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Abstract

In thispaperweshow how to dosymbolicmodelcheckingusingBooleanExpressionDiagrams(BEDs),
a non-canonicalrepresentationfor Booleanformulas,insteadof BinaryDecisionDiagrams(BDDs), the
traditionally usedcanonicalrepresentation.The methodis basedon standardfixed point algorithms,
combinedwith BDDs andSAT-solvers to performsatisfiabilitychecking. As a result we areable to
modelchecksystemsfor whichstandardBDD-basedmethodsfail. For example,wemodelchecka 256
bit shift-and-addmultiplier andweareableto find a previouslyundetectedbug in thespecificationof a
16bit multiplier. As opposedto BoundedModelChecking(BMC) ourmethodis completein practice.

Our techniqueis basedonaquantificationprocedurethatallowsusto eliminatequantifiersin Quantified
BooleanFormulas(QBF).Thebasicstepof thisprocedureis theup-oneoperationfor BEDs.In addition
we list a numberof importantoptimizationsto reducethenumberof basicsteps.In particulartheopti-
mizationrule of quantification-by-substitution turnedout to bevery useful:

�
x : g ��� x � f ��� g � f 	 x
 .

The rule is used(1) during fixed point iterations,(2) for decidingwhetheran initial setof statesis a
subsetof anothersetof states,andfinally (3) for iterativesquaring.

This researchis sponsoredin partby theSemiconductorResearchCorporation(SRC)underagreementthrough
ContractNo. 99-TJ-684andtheNationalScienceFoundation(NSF) underGrantNos. CCR-9505472andCCR-
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1 Intr oduction

Symbolicmodelcheckinghasbeenperformedusingfixedpoint iterationsfor quitesometime [10]. The
key to thesuccessis thecanonicalBinary DecisionDiagram(BDD) [7] datastructurefor representing
Booleanfunctions.However, sucha representationexplodesin sizefor certainfunctions. In this paper
we show how to do symbolicmodelcheckingusingBooleanExpressionDiagrams(BEDs) [2], a non-
canonicalrepresentationof Booleanfunctions.Themethodis theoreticallycompleteasweonly change
therepresentationandnot thealgorithms.Droppingthecanonicityrequirementhasbothadvantagesand
disadvantages:Non-canonicaldatastructuresaremoresuccinctthancanonicalones– sometimesexpo-
nentiallymore.Determiningsatisfiabilityof Booleanfunctionsis easywith canonicaldatastructures,but
with non-canonicaldatastructuresit is hard. We show how to overcomethedisadvantagesandexploit
of theadvantagesin symbolicmodelchecking.

As a non-canonicalrepresentation,BEDs do not allow for constanttime satisfiability checking.
Insteadwe use two different methodsfor satisfiability checking: (1) SAT-solvers like GRASP [14]
and SATO [16], and (2) conversionof BEDs to BDDs. BDDs are canonicaland thus satisfiability
checkingis a constanttime operation. We performsymbolicmodelcheckingthe classicalway with
fixedpoint iterations.Oneof thekey elementsof our methodis thequantification-by-substitution rule:�
x : g ��� x � f ��� g � f 	 x
 . Therule is used(1) duringfixedpoint iterations,(2) while decidingwhether

aninitial setof statesis a subsetof anothersetof states,andfinally (3) while doingiterativesquaring.
While completein thesensethatit handlesfull CTL modelchecking,ourmethodperformsbestif the

systemhasfew inputsandthetransitionrelationcanbewrittenasa conjunctionof next-statefunctions.
Thereasonis thatthisallowsusto fully exploit thequantification-by-substitutionrule.

Usingour method,we canmodelchecka 256bit shift-and-addmultiplier, which requires256iter-
ationsto reachthefixedpoint. This shouldbecomparedwith the23 bit multipliersthatstandardBDD
methodscanhandle.In fact,weareableto detecta previouslyunknown bug in thespecificationof a 16
bit multiplier. It wasgenerallythoughtthatiterativesquaringwasof nousein modelchecking.However,
we show that iterative squaringenablesusto calculatethereachablesetof statesfor all 32 outputsof a
16bit multiplier fasterthanwithout iterativesquaring.

Model checkingwasinventedby Clarke,Emerson,andSistlain the1980s[12]. Their modelcheck-
ing methodrequiredanexplicit enumerationof stateswhich limited thesizeof thesystemsthey could
handle.Burchetal. [10] showedhow to domodelcheckingwithoutenumeratingthestates.They called
thissymbolicmodelchecking.Theideais to representsetsof statesby characteristicfunctions.Thedata
structureof BinaryDecisionDiagramsturnsout to a veryefficient representationfor characteristicfunc-
tions.Theadvantagesof BDDsarecompactnessof representation,canonicity, andeaseof manipulation.
Sincetheappearanceof BDDs,many otherrelateddatastructureshave beenproposed.Bryantgivesan
overview in [8]. Onesuchdatastructureis the BooleanExpressionDiagram. It is a generalizationof
BDDs. In this paperwewill studyBEDsfor usein symbolicmodelchecking.

Biere, Clarkeet al. have proposedBoundedModel Checking(BMC) as an alternative methodto
BDD-basedmodelchecking[3, 4, 5]. They unfold thetransitionrelationandlook for repeatedlylonger
andlongercounterexamples,andthey useSAT-solversinsteadof BDDs. BMC is goodat finding errors
with short counterexamples. The diameterof the systemdeterminesthe numberof unfoldingsof the
transitionrelation.Unfortunately, for many examplesthediametercannotbecalculatedandtheestimates
aretoo rough.In suchcasesBMC reducesto a partialverificationmethodin practice.Ourmethoddoes
not needthecomputationof thediameteror approximationsof it. Thusit turnsout to becompletefor
muchmoreexamples.

Thework mostcloselyrelatedto oursis by Abdulla,BjesseandEén.They considersymbolicreach-
ability analysisusingSAT-solvers[1]. For representingBooleanfunctionsthey usetheReducedBoolean
Circuit datastructurewhichcloselyresemblesourBooleanExpressionDiagrams.They performreacha-
bility analysisusingafixedpointiteration,andlike usthey makeuseof thequantification-by-substitution
rule. They useSt̊almarck’s patentedmethod[15] to determinesatisfiabilityof Booleanfunctions.While
related,their methodandoursdiffer in a numberof ways: In essence,the basicstepin their andour
quantificationalgorithmcanbecomputedby theup-oneBED-algorithm.Thereforewe think BEDsare
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the mostnaturalrepresentationin this context. We handlefull CTL while they concentrateon reacha-
bility. In our methodthequantification-by-substitution rule is extensively usedat threedifferentplaces
andnot just during fixed point calculation. We have heuristicsfor choosingdifferentSAT-procedure
dependingon the expectedresultof thesatisfiabilitycheck. CandidatesarevariousSAT solversor an
explicit BED to BDD conversion. We useSAT-solversif the formula is expectedto besatisfiableand
eitherSAT-solversor anexplicit BED to BDD conversionif theformulais expectedto beunsatisfiable.
In theirwork St̊almarck’smethodis theonly SAT procedureused.BEDsarealwayslocally reducedand
we identify furtherimportantsimplificationrules.Finally wemakeuseof iterativesquaring.

This paperis organizedas follows. In section2, we review the BED datastructure. In section3,
we show how to do model checkingusing BEDs. In section4, we give three applicationsof the
quantification-by-substitution rule. In section5, wedealwith thesizeof BEDs. In section6, wepresent
theexperimentalresults.Finally in section7, weconclude.

2 BooleanExpressionDiagrams

A BooleanExpressionDiagram[2] is adatastructurefor representingandmanipulatingBooleanformu-
las. In thissectionwe review thedatastructure.

Definition 2.1(BooleanExpressionDiagram). A BooleanExpressionDiagram(BED) is adirecteda-
cyclic graphG 
�� V � E � with vertex setV andedgesetE. Thevertex setV containsfour typesof vertices:
terminal,variable,operator, andquantifiervertices.� A terminalvertex v hasasattributea valueval � v����� 0 � 1 � .� A variablevertex v hasasattributesaBooleanvariablevar � v� , andtwo sonslow � v��� high� v��� V.� An operator vertex v hasas attributesa binary Booleanoperatorop� v� , and two sonslow � v� ,

high� v��� V.� A quantifiervertex v hasasattributesa quantifierquant� v����� � ����� , a Booleanvariablevar � v� ,
andonesonlow � v��� V.

TheedgesetE is definedby

E 
 ��� v� low � v������ v � V andv hasthe low attribute  ! � � v� high� v�"� �� v � V andv hasthehigh attribute  �#
Therelationbetweena BED andtheBooleanfunctionit representsis straightforward.Variablever-

ticeshavethesemanticsasverticesof BDDsandcorrespondto theif-then-elseoperatorx $ f1 � f0 defined
as � x � f1 �&%��(' x � f0 � . Operatorverticescorrespondto their respective Booleanconnectives. Quanti-
fier verticescorrespondto the quantificationof their associatedvariable. This leadsto the following
correspondencebetweenBEDsandBooleanfunctions:

Definition 2.2. A vertex v in aBED denotesa Booleanfunction f v definedrecursively as:� If v is a terminalvertex, then f v 
 val � v� .� If v is a variablevertex, then f v 
 var � v�)$ f high* v + � f low* v + #� If v is anoperatorvertex, then f v 
 f low * v + op� v� f high* v + #� If v is a quantifiervertex, then f v 
 quant� v� var � v� : f low* v + #
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Figure 1: The BED for � b : a %�� a � b��� a. All
edgesaredirecteddownwards;thedashededgesbe-
ing thelow ones.

TheBED datastructureis a representationform for formulasin QBF. If we disallow quantifierver-
tices,we get a representationform for propositionallogic. If we disallow both operatorandquantifier
vertices,wegeta BDD. As anexampleFigure1 showsa BED for theformula � b : a %�� a � b�,� a.

Thereexist algorithmsfor transforminga BED into a BDD. Onesuchalgorithmis up-one. It sifts
variablesoneata timeto therootof theBED.Usingup-onerepeatedlyto sift all thevariablestransforms
the BED to a BDD. We refer the readerto [2, 13] for a more detaileddescriptionof up-oneand its
applications.

3 Model Checking

In thissection,wereview thestandardmodelcheckingalgorithm.Thesystemtobeverifiedis represented
asa Kripke structure.A Kripke structureM is a tuple � S� I � T ��-.� , with a finite setof statesS, a setof
initial statesI / S, a transitionrelationT / S 0 S, anda labelingof thestates- : S $213�546� with atomic
propositions4 .

A reactive systemconsistsof a setof statesanda setof inputs.Thestatesareencodedasa Boolean
vectorof statevariabless1 � #7#8# � sn. TheinputsarealsoencodedasBooleanvariablessn9 1 � #7#7# � sm. These
togetherform thestatevariablesof theKripke structure,s1 � #7#7# � sm. Theatomicpropositionscorrespond
to thestatevariables.Eachstateis assumedto be labeledwith the variablessi thatare1 for thatstate.
Weuseprimedvariablesasnext statevariables,unprimedvariablesascurrentstatevariables,andweuse
characteristicfunctionsover thestatevariablesto representsets.Sincetheinputsarenon-deterministic,
they are not constrainedby the transitionrelation. Thus, the transitionrelationdoesnot containthe
primedversionsof theinputvariables.

Therearetwo waysto specifya transitionrelationin anSMV program:(a) by useof the“TRANS”
statement,and(b) by useof the“ASSIGN” statement.In (a)onespecifiesthetransitionrelationdirectly
asa Booleanexpression.In (b) onespecifiesnext-statefunctionsfor statevariables.Both methodscan
beusedat thesametime. We capturethisasfollows:

T � s� s:;��
 t � s� s̄:<�,�>=
i

s̃:i � fi � s� (1)

wheres̄ ands̃ form a partitioningof s1 � #7#8# � sn. Here,t � s� s̄: � comesfrom the“TRANS” statementsand
wecall it therelationalpart,while ? i s̃:i � fi � s� comesfrom the“ASSIGN” statementsandwecall it the
functionalpart.(If aprimedvariableis restrictedby both“TRANS” and“ASSIGN” statements,weplace
it in therelationalpartof T .) Ourverificationmethodperformsbestif thetransitionrelationis mainly in
functionalform.

We useCTL formulasto capturethe propertieswe want to verify. A CTL formula characterizes
a setof states,namelythe setof statessatisfyingthe formula. This set canbe computedby a fixed
point iteration. The centralpart of the fixed point iteration is the computationof relationalproducts.
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A relationalproductbetweenthe transitionrelationT anda setof statesR is a new setof states.In a
forward computation,thenew setis thesetof statesreachablein onestepfrom R. We call it the Image
of R. In a backward computation,thenew setis thesetof stateswhich in onestepcanreachastatein R.
We call it thePreImageof R.

Thefollowing formulasshow how to computetheimageandpreimageof R:

ImageT @R � s:<�A
 �
s : T � s� s:<�,� R� s�

PreImageT @R � s�A
 �
s: : T � s� s:<�,� R� s:<�

Note thatall variables,includingthe inputs,arequantifiedout. For example,thealgorithmin Figure2
computesthe characteristicfunction for the set of statessatisfyingthe CTL formula “AG P” (read:
alwaysgloballyP) usingbackwarditeration.It actuallycomputes“ ' EF ' P”, i.e., it computesthesetof
statesfrom which thereexistsa pathto a statewhereP doesnot hold. Thecomplementsetthenhasthe
propertythatP holdsalongall paths.

AG P =
R0 B characteristicfunctionfor

thesetof statesnot satisfyingP
i B 0
repeat

i B i C 1
Ri 9 1 B Ri % PreimageT @Ri � s�

until Ri 9 1 D Ri

return ' Ri

Figure 2: The algorithm for computing
“AG P” using backwarditeration. T is
thetransitionrelationfor thesystem.

A Kripke structureM 
E� S� I � T ��-F� satisfiesaspecificationR if andonly if I is asubsetof R. In terms
of characteristicfunctionsthis translatesto theimplication: I D R.

3.1 Quantification

The basicstepin our quantificationalgorithmis to eliminateonequantifiedvariableby the following
rule: �

x : f � f � 0	 x
G% f � 1	 x
 � x : f � f � 0	 x
G� f � 1	 x

Note that this basicstepcaneasilybecomputedby performinga up-one( f , x) BED-operationandthen
replacingthetop level variablevertex by anappropriateoperatorvertex.

In theworstcase,while removing aquantifierfromaformula,wedoubletheformulasize.Sinceeach
(pre)imagecomputationinvolvesexistentialquantificationof all mstatevariables,werisk increasingthe
formulasizeby a factorof up to 2m. In this sectionwe presentsomesyntacticaltransformationswhich
helpusto performthequantificationsefficiently.

Themostimportanttransformationis thequantification-by-substitution rule. It allows usto replace
anexistentialquantificationby a substitution:�

x : g �H� x � f � � g � f 	 x
 (2)

Our verificationmethodperformsbestwhenwe canexploit thequantification-by-substitution rule.
Suchcasesincludesystemswith few inputsandsystemswith atransitionrelationthatis mainly in func-
tional form. After performingquantification-by-substitution, we quantify the remainingstatevariables
(includinginputs)usingtherulesbelow.

By applyingscopereductionrulesto a formula,we canpushquantifiersdown andthusreducethe
potentialblowup. The scopereductionrulesare the following (shown for negation, conjunctionand
disjunction):

4



�
x : ' f � ')� x : f�

x : f % g � � � x : f �I%�� � x : g��
x : f � y�,� g � x�J� f � y�,�H� � x : g � x�"�

� x : ' f � ' � x : f� x : f � g � �K� x : f �L�H�M� x : g�� x : f � y�,% g � x�N� f � y�,%H�M� x : g � x�"�
BecauseBEDsarealwaysreduced,for detailssee[2, 13], thequantifiersdisappearif they arepushed

all thewayto theterminals.

3.2 Satisfiability Checking

Thereare two placeswherewe needto determinewhethera Booleanformula representedby a BED
is satisfiable.First we needto detectthata fixedpoint hasbeenreachedin thecomputationof theset
of statessatisfyinga CTL formula. Let Ri be the ith approximationto thefixedpoint. Thefixedpoint
hasbeenreachedif Ri 9 1 
 Ri . Using characteristicfunctions,this translatesto Ri 9 1 � Ri . However,
dependingon theCTL operator, theseriesof approximationswill eitherbemonotonicallyincreasingor
monotonicallydecreasing.It is thereforeenoughto checksetinclusioninsteadof setequivalence.In
the increasingcasewe checkif Ri 9 1 D Ri is a tautology. In thedecreasingcasewe checkif Ri D Ri 9 1

is a tautology. Until we reachthe fixed point, theseformulaswill not be tautologies.In otherwords,
the negationof the formulaswill be satisfiable.SAT-solversaregoodat finding a satisfyingvariable
assignmentsoweusea SAT-solver here.

Secondwe needto determinewhetherthe initial set of statesI is a subsetof the set of statesR
representedby theCTL specification.In particularwehave to checkI D R for tautology. Therearetwo
cases:� Thespecificationholds.ThismeansthatI D R is a tautology. We coulduseaSAT-solver to prove

that the negation of I D R is not satisfiable. However, mostSAT-solvers arenot very good at
proving non-satisfiability. We canalsouseBDDs. By usingtheup-onealgorithm,we convert the
BED for I D R to a BDD. In many casesthisconversionwill not blow up in size[2, 13].� Thespecificationdoesnothold. A proofwill bea variableassignmentfalsifying I D R. Or equiv-
alent,a variableassignmentsatisfying 'O� I D R� . SAT-solversaregoodat finding suchvariable
assignments.

Of course,we do not know beforehandwhetherthespecificationholds. A possibility is to run a SAT-
solveranda BED to BDD conversionin parallel.

SAT-solvers like GRASP [14] and SATO [16] expect their input to be a propositionalformula in
conjunctivenormalform (CNF).After theeliminationof quantifiers,asdescribedin Section3.1,westill
needto convertBEDsinto CNF. For thisconversionweusethewell known techniqueof introducingnew
variablesfor every non-terminalvertex [3].

4 Applications of Quantification-by-Substitution

4.1 PreimageComputation

Considerthepreimagecomputationin section3. If thetransitionrelationT is writtenasin equation(1),
thenwecanapplyrule (2) directly for thefunctionalpart.Thiscanbedonein onetraversalof theBED.
Figure3 shows thepseudo-code.Thealgorithmworksin a bottom-upway replacingall variablesfrom
thefunctionalpartof T with theirnext-statefunction.Line 4 doesthereplacingby performingaShannon
expansionof thevariablevertex andinsertingthenext-statefunction.
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preimage� u�)

1: if u is a terminalthen return u
2: � l � h� B � preimage� low � u����� preimage� high� u���"�
3: if u is a variablevertex with variablefrom thefunctionalpartof T then
4: return � fvar * u+ � h�,%��(' fvar* u+ � l �
5: else
6: return makenode� α � u�F� l � h�

Figure3: Thepreimagealgorithmcomputesthe preimageof u for the functionalpart of the transition
relation: Tf unc 
P? i s:i � fi � s� . The BED u is assumedto bequantifier-free. The tagα � u� is shortfor
eithervar � u� or op� u� .
4.2 SetInclusion

We now describea preprocessingstepsimplifying I D R, i.e.,whethertheinitial setof statesis a subset
of thestatescharacterizedby thespecification.Theinitial setof statesI oftenhastheform:

I 
�=
i

si � initi � s�
whereiniti � s� is the functiondescribingthe initial statefor the variablesi . (Note thatnot all variables
have aninitial statespecified.)In many casesiniti � s� is eithera constantor a very simplefunction,and
we canusethis fact to simplify I D R. Let I bewritten I : �H� si � initi � s��� andassumeiniti � s� doesnot
dependonvariablesi . RecallthatI D R is a tautologyif andonly if � si : I D R is a tautology:� si : I D R
 � si : 'Q� I : ��� si � initi � s�"�,�>' R�
 ' � si : I : ��� si � initi � s�"�,�>' R
 '�� I : �R' R��� initi � s��	 si 

 � I : D R��� initi � s�"	 si 

The � initi � s��	 si 
 meansa substitutionof initi � s� for si . This reducesthe numberof variablesandoften
simplifiestheformula.

4.3 Iterative Squaring

Iterativesquaringis a techniquefor reducingthenumberof iterationsneededto reachthefixedpoint [9].
During reachabilityanalysiswerepeatedlysquarethetransitionrelation:

T2 � s� s: ��
 � s: : : T � s� s: : �,� T � s: : � s: �
AssumethatT is written asin equation(1). In generalthereis no way to squareT andkeepit in this
form – thefunctionalpartwill disappear. However, if we restrictourselvesto transitionrelationspurely
in functionalform, squaringcanbedoneeasily:

T2 � s� s:<�N
 �
s: : : T � s� s: :<�,� T � s: :(� s:<�


 �
s: : : S =

i

s: :i � fi � s�UTV� S =
i

s:i � fi � s: : �UT

 =

i

s:i �XW fi � s: :Y��� f � s��	 s: : 
YZ
where � f � s��	 s: : 
 is a substitutionof function f j � s� for variables: :j (for all j). Thealgorithmis similar to
thepreimagealgorithmin Figure3.

6



In this way we cancomputeT * 2k + in only k steps.T * 2k + is a new transitionrelationrepresentingall
pathsin T with a lengthof exactly 2k. However, it is not possibleto representin functional form the
transitionrelationallowing pathsof lengthup to 2k. As a consequencewe cannotcombinethis form of
iterativesquaringwith, for example,frontiersetsimplifications.

5 BED Simplifications

As we mentionedin section3.2, transforminga BED to CNF increasesthe sizeof the formula aswe
introducea new variablefor eachBED non-terminalvertex. It is thereforevital to keepthesizeof the
BEDsdown.

During theconversionof a BED to aBDD, thesizemayblow up. Evenwhenthefinal BDD is small
(as for a tautology),the intermediateresultsmight be large. In this sectionwe describea methodof
keepingtheBEDssmall.

KeepingtheBEDsreduced,asmentionedabove,alreadygivesussizereductionsdueto, for example,
constantpropagation.But we canreducethe sizeof the BEDs even more. This canbe achieved by
increasingthe sharingof verticesand by removing local redundancies.In [13] we describea set of
rewriting rulesin detail.Herewewill justmentionsomeof theideas:� Sharingcanbe increasedby disallowing operatorverticeswhich only differ in the orderof their

sons;for examplea � b andb � a. Wefix anordering[ of verticesandonlycreateoperatorvertices
with low [ high.� Sizecanbereducedby eliminatingall negationsbelow binaryoperatorssincefor all binaryoper-
atorsop thereexistsanotheroperatorop: with op: � x � y��
 op�(' x � y�� Sizecanbereducedby not usingall 16 binaryBooleanoperatorsbut only a subsetof them. We
usethesetnand, or, left implication, right implication, andbi-implication. (For clarity, theBED
in Figure1 hasnot beenreducedto thissubset.)� Sizecanbereducedby exploiting equivalenceslike theabsorptionlaws, for examplea %Q� a � b�\

a, anddistributivelaws, for example � a � b�I%�� a � c�,
 a ��� b % c� .

We applyall theserewriting ruleseachtimewecreateanew operatorvertex.

6 Experimental Results

We have constructeda prototypeimplementationof our proposedmodelcheckingmethod.It performs
CTL modelcheckingon SMV programs.As SAT-solver we useSATO. We compareour methodwith
theNUSMV modelchecker[11] andwith BwolenYang’smodifiedversionof SMV1, bothof whichare
state-of-the-artin BDD-basedmodelchecking.Finally wecomparereachabilityresultswith FIX IT from
Adbulla, Bjesse,andEèn[1].

6.1 Multiplier

This examplecomesfrom the BMC-1.0f distribution2. It is a 16 0 16 $ 32 shift-and-addmultiplier.
Thespecificationis the c6288combinationalmultiplier from the ISCAS’85benchmarkseries[6]. For
eachoutputbit weverify thatwecannotreacha statewheretheshift-and-addmultiplier hasfinishedits
computationandtheoutputbitsof thetwo multipliersdiffer.

The multiplier fits into the category of SMV programsthatwe handlewell. The operandsarenot
modeledasinputs. Insteadthey aremodeledasstatevariableswith anunspecifiedinitial stateandthe

1http://www.cs.cmu.edu/ ] bwolen
2http://www.cs.cmu.edu/ ] modelcheck
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identity functionasthenext-statefunction. This letsususequantification-by-substitution for all but the
lastiterationin thefixed-pointcalculation.Only in thelastiterationdoweneedto quantifytheoperands
out usingthestandardquantificationmethods.

Table1 shows the runtimesfor verifying that the multiplier satisfiesthe specification.Our BED-

Bit BED NUSMV Bwolen FIX IT

0 2.2 11 9.4 2.9
1 2.3 23 17 3.1
2 2.9 50 33 3.7
3 3.8 130 71 4.8
4 5.2 290 159 6.6
5 7.0 702 383 11
6 9.2 - 1031 20
7 12 - - 47
8 16 - - 150
9 31 - - 544

10 68 - - 2078
11 352 - - 8134
12 2201 - - 30330

Table1: Runtimesin secondsfor verify-
ing the correctnessof a 16 bit multiplier.
The BED, NUSMV, andBwolenYang’s
SMV experimentswereperformedon the
samecomputer. The FIX IT experiments
arefrom Abdulla et al. usinga backward
method– computerunknown. A dash“-”
indicatesthattheverificationcouldnotbe
completedwith 800MB of memory.

basedmethodout-performsboth NUSMV andBwolen Yang’s SMV as we areable to model check
twice asmany outputsasthey are. FIX IT handlesthesamenumberof outputsasour method,however,
ourmethodis fasterby anorderof magnitude.

For the mostdifficult outputin Table1, thefixedpoint iterationaccountsfor only a fractionof the
total runtimefor our method. It takeslessthana minuteandalmostno memoryto calculatethe fixed
point. By far themosttime is spentin proving I D R. SAT-solversgave poor results,sowe converted
theBED for I D R to a BDD.

Wedid theexperimentsin Table1 withoutuseof iterativesquaringto enablefair comparisons.How-
ever, iterativesquaringspeedsup thefixedpointcalculations.Table2 showstheruntimesfor calculating
thefixedpoints– with andwithout iterativesquaring– for thesamemodelcheckingproblemasabove.

Bit Without I.S. With I.S.

0 2.1 0.9
5 6.8 1.6

10 14 3.7
15 16 8.3
20 37 12
25 19 8.8
30 ^ 300 6.4

Table2: Runtimesin secondsfor thefixedpoint calculationin
verifying thecorrectnessof the16bit shift-and-addmultiplier.
Resultsareshown for computationswith andwithout iterative
squaring(I.S.). Thespacerequirementsaresmall,i.e.,lessthan
16MB.

To seehow ourmethodhandleserroneousdesigns,we introducedanerrorin thespecificationof the
multiplier by negatingoneof the internalnodes(this is markedas“bug D” in themultiplier file in the
BMC distribution). We observe that thefixedpointsarecomputedin roughlythesameamountof CPU
time andmemory(bothwith andwithout iterative squaring).The differenceis whenwe prove I D R.
UsingBED to BDD conversionaswith thecorrectdesign,we now getpoorerresultsbecauseI D R is
not a tautologyandthefinal BDD is not necessarilysmall. However, usinga SAT-solver, we getmuch
betterresults.In many cases,theSAT-solver is ableto find a counterexamplealmostimmediately. We
areableto modelcheckthefirst 19 outputsaswell assomeof the lateroutputsof the multiplier using
lessthan16MB of memoryandoneminuteof CPUtimeperoutput.NUSMV andBwolenYang’sSMV
performasbadasbefore.
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We wereableto find abug in the“correct” specificationof themultiplier for thetwo mostsignificant
outputs.UsingiterativesquaringandSATO wefind theseerrorsin sevenandeightseconds,respectively.
It turnsout that the two outputshave beenswapped.The original net-list for c6288doesnot contain
informationaboutwhichgatescorrespondto which multiplier outputs.However, eachgateis numbered
andtheoutputsseemto beincreasingwith thethegatenumbers– with theexceptionof the lastpair of
outputs.Thisemphasizesthefact thatSAT-basesmethodsaregoodat findingbugsin a system.

We constructedshift-and-addmultipliersof differentsizesandverified that they alwaysterminate,
i.e., we checked“AF done”. The numberof iterationsneededto reachthe fixed point is equalto the
size of the multiplier. This lets us test how well our methodshandlescaseswith lots of iterations.
Table3 showstheresults.Wecompareourmethodwith NUSMV andBwolenYang’sSMV. Ourmethod
performsmuchbetteraswearebothsignificantlyfasterandwe areableto handlemuchlargerdesigns.
We cannotcomparewith FIX IT asit doesnot handleAF properties.

Size BED NUSMV Bwolen

16 1.6 2.2 5.2
18 1.8 18 9.1
20 2.0 90 24
22 2.3 472 104
23 2.7 - 253
24 2.8 - -
32 3.7 - -
64 17 - -

128 119 - -
256 1185 - -

Table3: Runtimesin secondsfor verifyingthatshift-
and-addmultipliersof differentsizesalwaystermi-
nate,i.e.,wecheck“AF done”.Thenumberof iter-
ationsto reachthefixedpoint is equalto thesizeof
themultiplier.

6.2 Barrel Shifter

Thisexampleis abarrelshifterfrom theBMC-1.0fdistributionandlike themultiplier, it alsofalls within
thecategoryof systemswhichwehandlewell. A barrelshifterconsistsof two registerfiles. Thecontents
of oneof theregisterfilesis rotatedateachstepwhile theotherfile staysthesame.Thewidthof aregister
is logR, whereR is thesizeof theregisterfile.

Thecorrectnessof thebarrelshifteris provenby showing thatif two registersfrom thefiles have the
samecontents,thentheirneighborsarealsoidentical.Theleft partof Table4 showstheresults.TheBED
andFIX IT methodsareboth fast,however, theBED methodscalesbetterandthusoutperformsFIX IT.
NUSMV andBwolenYang’s SMV arebothunableto constructtheBDD for the transitionrelationfor
all but thesmallestexamples.

We prove livenessfor thebarrelshifterby showing thata pairof registersin thefiles will eventually
becomeequal.Thenumberof iterationsfor thefixedpoint calculationis equalto thesizeof theregister
file. Theright partof Table4 shows theresults.FIX IT cannothandlelivenesspropertiessowe cannot
comparewith it. As in the previous case,NUSMV andBwolen Yang’s SMV canonly handlesmall
examples.

7 Conclusion

We have presenteda BED-basedCTL modelcheckingmethodbasedon theclassicalfixedpoint itera-
tions. Quantificationis oftentheAchilles heelin CTL fixedpoint iterationsbut by usingquantification-
by-substitutionwe arein somecasesableto dealeffectively with it. While our methodis complete,it
performsbeston exampleswith a low numberof inputsandwherethe transitionrelationis mainly in
functionalform. In thesesituationswecanfully exploit thequantification-by-substitutionrule.
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Size BED NUSMV Bwolen FIX IT

2 0.1 0.1 1.0 0.1
4 0.3 0.2 2.5 0.1
6 0.4 609 - 0.2
8 0.4 - - 0.5

10 0.6 - - 1.1
20 1.9 - - 14
30 4.0 - - 52
40 8.0 - - 231
50 13 - - 502
60 19 - - ?
70 30 - - ?

Size BED NUSMV Bwolen

2 0.2 0.1 1.0
4 0.5 0.2 2.1
6 0.7 521 -
8 0.9 - -

10 1.2 - -
20 3.2 - -
30 5.9 - -
40 11 - -
50 18 - -
60 28 - -
70 47 - -

Table4: Runtimesin secondsfor invariant(left) andliveness(right) checkingof thebarrelshifterexam-
ple. A questionmarkindicatesthat theruntimefor FIX IT wasnot reportedin [1]. For theBED method
weuseSATO for checkingsatisfiabilityof I D R.

We have shown how the quantification-by-substitution rule canalsohelp simplify the final set in-
clusionproblemof modelcheckingandhelpperformefficient iterative squaring.Our proposedmethod
combinesSAT-solversandBED to BDD conversionsto performsatisfiabilitychecking. We have pre-
sentedasetof local rewriting ruleswhichhelpsto keepthesizeof theBEDsdown.

We have demonstratedour methodby model checkinglarge shift-and-addmultipliers and barrel
shifters,andwe obtainresultssuperiorto standardBDD-basedmodelcheckingmethods.Furthermore,
wewereableto find a previouslyundetectedbug in thespecificationof a16bit multiplier.

Futurework includesinvestigatingtwo variableorderingproblems. One is the variableordering
whenconvertingtheBED for I D R to a BDD. Thevariableorderingis known to bevery importantin
BDD construction,andsincewe, in somecases,spendmuchtime on converting I D R to a BDD, our
methodwill benefitfrom a goodvariableorderingheuristic.Theotherproblemis theorderin whichwe
quantifythevariablesin thepreimagecomputation.Thiswill beinterestingespeciallyin caseswherewe
cannotusethequantification-by-substitution rule. Finally we arecurrentlyinvestigatinghow to extend
ourmethodto work well for systemswith many inputs.
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