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Abstract

As probabilistic computations play an increasing role in solving various problems, researchers have de-
signed probabilistic languages that treat probability distributions as primitive datatypes. Most probabilistic
languages, however, focus only on discrete distributions and have limited expressive power. In this paper, we
present a probabilistic language, calbed which uniformly supports all kinds of probability distributions —
discrete distributions, continuous distributions, and even those belonging to neither group. Its mathematical
basis is sampling functionse., mappings from the unit interva.0, 1.0] to probability domains. We also

briefly describe the implementation at, as an extension of Objective CAML and demonstrate its prac-
ticality with three applications in robotics: robot localization, people tracking, and robotic mapping. All
experiments have been carried out with real robots.
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1 Introduction

As probabilistic computations play an increasing role in solving various problems, researchers have designed
probabilistic languagego facilitate their modeling [11, 7, 29, 22, 25, 15, 21]. A probabilistic language
treats probability distributions as primitive datatypes and abstracts from their representation schemes. As
a result, it enables programmers to concentrate on how to formulate probabilistic computations at the level
of probability distributions rather than representation schemes. The translation of such a formulation in a
probabilistic language usually produces concise and elegant code.

A typical probabilistic language supports at least discrete distributions, for which there exists a repre-
sentation scheme sulfficient for all practical purposes: a set of pairs consisting of a value in the probability
domain and its probability. We can use such a probabilistic language for problems involving only dis-
crete distributions. For those involving non-discrete distributions, however, we usually use a conventional
language for the sake of efficiency, assuming a specific kind of probability distribugansaussian dis-
tributions) or choosing a specific representation schaag @ set of weighted samples). For this reason,
there has been little effort to develop probabilistic languages whose expressive power is beyond discrete
distributions.

Our work aims to develop a probabilistic language supporting all kinds of probability distributions —
discrete distributions, continuous distributions, and even those belonging to neither group. Furthermore
we want to draw no distinction between different kinds of probability distributions, both syntactically and
semantically, so that we can achieve a uniform framework for probabilistic computation. Such a proba-
bilistic language can have a significant practical impact, since once formulated at the level of probability
distributions, any probabilistic computation can be directly translated into code.

The main idea in our work is that we can specify any probability distribution by answetimg can we
generate samples from it?or equivalently, by providing sampling functioffior it. A sampling function is
defined as a mapping from the unit interyal0, 1.0] to a probability domairD. Given a random number
drawn from a uniform distribution ove(0.0, 1.0], it returns a sample i@, and thus specifies a unique
probability distribution. For our purpose, we use a generalized notion of sampling function which maps
(0.0,1.0]* to D x (0.0, 1.0]>° where (0.0, 1.0]> denotes an infinite product ¢0.0, 1.0]. Operationally
it takes as input an infinite sequence of random numbers drawn independently from a uniform distribution
over (0.0, 1.0], consumes zero or more random numbers, and returns a sample with the remaining sequence.

We present a probabilistic language, callegl whose mathematical basis is sampling functions. We
exploit the fact that sampling functions form a state monad, and base the syntaxupbn the monadic
metalanguage [17] in the formulation of Pfenning and Davies [23]. A syntactic distinction is drawn between
regular values and probabilistic computations through the use of two syntactic catetgriesor regular
values anakxpression$or probabilistic computations. It enables us to treat probability distributions as first-
class values, ando arises as a conservative extension of a conventional language. Examples show that
Ao provides a unified representation scheme for probability distributions, enjoys rich expressiveness, and
allows high versatility in encoding probability distributions.

An important aspect of our work is to demonstrate the practicality-0by applying it to real problems.

As the main testbed, we choasbotics[28]. It offers a variety of real problems that necessitate probabilistic
computations over continuous distributions. We implemenas an extension of Objective CAML and use

it for three applications in robotics: robot localization [28], people tracking [20], and robotic mapping [30].
We use real robots for all experiments.

Ao does not support precise reasoning about probability distributions in that it does not permit a precise
implementation of queries on probability distributions (such as expectation). This is in fact a feature of
probability distributions that precise reasoning is impossible in general. In other words, lack of support for
precise reasoning is the price we pay for rich expressivenes,.ofAs a practical solution, we use the



Monte Carlo method to support approximate reasoning. As sugks a good choice for those problems in
which all kinds of probability distributions are used or precise reasoning is unnecessary or impossible.

This paper is organized as follows. Section 2 gives a motivating example-foSection 3 presents
the type system and the operational semantics-f Section 4 shows how to encode various probability
distributions in\c, and Section 5 shows how to formally prove the correctness of encodings, based upon the
operational semantics. Section 6 demonstrates the use of the Monte Carlo method for approximate reasoning
and briefly describes our implementationof. Section 7 presents three applications\efin robotics.
Section 8 discusses related work and Section 9 concludes. Appendix shows figures from experiments in
Section 7.

Notation

If a variablex ranges over the domain of a probability distributiBnthen P(z) means, depending on the
context, either the probability distribution itself (as in “probability distributi®fx:)”) or the probability of a
particular valuer (as in “probabilityP(z)”). If we do not need a specific name for a probability distribution,
we useProb. Similarly P(z|y) means either the conditional probabilify itself or the probability ofx
conditioned ony. We write P, or P(-|y) for the probability distribution conditioned opn U(0.0, 1.0]
denotes a uniform distribution over the unit inter¢@l0, 1.0].

2 A Motivating Example

A Bayes filte[9] is a popular solution to a wide range of state estimation problems. It estimates the state
of a system from a sequence of actions and measurements, where arvantdies a change to the state
and a measurement gives information on the state. At its core, a Bayes filter computes a probability
distribution Bel(s) of the state according to the following update equations:

(1) Bel(s) « [A(sl|a,s")Bel(s")ds'
2 Bel(s) « nP(m|s)Bel(s)

A(s|a, ') is the probability that the system transitions to stagfter taking actioru in another state’,

P(m]|s) the probability of measurement in states, andn a normalizing constant ensurinfgBel(s)ds =

1.0. The update equations are formulated at the level of probability distributions in the sense that they do
not assume a particular representation scheme.

Unfortunately the update equations are difficult to implement for arbitrary probability distributions.
When it comes to implementation, therefore, we usually simplify the update equations by making additional
assumptions on the system or choosing a specific representation scheme. For instance, with the assumption
that Bel is a Gaussian distribution, we obtain a variant of the Bayes filter callaaan filter[31]. If we
approximateBel with a set of samples, we obtain another variant callpdrécle filter [3].

Even these variants of the Bayes filter are, however, not trivial to implement in conventional languages,
not to mention the difficulty of understanding the code. For instance, a Kalman filter requires various
matrix operations including matrix inversion. A particle filter needs to manipulate weights associated with
individual samples, which often results in complicated code.

An alternative approach is to use an existing probabilistic language after discretizing all probability
distributions. This idea is appealing in theory but impractical for two reasons. First, given a probability
distribution, we cannot easily choose an appropriate subset of its support upon which we perform discretiza-
tion. Even when such a subset is fixed in advance, the process of discretization may require a considerable
amount of programming; see [4] for an example. Second there are some probability distributions that cannot



be discretized in any meaningful way. An example is probability distributions over probability distributions,
which do occur in real applications (see Section 7). Another example is probability distributions over func-
tion spaces.

If we had a probabilistic language that supports all kinds of probability distributions without drawing
a syntactic or semantic distinction, we could implement the update equations with much less effort. We
present such a probabilistic languagein the next section.

3 Probabilistic Language o

In this section, we develop our probabilistic language We begin by explaining why we choose sampling
functions as the mathematical basis\ef.

3.1 Mathematical basis

The expressive power of a probabilistic language is determined to a large extent by its mathematical basis,
i.e., which mathematical objects are used to specify probability distributions. Since we intend to support all
kinds of probability distributions without drawing a syntactic or semantic distinction, we cannot choose what
is applicable only to a specific kind of probability distributiorsy, probability mass functions, probability
density functions, or cumulative distribution functions). Probability measures are a possibility because they
are synonymous with probability distributions. They are, however, not a practical choice: a probability
measure on a domail maps not but the set of events df to [0.0, 1.0], and may be difficult to represent

if D is an infinite domain.

Sampling functions overcome the problem with probability measures: they are applicable to all kinds of
probability distributions, and are also easy to represent because a global random number generator supplants
the use of infinite sequences of random numbers. For this reason, we choose sampling functions as the
mathematical basis ofo.t

It is noteworthy that sampling functions form a state monad [16, 17] whose set of st&tds is0]>°.
Moreover sampling functions are operationally equivalent to probabilistic computations because they de-
scribe procedures for generating samples. These two observations imply that if we use a monadic syntax
for probabilistic computations, it becomes straightforward to interpret probabilistic computations in terms
of sampling functions. Hence we use a monadic syntax for probabilistic computatians in

3.2 Syntax and type system

As the linguistic framework of\o, we use the monadic metalanguage of Pfenning and Davies [23]. It
is a reformulation of Moggi’'s monadic metalangualjg; [17], following Martin-Lof's methodology of
distinguishing judgments from propositions [14]. It augments the lambda calculus, consisting of terms, with
a separate syntactic category, consisting of expressions in a monadic syntax. In the\egderafs denote
regular values and expressions denote probabilistic computations. We say thatexa@ratedo a value
and an expressiotcomputeto a sample.

Figure 1 shows the abstract syntax far. We user as variablesAx : A. M is a lambda abstraction,
andM M is an application term(M, M) is a product term, antst M andsnd M are projection terms;
we include these terms in order to support joint distributiofis.« : A. M is a fixed point construct for
recursive terms. Aorobability termprob F encapsulates an expressibnit is a first-class value denoting a

!Note, however, that not every sampling function specifies a probability distribution. For instance, no probability distribution
is specified by a sampling function mapping rational numbefsend irrational numbers tb. Thus we restrict ourselves to those
sampling functions that determine probability distributions.(measurablesampling functions).



type AB == A— A|AxA|OA]real

term M,N = x| x:AM|MM]|(M,M)|fst M |snd M |
fixx:A. M | prob E | r

expression E,F == M |samplexfromMinE|S

value/sample VW = Xx:AM|(V,V)|prob E|r

real number T

sampling sequence s = rirg---r;--- wherer; € (0.0,1.0]

typing context r = | z:A

Figure 1: Abstract syntax foho

x;AgI‘V I'e:A-M: B L I'-M,:A— B F}—MQ:AA
TFz:A ' TFx:AM:A—B 2" T+ M, M, : B PP
F}—MltAl Fl_MQ:AQP d FI—M:A1XA2 FFM:AIXAQSd
T (M, M) : Ay x Ay ' °% TrfstM:A; "% TrsndM:A, "
Fx:AFM:A Fi 'FE+ A Prob Real
IHfixz:AM:A4 "™ ' prob E: OA 0 TH 7 real "°°
TEM:A '-M:0A F,x:AI—E+BB_ S i
FI—M+ATerm ' sample x from M in £+~ B ind TFS = real >0 PINE

Figure 2: Typing rules ofAo

probability distribution. Real numbersare implemented as floating point numbers, since the overhead of
exact real arithmetic is not justified in the domain where we work with samples and approximations anyway.
There are three kinds of expressions: temsbind expressionsample x from M in E, andsampling
expressionss. As an expressionly/ denotes a probabilistic computation that returns the result of evaluating
M. sample x from M in E sequences two probabilistic computations\ifevaluates to a probability term).
S consumes a random number froreampling sequen¢@hich is an infinite sequence of random numbers
drawn independently fror®&y (0.0, 1.0].
The type system employs a term typing judgmént M : A and an expression typing judgment
I' E+ A (Figure 2).I' H M : A means thafi/ evaluates to a value of typ& under typing context’, and
'+ E + AthatE computes to a sample of typeunder typing context’. The ruleProb is the introduction
rule for the type constructap; it shows that typeD A denotes probability distributions over type The
rule Bind is the elimination rule for the type constructor The ruleTerm means that every term converts
into a probabilistic computation that involves no probabilistic choice. All the remaining rules are standard.

3.3 Operational semantics

Sincelo draws a syntactic distinction between regular values and probabilistic computations, its operational
semantics needs two judgments: one for term evaluations and another for expression computations. A term
evaluation is always deterministic and the corresponding judgment involves only terms. In contrast, an
expression computation may consume random numbers and the corresponding judgment involves not only
expressions but also sampling sequences. Since an expression computation may invoke term evaluations
(e.g, to evaluatel/ in sample x from M in E), we first present the judgment for term evaluations and then

use it for the judgment for expression computations. Both judgments use capture-avoiding substitutions
[N/x]M and[N/z|E defined in a standard way.



For term evaluations, we introduce a judgm@nit— N in a call-by-value discipline. We could have
equally chosen call-by-name or call-by-need, bytis intended to be embedded in Objective CAML and
hence we choose call-by-value for pragmatic reasons. Wewaaation contextshich are terms with a
hole|] indicating where a term reduction may occur. We d$e—r N for term reductions:

evaluation context k == [||k M| (Az:A. M)k |
(k, M) | (V,K) | fstk |snd

Az:A. M)V —gr [V/z]M
fst (Vi,V2) —r Wi
snd (Vl, VQ) —R V2
fixx: A M g [fixz: A M/x]M

M —r N
K[M] — K[N]

We useM —* V for a term evaluation where:* denotes the reflexive and transitive closure-af A term
evaluation is always deterministic.

For expression computations, we introduce a judgniefit s = F @ s’ which means that the compu-
tation of £/ with sampling sequencereduces to the computation éf with sampling sequence€. It uses
computation contextwhich are expressions with either a term hidlg, or an expression holgexp. [Jterm
expects a term anil., expects an expression. We use€d s =g F @ s for expression reductions:

computation context ¢ = [Jexp | [Jterm |
sample z from [Jterm in E |
sample x from prob ¢ in E

sample z fromprob Vin EQs =g [V/z]E Qs
SQrs =g rQs

M— N E@S:>RF@S,
@ s = t[N]iom Qs UE],, Q@s=[F],, Qs

exp
We useE @ s =* V @ s’ for an expression computation whese* denotes the reflexive and transitive
closure of=-. Note that an expression computation itself is deterministic; it is only when we vary sampling
sequences that an expression exhibits probabilistic behavior.
An expression computatiofl @ s =* V' @ s’ means thaF takes a sampling sequengeconsumes a
finite prefix of s in order, and returns a samplewith the remaining sequencgé

2 [M] term exp

Proposition 3.1. If E @ s =* V Q ¢/, thens = ryry - - - r,8' (n > 0) where
EQs=*E Qryg---rp,d =* ... =*E, 1Qr,ss =*Vas
for a sequence of expressiofs, - - -, F,_1.

Thus an expression computation coincides with the operational description of a sampling function when
applied to a sampling sequence, which implies that an expression represents a sampling function.

The type safety o\ consists of two properties: type preservation and progress. The proof of type
preservation requires a substitution lemma, and the proof of progress requires a canonical forms lemma.

Lemma 3.2 (Substitution).
fI'FM:Aandl',z: A- N : B, thenl' - [M/z]N : B.
f'FM:Aandl',z: A+ E+ B, thenl'+ [M/z]E + B.

Proof. By simultaneous induction on the structureMéfand E. O



Theorem 3.3 (Type preservation).
If M — Nand-+ M : A, then- = N : A.
fFQs=F@sand -+ F + A, then- - F + A.

Proof. For the first clause, we le¥/ = x[M’] and proceed by induction on the structurexof For the
second clause, we léf = [M],,,, or E = ([E"],, and proceed by induction on the structure;ofe use
the result from the first clause. O

Lemma 3.4 (Canonical forms).If - =V : A, then:
DifA=A; — Ay, thenV = Az: A;. M.
(2)if A= A; x Ag, thenV = (V1, V5).

(3)if A= OA’, thenV = prob E.
(4) if A = real, thenV =r.

Proof. By case analysis ofl. O

Theorem 3.5 (Progress).

If -+ M : A, then eitherM is a value {.e., M = V), or there existsV such thatd +— N.

If -+ E + A, then eitherE is a samplei(e., E = V), or for any sampling sequengethere existF’ and
s'suchthatt @ s = FF Q s'.

Proof. For the first clause, we show by induction on the structur&/ofFor the second clause, we show by
induction on the structure df’; we use the result from the first clause. O

Thesyntacticdistinction between terms and expressionadris optional in the sense that the grammar
does not need to distinguish expressions as a separate non-terminal. On the other resrdattiedis-
tinction, both statically (in the form of two typing judgments) and dynamically (in the form of evaluation
and computation judgments) appears to be essential for a clean formulation of our probabilistic language.

Ao is a conservative extension of a conventional language because terms constitute a conventional lan-
guage of their own. In essence, term evaluations are always deterministic and we need only terms when
writing deterministic programs. As a separate syntactic category, expressions also provide a framework
for probabilistic computation that abstracts from the definition of terms. For instance, the addition of a
new term construct does not change the definition of expression computations. When programxaing in
therefore, the syntactic distinction between terms and expressions aids us in deciding which of deterministic
evaluations and probabilistic computations we should focus on. In the next section, we show how to encode
various probability distributions and further investigate properties-of

4 Examples

When encoding a probability distribution kv, we naturally concentrate on a method of generating samples,
rather than trying to calculate the probability assigned to each event. If the probability distribution itself is
defined in terms of a process of generating samples, we simply translate the definition. If, however, the
probability distribution is defined in terms of a probability measure or an equivalent, we may not always
derive a sampling function in a mechanical manner. Instead we have to exploit its unique properties to
devise a sampling function.

Below we show examples of encoding various probability distributionsynThese examples demon-
strate three properties ot: a unified representation scheme for probability distributions, rich expressive-
ness, and high versatility in encoding probability distributions. The sampling methods used in the examples
are all found in simulation theory [2].



We assume primitive typesat andbool, arithmetic and comparison operators, and a conditional term
construcif M then Nj else No. We also assume standdee-binding, recursivéet rec-binding, and pattern
matching when it is convenient for the examples. While we do not discuss here type inference or polymor-
phism, the implementation handles these in the manner familiar from ML. We use the following syntactic
sugar for expressions:

unprob M
eif M then Ej else Ey

sample x from M in x
unprob (if M then prob E else prob Ej)

unprob M chooses a sample from the probability distribution denotetiftand returns iteif M then F else E»
branches to eithel; or E>; depending on the result of evaluating.

Unified representation scheme

Ao provides a unified representation scheme for probability distributions. While its type system distin-
guishes between different probability domains, its operational semantics does not distinguish between dif-
ferent kinds of probability distributions, such as discrete, continuous, or neither. We show an example for
each case.

We encode a Bernoulli distribution over typeol with parametep as follows:

let bernoulli = Ap:real.
prob sample x from prob Sinx < p

bernoulli can be thought of as a binary choice construct. It is expressive enough to specify any discrete
distribution with finite support. In facthernoulli 0.5 suffices to specify all such probability distributions,
since it is capable of simulating a binary choice construct [5].

As an example of continuous distribution, we encode a uniform distribution over a real irfterdiaby
exploiting the definition of the sampling expression:

let uniform = Aa:real. Ab:real.
prob sample x from prob Sina + x * (b — a)

We also encode a combination of a point-mass distribution and a uniform distribution over the same domain,
which is neither a discrete distribution nor a continuous distribution:

let point_uniform = prob sample z from prob & in
if x < 0.5then 0.0 else x

Rich expressiveness

We now demonstrate the expressive powek@fvith a number of examples.
We encode a binomial distribution with parametendng by exploiting probability terms:

let binomial = Ap:real. Ang:int.
let bernoulli, = bernoulli p in
let rec binomial, = An:int.
if n =0 then prob 0
else prob sample = from binomial, (n — 1) in
sample b from bernoulliy in
if bthen 1+ x else
in
binomial, no



Herebinomial, takes an integet as input and returns a binomial distribution with paramepeaadn.

If a probability distribution is defined in terms of a recursive process of generating samples, we can
translate the definition into a recursive term. For instance, we encode a geometric distribution with parameter
p as follows:

let geometric_rec = Ap:real.
let bernoulli, = bernoulli p in
let rec geometric =
prob sample b from bernoulli, in
eif b then 0
else sample x from geometric in
14+
in
geometric
Note that a geometric distribution has infinite support.

We encode an exponential distribution by using the inverse of its cumulative distribution function as a

sampling function, which is known as timverse transform method

let exponential, ; = prob sample x from S in —log =

Therejection methogwhich generates a sample from a probability distribution by repeatedly generating
samples from other probability distributions until they satisfy a certain condition, can be implemented with
a recursive term. For instance, we encode a Gaussian distribution with /meal variancer? by the
rejection method with respect to exponential distributions:

let bernoulliy. s = bernoulli 0.5
let gaussian_rejection = Am :real. Ao :real.
let rec gaussian =
prob sample y; from exponential; o in
sample yo from ezponential; ; in
eif yo > (y1 — 1.0)2/2.0 then
sample b from bernoullio 5 in
if bthenm + o *xy1 elsem — o * y;
else unprob gaussian
in
gaussian

We encode the joint distribution between two independent probability distributions using a product term.
If Mp denotesP(z) and Mg denotes))(y), the following term denotes the joint distributidtrob(x, y) o<
P(2)Q(y):

prob sample x from Mp in
sample y from Mg in
(z,9)

For the joint distribution between two interdependent probability distributions, we use a conditional
probability, which we represent as a lambda abstraction taking a regular value and returning a probability
distribution. If Mp denotesP(x) and M denotes a conditional probability(y|x), the following term
denotes the joint distributioRrob(x, y) o< P(z)Q(y|z):

prob sample z from Mp in
sample y from Mg x in

(z,9)



We compute the integratioRrob(y) = [ Q(y|z)P(x)dz in a similar way:

prob sample x from Mp in
sample y from Mq|p z in
Y

Due to lack of semantic constraints on sampling functions, we can specify probability distributions over
unusual domains such as infinite data structuees, (trees), function spaces, cyclic spacegy( angular
values), and even probability distributions themselves. For instance, we add two probability distributions
over angular values in a straightforward way:

let add_angle = Aay :Oreal. Aag : Oreal.
prob sample s1 from aq in
sample so from as in
(s1 + s2) mod (2.0 )

With the modulo operatiomod, we take into account the fact that an angis identified withd + 2.
As a simple application, we implement a belief network [26]:

John calls.

We assume thal, g, |vurgiary d€NOtes the probability distribution that the alarm goes off when a burglary
happens; other variables of the for). are interpreted in a similar way.

let alarm = X(burglary, earthquake) :bool x bool.
if burglary then Palarm|burglary
else if earthquake then Palarm|ﬂburglary/\earthquake
else Palarm\—\burglary/\—\earthquake

let john_calls = Aalarm :bool.
if alarm then PJohn,calls\alarm
else PJohn,calls|—|alarm

let mary_calls = Aalarm :bool.
if alarm then PMary,calls|alarm

else PMary,callshalarm

The conditional probabilitieglarm, john_calls, and mary_calls do not answer any query on the be-
lief network; they only describe its structure. In order to answer a specific query, we have to imple-
ment a corresponding probability distribution. For instance, in order to answer “what is the probability
P Mary_calls| John_catis that Mary calls when John calls?”, we u&8/ary_caiis| John_catis DEIOW, Which essen-



tially implements logic sampling [8]:

let rec QMary,callonhn,calls =
prob sample b from Pyyrgiary in

sample e from Pegrinquake in
sample a from alarm (b, e) in
sample j from john_calls a in
sample m from mary_calls a in
eif j then m else unprob QMary,calls\John,calls
in
Q burglary|John _calls

Pyyrg1ary denotes the probability distribution that a burglary happens Fang, ... denotes the probability
distribution that an earthquake happens. Then the me@nQf, _caiis|John_catts IVESP Mary_calis| John_calls-
We will see how to calculateyyry_cais|John_calis IN SECtION 6.

We can also implement most of the common operations on probability distributions. An exception is
the Bayes operatiofi(the second update equation of the Bayes filter use®if)() results in a probability
distribution R such thatR(z) = nP(x)Q(x) wheren is a normalization constant ensurifigR(z)dx =
1.0; if P(z)Q(x) is zero for everyr, then P ¢ @ is undefined. Since it is difficult to achieve a general
implementation ofP # @), we usually make an additional assumption/@mand( to achieve a specialized
implementation. For instance, if we have a functjpand a constant such thatp(z) = kP(x) < cfor a
certain constant, we can implemen® f () by the rejection method:

let bayes_rejection = Ap: A — real. Ac:real. A\Q : OA.
let rec bayes =
prob sample x from @ in
sample u from prob S in
eif u < (p x)/c then x else unprob bayes
in
bayes
We will see another implementation in Section 6.

High versatility

Ao allows high versatility in encoding probability distributions: given a probability distribution, we can
exploit its unique properties and encode it in many different ways. For instamgenpential, , uses a
logarithm function to encode an exponential distribution, but there is also an ingenious method (due to von
Neumann) that requires only addition and subtraction operations:

let exponential_von_Neumann, y =
let rec search = Ak :real. Au:real. Auq :real.
prob sample u’ from prob S in
eif u < v then k + uq
else sample u from prob § in
eif u < u/ then unprob (search k u uy)
else sample u from prob S in
unprob (search (k + 1.0) u u)
in
prob sample u from prob S in
unprob (search 0.0 u u)

10



The recursive term igaussian_rejection consumes at least three random numbers. We can encode a
Gaussian distribution with only two random numbers:

let gaussian_Box_Muller = Am:real. Ao :real.
prob sample u from prob S in
sample v from prob S in

m + o *x /—2.0 * log u * cos (2.0 x 7 * v)

We can also approximate a Gaussian distribution by exploiting the central limit theorem:

let gaussian_central = Am :real. Ao :real.
prob sample z1 from prob S in
sample xo from prob S in

sample x12 from prob S in
m+ox*(r1 + 22+ -+ 212 — 6.0)

The three examples above serve as evidence of high versatility:ahe more we know about a proba-
bility distribution, the better we can encode it

All the examples in this section just rely on our intuition on sampling functions and do not actually prove
the correctness of encodings. For instance, we still do not knderifoull; indeed encodes a Bernoulli
distribution, or equivalently, if the expression in it generdag with probabilityp. In the next section, we
investigate how to formally prove the correctness of encodings.

5 Proving the Correctness of Encodings

When programming in\o, we often askWhat probability distribution characterizes outcomes of comput-
ing a given expression?The operational semantics af does not directly answer this question because
an expression computation returns only a single sample from a certain, yet unknown, probability distribu-
tion. Therefore we need a different methodology for interpreting expressions directly in terms of probability
distributions.

We take a simple approach that appeals to our intuition on the meaning of expressions. We write
Prob if outcomes of computingz are distributed according t&rob. To determineProb from E, we
supply an infinite sequence of independeartdom variablesrom U (0.0, 1.0] and analyze the result of
computingF in terms of these random variables.Hf~ Prob, thenE denotes a probabilistic computation
of generating samples frofrob and we regard’rob as the denotation gfrob E.

We illustrate the above approach with a few examples. In each exafplmeans the-th random
variable andR;° means the infinite sequence of random variables beginning Rpthe., R;R;+1---). A
random variable is regarded as a value because it represents real nun{bgrslio.

As a trivial example, considgirob S. The computation of proceeds as follows:

S@R®= R, QR

Since the outcome is a random variable froif0.0, 1.0], we haveS ~ U(0.0, 1.0].
As an example of discrete distribution, considernoulli p. The expression in it computes as follows:

sample z fromprobSinz <p Q@ R{°

= sample z from prob R; inx <p @ RS°

= Ri<p Q@ Rs°
= True QRS® i Ry <p;
False @ RS° otherwise.
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SinceR; is a random variable frorty (0.0, 1.0], the probability ofR; < p is p. Thus the outcome i$rue
with probability p andFalse with probability 1.0 — p, andbernoulli p denotes a Bernoulli distribution with
parametep.
As an example of continuous distribution, consideriform a b. The expression in it computes as
follows:
sample x fromprob Sina+x % (b —a) @Q R{®
=* a+Ri*(b—a) Q@ RS°

Since we have
ap—a by —a

Ry * (b— bo] iff R
a+ Rix(b—a) € (ao,bo] iff Bie€(5—— 73—
the probability that the outcome lies (no, b is
bo —a apg — a bo — ap
— = 0.8 bo — ap

b—a b—a b—a

where we assumgg, by] C (a, b]. Thusuniform a b denotes a uniform distribution ovét, b].
The following proposition shows thatnomial p n denotes a binomial distribution with parametgrs
andn, which we write asBinomial,, ,,:

Proposition 5.1. If binomial, n —* prob E, ,, thenE, , ~ Binomial,, .

Proof. By induction onn.

Base case = 0. We haveF, ,, = 0. SinceBinomial, , is a point-mass distribution centered @nve
haveFE,,, ~ Binomialp .

Inductive case: > 0. The computation of’, ,, proceeds as follows:

sample z from binomial, (n — 1) in

sample b from bernoulliy, in

if bthen 1+ zelsex Q@ R{°
=* sample x from prob x, ,_1 in

sample b from bernoulliy in

if bthen 1+ zelse Q@ Ry*
=* sample b from prob b, in
if bthen 1+ ) ,—1 else xp 1 Q@ R?,
=" l+4+mzpn1 QRY, if by = True;
Tpn—1 @ R?, otherwise.

By induction hypothesishinomial, (n — 1) generates a samplg, ,,_; from Binomial,, ,,—, after consum-
ing Ry --- R;—1 for some: (which is actuallyr). SinceR; is an independent random variabbernoulli,
generates a sampbg that is independent af,, ,,_;. Then we obtain an outconewith the probability of
b, = Trueandz,,1 =k —1o0r
b, = False andz, ,—1 =k,
which is equal to
p * Binomialy p,—1(k — 1) + (1.0 — p) * Binomialy ,—1(k) = Binomialy, (k).
Thus we havey, ,, ~ Binomialy,,. O
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As a final example, we show thatometric_rec p denotes a geometric distribution with parameter
Supposgieometric —* prob E andE ~ Prob. The computation oF proceeds as follows:

E Q R{®
=" sample b from prob b, in
eif b then 0
else sample x from geometric in Q RS°
142
=* 0 @ R3° if by = True;

sample z from prob E'in1+x @ R3° otherwise.

The first case happens with probabilitand we get’rob(0) = p. In the second case, we compute the same
expressiornt’ with sampling sequencks®. Since all random variables are independé&ist, can be thought
of as a fresh sequence of random variables. Therefore the computattomwith sampling sequencBs®
returns samples from the same probability distributionb and we getProb(1+ k) = (1.0 — p) * Prob(k).
Solving the two equations, we g&tob(k) = p * (1.0 — p)*~1, which is the probability mass function for a
geometric distribution with parametgr

The above approach can be thought of as an adaption of the method established in simulation theory [2].
An alternative approach would be to develop a denotational semantics. For instance, if we ignore fixed
point constructs, it is straightforward to translate expressions into probability measures because probability
measures form a monad [6, 25] and expressions already follow a monadic 8ymtaractice, however,
the translation does not immediately reveal the probability measure corresponding to a given expression
and we have to go through essentially the same analysis as in the above approach. Ultimately we have to
invert a sampling function represented by a given expression (because an event is assigned a probability
proportional to the size of its inverse image under the sampling function), but this is difficult to do in a
mechanical way in the presence of various operators. Therefore it seems to be reasonable to analyze each
expression individually as demonstrated in this section.

6 Approximate Computation in Ao

We have explored both how to encode probability distributionsdrand how to interpredo in terms of
probability distributions. In this section, we discuss another important aspect of probabilistic languages:
reasoning about probability distributions.

The expressive power of a probabilistic language is an important factor affecting its practicality. Another
important factor is its support for reasoning about probability distributions to determine their properties. In
other words, it is important not only to be able to encode various probability distributions but also to be able
to determine their properties such as means, variances, and probabilities of specific events. Unfortunately
Ao does not support precise reasoning about probability distributions. That is, it does not permit a precise
implementation of queries on probability distributions. Intuitively we must be able to calculate probabilities
of specific events, but this is essentially inverting sampling functions.

Given that we cannot hope for precise reasonindnwe choose to support approximate reasoning by
the Monte Carlo method [13]. It approximately answers a query on a probability distribution by generating a
large number of samples and then analyzing them. For instance, in the belief network example in Section 4,
we can approxXimat®sary_caiis| John_caits OY 9€NETating a large number of samples and counting the number

2In the presence of fixed point constructs, expressions should be translated into a domain-theoretic structure because of recursive
equations. While the work by Jones [10] suggests that such a structure could be constructed from a domain-theoretic model of real
numbers, we have not investigated in this direction.
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of True’s. Although the Monte Carlo method gives only an approximate answer, its accuracy improves with
the number of samples. Moreover it can be applied to all kinds of probability distributions and is therefore
particularly suitable fol\o.

In this section, we apply the Monte Carlo method to an implementation of the expectation query. We
also show how to exploit the Monte Carlo method in implementing the Bayes operation. Then we briefly
describe our implementation of-.

6.1 Expectation query

Among common queries on probability distributions, the most important is the expectation query. The
expectation of a functiorf with respect to a probability distributioR is the mean off over P, which we

write as [ fdP. Other queries may be derived as special cases of the expectation query. For instance, the
mean of a probability distribution over real numbers is the expectation of an identity function.

The Monte Carlo method states that we can approxinfigté? with a set of samplesy, - - -, V;, from
P:
n—oo n

We introduce a term construetpectation which exploits the above equation:
term M = ... |expectation My Mp

Mf'—>*f Mpr—>*probEp
PEMy:A—real TEMp:OA EpQs;=*Vi@Qs; fVi= v 1<i<n
Xp Eivi

n

Expr

I' - expectation My Mp : real expectation My Mp +—R

The ruleExpr says that if\/; evaluates to a lambda abstraction denofirmnd M p evaluates to a probability
term denotingP, thenexpectation M; Mp reduces to an approximation ¢ffdP. A runtime variablen
specifies the number of samples to be generated fforfihe runtime system initializes sampling sequence
s; to generate samplig.

A problem with the above definition is that althougkpectation is a term construct, its reduction is
probabilistic because of sampling sequengén the rule Expg. This violates the principle that a term
evaluation is always deterministic, and now the same term may evaluate to different values if it contains
expectation. In practice, however, this is acceptable becausés intended to be embedded in Objective
CAML in which side-effects are already allowed for terms. Besides, mathematically the expectation of a
function with respect to a probability distribution is always unique (if it exists).

Now we can calculat vary_catis| John _calis @S-

expectation (Az:bool.if x then 1.0 else 0.0) Q arary_calis| John_calls

6.2 Bayes operation

The previous implementation of the Bayes operafion() assumes that we have a functipand a constant
¢ such thatp(z) = kP(z) < c for a certain constari. It is, however, often difficult to find the optimal
value ofc (i.e., the maximum value of(z)) and we have to take a conservative estimate dfhe Monte
Carlo method, in conjunction with importance sampling [13], allows us to dispense iWthpproximating

3We defineexpectation as a term construct only for pragmatic reasons. For instance, examples in Section 7 become much more
complicated ifexpectation is defined as an expression construct.
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Q@ with a set of samples and # Q with a set of weighted samples. We introduce a term consityet for
the Bayes operation and an expression consimusbrtance for importance sampling:

term M == ... |bayes M, Mg
expression FE = ... |importance {(V;,w;)|1 <i <n}

In the spirit of data abstractiommportance represents only an internal data structure and is not directly
available to the programmer.

'-M,:A—real T'FMg:0A 'FV;:A Thrw;:real 1<i<n

B . - Im
I' - bayes M, Mg : OA ayes 'k importance {(V;,w;)|]1 <i<n} + A P
M, —*p Mg —" prob Eg
EgQs,=*V,Qs, pVim*w, 1<i<n 5
bayes M,, Mg +—r prob importance {(V;, w;)|1 <1i < n} WER
k—1_ k )
721'251 Der< Li? L where S =1, w; -
importance {(V;,w;)|1 <i<n} Qrs=rV; Qs PR
The ruleBayesg approximates) with n samplesii, - - -, V,,, wheren is a runtime variable as in the rule

Expr. Then it applie® to each sampl&; to calculates its weight; and creates a s¢tV;, w;)|1 < i < n}
of weighted samples as an argumenintportance. The rulelmpg implements importance sampling: we
use a random numberto probabilistically select a samplg by taking into account the weights associated
with all the samples.

As with expectation, we decide to defineayes as a term construct despite the fact that its reduction
is probabilistic. The decision also conforms to our intuition that mathematically the result of the Bayes
operation between two probability distributions is always unique.

6.3 Implementation of Ao

We have implementedo by extending the syntax of Objective CAML. The runtime system uses a global
random number generator for all sampling sequences. Hence it generates fresh random numbers whenever
it needs to compute sampling expressions, without explicitly initializing sampling sequences. The runtime
system also allows the programmer to change the runtime varialiéhe rulesExpgr and Bayesg, both

of which invoke expression computations during term evaluations. Thus the programmer can control the
accuracy in approximating probability distributions.

7 Applications

In this section, we present three applications\efin robotics: robot localization, people tracking, and
robotic mapping. The goal is to estimate the state of a robot from sensor readings, where the definition of
state differs in each case. In order to cope with uncertainty in sensor readings (due to limitations of sensors
and noises from the environment), we estimate the state with a probability distribution. We use a Bayes filter
as a framework for updating the probability distribution.

There are two kinds of sensor readings: action and measurement. As in a Bayes filter, an action induces a
state change whereas a measurement gives information on the state. An action is represented as an odometry
reading which returns the posee(, position and orientation) of the robot relative to its initial pose. A
measurement includes range readings which return distances to objects at certain angles (see Figure 6 in
Appendix).
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We first consider robot localization, since it directly implements update equations (1) and (2) in Sec-
tion 2.

7.1 Robot localization

Robot localization [28] is the problem of estimating the pose of a robot when a map of the environment is
available. If the initial pose is given, the problem becormpese trackingwhich keeps track of the robot
pose by compensating errors in sensor readings. If the initial pose is not given, the problem lgobales
localizationwhich begins with multiple hypotheses on the robot pose (and is therefore more difficult than
pose tracking).

We consider robot localization under the assumption that the environment is static. This assumption
allows us to use a Bayes filter over the robot pose. Specifically the state in the Bayes filter is the robot pose
s = (x,y,0), and we estimate with a probability distributionBel(s) over three-dimensional real space.

We computeBel(s) according to update equations (1) and (2) with the following interpretation:

e A(sla,s’) is the probability that the robot moves to posefter taking actior in another pose’. A
is called amaction model

e P(m|s) is the probability that measurementis taken at pose. P is called aperception model

Given an actioru and a pose’, we can generate a new posérom A(-|a, s’) by adding a noise te
and applying it tos’. Given a measurement and a pose, we can also computeP (m|s) wherek is an
unknown constant: the map determines a unique measuremeéat the poses, and the difference between
m andmg is proportional toP(m|s). Then, if M 4 denotes conditional probabilitd and Mp» m returns a
function f(s) = kP (m|s), we can implement update equations (1) and (2) as follows:

let Belyew = prob sample s’ from Bel in
sample s from M4 (a, ') in (1)
S

let Belyew = bayes (Mp m) Bel }(2)

Now we can implement pose tracking or global localization by specifying an initial probability distri-
bution of robot pose. In the case of pose tracking, it is usually a point-mass distribution or a Gaussian
distribution; in the case of global localization, it is usually a uniform distribution over the open space in the
map.

7.2 People tracking

People tracking [20] is an extension of robot localization in that it estimates not only the robot pose but
also the positions of people (or unmapped objects). As in robot localization, the robot can take an action
to change its pose. Unlike in robot localization, however, the robot must categorize sensor readings in a
measurement by deciding whether they are caused by objects in the map or by people. Those sensor readings
that correspond with objects in the map are used to update the robot pose; the rest of sensor readings are
used to update the positions of people.

A simple approach is to maintain a probability distributiBal(s, @) of robot poses and positions; of
people. While it works well for pose tracking, this approach is not a general solution for global localization.
The reason is that sensor readings from people are correctly interpreted only with a correct hypothesis on the
robot pose, but during global localization, there may be multiple incorrect hypotheses that lead to incorrect
interpretation of those sensor readings. This means that during global localization, there exists a dependence
between the robot pose and the positions of people, which is not captuieel py ).
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3) Bel(s, Py(@)) «— [ A(s, Ps(@i)la,m, s, Py (u")) Bel(s', P (u))d(s', Pu ()
(4) Bel(s, Ps(4)) «—  nP(ml|s, Py()) Bel(s, Ps(t))
(5) A(s, Ps(@t)|a,m, s, (_7)) = Prob(sla,m,s’, Py(u )) Prob(Ps(@)|a,m, s, Py (u ’),s)
= Arobot(s|a,m, s', Py (u )) Prob(Ps( )|a7m75,Ps'(?7)75)
(6) Py(@) <« [Prob(ila, u, s , 8Py (u )du
= [Apeople(tla, s, sV Py (u ’)du’
(7) Py(@t) <« n'Prob(mli,s,s")Ps(1)

= 1 Pocople(m]i, s) Ps (i)

Figure 3: Equations used in people tracking. (3) and (4) for the Bayes filter compiiitis, Ps(w)). (5) for
decomposing the action model. (6) and (7) for the inner Bayes filter comphfifg) .

let Belpew = prob sample (s', Py (u/)) from Bel in
sample s from M, . (a,m, s, Py(u)) in

-

let Ps() = prob sample u/ from Py (u') in

sample @ from M (a,u,s,s") in (6) 3
- peop (5) (3)
in
let Py(t) = bayes (Mp,,,. m s) Ps(i) in (1)

let Belpew = bayes A(s, Ps(1)): _. (expectation (Mp . m s) Ps(i)) Bel 1 (4)

people

Figure 4: Implementation of people tracking xv. Numbers on the right-hand side show corresponding equations in
Figure 3.

Hence we maintain a probability distributid®el(s, Ps(@)) of robot poses andprobability distribution
Ps(w@) of positionsu of people conditioned on robot pose P,(u) captures the dependence between the
robot pose and the positions of peoplel(s, Ps(i)) can be thought of as a probability distribution over
probability distributions.

As in robot localization, we updatBel(s, Ps(%)) with a Bayes filter. The difference from robot local-
ization is that the state is a pair #fand P;(«) and that the action model takes as input both an actiand
a measurement.. We use update equations (3) and (4) in Figure 3 (which are obtained by repiaayng
s, Ps(@) anda by a, m in update equatlons (1) and (2)).

The action modeM (s, P,(i)|a, m, s', Py (u’)) requires us to generateP; (&) from s, P, (u/) utilizing
actiona and measurement. \We generate first and nextPs («/) according to equation (5) in Figure 3. We
write the firstProb in equation (5) as4robot( la, m, s’ Py (u )) The second’rob in equation (5) indicates
that we have to generat®, (i) from Py (u/) utlllzmg actiona and measurement, which is exactly a
situation where we can use another Bayes filter. For this inner Bayes filter, we use update equations (6) and
(7) in Figure 3. We writeProb in equation (6) as4peop|e(ﬁ\a,u7, s,8"); we simplify Prob in equation (7)
into Prob(m|, s) becausen does not depend osi givens, and write it asPpeopie (M|, 5).

Figure 4 shows the implementation of people trackingdn M4, and M4, denote conditional
probabilitiesAopor aNdApeople, respectively.Mp m s returns a functiory (i) = xkPpeople(m|U, 5) for

people
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let Belew =
prob sample (s, Py (u')) from Bel in

sample s from B } (8) (3)
bayes \s: _. (expectation (Mp, .., m s) Py(u')) (Ma,,. (a,s"))in (5)
let Ps(u) = bayes (Mp,, ... m S) Ps(1) in +(7)
(s, Py(@))
let Belyey, = bayes A(s, Ps(1)): _. (expectation (Mp,, .. m s) Ps(10)) Bel } 4)

Figure 5: Implementation of robotic mapping k. Compared with the implementation in Figure 4, it omits equation
(6) and uses equation (8).

a constank. In implementing update equation (4), we exploit the fact #h@h|s, P,()) is the expectation
of a functiong (@) = Ppeople (|1, 5) With respect taPs (i):

P(m|57 Ps(ﬁ)) = fppeople(m‘ﬂv S)Ps(ﬁ)da

We can further simplify the models used in the update equations. For example, we cap.yge|a, ')
instead ofAopot(s|la, m, s’, Py (u)) as in robot localization. In our implementation, we u$gqpie (i]u’)
on the assumption that the positions of people are not affected by the robot pose.

7.3 Robotic mapping

Robotic mapping [30] is the problem of building a map (or a spatial model) of the environment from sensor
readings. Since measurements are a sequence of inaccurate local snapshots of the environment, a robot
must simultaneously localize itself as it explores the environment so that it can correct and align the local
snapshots to construct a global map. For this reason, robotic mapping is also referred to as simultaneous
localization and mapping (or SLAM). It is one of the most difficult problems in robotics, and is under active
research.

We assume that the environment consists of an unknown number of stationary landmarks. Then the goal
is to estimate the positions of landmarks as well as the robot pose. The key observation is that we can think
of landmarks as people who never move in an empty environment. It means that the problem is a special
case of people tracking and we can use all the equations in Figure 3. Below we use syhsgtipinstead
of people fOr the sake of clarity.

As in people tracking, we maintain a probability distributiBal(s, Ps(%)) of robot poses and prob-
ability distribution Ps (%) of positionsu of landmarks conditioned on robot pose Since landmarks are
stationary and4,andmark (i|a, ws, s') is non-zero if and only iti = W', we can skip update equation (6) in
implementing update equation (3,00t IN €quation (5) can us@.andmark(mh}, s) to test the likelihood
of each new robot posewith respect to old positiom%’ of landmarks, as in FastSLAM 2.0 [19]:

(8) Arobot(3|aa m, 5/7 Py (d;))
= [Prob(s|a,m, s',u") Py (W) du!
/Prob(s|a,1;’)Prob(m, s’|s,a,1?’)

Prob(m, s'|a, )

Py (u)du!

Prob(s|a, u/)

Prob(m, s'|a, )

= [ Prob(m,s'|s,a,u')Py(u/)du! where 7" =
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= [n"Prob(s'|s, a,u’,m)Prob(ml|s, a,u) Py (u)du/
1" Prob(s'|s, a) Prob(mls, u') Py (W) du!
= n//Arobot(3’a7 Sl)fplandmark(m’d}v S)Ps’ (d;)dd;

Givena ands’, we implement the above equation with a Bayes operatiad gg,:(-|a, s').
Figure 5 shows the implementation of robotic mappingdn M4, , andMp,_ . are interpreted in
the same way as in people tracking. Since landmarks are stationary, we no longéf need, .

7.4 Experimental results

We have implemented the above three systems-inTo test the robot localizer and the people tracker, we

use a mobile robot Nomad XR4000 in Wean Hall at Carnegie Mellon University. We use CARMEN [18]
for controlling the robot and collecting sensor readings. To test the mapper, we use the a data set collected
with an outdoor vehicle in Victoria Park, Sydney [1]. All the systems run on Pentium 11l 500Mhz with 384
MBytes memory.

We test the robot localizer for global localization with 8 runs in Wean Hall (each run takes a different
path). For an initial probability distribution of robot pose, we use a uniform distribution over the open space
in the map. In a test experiment, it succeeds to localize the robot on 5 runs and fails on 3 runs (see Figures 7
and 8 in Appendix for a successful run). As a comparison, the CARMEN robot localizer, which uses particle
filters, succeeds on 3 runs and fails on 5 runs.

The people tracker uses the implementation in Figure 4 during global localization, but once it succeeds
to localize the robot and starts pose tracking, it maintains an independent probability distribution for each
person in sight (because there is no longer a dependence between the robot pose and the positions of people).
Figures 9 and 10 in Appendix show some results from the people tracker.

We test the mapper with a data set in which the vehicle moves approximately 323.42 meters (according
to the odometry readings) in 128.8 seconds. Since the vehicle is driving over uneven terrain, raw odometry
readings are noisy and do not reflect the true path of the vehicle, in particular when the vehicle follows a
loop (see Figure 11). The mapper successfully closes the loop, building a map of the landmarks around the
path (see Figure 12). The experiment takes 145.89 seconds.

Our finding is that the benefit of implementing probabilistic computationsdnsuch as readability
and conciseness of code, outweighs its disadvantage in speed. As a comparison (although not particularly
meaningful), our robot localizer is 1349 lines long (868 lines of Objective CAML code and 481 lines of
C code), and the CARMEN robot localizer, written in C, is 3397 lines long. The speed loss is also not
significant. For example, while the CARMEN robot localizer processes 100.0 sensor readings, our robot
localizer processes on average 54.6 sensor readings (and nevertheless shows comparable accuracy).

8 Related Work

There are a number of probabilistic languages that focus on discrete distributions. Such a language usu-
ally provides a probabilistic construct that is equivalent to a binary choice construct. Saheb-Djahromi [27]
presents a probabilistic language with a binary choice constpyct> eq, po — e2) wherep; + p2 = 1.0.

Koller, McAllester, and Pfeffer [11] present a first order functional language with a coin toss construct
flip(p). Pfeffer [22] generalizes the coin toss construct to a multiple choice condisult; : e, - - -, py, : €4)
where) . p; = 1.0. Gupta, Jagadeesan, and Panangaden [7] present a stochastic concurrent constraint lan-
guage with a probabilistic choice construtioose x from Dom in e where Dom is a finite set of real
numbers. All these constructs, although in different forms, are equivalent to a binary choice construct and
have the same expressive power.
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An easy way to compute a binary choice construct (or an equivalent) is to generate a sample from the
probability distribution it denotes, as in the above probabilistic languages. Another way is to return an
accurate representation of the probability distribution itself, by enumerating all elements in its support along
with their probabilities. Pless and Luger [24] present an extended lambda calculus which uses a probabilistic
construct of the formd_, e; : p; where) ", p; = 1.0. An expression denoting a probability distribution
computes to a normal forfy_, v; : p;, which is an accurate representation of the probability distribution.
Jones [10] presents a metalanguage with a binary choice constrgtes. Its operational semantics uses a
judgmente = > p;v;. Mogensen [15] presents a language for specifying die-rolls. Its denotation semantics
(calledprobability semanticsis formulated in a similar style, directly in terms of probability measures.

Jones and Mogensen also provide an equivalent of a fixed point construct which enables programmers
to specify discrete distributions with infinite suppaetd, geometric distribution). Such a probability distri-
bution is, however, difficult to represent accurately because of an infinite number of elements in its support.
For this reason, Jones assume®; < 1.0 in the judgment = > p;,v; and Mogensen usgxrtial prob-
ability distributionsin which the sum of probabilities may be less tHaf. The intuition is that we allow
only a finite recursion depth so that we can omit some elements in the enumeration.

There are a few probabilistic languages supporting continuous distributions. Kozen [12] investigates the
semantics of probabilisti@hile programs. A random assignment=random assigns a random number to
variablex. Since it does not assume a specific probability distribution for the random number generator, the
language serves only as a framework for probabilistic languages. The third author [29] extends C++ with
probabilistic data types which are created from a templedb <type>. Although the language supports
common continuous distributions, its semantics is not formally defined. The first author [21] presents a
probabilistic calculus whose mathematical basis is sampling functions. In order to encode sampling func-
tions directly, the calculus usessampling construct.e where~ is a formal argument anel denotes the
body of a sampling function. As ino, the computation ofy,e proceeds by generating a random number
from U (0.0, 1.0] and substituting it fory in e.

The idea of using a monadic syntax i was inspired by Ramsey and Pfeffer [25]. They present a
stochastic lambda calculus (with a binary choice constrhebse p e; e3) whose denotational semantics
is based upon the monad of probability measures, or the probability monad [6]. In implementing a query
for generating samples from probability distributions, they note that the probability monad can also be
interpreted in terms of sampling functions, both denotationally and operationally. In designing take
the opposite approach: first we use a monadic syntax for probabilistic computations and relate it directly to
sampling functions; then we interpret it in terms of probability distributions.

9 Conclusion and Future Work

We have presented a probabilistic languagewhose mathematical basis is sampling functioks. sup-
ports all kinds of probability distributions without drawing a syntactic or semantic distinction. We have
demonstrated the practicality af with three applications in robotics. To the best of our knowledge,
is the only probabilistic language with a formal semantics that has been applied to real problems involving
continuous distributions. There are a few other probabilistic languages that are capable of simulating con-
tinuous distributions (by combining an infinite number of discrete distributions), but they require a special
treatment such as the lazy evaluation strategy in [11, 22] and the limiting process in [7].

Ao does not support precise reasoning about probability distributions. Note, however, that this is not
an inherent weakness af, due to its use of sampling functions as the mathematical basis; rather this is a
necessary feature df, because precise reasoning about probability distributions is impossible in general.
In other words, ifAo supported precise reasoning, it could support only a small number of probability
distributions and operations on them.
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The utility of a probabilistic language depends on each problem to which it is applieds a good
choice for those problems in which all kinds of probability distributions are used or precise reasoning is
unnecessary. Robotics is a good example, since all kinds of probability distributions are used (even those
probability distributions similar tpoint_uniform in Section 4 are used in modeling laser range finders) and
also precise reasoning is unnecessary (sensor readings are inaccurate at any rate). On the othgnhgnd,
not be the best choice for those problems involving only discrete distributions, since its rich expressiveness
is not fully exploited and approximate reasoning may be too weak for discrete distributions.

We are investigating how to generate a large number of samples quickly, which is important for im-
proving accuracy of approximate reasoning\in. For instance, instead of computing a given expression
repeatedly (as in the current implementatior\g), we could run through it only once by performing mul-
tiple, either independent or correlated, computations simultaneously.

References

[1] http:/imvww.acfr.usyd.edu.au/homepages/academic/enebot/dataset.htm
Australian Centre for Field Robotics, The University of Sydney.

[2] P. Bratley, B. Fox, and L. Schragé. guide to simulationSpringer Verlag, 2nd edition, 1996.

[3] A. Doucet, N. de Freitas, and N. Gordorgequential Monte Carlo Methods in Practic&pringer
Verlag, New York, 2001.

[4] D. Fox, W. Burgard, and S. Thrun. Markov localization for mobile robots in dynamic environments.
Journal of Artificial Intelligence Researcth1:391-427, 1999.

[5] J. Gill. Computational complexity of probabilistic Turing machineSLAM Journal on Computing
6(4):675-695, 1977.

[6] M. Giry. A categorical approach to probability theory. In B. Banaschewski, editategorical Aspects
of Topology and Analysjsolume 915 of_ecture Notes In Mathematicgsages 68—85. Springer Verlag,
1981.

[7] V. Gupta, R. Jagadeesan, and P. Panangaden. Stochastic processes as concurrent constraint programs.
In Proceedings of the 26th ACM SIGPLAN-SIGACT symposium on Principles of programming lan-
guagespages 189-202. ACM Press, 1999.

[8] M. Henrion. Propagation of uncertainty in Bayesian networks by probabilistic logic sampling. In
J. F. Lemmer and L. N. Kanal, editorg&lncertainty in Artificial Intelligence 2 pages 149-163.
Elsevier/North-Holland, 1988.

[9] A. H. Jazwinski.Stochastic Processes and Filtering Theoficademic Press, New York, 1970.

[10] C. Jones.Probabilistic Non-DeterministPhD thesis, Department of Computer Science, University
of Edinburgh, 1990.

[11] D. Koller, D. McAllester, and A. Pfeffer. Effective Bayesian inference for stochastic programs. In
Proceedings of the 14th National Conference on Artificial Intelligence and 9th Innovative Applications
of Artificial Intelligence Conference (AAAI-97/1AAI-9Pages 740-747. AAAI Press, 1997.

[12] D.Kozen. Semantics of probabilistic progrardsurnal of Computer and System Scien@2%3):328—
350, 1981.

21



[13] D. J. C. MacKay. Introduction to Monte Carlo methods. In M. I. Jordan, edigarning in Graphical
Models NATO Science Series, pages 175-204. Kluwer Academic Press, 1998.

[14] P. Martin-Lof. On the meanings of the logical constants and the justifications of the logical laws.
Nordic Journal of Philosophical Logjcl(1):11-60, 1996. Text of lectures originally given in 1983
and distributed in 1985.

[15] T. Mogensen. Roll: A language for specifying die-rolls. In V. Dahl and P. Wadler, edRai3l. 2003
volume 2562 oLNCS pages 145-159. Springer, 2002.

[16] E. Moggi. Computational lambda-calculus and monadsPrirceedings, Fourth Annual Symposium
on Logic in Computer Sciencpages 14-23. IEEE Computer Society Press, 1989.

[17] E. Moggi. Notions of computation and monadisformation and Computatiqrd3:55-92, 1991.

[18] M. Montemerlo, N. Roy, and S. Thrun. CARMEN: Carnegie mellon robot navigation toolkit.
http://www.cs.cmu.edu/~carmen/

[19] M. Montemerlo, S. Thrun, D. Koller, and B. Wegbreit. FastSLAM 2.0: An improved particle filtering
algorithm for simultaneous localization and mapping that provably converge®toteedings of the
seventeenth International Joint Conference on Atrtificial Intelligence (IJCAIH@8ygan Kaufmann
Publishers, Inc., 2003.

[20] M. Montemerlo, W. Whittaker, and S. Thrun. Conditional particle filters for simultaneous mobile
robot localization and people-tracking. IBEE International Conference on Robotics and Automation
(ICRA), Washington, DC, 2002. ICRA.

[21] S. Park. A calculus for probabilistic languages.Pimceedings of the 2003 ACM SIGPLAN interna-
tional workshop on Types in languages design and implementatiames 38—49. ACM Press, 2003.

[22] A. Pfeffer. IBAL: A probabilistic rational programming language. In B. Nebel, edRooceedings of
the seventeenth International Joint Conference on Artificial Intelligence (IJCAlg@bjes 733—-740.
Morgan Kaufmann Publishers, Inc., 2001.

[23] F. Pfenning and R. Davies. A judgmental reconstruction of modal Idgimthematical Structures in
Computer Sciencd 1(4):511-540, 2001.

[24] D. Pless and G. Luger. Toward general analysis of recursive probability models. In J. Breese and
D. Koller, editors,Proceedings of the Seventeenth Conference on Uncertainty in Artificial Intelligence
(UAI-01), pages 429-436. Morgan Kaufmann Publishers, 2001.

[25] N. Ramsey and A. Pfeffer. Stochastic lambda calculus and monads of probability distributions. In
Proceedings of the 29th ACM SIGPLAN-SIGACT symposium on Principles of programming languages
pages 154-165. ACM Press, 2002.

[26] S. Russell and P. NorvidArtificial Intelligence: A Modern ApproachPrentice Hall, 1995.

[27] N. Saheb-Djahromi. Probabilistic LCF. In J. Winkowski, edifroceedings of the 7th Symposium on
Mathematical Foundations of Computer Sciencdume 64 ofLNCS pages 442—-451. Springer, 1978.

[28] S. Thrun. Probabilistic algorithms in robotical Magazine 21(4):93-109, 2000.

22



[29] S. Thrun. Towards programming tools for robots that integrate probabilistic computation and learning.
In Proceedings of the IEEE International Conference on Robotics and Automation (|2,
2000.

[30] S. Thrun. Robotic mapping: A survey. In G. Lakemeyer and B. Nebel, edExqgpring Artificial
Intelligence in the New MilleniunMorgan Kaufmann, 2002.

[31] G.Welchand G. Bishop. Anintroduction to the kalman filter. Technical Report TR95-041, Department
of Computer Science, University of North Carolina - Chapel Hill, 1995.

Appendix

Figure 6: Range readings produced by laser range finders in a mobile robot Nomad XR4000. The robot is shown in
the center. An occluded region is colored in light blue.
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Rt b e

Figure 7: Probability distribution of robot pose after processing the first batch of range readings in Figure 6. Red
crosses represent samples generated from the probability distribution. The open space in the map is colored in white.

We use 500 samples. The robot starts right below character A, but there are relatively few samples around the true
position of the robot.
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Figure 8: Progress of a real-time robot localization run that continues with the probability distribution in Figure 7.
The first two pictures show that the robot localizer is still performing global localization. The last picture shows that
the robot localizer has started pose tracking.
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Figure 9: Progress of a real-time people tracking run that uses the same sequence of sensor readings as the previous
robot localization run. The first picture is taken after processing the first batch of range readings in Figure 6; red
crosses correspond to robot poses and green diagonal crosses correspond to positions of people. The second picture
shows that the people tracker is still performing global localization. The last picture shows that the people tracker has
started pose tracking; the position of each person in sight is indicated by a green dot.
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@ Robot Graph

Figure 10: Range readings when the third picture in Figure 9 is taken. The right picture shows a magnified view of the
area around the robot. A person may be occluded by another person, so green dots do not always reflect the movement
of people instantly.

o End

On S0 100m

Figure 11: Raw odometry readings in the robotic mapping experiment. Green crosses represent the true positions of
the vehicle measured by a GPS sensor. The GPS sensor readings are available only for part of the entire traverse. The
odometry readings do not follow the true path of the vehicle.
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Figure 12: Result of the robotic mapping experiment. The mapper successfully closes the loop. The circles represent
landmark positions (mean of their probability distributions).
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