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Abstract

In this papemwe shav how to do symbolicmodelcheckingusingBooleanExpressiorDiagramgBEDS),
anon-canonicatepresentatiofor Booleanformulas,insteadof Binary DecisionDiagramsBDDs), the
traditionally usedcanonicalrepresentation.The methodis basedon standardixed point algorithms,
combinedwith BDDs and SAT-solversto perform satisfiability checking. As a resultwe are ableto
modelchecksystemdor which standardBDD-basednethoddail. For example,we modelchecka 256
bit shift-and-addnultiplier andwe areableto find a previously undetectedbug in the specificatiorof a
16 bit multiplier. As opposedo Boundedviodel Checking(BMC) our methodis completein practice.

Ourtechniquds basedn a quantificationprocedurehatallows usto eliminatequantifieran Quantified
BooleanFormulas(QBF). Thebasicstepof this procedures the up-oneoperatiorfor BEDs. In addition
we list a numberof importantoptimizationsto reducethe numberof basicsteps.In particularthe opti-
mizationrule of quantificatiorby-substution turnedout to be very useful: 3x: gA (x < f) = g[f/X.
The rule is used(1) during fixed point iterations,(2) for decidingwhetheran initial setof statesis a
subsebf anothersetof statesandfinally (3) for iterative squaring.
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1 Intr oduction

Symbolicmodelcheckinghasbeenperformedusingfixed pointiterationsfor quite sometime [10]. The
key to the successs the canonicalBinary DecisionDiagram(BDD) [7] datastructurefor representing
Booleanfunctions. However, sucha representatioexplodesin sizefor certainfunctions. In this paper
we shav how to do symbolicmodelcheckingusingBooleanExpressiorDiagrams(BEDs) [2], a non-
canonicarepresentationf Booleanfunctions. The methodis theoreticallycompleteaswe only change
therepresentatioandnotthealgorithms.Droppingthe canonicityrequiremenhasbothadwantagesand
disadantagesNon-canonicatlatastructuresaremoresuccinctthancanonicalones— sometimesxpo-
nentiallymore.Determiningsatisfiabilityof Booleanfunctionsis easywith canonicablatastructuresbut
with non-canonicatlatastructurest is hard. We shav how to overcomethe disadwantagesandexploit
of theadwantagesn symbolicmodelchecking.

As a non-canonicakepresentationBEDs do not allow for constanttime satisfiability checking.
Insteadwe use two different methodsfor satisfiability checking: (1) SAT-solvers like GRASP [14]
and SATO [16], and (2) corversionof BEDs to BDDs. BDDs are canonicaland thus satisfiability
checkingis a constanttime operation. We perform symbolic model checkingthe classicalway with
fixed point iterations.Oneof the key elementf our methodis the quantification-ly-substittion rule:
Ix: gA (x< ) =g[f/X. Theruleis used(1) duringfixed pointiterations,(2) while decidingwhether
aninitial setof stateds a subsebf anothersetof statesandfinally (3) while doingiterative squaring.

While completen thesensehatit handlegull CTL modelcheckingour methodperformsbestif the
systemhasfew inputsandthetransitionrelationcanbe written asa conjunctionof next-statefunctions.
Thereasoris thatthis allows usto fully exploit the quantification-by-substutionrule.

Using our method,we canmodelchecka 256 bit shift-and-addmultiplier, which requires256iter-
ationsto reachthe fixed point. This shouldbe comparedvith the 23 bit multipliersthat standarcBDD
methodscanhandle.In fact, we areableto detecta previously unknavn bugin thespecificatiorof a 16
bit multiplier. It wasgenerallythoughtthatiterative squaringvasof nousein modelchecking.However,
we shaw thatiterative squaringenablesusto calculatethereachablesetof statesfor all 32 outputsof a
16 bit multiplier fasterthanwithoutiterative squaring.

Model checkingwasinventedby Clarke,EmersonandSistlain the 19805[12]. Their modelcheck-
ing methodrequiredan explicit enumeratiorof stateswhich limited the size of the systemshey could
handle.Burchetal. [10] shavedhow to do modelcheckingwithoutenumeratinghe states.They called
thissymbolicmodelchecking.Theideais to represensetsof statedy characteristifunctions. Thedata
structureof Binary DecisionDiagramgurnsoutto a very efficientrepresentatiofor characteristiéunc-
tions. Theadwantage®f BDDs arecompactnessf representatiorganonicity andeaseof manipulation.
Sincethe appearancef BDDs, mary otherrelateddatastructureshave beenproposed Bryantgivesan
overview in [8]. Onesuchdatastructureis the BooleanExpressiorDiagram. It is a generalizatiorof
BDDs. In this papermwe will studyBEDsfor usein symbolicmodelchecking.

Biere, Clarkeet al. have proposedBoundedModel Checking(BMC) as an alternatve methodto
BDD-basednodelchecking[3, 4, 5]. They unfoldthetransitionrelationandlook for repeatedlyyonger
andlongercountergamples,andthey useSAT-solversinsteadof BDDs. BMC is goodat finding errors
with shortcountergamples. The diameterof the systemdetermineshe numberof unfoldingsof the
transitionrelation.Unfortunatelyfor mary exampleghediameteicannotbecalculatecandtheestimates
aretoo rough.In suchcaseBMC reducego a partial verificationmethodin practice.Our methoddoes
not needthe computatiorof the diameteror approximationf it. Thusit turnsout to be completefor
muchmoreexamples.

Thework mostcloselyrelatedto oursis by Abdulla, BjesseandEén. They considersymbolicreach-
ability analysisusingSAT-solvers[1]. For representin@@ooleanfunctionsthey usetheReducedoolean
Circuit datastructurewhich closelyresemblesur BooleanExpressiorDiagrams.They performreacha-
bility analysisusingafixedpointiteration,andlike usthey makeuseof thequantification-by-sustitution
rule. They useStalmarcks patentednethod[15] to determinesatisfiabilityof Booleanfunctions.While
related,their methodand ours differ in a numberof ways: In essencethe basicstepin their and our
guantificationalgorithmcanbe computedy the up-oneBED-algorithm. Thereforewe think BEDs are



the mostnaturalrepresentatiom this context. We handlefull CTL while they concentraten reacha-
bility. In our methodthe quantification-by-substutionrule is extensively usedat threedifferentplaces
and not just during fixed point calculation. We have heuristicsfor choosingdifferent SAT-procedure
dependingon the expectedresultof the satisfiability check. CandidatesrevariousSAT solversor an
explicit BED to BDD conversion. We use SAT-solwersif the formulais expectedto be satisfiableand
eitherSAT-solversor anexplicit BED to BDD corversionif the formulais expectedto be unsatisfiable.
In theirwork Stalmarcks methodis theonly SAT proceduraised.BEDsarealwayslocally reducedand
we identify furtherimportantsimplificationrules. Finally we makeuseof iterative squaring.

This paperis organizedasfollows. In section2, we review the BED datastructure. In section3,
we shov how to do model checkingusing BEDs. In section4, we give three applicationsof the
quantification-ly-substittion rule. In section5, we dealwith thesizeof BEDSs. In section6, we present
theexperimentakesults.Finally in section7, we conclude.

2 BooleanExpressionDiagrams

A BooleanExpressiorDiagram[2] is adatastructurefor representinggndmanipulatingBooleanformu-
las. In this sectionwe review the datastructure.

Definition 2.1 (BooleanExpressionDiagram). A BooleanExpressionDiagram(BED) is adirecteda-
cyclic graphG = (V, E) with vertex setV andedgesetE. Thevertex setV containdour typesof vertices:
terminal,variable,operatorandquantifiervertices.

¢ A terminalvertex v hasasattributeavalueval(v) € {0, 1}.
¢ A variableverte v hasasattributesa Booleanvariablevar(v), andtwo sonslow(v), high(v) € V.

¢ An opemtor vert v hasas attributesa binary Booleanoperatorop(v), andtwo sonslow(v),
high(v) e V.

¢ A quantifiervertex v hasasattributesa quantifierquan{v) € {3,V}, a Booleanvariablevar(v),
andonesonlow(v) € V.

TheedgesetE is definedby

E = {(vlow(V)) |veV andv hasthelow attribute }
U {(vhigh(v)) | veV andv hasthehighattribute } .

Therelationbetweera BED andthe Booleanfunctionit representss straightforward Variablever
ticeshavethesemanticasverticesof BDDsandcorrespondo theif-then-elseoperatox — f1, fo defined
as(xA f1) v (=xA fg). Operatorverticescorrespondo their respectre Booleanconnectves. Quanti-
fier verticescorrespondo the quantificationof their associatediariable. This leadsto the following
correspondendeetweerBEDsandBooleanfunctions:

Definition 2.2. A vertex vin aBED denotesa Booleanfunction fV definedrecursvely as:
o If visaterminalverte, thenfY = val(v).
e If vis avariablevertex, then f¥ = var(v) — fignv) flowtv)
o If vis anoperatowvertex, thenfV = f'o%v) gp(v) fhightv)

o If vis aquantifiervertex, thenf¥ = quan{v) var(v) : oMY



Figurel: The BED for Vb:aV (aAb) < a All
edgesaredirecteddownwardsthe dashecedgede-
ing thelow ones.

The BED datastructureis a representatioform for formulasin QBF If we disallon quantifierver
tices,we geta representatiofiorm for propositionallogic. If we disallon both operatorandquantifier
verticeswe getaBDD. As anexampleFigurel shavsa BED for theformulayb: aV (aAb) < a.

Thereexist algorithmsfor transforminga BED into a BDD. Onesuchalgorithmis up-one It sifts
variablesoneatatimeto therootof theBED. Usingup-onerepeatedlyo sift all thevariablegransforms
the BED to a BDD. We refer the readerto [2, 13] for a more detaileddescriptionof up-oneand its
applications.

3 Model Checking

In thissectionwe review thestandaranodelcheckingalgorithm. Thesystento beverifiedis represented
asa Kripke structure. A Kripke structureM is atuple (S 1, T, ), with a finite setof statesS, a setof
initial stated C S, atransitionrelationT C Sx S andalabelingof thestates : S— P(A4) with atomic
propositionsA.

A reactve systemconsistof a setof statesanda setof inputs. The statesareencodedhsa Boolean
vectorof statevariabless;, ..., sy. TheinputsarealsoencodedisBooleanvariablessy;1, . .., Sn. These
togetherform the statevariablesof the Kripke structure sy, . . ., sy. Theatomicpropositionsorrespond
to the statevariables.Eachstateis assumedo be labeledwith the variabless thatarel for that state.
We useprimedvariablesasnext statevariablesunprimedvariablesascurrentstatevariablesandwe use
characteristi¢unctionsover the statevariableso represensets.Sincetheinputsarenon-deterministic,
they are not constrainedoy the transitionrelation. Thus, the transitionrelation doesnot containthe
primedversionsof theinput variables.

Therearetwo waysto specifya transitionrelationin an SMV program:(a) by useof the“TRANS”
statementand(b) by useof the“ASSIGN” statementIn (a) onespecifieghetransitionrelationdirectly
asa Booleanexpression.In (b) onespecifiemext-statefunctionsfor statevariables.Both methodscan
be usedat the sametime. We capturethis asfollows:

T(s,d):t(s,é")A/\ﬁ@fi(s) (1)

wheres and$ form a partitioningof s, . .., s Here,t(s,S) comesfrom the “TRANS” statementsind
we call it therelationalpart,while A; § < fi(s) comesfrom the"ASSIGN” statementandwe call it the
functionalpart. (If aprimedvariableis restrictecoy both“TRANS” and“ASSIGN” statementsye place
it in therelationalpartof T.) Our verificationmethodperformsbestif thetransitionrelationis mainlyin
functionalform.

We useCTL formulasto capturethe propertieswe wantto verify. A CTL formula characterizes
a setof states,namelythe setof statessatisfyingthe formula. This setcanbe computedby a fixed
point iteration. The centralpart of the fixed point iterationis the computationof relationalproducts.



A relationalproductbetweenthe transitionrelation T anda setof statesR is a new setof states.In a
forward computationthe new setis the setof stateseachablen onestepfrom R. We call it thelmage
of R In abadward computationthe new setis the setof stateswvhichin onestepcanreachastatein R.
We call it the Prelmageof R.

Thefollowing formulasshov how to computetheimageandpreimageof R

Image r(S) = 3s: T(sS)AR(S)
Prelmagg r(s) = 35 : T(ss)AR(S)

Notethatall variables,ncludingtheinputs,are quantifiedout. For example,the algorithmin Figure2
computesthe characteristidunction for the setof statessatisfyingthe CTL formula“AG P” (read:
alwaysglobally P) usingbackwardteration. It actuallycomputes —EF —P”, i.e.,it computeghe setof
statedrom which thereexists a pathto a statewhereP doesnot hold. The complemensetthenhasthe
propertythatP holdsalongall paths.

AGP=
Ry « characteristidunctionfor
the setof stateqot satisfyingP

10 Figure 2: The algorithm for computing
repieiti+1 “AG P using backwarditeration. T is

. thetransitionrelationfor the system.
Ri+1+ R Vv Preimage g (9) Y

until R41 = R
return =R

A Kripke structureM = (S|, T, ¢) satisfiesaspecificatiorR if andonly if | is asubsebf R. In terms
of characteristiédunctionsthistranslateso theimplication: | = R.

3.1 Quantification

The basicstepin our quantificationalgorithmis to eliminateone quantifiedvariableby the following
rule:

Ix: f = flo/V f[1/X vx: f = fl0/X] A f[1/X

Note thatthis basicstepcaneasilybe computedoy performinga up-oné€ f, X) BED-operatiorandthen
replacingthetop level variablevertex by anappropriateoperatowertex.

In theworstcasewhile remoring aquantifierfrom aformula,we doubletheformulasize.Sinceeach
(pre)imagecomputatiorinvolvesexistentialquantificatiorof all m statevariableswerisk increasinghe
formulasize by a factorof up to 2™. In this sectionwe presensomesyntacticaktransformationsvhich
helpusto performthe quantificationsfficiently.

The mostimportanttransformatioris the quantification-lty-substiution rule. It allows usto replace
anexistentialquantificatiorby a substitution

IX:gA(xe f) = gf/x (2)

Our verificationmethodperformsbestwhenwe canexploit the quantification-by-subgution rule.
Suchcasesncludesystemswith few inputsandsystemawith atransitionrelationthatis mainlyin func-
tional form. After performingquantification-by-sustitution, we quantify the remainingstatevariables
(includinginputs)usingtherulesbelow.

By applyingscopereductionrulesto a formula, we canpushquantifiersdown andthusreducethe
potentialblowup. The scopereductionrules are the following (shavn for negation, conjunctionand
disjunction):



Ix:-f = =vx:f vx:—f = —-3x:f
Ix:fvg (Ix: f)v(Ix:9) vx: fAgQ (Wx: f)A(vx:Q)
Ax: fy) Ag(x) F(y) A (3x: g(x)) vx: fy)vax F(y) v (vx: g(x))

Becaus@BEDsarealwaysreducedfor detailsse€[2, 13], thequantifiersdisappeaif they arepushed
all thewayto theterminals.

3.2 Satisfiability Checking

Thereare two placeswherewe needto determinewhethera Booleanformula representedby a BED
is satisfiable.First we needto detectthat a fixed point hasbeenreachedn the computationof the set
of statessatisfyinga CTL formula. Let R betheith approximatiorto the fixed point. The fixed point
hasbeenreachedf R ;1 = R.. Using characteristidunctions,this translatedo R ;1 < R,. However,
dependingon the CTL operatorthe seriesof approximationsill eitherbe monotonicallyincreasingor
monotonicallydecreasinglt is thereforeenoughto checksetinclusioninsteadof setequialence.In
theincreasingcasewe checkif R;1 = R is atautology In thedecreasingasewe checkif R = Ry1
is a tautology Until we reachthe fixed point, theseformulaswill not be tautologies.In otherwords,
the negation of the formulaswill be satisfiable. SAT-solvers are good at finding a satisfyingvariable
assignmensowe usea SAT-solver here.

Secondwe needto determinewhetherthe initial setof statesl is a subsetof the setof statesR
representedy the CTL specificationIn particularwe have to checkl = R for tautology Therearetwo
cases:

¢ Thespecificatiorholds. This meanghatl = Ris atautology We couldusea SAT-solver to prove
that the nggation of | = R is not satisfiable. However, most SAT-solvers are not very good at
proving non-satisfiability We canalsouseBDDs. By usingthe up-onealgorithm,we corvertthe
BED for | =~ RtoaBDD. In mary caseghis conversionwill notblow upin size[2, 13].

¢ Thespecificatiordoesnothold. A proofwill beavariableassignmentalsifying| =- R. Or equiv-
alent, a variableassignmensatisfying—(l = R). SAT-solversare goodat finding suchvariable
assignments.

Of coursewe do not know beforehandwhetherthe specificatiorholds. A possibility is to run a SAT-
solveranda BED to BDD corversionin parallel.

SAT-solwers like GRASP [14] and SATO [16] expecttheir input to be a propositionalformula in
conjunctive normalform (CNF). After theeliminationof quantifiersasdescribedn Section3.1,we still
needto corvertBEDsinto CNF. For this corversionwe usethewell known techniqueof introducingnew
variabledor every non-terminalertex [3].

4  Applications of Quantification-by-Substitution

4.1 PreimageComputation

Considetthe preimagecomputatiorin section3. If thetransitionrelationT is written asin equation(1),
thenwe canapplyrule (2) directly for thefunctionalpart. This canbe donein onetraversalof the BED.
Figure3 shaws the pseudo-codeThe algorithmworksin a bottom-upway replacingall variablesfrom
thefunctionalpartof T with theirnext-statefunction. Line 4 doesthereplacingby performinga Shannon
expansionof the variablevertex andinsertingthe next-statefunction.



preimageu) =

if uis aterminalthenreturn u

(1, h) « (preimagélow(u)), preimagé¢high(u)))

if uis avariablevertex with variablefrom thefunctionalpartof T then
return (fuay ANV (= fuagu A1)

else
return makenodé&x(u), 1, h)

Figure 3: The preimagealgorithmcomputeghe preimageof u for the functionalpart of the transition
relation: Trunc= A; § < fi(s). The BED u is assumedo be quantifierfree. Thetaga(u) is shortfor
eithervar(u) or op(u).

4.2 Setlnclusion

We now describea preprocessingtepsimplifying | =- R, i.e., whethertheinitial setof stateds a subset
of thestatecharacterizetby the specification Theinitial setof stated oftenhastheform:

| = /\s & initi(s)

whereiniti(s) is the functiondescribingthe initial statefor the variables. (Notethatnot all variables
have aninitial statespecified.)in mary casesniti(s) is eithera constanbor a very simplefunction,and
we canusethis fact to simplify | = R Let| bewritten|’ A (s < initi(s)) andassumeniti(s) doesnot
dependnvariables. Recallthatl = Ris atautologyif andonlyif Vs : | = Ris atautology:

¥s: Il =R
Vs :=(I' A (s < initi(s)) A—R)
—3s :I'A(s < init(s)) A=R
=(I' A=R)[initi(s)/s]
= (I' = R)[initi(s)/s]

The [initi(s)/s] meansa substitutionof init;(s) for 5. This reduceghe numberof variablesand often
simplifiestheformula.

4.3 lterative Squaring

Iterative squarings atechniqudor reducingthenumberof iterationsneededo reachthefixedpoint[9].
During reachabilityanalysiswe repeatedlysquarehe transitionrelation:

Tsd) =39 :T(sg)AT(S,9)

Assumethat T is written asin equation(1). In generalthereis no way to squarelT andkeepit in this
form —thefunctionalpartwill disappearHowever, if we restrictoursehesto transitionrelationspurely
in functionalform, squaringcanbe doneeasily:

T2(s,d) = 39 :T(s8)AT(S,S)
3d" (/_\q' o fi(S)) A (/\# & fi(g'))
As < (fi(s)[f(s)/s)

where[f(s)/s'] is a substitutionof function fj(s) for variables; (for all j). Thealgorithmis similar to
thepreimagealgorithmin Figure3.



In this way we cancomputeT ) in only k steps.T(?9 is a new transitionrelationrepresentingll
pathsin T with alengthof exactly 2. However, it is not possibleto represenin functionalform the
transitionrelationallowing pathsof lengthupto 2X. As a consequencee cannotcombinethis form of
iterative squaringwith, for example frontier setsimplifications.

5 BED Simplifications

As we mentionedn section3.2, transforminga BED to CNF increaseshe size of the formulaaswe
introducea new variablefor eachBED non-terminalvertex. It is thereforevital to keepthe size of the
BEDsdown.

Duringtheconversionof a BED to aBDD, the sizemayblow up. Evenwhenthefinal BDD is small
(asfor a tautology),the intermediateresultsmight be large. In this sectionwe describea methodof
keepingthe BEDssmall.

KeepingtheBEDsreducedasmentionedbore, alreadygivesussizereductiongueto, for example,
constantpropagation.But we canreducethe size of the BEDs even more. This canbe achieved by
increasingthe sharingof verticesand by remawing local redundancies.In [13] we describea set of
rewriting rulesin detail. Herewe will justmentionsomeof theideas:

e Sharingcanbe increasedy disalloving operatorverticeswhich only differ in the orderof their
sons;for examplean b andbAa. Wefix anordering< of verticesandonly createoperatowvertices
with low < high.

¢ Sizecanbereducedoy eliminatingall negationsbelow binary operatorssincefor all binary oper
atorsop thereexists anotheperatorop with op (x,y) = op(=x,y)

¢ Sizecanbereducedby not usingall 16 binary Booleanoperatorsut only a subsetof them. We
usethe setnand or, left implication, right implication, andbi-implication. (For clarity, the BED
in Figurel hasnot beenreducedo this subset.)

¢ Sizecanbereducedy exploiting equivalencedike theabsorptionlaws, for exampleaV (aAb) =
a, anddistributivelaws, for example(aAb) v (anc)=aA (bvc).

We applyall theserewriting ruleseachtime we createa new operatowertex.

6 Experimental Results

We have constructedh prototypeimplementatiorof our proposednodelcheckingmethod.It performs
CTL modelcheckingon SMV programs.As SAT-solver we use SATO. We compareour methodwith

theNUSMV modelcheckef11] andwith BwolenYang’s modifiedversionof SMV?, bothof which are
state-of-the-atin BDD-basedmnodelchecking.Finally we compareeachabilityresultswith Fix1T from

Adbulla, BjesseandEen[1].

6.1 Multiplier

This example comesfrom the BMC-1.0f distribution?. It is a 16 x 16 — 32 shift-and-addmultiplier.
The specificationis the c6288combinationamultiplier from the ISCAS'85benchmarkseries[6]. For
eachoutputbit we verify thatwe cannotreacha statewherethe shift-and-addnultiplier hasfinishedits
computatiorandthe outputbits of thetwo multipliersdiffer.

The multiplier fits into the cateyory of SMV programsthatwe handlewell. The operandsare not
modeledasinputs. Insteadthey are modeledasstatevariableswith an unspecifiednitial stateandthe

Ihttp://ww. cs. crmu. edu/ ~bwol en
2htt p: // www. ¢s. cnu. edu/ ~nodel check



identity function asthe next-statefunction. This lets us usequantification-ly-substiution for all but the
lastiterationin thefixed-pointcalculation.Only in the lastiterationdo we needto quantifythe operands
out usingthe standardjuantificatiormethods.

Table 1 shaws the runtimesfor verifying that the multiplier satisfiesthe specification. Our BED-

Bit BED NuSMV Bwolen FixIT
0 2.2 11 9.4 2.9
! 2:3 23 7 31 Tablel1: Runtimesin seconddor verify-
2 2.9 50 33 3.7 . . S
3 38 130 71 48 ing the correctnes®f a 16 bit multiplier.
' ' The BED, NUSMV, andBwolen Yangs
4 5.2 290 159 6.6 .
SMV experimentsvereperformedon the
5 7.0 702 383 11 .
samecomputer The FIxXIT experiments
6 9.2 - 1031 20 .
arefrom Abdulla et al. usinga backward
7 12 - - 47 o
method- computerunknovn. A dash*-
8 16 - - 150 o e
indicateshattheverificationcouldnotbe
9 31 i i 544 completedwith 800MB of memor
10 68 - - 2078 P y
11 352 - - 8134
12 2201 - - 30330

basedmethodout-performsboth NUSMV and Bwolen Yangs SMV aswe are ableto model check
twice asmary outputsasthey are. FixIT handleghe samenumberof outputsasour method,however,
our methodis fasterby anorderof magnitude.

For the mostdifficult outputin Table 1, the fixed point iterationaccountdor only a fraction of the
total runtimefor our method. It takeslessthana minuteandalmostno memoryto calculatethe fixed
point. By far the mosttime is spentin proving | = R. SAT-solversgave poor results,sowe converted
theBED for | = RtoaBDD.

We did theexperimentdn Tablel without useof iterative squaringo enablefair comparisonsHow-
ever, iterative squaringspeedsip thefixed point calculationsTable2 shavstheruntimesfor calculating
thefixed points— with andwithoutiterative squaring- for the samemodelcheckingproblemasabove.

Bit Withoutl.S. With I.S.

g éé 22 Table2: Runtimesn seconddor thefixed point calculationin
10 14 37 verifying the correctnessf the 16 bit shift-and-addnultiplier.
15 16 8.3 Resultsareshavn for computationsvith andwithout iterative
20 37 12 squaringl.S.). Thespaceequirementaresmall,i.e.,lessthan
25 19 8.8 16MB.

30 > 300 6.4

To seehow our methodhandlesrroneouslesignswe introducedanerrorin the specificatiorof the
multiplier by negatingone of the internalnodes(this is markedas“bug D" in the multiplier file in the
BMC distribution). We obsene thatthe fixed pointsarecomputedn roughly the sameamountof CPU
time andmemory(both with andwithout iterative squaring). The differenceis whenwe prove | = R.
Using BED to BDD conversionaswith the correctdesign,we now getpoorerresultsbecausé = Ris
not a tautologyandthe final BDD is not necessarilysmall. However, usinga SAT-solver, we getmuch
betterresults.In mary casesthe SAT-solver is ableto find a countergamplealmostimmediately We
areableto modelcheckthefirst 19 outputsaswell assomeof the later outputsof the multiplier using
lessthan16 MB of memoryandoneminuteof CPUtime peroutput. NUSMV andBwolenYangs SMV
performasbadasbefore.



We wereableto find abugin the“correct” specificatiorof themultiplier for thetwo mostsignificant
outputs.Usingiterative squaringand SATo we find theseerrorsin sevenandeightsecondstespectiely.
It turnsout that the two outputshave beenswapped.The original net-listfor c6288doesnot contain
informationaboutwhich gatescorrespondo which multiplier outputs.However, eachgateis numbered
andthe outputsseento beincreasingwith the the gatenumbers- with the exceptionof the last pair of
outputs.This emphasizethefactthat SAT-basesnethodsaregoodat finding bugsin a system.

We constructedshift-and-addmultipliers of differentsizesandverified thatthey alwaysterminate,
i.e., we checked'AF done”. The numberof iterationsneededo reachthe fixed point is equalto the
size of the multiplier. This lets us testhow well our methodshandlescaseswith lots of iterations.
Table3 shavstheresults.We compareourmethodwith NuSMV andBwolenYangs SMV. Ourmethod
performsmuchbetteraswe areboth significantlyfasterandwe areableto handlemuchlarger designs.
We cannotcomparewith FIX1T asit doesnot handleAF properties.

Size BED NuSMV Bwolen

16 1.6 2.2 5.2
18 1.8 18 9.1
20 2.0 20 24 Table3: Runtimesn secondéor verifying thatshift-
22 2.3 472 104 and-addmultipliers of differentsizesalwaystermi-
23 2.7 - 253 nate,i.e.,we check*AF done”. The numberof iter-
24 2.8 - - ationsto reachthefixed pointis equalto the sizeof
32 3.7 - - themultiplier.
64 17 - -

128 119 - -

256 1185 - -

6.2 Barrel Shifter

Thisexampleis abarrelshifterfrom the BMC-1.0f distributionandlike the multiplier, it alsofalls within
thecategory of systemavhichwe handlewell. A barrelshifterconsistof two registerfiles. Thecontents
of oneof theregisterfilesis rotatedat eachstepwhile theotherfile stayshesame.Thewidth of aregister
islogR, whereR is the sizeof theregisterfile.

Thecorrectnessf thebarrelshifteris provenby shaving thatif two registersfrom thefiles have the
samecontentsthentheirneighborsarealsoidentical. Theleft partof Table4 shavstheresults.TheBED
andFix1T methodsarebothfast,however, the BED methodscalesbetterandthusoutperformsFix|1T.
NuSMV andBwolenYang’s SMV areboth unableto constructhe BDD for the transitionrelationfor
all but thesmallesiexamples.

We prove livenesdor the barrelshifterby shaving thata pair of registersin thefileswill eventually
becomesqual. The numberof iterationsfor thefixed point calculationis equalto the sizeof theregister
file. Theright partof Table4 shavs theresults. FixIT cannothandlelivenesgpropertiessowe cannot
comparewith it. As in the previous case,NUSMV and Bwolen Yangs SMV canonly handlesmall
examples.

7 Conclusion

We have presentec BED-basedCTL modelcheckingmethodbasedon the classicalfixed point itera-
tions. Quantificationis oftenthe Achilles heelin CTL fixed point iterationsbut by usingquantification-
by-substitutionve arein somecasesableto dealeffectively with it. While our methodis complete,it

performsbeston exampleswith alow numberof inputsandwherethe transitionrelationis mainly in

functionalform. In thesesituationswe canfully exploit the quantificatiorby-substiutionrule.



Size BED NuSMV Bwolen FixIT Size BED NuSMV Bwolen

2 0.1 0.1 1.0 0.1 2 0.2 0.1 1.0
4 0.3 0.2 2.5 0.1 4 0.5 0.2 2.1
6 0.4 609 - 0.2 6 0.7 521 -
8 0.4 - - 0.5 8 0.9 - -
10 0.6 - - 1.1 10 1.2 - -
20 1.9 - - 14 20 3.2 - -
30 4.0 - - 52 30 59 - -
40 8.0 - - 231 40 11 - -
50 13 - - 502 50 18 - -
60 19 - - ? 60 28 - -
70 30 - - ? 70 47 - -

Table4: Runtimesn seconddor invariant(left) andlivenesgright) checkingof thebarrelshifterexam-
ple. A questionmarkindicateghattheruntimefor Fix1T wasnotreportedin [1]. For the BED method
we useSATO for checkingsatisfiabilityof | = R

We have showvn how the quantification-ly-substiution rule canalso help simplify the final setin-
clusionproblemof modelcheckingandhelp performefficient iterative squaring.Our proposednethod
combinesSAT-solversandBED to BDD corversionsto performsatisfiability checking. We have pre-
sentedh setof local rewriting ruleswhich helpsto keepthe sizeof the BEDsdown.

We have demonstratedur methodby model checkinglarge shift-and-addmultipliers and barrel
shifters,andwe obtainresultssuperiorto standarlBDD-basedmodelcheckingmethods.Furthermore,
we wereableto find a previously undetectedbug in the specificatiorof a 16 bit multiplier.

Futurework includesinvestigatingtwo variableordering problems. One is the variable ordering
whencorvertingthe BED for | = Rto a BDD. The variableorderingis known to be very importantin
BDD constructionandsincewe, in somecasesspendmuchtime on corvertingl = R to a BDD, our
methodwill benefitfrom agoodvariableorderingheuristic. The otherproblemis the orderin whichwe
quantifythevariablesn the preimagecomputationThiswill beinterestingespeciallyin casesvherewe
cannotusethe quantificatiorby-substutionrule. Finally we arecurrentlyinvestigatinghow to extend
our methodto work well for systemsawith mary inputs.
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