le)
spanning coreset upper bound of Theorem 3.1 of [SV12]. This is an interesting open problem.

13.2 Strong coresets

We give the formal statement and proof of our strong coreset result for multiple ¢, regression.
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Theorem 13.2.1 (Strong coresets for multiple ¢, regression). Let X e Réxm satisfy

|AX - Blz, <O(1) min AX - B,
and let B .= AX — B. Let S be the ¢, sampling matrix (Definition 6.1.1) with sampling
probabilities ¢; > min{l,w;/a + v;/} for vy-one-sided ¢, Lewis weights w € R", v, =
e/ BIE/IBIE,.
17!
O(v)e? [(log d)*logn + log 51 p<2

@ = O(P/2)eP

11!
R [(log d)*logn + log —} p>2
1

J

Iwi
and 3 = O(e?log ). Then with probability at least 1 — ¢,

IS(AX = B)|p, = (1 £¢)[|AX - B|]},

b,p

Proof. By replacing B by B — AX, we assume that | B||, = O(OPT). We apply Theorem 12.3.2
with failure probability at £752. Now let S C [m] be the set of columns for which the guarantee of
Theorem 12.3.2 fails. Note then that by Markov’s inequality,

> _IBejll; = O("9) B,
jes
with probability at least 1 — 6. We also have that
1
> _lISBey|lp < 3 > _IBejlp = OB,
jes jes

with probability at least 1 — 9, again by Markov’s inequality. Then,

O(1
IS(AX — Ble, |2 = (14 ) |SAXe, |2 = 22 sBe, 1

o)

gp—1

= (1£)"|AXellp + ISBe;l;

by using that S is a subspace embedding. Similarly, we have that

0(1)

gp—1

I[(AX = B)e,[[f = (1 +¢)[[AXe; |} £ 1Be; |-

Then summing over j € S gives that

Y IS(AX —B)eyllr = > [I(AX — B)e; 2 = O(e)|BJ5 -

JjeS jeS
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On the other hand, for j ¢ S, Theorem 12.3.2 succeeds so we have
IS(AX —B)e;l; = [(AX — B)e;l} — [IBe;|l} + [SBey|[; £ <([Bey|l; + [SBey I} + [|AXe;|7)
Summing the guarantee of over the m columns j gives

IS(AX = B[}, = [AX = B|lp, — B[}, + SB[}, = O(e)(IBI},, + 1AX]7,)

= | AX = BJ, £ lIBII;, + OE) (IBII7, + [AX]F,)
— [|AX — B, + O()|AX — BJZ,. 0

[

13.3 Weak coresets

We give the formal statement and proof of our weak coreset result for multiple £, regression.
Theorem 13.3.1 (Weak coresets for multiple ¢, regression). Let S be the ¢, sampling matrix
(Definition 6.1.1) with sampling probabilities ¢; > min{l, w;/a} for y-one-sided ¢, Lewis
weights w € R" and

1 1 -2
O(v)ed? [(log d)?*logn + log %} {log log gl p<2

O(~P/2)gp—15P -1 17177 ’
% [(log d)*logn + log %} {log log E] p>2
1

o =
[w|
Then, for any X € R?** such that

IS(AXG ~ B)|l, < (1+) min [S(AXG - B)];

p,p’

we have

|AXG =B, < (1+0(e)) min |AXG - B,

dxt

The argument closely follows the active ¢, regression argument from Chapter 12.

13.3.1 Closeness of nearly optimal solutions

We need Lemma 12.3.3 from Chapter 12 as well as the following elementary computation.

Lemma 13.3.2 (Gradients of multiple ¢, regression). The gradient Vx||AXG — B||?  is given
by the formula

> > pIAXG — B i) (AT e)(e] G )

The following lemma uses Lemmas 12.3.3 and 13.3.2 to show that if X achieves a nearly
optimal value, then X must be close to the optimal solution X*.
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Lemma 13.3.3 (Closeness of nearly optimal solutions). Let p > 1. For any X € R?*¢ such that
|AXG — B[, < (1+n)OPT withn € (0,1), we have that
On'*)OPT p<2

AXG - AX*G
| by < {O(nl/p)OPT p>2

where X* := arg mingcgax: | AXG — B,

Proof. First note that

AX*G — B)°PD) AX*G — AXG
(

- Z Z[AX*G — BJ(4,j)°"V[AX* — X)G](4, )

=> Y [AX'G - BJ(i,j)°""{(ATe))(e] GT), X* — X)

i=1 j=1
= <ZZ [AX*G - BJ(i,j)°" V(ATe;)(e;GT), X" —X>.
i=1 j=1
The left term in the product is the gradient of the objective at the optimum by Lemma 13.3.2, so
this is just O for any X. Then for p < 2, we have by Lemma 12.3.3 that
|AX*G - B|?, + —5[AXG — AX G|?, <[[AXG - B|?, < (1+7)*[|AX*G - B>,
which rearranges to
|AXG — AX*Gl|,, < O(n*/?) OPT.
and for p > 2, we have by Lemma 12.3.3 that

|AX*G — B||£,p + WHAXG — AX G||§7p < ||AXG — B||§’p < (1+n)P|AX*G — B||£’p

which rearranges to
|AXG — AX*G||,, < O(n'/?) OPT.

13.3.2 Iterative size reduction argument

We will need the following initial result to seed our iterative argument. Note that the dependence
on ¢ is suboptimal by an ¢ factor for every 1 < p < oc.

Lemma 13.3.4. Let S be the ¢, sampling matrix (Definition 6.1.1) with sampling probabilities
¢; > min{1l, w;/a} for y-one-sided ¢, Lewis weights w € R™ and

-1

1
a = 0(7)(6)? | (log d)* logn + log 5
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for1 <p < 2and

O(P/?)(e6)P 117!
o= (7—328_1) (log d)?logn + log ~
Il 0

for 2 < p < oo. Then, for any X e R such that

IS(AXG —B)|2, < (1+¢) in_ [S(AXG - B);

€eR pp?
we have R
|AXG - BJl, < (1+0()_min |AXG ~ B,
Proof. We first show that

1

|AXG — AX*G, < 0(5

) OPT?

with probability at least 1 — §. By using the fact that S is an O(1)-approximate £, subspace
embedding, we have that

|AXG — AX*G|P, < |S(AXG — AX'G)
< or-1 (HS(AXG —B)
< 2*|S(AX*G — B)

155

+ IS(AX*G - B)|};,) Fact2.1.1

[

[ Approximate optimality of X

The latter quantity is at most O(%) OPT? with probability at least 1 — ¢ by Markov’s inequality.
Thus, we may replace the optimization of X over all X € R** with optimization over the ball
{X:|AXG - AX*G|? = O(5) OPT?}.

The rest of the proof now mimics the proof of Theorem 13.2.1. We apply Theorem 12.3.2
with accuracy parameter ¢ set to &4, failure parameter set to ()72, and proximity parameter 7
setto 1. Let S C [m] be the set of columns for which Theorem 12.3.2 fails. Then by applying
Markov’s inequality twice as in the proof of Theorem 13.2.1, we have that

> IS(AX*G — B)ey|[; = O((¢6)") OPT?
JjES

and
E I(AX*G — B)ej||§ = O((g6)?) OPT?
jes

and thus it follows that

> IS(AXG — B)ej |l = Y [I(AXG — B)e; |2 £ O(c6) (|| A(X — X*)G|[2 + OPT?).

jes jes
Summing this result with the rest of the columns j ¢ S gives that

|(IS(AXG - B)|]>, — [|S(AX*G — B)[?,) — (|AXG - B}, — [AX*G — B||§7p)‘

[
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< e0(|AX*G - B|E, + [[S(AX*G — B)||>  + |[AXG — AX*G|? ) < O(¢) OPT?
Thus, in the ball {X : [AXG — AX*G|]z , = O(3) OPT"}, we have that

IS(AXG-B)|” = |[AXG—B|[2 ,+(||[S(AX*G-B)|,—[|AX*G—BJJ?,)+O(c) OPT” .

It follows that X must minimize || AXG — B[P, up to an additive O(¢) OPT”. O

Starting from this initial solution bound of Lemma 13.3.4, we proceed via an iteration argument
as in Chapter 12.

Proof of Theorem 13.3.1. Let

1
0(7_1)(5_2HWH1 {(log d)2 logn + log 5] p <2

C =

O(y 2577 ||w|P/? {(log d)?*logn + log %] p>2

We will make use of the fact that ||S(AX*G — B)
bility at least 1 — 6 by Markov’s inequality.

We will first give the argument for p < 2. Suppose that C'/c” rows are needed for a (1 + ¢)-
approximate weak coreset. Now choose a such that a —2 = —af3, that is, a = 2/(1+ 3). Then for
P =, Cn?'?/(£6)? = C/n?P)P rows yields a (1 + n*?)-approximate weak coreset. Then, a
(1 4 n*/?)-approximate minimizer X satisfies

O(3)[S(AX*G — B)||" , with proba-

[

IAXG — AX*G|p, < O(n)|AX*G - B},

by Lemma 13.3.3. For all such X, an argument as done in Theorem 13.2.1 and Lemma 13.3.4
shows that [[S(AXG — B)||P ) — [[S(AX*G — B)||? , and [|[AXG - B} - [[AX*G - B|}
are close up to an additive error of

155

17

1
55(HAX*G ~ B[’ +[S(AX*G — B)|]"_ + AXG - AX*GH;p) = 0(¢)|AX*G-BI[2,

Thus, C'/n?/P)8 rows in fact gives a (1 + O(e))-approximate minimizer. That is, if C//e? rows is
sufficient for (1 + £)-approximation, then C/n?/P)? = €'/ = C'/£?8/0+5) rows is sufficient
for (1 + ¢)-approximation as well. We may now iterate this argument. Consider the sequence f3;

given by
20;

1+ 8
The solution to this recurrence is given by the Lemma 12.3.7.

Thus, applying this argument O(loglog %) times yields that 3; < 1 + O(1/log(%)) which
means that reading only O(1)C/¢ entries suffices. Union bounding over the success of the
O(loglog %) rounds completes the argument.

Next, let p > 2. Suppose that C'/e” rows are needed for a (1 + ¢)-approximate weak coreset.
Now choose a such that a — p = —af3, thatis, a = p/(1 + 3). Then for n = ¢, Cn/e? = C/nP

/80 = 2) Bi—‘y—l -
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rows yields a (1 + n)-approximate weak coreset. Then, a (1 + n)-approximate minimizer X
satisfies
[AXG — AX*G[P < On)|[|AX*G - B|},

by Lemma 13.3.3. For all such X, an argument as done in Theorem 13.2.1 and Lemma 13.3.4
shows that [[S(AXG — B)||P ) — [[S(AX*G — B)||? , and [|[AXG - B} - [[AX*G - BJ]}
are close up to an additive error of

* 1 * *
g(HAX G- B + [IAXG - AX GH;p) — 0(¢)|AX*G - B2,

Thus, C/n® rows in fact gives a (1 + O(¢))-approximate minimizer. That is, if C'/c? rows is
sufficient for (1 4 ¢)-approximation, then C'/n® = C/c® = C/eP8/0+5) rows is sufficient for
(1 + ¢)-approximation as well. We may now iterate this argument. Consider the sequence 3; given

by

pBi
L+ B
Then by Lemma 12.3.7, applying this argument O(log log 1) times yields that 3; < (p — 1) +
O(1/log(%)) which means that reading only O(1)C/P~" entries suffices. Union bounding over
the success of the O(log log %) rounds completes the argument. ]

B = p, 5z‘+1 =

13.4 Sublinear algorithm for Euclidean power means

Theorem 13.1.3. Let {b;}, C R? Then, there is a sublinear algorithm which uniformly
samples at most

O(e7?)(log L +log 3)log: p=1
s =1 O(e)(log ! +log §) log l<p<?2
O(e'P)(log L +log ) log s 2<p<oo

1
&5
1
&5

rows b, and outputs a center x such that
n n
x —b;||5 < (1+¢) min x — b, ||
DI =il < (1+2) min 3 bl

with probability at least 1 — 9.

Proof. We will assume without loss of generality that by reading O(log %) rows of B, we can iden-
tify an O(1)-approximate solution x (see, e.g., Section 3.1 of [MMWY22]). Thus by subtracting
off this solution, we may assume that || B||? , = O(OPT?).

We then use Dvoretzky’s thoerem to embed this problem into the entrywise £, norm, so that

[1x" =B, = (1+¢)|1x'G — BG|?,

p2

for every center x € R?. This is now in a form where we may apply our weak coreset results
for multiple ¢, regression of Theorem 13.1.2. Note that in this particular setting, the A matrix
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corresponds to the n x d all ones matrix with d = 1, and the ¢, Lewis weights can be taken to be
uniform.

Now consider running L = O(log %) independent instances of the weak coreset algorithm,
each which has the property that the algorithm makes at most

O(e™") (log é + log %) (13.2)

queries forp =2forp=1,p=1forl <p < 2,and p = p — 1 for 2 < p < oo, and that if
[S(1(x*)"G—-BG)|2, = O(]|1(x*) "G — BG||? ) for the optimal solution x*, then it succeeds
with probability at least 1 — §/L. By a union bound, this holds for all L instances.

By Markov’s inequality, each instance satisfies [[SBG|? , = O(|[BG|[} ) with probability
at least 9/10, so at least 2/3 of the L instances must satisfy this bound with probability at least
1 — 4. By Dvoretzky’s theorem, this means that ||SB||? , = O(||B||? ,). Then, if we restrict our

attention to the (2/3)L instances with the smallest values of ||SB||? ,, then all of these instances

must output a correct (1 + ¢)-approximately optimal solution, simultaneously with probability
1 — 6. This gives a query bound of L times (13.2). ]

13.5 Spanning coresets for /, subspace approximation

We show that weak coreset construction imply spanning sets for ¢, subspace approximation.

Theorem 13.1.5. Let {a;}" , C R4 1 <p<oo,keN,and 0 < ¢ < 1. Then, there exists a
(1 + €)-spanning coreset S of size at most

O(e?k)(log(k/e))®  p=1
S| = q O(e7 k) (log(k/2))? l<p<2
O(e'PkP/?)(log(k/e))? 2 <p < o0

Proof. By first computing a strong coreset of size poly(k/e) [HV20], we can assume that n,d =

poly(k/e).
Let P = V'V be the rank k projection that minimizes || AP — A||" ,. Note then that

min [[AVX — A[?, = |[AP — A|7,.

X eRkxd

We then use Dvoretzky’s theorem to embed this problem into the entrywise £, norm, so that

[AVX — A[]P, = (1£¢)|AVXG — AG|]? |

p
for every X € R**?, for some fixed G € R™™ with m = poly(d/e). Then by our weak coreset
result for multiple £, regression (Theorem 13.3.1), there is a diagonal matrix S with
O(e?k)(log(k/e))®  p=1
nnz(S) < ¢ O(e7'k)(log(k/e))? l<p<?2
O(e'PkP/?)(log(k/e))® 2<p < oo
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such that any (1 + ¢)-approximate minimizer X of |[S(AVXG — AG) |, satisfies

|AVXG — AG[;, < (1+2) min [[AVXG — AGI[;,,

We will take X to be

- ) B »
X —arg_min [S(AVX ~ A)[7,

which is indeed a (1 + ¢)-approximate minimizer of [[S(AVXG — AG)|> , by Dvoretzky’s

theorem. Then, again by Dvoretzky’s theorem, we then have for this X that

[AVX — A}, < (14 0(e)) _min [AVX — A7,
= (14+0(e))|AP — A[]7,.

Finally, note that X has row span contained in the row span of SA, since otherwise IIS(AVX —
A)||7 5 can be reduced by projecting the rows of X onto rowspan(SA). Then, if P is the

~

projection matrix onto /' = rowspan(X), then for each row i € [n] of A,
||PFaz — az-||2 = Il'liIlHX — ain < ||XTVT3.Z‘ — aiHQ
XEF
SO
AP — Al , < [AVX — A7 ,.

We thus conclude that there is a rank & subspace in the row span of SA that is (1+¢)-approximately
optimal. ]

13.6 Lower bounds

In this section, we complement our various upper bounds with matching lower bounds. Section
13.6.1 gives a nearly optimal lower bound for strong coresets, Section 13.6.2 for weak coresets,
and Section 13.6.3 for spanning coresets.

13.6.1 Strong coresets

Theorem 13.6.1. Let 2 < p < oo be fixed. Let ¢ € (0, 1) be less than some sufficiently small
constant. Then, a strong coreset S for multiple ¢, regression requires nnz(S) = Q(e7Pdr/?)
NONZETO TOWS.

Proof of Theorem 13.6.1. Let s = d?/? and let S C {41}? be a set of |S| = s points given by
Theorem 11.3.2 such that (a,a’) < C,»v/d = O(+/d) for some C,jy = 1, for every distinct
a,a’ € S. Letm = se7?, let A € {4-1}"*? be the matrix with e? copies of a in its rows for
eacha € S, and let B = d - I, be the m x m identity matrix scaled by d. For each row i € [m],
we say that i’ € [s] is its group number if e, A is the i'-th point in S.
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Suppose for contradiction that S is a strong coreset with nnz(S) < m/16 such that

IS(Ax - B), = (1 + W) lAX - B,
p/2

for every X € R%*™. Then, there is a subset 7' C [m] with |T'| = m/16 such that S is supported
on T'. For each i’ € [s], let T;; C T denote the rows of 7' whose rows in A with group number
i" € [s],s0 Y5 _,|Tv| = |T|. Then by averaging, there are at least (3/4)s groups ¢’ € [s] such
that |T/| < £77/2. Thus, we may assume without loss of generality that |7},| = 77 for the first
(1/4)s groups, |Ti| = €77 /2 for the last (3/4)s groups, and |T'| = (5/8)m.

Let W =" |S;;[” denote the total weight mass of S. Note then that by querying X = 0,
we must have that

P — P — <
ISB|2, =W = (1+¢)|BJ, (111205/2)771.

Let 1/, denote the sum of |S; ;|” on the first (1/4)s groups, and let W5 denote the sum of |S; ;|
on the last (3/4)s groups. We will assume that W; < m/4, since the case of W, > m/4 is
symmetric.

We now construct a query X € R?*™ with the j-th column given by

el A jeT
xe, = {* A
0 j¢rT

Note then that for each i, j € [m)],

ed e]A=e/AjeT
e; AXe; = ¢ cCppVd e/ A#e/A jeT
0 j¢T

Leti € [m] and leti’ € [s] be its group number. Then the cost of row i if i € T is

lef AX —e/BJp = |e/ AXe; — B(i, j)|"

j=1
= (L —epPd® +(|Ty| = 1) - &d +(|T| - |Ts|) - £"C ,d"?
i=j e/ A=e A S

e/ A#e[ A

= (1 —pe + [Tu|e" + (5/8)C} ) + 0(e))d”

while the cost of row i € [m] if i ¢ T'is

lef AX —¢/BJp =

J=1

el-TAXej — B(i,j)‘p
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=& Tyl & +(T| - |Ty|) - €CL ,d"?

1=j eiTA:ejTA el Avel A
= (L+|T}e" + (5/8)C} , + o(e))d
Let
=(1 —p5+1+(5/8) +o(e))d?
= (1 —pe+(1/2) + (5/8) p/z + o(e))d”
cz=(1+(1/2)+ (5/8)C}, + o(€))d”
Then, the total true cost is at least
m 3m 3m
||AX — BH;p = ch -+ ?CQ + ?03
=2 +3—mc +3—m(c — )
=44 1 g \es 2
m 3m 3m
> e + e + o (e —o(g))dP

while the strong coreset estimate is at most

HS(AX — B)Hg,p = chl + WQCQ
= W1(01 — CQ) + (Wl + WQ)CQ

m
SZ(CI—CQ) <1+120p )m02

< ﬂc + 3—mc + gmdp
=4t 4y
Furthermore,
€ m 3m €
- — Py < = P
1201) ( Cl+ 4 02+4md> _4md

so (1+ 120P JIS(AX -B)|P , < |AX —BJF , and thus S fails to be a strong coreset. Rescaling

€ by constant factors gives the desired result. ]

13.6.2 Weak coresets

Theorem 13.6.2. Let 2 < p < oo be fixed. Let € € (0, 1) be less than some sufficiently small
constant. Then, a weak coreset S for multiple ¢, regression requires nnz(S) = Q(g'~Pdr/?)
NONZETro rOwWs.

Proof of Theorem 13.6.2. Our hard instance is identical to the one of Theorem 13.6.1, except that
each group has ! 7/ 205 /2 copies rather than 77 copies.

Note that if S does not sample some row i € [m], then the i-th column of SB is all zeros,
so the solution obtained by the weak coreset is Xe; = 0, which has objective function value
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[|Be;||s = d”. On the other hand, the optimal value is at most (1 — £)Pd” since we can set
Xe; = cA'e; so that
1-p

P

(1—€)pdp—l—— dp+— d’
< (=gl +¢e)d
which is a (1 + ¢) factor smaller for all ¢ sufficiently small. Thus, if nnz(S) < m/2, then the

solution X that minimizes [[S(AX — B)||? , must be at least an additive ed” - m,/2 more expensive
than the optimal solution, and thus it fails to be a (1 + £/2)-optimal solution. O

[(AX — B)e||2 < (1 —e)Pd’ + PP P2 - CF P

2Cp

13.6.3 Spanning coresets
Theorem 13.6.3. Let 1 < p < oo and

1/6 p<2
C, =
Pool1/(6- 522 p>2

Let k € N. Then, there is a matrix B € R™*("*1) such that for every ¢ > k/n and any subset of
s < (cp/4)e k rows, any rank k subspace F” spanned by the s rows must have

IBPr —B|2, > (1+¢) min |BPy—B|”,

rank(F)<k
We generalize an argument of Section 4 of [DV06].
Lemma 13.6.4. Let 1 < p < oo and
o {1 /6 p<2
PU1/(6-522) p> 2
1

Then, there is a matrix A € R™*("+1) such that for every € > 1/n and any subset of s < CpE~
rows, any rank 1 subspace F” spanned by the s rows must have

|APr — AlP, > (1+¢) min [[APr—AJ],

rank(F)<1

Proof. Letn < ¢! and let A be the n x (n + 1) matrix given by [R - 1,,,I,,] for some large
enough R > 0. That is, A is R along the first column and the n x n identity for the last n columns.
Note that the optimal value is upper bounded by

n((1—e)?+e* (n—1)P2 =n(l — 2 +&n)?? = n(1 —e)?/2.

Let x € R® be the coefficients of a linear combination of s rows of A. We may assume the
coefficients are nonnegative, since making the coefficients negative can only increase the cost.
Note first that 1/2 < ||x||; < 3/2 since otherwise

n-|R— R|x][:[" >n-R/2
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which cannot be (1 + ¢)-approximately optimal for R > 2.

The cost of the i-th row is (1 — x;)2 + ||x||2 — x2)”* = (1 — 2x; + ||x||2)"*. If ||x||» > 2,
then

/2 s,
(1= 2%, + [[x2)"" = (1 = 2llxlz + [1x]5)"? = (||x[|2 — 1) > 1
so this cannot produce a (1 + ¢)-approximately optimal solution. Thus, assume ||x||2 < 2. Then,
/2
/2 2 8 2\p/2 p
=2k [ = (1 I (1= ) 2 (1 1) (1= )
( 2)" = (1 ) 1+ [|x|2 = 2 1+ |3

so summing over the rows gives a cost of

/2 p
(1+11x(13)" (n THHQH H1>

(1+ [1xI13)""n = p(1 + [xI13)”>~* x|

> (14 [x[2/5)" 0 = p(1+ %3727 %] since 1/2 < |[x||; < 3/2
(

(

> (14 1/25)"%n — (3/2)p(1 + ||x||2)7/2
> (14 p/4s)n — (3/2)p(1 + ||x||?)P/>?

L [+ p/asn —(3/2)p p<2
| (1 +p/as)n — (3/2)p-5/271 p>2

Thus, this fails to be a (1 + ¢)-approximately optimal solution for

(3/2)p p<2
(p/4s)n 2 {(3/2)p . 5p/2-1 p>2

that is,

S{71/6 p<2

n/(6-5°271 p>2

We now extend Lemma 13.6.4 to a general rank £ lower bound.

Proof of Theorem 13.6.3. Letn = ¢! and let B be a kn x k(n + 1) block diagonal matrix with
the n x (n + 1) matrix construction A € R™ (1) of Lemma 13.6.4 on the block diagonal.
Consider any set S of s rows of B, and let S; denote the set of |S;| = s; rows supported on the
i-th block for each i € [k]. Let F; denote the optimal subspace spanned by the rows S; on the ith
block.

Let T' C [k] denote the set of ¢ € [k] such that s; < ¢,n. If i € T, then we by Lemma 13.6.4
that

IAPs — A7, > (1 + Zﬁ) min_|[AP; — Al

rank(F)
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Then, the additive error from these rows is bounded below by

c i | T _
£ 5 rank(F)< ks <oyn i Tnk(F)<
T
>|T) - %7 min _[|[APp — A|?,

S rank(F)<k

T .
BPr — B|?
ks ranrkrgg)lgkn E ”p,Q

>
Note that |T'| > k/2 by averaging, so

| T|? >%>€
ks — 4s —

which proves the theorem.
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Chapter 14

Applications: strong coresets for /,,
subspace approximation [WY?23a, WY24b]

In this chapter, we give a second important application of our study of sampling-based algorithms
for ¢, subspace embeddings and construct the first strong coresets of nearly optimal size for a
problem from computational geometry known as ¢, subspace approximation, which generalizes
the well-known Frobenius norm low rank approximation problem.

Definition 14.0.1 (Rank & subspaces). Let k& € N be a rank parameter. Then Fj, denotes the set
of all subspaces [’ C R¢ with at most k dimensions, V € R¥* denotes an orthonormal basis
for F, and Pr = V'V, denotes the orthogonal projection matrix onto F.

Definition 14.0.2 ((p, 2)-norm). Let 1 < p < co. Let A € R™*? have the n rows {a;}"_, C R,
Then, we define the (p, 2)-norm of A as

n 1/p
A, = [ZHaiHé’]
i=1

Definition 14.0.3 (¢, Subspace approximation). Let A € R"*? and let k be a rank parameter.
Let 1 < p < oo. Then, the ¢, subspace approximation problem is the problem of minimizing the
objective function

[AT=Pr)[7, =D lla/ (1= Pr)l
i=1
among all £ dimensional subspaces F' € F;. We let

s . 2
OPT = min [A(I - Pp)|,,

denote the optimal value of this optimization problem, and we let P* denote the projection matrix
onto a rank k subspace achieving this optimum.
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14.1 Coresets for /, subspace approximation

The ¢, subspace approximation problem, like clustering, is known to be NP-hard for any p # 2
[DTVI1I1, GRSWI12, CW15a], and thus coresets are especially important for obtaining tractable
algorithms and have long been studied in the coreset literature [DRVWO06, DMMO6b, DV07,
DMMO08, FMSW10, FL11, SV12, VX12, CEM™15, CW15a, CMM17, SW18, LSW18, BLVZ19,
FSS20, MRWZ20, HV20, BDM 20, FKW21, DP22, MMWY22, CW22, WY23a].

While there are many natural notions of coresets that could be defined for the ¢, subspace
approximation problem, we will work with the requirement that the coreset approximate the
objective function for every rank k subspace [’ € Fj. Such a coreset is known as a strong coreset,
which we formally define as follows:

Definition 14.1.1 (Strong coresets for £, subspace approximation). Let1 <p < ocoand(0 < e < 1.
Let A € R™ . Then, a diagonal map S € R"*" is a (1 & ¢) strong coreset for {, subspace
approximation if

ISAT—=Pr)l,, = (1 £)[AMT=Pr)l;,

for every I' € Fi. We refer to the number of nonzero entries nnz(S) of S as the size of the
coreset.

The guarantee of Definition 14.1.1 can also be viewed as the natural generalization of pro-
Jection cost-preserving sketches [CEM ™15, CMM17, MM20] to the ¢, subspace approximation
setting. Strong coresets are extremely powerful, and can be used to reduce the size of the input
instance to at most nnz(S) points in nnz(S) dimensions. In particular, strong coresets of size
nnz(S) = poly(k/e) immediately remove the dependence of this problem on n and d, making
this a powerful tool in the design of fast algorithms. Note that this guarantee is much stronger
than many other possible guarantees for row subset selection that have been studied in the liter-
ature. One weaker guarantee is that of a weak coreset, which requires that if ' is the optimal
solution to the subspace approximation problem for SA, then it is also a (1 + ¢)-optimal solution
for A [FL11, HV20]. Another further weaker guarantee is that the rows sampled by S span
a (1 + ¢)-optimal solution, as studied by [DV07, SV12, CW15a]. The guarantee of Definition
14.1.1 immediately achieves both of these guarantees, and offers further benefits that cannot be
realized by these other guarantees, for example applications to constrained versions of ¢,, subspace
approximation, or solving ¢, subspace approximation in distributed and streaming models via the
merge-and-reduce technique [BDM 20, CWZ23].

While it has long been known that strong coresets of size poly(k, d, ') independent of n
exist [FL11], the first dimension-independent result, i.e. a strong coreset of size only poly(k,e™!)
independent of d, was achieved by the work of [SW18]. In fact, the result of [SW 18] achieves
a coreset with a nearly optimal size of nnz(S) = O(k)poly(¢~!) for p < 2 and nnz(S) =
O(k?/?) poly(e~") for p > 2, which matches a lower bound of nnz(S) = Q(k) for p < 2 and
nnz(S) = Q(k?/?) for p > 2 by a reduction to coreset lower bounds for £, subspace embeddings
[LWW21, WY23a]. However, this result has a couple of drawbacks: (1) the construction requires
time exponential in poly(k, '), and (2) the result does not quite satisfy Definition 14.1.1, due to
the fact that the coreset constructed by [SW 18] is a weighted subset of points with an appended
coordinate, rather than a weighted subset of the original data points themselves.
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Drawback (1) was addressed in two follow up works of [HV20, FK'W?21], which both gave
polynomial time algorithms for constructing strong coresets for ¢, subspace approximation.
Furthermore, [HV20] also solves drawback (2) and gives the first polynomial time algorithm
for constructing dimension-independent strong coresets as defined in Definition 14.1.1, using a
technique known as sensitivity sampling. However, the coreset size in both of these works, while
dimension-independent, is not optimal, and loses poly (k) factors in the coreset size. Thus, the
following is one of the most central questions in the study of coresets:

Question 14.1.2. Do strong coresets for ¢, subspace approximation of size O(k™@{5r/2H) poly (e )
exist? Is there a polynomial time algorithm for constructing such strong coresets?

The main result of this chapter is a positive resolution to Question 14.1.2 for all 1 < p < oc.

Theorem 14.1.3. Let 2 < p < oco. Let A € R"™*4_ Then, there is an algorithm running in
O(nnz(A) + d¥) time which, with probability at least 1 — §, constructs a diagonal matrix S of
size
Lp/2
nnz(S) = ——— (log(k/e6))°®

cp?/2+p

satisfying Definition 14.1.1, that is,

SAI-Pp)|P, =(1Le)||AI-Pp)|? for every subspace F' C R¢ of rank at most k.
|| p,2 p,2 y p

Theorem 14.14. Let 1 < p < 2. Let A € R4, Then, there is an algorithm running in
O(nnz(A) + d¥) time which, with probability at least 1 — ¢, constructs a diagonal matrix S of
size

k
nnz(S) = W(log(k/sé))o(l)

satisfying Definition 14.1.1, that is,
ISA(I—Pg)|), =1 £e)]|AT-Pg)}, for every subspace ' C R? of rank at most k.

We give several remarks concerning our results. First, as discussed earlier, we are the first
to establish even the existence of a weighted subset of points with the property of Theorems
14.1.3 and 14.1.4. Furthermore, we are able to construct such a subset in nearly input-sparsity
time. The running time nearly matches the time it takes to approximately solve a least squares
linear regression problem in the current matrix multiplication time [CSWZ23], which is a natural
barrier for the £, subspace approximation problem. Finally, we note that for p < 2, the fact that
we achieve nearly linear size for the strong coreset guarantee implies that we simultaneously
achieve the first nearly optimal size guarantees for other weaker guarantees that have been studied
intensely in the past, including weak coresets [FLL11, HV20] and subsets of rows spanning a
(1 + &)-optimal solution [DV07, SV12, CW15a]. That is, for p < 2, we are in fact the first to
resolve Question 14.1.2 even for weaker notions of coresets, both for existence and efficient
constructions. For p > 2, we obtain the best known construction for weak coresets and the best
known efficient construction for row subsets spanning a (1 + ¢)-optimal solution.
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Pitfalls in prior work

The central technique of [SW 18] is a structural result which shows the existence of a representative
subspace S C R¢ with s = O(k) poly(¢~!) dimensions' such that for any k-dimensional subspace
F C R,

AT =Pp)l;, = (1 £e)[[APs(I—Pr),bs]l;,

where bg € R" is the vector with ith entry given by bs(i) = ||a] (I - Pg) ,» and [AP (I —
Pr), bg|is the nx (d+1) matrix formed by the concatenation of AP 5(I—P ) and bg. That is, the
¢,, subspace approximation cost of /" can be approximated by the projection cost onto the subspace
S, plus the additional projection cost of the lower dimensional points AP g to the query subspace
F. This reduces the subspace approximation problem in d dimensions to a similar problem in s+ 1
dimensions. In turn, this lower dimensional problem can be solved using dimension-dependent
techniques, since the dimension is now only s + 1 = O(k) poly(¢~!). Then to analyze sampling
algorithms, [SW 18] show that Dvoretzky’s theorem [Dvo61, FLM77, PVZ17] can be applied
to convert the problem of approximating the (p,2)-norm to a problem of approximating the
(p, p)-norm, i.e. the entrywise ¢, norm, which can then be handled by sampling techniques for
approximating £, norms of vectors in a subspace [CP15, WY23b], which admit tight sampling
bounds. While this algorithm achieves a nearly optimally-sized data structure for approximating
the ¢, subspace approximation cost, this algorithm requires exponential time, due to the fact that
finding the representative subspace S requires solving the original ¢, subspace approximation
problem to (1 + ¢) accuracy, which is not known to be solvable in polynomial time. The work of
[FKW21] addressed this problem by introducing a polynomial time algorithm for finding such
a subspace .S, but the dimension of S found by this algorithm loses poly(k) factors, leading to
suboptimal size in the coreset.

On the other hand, the result of [HV20] takes a different approach based on the classic sensi-
tivity sampling technique [LLS10, FLL11, VX12], and uses the representative subspace constructed
[SW18] in an existential manner rather than algorithmic. In the sensitivity sampling approach,
one first defines sensitivity scores

|a] (I-Pr)|
o;(A) = su ’ 2 (14.1)
()= AT P,

for each row i € [n] which represent the largest fraction of the cost occupied by the ith coordinate,
ranging over all queries F' € Fj. Then, by Bernstein bounds, it follows that for any fixed F' € Fy,
sampling the rows i € [n] proportionally to the sensitivity scores preserves ||A(I—Pg)|7,
up to (1 + ¢) factors. Naively, one can apply this result to every F' in a net over the space of
rank k subspaces F’, which has size roughly exp(dk), and apply a net argument to construct
coresets of size poly(d, k,e~'). The work of [HV20] improves this argument by showing that the
existence of the representative subspace S constructed by [SW 18] gives an improved analysis
of sensitivity sampling which converts a guarantee for coresets that only preserve the cost of an
optimal subspace (known as a weak coreset) to a strong coreset guarantee. The fact that weak
coresets admit dimension-independent bounds is an older result of [FL.11], and thus [HV20]

' We improve the analysis of this result by a 1/&3 factor in Appendix 14.2.
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show that sensitivity sampling admits dimension-independent strong coresets as well. However,
the key problem in this analysis is in the use of sensitivity sampling [FL.11] to obtain the weak
coreset, since this result uses a VC-dimension argument which loses poly (k) factors. In summary,
the problem is that finding a representative subspace of optimal size is computationally difficult
[SW18, FKW21], but we do not know how to apply tight sampling bounds if we do not have
access to an explicit representative subspace and instead must settle for VC-dimension arguments
which lose poly (k) factors in the coreset size [HV20].

Ridge leverage scores

Our algorithmic technique takes a drastically different approach compared to the prior works of
[SWI18, HV20, FKW21]. Our starting point is a result of [CMM17], which resolves Question
14.1.2 for the much simpler case of p = 2. For p = 2, finding an explicit rank O(k) poly(s ')
with properties similar to the representative subspace S is not difficult due to the singular value de-
composition (SVD) [DMMO06b, DMMO08, CEM " 15, CMM 17]. However, as noted by [CMM17],
while this gives a polynomial time algorithm for low rank approximation for p = 2, finding these
scores is already as hard as low rank approximation itself. Thus, this defeats the purpose of finding
the coreset if the goal is to design faster algorithms. To address this problem, [CMM17] make use
of the following alternative scores for a sampling-based algorithm, known as the ridge leverage
scores.

Definition 14.1.5 (Ridge leverage scores [AM 15, CMM17]). Let A > 0 and A € R"*?, Then,
for each ¢ € [n], the ith ridge leverage score is defined as

_ Ax](i)?
72(A) ==a; (ATA + \XI)'a; = sup [ :
xera ||AX(3 + Allx|3

Ridge leverage scores can be approximated very quickly [SS11, DMMW 12, CW 13, CLM " 15],
and can be approximated up to O(1) factors in just O(nnz(A)+ d*) time, where w is the exponent
of matrix multiplication.

The main result of [CMM17] establishes that if we set A = ||A — A.||3./k, then sampling
O(k: /€%) rows a; of A proportionally to their ridge leverage scores (see Definition 6.1.1) yields a
strong coreset S of nearly optimal size satisfying Definition 14.1.1 for p = 2. Furthermore, the
scores 7 (A) only depend on a constant factor approximation to the value of the optimal low
rank approximation, which can be obtained more readily than a subspace which (approximately)
witnesses this value. However, the analysis of [CMM17] is highly specific to the /5 norm, for
instance making heavy use of the structural properties of the SVD and the fact that the (p, 2)-norm
is an entrywise norm for p = 2, and thus does not apply to p # 2. Nonetheless, several key ideas
still do carry over to the setting of p # 2, which will be crucial to our analysis.

* First of all, we show that the ridge leverage scores are useful as sampling probabilities for
¢, subspace approximation if we take their (p/2)-th roots. By doing so, we are able to
tap into the remarkable fact that the ridge leverage scores sum to at most O(k) (Lemma
14.3.5). Note that this fact crucially relies on the special structure of the SVD, which is a
factorization that is generally only useful for the Frobenius norm rather than the (p, 2)-norm,
so this may be somewhat surprising.
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* A second idea is that ridge leverage score sampling provides a subspace embedding guaran-

tee with much fewer row samples than a standard relative error subspace embedding, by
trading off the sample complexity for an additive error. That is, when A — 0, then it is
known that sampling the rows of A proportionally to the ridge leverage scores gives the
guarantee that with constant probability,

ISAx|; = (1+¢)||Ax|  forevery x € R

when O(d/<?) rows are sampled [DMMO06a, CLM " 15]. Although sample sizes scaling as d
are too expensive in our setting, [CMM17] show that if A = [|A — A[|%/k and we sample
rows of A proportionally to 72(A), then with only O(k/e?) rows, we can get the guarantee
that
2 2 2
ISAx[|; = (1 + &) [[Ax]]; + eAl|x]]5.

In the context of low rank approximation, this additive error is small enough that it only
distorts the approximate cost by an additive ¢ - OPT = ¢ - || A — A.||%, and we will make a
similar argument for ¢, subspace approximation as well.

A third key idea is the observation that the ridge leverage scores provide sampling scores
which are agnostic to any specific subspace (as opposed to, e.g., leverage scores of a fixed
low-dimensional subspace), which allows us to reason about a subspace S that is hard to
find algorithmically. This is one of the key reasons why we are able to obtain a polynomial
time algorithm for constructing our coreset, despite the heavy use of the properties of the
representative subspace .S in the analysis.

Finally, we follow the rough analysis plan of splitting the quantity |A(I — Pg)||,» into
a “head” term that lives in the top é(k) important dimensions, a “tail” term involving
the projection off of this top subspace, and a “cross” term that involves the remaining
error after considering the former two terms, which also appears in many prior works
[VX12, CEM™15]. However, the concrete way in which we define these quantities and
preserve them via sampling is quite different from prior work.

14.1.1 Technical overview

We now give an overview of the ideas we introduce for our sampling results.

Reduction to embedding low rank matrices

Our starting point is still based on the structural result of [SW18]: there exists an s-dimensional
subspace S for s = dim(S) = O(k)poly(¢~!) and a vector bg € R" such that for any k-
dimensional subspace F’,

AT —=Pp)l, = (1 £)[|[APs(I—Pr), bs]ll; ,.

Our analysis will roughly take two steps. First, we will show that S preserves the right hand side,

i.e.,

IS[APs(I = Pr),bslll,, = (1 £ ) [[[APs(I—Pr),bs]ll;
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and then in the second step, we will show that for the same subspace .S, we have
ISA(T— Py, = (1% &) S[APS(I - Pr), b2, (14.2)
This chain of bounds will show that
ISAT—Pp)lf,, = (1 £3) AT = Pr)f,,

which is the desired result.
In fact, the sampling algorithm analysis for both of these steps will be quite similar. Ignoring
the offset vector bg for now for simplicity, the first step essentially asks for the guarantee that

ISAXI;, = (1 £&)|AX]; (14.3)

p

for every X with columns that lie in the subspace S. This guarantee essentially reduces to
sampling an /,, subspace embedding for the subspace S, but there is an additional challenge that
we cannot afford to explicitly compute S if we want polynomial time algorithms.

The second step will in fact follow from a generalization of this guarantee. The representative
subspace theorem of [SW 18] shows that (14.2) will follow if

ISA(Psur — Ps)|y , < ”OPT for every F' € F, (14.4)

where P denotes the projection matrix onto span(S U F'). Furthermore, by the construction
of S, S already satisfies | A(Psur — Ps)|l) , < &” OPT. Thus, it suffices to show that

ISAX]]?, = O(1)[|AX]|7, for all X € R4 with rank(X) < k and ||X|| < 1.

Note that this differs from (14.3) since it asks for S to preserve all low rank matrices, rather than X
with columns restricted in a low dimensional subspace. Thus, this guarantee is substantially more
interesting than the first guarantee, and complicates our analysis. We note that for p = 2, (14.3) is
actually sufficient to show (14.4), since if S is chosen as the top O(k/c?) singular directions of
A, then A(T — Pg) has operator norm at most O(g%/k)||A — Ay||%. This operator norm is then
sufficient for (14.4). However, such operator norm-based arguments are not available for p # 2
due to the lack of an SVD.
A crucial relaxation is that it in fact suffices to show that
ISAX]]?, = (1+¢)||AX]]?, £ OPT (14.5)

p

whenever we apply this sampling theorem. Thus for the rest of this technical overview, we will
focus on showing (14.5).

Idea 1: additive-multiplicative ¢, subspace embeddings via root ridge leverage scores

We begin by using Dvoretzky’s theorem to embed the ¢, norm into the £, norm, so that we have
1
IAX][;. = (L£e) —[AXH]7,
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where H € R¥™ is an i.i.d. standard Gaussian matrix. By embedding the (p, 2)-norm into an
entrywise £, norm, we decouple the norm of the columns, reducing our problem to preserving the
¢, norm of vectors of the form Ax. That is, we seek guarantees of the form ||SAx |} ~ || Ax|[P.
Such guarantees are known as ¢, subspace embeddings, and are well-studied in the literature.

The first new ingredient in our analysis is to adapt the additive-multiplicative /5 subspace
embedding idea of [CMM17]. In this result, [CMM17] show that if S is taken to be a sampling
matrix with probabilities proportional to the ridge leverage scores 77 (A) = ||A — A||%/k, then
one obtains the additive-multiplicative guarantee

ISAx|l5 = (1 £ ¢) [ Ax]l; £ ellx|3

with only O(k /€%) samples. This fact immediately follows from applying the more standard
guarantee for leverage score sampling on a concatenated matrix [A; v AI| € RO+9*4 where T is
the d x d identity. For an ¢, version of this result, we use the root leverage scores discussed in
Chapter 8.

With the ¢, subspace embedding theorem in hand, we can now apply a similar trick as
[CMM17]: we set A = ||A — Ax||%/k so that we only sample O(k”/?) poly(s~") rows for p > 2
and O(k) poly(e~1) rows for p < 2, and then obtain an additive-multiplicative subspace embed-
ding guarantee by viewing it as a subspace embedding for the matrix formed by concatenating A
with v/AL, so that the leverage scores of the concatenated matrix correspond to the ridge leverage
scores of A. The resulting guarantee is that

ISAx() = (1 £ &)l x|l + eX?/?||x][p.

Now, we can apply the above /,, affine embedding guarantees for the sampling matrix S on
each column of - || AXH]|? ' to obtain the approximation guarantee

1 p 1 p )\p/2 p
EHSAXHHM =(1+ E)E”AXHpr + EWHXHHW.
Now by applying Dvoretzky’s theorem to revert the (p, p)-norm back to the (p, 2)-norm, we obtain
ISAX][;, = (1 £e)|AX][), £ XX} ,.

Finally, it remains to bound \/? | X[|? 5, but here we will encounter some problems.

Problems when bounding the additive error

To bound the additive error \P/ ?[IXI? ,, we will case on p < 2 and p > 2. We may assume
without loss of generality that X has at most n rows, by restricting the analysis to the row span of

A throughout. Then for p < 2, \?/? is at most
IA— A _ [AQ=P)E _ |AC-P)5,  OPT

p/2 _
NI = kp/2 - Lp/2 = ep/2 © kp/2 (14.6)
by the monotonicity of ¢, norms, while for p > 2, A\P/2 is at most
P #\ [P p/2—1 —_ P*)|IP 2-1

kp/2 - kp/2 - kp/2 o Lp/2
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Furthermore,

X7, < nlip/QHXHgg ifp<2< n'7P/2sP/2 if p < 2
P U ifp>2" | ifp>2

by relating ¢, and ¢, norms in n dimensions and using that rank(X) < s and ||X]|2 < 1. Then
overall, we obtain a bound of

nl—p/25p/2O_P/—|2— ifp <2
p/2 P < kp
A HXHp,Q — /21 p/QOPT )

n S W lfp > 2

Note that if we use rank s root ridge leverage scores instead of rank % root ridge leverage scores,
we would be able to replace the k”/? on the denominator by s”/2 to cancel out the s?/2 in the
numerator, with only a poly(¢~1) cost to the sample complexity. However, even still, our bound is
n'~P/2 OPT for p < 2 and n?/>~' OPT for p > 2, which is off by poly(n) factors from our goal
of OPT in either case.

In order to fix this problem and improve our analysis by poly(n) factors, we will use two
different types of “flattening” tricks, one for p < 2 and one for p > 2, which we discuss in the
next two sections.

Idea 2: DvoretzKky’s theorem for sharper additive error bounds for p > 2

To overcome the previous issue for p > 2, we note that we have an additional degree of freedom
when choosing to concatenate A with v/A\I when analyzing the ridge leverage score sampling
algorithm. Indeed, as long as we concatenate A with v/ AU for any orthonormal matrix U, then
the leverage scores of A concatenated with v/ AU will have leverage scores which coincide with
the ridge leverage scores of A, since

a (ATA+ ) \UTU)"a; =a/ (ATA + \I) a,.
The resulting guarantee is that
P __ 4 /2 P
||SApr =(1+ 5)\|Ax||p el ||Ux||p, (14.8)

so we may select U to be an orthonormal matrix which makes this additive error as small as
possible. We will choose U to be a random n x d orthonormal matrix G, which has the advantage
of flattening the mass of x and thus minimizing the ¢, norm.

By Dvoretzky’s theorem [Dvo61, FLM77, PVZ17], it follows that as long as n is at least
O(s?/?) poly(e~1) = O(kP/?) poly(¢1), then for any x in a fixed s-dimensional subspace, we
will have that

IGx||P = (1 e)n'#|Ix|]5. (14.9)

This cancels out with the factor of n?/2~! that we lost in (14.7), giving us a sharp enough additive
error. It may be tempting to reduce the additive error even further by choosing G to have m > n
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rows rather than just n. However, this would affect the total number of rows sampled, since we
would then need to oversample the root ridge leverage scores by a factor of m?/?~1, which would
increase the sample complexity. Note also that once the additive error is sufficiently small, (14.8)
would give the purely multiplicative subspace embedding guarantee [|[SAx||? = (1 £ ¢)||Ax|[P,
for which there is a sample complexity lower bound of Q(d?/2/¢) [LWW21].

Although we have fixed the nP/2=1 factor, we must now address a subtle issue. The above
analysis works for a fixed rank s subspace specified by the low rank matrix X. However, if we
want this guarantee for every rank s matrix X with operator norm 1 as we need, then we run
into problems, since for any fixed embedding G of dimension only O(k?/2) poly(e~'), there
exists a choice of X which causes (14.9) to fail. To fix our final problem, we crucially exploit
independence in our analysis. We first fix the sampling matrix S and let X C R%*? be the rank s
matrix with | AX][} ,+OPT||X||5 < 1 that maximizes the sampling error |[[SAXI[] , — | AX][7 , .
Note then that X depends only on S but not on G, so we may bound || GXHZ2 as we did before.
This completes our proof sketch for p > 2.

Idea 3: splitting rows for sharper additive error bounds for p < 2

To improve our argument for p < 2, we will sharpen the bound of (14.6). The loose bound
that we will tighten is bounding the Frobenius norm loss || A (I — P*)||%. by the (p, 2)-norm loss
|A(I — P*)||7 ,. For general matrices, this bound is indeed tight since the rows of A (I — P*)
could be imbalanced so that most of the mass is concentrated on a few rows. However, this bound
is loose when the rows are flat, in which case there can be a poly(n) factor separation in the two
quantities. We will show how to recover this separation.

A classic result of [VX12] shows that the sensitivity scores (14.1) for £, subspace approxima-
tion sum to at most O (k) for p < 2. Then, a standard flattening argument shows that by replacing
rows a; with large sensitivity with [ copies of the scaled row a;/I'/P, we obtain a new matrix A’
with n’ < 2n rows that are each just scaled copies of rows of A, such that o (A’) = O(k/n)
for every row i’ € [n/] and ||A(I - Pp)|l , = ||[A(I = Pp)||? , for every F' € F;. Because this
matrix is now flat, it can be shown that

|A' (X =P*)|% S (k/n)*" OPT?”.

Thus by replacing A with A’, we obtain a matrix formed by the rows of A that gives the same
objective function, yet has a much smaller additive error when bounding )\, giving

|A— ALl _ AT — P AT=P)2 ) 1,2 OPT

/2 _
N =" = /2 /2 = (k/n) Lz

£ < (o]

rather than the original bound in (14.6). We note, however, that this argument is still lossy, since the
standard sensitivity-based flattening argument would flatten any matrix, whereas we only need this
result for a single constant factor approximate subspace F'. Thus, we instead explicitly compute a
constant factor bicriteria solution, which can be done very quickly [DTV 11, FKW21, WY23a]
(see Lemma 14.3.2), and flatten this particular solution nearly optimally, so that we instead get
the bound

|A = Al _ AT = Pg)]

; b 1—p/2 |A/(I— PF)Hga _ np/2_1O(OPT)
kp - kp

P
F
< (1/n) /2 p/2

\P/2 —
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Thus, we recover the extra factor of n'~?/2 lost when converting from the £, norm to the ¢, norm.
This completes our proof sketch for p < 2.

14.1.2 Corollaries
Streaming and distributed models

A simple corollary of our nearly optimal constructions for strong coresets is that we immediately
obtain similar results in streaming and distributed models of computation (see Section 1.3.3).
In the streaming model, the rows a; of the input matrix A arrive one at a time, and we wish to
maintain a strong coreset for A. In this setting, the classic merge-and-reduce technique (see, e.g.,
[BDM *20] for a discussion) shows that a construction for a coreset of size O (k) poly(¢~") can be
converted into a streaming implementation of size O (k) poly(¢~!log n) by setting the accuracy
parameter to ¢’ = ¢/ log n and composing the coreset construction in a binary tree fashion. Recent
work of [CWZ23] shows that this argument can in fact be sharpened to a poly(loglogn) factor
overhead rather than poly(log n), by first computing an online coreset. Similarly, in the distributed
model, the rows of A are partitioned among ¢ servers, and we wish to communicate a strong
coreset to a central coordinator. This task can be solved nearly optimally if each server computes
a coreset, sends their coreset to the central coordinator, and the central coordinator computes a
coreset for the collection of coresets.

Online coresets

Next, we note an application of our result to designing algorithms for online coresets for ¢,
subspace approximation. For ¢, subspace approximation, the works of [BLVZ19, BDM"20]
studied the case of p = 2 based on the result of [CMM17], while [WY23a] studied the case of
p # 2, achieving a coreset size of roughly O(kp+0(1)) poly(e~') by analyzing an algorithm based
on sensitivity sampling [HV20].2 One of the main open questions left in [WY?23a] is whether
there exists an online coreset algorithm which samples only O (k?/2+°M) poly(s~1) rows for
p > 2. Our ¢, subspace approximation coreset result resolves this question nearly optimally. Our
results here are given in Section 14.6.1.

Entrywise /, low rank approximation

Finally, we note that for p < 2, our nearly optimal coresets for ¢, subspace approximation imply
new algorithms for the related problem of entrywise ¢, low rank approximation.

Definition 14.1.6. Let A € R™"*? and let k be a rank parameter. Let 1 < p < co. Then, the
entrywise (,, low rank approximation problem is the problem of minimizing the objective function

n d
JA =X, =D ) (A= X);,0"

i=1 j=1

% In our discussion of online coresets, we allow for the O() notation to suppress polylogarithmic factors in n and
an “online condition number” quantity °- which appears in all prior works on online coresets and is known to be
necessary.

203



among all rank k matrices X € R"*4,

This problem is another computationally difficult variant of the low rank approximation
problem, and approximation algorithms and hardness have been studied in a long line of work
[SWZ17,CGKT 17, DWZ 719, MW21,JLL"21, WY23a]. The works of [JLLLL"21, WY23a] show
that for p < 2, if we multiply A on the right by a dense matrix G of p-stable random variables
[Nol20] and then compute an ¢, subspace approximation coreset S of AG of size O(k) then
there exists a rank £ matrix V such that

A 1/p—1/2 :
A —VSA|P < O®KYP7"?) min [|A-X]|?..

rank(X)<k

Among subset selection algorithms, this approximation guarantee is nearly optimal [MW?21]. Fur-
thermore, because S is constructed based on sketching and coresets for ¢, subspace approximation,
this algorithm can be implemented in streaming and distributed settings, and previously discussed.
However, these prior results had drawbacks. The result of [JI.I."21] relied on the coreset con-
struction of [SW 18], and thus required exponential time to run. In the work of [WY23a], this idea
was applied in the setting of online coresets, but their online coreset required a size of at least k*,
which resulted in a suboptimal approximation factor of at least £*(!/7=1/2)_ Our result fixes both
of these problems, by substantially speeding up the algorithm of [JLLL."21] to achieve the first
polynomial time subset selection algorithm selecting O(k) columns with O(k'/?~1/2) distortion,
as well as the first online coreset algorithm which selects O (k) rows with a O(k'/?~1/2) distortion.
Note that the prior best efficient subset selection algorithm of [MW21] selects O(k log d) rows
for O(k'/P=1/2) distortion.

14.2 Representative subspace theorem for /, subspace approx-
imation

One of the main technical ingredients for our strong coreset is the representative subspace theorem
of [SW18, Theorem 10], which shows that the ¢,, subspace approximation cost can approximately
be decomposed into a cost onto a low dimensional subspace plus the cost of projecting onto this
subspace. We provide sharper bounds for this result in this section.

Theorem 14.2.1 (Representative subspace theorem). Let 1 < p < oo. Suppose that an s-
dimensional subspace S satisfies

“A(PS — PSUF)HZQ < e? - OPT

for every F' € Fj. Then if Pg is the projection matrix onto .S and bg € R" is the vector defined
by
bs(i) = ||a] (I - Py)|

27

then

forall I' € Fy, ||A(T — PF)||Z2 = (1+¢)||[APs(I— Pp), bg]|? (14.10)

p,27
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where [APs(I — Pr), bg] denotes the n x (d + 1) concatenation of APg(I — Pr) € R"*% and
bg € R. Furthermore, such a subspace .S exists for

. _Ok)

= omax{2p)

such that ||bsl[;, < OPT.

We note that any subspace S’ that contains a subspace S satisfying the properties of Theorem
14.2.1 will continue to have the same properties.

Lemma 14.2.2. Let S O S be two subspaces such that S satisfies the guarantees of Theorem
14.2.1. Then, S’ does as well.

Proof. Note that for any a € R? and k-dimensional subspace F,
la" (Ps — Psur)3 < lla" (Ps — Psur) |3

since (Psur — Pg) maps its input to the component of F' orthogonal to S and similarly for
(PS’UF — PS’)- ThUS,

[A(Ps = Pour)ll,s < [APs — Psup)|l,, < - OPT
It follows that (14.10) holds from arguments in [SW 18, Theorem 10]. We also have that
la] (I—Pg)|5 < lla) (I-Pg)|3

so ||bg[|? < [[bs|[s < OPT holds as well. O

14.2.1 Sharper scalar inequalities

The following result simplifies and sharpens [SW 18, Claim 2].

Lemma 14.2.3. Let u, v, w > 0 satisfy u? = v* — w?. Then,

b < min{ev?, 2071 "2P(vP —wP)} 1< p <2
u
P —w? 2<p< o

Proof. The second inequality follows from the subadditivity of (-)?/2 [SW 18] so it remains to
show the first. We may assume that v = 1 by scaling. We also reparameterize w = 1 — x for
some 0 < z < 1. Then,

wP = (1—(1—x)%)P? < (22)P/?

and ,
u” _ u? < (22)¥/ _ 9p/2,p/2-1
v —wP  1—(1—2)p ~ x
Thus, if 7 < £%/7/2, then u? < ¢, and if 2 > £%/7/2, then u? < 2P~ 1!=2/P(yP — wP). O

The following result sharpens [SW 18, Claim 5].
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Lemma 14.2.4. Letu,v > 0and 1 < p < oo. Then,

(2p)”
(u+v)P < (1+e)u? + va
Proof. We may assume that u = 1 by scaling. If v > 1, then (1 + v)? < 2PoP so assume that
v < 1. Then, (1 4+ v)? < 1+ 2pvsoif 2pv < e, then (1 4+ v)? < ¢, while if 2pv > &, then

(1+v)P < 1+2pvzl+%v7’§ 1+§L_)fvp.
[]
The following result generalizes [SW 18, Lemma 4] to p > 1.
Lemma 14.2.5. Leta,b, f,g > 0. Then,
62+ 8202 = (724 P < P a7 b o) (@ 4 B4 (724 g2,
Proof. By Lemma 14.2.4, we have that
(@, D)1z < (@ = f,0=g)ll2 + I(£,9)ll2)" < (L + )l 95 + %H(a —fb=9)l
and similarly
-9l < (@ — 1.5 =)l + @B < (1+ <)l B+ 22 (0 — 1.6~ gl
Thus,
D~ 1089018 < 2 o~ 16— )l +=(a, BYIE + £, ) ).
Finally, we bound
l(a=f.o=g)lls <l(a—f,0=9)lf <277 (la— fI"+[b—g]).
[]

14.2.2 Proof of the representative subspace theorem

The first lemma shows that if ||a’ (Ps — Psur)||2 is small, then the projection of a vector a onto
S U F is close to its projection onto S, and the projection of a' Pgyr onto F is close to the
projection of a' Pg onto F.

Lemma 14.2.6. Let S, F' C R be subspaces and let a € R be a vector. Then,
* a"(I—=Psur)llz = [[a" (I Pg)|l2 £ [[a" (Ps — Psup)ll
* [a"(Psur — Pp)ll2 = [[a"Ps(I = Pp)lls = |a" (Ps — Psup) |
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Proof. These are proven in [SW18]. We reproduce a proof for the reader’s convenience. The
first inequality is just the triangle inequality, so it remains to show the latter. One direction of the
inequality follows by

la’ (Psur = Pr)|l> = minfla’ Psup — x|l
< [a"Psur —a'PsPrlls < [la’ (Psup — Ps)ll2 + 2" Ps(I— Pp)|»
and the other by
|la"Ps(I = Pp)|l» = minfla’ Pg — x|,
<|la"Ps—a'Pg|; < [la"(Ps — Psup)ll2 + la’ (Psur — Pr)ll2
O

We may combine Lemma 14.2.6 with Lemma 14.2.5 to show the following, which states that
the projection cost of a onto F' is approximately the sum of the cost of projecting onto S, and
then projecting onto F'.

Lemma 14.2.7. Let S, F C R be subspaces and let a € R be a vector. Then,
lla"(I—Pp)[5 — (a" X = Py)[3 + [la" Ps(I— Pg)||3)"?|

4p)P
S (( p) + 2p—1€) ||aT(PS _ PSUF)HZQ) + (217—1 + 1)8||aT(I — PF)HIQ)

gp—1
Proof. Note that by orthogonality,
la"(T=Pp)ll3 = a" (T Psup)[3 + a’ (Psur — Pr)|5.

Then, we apply Lemma 14.2.5 with a = ||a’" (I — Psur)|l2, b = [[a" (Psur — Pr)|las f =
la™ (I — Pg)||2, and g = |[a" Ps(I — Py)| as well as the bound

la =], |f =gl < lla" (Ps — Psur)ll2
from Lemma 14.2.6 to see that

(@ &)1 = 1, )22 = [lla" (X = Pr)ls = (Ja" (T = Ps)|3 + |a"Ps(I— Pr)[3)"?]

4 p
= égle (la = fI7 + 16— g?) + (|| (@ D) |E + 1I(f, 9)|I2)
< Ej’)j’ la’" (Ps — Pour)|f

+e(la”@=Pp)ls+ (la"(I-Pg)|5 + [la"Ps(I—Pp)[3)”?).
Note that
(la"X=Pg)[3 + a"Ps(X - Pp)[3)"* < 22! (la"(I— Psup)l3 + lla’ (Psur — Pr)l[3)"?
+ 27 Ma" (Ps — Psup)|lb
=2"Ya"(I—-Pp)|h + 2" 'a" (Ps — Psup)|5

so combining the bounds gives the claimed result. ]

207



It remains to construct a subspace S such that ||A(Pg — Pgyr)|[; , is small for every k-
dimensional subspace F'.

Lemma 14.2.8. Let 1 < p < oo and k£ € N. There is an s-dimensional subspace S where
s = O(k/e™>{22}) such that for every k-dimensional subspace F,

|A(Ps — Psur)lp, < €” OPT
where OPT = minges [A( — Pg)|2,.

Proof. The proof largely follows [SW 18] combined with our improved inequalities proved earlier.
We reproduce a proof for the reader’s convenience.
Lemma 6 in [SW 18] shows that there is an s-dimensional subspace .S such that

1A= Ps)lp2 — AT = Psup)lly , < ™7 OPT (14.11)
for every k-dimensional subspace F' € ;. We now use the fact that for any vector a € R¢,
la"(Ps — Psur)l3 = lla"(T-Ps)3 — [la" (T - Psur)l3
by orthogonality and Lemma 14.2.3 (with €’ = £P) to show that

7| AL — P)|l, + 25" 2(|AL - Py, — [A - Psp)|2) 1<p <2

|A(Ps—Psur)|t, <
SIPE AT = Py) |2, — AT - Psur)|2, 2<p<oo

by summing up the inequalities over vectors a; for i € [n]. By (14.11), we have that
|A(Ps —Psup)lly o < 3" OPT

in any case. Rescaling ¢ by constant factors yields the statement of the theorem. ]

Finally, we combine this bound with Lemma 14.2.7 to conclude Theorem 14.2.1.

14.3 Preliminaries

14.3.1 DvoretzKky’s theorem

A classic result of Dvoretzky and Milman [Dvo61, Mil71] shows that a random subspace of a
normed space is approximately Euclidean. We will need the following version of this result for ¢,
norms:

Theorem 14.3.1 (Dvoretzky’s theorem for ¢, norms [FLM77, PVZ17]). Let 1 < p < oo and
0 <e < 1/p. Letn > O(max{e 2k, 'k?/?), and let G € R"** be an i.i.d. random Gaussian
matrix. Then,

2
Pr{for all x € RF, Gx\lﬁ =(1<£ 5)”||XH§} > 3
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14.3.2 Flattening

It is known that constant factor bicriteria solutions for £, subspace approximation can be computed
quickly via convex relaxations [DTV11] or by combining sketching techniques with ¢, Lewis
weight sampling [FKW?21, WY23a]. The following lemma gives a version of [WY23a, Algorithm
3] that is optimized for running time.

Lemma 14.3.2 (Fast constant factor approximation). Let A € R™4 1 <p<2 and k € N. Let
G € R™ be a sparse embedding matrix [NN13, Coh16] with t = O(klog(n/J)) and sparsity
s = O(log(n/d)). Let F denote the span of O(t log(t/d)) rows sampled according to the ¢, Lewis
weights of AG T [CP15]. Then, with probability at least 1 — &, the following hold:

* [AT=Pp)ll, < O(OPT).

* The subspace F can be computed in O(nnz(A) + ) time

Proof. The correctness is shown in [WY23a], so it remains to argue the running time. The sparse
embedding matrix G only requires time O(nnz(A)log(1/6)) to apply due to its sparsity. The /,,

Lewis weights of AG" can then be computed in time O(nnz(AG") + 1) = O(nnz(A) + )
[CP15]. 0

By using Lemma 14.3.2, we will obtain a fast algorithm for quickly flattening a matrix by
splitting rows, which will be a crucial component of our sampling algorithm for p < 2. Similar
techniques have long been used in the literature of ¢, subspace embeddings [BLMS89, CP15,
MMWY?22, WY23b].

Lemma 14.3.3 (Flattening). Let A € R™¥ 1 < p < oo,andk € N. Let F C R? be a
subspace. Then, there is an n’ x d matrix A’ with n < n’ < (3/2)n such that |A(I - Pp)|]? , =
|A'(I—Pp)|} , for every F € F; and

2
lai" (T=Pp)l5 < ~[A(T-Pg)[7,

for every i € [n']. Furthermore, the rows of A’ are reweighted rows of A.

Proof. The proof follows, e.g., [MMW Y22, Lemma 2.10]. Note that if we replace a row a; by [
copies of the scaled row a;/I'/?, then [|A(I— Pp)||b, = |A’(I—Pp)||, and for every row ' in
A’ thatis a copy of A, ||}/ (I —Pz)|[5 = ||a/ (I - P)|[5/l. Now for every row i in A such that
la] (T—Pz)|5 > 2|AT(I—Pz)|},/n, replace the row a; with

|1 A= Prla/IIATA—Pp)l;e
. 2/n

copies of a;/ li1 /P Note then that the number of rows we add is at most

= & ||az—'r(1_PF)H:S/HJKT(I_PF)HZ2 n
E R < g =< -,
(li=1) < — 2/n -2

1=1

Furthermore, by construction, every row in the new matrix A’ has sensitivity at most Cok/n. [
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The advantage of flattening is that for p < 2, it makes the ¢, subspace approximation cost
much smaller than the ¢, subspace approximation cost. We will exploit the following result later
in our results for p < 2.

Lemma 14.3.4. Let A € R"™ 1 < p < 2, and k € N. Suppose that o;(A) < Clla/ (I —
P:)|5I|AT(I—Pg)|[>,/n forevery i € [n]. Then, we have

IAT=Pp)|r < (C/n) P 2| A~ Pp)llpe.

Proof. We have

ja@-P HF—ZHa HQ—ZHa (- Pyl (L~ P
2/p—1
<Zua 1P ||p(n HA(I—Pwnzz)
=<ck/n>2/p NIAT-Pp)5. 0

14.3.3 Properties of ridge leverage scores

It is known that for A = ||A — A||%/k, the ridge leverage scores have a small sum.

Lemma 14.3.5 (Sum of ridge leverage scores [CMM17]). Let A = ||A — Ag||%/k. Then,

> TNA) <2k
=1

Next, we show that ridge leverage scores upper bound the ¢, subspace approximation ¢,
sensitivities (14.1).

Lemma 14.3.6 (Ridge leverage scores bound sensitivities). Let A = ||A — A% /k. Then,

2
1 a/] I-P

TM(A) > — sup H ( F)H22
48 rer. |A(T—Pr)|5n

for every i € [n].

Proof. Note that
1
1A = Agll; = oyi (A — Ay) < z > oA —Ay) <

SO

A [Ax](i)*
77 (A) = sup
xerd ||AX||5 + x5
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[Ax](3)?
= Sup 2 ) 2
xerd [|Aaix[[3 + [[(A — Agi)x||3 + Allx][3
[Ax](2)*
> sup .
xerd [|[A2x (|3 4 2A[1x][3

Now let F' € F}, be any rank k subspace. Let GG denote the span of the rows of Ay, F, and a;,
which is a subspace of dimension at most 3k + 1. We then set x = P (I — Pr)g for a standard
normal Gaussian vector g. Note then that

[Ax](i) = a/Pc(I - Pr)g = a/ (I - Pr)g
is distributed as a Gaussian with variance ||a;] (I — P)]|3, so
. 1
Pr{[Ax](i)* = [la; (1 - Pr)ll3/3} > 5.
Note also that
E[[|Azx|3] = E[[| AsxPo(I - Prlgll;] = E[[|Ax (I - Prgli] < [AT-Pr)l;

and
E[\x[3] = EN|Pe(I—Pr)gll3] < ABk+1) < 4]|A — Agll3.

Then by Markov’s inequality, we have

Pr{||Agx|f; +2X[x[3 < 16 A(I - Pp)|7} >

N | —

Thus with positive probability, there exists a vector x such that

1\ 2 T _ 2
FY(A) > [AQXKZ) > 1 lla (@ PF)H;_
[Azix[[5 + 2A[[xl3 — 48 [|A(T - Pr)[%

Since F' was arbitrary, we conclude as desired. O]

14.4 Reduction to additive-multiplicative ¢, affine embeddings

In this section, we show that in order to obtain sampling theorems that preserve (p, 2)-norms of a
matrix, it suffices to prove additive-multiplicative £, affine embedding guarantees for the sampling
matrix S. We consider the following notion of additive-multiplicative ¢, affine embeddings:

Definition 14.4.1 (Additive-multiplicative ¢, affine embedding). Let A € R"™? and b € R".
Then, S € R™" is a (), €, R)-additive-multiplicative ¢, affine embedding if for every x € R?, we
have

IS(Ax +b)[[} = [[Ax + [ = e(||Ax|]) + B + A2 |x];)

Then, our main result of this section is the following lemma:
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Lemma 14.4.2. Suppose that S € R"™" satisfies the (), ¢, R)-additive-multiplicative /,, affine
embedding property for the matrix A € R™*¢ and vector b € R™. Then, for any X € R**,

IS[AX, b][I}, = [[AX, b][[}, + O(e) [[AX][} , + R + A2s"2 ][ X}

To prove Lemma 14.4.2, we will need the following lemma on the matrix operator norm of a
Gaussian matrix.

Lemma 14.4.3. Let p > 0 and let m > O(d?/?). Let G € R™*? be an i.i.d. standard Gaussian
matrix. Then, with probability at least 2/3, we have that

sup HGXTHi2 < O(s"?m).
XeRsxd, X, <1 ’
Proof. Let X € R**? with ||X||, < 1 maximize HGXTHzQ. Now let g € R® be a random

Gaussian vector and consider the vector GX "g. Then for each i € [m], e] GX g is distributed
as a Gaussian random variable with variance ||e] GX ||, and thus |e] GXTg| > ||e/ GXT||/10
with probability at least 9/10. Then,

B| Y el GXTJ - 1{je] GX ] < o] GX[/10}| < - [GX T2,

=1

so by Markov’s inequality, this at most H GXT H; N /2 with probability at least 4/5. Then, under
this event, 7

IGXTg|! > > e/ GXTgl - 1{le] GXTg| > [e] GXT[»/10}
i=1

m TGXT p
> 3 e OXE  ferax ) > ey @XTlo/10)

- 10»

i=1

p— 10p ! !
SO

10pHGXTg||§ > ||GXTHZ2 — ZuejGXTHg ‘1{le; GXTg| < |e;] GXT|»/10}
=1

> [|GXT|7, — IGXT|[] /2 = [[GXT[} /2.
Thus, with probability at least 4/5, we have that

sup [|GXT|7, <O(1)  sup sup  [|GXTv][]
X R4, [X,<1 ’ X4, X, <1 veRs, V], <5
< O(sp/Q) sup ||GV||£.

veR?, |lv]|,<1

The latter quantity is at most O(s”/?m) by Dvoretzky’s theorem (Theorem 14.3.1) with probability
at least 99/100, so we conclude. O
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We may then return to the proof of Lemma 14.4.2:

Proof of Lemma 14.4.2. Let m be a large enough number to be chosen, and let G € R™*? and
g € R™ be drawn with standard Gaussian entries. If m > O(max{s2s, " 1s?/2}), then

AX. b (Gj )
g

1
= (1+e)—[AXG" +bg'|],

p

1
ITAX, bl[l;, = (1 +¢€)

— Theorem 14.3.1
m

pb,p

=(1+ 5)% Y |[AXGTe; + bg e[
j=1

Now using the additive-multiplicative ¢, affine embedding property, we have that
|S(AXG"e; +bg'e))|” = (1£¢)|[AXG e; + bg e[|+
c(|[AXG ej|[] + R? + N2 XG ey )

Note then that the total error is

=S NAXG |0+ B+ A2 XG e[ = = [[[AXGT| + B+ A2|GXT7 ]
miz p m Pip P,

» \P/2 TP
= O(e) |:||AX||p,2 + R+ W”GX Hp,2:|

where we have again used Dvoretzky’s theorem (Theorem 14.3.1). Now if m > O(d?/?), then by
Lemma 14.4.3, we have with constant probability that

\P/2 \P/2
“[|GXT}, < SO Em) Xl = 025X 0

14.5 Main sampling theorems

14.5.1 Affine embedding

We first show an affine embedding guarantee for root ridge leverage score sampling, which will
be used to apply Lemma 14.4.2. The main workhorse behind this lemma is Theorem 8.1.1, which
establishes a general ¢, affine embedding theorem for root ridge leverage score sampling, and
generalizes recent work of [WY?23c] by handling the case of p > 2 as well as allowing for an
affine translation rather than just subspaces.

Lemma 14.5.1. Let 1 < p < oo. Let « = O(e?)/((log n)* +1og(1/d)). Let S be the ¢, sampling
matrix with probabilities {¢;}?_; for

S min{1, n?27 12 (A2 /a} ifp > 2
b= min{1, 7}(A)*/?/a} ifp <2
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with A = ||A — Ag||%/k. Let S be an s-dimensional subspace for some s < n such that
|bs||? < OPT where bg(i) = ||a] (I—Pg)||2, and let Pg = V¢V be the orthogonal projection
matrix onto S. Let U € R**** satisfy U' U = I for some constant C' = O(1). Then, with
probability at least 1 — §, we have simultaneously for every x € R® that

IS[AV sx + bg] ||l = || AV gx + bg||? & g(||AVSx||§ + OPT +Ap/2HUx||g>.

Proof. We have that
[Ax](i)?
e A3 + N3

[AX] (i)’ [AV g2 (i)? [AV 52 (i)?
AXE+ NIx[3 s [AVsz[3 + N[Vszl3  ewe |AVsa[3 + Azl
[AV 5z (7)?

AVsz|[3 + CA|[Uz|]3

sup
x=V gz,z€RS

> sup

zeRs

A

so 77 (A) upper bounds the i-th leverage score of the 3n x s matrix given by

r AVS
A= (@U)

. . ) p/2
ly () < P21 ly(@)[" L ly (i) (14.12)
Iyl Iyl ) '

Now note that

Iy 12

Then by Lemma 14.3.6 and (14.12), we have that min{1, n?/>~'7}(A)?/2} upper bounds the rank
k ¢, subspace approximation sensitivities for p > 2. Similarly, min{1, 7}(A)?/?} upper bounds
the rank k ¢, subspace approximation sensitivities for p < 2. Thus,

b _ Jar@a-pI
< <77 (A).
oPT S JAg_pyp, =W

p
2

We then define b’ = [bg; 0] € R®" to be the vector bg with 2n zeros appended to it. Finally, let
S’ € R3"*3" be the ¢, sampling matrix which samples the first n rows according to S and the last
n rows with probability 1. Then by Theorem 8.1.1, we have the /,, affine embedding guarantee for
A’ and thus with probability at least 1 — §, simultaneously for every x € R®, we have

ISTA'x + b7 = [[S[AVsx + bs]|[; + (CA)P*|[Ux]];
= (1+¢)[|Ax +b[[; £ OPT

= (1+¢) [||AVSX + bs? + (CAP2|Ux|| +£OPT.
Now by subtracting (C\)?/? |Ux||}, from both sides of the inequality, we conclude that

IS[AVsx + bg]|[;, = (1 £+ ¢)[[AVsx + bs||) £ E(C)\)p/QHUXHi +eOPT.

Scaling € by constant factors yields the claimed result. ]
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Next, we convert the affine embedding guarantee in Lemma 14.5.1 into a guarantee about
preserving the norms of matrices under S via Dvoretzky’s theorem.

Lemma 14.5.2. Let 1 < p < oo. Let « = O(e?)/((log n)? +1og(1/4)). Let S be the ¢, sampling
matrix with probabilities {¢;}!_, for

- min{1, n?2" 12 (A)P/?/a} ifp > 2
b= min{1, 7}(A)/?/a} itp<2

with A = [|A — A% /k. Let U € R** satisfy UTU > I/C for some C' = O(1). Then for all
matrices X € R4*¢,

ISAX][;, = (1£e)|AX][y, + X[ UVEX]]7,
where R = rowspan(A).
Proof. Note that for an i.i.d. standard Gaussian matrix H € R?*™ for m sufficiently large, we

have by Dvoretzky’s theorem (Theorem 14.3.1) that

1 ] —
ISAX|}, = (1+6)—[SAXH]||}, = (14) EZHSAXHejHi (14.13)

We now apply Lemma 14.5.1 with the subspace S set to be the row span R of A which has
dimension at most n, so that we have the following additive-multiplicative subspace embedding
guarantee for every x € RY, with probability at least 1 — &,

ISAx|? = |SAPgx|? = | AP px|[” + g(HAPRng + (cJA)p/?HUVngg) (14.14)

Applying this guarantee to each summand in (14.13) shows that

1 — 1 &
— ) ISAXHe;|? = ~ > (1+e)|AXHey|” £ e(CNPP?| UV XHe |

j=1 =t
= (1+0)|AXH]|, + (A2 |[UViXH]|?,
= (1£)||AX|]?, £ (C) p/QHUVEXII

Rescaling € by constant factors yields the desired result. [

14.5.2 Results for p > 2

For p > 2, we will first give the following refinement of Lemma 14.5.2 for low rank matrices.

Lemma 14.5.3. Let 2 < p < oo. Let « = O(e?)/((log n)® +1og(1/4)). Let S be the ¢, sampling
matrix with probabilities {¢;}!_, for

qi > min{l,npm_l‘rf‘(A)p/z/a}
with A = [|A — A, ||%/k. Then for all rank s matrices X € R%x4,
ISAX|?, = (14 ) |AXP, + N2l 2202 X £
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Proof. Let X € R?*? be a fixed rank s matrix (depending on SA and A) that maximizes
ISAXI];, — [AX]I7

over all rank s matrices X € R such that ||AX|[D, + N/?n!~P/2s7/2|| X ||} < 1. Note that
we may WLOG assume that X = PpX = VV ;X where R is the row span of A, since any
component outside of the row span of X will vanish after multiplying by A.

Let G € R?*dm(%) pe a random standard Gaussian matrix. It is well-known that I/C' <
5 G TG with probability at least 2/3 [RV09]. Furthermore, by Lemma 14.4.3, we have that

2
%“{HGV;XH; - O(HS”/Z)HXHg} >3 (14.15)

Thus by a union bound, G satisfies both of these events with probability at least 1/3.

Now consider t = O(log(1/6)) independent drawings of G, say G for i € [t]. For each G,
S has a 1 — §/2t probability of succeeding in the guarantee of Lemma 14.5.2, if G satisfies the
condition that --(G®)"G® = I/C. By a union bound, this holds for all i € [t] simultaneously
with probability at least 1 — ¢ /2. Furthermore, with probability at least 1 — 0/2, there is at least
one i € [t] such that (14.15) and ;- (G?) "G = I/C holds. Thus over all, with probability at
least 1 — 0, there is a matrix G such that for U = G /v/2n, we have

ISAX;, = (1£)[AX [, + N2 [UVEX][7,
= (L £ )| AX]}, £eXn 2| GVEX|],
= (L £o)|AX][} , £ O()A2nt 2522 X 5.
Rescaling € by constant factors yields the desired result. ]

The next theorem gives an error bound after one round of root ridge leverage score sampling.

Theorem 14.54. Let p > 2 and let s = O(k/eP). Let A € R™4 with n > n’ for some
n' = O(sP?/e). Let @ = O(c2)/((logn)® + log(1/4)). Let S be the ¢, sampling matrix with
probabilities {g; }", for

¢; > min{1,n?> 717} A)? /o)

with A = [|A — A,]|3/s. Then, with probability at least 1 — d, for every F' € F,
ISAT=Pr)llp, = 1+ )|AT=Pr)[;,.
Proof. First note that

|A— Al _ |AT-P)

3?/2 - sp/2

JAT-P|E,  ar

Sp/2 o 3?/2

p
NP2 = Ifa < pp/2-1 OPT  (14.16)

By Theorem 14.2.1, we have that
AT —Pp)|P, = (1 +¢)[|[APs(I - Ppr), bs]|},
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= (1£¢)|[[AVsVI(I - Pr), bs][”,

Let G € R?"*s be a random Gaussian matrix. It is well-known that I/C < %GTG with
probability at least 2/3 [RV09]. Fix such a matrix G. By Lemma 14.5.1 with U = G/v/2n, we
then have

ISIAVsx + b]ll} = | AVigx + b} + = (| AVsx[2 + OPT +1"2|[Ux|? )
= [|AVsx + bg|) + 8<HAV5XH§ + OPT —|—(2n)1’p/2)\p/2HxH’2’> Dvoretzky’s theorem

— | AV sx + b} + O(e) (| AVsx|[, + OPT +5 2 OPT|[x[}})  (14.16)

where we have used that n is large enough to apply Dvoretzky’s theorem. Then by Lemma 14.4.2,
we have that

IS[AVSX, b2, = [AVSX, bg]ll, + O(c) [|AVX |, + OPT + OPT| X

for any X € R**<. Then, applying this result with X = V[ (I — Py), which has operator norm 1,
gives

ISIAPS(T — Pr), bl = [[APS(I — Pr), bslll, + () [|APS(T ~ Pr)]2, + OPT]
= (1£0(e))|[[APs(I—Pr), bs]ll;
Finally, by (14.16) and the fact that Ps — P g is a matrix with rank at most &, we have

ISA(Ps — Poui) |2, S [A(Ps — Pour)[Z, + V2017222 Lemma 14.5.3

D2 ~
< &P OPT 4+ \P/2p1—P/2)p/2 Theorem 14.2.1
< &P . OPT +&”/2. OPT < 2¢? OPT (14.16)

Then by Theorem 14.2.1, it follows that
IS[APs(I = Pr),bsl|[; , = (1= 0(€))[[SA(I - Pg)|,

as claimed. Chaining together the previous bounds and rescaling £ by constant factors shows the
claimed result. [

Finally, we show that by applying Theorem 14.5.4 recursively for O(log log n) rounds, we
obtain our desired sampling theorem.

Theorem 14.5.5. Let p > 2. Let A € R™*“, There is an algorithm that runs in time O(nnz(A) +
d“) time to construct a diagonal matrix S with

p/2

p/2 2
e (log ™" + (1og(1/8)"*](loglog )"/ = 1 1og(n 570

5102/2"‘17

nnz(S) =
that satisfies Definition 14.1.1 with probability at least 1 — 9.
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Proof. We will apply Theorem 14.5.4 for r = O(loglogn) rounds, with ¢ set to £/r and ¢ set
to 0/r. Let o and s be the values given by Theorem 14.5.4 with this setting of parameters.
We first analyze the number of rows sampled at each round in expectation. Note first that if
nP/2 17X (A) > 1, then 7} A) > n?/P~! so there are at most O(s)n'~2/P such rows i € [n],
since 7}(A) sum to at most 2s by Lemma 14.3.5. On the other hand, if n?/2~'7}(A)?/2, then

T} A) < n?7~1 50 we have that

Z np/2—17.iA(A)p/2 < np/2—1(n2/p—1)p/2—1 Z T?(A) < pt%P. 9.

imP/2- 172 (A)P/2<1 imP/2-17 2 (A)P/2<1

Thus, in either case, we have

Z min{1, n?>~ 172 (A)P/2} < O(s)n' =27,
i=1

Thus, the expected number of sampled rows is at most O(s)n'~2/? /.. By Chernoff bounds, if the
expected number of sampled rows is at least O(log(r/d)), then with probability at least 1 — § /7,
the number of sampled rows is within a constant factor of the expectation. Then by a union bound,
for the first r rounds of the recursive calls, we succeed in obtaining a (1 &+ ¢/r) approximation
and reduce the number of rows from m to O(s)m*~2/? /a. We now define a, to be the logarithm
of the number of rows after the ith recursive call. Then,

ai+1 = (1 —2/p)a; +log(O(s)/)

so by Lemma 8.1.9, we have that

a, = g(log(O(S)/Oé) — (1 —2/p)'(log(O(s)/a) — (2/p))(logn))

so the number of rows is at most

p/2 p/2 p/2 2
_O(S)) - o ) _ Zgjm) [(logn)™'2 + (log(1/8))"/2] (log log n)?*/>**.
0

exp(a,) = (

«

14.5.3 Results for p < 2

The next theorem gives an error bound after one round of root ridge leverage score sampling.

Theorem 14.5.6. Let p < 2 and let s = O(k/£?). Let a« = O(?)/((logn)? + log(1/6)). Let S
be the ¢, sampling matrix with probabilities {¢; }" , for

¢; > min{1, 7} (A)"?/a}

with A = ||[A — A,||%/s for s at least O(k/€?) as required by Theorem 14.2.1. Furthermore,
suppose that there is a rank s subspace F' such that

laj (L= Pz)[l5 < O(1/n)|A(L = Pz)|},

218



and
[A(I-Pg)ly. < O(1) ;réifnkllA(I —Ppr)|; .= O(OPT).

Then, with probability at least 1 — ¢, for every F' € Fy,
ISAT =Pl = (1 £ )AL =P,

Proof. First note that

— A} —Pa)ll} AI-Pp)l,,  O(OPT)

p/2 ||A AsHF ||A(I PF)HF 1—p/2H F/lp2

AT < sP/2 = sP/2 < 0(1/n) sp/2 T gp/2pl-p/2
(14.17)

By Theorem 14.2.1, we have that
AL =Pp)[, = (1 £e)[[[APs(I—Pr), bslll;,
= (1+¢)||[[AVsVS(I - Pr), bs]|[,
By Lemma 14.5.1 with U set to the identity padded with zeros,
IS[AV sx + bg]|[” = || AV sx + bg][h + s(HAVSng + OPT +AP/2||X||§)
= [[AVsx + b+ < (| AV + OPT 01 #2372 [x|2)
= [|AVsx + bgl[) + e(HAVSXHf; + OPT +0(s77/%) OPTHng) (14.17)
Then by Lemma 14.4.2, we have that
ISIAV X, bs][Z; = [[AVX, bs][[, & O(=) [| AVsX[;, + OPT + OPT||X] 1}

for any X € R**<. Then, applying this result with X = V! (I — Py), which has operator norm 1,
gives

IS[APs(I = Pr),bslll,, = [[APs(I—Pr), bs]|;, £ O(c) [HAPs(I —Pp)lls + OPT}
= (1£0()[|[APs(I = Pr), bl

Finally, by using Lemma 14.5.2 with U =1, (14.17), and the fact that Pg — P g, is a matrix
with rank at most k, we have

ISA(Ps — Psur)lly, S |A(Ps — Psur)ll}, + A2 Vi(Ps — Psur) |, Lemma 14.5.2
< [|[A(Ps — Poup)llh , + AP0 PR V(P — PSUF)”;g
< P . OPT 4+ \P/2p 1 —P/2p/2 Theorem 14.2.1
<P OPT +0(e?) - OPT = O(e?) OPT (14.17)

Then by Theorem 14.2.1, it follows that
IS[APs(I —Pr),bsll[;, = (1= 0(€))[[SA(I—Pr)|,

as claimed. Chaining together the previous bounds and rescaling € by constant factors shows the
claimed result. L
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Finally, we show that by applying Theorem 14.5.6 recursively for O(loglogn) rounds, we
arrive at our main theorem for p < 2.

Theorem 14.5.7. Let p < 2. Let A € R™*4. There is an algorithm that runs in time O(nnz(A) +
d“) time to construct a diagonal matrix S with

nz(S) = A [(logn) ¥+ (log(1/6))%7] loglog ) /7+2 = X (1og(n/5))°0)

that satisfies Definition 14.1.1 with probability at least 1 — §.

Proof. We will apply Theorem 14.5.6 for r = O(log log n) rounds, with € set to £/ and ¢ set to
d/r. In order to satisfy the precondition of the existence of a “flat” solution, we quickly compute
a constant factor solution via Lemma 14.3.2 and flatten via Lemma 14.3.3, so that our condition is
satisfied as long as we take s to be at least some O(k log(n/J)).

Let o and s = O(k/e? + klog(n/d)) be the values given by Theorem 14.5.6 with this setting
of parameters. We first analyze the number of rows sampled at each round in expectation. Since
the ridge leverage scores sum to at most 2s’ by Lemma 14.3.5, we have that

n n p/2
> ety < (k) vy
=1 i=1

by Holder’s inequality. Thus, the expected number of sampled rows is at most O(s?/?n'~7/2) /a.
By Chernoff bounds, if the expected number of sampled rows is at least O(log(r/J)), then with
probability at least 1 — §/r, the number of sampled rows is within a constant factor of the
expectation. Then by a union bound, for the first » rounds of the recursive calls, we succeed in
obtaining a (1 + &/r) approximation and reduce the number of rows from m to O(s?/2m!~?/?) /a.
We now define a; to be the logarithm of the number of rows after the ith recursive call. Then,

air1 = (1 —p/2)a; + log(O(s”/Z)/a)
so by Lemma 8.1.9, we have that

o = = (108(O(s""%)/a) = (1= p/2) (log(O("%) /) = (p/2))log )

so the number of rows is at most

0(310/2))2“” ~0(s)  O(k)

= = m[(bg n)6/p+1 + (log(1/5))2/pﬂ} (log log n)4/p+2,

]

ot~

«

14.6 Streaming and online coresets

We present our results on streaming and online coresets for ¢, subspace approximation.
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14.6.1 Online coresets

In this section, we note that our Theorems 14.5.5 and 14.5.7 give the first nearly optimal online
coresets (see Section 1.3.3) for ¢,, subspace approximation.
Then, the following is an immediate corollary of Theorems 14.5.5 and 14.5.7.

Corollary 14.6.1 (Online coresets). Let 1 < p < oco. Let A € R™ “ have online condition
number xO'. Then, there is an online coreset algorithm which constructs a diagonal map S € R"*"
satisfying Definition 14.1.1 with probability at least 1 — ¢, such that

O(kpﬂ)
cp?/2+p
O(k)

e4/p+2

(log(nst/8))°®)
nnz(S) =

(log(ns®t /)

while storing at most O(k(log k)(log x°%)?) additional rows in an online fashion.

Proof. The result of [BDM 20, Theorem 3.1] gives an online coreset algorithm for maintaining
a (1 & ¢) strong coreset for ¢, subspace approximation which stores O(c~2k(log k) (log £°")?)
rows. Furthermore, given such a strong coreset with ¢ = O(1), it is shown in [BDM " 20, Lemma
2.11] that one can obtain scores 7; such that

7 > T (A)

for A = ||A — Ay||%/k, and also satisfies
> 7 < O(klog °%).
i=1

The result for p > 2 then follows as an immediate corollary of Theorem 14.5.5. For p < 2,
we additionally need an online constant factor approximation to flatten the matrix, which is
constructed in [WY23a] by obtaining online Lewis sample due to [WY23b]. The result for p < 2
then follows as an immediate corollary of Theorem 14.5.7. ]

For integer matrices with entries bounded by A, we may replace the dependence on the online
condition number with A, by using an analogous result of [BDM™20] for integer matrices.

Corollary 14.6.2 (Online coresets — integer matrices). Let 1 < p < oo. Let A € Z"*? have
entries bounded by |A; ;| < A. Then, there is an online coreset algorithm which constructs a
diagonal map S € R™*" satisfying Definition 14.1.1 with probability at least 1 — 9, such that

O(kP/?)
ep?/2+p
O(k)

c4/p+2

(log(nA/6))°
nnz(S) =

(log(nA/6))°

while storing at most O(k(log A)?) additional rows in an online fashion.
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14.6.2 Streaming coresets

Next, we state our corollaries for constructing streaming coresets in the row arrival model of
streaming, which is slightly different from the online coreset model since we are allowed to
remove rows from our coreset. In the streaming model, the resource measure is typically the
space complexity, and thus the input is usually assumed to be an integer matrix as a bit complexity
assumption. In this setting, we combine the classic merge-and-reduce technique [BDM " 20]
with the technique of [CWZ23] of first applying an online coreset to obtain a result with only
poly(loglog(nA) factor overhead in the coreset size.

Corollary 14.6.3 (Streaming coresets — integer matrices). Let 1 < p < co. Let A € Z"*? have
entries bounded by |A; ;| < A. Then, there is an row arrival streaming algorithm which constructs
a diagonal map S € R™*" satisfying Definition 14.1.1 with probability at least 1 — J, such that

O(k?/?)
5P2/2+p

O(k) (log(k/e6) 4 log(nA/§))°W

c4/p+2

(log(k/28) + log log(nA/8))°®")
nnz(S) =

while storing at most O(k(log A)?) additional rows in an online fashion.

Proof. We may assume without loss of generality that the stream length is at most m =
poly(k,e~1 log(nA/§)) by first applying Corollary 14.6.2. We then apply the merge-and-reduce
technique, which results in a coreset with size where the € dependence is replaced by ¢’ = ¢/ log m.
This results in the claimed bounds. [
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Chapter 15

Future directions for sampling and coreset
algorithms

In this chapter, we present several interesting open questions on sampling and coreset algorithms
arising from this thesis that remain open.

15.1 Questions on /, subspace embeddings

Nearly optimal bounds for ¢, subspace embeddings for p > 2. One of the outstanding gaps in
bounds for ¢,, subspace embeddings is the optimality of the upper bound given in Theorem 6.1.4
and Theorem 6.1.11 in terms of the dependence on d and ¢ for p > 2. So far, the upper bound
isr= O(e‘Zd”/ 2) for a subspace embedding S with r rows, while the best known lower bound
is still Theorem 6.1.5 due to [LWW?21], which gives a lower bound of = Q(e~'d?/? + £~2d).
Thus, resolving this last gap from obtaining nearly optimal trade-offs between number of rows r,
d, and the accuracy parameter ¢ is our first open question about ¢, subspace embeddings.

Question 15.1.1. For p € (2,00) \ 27Z, what is the smallest possible number of rows r that is
possible for ¢, subspace embeddings with (1 + ¢) distortion? Is there a lower bound showing that
r = Q(e72dP/?) rows is necessary?

Deterministic algorithms. For p = 2, the seminal work of [BSS12] showed that it is possible to
deterministically obtain ¢, subspace embeddings with 7 = O(e~2d) rows in polynomial time, and
has spurred multiple works further improving the running time of this algorithm [Zoul2, ALO15].
This algorithm, however, makes heavy use of the special structure of the /5 norm, and does not
yield results for £, subspace embeddings for p # 2. Thus, an interesting question is whether
polynomial time algorithms for constructing £, subspace embeddings exist or not.

Question 15.1.2. Is there a deterministic polynomial time algorithm for constructing (1 + ¢)-
approximate £, subspace embeddings with O(s~2d) rows for p < 2 or O(e~2d"/?) rows for
p>2?

In fact, even a Las Vegas algorithm for computing ¢, subspace embeddings may be interesting,
as there are currently no known efficient algorithms for checking whether two matrices are close
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in the sense of ¢, subspace embeddings, for any p # 2:

Question 15.1.3. Is there a polynomial time Las Vegas algorithm for constructing (1 + ¢)-
approximate £, subspace embeddings with O(e~2d) rows for p < 2 or O(c~2d"/?) rows for
p > 27

Removing logarithmic factors. A closely related problem to Question 15.1.2 is the question of
removing logarithmic factors in the number of rows r. In particular, the work of [BSS12] as well
as its various follow-ups [Zoul2, ALO15, LS15] obtain r = O(e~2d), without any logarithmic
factor losses. On the other hand, for independent sampling-based approaches such as Lewis
weight sampling, an extra logarithmic factor is inherent due to the coupon-collector problem.
However, for most values of p # 2!, no other approaches towards obtaining (1 + ¢)-approximate
¢, subspace embeddings are known. Thus, an important question is the following:

Question 15.1.4. Is there an algorithm for constructing (1 + ¢)-approximate ¢, subspace embed-
dings with r = O(e72d) rows for p < 2 and r = O(c~2dP/?) rows for p > 2?

For p = 1, this problem has been raised in [Sch07, HRR22].

Nearly optimal guarantees for sensitivity sampling. We re-iterate our main open question,
Question 7.1.1, from the work of [W Y23c] from Chapter 7: what is the smallest sample complexity
possible for the ¢, sensitivity sampling algorithm? While we have achieved the bounds of
O(e262/?) for p < 2 and O(e~26272/?) for p > 2, we conjecture that a bound of O(e2(& +d))
is possible.

Faster algorithms for approximating sensitivities. While /,, sensitivity sampling can yield the
lowest known row counts for matrices with low total sensitivity, the running time for computing
sensitivity scores is still much slower than leverage score or ¢, Lewis weight computation for
p # 2 [PWZ23]. Can sensitivity approximation algorithms be sped up to compete with the
running time of approximating leverage scores?

15.2 Questions on coresets

Our main questions concerning coresets are those left open by our work of [WY?24b], which
established the first nearly optimal strong coresets for £, subspace approximation (see Chapter
14). The main natural direction left open is to tighten the dependence on ¢ in the coreset size both
in the upper bounds and lower bounds. Currently, the best known lower bound on the number
of rows required is Q(k/e2) for p < 2 and Q(k/e2 + kP/2 /) for p > 2 via a reduction to lower
bounds for ¢, subspace embeddings [LW W21, WY23a], while we have a dependence of g=0®?)
in our upper bounds.

Question 15.2.1. How many rows are necessary and sufficient for strong coresets for ¢, subspace
approximation as a function of both k and £?

! An important exception is p € 27, which admit exact isometries via other methods due to its special structure
[Schll].
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In particular, we believe that the following special case is already an interesting question:

Question 15.2.2. Is there a ¢~ %) lower bound on the size of a strong coreset for £, subspace
approximation for large p? Is there a O(k?/2)e~9(®) upper bound?

We note that sensitivity sampling achieves a O(k?/2+©(1))e=9®) ypper bound [HV20, WY23a],
while our upper bound is O(k?/2)e=0®")
Similar questions can also be asked for other guarantees for row subset selection for /,,

subspace approximation, all of which have been intensely studied for the case of p = 2 but remain
to be answered for p # 2.

Question 15.2.3. How many rows are necessary and sufficient for a weak coreset S such that
F = argmingcr, |[SA(I — Pr)[? satisfies

IAT =Pz, < (1 +¢) min AT - Pr)ll5,

as a function of both £ and £?

Question 15.2.4. How many rows are necessary and sufficient for a spanning coreset S C [n]
such that the span of the rows in .S contains a k-dimensional subspace F' such that

IAT =Pzl < (1 +¢) min AT —Pr)[f5,

as a function of both £ and £?

Question 15.2.5. How many rows are necessary and sufficient for a subset S C [n] such that the
span F' of the rows in S of dimension dim(.S) satisfies

IAT-Pp)lp < (1+¢) min [AT-Pp)],

as a function of both k£ and £?

Our strong coreset of [WY24b] immediately implies upper bounds to all three questions
above, but it is possible to improve further in some of these cases. The guarantee in Question
15.2.4 was studied by [DV07, SV12, WY24a] for p # 2 with an efficient construction achieving
an upper bound of O(k? - (k/)P*1) due to [DV07] and an inefficient construction achieving an
upper bound of O(k? /) due to [SV12, Theorem 3.1] and O(k/¢) for 1 < p < 2 due to Theorem
13.1.5. The result [DV07] has a better dependence on ¢ than our strong coresets as well as those
of [HV20, WY23a], and [SV12] has a better dependence on ¢ for all p and a better dependence
on k for p > 4. In particular, it is an interesting question to achieve a nearly linear dependence in
k for all p, and to construct such a subset of rows in polynomial time.
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Part 111

Sparse Optimization
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Chapter 16

Sparse convex optimization via /4
regularization [YBC 23, AY23]

16.1 Introduction

A common task in modern machine learning is to sparsify a large model by selecting a subset of
its inputs. This often leads to a number of improvements to the model such as interpretability and
computational efficiency due to the smaller size of the model, as well as improved generalizability
due to removal of noisy or redundant features. For these reasons, feature selection and sparse
optimization is a heavily studied subject in signal processing, statistics, machine learning, and
theoretical computer science. We continue this line of investigation by studying the following
sparse optimization problem [SSZ10, LS17, EKDNI18]: design an efficient algorithm such that,
given [ : R" — R and a sparsity parameter k, outputs a sparse solution (3 such that

(0 -1 2210 _min 18, IBlo= i€l B A0} asD
BER™||Bllo<k

for some approximation factor v > 0. In practice, there is also much interest in feature selection
for vector-valued features, due to a widespread usage of vector representations of discrete features
via embeddings [SWY75, WDL 09, PSM14, PRPG22], as well as for applications to block
sparsification for hardware efficiency [NUD 17, RPYU18], structured sparsification when pruning
neurons in neural nets [AS16, SCHU17] or channels and filters in convolutional nets [LL16,
WWWT16, LKD" 17, MMK20, MK21]. In such vector-valued or group settings, the n inputs
B € R™ are partitioned into ¢ disjoint groups of features 77, 15, ..., T; C [n], and we would like
to select whole groups of features at a time. We thus also study the question of solving

Z<o>—Z<B>m<Z<o>— min zw)), 1Bllgows = i € 1] : Blr, # 0} (16:2)

BER™:(| Bllgroup <k

where 3|7, denotes the |7;|-dimensional vector obtained by restricting 3 to the coordinates
: 1
j €T

!'We also allow for 3|z, to denote the corresponding n-dimensional vector padded with zeros outside of 7T}
whenever this makes sense.
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Although problems (16.1) and (16.2) are computationally challenging problems in general
[Nat95, FKTI15, GV21, PSZ22], a multitude of highly efficient algorithms have been proposed
for solving these problems in practice. Perhaps one of the most popular algorithms in practice is
the use of /; regularization. That is, if we wish to optimize a function [ : R™ — R over k-sparse
inputs {3 € R" : ||B]]o < k}, then we instead optimize the ¢;-regularized objective

min [(B) + AllB]:- (16.3)

The resulting optimal solution 3" often has few nonzero entries and thus helps identify a sparse
solution. This idea was first introduced for the linear regression problem by Tibshirani [Tib96],
known as the LASSO in this case, and has subsequently enjoyed wide adoption in practice in
applications far beyond the original scope of linear regression. For the group sparsification setting,
one can consider a generalization of the LASSO known as the Group LASSO [Bak99, Y1.06],
which involves minimizing the following objective:

2 (16.4)

t
in A :
min [(8) + ZIIIB 7
That is, the regularizer is now the sum of the /5 norms of each group of variables T; for i € [t].
In practice, this encourages groups of variables to be selected at a time, which facilitates feature
selection in the group setting. We refer the reader to the monograph [HTW15] on the LASSO and
its generalizations for further references and discussion.

16.1.1 Related work: prior guarantees for /; regularization

Due to the practical importance of solving (16.3) and (16.4), there has been an intense focus
on theoretical work surrounding these optimization problems, especially for the sparse linear
regression problem, i.e., when [(3) = || X3 —y||3 is the least squares objective for a design matrix
X and target vector y. However, as remarked in a number of works [FKT15, GV21, PSZ22],
recovery guarantees for the LASSO and the Group LASSO are strikingly lacking in settings beyond
statistical problems with average-case inputs or strong assumptions on the input, and is usually
considered to be a heuristic in the context of sparse convex optimization for deterministic inputs.
For example, one line of work focuses on the linear regression problem in the setting where the
target vector y is exactly a k-sparse linear combination X3 for some ||3||o < & plus i.i.d. Gaussian
noise, and we seek guarantees on the solution to (16.3) [DS89, CDS98, Tro06, CRT06, CT07,
Can08, BRT09, Zho09, RWY 10, BCFES14] when X satisfies the restricted isometry property
(RIP) or its various relaxations such as the restricted eigenvalue condition (RE). This can be
viewed as an instantiation of (16.1) for [(3) = || X3 — y||3, under the assumption that there exists
an approximate global optimum of [ that is exactly k-sparse. Statistical consistency results have
also been established, which also assume a “true” k-sparse target solution [ZY 06, MvdGBOSg].
A more recent line of work has studied algorithms for sparse linear regression problem under a
correlated Gaussian design matrix with other general structural assumptions on the covariance
matrix [KKMR21, KKMR22, KKIMR23]. All of these works exclude the consideration of worst-
case error on a desired k-sparse target solution, which is an undesirable restrictive assumption

230



when solving (16.1) in general. Indeed, one of the most remarkable aspects about the LASSO is
its empirical success on a wide variety of real input distributions that can be far from Gaussian or
even general i.i.d. designs. Thus, gaining a theoretical explanation of the success of the LASSO
in more general settings is a critical question in this literature.

Question 16.1.1. Why are the LASSO and Group LASSO successful on general input distribu-
tions, beyond statistical settings?

An important exception is the work of [YBC 23], which establishes that in the setting of
sparse linear regression, a sequential variation on the LASSO known as the Sequential LASSO
[LC14], in which the LASSO is applied sequentially & times to select k& inputs one at a time, is
in fact equivalent to the Orthogonal Matching Pursuit algorithm (OMP) [PRK93, Tro04].> The
work of [DK11] showed that OMP achieves bounds of the form of (16.1) whenever X satisfies a
restricted isometry property in the absence of additional distributional assumptions on the input
instance. From [YBC 23], it follows that the Sequential LASSO does as well. Thus, the works of
[DK 11, YBC 23] provide a form of an answer to Question 16.1.1 for the sparse linear regression
problem, for general inputs with RIP.

Given the previous success of analyzing the LASSO for general inputs under RIP, one may ask
for generalizations of this result to other objective functions, such as generalized linear models,
logistic regression, or even general sparse convex optimization. Indeed, as mentioned previously,
the LASSO and Group LASSO are used in practice in settings far beyond linear regression, and
fast algorithms for solving the optimization problems of (16.3) and (16.4) are plentiful in the
literature [LLANO6, KKB07, SFR07, MvdGBO0S8, HTF09, FHT10, BPC*11, BIM™ 11, HMR23].
However, none of these works provide satisfactory answers on why the LASSO and Group LASSO
are successful at selecting a good sparse set of inputs.

Question 16.1.2. Why are the LASSO and Group LASSO successful on general convex objectives,
beyond /5 linear regression? Why do they select a sparse set of inputs? Which inputs are chosen?

While the work of [YBC " 23] provides answers for the sparse linear regression problem by
showing that the selected inputs are precisely the inputs selected by OMP, their analysis relies
on specific geometric properties of the linear regression loss such as the Pythagorean theorem
and the fact that the dual of the LASSO objective is a Euclidean norm projection onto a polytope
[OPTOO, TT11], and thus the techniques there do not immediately generalize even to specific
problems such as £, regression or regularized logistic regression. Such a generalization is left as a
central open question in their work. Similarly, the work of [TBF"12] asks the question of why
sequentially discarding variables using the LASSO performs so well.

16.1.2 Our results

The main result of this work is a resolution of Question 16.1.2 for both the LASSO (16.3) and the
Group LASSO (16.4) setting for any strictly convex objective function [. To state our results, we
first recall the (Group) Sequential LASSO and (Group) OMP algorithms in Algorithms 6 and 7,

2 We also note a work of [TBF ' 12], which proposes a similar procedure called the Strong Sequential Rule of
sequentially zeroing out variables using the LASSO, but does not obtain provable guarantees for the resulting selected
features.
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which are both iterative algorithms that maintain a set of selected features S C [t] by adding one
feature at a time starting with S = @.

Algorithm 6 Group Sequential LASSO.
1: function GROUPSEQUENTIALLASSO(objective [, sparsity k, iterations k')
2: Initialize S + @
3: for r = 1to k' do

4: Let 7 :=sup{A > 0:3i € S, 8|y, # 0} for
AL :
B =arg min (8) + AZIIB 72
i€s
5: For ¢ > 0 sufficiently small, let i* € S be such that B |r. #0
6: Update S <— S U {i*}
7: return S

Algorithm 7 Group Orthogonal Matching Pursuit.
1: function GROUPOMP(objective [, sparsity k, iterations k’)

2: Initialize S < @
3: for r = 1to k' do
4: Let

B =arg min 1B

vieS, 8|, =0

5: Leti* € S be such that ||VI(B%)|r. |3 = max,5]|VI(B>)|r |3
6: Update S < S U {i*}
7: return S

We show that the result of [YBC"23] generalizes to the setting of group-sparse convex
optimization: the Group Sequential LASSO update rule selects a group of features 7; C [n]
that maximizes the /, gradient mass |VI(3)|z.||3, i.e., the same update rule as Group OMP.
Our analysis simultaneously gives a substantial simplification as well as a generalization of the
analysis of [YBC 23], which gives us the flexibility to handle both group settings as well as
general convex functions.

Theorem 16.1.3. Let [ : R™ — R be strictly convex. Let S C [t] be a set of currently selected
features. For each A\ > 0, define

B = arg min [(B) + A > I8zl

i€S

andlet 7 == sup{\ > 0:3i € S, 3|1, # 0} andlet 3° = B7 = limy_,o, 3*. Thenfor \ = 7—¢
for all £ > 0 sufficiently small, 3|7, # 0 only if | VI(8)|r, |3 = max, 5| VI(8>)|, |I3.

T;
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Proof. We give our discussion of this result in Section 16.3. [l

In other words, if we add the Group LASSO regularization only on unselected features i € S
and take \ as large as possible without causing the solution 3” to be zero, then 8 must be
supported on a group of features maximizing the ¢, gradient mass at 3°° among the unselected
features i € S. Furthermore, note that 3° is exactly the minimizer of [(3) subject to the constraint
that 3|7, = 0 for every i € S. Thus, in the non-group setting, this algorithm sequentially selects
a feature i € [n] that maximizes |VI(3>);|, which is exactly the OMP update rule analyzed in
[SSZ10, LS17, EKDN18]. The works of [SSZ10, LS17, EKDN18] show that this OMP update
rule gives a guarantee of the form of (16.1) with an approximation factor v depending on the
restricted strong convexity (RSC) of [, which is a generalization of the RIP parameter for matrices
to general functions. Thus, as reasoned in [YBC " 23], the Sequential LASSO for general functions
[ inherits this guarantee of OMP. We also show in Section 16.4 that the group version of the
OMP update rule obtained here based on selecting the group with the largest /5 gradient mass
|[V1(B)|z. |3 in fact also gives an analogous guarantee. In particular, we give guarantees for Group
OMP both in the setting of outputting exactly k-group-sparse solutions (Corollary 16.4.5) as well
as bicriteria solutions that use a slightly larger sparsity to get within an additive ¢ of the function
value of the optimal k-sparse solution (Corollary 16.4.6), restated below.

Corollary 16.4.5 (Exactly k-group-sparse solutions). After k iterations of Algorithm 7, 3> (Line
4) has group sparsity ||3”||group < k and satisfies (16.2) with

=1-—-ex M2k
v p L. )’

where (191 1s a lower bound on the restricted strong convexity constant of [ at group sparsity 2k and
L4 is an upper bound on the restricted smoothness constant of [ at group sparsity 1 (see Definition
16.4.1).

Corollary 16.4.6 (Bicriteria sparsity with ¢ additive error). After &’ iterations of Algorithm 7, for

O _1(8*
b, 18 U8

Ptk €

then 3% (Line 4) has group sparsity ||3||goup < &’ and satisfies

I(B>) <UB) +¢,

where ;1 1S a lower bound on the restricted strong convexity constant of [ at group sparsity
k + k' and L, is an upper bound on the restricted smoothness constant of [ at group sparsity 1 (see
Definition 16.4.1).

We additionally note that our analysis also immediately extends to an analysis of a local search
version of OMP, known as OMP with Replacement (Algorithm 9) [JTD11, AS20], which gives a
bicriteria sparsity bound which does not depend on ¢ (Corollary 16.4.10).
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Corollary 16.4.10 (Bicriteria sparsity with ¢ additive error). After R iterations of Algorithm 9
with k' > l{:(ﬂfa + 1), for

k+k/

O
Rkt 10,18 )-8

C Hkw £

then 3> (Line 4) has group sparsity ||3°||gronp < k" and satisfies

I(B%) <U(B%) +e,

where i5 s 1S a lower bound on the restricted strong convexity constant of [ at group sparsity
k + k' and L is an upper bound on the restricted smoothness constant of [ at group sparsity 2
(see Definition 16.4.1).

This variant of OMP can be analogously simulated by the LASSO as well, leading to a
new LASSO-based feature selection algorithm which we call (Group) Sequential LASSO with
Replacement.

Techniques

Our main technique involves exploiting the correspondence between variables of a primal op-
timization problem with the gradient of the dual optimization problem, via the Fenchel-Young
inequality (Theorem 16.2.2).

We start with an observation given by [GVR10]. When we take the dual of the LASSO
objective, then the resulting problem involves minimizing the Fenchel dual [* of [ (Definition
16.2.1), subject to a hypercube constraint set. When the regularization A is sufficiently large
(say larger than some threshold 7), then this increases the size of the constraint set large enough
to contain the global minimizer of the Fenchel dual [*, and thus the gradient of [* vanishes at
this minimizer. Then by the equality case of the Fenchel-Young inequality, this implies that
the corresponding primal variable 3 is zero as well. On the other hand, if A is smaller than this
threshold point 7, only some coordinates will be unconstrained (i.e. strictly feasible), while others
coordinates will become constrained by the smaller A. In this case, the strictly feasible coordinates
will have zero gradient, which leads to zeroes in the corresponding primal variable 3 and thus
a sparse solution. The argument until this point is known in prior work, and [GVR 10] used this
observation to give an algorithm which tunes the value of A such that at least k variables are
selected in a single application, while [TBF"12] proposed a sequential procedure with better
empirical performance.

Our central observation, inspired by the work of [YBC 23], is that if we regularize strongly
enough such that only one feature is selected at a time via the LASSO, then this feature is the
one maximizing the absolute value of the gradient. Indeed, note that if )\ is just slightly smaller
than the threshold point 7, then the global minimizer u* € R™ of [* just slightly violates exactly a
single constraint in the dual problem, which corresponds to the feature i* € [n] with the largest
absolute coordinate value |u;| in the dual variable. We show that for such ), all other coordinates
j € [n] \ {i*} are unconstrained optimizers and thus the gradient is 0 (Lemma 16.3.2). Thus,
by the equality case of the Fenchel-Young inequality, this corresponds to a primal variable 3
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that is supported only on this coordinate i* € [n|. The crucial next step then is to apply the
Fenchel-Young inequality again in the dual direction: via the Fenchel-Young inequality, this
coordinate i* € [n] maximizes the absolute coordinate value of the dual variable u, and thus is the
coordinate that maximizes the absolute coordinate value of the gradient of the primal variable 3.
Thus, this selects a coordinate which follows the first step of the OMP update rule. While we have
sketched the proof only for this first step in the non-group setting, the analysis also carries through
for all steps of the OMP algorithm, as well as for the group setting. Thus, this establishes the
equivalence between (Group) Sequential LASSO and (Group) OMP for general convex functions.

Connections to analysis of attention mechanisms

As noted in [YBC 23], we make a connection of our work to the analysis of recently popularized
techniques for discrete optimization via continuous and differentiable relaxations inspired by the
attention mechanism [VSP " 17]. The attention mechanism can be viewed as a particular algorithm
for the sparse optimization problem (16.1), in which an additional set of variables w € R" are
introduced, and we solve a new optimization problem

min [(softmax(w) ® 3), (16.5)

w,B3€R”
where ® denotes the Hadamard (entrywise) product and softmax(w) € R™ is defined as

exp(w;)
Z?:l exp(w;)

The idea is that w serves as a measure of “importance” of each feature i € [n], and the softmax
allows for a differentiable relaxation for the operation of selecting the most “important™ fea-
ture when minimizing the loss [. Alternatively, w can be viewed as the amount of “attention”
placed on feature i € [n] by the algorithm. Such ideas have been applied extremely widely in
machine learning, with applications to feature selection [[LLLY21, YBC 23], feature attribution
[AP21], permutation learning [MBL.S18], neural architecture search [LLSY 19], and differentiable
programming [NLS16]. Thus, it is a critical problem to obtain a theoretical understanding of
subset selection algorithms of the form of (16.5).

The work of [YBC 23] showed that a slight variation on (16.5) is in fact amenable to analysis
when [ is the problem of least squares linear regression. In this case, [YBC 23] show (using a
result of [Hof17]) that if we instead consider

softmax(w); ==

min 1w 8)+ 5 (IwlE +1813) (166
i.e., remove the softmax and add ¢, regularization, then this is in fact equivalent to the ¢;-
regularized problem considered in (16.3). In Lemma 16.5.1, we show a generalization of this fact
to the group setting, by showing that if we have ¢ features corresponding to disjoint subsets of
coordinates 71, Ty, . .., T; C [n], then multiplying each of the features 3|7, by a single “attention
weight” w; for w € R’ gives a similar correspondence to the Group LASSO algorithm (16.4).
Thus, the attention-inspired feature selection algorithm given in Algorithm 8 also enjoys the
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same guarantees as the Group Sequential LASSO algorithm. We note that this generalization to
the group setting is particularly important for the various applications in attention-based subset
selection algorithms, due to the fact that the objects 3|7, being selected are often large vectors in
these applications.

Algorithm 8 Group Sequential Attention.
1: function GROUPSEQUENTIALATTENTION(objective [, sparsity k, iterations £’)
2: Initialize S' + @
3: for r = 1to k' do

4: Let 7 := sup{A > 0:3i € S, 8|1, # 0} for
@ —arg min_ 1B+ oS W B Byl = wi- B
: weR? BERn w 9 L i T 1125 wlT; - i T;
i€S
5 For £ > 0 sufficiently small, let i* € S be such that 3" |7, # 0
6: Update S < S U {i*}
7: return S

Finally, we also note that our analysis of Hadamard product-type of algorithms of the form
of (16.6) may prove to be useful in the analysis of similar algorithms in the literature of online
convex optimization that have been developed to solve sparse optimization problems [AW?20b,
AW20a, Chi22].

Applications to column subset selection

As a corollary of our analyses of group feature selection algorithms, we obtain the first algorithms
for the column subset selection (CSS) problem for general loss functions with restricted strong
convexity and smoothness.

In the CSS problem, we are given an input matrix X € R"*%, and the goal is to select a small
subset of & columns S C [d] of X that minimizes the reconstruction error

X - X5V, (16.7)

min
VeRkEXd
where X|° € R™** is the matrix X restricted to the columns indexed by S. As with sparse linear
regression, this problem is known to be computationally difficult [Civ14], and thus most works
focus on approximation algorithms and bicriteria guarantees to obtain tractable results.

The CSS problem can be viewed as an unsupervised analogue of sparse convex optimization,
and has been studied extensively in prior work. In particular, the works of [FGK11, CM12,
FGKI13, FEGK15, SVW15, ABF"16, LS17] gave analyses of greedy algorithms for this problem,
showing that iteratively selecting columns that maximizes the improvement in reconstruction error
(16.7) leads to bicriteria sparsity algorithms that depend on the sparse condition number of X. In
a separate line of work, randomized methods have been employed in the randomized numerical
linear algebra literature to sample columns of X that span a good low rank approximation [DV 06,
DMMO8, BMDO09, DR10, BDM11, CEM ™15, BW17, CMM17]. Furthermore, there has recently
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been a large body of work aimed at generalizing CSS results to more general loss functions beyond
the Frobenius norm, including ¢, norms [SWZ17, CGK 17, DWZ"19, SWZ19,JLL"21, MW21]
and other entrywise losses [SWZ19, WY?23b]. All of these works use complicated arguments and
rely heavily on the entrywise structure of the loss function.

We show that by a surprisingly simple argument, we can immediately obtain the first results
on column subset selection for general convex loss functions with restricted strong convexity and
smoothness. Our key insight is to view this problem not as a column subset selection problem for
X, but rather a row subset selection problem for V. That is, note that

min min /(X — X|°V) = min min (X — XV]|y)

|S|<k VeRkxd |S|<k VeRdxd
where Vg zeros out all rows of V not indexed by .S. Then, this is just a group variable selection
problem, where we have d groups given by each of the rows of V, and thus we may write this

problem as computing
OPT = min (X —XV)

VERM [V group <k

Thus, by using our guarantees for Group OMP in Corollaries 16.4.5 and 16.4.6 (which also hold
for Group Sequential LASSO and Group Sequential Attention by Theorem 16.1.3 and Lemma
16.5.1), we obtain the first algorithm and analysis of the column subset selection problem under
general loss functions with restricted strong convexity and smoothness. This gives a substantial
generalization of results known in prior work.

Theorem 16.1.4 (Column subset selection via Group OMP). Let X € R™*? and let ] : R"*¢ — R
be a strictly convex and differentiable loss function. Let V — (X — XV satisfy L;-group-sparse
smoothness and /i -group-sparse convexity (Definition 16.4.1), where the groups are the rows
of V. The following hold:
* Let Kk = Ly/pax. After k' = k iterations, Algorithm 7 outputs a subset S C [n] of size
|S| < k such that

I(X) = U(X = X|°V) > (1 —e ") (I(X) — OPT).

* Letk = Ly/pgsp. After k' > k - klog M iterations, Algorithm 7 outputs a subset
S C [n] of size |S| < k' such that

I(X — X|%V) < OPT +e.

Proof. This follows from applying Corollaries 16.4.5 and 16.4.6 to the group-sparse convex
optimization formulation of column subset selection. ]

Our proof is arguably simpler than prior work even for the Frobenius norm. Indeed, the
prior works require arguments that use the special structure of Euclidean projections, whereas we
simply observe that CSS is a group-sparse convex optimization problem and use a generalization
of techniques for sparse regression. We also immediately obtain analyses for natural algorithms
which were previously not considered in the context of column subset selection, such as Group
OMP (with Replacement), Group LASSO, and attention-based algorithms. In particular, by
applying guarantees for Group OMP with Replacement (Corollary 16.4.10), we obtain the first
column subset selection algorithm with no dependence on ¢ in the sparsity, even for the Frobenius
norm problem.
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Theorem 16.1.5 (Column subset selection with Group OMPR). Let X € R™*4 and let ] : R"*¢ —
R be a strictly convex and differentiable loss function. Let V — [(X — XV) satisfy Ly-group-
sparse smoothness and f ,/-group-sparse convexity (Definition 16.4.1), where the groups are
the rows of V. Let K = Lo/pyp and k' > k(k* + 1). After R > k - klog M iterations,
Algorithm 9 outputs a subset S C [n] of size |S| < & such that

(X — X|°V) < OPT +e.

Proof. This follows from applying Corollary 16.4.10 to the group-sparse convex optimization
formulation of column subset selection. [

16.1.3 Related work: the Forward Stagewise Regression conjecture

A separate line of work has investigated a closely related connection between the LASSO and
OMP-like algorithms. In particular, the “continuous” OMP (or coordinate descent) algorithm
which updates 3Y «— B® — 1y . sign(V,;I(BY))e; for i = argmax?_, VI(B") known as
Forward Stagewise Regression is conjectured [RZH04, Conjecture 2]) to have the same solution
path as the LASSO path (i.e. the set of solutions as A ranges from 0 to oo) when n — 0
[EHITO4, RZHO4, Tib15, FGM17]. While a full proof of this conjecture may be useful towards
proving our main result, to the best of our knowledge, the only known result towards this conjecture
establishes an “instantaneous” result which shows the convergence of the difference between the
two paths to the gradient [RZH04, Theorem 1] under technical assumptions under the underlying
loss function such as the monotonicity of the coordinates of the LASSO solution. Our result can
be viewed as a full proof of this conjecture in an open ball near O for general strictly convex
differentiable functions, and our techniques may be useful for a full resolution of this conjecture.

16.1.4 Related work: algorithms for sparse convex optimization

While we have argued so far that guarantees for ¢; regularization in solving (16.1) in prior
work are limited, other efficient algorithms have in fact been shown to solve (16.1), both for
sparse linear regression as well as general sparse convex optimization. Via a connection between
convexity and weakly submodular optimization, the works of [SSZ10, LS17, EKDN18] showed
that the greedy forward algorithm and Orthogonal Matching Pursuit both give guarantees of
the form of (16.1). Efficiency guarantees have also been given for OMP with Replacement
(OMPR) [SSZ10,JTD11, AS20] and Iterative Hard Thresholding (IHT) [JTK 14, AS22], using
the restricted smoothness and strong convexity properties. Ultimately, these results show that an
e-approximate sparse solution can be recovered if we allow an O(x) blowup to the sparsity, where
k 1s the restricted condition number of the problem.

16.1.5 Open directions

We suggest several directions for future study. Our first question is on showing analogous results
for the one-shot version of LASSO, which is used much more frequently in practice than the
Sequential LASSO. That is, if A is chosen in (16.3) such that only k& nonzero entries are selected,
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then can we obtain a guarantee of the form of (16.1) for this solution? It is known that one-shot
variants of OMP or greedy have this type of guarantee [DK 11, EKDN18] (also called “oblivious”
algorithms in these works). However, our proof techniques do not immediately apply, since we
crucially use the fact that for large enough regularizations \, the resulting solution is close to the
A = oo solution, while this is not true when A\ can be much smaller.

A second question is whether our results generalize beyond convex functions or not. For
example, the analysis of OMP carries through to smooth functions that satisfy the Polyak-
Lojasiewicz condition [KNS16]. Can a similar generalization be shown for our results? There are
several parts of our proofs that crucially use convexity, but the LASSO is known to give good
results even for nonconvex functions in practice and thus there is still a gap in our understanding
of this phenomenon.

Finally, we ask if our analyses for ¢; regularization can be extended to an analogous result
for nuclear norm regularization for rank-constrained convex optimization. In the setting of
rank-constrained convex optimization, it has been shown in special cases, such as affine rank
minimization, that nuclear norm regularization can be used to efficiently recover low rank solutions
[REP10]. This suggests that our results may have a natural generalization in this setting as well.
In particular, an extension of OMP to the rank-sparse setting was shown by [AS21], and thus it is
possible that nuclear norm regularization can be used to simulate this algorithm as well.

16.2 Preliminaries

Let [ : R™ — R be strictly convex and differentiable. For each ¢ € [t], let T; C [n]| denote the
group of variables that belong to the ¢-th feature.

16.2.1 Fenchel duality
We will use the following standard facts about Fenchel duality [BV04].
Definition 16.2.1 (Fenchel dual). Let [ : R™ — R. Then, the Fenchel dual [* of [ is

I*(u) == sup u'z — I(z).
zER™

Theorem 16.2.2 (Fenchel-Young inequality). Let [ : R” — R be convex and differentiable.
Then,

I(z) +1"(u) >u'z
with equality if and only if u = VI(z).
Theorem 16.2.3 (Conjugacy theorem). Let ! : R™ — R be convex. Then, (I*)* = .
The following is known about the convexity and differentiability of the Fenchel dual.

Theorem 16.2.4 (Differentiability of dual, Theorem 26.3, [Roc70]). Let! : R™ — R be strictly
convex and differentiable. Then, [* is strictly convex and differentiable.
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16.2.2 Berge’s theorem

We will use a well-known theorem of Berge on the continuity of the argmin for constrained
optimization problems with parameterized constraint sets.

Recall that a correspondence h : R = R" is a set-valued function which maps real numbers
A to subsets h(A) € R™. A correspondence h is upper hemicontinuous if for every A € R
and every open set G C R”" such that h(\) C G, there is an open set U C R such that
TelU = h(r) CG.

Theorem 16.2.5 (Berge’s theorem [Ber63]). Let g : R™ — R be a continuous function and
let ¢ : R = R” be a continuous correspondence that map into compact sets. Consider the
correspondence h : R = R" given by

b = {u e B gl = pin o)}

Then, h is upper hemicontinuous.

The following corollary of Theorem 16.2.5 for strictly convex functions is more useful for our
purposes.

Corollary 16.2.6 (Berge’s theorem for convex functions). Let g : R™ — R be a strictly convex
function and let ¢ : R = R™ be a continuous correspondence that map into compact sets. Consider
the function h : R — R" given by

h(\) = arg min g(u’)
w'ep(A)

Then, A is continuous.

Proof. Because g is strictly convex, there is a unique minimizer u* of g for each A € R, so h is
well-defined. Furthermore, / is upper hemicontinuous as a correspondence that maps real numbers
A to singleton sets {h(A)} by Theorem 16.2.5, and any function % that is upper hemicontinuous
as a correspondence is continuous as a function. ]

16.3 Equivalence of Group Sequential LASSO and Group Or-
thogonal Matching Pursuit

We will give our proof of Theorem 16.1.3 in this section.

16.3.1 The dual problem
Consider the Group Sequential LASSO objective:

T;

min [(8) +2 ) |18

i€S

2 (16.8)
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We will show that the dual of this problem is

* _ 3 k(.
o

s.t. |ulz |l < X foreachi € S (16.9)
o = (0 foreachi € S

||11 T;

We write the objective of (16.8) as a constrained optimization problem in the form of

min_(z) + A _[|8

Till2
zeR”,BeR? ~
i€S
s.t. z=p
Then, the Lagrangian dual of this problem is
min  max{(z) + )\ZHB 7l +u'(z - B)

zE€R", BER™ ueR» —
i€S

Furthermore, the objective of (16.8) is convex and strictly feasible, so strong duality holds (see,
e.g., Section 5.2.3 of [BV04]) and thus we may interchange the min and the max to obtain

. T .
max min U(z) + A _[|Blrnl, +u'(z - B)
€S
_ . T . . T
max min U(z) +u'z+ min A _|Blr, [, —u’B
€S

Now note that the first minimization over z € R" gives exactly the Fenchel dual objective

. T, _ o T, — _Jx(_
ggﬁgl(z)—l—u z= gé%%(( u) z—I(z) I*(—u).

On the other hand, we show in the next lemma that the second minimization over 3 € R" gives
the constraints on the variables u given in (16.9).

Lemma 16.3.1. We have that

- 0 if ||u|z,|ls < A fori € S and |[u|z || = 0 fori € S
Tz‘ 2_u 16:

—oo otherwise

inf A
nf A I8

i€S
Proof. If ||u|r,||2 > A for some coordinate i € S, then we may choose 3 = u|r, so that

A|u

2(A = [lu

2= u 2) <0

Till2 — ||11 T; T; T;

so the objective can be made arbitrarily small by scaling. If ||u|r,||s > 0 for some i € S, then we
may choose 3 = u|r, so that

A I8

i€S

3 =0—Julz]l3 <0

Till2 — ||uTi T;
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so the objective can be made arbitrarily small by scaling. Otherwise, we have that

u'g= Z u ;ﬁ e since u|z, = 0 forevery i € S
i€s
< ZHu 7|21 8|7 |2 Cauchy-Schwarz
i€s
< )\ZHB 7|2 since |[u|z, |2 < Aforeveryi € S.
i€S
Thus,
AY Bzl —u'B >0
i€S
and furthermore, this value can be achieved by 3 = 0. O]

16.3.2 Selection of features

We will use Berge’s theorem (Theorem 16.2.5) to prove the following lemma, which characterizes
the gradient of the optimal solution to the dual optimization problem given by (16.9).

Lemma 16.3.2. Let A > 0 and let u* be the minimizer of (16.9). Let u™ be the minimizer
of (16.9) without the constraint that ||u|z||s < ) for every i € S. Define the threshold 7 :=
max, g||u*|z, ||, and let M7 C S denote the corresponding set of indices i € S that witnesses
the max, that is,

M :={ieS:|u”|n|. =7}
The following hold:
* If A > 7, then VI*(—u*)|r, = O foralli € S.

* If \ = 7 — ¢ for sufficiently small ¢ > 0, then VI*(—u*)|y, = 0 foralli € S\ M" and
Vi*(—u?)|z, # 0 for some i € M.

T;
optimal solution, so u* = u*. Then for the coordinates in 7; for € S, u™ is a minimizer for an
unconstrained optimization problem, so the gradient is 0 on these coordinates. This shows the
first bullet point.

On the other hand, suppose that A\ = 7 — ¢ for some small € > 0. Then, u* is outside the set
{u € R" : max,g||lu|z||2 < A}. Now consider the function

Proof. If A > 7, then the constraint maxieguu/\
A

, < A can be removed without affecting the

T;

AN = max [’
i€S\M™

Ti 25

i.e., the second largest value of ||u*|z, ||, after excluding the maximizers i € M7. Note that this
function is continuous since A — u” is continuous by Corollary 16.2.6. Furthermore, we have
that h(7) < 7, since the maximum in the definition of h excludes the indices M7. Let 7’ satisfy
h(t) < 7" < 7. Then, for all sufficiently small ¢, we have that h(7 — ) < 7’ by the continuity of
h. For these ¢, we can remove the constraints of ||ulz,||; < A\ =7 — e fori € S\ M™ without
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affecting the optimal solution u* in the optimization problem of (16.9), so on the coordinates 7}
fori € S \ M7, u” is an unconstrained minimizer and thus has zero gradient. On the other hand,
for the coordinates 7} for i € M7, u* cannot be the unconstrained minimizer and thus there must
be some nonzero coordinate in the gradient due to the convexity of [*. ]

We can then show that Lemma 16.3.2 in fact characterizes the support of the optimal solution
(3" by relating the primal and dual variables via the Fenchel-Young inequality (Theorem 16.2.2).
Lemma 16.3.3 (Primal vs dual variables). We have that —u = VI(3) and 8 = VI*(—u).

Proof. The primal variable z is related to the dual variable u via Fenchel dual, that is,
"(—u) = (—w) "z — I(2)

Then by the tightness of the Fenchel-Young inequality (Theorem 16.2.2) for [, we have that
—u = VI(z). Furthemore, by the conjugacy theorem (Theorem 16.2.3), we have that (*)* = [,
so [*(—u) + (I*)*(z) = (—u)"z. Then by tightness of the Fenchel-Young inequality (Theorem
16.2.2) for I*, we have that 3 = z = VI*(—u). O

Thus, by Lemma 16.3.2, 3* has a nonzero support on some group 7} if and only if the group 7}
maximizes |[u™|z,||2 = ||VI(B8%)|r ||2. This is precisely the Group Orthogonal Matching Pursuit
selection rule (see Line 5 of Algorithm 7).

16.4 Guarantees for Group Orthogonal Matching Pursuit

In this section, we give guarantees for the Group OMP algorithm (Algorithm 7). Our analysis is
similar to [SSZ10, LS17, EKDN18]. We first introduce the notion of restricted strong convexity
and smoothness, generalized to the group setting.

Definition 16.4.1 (Restricted strong convexity and smoothness). Let [ : R” — R. Let T; C [n]
for i € [t] form a partition of [n]. Then, [ is p,-restricted strongly convex at group sparsity s if for
any 3 € R"and A € R" with || A||group < 5,

1B+ A) —~UB) — (VI(B), A) = Z||A3

and L-restricted smooth at group sparsity s if for any 3 € R™" and A € R” with || A ||group < S,

I+ A) ~1(8) — (VI(8), &) < A3

Lemma 16.4.2 (Smoothness). Let [ be L;-restricted smooth at group sparsity 1. Let r € [k’] and
let 3 and ¢* be defined as in Lines 4 and 5 of Algorithm 7 on the 7-th iteration. Let 3 == 3+ A
for A = —L7'VI(B8)|r,.. Then,

(2L) VB Iz |13 < UB™) = U(B)

T
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Proof. Note that A has group sparsity 1. We then have that

L
1(B') —1(B°) < (VI(B>),A) + 71||A||§ L -restricted smoothness
_ o0 1 o0
= L VUB e 13 + S L IV I
1 - 00
= _§L1 1HVZ(5 ) T; ;
Rearranging gives the desired result. [

Lemma 16.4.3 (Convexity). Let [ be p, x-restricted strongly convex at group sparsity & + &'.
Let r € [k'] and let 3 and i* be defined as in Lines 4 and 5 of Algorithm 7 on the r-th iteration.
Let

B = arg min 1(B)

BER™:||Blgroup <k
Then,

IVI(B~)

Ty

2 > (%) (")),

Proof. Let U* C [n] be the support of 8" and let U C [n] be the support of 3. Note that
18" = Bl yyoup < k + K. Then,

1B = 1(B%) = (VI(B), 8" - B%) + B2 8" — B~}

= (VI(B™), (8"~ B~) rU\U>+“’“+’f 18* — 8|32 VI(B<)y =0
> —||[VUB™) o 218" = B%)owlle + EEE|(8 = B)lumo 3
> min — | VI(8%) g ullow + “’“2*’“ 22
IVUB™) w3
2p 4k

SO
IVUB>)o\wllz = 2w (U(B™) = U(B")).

Now note that U* \ U is supported on at most & groups, so by averaging, there exists some group

T outside of U such that

IVl > 2 () — 1()). 0

Combining Lemmas 16.4.2 and 16.4.3 leads to the following stepwise guarantee for Algorithm
7.

Lemma 16.4.4. Let 3 denote the value of 3 (Line 4) after r iterations of Algorithm 7 with
B© = 0. Let

/6* = ar mln l ,6
gﬁERniﬂﬁngoupSk (8)

Then,

1(B) —1(B") < exp< k“‘”;l’f’) (18 - 1(8Y)
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Proof. By Lemmas 16.4.2 and 16.4.3, we have that

(B") —U(B"Y) = (2L1) M| VU(B™)

2 luk-ﬁ-kﬁ' (l(ﬁ(r)) _ l(ﬁ*)>

el =,
SO
1(B"+) 18 = 18"~ 1(8") — (1(8”) ~1(8"*))
<Up") -~ Up") - 1 (18" - 1)
(L "\ _ 1/
- (1 s )(l(ﬁ ) - 1(8")
1 fgeqr . .
< exp (=) (168) - 1)
Applying the above inductively proves the claim. [

As a result of Lemma 16.4.4, we obtain two guarantees for Algorithm 7, one for exact k-
group-sparse solutions with large approximation and one for bicriteria sparsity with ¢ additive
erTor.

Corollary 16.4.5 (Exactly k-group-sparse solutions). After k iterations of Algorithm 7, 3 (Line
4) has group sparsity ||3>||group < k and satisfies (16.2) with

=1—-ex M2k
f‘)/ p Ll Y

where [195 is a lower bound on the restricted strong convexity constant of [ at group sparsity 2k and

L4 is an upper bound on the restricted smoothness constant of [ at group sparsity 1 (see Definition
16.4.1).

Proof. After k iterations, we have by Lemma 16.4.4 applied for £’ = k that

H8) = 18) = 1B%) = (B) + 1(8) = 1(8) < exp( 2 (18 ~ 1(6))

1

which rearranges to

1B = 1(8") = (1 - exp(—é—i’f)) (18 - 18")
[

Corollary 16.4.6 (Bicriteria sparsity with ¢ additive error). After &’ iterations of Algorithm 7, for

Oy _1(B*
b B B 187
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then 3 (Line 4) has group sparsity ||3°||gronp < k" and satisfies

I(B%) <U(B%) +e,

where /i1 1S @ lower bound on the restricted strong convexity constant of [ at group sparsity
k+ k' and L, is an upper bound on the restricted smoothness constant of [ at group sparsity 1 (see
Definition 16.4.1).

Proof. This follows immediately from the bound of Lemma 16.4.4 and rearranging. [

16.4.1 Group OMP with Replacement

In this section, we give guarantees for the Group OMP with Replacement algorithm (Algorithm
9), which is an improvement to Group OMP that can achieve a sparsity bound that is independent
of the accuracy parameter € [AS20].

Algorithm 9 Group Orthogonal Matching Pursuit with Replacement.
1: function GROUPOMPR (objective [, sparsity k, initial sparsity &', iterations R)
2 Initialize S° C [n] with |S°| = ¥/, e.g. using Algorithm 7.
3: forr=0to R —1do
4: Let

B> = arg Ioin 1(B)

vieS" 8|1, =0
5 Let i* € S" be such that | VI(8%)|r. |3 = max,s | VI(B8) |73
6: Let j* € S" be such that [| 3%|7,. |5 = min;cs(| 8|73
7: Update S™* <+ S"U {i*} \ {j°}
8 return S”, r € [R], that minimizes

min  [(8)

BER"
vieS",Blr,=0

Lemma 16.4.7 (Smoothness). Let [ be Lo-restricted smooth at group sparsity 2. Let r € [£]
and let 8%, i*, 7* be defined as in Lines 4, 5 and 6 of Algorithm 9 on the r-th iteration. Let
B =p%+ Afor A=—L;'VI(B)|r. — B%|1;.. Then,

(2L2) T IVUB™) 7.3 = (1/2)L2]| Bz |15 < UB™) — U(B')

Proof. Note that A has group sparsity 2. We then have that

Ty

L
1(B) —1(B*) < (VI(B®),A) + 72|]AH§ Lo-restricted smoothness

= —Ly"|VI(B™)

1 ~ 1 00 0
T §+§L21||W(/5' ) 3+§L2||5 7,113 (IVI(B>) |z, I3 = 0)
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1
= =513 IVUB™)

1
S+ §L2||5°° T

Ty

Rearranging gives the desired result. [

Lemma 16.4.8 (Convexity). Let [ be py p-restricted strongly convex at group sparsity k + &'
Letr € [k'] and let 3, i*, j* be defined as in Lines 4, 5 and 6 of Algorithm 9 on the r-th iteration.

Let
*i=ar min l
A gﬁER"=I|Bngoup§k (8)
Then,
VB 8 > 2 ) 1)) + gy e
Proof. Let U* C [n] be the support of 3" and let U C [n] be the support of 3. Note that
|B" — B"OngOup < k + k’. Then,
(B") - 1B

)

> (VI(8%), 8" = %) + 218" — 873

— (VI(B™), (8" — B) |U\U>+“’f“‘ 18" — B~

—[IVI(B>)|v\0]l2]| (87 5°°>rU\U||2+““’“ (8" - B)
B

Mk K
> U*\UH2 = H B" = B%)|v\v-
7 1% 0o 2
> mln—||Vl No=\vll2x + 'uk;k 2t + EE Hﬁ lovoe [l
_ _HVZ( No=wll3 + Hietk! | 2
2wy 2 Wil
SO

V1B |2 > 2nin (U(B) — 1(BY) + 12| B oo ||

Now note that U* \ U is supported on at most k groups, so by averaging, there exists some group
T outside of U such that

2
IVHB=)ir = A 8% — 187) + P %] |
/ k' k /
> Bt gy () Bt gy g =

Lemma 16.4.9. Let B denote the value of 3°° (Line 4) after r iterations of Algorithm 9 with
B® = 0and|S°| = k' > k:( + 1). Let

k+k/

B = arg min 1(B)

BER™:||B|lgroup <k
Then,

1(B) —1(B") < exp< k“‘;’f’) (18 - 1(8Y)
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Proof. By Lemmas 16.4.7 and 16.4.8, we have that

1(BY) = 1(B"V) = (2Lo) Y| VIBY) . I3 = (1/2) L2 8%z, |

Lter (1o _aegey) o LK = R o |2
> L (160 - 1090) + 5 (- 1) %
L s (10300y 5030
> EEE (18~ uB)),
aslong as k' > k(L3/p3,,, +1). So,
UBT) = 1(87) = 1B = 1(8") — (UB™) — 18" 1))
1 s
<)~ 18 — (187 — 18
(g L M _ 1(3*
—(1 — )(l(ﬁ ) - 1(8")
1 o
< exp(—E“Z’“ ) (187 ~ 1)
Applying the above inductively proves the claim. ]

Corollary 16.4.10 (Bicriteria sparsity with ¢ additive error). After R iterations of Algorithm 9
with k' > (5 4 1), for

k+k/

L l
R>k-—2 log
Mtk €

(B — 1B

I

then 3% (Line 4) has group sparsity ||3°||gounp < &’ and satisfies

I(B%) <1(B7) +e,
where ;s 1S a lower bound on the restricted strong convexity constant of [ at group sparsity
k + k" and L. is an upper bound on the restricted smoothness constant of [ at group sparsity 2

(see Definition 16.4.1).

Proof. This follows immediately from the bound of Lemma 16.4.9 and rearranging. [l

16.5 Equivalence of Group Sequential Attention and Group
Sequential LASSO

We generalize a result of [Hof'17] to the group setting, which allows us to translate guarantees for
Group Sequential LASSO (Algorithm 6) to Group Sequential Attention (Algorithm 8).
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Lemma 16.5.1. Let/: R" — Rand A\ > 0. Let T; C [n] for i € [t] form a partition of [n]. Let

S C [t]. Then,
: : A 2 2
nf UB) +AD N8Il = _inf  1(Bu) + 5 | Iwlsl3 + D I8l 3
i€s i€s
where 3,, € R" is the vector such that 3, |7, = w; - B|r,.
Proof. We have that
- A 2 2 : A o, Nl
el e 10+ 5 | Wl DBl | = jnf 2w) 3 D wit g
ies €S
Now note that for each i € S, we have that
o izl
w2 R > gy

with equality if and only if w? = ||lu|z, ||» by tightness of the AM-GM inequality. O

16.6 Experiments: feature selection via Sequential Attention

We present experimental results when running the Sequential Attention algorithm, as investi-
gated in [YBC " 23]. The code for these experiments can be found at https://github.com/
google-research/google-research/tree/master/sequential_attention.

16.6.1 Small-scale experiments

We investigate the performance of Sequential Attention, as presented in Algorithm 8, through
experiments on standard feature selection benchmarks for neural networks. In these experiments,
we consider six datasets (see Table 16.1) used in experiments in [[LRT21, BAZ19], and select
k = 50 features using a one-layer neural network with hidden width 67 and ReLLU activation (just
as in these previous works). For more points of comparison, we also implement the attention-based
feature selection algorithms of [BAZ19, LL.Y21] and the Group LASSO, which has been consid-
ered in many works that aim to sparsify neural networks. We also implement natural adaptations
of the Sequential LASSO and OMP for neural networks and evaluate their performance.

In Figure 16.1, we see that Sequential Attention is competitive with or outperforms all feature
selection algorithms on this benchmark suite. For each algorithm, we report the mean of the
prediction accuracies averaged over five feature selection trials.

We note that our algorithm is considerably more efficient compared to prior feature selection
algorithms, especially those designed for neural networks. This is because many of these prior
algorithms introduce entire subnetworks to train [BAZ19, GGH19, WC20, LLY21], whereas
Sequential Attention only adds d additional trainable variables. Furthermore, in these experiments,
we implement an optimized version of Algorithm 8 that only trains one model rather than £
models, by partitioning the training epochs into £ parts and selecting one feature in each of these
k parts. Combining these two aspects makes for an extremely efficient algorithm.
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Table 16.1: Statistics on benchmark datasets.

Dataset # Examples # Features # Classes  Type
Mice Protein 1,080 77 8 Biology
MNIST 60,000 784 10 Image
MNIST-Fashion 60,000 784 10 Image
ISOLET 7,797 617 26 Speech
COIL-20 1,440 400 20 Image
Activity 5,744 561 6 Sensor
Mice Protein MNIST MNIST-Fashion
> > >
g 1.00 9 0.96 S 0.86
2 2 s
< 0.99 < 0.94 <
S S S 0.84
S 0.98 S 092 S
® ® ®
: i : T i ﬁi
0.97 SA LLY GL SL OMP CAE 0.90 SA LLY GL SL OMP CAE 082 SA LLY GL SL OMP CAE
ISOLET COIL-20 Activity
2 0.950 >1.00 >0.94
g g g
3 3 3 092
g 0.925 g 0.98 E
§ 0.900 5 590
] £ 0.96 Soss
2 0.875 3 S
x T x 0.86
0.850 SA LLY GL SL OMP CAE 0.94 SA LLY GL SL OMP CAE SA LLY GL SL OMP CAE

Figure 16.1: Feature selection results for small-scale neural network experiments. Here, SA =
Sequential Attention, LLY = [LLY21], GL = Group LASSO, SL = Sequential LASSO, OMP =
OMP, and CAE = Concrete Autoencoder [BAZ19].

16.6.2 Large-scale experiments

To demonstrate the scalability of our algorithm, we perform large-scale feature selection experi-
ments on the Criteo click dataset, which consists of 39 features and over three billion examples
for predicting click-through rates [DGL17]. Our results in Figure 16.2 show that Sequential
Attention outperforms other methods when at least 15 features are selected. In particular, these
plots highlight the fact that Sequential Attention excels at finding valuable features once a few
features are already in the model, and that it has substantially less variance than LASSO-based
feature selection algorithms.

16.6.3 Visualization of selected MNIST features

In Figure 16.3, we present visualizations of the features (i.e., pixels) selected by Sequential
Attention and the baseline algorithms. This provides some intuition on the nature of the features
that these algorithms select. Similar visualizations for MNIST can be found in works such as
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0.1380
0.7350 —— Sequential Attention

CMIM
Group LASSO, A =101
Group LASSO, A =10"%
Sequential LASSO, A =101
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0.1375

0.7300

0.7275 0.1370

Loss

g
20.7250
0.1365
0.7225
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0.7175

|
071G, 15 20 25 30 35 01359, 15 20 25 30 35

Number of Selected Features Number of Selected Features

Figure 16.2: AUC and log loss when selecting & € {10, 15,20, 25, 30, 35} features for Criteo
dataset.

[BAZ19, GGH19, WC20, LRT21, LLY21]. Note that these visualizations serve as a basic sanity
check about the kinds of pixels that these algorithms select. For instance, the degree to which
the selected pixels are “clustered” can be used to informally assess the redundancy of features
selected for image datasets, since neighboring pixels tend to represent redundant information. It is
also useful at time to assess which regions of the image are selected. For example, the central
regions of the MNIST images are more informative than the edges.

Sequential Attention selects a highly diverse set of pixels due to its adaptivity. Sequential
LASSO also selects a very similar set of pixels, as suggested by our theoretical analysis in
Section 16.3. Curiously, OMP does not yield a competitive set of pixels, which demonstrates that
OMP does not generalize well from least squares regression and generalized linear models to
deep neural networks.

OMP

Sequential Attention Liao-Latty-Yang 2021 Group LASSO Sequential LASSO

Figure 16.3: Visualizations of the £ = 50 pixels selected by the feature selection algorithms on
MNIST.
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Chapter 17

Column subset selection with entrywise
losses [WY23a]

As is the case for subspace embeddings and linear regression, the problem of low rank approxima-
tion is best understood when the norm under consideration is the /5 loss (which corresponds to
the Frobenius norm in this case), and a long line of work has studied fast randomized algorithms
for low rank approximation under the Frobenius norm [FKV04, DV06, DKMO06a, DKMO6b,
DKMO6¢, DMMO6b, CW 13, MM15, CMM 17, BW17]. However, when the input matrix is cor-
rupted by heavy-tailed noise or include outliers, the /5 norm is not always the most desirable due
to the fact that it tends to fit to the outliers too much. Thus, oftentimes, it is desirable to solve
the low rank approximation problem under other error measures, especially those with slower
growth than the ¢, loss. One notable class of losses is the entrywise ¢, loss, and more generally,
the entrywise g loss, where g can be an arbitrary loss function.

Definition 17.0.1 (Entrywise losses). Let A € R"*¢ and let g : R — Rx(. Then, we define the
entrywise g norm of A as

n d
AL, =) g(Asy).
i=1 j=1

When g(z) = |z|P, then we instead define

n d 1/p
AL, = ( Z\Au\p>
i=1 j5=1

to be the entrywise ¢, loss.

For p # 2, the entrywise loss low rank approximation is computationally hard to approximate
under a variety of natural hardness assumptions [Mie09, GV 18, DHJ" 18, BBB"19, MW21] and
thus we need to allow for an appropriate notion of approximation to obtain efficient algorithms.
We study bicriteria approximation guarantees of the following form:

Definition 17.0.2 (Bicriteria coreset for low rank approximation). Let A € R™ 4, let k be a rank
parameter, and let ||-|| be any loss function. Let S C [d] a subset of columns, and write A|® for
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the n x S matrix formed by the columns of A indexed by S.! Then, S is a bicriteria coreset with
distortion k > 1 if
min [[A - A]°X|| <k min |[JA—A/|.

XcRSxd rank(A’)<k

17.1 Algorithms for general entrywise losses

We begin by presenting our result on the entrywise g-norm low rank approximation problem,
which was first considered by [SWZ19]. For our analysis, we will need to assume several
natural properties on g, which have been considered in previous work [CW 15b, CW15a, SWZ19,
MMWY22] for obtaining provable guarantees for randomized numerical linear algebra under a
broad class of loss functions:

Definition 17.1.1. Let g : R — R>. Then:
* g satisfies the ati, ;-approximate triangle inequality if for any x, xo, ..., zt, g(> ;) <
atig, - ZZ g(;).
* g is mon,-monotone if for any 0 < |z| < |y|, g(x) < mon, - g(y).
* g has at least ling-linear growth if for any 0 < |z| < |y|, g(y)/g(x) > ling - |y|/|z|.

For example, popular functions that satisfy these bounds include the Huber loss, Fair loss,
Cauchy loss, ¢1-(5 loss, and the quantile loss [SWZ19]. While the lin,-linear growth bound
excludes the Tukey loss, which grows quadratically near the origin and stays constant away from
the origin, it allows for a modification of the Tukey loss where the constant away from the origin
is replaced by an arbitrarily slow linear growth [CW 15a].

[SWZ19] showed that, given an algorithm for solving linear regression in the g-norm with rel-
ative error reg,, it is possible to compute a set of O(k log d) columns achieving an approximation
ratio of

O(klogk) - reg, - mony - atig k1.

for g satisfying the mon,-monotone and ati, ;-approximate triangle inequality properties. We
show that for the slightly restricted family of g of at least lin,-linear growth, which for example
includes all convex g [CW 15a], we obtain an improved approximation ratio of

. ati s
O(VE) - e Thoatl

ling

Our guarantee matches, and in fact improves a log factor, of the /; column subset selection
guarantee of [MW?21], despite being a far more general result. Furthermore, our bound is tight,
in the sense that the v/k cannot be improved to a smaller polynomial due to a matching lower
bound for ¢; column subset selection [SWZ17]. Our technique for removing the log k factor in
the distortion is general, and can be used to improve prior results for £, column subset selection
as well [CGK ™17, DWZ 19, MW21].

! We allow for indexing matrices and vectors by arbitrary sets. For example, R is the set of vectors with entries
indexed by elements s of S, and R%*¢ is the set of matrices with rows indexed by elements of S and columns indexed
by [d].
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Theorem 17.1.2 (Improved guarantees for entrywise low rank approximation). Let A € R"*¢
andletk > 1. Let s = O(k). Let g : R — R be a loss function satisfying the ati, ;-approximate
triangle inequality for ¢ = s + 1 and the lin,-linear growth property. Furthermore, suppose that
there is an algorithm outputting X such that

|B% — b, < reg, - min|[Bx — b,

for any B € R"** and b € R". Then, there is an algorithm, Algorithm 10, which outputs a subset
S C [d] of |S| = O(k(log d)?) columns and X € R**¢ such that

reg,.0(slogd) - atlg,s+1 :
5:0(ologd) min ||A — A||,.
|Ing rank(A’)<k

A —APX||, < OWk)

Algorithm 10 Column subset selection for M -estimators

input: Input matrix A € R"*9, rank k, loss function g.
output: Subset T’ C [d] of O(klog® d) columns.

1:
2:
3:

N

10:
11:

TQ < [d]
s+ O(k)
while |7;| > 1000s do

t; < 160slog, d;
fort =1,2,...,0(loglogd) do
Sample H ~ (fll)
Let x/ minimize miny||A|"x — a’||, up to a reg,, factor for each j € T;
Let F}; be the d;/960 = |T;|/960 columns with smallest regression cost ||A|#x7 —
alll, A ,
Clp EjeFl,tHAlHX] —al||,
Let ¢* be the ¢ with smallest Cj ;
T4 <1 \ Fy g

For the important case of the Huber loss, given by

H(z) |z|?/2 if |z] <1
x) = ,
lz| —1/2 if |x| > 1

we specialize our technique to give the following optimized result:

Theorem 17.1.3 (Entrywise Huber low rank approximation). Let A € R™*¢ and let k¥ > 1. There
is an algorithm which outputs a subset S C [d] of |S| = O(klog d) columns and X € R%*¢ such

that

|A —APX||, <O(k) min |[[A—A'||4,

rank(A’)<k

where |-|| ;; denotes the entrywise Huber loss.
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The previous best known bound [SWZ19] gave a distortion of O(kQ) for the same number of
columns.

For both general entrywise low rank approximation as well as low rank approximation under
the Huber loss, our new results are in fact based on constructions of well-conditioned spanning
sets in Theorem 3.2.2.

17.1.1 An improved structural result on uniform sampling

We first give a slight more useful form of Theorem 3.2.2 to our setting.

Lemma 17.1.4. Let A, € R™  be a rank k£ matrix. Then, there exists a set S C [d] of size
s = O(k) such that for every j € [d],

I(AL%)~al]l; < O1).

Proof. Since A, has rank £, we can write A, = QR for some orthonormal Q € R™* and
R € R**4, Then by Theorem 3.2.2, there exists a set S C [d] of size s such that for every
j € H U {i}, we have that ||(R|®)r7||2 < O(1). The result then follows since

I(AL%)~alll3 = (al) " (AL (AL])7al
= ()" QTQER[*) T (R[F)"Q Qr
= () (RI) T (RI")
= [I(R*)~r/|I5. 0

Using Lemma 17.1.4, we now obtain the following lemma, which gives an improved version
of Lemmas 2.1 and 2.2 of [SWZ19].

Lemma 17.1.5. Let A € R™?, Let A, € R"*¢ be any rank k matrix and let D = A — A,. Let
s> O(k)and let H ~ ([d]) and leti ~ [d] \ H. Let R = R(H U {i}) be the set of size s given
by Lemma 17.1.4 for A,|#“{#}, The following hold:

* With probability at least 1/2,i ¢ R

* If i ¢ R, then there is x € R such that

ati?

il|2 ,5+1 (12
mip A -2 <o TEE Y ] (7.1
9 jeHU{i}
* With probability at least 1/4 over H ~ ([2‘2)
, . , d
i ld\H ¢ RIHU{N} 2

Proof. By symmetry, i is a uniformly random index of HU{i},so Pr{i ¢ R} > 1—s/(2s+1) >
1/2, which gives the first conclusion.
Let «; denote the jth entry of (A.,|)~al foreach j € Rand a; = 0 for j € H \ R. We then

have that
min HAlHX —a'l| < HZ ajal — a’
g .
JjEH

x€RH

g
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<> as@l + ) - (i + d)

g

jeH
= HZ a;d? — dZ since A,|%(A.|")"a’ = a’
JER
< atig st1 (ZHajdj llg + Hdi||g) approximate triangle inequality
jER
ti
<2 Il|gnsg+1 (Z agl|d? ||, + [|d]l, > at least linear growth

IA

, / .
atlligr;ngrl ((Z Oé]2> (Zl|d]||§>1 2 n HdZHg> CaUChy—SChwarZ
<0 at||:]nz+1 ((ZdeH > + Hdi“g)

Squaring both sides yields the second conclusion.
The third conclusion follows from the same proof as Lemma 2.2 of [SWZ19]. O]

17.1.2 Sharper guarantees for the [SWZ19] algorithm

We now use the result of Lemma 17.1.5 to improve the analysis of the [SWZ19] algorithm.

Level sets

Let A = A, + A, where A, is the best rank k£ approximation in the g-norm. Let the columns of
Abe 6,67, ..., 8% To gain fine-grained control over the costs of the columns, we will need to
consider a partition of the columns into O(log d) level sets based on ||6”|,.

Definition 17.1.6. Let [ € N. Then:
* Let s = O(k) denote the maximum size of an ¢»-well-conditioned subset given by Theorem
3.2.2 in k dimensions.
* Let 7; C [d] denote the subset of columns surviving after the /th round of the algorithm. We
assume without loss of generality that 7; = [d;] for some d; < d. Furthermore, we assume
without loss of generality that ||8"(|, > ||6%||, > --- > [|6%]|,.

* Let Res; := ?’: i/ ,||67 ]|, denote the residual cost, after restricting to the surviving columns
and after removing the columns with cost in the top quarter.
* Let
o [T €[N [/ 18], < FResi) ifi = o0
1= , , .
{jeld]\[d/4]:27" Res < [|6’||, <277 - Res;} if0< i< 2logyd,

Recall that our goal is to show that with constant probability, the d;/80 columns with the
smallest regression cost when fit on A|? each have a cost of at most O(v/k)Res;/d;. We first
show that we may assume with out loss of generality that [2;° is small in cardinality.
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Lemma 17.1.7. If | R°| > d;/4, then with probability at least 1/6 over the randomness of H,

- 1
. . . H
H] eT;: gﬁg”A| x—aJHg < EResl}’ > %dz
Proof. Note that E|R° N H| > 20s. By Chernoff bounds, with probability at least 99/100, we
have that |R>° N H| > 4s > 2k. Then by conditioning on the size of R* N H, we can apply the

same proof from Lemma 2.5 of [SWZ19] restricted to [2;° to show that with probability at least
1/5 —1/100 > 1/6 over the randomness of H,

1 d 1

- — oWl

’ ‘_20 4 80

xcRH

- H
Hj € T;: min HA\H ang |d12|Resl}'

Note that | H| < d;, which gives the claimed result. O

By Lemma 17.1.7, we may assume that |R;°| < d;/4. In this case, we show that we must
have many columns which belong to a large level set.

Lemma 17.1.8. Suppose that | R°| < d;/4. Then, at least d; /4 columns belong to a level set R}
such that | Ri| > d;/8log, d;.

Proof. Note that the number of columns which can belong in a level set of size less than
d;/8log, d; is less than

d; d;

2(logy d)) - ——— = —

(log, ) 8log,d; 4
since there are only 2 log, d; level sets. Since there are at most d;/4 columns in R and at most
d; /4 that are excluded for being in the top quarter, we conclude as desired. ]

Fitting a constant fraction of columns

We will now show that we can fit a constant fraction of columns in a large level set with small
cost. We first show the following lemma for a single level set:

Lemma 17.1.9. Leti € [2log, d;] be such that | R{| > d;/8log, d;. Then, with probability at least
1/6, there are at least | R;|/20 indices j € R} such that there exists x satisfying

-/

ati, <41 Res;
‘A|Hx o Mgs+1 RES

min
xeRH

<O
g <\/_) ||ng 21
Proof. The proof is based on adapting Lemmas 2.3, 2.4, and 2.5 of [SWZ19].
Note that E|R! N H| > 20s. By Chernoff bounds, with probability at least 99/100, we have
that | R N H| > 4s. We condition on this event. Then, let H C R: N H be a uniformly random
subset of R! N H of size 2s. Then by Markov’s inequality,

Sz a0t o) < Bl el
jeH’ |Rl| GRZ 40‘};' ZJERZ 6]” 40‘1%92' ZjeRz 6]H2 — 20
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Furthermore, by an averaging argument, we have that

Veme = g i<

Now note that H' is a uniformly random subset of Rli of size 2s. Then, by Lemma 17.1.5, we
have that with probability at least 1/4, there are at least | R;|/4 indices j' € R} for which (17.1)
holds. Thus, for at least |R;|/4 — |Ri|/5 = | R{|/20 indices j’ € R}, we have that

>

!RZ

ti2
min AyH’x—aﬂ" < o(1) ezt S|l Lemma 17.1.5
x€RH lin g
9 jeH'U{j'}
ati2 ., 20s +5 .
<0(1) :(,,2+1 Sj_ ZH5]H2 Lemma 17.1.9
ling i g
JER;
ati§ S-‘r]. S 2 o, .
< O(l)l_—’Q?Resl Definition 17.1.6
In !
g
By padding x with zeros on H \ H’ and taking square roots, we get the desired result. [

Next, we apply an averaging argument to show that if we sum across all large level sets, we fit
a constant fraction of columns all d; with constant probability.

Lemma 17.1.10. Suppose that | R°| < d;/4. Then with probability at least 1/960, there is a set
of size F' C [d;] such that |F'| > d;/960 and

Z mln ||A|Hx —al|, < O(\/_)atlg—’s+1 - Res;

Proof. By Lemma 17.1.9, for a fixed level set i with |R}| > d,/8log, d;, with probability at least
1/6, we fit at least | R}| /20 columns with cost at most

atig o1 Res;
: i
ling 2

O(V's)
each. Then, let X; be the random variable that represents the number of such columns in R}, and

define
X = > X;

i2| Ry >dy /8 logs di

Note then that .

1 1
E[X] > e by
[X] 2 > 62|l|_6204l 480 "

i:\RﬂZdl/BlogQ dl

where the last inequality is by Lemma 17.1.8. Then by a standard averaging argument,

d;
—d <d;-Pr{X >d ZpriX <d
120 I I I'{ l/960}+ 960 I'{ < 1/960}
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.
<d,-Pr{X >

so X is at least d;/960 with probability at least 1/960. Furthermore, the total cost of all of the
columns which are fit well is at most

Z tig 11 R tig,s
O a Ig +1 eSl |Rz| < (\/E)allg—’“ - Res;. []
|

Proof of Theorem 17.1.2

We now give proofs for the various guarantees of our algorithm.

Proof of Theorem 17.1.2. Note first that the algorithm decreases the size of 7} by a (1 — 1/960)
factor at each iteration. Thus, the algorithm makes at most L = O(log d) iterations of the outer
loop. By Lemma 17.1.10, we have a constant probability of success of choosing d; /960 columns
such that the total cost is at most

"
O(\/E)al_g—’SJrl - Res;.

ling

Since we repeat O(log L) = O(loglog d) times and use an reg, , -approximate regression algo-
rithm, we with probability at least 1 —1/100L, we find d; /960 columns F; C T} and corresponding
coefficients X such that

reg, s, - atlg s+1

|AJF - A‘SzXHg < O(Vs) i es;.
g
Thus, our total cost is
O(logd) regg,tl X atig,s+1
S O(ys) e oot peg,

lin
=1 9

Finally, as argued in [SWZ19, MW21], we show that ), Res; = O(||A||,). Note that if a column
j contributes to Res;, then it must be in the bottom 3/4 fraction of the ||67||, in round /. Then
since the bottom 1/960 fraction of ||&’ ||y can only
contribute to Res; in O(1) rounds. Thus, the sum is bounded by O(1) Zj||5j||g = O(||Al]y)-
The total number of columns selected is O(slog d) in each of the O(log d) rounds, for a total
of O(slog®d). O

17.2 Huber column subset selection

For the important case of the Huber loss, the result of Theorem 17.1.2 only yields a distortion of
O(k?/?), due to a k factor loss from the approximate triangle inequality term. We further optimize
our argument specifically for the Huber loss and obtain a distortion of O(k) instead.
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Theorem 17.1.3 (Entrywise Huber low rank approximation). Let A € R™*¢ and let k& > 1. There
is an algorithm which outputs a subset S C [d] of |S| = O(klog d) columns and X € R%*? such
that

|A —APX||, <O(k) min |[[A—A'||4,

rank(A’)<k
where ||| ;; denotes the entrywise Huber loss.

Our improvement comes from the following structural result, which yields Theorem 17.1.3
when combined with Theorem 17.4.3:

Lemma 17.2.1. Let A € R"*? and let A, denote the optimal rank k approximation to A in the
entrywise Huber norm. Then, there exists a set S C [d] of O(k) columns of A and X € R5*4
such that

|A ~ AFX]|, < O)A - Al

Proof. Let S C [d] be an {5-well-conditioned coreset for the columns of A, given by Theorem
3.2.2. Foreach j ¢ S, we let the jth column of X be the coefficient vector for fitting a’ by A, |°.
Following [CW 15b, Lemma 37], we have that for any x € R4,

d d

H(Ixlly < 2 g ) H(lxllo) < 3" Hx) =[xl

xls i =1

Then,
|A - APX]||, = [[(A*+A) - (A" + A)°X]|,
~|a-arx],,
o)l Al + |AaX| )

so it suffices to bound ||A|SX||H. We have

d n
IAPX], =D > Hel AP°X)

j=1 i=1

d n
< ZZH<”ez‘TA|SH2HXjH2) Cauchy—Schwarz

=1 i=1

d n
DY > H(le AP,

j=1 i=1

d n
D22 llel Al

j=1 i=1
d
n2_laFly,
j=1
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O(d)[|All

as claimed. ]

17.3 Algorithms for the entrywise /, norm

For p # 2, efficient bicriteria approximations for entrywise ¢, low rank approximation were
obtained in a line of work initiated by [SWZ17], who studied the case of p = 1. For other p # 2,
[CGK™17, DWZ"19] gave algorithms selecting O(k log d) columns achieving a distortion of
O(k'/?) for p < 2 and O(k'~/?) for p > 2, and a hardness result showing that any approximation
spanned by k£ columns must have distortion at least

QK 1/p) (17.2)

Perhaps surprisingly, [M'W21] then showed that the lower bound of (17.2) could be circumvented
when p < 2, by giving an algorithm which selected O(k log d) columns and achieved a distortion
of O(kl/ P=1/2) Note that this does not contradict the lower bound, since the hardness result of
(17.2) applies only when exactly k columns are selected. It was also shown that this result was
optimal for such bicriteria algorithms, with a lower bound ruling out k£/?~1/2=°(1) approximations
for any algorithm selecting O(k) columns, based on a result of [SWZ17] which ruled out &'/2~°()
approximations for any set of poly (k) columns for p = 1.

Unfortunately, the algorithmic result of [MW?21] uses p-stable random variables [Nol20]
which only exist for p < 2, and similar improvements were not given for p > 2. Similarly,
the hardness results also rely on specific properties of p < 2, and do not apply to p > 2. This
motivates the following question:

Question 17.3.1. What distortions are possible for entrywise ¢, low rank approximation, if
O(k log d) columns can be selected?

Our main result for entrywise ¢, low rank approximation is an algorithm which achieves the
natural analogue of the algorithmic result of [M'W21], which circumvents (17.2):

Theorem 17.3.2 (Entrywise ¢, low rank approximation [WY23a]). Letp € [2, o0], let A € R™*%,
and let £ > 1. There is an algorithm which outputs a subset S C [d] of O(k log d) columns and
X € R%*? such that

HA A’SX” <Ok1/2 l/p) min _||A — A/pr

rank(A’)<k

17.3.1 Improved existential result

Our main improvement comes from the following lemma, which is inspired by the techniques of
[MW21]. Rather than relying p-stable variables as in [MW21, Theorem 2.4], we instead make
use of £, Lewis weights in our argument. We refer to Chapter 6 for a comprehensive discussion of
¢, Lewis weights and their applications.
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Lemma 17.3.3. Let 2 < p < oo. Let A € R™ and let A, denote the optimal rank k
approximation to A in the entrywise ¢, norm. Then, there exists a set S C [d] of O(k) columns
of A and R € R¥*? such that

|A - APR| < OFZVP)|A - AL, (17.3)

Proof. Let A, = UV forsome U € R"™* and VT € R**4. Now let w be the £, Lewis weights
of V and let X minimize
min
XecRnXxk

Tywl/2-1
(A - XVW2r||
up to a factor of 2. We have

IA =XV, <A =UVT|,, + |[UVT =XV |,
<A =UV |, + [[(UVT = XVHWY2VP| ,  Lemma6.2.3
<A =UVTl,, + [(UVT = A)W2P|
+[I(A =XV W2 1r|
<A -UVT|,, +3[[(UVT — A)yW/2=Vp| near optimality
<A =UVT,, +3k21PIUVT — All,, Lemma 6.2.2
= O(K'ZP)|A = UV,
Thus, we have reduced the problem to an £, problem, at a cost of O(k'/2~1/?) distortion. Lemma

27 of [CW15b] then shows that if ST is an /¢, sparsifier for VTW1/2-1/p which samples Q(k)
columns (see [SWZ19, Lemma C.25], based on [BSS12, Theorem 3.1]), then a minimizer U of

min [|(A — XV )W 1/rgT|
XcRnxk p,2
satisfies R
H(A —OVHWY2 || <2 min [[(A - XVT)WR||
.2 XeRnxk P2
It follows that

IA = TVT],, < OKZP)|A = UV,
Finally, note that U can be written as
[AJ' _ Awl/Qfl/pST(VTwl/Zfl/pST)7.

Thus, there exists an O(k'/?~'/?)-approximate solution with a left factor formed by O(k) columns
of A. ]

With Lemma 17.3.3 in hand, we can now apply the existential-to-algorithmic reduction of
Theorem 17.4.3 to obtain the following:

Theorem 17.3.4. Let 2 < p < co. Let A € R"*? and let & > 1. There is an algorithm which
outputs a subset S C [d] of |S| = O(klog d) columns and X € R*4 such that

|A - APX[| < O®Y*7) min [|A - AL,
p,p rank(A)<k
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We note that by setting p = O(log n), we also obtain a result for p = oo.

Theorem 17.3.5. Let A € R™"*? and let k& > 1. There is an algorithm which outputs a subset
S C [d] of |S| = O(klog d) columns and X € R%*? such that

A —AFSX]|_ < O®%?) min [|A - Al .

rank(A)<k

17.3.2 Lower bounds

For p = oo, we show that Theorem 17.3.2 is tight by showing that any set of at most poly(k)
columns cannot achieve a distortion better than &'/2—°(1).
Our result is based on a variation on the ideas of Theorem 1.4 of [SWZ17].

Definition 17.3.6 (Hard distribution). Let ¢ > 1 be any constant and let » = k¢. We then define
a distribution D over (k + 2") x r matrix as follows. We let the first k£ rows have entries drawn
independently from N (0,1,) and scaled by k, and we let the last 2" rows be the 2" vectors in
{£1}".

We will argue that with high probability, no matrix in the column span of r/2 columns of
A ~ D can approximate A by better than a v/k factor. The optimal rank & approximation of any
matrix drawn from the distribution in Definition 17.3.6 has /., has cost at most 1, by setting the
rank £ approximation to be the first k rows:

Lemma 17.3.7. Let A ~ D for D defined in Definition 17.3.6. Then, with probability 1,

min A — Allsn < 1.
rank(A)<k

Furthermore, the addition of the 2" hypercube vectors to the matrix gives the following
property:
Lemma 17.3.8. Let S C [r]. Then, for any X € R¥*",

Proof. Letj € [r]. Then, there exists a row i of A|* such that for each j' € S, A; j = sgn(X; ),
since A contains all sign vectors. Thus,

e/ Al¥Xe; =Y A Xy = san(Xy )Xy, = || Xeyll,.
j'es j'es
On the other hand, A has absolute value at most 1 on this coordinate, thus yielding the claim. [
With these insights in hand, the proof now essentially follows that of [SWZ17, Theorem
G.28]; it is shown in [SWZ17] that if x € R® fits the first k£ rows well in ¢; norm, then it must

satisfy ||x||; = Q(k%>~°)). Since we scale the first k rows by k, this means that we either have a
high /., cost in the first & rows, or a high ¢, cost in the bottom 2" rows.
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Theorem 17.3.9. Let o € (0,0.5), k£ € N, and r» = poly(k). Then, there exists a (k + r) X r
matrix A such that
min  ||A — Aljec <1

rank(A)<k

and for any S C [r] with |S| < /2,

min A — A|"X]|s00 > QK%).
XERSXT

Proof. The proof closely follows [SWZ17, Theorem G.28]. For B ~ A(0,1)**¢ and scalars
B,7v > 0, we say the event £(B, 3, ~) holds if

* IBll, < O(Vs)

* Bx has at most O(k/ log k) coordinates with absolute value at least €2(1/ log k), whenever
I}, < O(%) and ||x||, < O(k™?)

(see [SWZ17, Definition G.19]). It is shown in [SWZ17, Lemma G.20] that if £ < s < poly(k),
B >~>0,and §+7v < 1,then Pr{E(B, 5,v)} > 1 — exp(—O(k)). We will apply this to the
first & rows A i) of A scaled down by k, as well as to restrictions A][Sk] of these rows to columns
S Crl.

It is shown in [SWZ17, Claim G.29] that for any S C [r],

1 1
Pr{E(EAHZ], 0.5+ a/2,0.5 — a> ‘£<EA]W, 0.5+ @/2,0.5 — a) } —1

We thus condition on £($ A, 0.5 4+ a/2,0.5 — a), which implies 5(%A|5€], 0.5+ «/2,0.5 — «)
for every S C [r]. Then by [SWZ17, Lemma G.22], for any S C [r] of size at most r/2, with
probability at least 1 — exp(—©O(rk)), a constant fraction of the /2 remaining rows [ € [r] \ S
satisfies that
min
xeRS

1
El&@ﬂ“ix ——}Xel

+[Ix[l; = Q&™)
1

By relating the ¢; and /., norms up to a factor of k for the first term and by using Lemma 17.3.8
for the second term, this gives a lower bound of Q(k%5~%) on some entry of A — A|*X for any
X, for this fixed S. The failure rate of exp(—©(rk)) is small enough for us to union bound over
all choices of S C [r] of size at most /2, thus proving the theorem. O

17.4 Reduction from existential to algorithmic column subset
selection

We show an improvement and generalization of the argument of [MW?21], which shows that an
existential result showing the existence of s = s(k) columns with a distortion of x(d) on any
n X d instance for rank & approximation implies an algorithmic version which selects O(slogd)
columns with a distortion of O(k(2s + 1)). Note that the number of columns can only depend on
k, whereas the distortion can depend on d.
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Definition 17.4.1. Let A = A, + A, where A, is the best rank £ approximation in the entrywise

g norm, that is,
|Al,= min ||A-A

rank(A)<k

g
Let the columns of A be &', 462,...,8%
Definition 17.4.2. Let! € N. Then:

* Let s(k) denote the maximum size of a set of columns S for any n x d instance B for rank
k approximation in the entrywise g-norm that can achieve a x(d) approximation, that is,
there exists a set S C [d] such that

min
XGRSXd

B - BI*X|| < r(d)lAl, (17.4)

* Let 7; C [d] denote the subset of columns surviving after the /th round of the algorithm. We
assume without loss of generality that 7; = [d;] for some d; < d. Furthermore, we assume
without loss of generality that ||6"(|, > ||6%||, > --- > [|6%]|,.

* Let Res; := j’: a1/ |67]|, denote the residual cost, after restricting to the surviving columns
and after removing the columns with cost in the top quarter.

Algorithm 11 Column subset selection for M -estimators

input: Input matrix A € R™*4, rank k, loss function g, parameter s.
output: Subset 7' C [d] of O(slogd) columns.
1: Ty + [d]
2. while |7;| > 1000s do
3: t; <+ 30s
4 fort =1,2,...,0(loglogd) do
5 Sample H ~ (fll)
6: Let x’ minimize miny||A|"x — a’||, up to a reg,, factor for each j € T;
7 Let F, be the d; /20 = |T;]/20 columns with smallest regression cost || A|7x7 — al||,
8 Cle ZjeFl,t||A|HXj —all|,

9: Let ¢* be the ¢ with smallest Cj;
10: T <10\ F -

Theorem 17.4.3 (Generalization and improvement of [MW?21]). Consider the definitions in
Definition 17.4.2. Suppose that there is an algorithm outputting x such that

[B% b, < reg, - min|[Bx ~ b,

for any B € R"** and b € R". Then, Algorithm 11 outputs a subset S C [d] of |S| = O(slogd)
columns and X € R*? such that

HA_A|SXH9 < O(’i)regg,O(s) miAn ||A_A||9
rank(A)<k
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We present the following main lemma, which follows [MW21, Claim 2.6] but also makes
some additional improvements to remove a log factor:

Lemma 17.44. Let A € R™% Lets = s(k) and k = #(2s + 1). Let H ~ (¥) and let
i~ [d]\ H. Then,

Pr{mm”a —A|HXH 6OOHResl} > L
eRH d; 10
Proof. Let G == [dj] \ [d;/4]. Note that E|G N H| > 20s. By Chernoff bounds, with probability
at least 99/100, we have that |G N H| > 4s. We conditioned on this event.

Let H' be a uniformly random subset of G N H of size 2s. Let R = R(H' U {i}) be the set of
s(k) columns satisfying (17.4). Then by Markov’s inequality,

j B[l
gr{];)w =205 1w } e T <

jEG |G|

and similarly,

el > 2 5o, | < Lt
9= 1G] &1 Liecllo’]], ~ 10

jeaq

Now note that conditioned on the choice of H' U {i}, i is a uniformly random element of
H' U {i}, soPr{i ¢ R} > 1/2. Furthermore,

min  ||A[TY} — AEX|| <k min  [|A]TVE <kK- HA|HIU{Z}
XeREx(2s+1) g rank(A)<k g g
so by Markov’s inequality,
10 /
min [la’ — A|"x]|| < KHA|H
xeRF

with probability at least 9/10. By a union bound, we have that with probability at least

BT TR TS AT
we have
AR 10k ; y 400k j
il = AP, < 25 (S, vy S ) < TSI,

To conclude, note that |G| = d; — d;/4 = 3d;/4 and that we can pad x with zeros on coordinates
in  \ R. 0

We then just mimic the proof of Theorem 17.1.2 to complete the proof.
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Proof of Theorem 17.4.3. Note first that the algorithm decreases the size of 7; by a (1 — 1/20)
factor at each iteration. Thus, the algorithm makes at most L = O(log d) iterations of the outer
loop. By averaging Lemma 17.4.4 over the 3d;/4 bottom columns, we have a probability of at
least 1/20 of choosing d;/20 columns such that the total cost is at most

O(K) - Res;.

Since we repeat O(log L) = O(loglog d) times and use an reg, , -approximate regression algo-
rithm, we with probability at least 1 — 1/100L, we find d; /20 columns F; C T and corresponding
coefficients X such that

| A" — A|S’X||g < O(k)reg, ; Res;.

Thus, our total cost is
O(logd

(log d)
Z O(k)reg, ; Res;.
I=1

Finally, as argued in [SWZ19, MW21], we show that ), Res; = O(||A||,). Note that if a column
j contributes to Res;, then it must be in the bottom 3 /4 fraction of the ||&”||, in round I. Then since
the bottom 1/20 fraction of ||§7||, is fitted and removed in each round, |||, can only contribute
to Res; in O(1) rounds. Thus, the sum is bounded by O(1) ZjHéng = O(||Al],)-

The total number of columns selected is O(s) in each of the O(log d) rounds, for a total of
O(slogd). O
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Chapter 18

Spectral low rank approximation for sparse
singular vectors [WY22b]

In this section, we study algorithms for the classical problem of low rank approximation under the
spectral norm.

Definition 18.0.1. Let A € R™ %, Then, we define the spectral norm of A to be

A
A, = sup 12X
20 |1X[l5

Because the spectral norm is unitarily invariant, the classical Eckhart—Young—Minrky theorem
[EY36, Mir60] shows that the singular value decomposition yields the optimal rank &k approxima-
tion, for all k. While the singular value decomposition (SVD) can be expensive to compute for
large matrices, the recent results in randomized numerical linear algebra have achieved substantial
developments in fast approximation algorithms for the SVD, culminating in the following result
of [MM15]:

Theorem 18.0.2 (Approximate spectral SVD [MM15]). Let A € R™*<¢, Then, there is an
algorithm which computes a rank % orthogonal projection matrix P € R%*¢ such that

|A—AP[,< (1+2) min_[IA - A,

which runs in time at most O(e~/? nnz(A)klog d).

A natural question is whether this running time can be improved or not, under natural assump-
tions. One common assumption which often arises in practice is to assume that the top & singular
vectors of A are sparse, i.e., there are only s nonzero values in the singular vectors. This scenario
is a phenomenon known as localization of eigenvectors, and occurs frequently in many applica-
tions [HBCY21, ZYC"21], for example in quantum many-body problems [[.V W09, NH15] and
network analysis [PC18].

This question was studied in the work of [HBCY21] and a followup work of [ZYC"21], which
studied algorithms for computing eigenvectors in symmetric matrices with localized eigenvectors.
In [HBCY?21], the authors study an algorithm for finding a small submatrix containing the supports
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of the leading eigenvectors by greedily adding rows and columns without formal guarantees, and
[ZYC"21] seek to improve this approach using reinforcement learning techniques.

In our work of [WY22b], we obtain one of the first provable speedups over [MM15] under a
sparse singular vector assumption:

Theorem 18.0.3 (Approximate spectral SVD for sparse singular vectors [WY22b]). Let A €
R"*? whose top k left and right singular vectors have at most s nonzero entries. Then, there is an
algorithm which computes a rank k orthogonal projection matrix P € R%*¢ such that

IA—AP[l, <(1+¢) min _[A— A,

rank(A’)<k
which runs in time at most

O(nnz(A) N ﬁ) log sdklogn
NG £

At a high level, our idea is to first identify a set of around O(sk) (or a slightly larger number
of) coordinates which contains the support of the top k singular vectors, at which point we can
just output the SVD of this submatrix, padded with zeros. Thus, the difficulty lies in identifying
this subset of O(sk) coordinates. The work of [MM15] shows that if we know the value of the
(k + 1)th singular value o 1, then we can use a Chebyshev polynomial approximation of degree
roughly ¢ = 1/+/¢ to identify singular vectors with singular values larger than (1 + €)o7y from
the vectors Ag, (AAT)Ag, ..., (AAT)?Ag, known as the Krylov subspace. Thus, the main
problem to tackle is to find an algorithm to determine the value of o1, up to a (1 + ¢) factor. To
do this, we introduce a two-stage algorithm. In the first step, we identify the value of oy, upto a
factor of (1 + /) using a combination of naive power iteration together with an efficient binary
searching technique over the singular values. In the second step, we know the value of o1 up to
a value of (1 + /), and thus we can afford to make 1/+/¢ guesses to the value of o, in powers
of (1 + ¢), and add O(sk) entries to our superset of the support of the sparse singular vectors for
each one of the 1/4/c guesses. Then, one of these guesses will guess the right value of o1, and
in total, the size of our support superset is just O(sk/+/2). Our result of Theorem 18.0.3 follows.

1
+ poly (5, k,—,log n) .
€

Remark 18.0.4. Note that the problem we study differs from the related problem of sparse low
rank approximation, where we seek a low rank approximation with sparse factors for an arbitrary
matrix A. Unlike our problem, this problem is intractable under standard complexity assumptions
[MWAO06, Mag17, CPR16, LRG23].

18.1 Technical overview

Our first idea is that with a budget of nnz(A))/4/ running time, we can run naive power method
for 1/4/¢ iterations initialized with a single random Gaussian vector g ~ N(0,1;) to compute
(AAT)/VEAg. Using the SVD A = UX VT of A, we may write this as UXL°/VE'VTg. Then
by the rotational invariance of the Gaussian, this random vector is distributed as a random linear
combination of the left singular vectors of A, where the ith left singular vector is scaled by roughly

o /VE Thenifi € [k] is such that o; > (1 4 \/2)0y41, then o, /VE is a constant factor larger than
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a,ifr*{g, so the s entries corresponding to the ith left singular vector stand out in (AAT)Y/VEAg,

Thus, selecting the top sk entries with largest absolute value in (AAT)'/vVE Ag retrieves a superset
of the support of the left singular vectors with singular value o; for which o; > (1 + \/2)ok 1.
We can repeat on the right side as well to obtain the support of the large right singular vectors.

The above approach is enough to find the large singular components with singular value at
least (1 + /€)0g1, but we must find singular values all the way down to (1 +¢)oy.; fora (1+4¢)
relative error approximation. To do this, we use the approach of [MM15] of using Chebyshev
polynomials, which, given a location parameter «, gives us a degree 1/+/¢ polynomial p for which
p(z), forall x > (1 + ¢)a, is a constant times greater than any p(x) for 2 < « (see Lemma 18.2.9
for the mathematical statement). If we knew the location @ = oy, then we could compute
p(A)g in nnz(A)/+/e time and use the same approach as before to find the support of all singular
components ¢ for which o; > (1 + €)ooy 1. The challenge, of course, is that we do not know oy ;.

We first show how to find the value of o up to a (1 + /) factor. To this end, we first show
that if o; for ¢ € [k] is large, i.e. 0; > (1 + v/€)ok41, then we can find o; up to a (1 + ¢) factor
using the set of sk large coordinates on the left and right located before, using the power method.
However, note that we do not know for which ¢ this is true. That is, if we let A be the sk x sk
submatrix supported on the large coordinates identified using the power method, we expect the
large singular values of A to be good estimates of the large singular values of A, but we do not
know which of them are large enough to actually be good estimates.

To address this, let i € [k], and first note that o;(A) is always a lower bound on o;(A) by the
Cauchy interlacing theorem. Furthermore, suppose that Bisaranki— 1 approximation to A.

Then, ||A — B

serves as an upper bound for o;(A), as
2

oi(A) = min |A-C|,< HA - BH .
ranki —1C 2

We show that for i € [k] such that o; > (1 + /)01, these are good lower and upper bounds on

the singular value 0;(A), i.e., they are within (1 + ¢) factors of each other. Furthermore, they can

both be computed in time roughly

nnz(A)

/e
Thus, we have an extremely efficient way to certify our estimates to the singular values o;(A), if
they are large enough. We then consider the following binary search strategy over the singular
values: if the upper and lower bounds are within (1 + ¢) factors of each other, then we keep

searching lower, and otherwise, we search higher. If the o;, (A) found is such that o, (A) >
(14 v/2)ok41(A), then the top i, singular components are found in the initial power method step

accurately enough so that HA — ]3H is close to 0, 1 1(A) < (1 + v/2)os1(A), where B is a
2

+ poly(s, k, 7).

rank i, approximation B of A. Otherwise, o;_(A) itself is within a (1 + /) factor of 1 (A).

Now that we are within a (1 4+ /) factor of o4, 1(A), we just need 1/,/¢ guesses in powers
of (1 + ¢) in order to guess 0%, 1(A) up to a factor of (1 + ). We can in fact afford to guess all
of these locations o, compute the corresponding Chebyshev polynomial p, compute p(A)g from
precomputed Krylov iterates, select the top sk entries, and then add the entries to the support that
we consider.
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With the support superset in hand, we finish the algorithm by performing an approximate SVD
on this submatrix. Our full discussion can be found in Section 18.2.

18.2 Proof of Theorem 18.0.3

In this section, we discuss our results on performing an approximate SVD with relative spectral
norm error, when we are promised that the input matrix A € R™*< has top k left and right singular
vectors that are s-sparse.

18.2.1 Approximating singular components

To carry out our plan as described in the introduction (Section 18.1), we first calculate the
magnitude of coordinates that we need to capture in order to achieve a relative error spectral
approximation. We follow [MM15] and make use of the fact that additive Frobenius norm low
rank approximation implies additive spectral norm low rank approximation, originally due to
[Gul5].

Lemma 18.2.1 (Theorem 3.4 of [Gul5]). Forany A € R™*% let B € R"*? be any rank & matrix
satisfying ||A — BJ|% < ||A — Ag||% + 7. Then,

1A = Bll; < [|A — Agll3 + 2.
By the above result, it suffices to find a rank £ matrix B such that
1A =Bl < |A — Aglf +eoi s
Using this, we show that it suffices to find all coordinates of the top left singular vectors Ue; such

that
Ok+1

k\/_r o;

and similarly, all coordinates of the top right singular vectors Ve; such that

le] Uej| >

Ok+1

k\/_r o;

Lemma 18.2.2. Let A € R™*? have rank r with singular value decomposition A = UXV ', and
lete € (0,1/2). Let S C [n] and T' C [d] be a set of coordinates such that

S5 U{i ] : |eTUeJy>k\/_r"(’:1}

e/ Ve;| >

JE[r]
Ok+1
7> Ve, | > ——
Q]{ el Vel > %}
JE|r

Let B be a rank £ matrix such that

|PsAP; — BJ;; < min |[PsAPr — C|f +1.
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Then,
IA = B|} < [|A — Agll7 + 8eopy, + 1.

Proof. Note first that

1A = Adlf = 30 aHA) < 37 oba(A) Sofa(A)
t=k+1 t=k+1

Then,
|A —B|% = |A — PsAP|% + |[PsAP; — B|%

(1)
< |A = PsAPr|7 + [PsAPr — Ayll7 + 1

2
2 |A — PsAPy|% + |PsAPy — PsAyPr|% + |Ar — PsALPo|7 +1

3
@ I|A — PsAkPTH?? +||Ax — PSAI@PT”?? +n

(4)

< (A — Ayl + [|[Ar — PsAPr|n)* + |Ax — PsAyPr|7 + 7

= |A — A7 + 2| A — Ayl pl| A — PsAyPr| o + 2| A — PsAyPr|7 +1
<A = Apll% + 2051 VT || Ap — PsAyPr|| . + 2||Ay — PsAyPr|5 +1

In the above, the inequality (1) is due to the approximate optimality of B, the identities (2) and (3)

are by the Pythagorean theorem, and inequality (4) is the triangle inequality. Finally, we calculate
that

|Ar — PsAyPr|p < |[Ar — PsAillp + |PsAy — PsAiPr||

k
> o;P5Ue;(Ve;)"
j=1
k

< 0;|PsUe|,[IVeyll, + o;l|PsUe; | P Ve, |,

+
F

k
> o;PsUe;(Ve;) Py

=1

F

j=1
k
€ Ok
<N 20 [ ——
=2 o rrm et )V
2e

= \/7—00-16+1

so the previous bound is

|A = B||% < |A — Ayl[% + 401 V7| A — PsALPr| o + 2| Ay — PsAPr|7 +1
]e?
< [|A = Ay} +4e07,, + TU’%H +n

< [|A = Ayl + 8coiyy + . O
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18.2.2 Finding the support of singular vectors with large singular value

We next show how to find all large coordinates of singular vectors whose singular values o; are at
least a (1 + /) factor larger than o, 1. By the results of the previous section, we seek to find all
of the large coordinates of the top sparse singular vectors, which have absolute value at least

) € Okq1
T,

NS

for the jth singular vector.

Our identification of the large coordinates of the top sparse singular vectors starts from the
standard analysis of the power method (see also, e.g., the overview of [MM15]). If we run power
method starting from a random Gaussian vector g ~ A(0,1,), that is, we compute (AAT)7Ag
for some ¢ € N, then we retrieve a random Gaussian linear combination of the left singular
vectors Ue;, each scaled by 0]2-‘”1. This is a simple consequence of the rotational invariance of

the Gaussian:

Lemma 18.2.3. Let g’ ~ N(0,1;) and let ¢ € N. Let A € R™*¢ be a rank 7 matrix and let
A = UXV" be its singular value decomposition. Then, (A A T)?Ag’ has the same distribution as

U22q+1g —_ Z gjo_]?‘Z'f'erj
j=1
forg ~ N(0,1L,).

Note then that for o; > (1+ /)01, the jth singular vector is scaled more than the (k+1)-st
singular vector by a factor of at least (0;/0y1)%* . For g roughly order 1/+/, this separates all
large coordinates of the jth singular vector from the coordinates of the (k + 1)-st singular vector.

Lemma 18.2.4. For

Y

1 sk%y/srlogn
q=0| —=log————
NG £
the sk coordinates of (A A T)?Ag with largest absolute value are guaranteed to contain all entries
i € [n] for which there exists a j € [k] with o; > (1 + \/€)0y41 and

-
‘ei Uej| > Tj.

Proof. For
o 1 1 sk?y/srlogn
== — 10 _—_—
q NG g c )

the blow up factor (o /0111)%7™ is at least

o 2atl ' ) |
( of ) > (1_1_\/52(1&:@(8/6 \/srlogn) 0; :@(sk\/légn>

Ok+1 Ok+1 € Ok+1 Tj

for the jth singular component. The time required to compute this vector (AAT)?Ag is

2
0 nnz(A) log sk?y/srlogn _0 nnz(A) log srklogn
Ve 5 Ve 5
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Now note that for each i € [n], we have that
efUig ~ A (0, e USHHL).

Since the maximum absolute value among n Gaussians is O(y/logn) with constant probability,

we have
e US*Hg| < O(y/logn)||e] US|,

Furthermore, if we consider all ¢ in the support of the top k singular vectors, which is at most sk
coordinates, then the minimum absolute value among the sk Gaussians is

e/ UTHg| > Q(i) lerUs|,
Now consider a coordinate ¢ € [n] such that
’eiTUej} Z Tj

for some j € [k] such that o; > (1 + \/¢)oy11. Then by the previous results,

Tzt 2 0 o) ferust

1 2g+1
()75
1 . O 2q+1
QO — q+ 7 )
(Sk)0k+l (0k+1 Tj

(i) St (sk\/log n) -

sk ) K+l T
=0 (aiﬂl\/ log n)

On the other hand, for any ¢ € [n] that is outside of the at most sk coordinates of the support of
the top k singular vectors, then

e; UX¥g| < O(\/logn)|le] UD*™!|| < O(a4 ' \/logn).

We thus conclude as desired. OJ

v
®)

v
)

In other words, we can identify a set of sk coordinates that contains all large entries of left
singular vectors j for which o; > (1 + /¢)oy1. Repeating for the right singular vectors, we may
identify the sets .S and 7" as required by Lemma 18.2.2.

18.2.3 Approximating large singular values

Our next task is to compute the singular values of A with 0;(A) > (14+/¢)oy41(A), upto (1+¢)
factors. We first show that approximating the singular values of P ¢ AP directly approximates
the singular values of A, when the singular values are sufficiently large.
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Lemma 18.2.5. Let m be the number of singular values of A such that 0;(A) > (1+/2)oy11(A).
Let S C [n] and T' C [d] be sets satisfying the hypotheses of Lemma 18.2.2. Then for each
[ € [m],

(1—38¢)o7(A) < 07 (PsAP7) < 07 (A).
Proof. Recall the Cauchy interlacing theorem:
Theorem 18.2.6 (Cauchy interlacing theorem). Let M be a symmetric matrix and let N be a
principal submatrix of size [ x [. Then for all j € [I],

A (M) = Aj(N) = Ay (M),

Then applying the interlacing theorem to M = AAT and N = PgAA TP/, we find that
the singular values of PgA uniformly bound the top sk singular values of A from below, and
similarly, the singular values of P ¢ AP uniformly bound the singular values of P g A from below.
We thus have that

0j(A) =2 0;(PsA) 2 0;(PsAPr)
for all j € [sk]. Furthermore, we know by Lemma 18.2.2 that for each | € [m],
|A — A7 < [|A = (PsAPp)[I5 < |A — A7 + 820141 (A)° (18.1)
where (PsAP7), is the best rank [ approximation P AP,. Now note that
1A = A = Al = A%
and

(A — (PsAPr), (PsAP7))) = (A — PsAPy, (PsAP7))
+ <PSAPT — (PsAPT)l, (PsAPT)l> =0

SO
Al = |A = (PsAPr)[|5 = [|(PsAP):|x

by the Pythagorean theorem. Then subtracting the inequalities of Equation 18.1 from HAH;, we
have that

1A[5 — 8eori1(A)* < [[(PsAPr)7 < Al

Then,
07 (PsAPr) = |(PsAP7) |7 — |(PsAPr) 1 ||7
> ||AY7 — 8011 (A)? — A7
=07(A) — 8eoy11(A)?
> (1 —8e)o(A)
as desired. OJ

276



We may use the existing results of [MM15] to find (1 + ¢) factor approximations to the top k
singular values of P¢APr in time

o(””z(Pf/?PT)k log(sk)) ~0 (% log(sk)) .

However, note that given estimates for the singular values of Pg AP, we do not know which
ones are within a (1 + ¢) factor of the singular values of A, since we do not know the number
m of singular values j with 0;(A) > (1 + \/¢)oy4+1(A). However, by the Cauchy interlacing
theorem, the singular values of Pg AP are always a lower bound on the singular values of A,
so it suffices to compute an upper bound for the singular values of A that are at most a (1 + ¢)
factor larger than the lower bound. We obtain such an upper bound on the singular values of A by
approximating ||A — B||, for a rank [ matrix B. Indeed, if B is rank /, then

|A = B2 > min |A -~ C|%=011(A)?

This idea is executed in the following lemma.
Lemma 18.2.7. Let S C [n] and T' C [d] be sets of size sk each that satisfy the hypotheses of
Lemma 18.2.2. Given such S and 7" and an index j € [k], there is a randomized algorithm that
runs in time
nnz(A) + s*k3
O
NG

log(sk))
and outputs numbers U and L such that
L<ol(A)<U

with probability at least 0.99. Furthermore, if j € [m], where m is the number of singular values
j with o; > (1 + /¢)oy11, we have that

g< 1+ 10e
L~ 1—-9

<1+ 20e.

Proof. We first show how to obtain the lower bound L. By the Cauchy interlacing theorem (as in
Lemma 18.2.5), we have that
0j (PsAPT) S O'j(A).

Then by the randomized block Krylov algorithm of [MM15] (see Theorem 18.0.2), we may find
an estimate L to 0;(PgAP7) such that

(1 — 6)0‘j(PsAPT) S L S O'j(PsAPT)

0(””Z(P3?PT)]€ log(sk)) ~0 (% log(sk)) .

Furthermore, if j € [m], then by Lemma 18.2.5,

in time

L>(1-¢)oj(PsAPr) > (1 —¢)(1—8¢)o;(A) > (1 —9)0;(A).
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For the upper bound, we use the rank j approximation B obtained by running the randomized
block Krylov algorithm of [MM15] on PgAP7. Note that

oi(A) = alglgianHA - CH2 <A - BHQ

T

for any rank 7 — 1 matrix B. By the results of [MM15], we may compute an estimate U such that

(1+¢)||A - B||2 >U > ||A - B||2

O(%\E_B)) _ O(nnz(A\)/; 32/{2)'

Furthermore, for j € [m], if we find a rank j — 1 matrix B such that

in time

|PsAPr — B3 < min _||PsAPr — C|[3 + co;(PsAP7)?

rank j —

< in [IPsAPr C|7 +c0,(A)?,
which we can by the results of [MM15] as before, then by Lemma 18.2.2,
1A = BII7 < [|A = Ay} + 9203 (A).
By Lemma 18.2.1, this implies that
JA = BI2 < A — Ay 1|+ 920%(A) = (14 92)0%(A). =

We now show how to use the above result to efficiently find a (1 4 /) factor approximation
to ox11(A) using binary search.

Lemma 18.2.8. There is a randomized algorithm that runs in time

NG log(sk)(log k:))

that finds a (1 + /) factor approximation to o1 (A).

O(nnz(A) + s%k3

Proof. If o, (A) > (1 + \/¢)ok11(A), then deflating off the top k& components already gives a
(1 + ¢) factor approximation to o4 1(A). Otherwise, we proceed with binary search as follows.
Suppose we consider j € [k]. If the upper and lower bounds for o;(A) in Lemma 18.2.7 are
within a (1 4+ O(¢)) factor, then we know that oy 1(A) is smaller than this, up to a (1 £ O(¢))
factor. On the other hand, if the upper and lower bounds for o;(A) are further than a (1 + O(¢))
factor, then 0;(A) < (1 + \/e)ox11(A), since otherwise the upper and lower bounds for o;(A)
would have matched up to a (1 £ O(e)) factor by the second guarantee of Lemma 18.2.7. Thus,
we may use binary search over the at most & singular values in at most O(log k) calls to the
algorithm of Lemma 18.2.7. ]
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18.2.4 Approximating small singular values

With a (1 4 /&) factor approximation to oy1(A) in hand, we now zoom into the singular values
between o4.1(A) and (1 + /¢)ok41(A). We consider partitioning this (1 + /) factor window
into O(1/+/¢) buckets that increase in powers of (1 + ), that is

L, L(1+¢),L(1+e)? L1+ ..., L(1+e)°MVE = (1 +/2)L

where L is a lower bound on o;,1(A), up to a (1 + /¢) factor. Our idea now is to simply
enumerate over these O(1/+/¢) guesses to a (1 + ¢)-approximation of o4 1(A), and then choose
the best result.

With only a (14 ¢) factor gap in the singular values, using power method as before will require
roughly (ignoring log factors) 1/¢ iterations, which takes time roughly nnz(A)/e to separate
out the singular components, which is above our target budget. However, using Chebyshev
polynomials, it is known that a (1 + ¢) factor gap in the singular values can be separated with
only roughly 1/4/¢ iterations [MM 15] which takes time only nnz(A)/+/c. The main lemma for
this technique is the following:

Lemma 18.2.9 (Lemma 5, [MM15]). Given a specified value o > 0, gap v € (0,1}, and g > 1,
there exists a degree ¢ polynomial p(zx) such that:

L p((1+7)a) = (1 +7)a

2. p(x) > xforallz > (14 v)a

3. [p(2)| £ g7A= forallz € [0,
Furthermore, when q is odd, the polynomial only contains odd powered monomials.

In words, the above lemma states that there is a polynomial that “jumps” by a factor of 29v7~1
in a window of size (1 + ) at a specified location «v. The difference between this lemma and our
power method analysis from before is that we must specify the location of our “jump”, «, in order
to use the above polynomial in the Krylov method, whereas in the power method, the polynomial
p(x) = 27 had the “jump” property at any location «.. Thus, in order to use the above lemma, we
must first specify our jump location «, and then proceed with our previous techniques.

Our procedure is thus as follows. We first compute Krylov iterates (AA ™)' Ag for i € [q],

where g ~ N (0,1,) and
( 1 sk2\/sr logn)
q=0| —=log————|.
Ve 5
We then proceed with our enumeration procedure. We guess a bucket « = L(1 + )" for some
t € [O(1/+/2)], and then consider the degree ¢ polynomial p,, () that jumps by a 24V~ factor at
« by Lemma 18.2.9. Then, we may compute the vector Up,(X)V g as a linear combination of
the Krylov iterates
(AAT)Ag=UZ*"'V'g
where the coefficients of the linear combination are the coefficients of the polynomial p,. Next,
we take the top sk entries of Upa(Z)VT g as sets S, and T, combine them with the sk entries .S
and 7" obtained earlier by the power method, and then take our new subset of entries to be

S =5ulJSa
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T ::TUUTa

Finally we compute a rank k£ matrix B such that
|Ps AP — BJ% < min_[Py AP — C|3 +co?, (PsAPp)

using the results of [MM15].

Note that if the v we choose satisfies & € [o411(A), (1 + &)ok41(A)], then all singular values
j that are at least a (1 + ¢) factor larger than v and at most O(1)o,1(A) are scaled by at least a
factor of

oAl _ @(sk%/srlogn) _ @(sk%/srlogn) o _ ®<sk\/10gn),

9 e Ok+1 Tj

which means we may recover all coordinates of the jth singular vectors that are at least 7; for
these singular values, as done in the analyses in Section 18.2.2. Thus, we have that

|A — B2 < A — A} + 802, (A) + c0?,,(Py APy)
< ||A = A]l; + 9207, (A)
= (1+92)0,(A)

(1+9e)(1 +¢)or, 1 (A)

<
< (1+1le)oy,(A)

by Lemma 18.2.2, where [ € [k] is such that o7, (A) < 07,1 (A) < (1 +¢)oj 4 (A).
The initial computation of the Krylov iterates takes time

nnz(A) o srklogn
vE

O(ma(a)) =0

and a single guess of « takes time

1
Olng) = O(i srk ogn)

1
VR

which we repeat O(1/4/¢) times, so the total running time in this section is

(o2

We then additionally run an approximate SVD using Theorem 18.0.2 on the O(sk//g) X
O(sk/+/€) matrix, which adds an s2k*(log(sk))/3/? term, for a running time of

nnz(A) n srklogn = s%k3
O((T + g) log . + 52 log(sk) ).

This dominates the running times of the previous steps and thus is the running time of our entire
algorithm.
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Chapter 19

Future directions for sparse optimization

We conclude Part IIT of this thesis with several open directions arising from our investigations in
this area.

Greedy algorithms for column subset selection. Our first question is to obtain an optimal
understanding of the greedy algorithm for column subset selection with the Frobenius norm.
Consider the greedy algorithm that iteratively updates a subset S of columns by setting S <
S U {i}, where i is the column which minimizes minx || A|[“{#X — A||%. We ask whether this
algorithm results in a nearly optimal column subset in the following sense:

Question 19.0.1. Let k& € N. Does the greedy algorithm for column subset selection output a
subset of O(k/e) columns such that

min||A]"X — AJlL < (1+2)[|A — Ayl

Currently, it is known that similar bounds can be obtained up to a logarithmic factor in a
condition number-type parameter [ABF " 16], or polynomial factors in & and £ [DV06, BRW21].
It is interesting to determine whether the lower bound of §2(k /) [DV06] can be achieved, or
if there exists a matrix A for which the greedy algorithm fails to achieve the above guarantee
with O(k /€) columns. In fact, to the best of our knowledge, it is not known whether there is any
efficient deterministic column subset selection algorithm that achieves this guarantee with O(k /€)
columns.

More broadly, we raise the question of whether greedy algorithms can replace other techniques
in matrix approximation in greater generality.

Question 19.0.2. Can sparse optimization techniques, especially greedy algorithms, replace
sketching and sampling techniques in matrix approximation?

Although randomized algorithms based on sketching and sampling have proven to be a
highly successful development in algorithms research, they often lack the simplicity, ease of
implementation, practical performance, and interpretability of plain greedy algorithms, which
often prove to be the preferred choice in practical applications. Indeed, arguably the most natural
algorithms for matrix approximation are accomplished by greedy algorithms, from the singular
value decomposition to the first proposed algorithms for column subset selection [Cha86] to the
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most popular approaches for neural network compression [FC19]. Thus, as algorithms researchers,
one of the most important directions is to establish how good these greedy algorithms are in the
context of matrix approximation.

There have already been a few fruitful lines of work establishing the near-optimality of greedy
algorithms for matrix approximation. A variation on a greedy algorithm has been shown to be
nearly optimal for column subset selection under the entrywise £, loss for certain values of p, as
shown by [SWZ17, MW21, WY23a] (see also Chapter 17). Our nearly optimal online coreset
algorithm for John ellipsoids in Chapter 11 may also be viewed as a greedy algorithm. Yet
another recent positive result for greedy algorithms is the result that when selecting a maximum
volume subset of points, the greedy algorithm is nearly optimal in the composable coreset model
[CMO9, IMGR19, IMGR20, GMS23]. We hope that greedy algorithms will continue to prove to
be the “right” algorithm in matrix approximation problems.

Column subset selection for the entrywise ¢, loss. The second question we raise is on settling
the trade-offs for column subset selection problem for the entrywise £, loss. It is known that for
p < 2, there is always a subset S of |S| = O(k) columns satisfying

min||AI°X — AP < O(kYP1/2)  min ||JA — AP
AKX — Al < O min |4 = AJL,

and that any column subset with a distortion factor of O(k'/?~1/2=°(1)) must contain at least
k(log k)*) columns [MW21]. In Chapter 17, we have shown a similar upper bound for p > 2,
showing that there is always a subset S of |S| = O(k) columns satisfying

; Sk _AllP < O(FY/2-1/p ; _ AP
min|A[PX — A7, < O(k ) min_ 1A = Al

However, we only have a nearly matching lower bound for p = oo, which shows that a column
subset with a distortion factor of O(k'/27°(1)) must contain at least k“(") columns. This leads to
the following question:

Question 19.0.3. Let k € Nand 2 < p < co. What is the minimum possible distortion ~ such
that for any A, there exists a subset S of |S| = O(k) columns such that

min[|AISX — AP <k min ||A— AP .
A~ Alg, <5 min A=Al
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