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Abstract

Higher-order abstract syntax is a central representation technique in logical frameworks which maps
variables of the object language into variables in the meta-language. It leads to concise encodings,
but is incompatible with functions defined by primitive recursion or proofs by induction.

In this paper we propose an extension of the simply-typed lambda-calculus with iteration and
case constructs which preserves the adequacy of higher-order abstract syntax encodings. The well-
known paradoxes are avoided through the use of a modal operator which obeys the laws of S4. In
the resulting calculus many functions over higher-order representations can be expressed elegantly.
Our central technical result, namely that our calculus is conservative over the simply-typed lambda-
calculus, is proved by a rather complex argument using logical relations.

We view our system as an important first step towards allowing the methodology of LF to be
employed effectively in systems based on induction principles such as ALF, Coq, or Nuprl, leading
to a synthesis of currently incompatible paradigms.
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1 Introduction

Higher-order abstract syntaz is a central representation technique in many logical frameworks,
that is, meta-languages designed for the formalization of deductive systems. The basic idea is to
represent variables of the object language by variables in the meta-language. Consequently, object
language constructs which bind variables must be represented by meta-language constructs which
bind the corresponding variables.

This deceptively simple idea, which goes back to Church [Chu40] and Martin-L6f’s system of
arities [NPS90], has far-reaching consequences for the methodology of logical frameworks. On one
hand, encodings of logical systems using this idea are often extremely concise and elegant, since
common concepts and operations such as variable binding, variable renaming, capture-avoiding
substitution, or parametric and hypothetical judgments are directly supported by the framework
and do not need to be encoded separately in each application. On the other hand, higher-order
representations are no longer inductive in the usual sense, which means that standard techniques
for reasoning by induction do not apply.

Various attempts have been made to preserve the advantages of higher-order abstract syntax in
a setting with strong induction principles [DH94, DFH95], but none of these is entirely satisfactory
from a practical or theoretical point of view.

In this paper we take a first step towards reconciling higher-order abstract syntax with induc-
tion by proposing a system of primitive recursive functionals that permits iteration over subjects
of functional type. In order to avoid the well-known paradoxes which arise in this setting (see
Section 3), we decompose the primitive recursive function space A = B into a modal operator and
a parametric function space (JA) — B. The inspiration comes from linear logic which arises from
a similar decomposition of the intuitionistic function space A D B into a modal operator and a
linear function space (1A) — B.

The resulting system allows, for example, iteration over the structure of expressions from the
untyped A-calculus when represented using higher-order abstract syntax. It is general enough to
permit iteration over objects of any simple type, constructed over any simply typed signature and
thereby encompasses Godel’s system 1" [G6d90]. Moreover, it is conservative over the simply-typed
A-calculus which means that the compositional adequacy of encodings in higher-order abstract
syntax is preserved. We view our calculus as an important first step towards a system which allows
the methodology of logical frameworks such as LF [HHP93] to be incorporated into systems such
as.Coq [PM93] or ALF [Mag95].

The remainder of this paper is organized as follows: Section 2 reviews the idea of higher order
abstract syntax and introduces the simply typed A-calculus (A7) which we extend to a modal
A-calculus in Section 3. Section 4 then presents the iteration and Section 5 definition by cases. In
Section 6 we start with the technical discussion and introduce some auxiliary concepts and derive
some basic results. Section 7 shows the proof of the canoncial form theorem which is the essential
for the proof of type preservation (Section 8) and our central result, namely that our system is
conservative over A~ (Section 9). Finally, Section 10 assesses the results, compares some related
work, and outlines future work.
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2 Higher-Order Abstract Syntax

Higher-order abstract syntax exploits the full expressive power of a typed A-calculus for the repre-
sentation of an object language, where A-abstraction provides the mechanism to represent binding.
In this paper, we restrict ourselves to a simply typed meta-language, although we recognize that an
extension allowing dependent types and polymorphism is important future work (see Section 10).
Our formulation of the simply-typed meta-language is standard.

Pure types: B = a|B; — B
Objects: M == z|c| z:AM|M M
Context: v o= -|¥,z:B

| Z,a:type| Z,¢: B

Signature: X

We use a for type constants, ¢ for object constants and z for variables. We assume that constants
and variables are declared at most once in a signature and context, respectively. As usual, we apply
tacit renaming of bound variables to maintain this assumption, and to guarantee capture-avoiding
substitution. Before we proceed with the presentation of the typing rules we introduce define the
union ¥y U ¥y of two contexts ¥ and Ws.

Definition 2.1 (Context Union)

Rules:
vy.=" (CuBase)
U U ((Pg,z: A) = (T UTy),z: A (Culnd)

and the lookup of the type of a variable z in ¥ as ¥(z) as:
Definition 2.2 (Context Access) U(z) = A iff there are U1,T3 s.t. ¥ = (U1,z: A) U,

It might sound awkward to define these notion in such depth of detail, but reasoning with variables
requires a rigorous treatment. For our typing and evaluation judgments we also fix a signature &
so we do not have to carry it around.

Definition 2.3 (Typing judgment) ¥+ M : B is defined by:

T(z)=B X(¢)=B
—— StpVar StpConst
Ytz:B ¥Fe: B
\I’,:E:Bll—M:Bz U+ M, : B = By UM : B
StpLam StpApp
T+ Ax:B1.M: By — By U+ M M, : B,

As running examples throughout the paper we use the representation of natural numbers and
untyped A-expressions.

Example 2.4 (Natural numbers)

nat : type
" = gz 7z :nat
™M +17 = s™m7 s :nat— nat
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Untyped A-expressions illustrate the idea of higher-order abstract syntax: object language vari-
ables are represented by meta-language variables.

Example 2.5 (Untyped A-expressions)

Expressions: e == z|lamz.c|el@e2
exp : type
Mlam z.e? = lam (Az:exp."e”) lam: (exp — exp) — exp
Fe1@ey” = app e Tex? app : exp — (exp — exp)
rm7 =

Not every well-typed object of the meta-language directly represents an expression of the object
language. For example, we can see that "e” will never contain a -redex. Moreover, the argument
to lam which has type exp — exp will always be a A-abstraction. Thus the image of the translation
in this representation methodology is always a -normal and 7-long form. Following [HHP93], we
call these forms canonical as defined by the following two judgments.

Definition 2.6 (Atomic and canonical forms)
1. UV | B (V is atomic of type B in V)
2. UFV {+ B (V is canonical of type B in )
are defined by:

¥(z) =B Z(c)=1B UFVilB;—» B Y+Vaft B
— AtVar —  AtConst AtApp
Yzl B UFelB VI Vel B

T-Via T x:B -V 1B

—— CanAt CanLam

\III—Vﬂa ‘I"‘Am‘:Bl.V‘ﬂ‘Bl‘—)Bz

Canonical forms play the role of “observable values” in a functional language: they are in one-
to-one correspondence with the expressions we are trying to represent. For Example 2.5 (untyped
A-expressions) this is expressed by the following property, which is proved by simple inductions.
Example 2.7 (Compositional adequacy for untyped A-expressions)

1. Let e be an expression with free variables among z1,...,z,.

Then z; : exp,...,Zy :exp F "e™ |} exp.

2. Let 21 : exp,...,z, : exp - M 1} exp.

Then M = "¢ for an expression e with free variables among z1,...,z,.
3. ™7 is a bijection between expressions and canonical forms where "[e/z]e™ = [Te'7/z] e

Since every object in A™ has a unique fn-equivalent canonical form, the meaning of every
well-typed object is unambiguously given by its canonical form. Our operational semantics (see
Definitions 3.3 and 4.29) computes this canonical form and therefore the meaning of every well-
typed object. That this property is preserved under an extension of the language by primitive
recursion for higher-order abstract syntax may be considered the main technical result of this

paper.
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3 Modal A-Calculus

The constructors for objects of type exp from Example 2.5 are lam : (exp — exp) — exp and
app : exp — (exp — exp). These cannot be the constructors of an inductive type exp, since we have
a negative occurrence of exp in the argument type of lam. This is not just a formal observation, but
has practical consequences: we cannot formulate a consistent induction principle for expressions
in this representation. Furthermore, if we increase the computational power of the meta-language
by adding definition by cases or an iterator, then not every well-typed object of type exp has a
canonical form. For example,

-+ lam (AE:exp.case E of app F1 F2 = app E» Eq | lam E'=lam E') : exp

but the given object does not represent any untyped A-expression, nor could it be converted to
one. The difficulty with a case or iteration construct is that there are many new functions of type
exp — exp which cannot be converted to a function in A™. This becomes a problem when such
functions are arguments to constructors, since then the extension is no longer conservative even
over expressions of base type (as illustrated in the example above).

Thus we must cleanly separate the parametric function space exp — exp whose elements are
convertible to the form Az:exp. E where E is built only from the constructors app, lam, and the
variable z, from the primitive recursive function space exp = exp which is intended to encompass
functions defined through case distinction and iteration. This separation can be achieved by using
a modal operator: exp — exp will continue to contain only the parametric functions, while exp =
exp = (Oexp) — exp contains the primitive recursive functions.

Intuitively we interpret OB as the type of closed objects of type B. We can iterate or distinguish
cases over closed objects, since all constructors are statically known and can be provided for. This
is not the case if an object may contain some unknown free variables. The system is non-trivial
since we may also abstract over objects of type A, but fortunately it is well understood and
corresponds (via an extension of the Curry-Howard isomorphism) to the intuitionistic variant of
Ss [DPY6].

In Section 4 we introduce schemas for defining functions by iteration and case distinction which
require the subject to be of type OB. We can recover the ordinary scheme of primitive recursion
for type nat if we also add pairs to the language. Pairs (with type A; x As) are also necessary for
the simultaneous definition of mutually recursive functions. Just as the modal type OA, pairs are
lazy and values of these types are not observable—ultimately we are only interested in canonical
forms of pure type.

The formulation of the modal A-calculus below is copied from [DP96] and goes back to [PW95].
The language of types includes the pure types from the simply-typed A-calculus in Section 2.

Types: A = a|A > A |OA| A x As
Objects: M u= c|z|iz:A. M| M M,

| box M | let box £ = M in My | (My, Ma) | fst M | snd M
Contexts: I' u= - |[z:A

For the sake of brevity we usually suppress the fixed signature 3. However, it is important that
signatures 3 and contexts denoted by ¥ will continue to contain only pure types, while contexts T’
and A may contain arbitrary types. We also continue to use B to range over pure types, while A
ranges over arbitrary types. Definitions 2.1 and 2.2 extend in a trivial way to I" (instead of ¥), by
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Nz)=A Alz)=A S()=B
————— TpVarReg —— TpVarMod ——— TpConst
ATkFz: A ATz A A;TFe: B

AT z: Al M: A ATHM Ay > Ay AT - M, : As
Tplam TpApp
ATHEAM: A1 M: A — As AT M Mo : Ay

AT -M, : Ay AT M, : Az
A;PF(Ml,Mz) :Al XAz

TpPair

A;F"M:Alez A;FF‘M:A1XA2
- TpFst TpSnd
AT st M Ay A;TFsnd M : As

A FM:A AT F M, : DA Az: A TE My : As
TpBox TpLet
A;T'Fbox M : OA A;T'Fletbox x = My in M3 : A

Figure 1: Typing judgment A; T M : A
replacing all B’s in the definition by A’s. The typing judgment A;T' + M : A uses two contexts:
A, whose variables range over closed objects, and I', whose variables range over arbitrary objects.
Definition 3.1 (Typing judgment) A;T'+ M : A is defined in Figure 1.
As examples, we show some basic laws of the (intuitionistic) modal logic Sj.

Example 3.2 (Laws of Sy)

funlift D(Al — Az) — 04, - 04,
= Af:0(A; — Ag). Az:0A;.let box f' = f in let box ' = z in box (f' z')
unbox : OA— A4
= Ar:0A.letboxz' =zinz'
boxbox : OA — OOA

= Az:0A.let box 2’ = z in box (box z')

The rules for evaluation must be constructed in such a way that full canonical forms are com-
puted for objects of pure type, that is, we must evaluate under certain A-abstractions. Objects of
type OA or A; x Ay on the other hand are not observable and may be computed lazily. We there-
fore use two mutually recursive judgments for evaluation and conversion to canonical form, written
UVEFM—V:Aand Y+ M f V : B, respectively. The latter is restricted to pure types, since
only objects of pure type possess canonical forms. Since we evaluate under some A-abstractions,
free variables of pure type declared in ¥ may occur in M and V during evaluation.

Definition 3.3 (Evaluation judgments) ¥+ M — V : A and Y+ M 1t V : B are defined in
Figure 2.

Note that the rules EvApp and EvAtomic are mutually exclusive, since the evaluation of M; in
an application M; M either yields an atomic term (with a constant or parameter at the head) or
a A-abstraction. Since constants and parameters must have pure type, the type of the argument
M, in EvAtomic must also be pure.
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TFM—V:a Tx:BiFMa{tV:B;
——  EcAtomic EcArrow
\III—MﬂV:a q"‘M‘ﬂ‘Al‘:BLV:Bl—)BQ
¥(r)=A 3(c) =B
—— EvVar —  EvConst
Vhrxeyx: A Uhke—c: B

Uz AtFM: Ay
\IJF)\.'L‘ZALM‘—))\I::ALM:Al — A

EvLam

L
UM s A:As My Ay 5 A1 OFMa=Va:Ady  OF[Vo/fa](M]) > V:A
WM My—V:A;

EvApp

VM —V:i:B,— B \IJI‘"Vlle—)Bl ‘I’l‘Mz‘ﬂ“fz:Bz
YE-M MWV Vo: B

EvAtomic

U E M A U My A
¥+ (Ml,Mz) ‘—)(Ml,M2)2A1 X Ag

EvPair

\IIF—M‘—)(Ml_,M2):A1XA2 \Iff-Mlh)V:Al
Uhist M > V:A

EvFst

‘I”'M%(Ml,Mz):AlXAz UMy~ V:A
ThsndM—V: A

EvSnd

sk M:A
¥+ box M — box M :0A

EvBox

UM <box My :OA4  TF[M{/z](M:) = V: A,
U klet boxz = Myin M -V : Az

Evlet

Figure 2: Evaluation judgments V- M -V :Aand Y FM AV : B
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4 Iteration

The modal operator O introduced in Section 3 allows us to restrict iteration and case distinction
to subjects of type OB, where B is a pure type. The technical realization of this idea in its full
generality is rather complex. We therefore begin by describing the behavior of functions defined
by iteration informally, incrementally developing their formal definition within our system. In
the informal presentation we elide the box constructor, but we should convince ourselves that the
subject of the iteration or case is indeed assumed to be closed.

Example 4.1 (Addition) The usual type of addition is nat — nat — nat. This is no longer a
valid type for addition, since it must iterate over either its first or second argument and would
therefore not be parametric in that argument. Among the possible types for addition, we will be
interested particularly in Onat — nat — nat and Onat — Onat — Onat.

plusz n n
plus(sm)n = s (plusmmn)

Note that this definition cannot be assigned type nat — nat — nat or Onat — nat — Onat.

In our system we view iteration as replacing constructors of a canonical term by functions
of appropriate type, which is also the idea behind catamorphisms [FS96]. In the case of natural
numbers, we replace z : nat by a term M, : A and s : nat — nat by a function M, : 4 — A.
Thus iteration over natural numbers replaces type nat by A. We use the notation ¢ — A for a
type replacement and ¢ — M for a term replacement. Iteration in its simplest form is written
as “it (a— A) M (Q)” where M is the subject of the iteration, and Q is a list containing term
replacements for all constructors of type a. The formal typing rules for replacements are given
later in this section; first some examples.

Example 4.2 (Addition via iteration) Addition from Example 4.1 can be formulated in a num-
ber of ways with an explicit iteration operator. The simplest one:

plus’ : Onat — nat — nat
= Am:DOnat. An:nat. it (nat — nat) m (z — n| s — s)

Later examples require addition with a result guaranteed to be closed. Its definition is only slightly
more complicated.

plus : Onat — Onat — Onat
= Am:0Onat. An:Onat. it (nat — Onat) m
(z—n
| s = (Ar:Onat. let box ' = r in box (s r')))

If the data type is higher-order, iteration over closed objects must traverse terms with free
variables. We model this in the informal presentation by introducing new parameters (written
as vz.M) and extending the function definition dynamically to encompass the new parameters
(written as “where f(z) = M”).



8 4 ITERATION

Example 4.3 (Counting variable occurrences) Below is a function which counts the number
of occurrences of bound variables in an untyped A-expression in the representation of Example 2.5.
It can be assigned type Dexp — Onat.

cntvar (app e1'e2) = plus (cntvar 1) (cntvar ep)
cntvar (lam e) = vzcntvar (e z) where cntvar £ = (s z)

It may look like the recursive call in the example above is not well-typed since (e z) is not closed
as required, but contains a free parameter z. Making sense of this apparent contradiction is the
principal difficulty in designing an iteration construct for higher-order abstract syntax. As before,
we model iteration via replacements. Here, exp — Onat and so lam — M; and app — M, where
M, : (Onat — Onat) — Onat and My : Onat — (Onat — Onat). The types of replacement terms
M, and Ms arise from the types of the constructors lam : (exp — exp) — exp and app : exp —
(exp — exp) by applying the type replacement exp — Onat. We write

cntvar  :  Oexp — Onat
= Az:Oexp.it (exp — Onat) z
{app — plus
| lam — Af:0Onat — Onat. f (box (s z)))

For example, after G-reduction and replacement the term
cntvar (box (lam (Az:exp.app z z)))

reduces to
(Af :Onat — Onat. f (box (s z))) (An:Onat. plus n n)

which can in turn be S-reduced to plus (box (s z)) (box (s z)) and finally to the expected answer
box (s (s z)).

Note that our operational semantics (see Definition 4.29) goes through different intermediate
steps than the sequence above, but leads to the same result. Note also how replacement re-types
(and possibly renames) bound variables (from z : exp to n : Onat) in the canonical form to
guarantee type preservation.

Example 4.4 (Counting abstractions) The function below counts the number of occurrences
of A-abstractions in an expression. It also has type Dexp — Onat.

cntlam (app e; e2) = plus (cntlam e1) (cntlam es)
cntlam (lam e) = s (vz.cntlam (e z) where cntlam z = z)

Its representation as an iteration follows the same ideas as above.

cntlam  :  Oexp — Onat
= Az:0Oexp.it (exp — Onat) z
{app — Anj:Onat. Ang:Onat. plus nq na
| lam — Af:Onat — Onat. let box m = f (box z) in box (s m))
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Example 4.5 (First order logic) First order formulas and terms are represented as canonical
objects of type ¢ over the signature which includes the following declarations.

Terms: t
Formulas: F = Vz.F|Fi D F|t1 =1t
i : type
, o] : type
"Vz. F7 = forall (Az:i."F7) forall: i—o0)—o
AL DF," = impl"F""F™ impl :0o—20—0
Tt1 =127 = eq ;' Tty eq ti—»i—o

To count the number of equality tests, we can specify cnteq with type i — Oo — Onat as follows.
We require an argument term ¢ in order to instantiate the universal quantifier (since we did not

assume any constants of type i).

cnteq t (forall F) = cnteqt (Ft)
cuteq ¢t (impl Fy F) = plus (cnteq ¢t F1) (cnteq ¢ F3)
cnteq t (eq ty £2) = box (sz)

A representation of cnteq in the modal A-calculus has the form:

cnteq : i— Oo— Onat
= M:1LAF:0o.it (0 — Onat) F
(forall — Af:i — Onat. (f t)
| imp! — plus
| eq — Atp:i Afg:i. box (s z))

Example 4.6 (Booleans) Boolean values can be represented as objects of type bool over the
signature which includes the following declaration:

Boolean Values: b == T |.L
bool : type
T7 = true true : bool

17 = false false : bool

Informally we can represent the Boolean operation and as follows. We must require all argument
and all result types are boxed, because the result of and will be used as subject for another case

distinction.
and true By = By

and false By = false

A formal representation of and is then as follows:

and : 0Obool — Obool — Obool
= AB;i:0bool. AB3:Obool.
it (bool — Obool) By
(true — By
| false — box false)
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Example 4.7 (Constant test) Below we define a function which returns true if a given functional
object of type exp — exp (see Example 2.5) is constant with respect to the first argument.

const Az:exp. (lam (Ay:exp. E z y)) = vy const Az:exp.(E z y)

where const Az :exp.y = true
const Az:exp. (app (E1 z) (E2 £)) = and (const Az:exp. (B z)) (const A\z:exp. (Fs x))
const Az:exp.x = false

The representation of const has type O(exp — exp) — Obool.

const : O(exp — exp) — Obool
= MAF:0(exp — exp). it (exp — Obool) F
(lam — AE:0Obool — Obool. (£ (box true))
| app — and) (box false)

Note how the last case in the informal definition is represented by applying the result of iteration
(which will be of type Obool — Obool) to box false.

Example 4.8 (Translation to de Bruijn representation) Untyped M-expressions in de
Bruijn form are represented as canonical objects of type db over the signature which includes the
natural numbers and the following declarations.

DeBruijn expressions: d := n|lamd|d;@ds
db- : type
7 = var™n” var : nat — db
flamd? = lm"™d” Im : db — db

"d1@dy? = ap“d;'"de? ap :db—db—db

A translation from the higher-order representation to de Bruijn form has type Cexp — db and is
represented formally in terms of an auxiliary function trans of type Oexp — Onat — db:

trans (lam e) n = Im (v trans (e z) (s n)

where (trans z m) = var (minus m n))
trans (app e; ez) n = ap (trans e; n) (trans eg n)
dbtrans e = transez

At the top level (when translating a closed term) we can apply this to any natural number to obtain
a function of type Oexp — db. Assuming functions minus (whose definition we discuss in the next
section) and unbox (see Example 3.2), this is implemented by the following iteration.

trans : Oexp — Onat — db
= Az:Oexp.it (exp — Onat — db) z
(lam ~ Af:(Onat — db) — (Onat — db).
An:Onat. lm (f (Am:Onat. var (unbox (minus m n)))
_ (let box n' = n in box (s n')))
| app +— Af1:0Onat — db. Afy:Onat — db.
An:Onat.ap (f1 n) (f2 n))
dbtrans : Oexp — db
= Az:Oexp. trans z (box z)



4 ITERATION 11

A number of other functions can be defined elegantly in this representation. For example, pairs
prove appear to be necessary for defining parallel S-reduction (which is convenient in the proof of
the Church-Rosser theorem).

Example 4.9 (Parallel reduction) Parallel reduction is here defined over expressions (from Ex-
ample 2.5). We state the function first informally:

par (app e; eg) = par’ e; (par e3)
par (lam e;) = lam (Az:exp.par (e; z))
where par £ = z and par’ z e3 = app z e3
par’ (app e1 e2) ¢ = app (par’ e1 (par e2)) €)
par’ (lam e;) € = vz par (e z)

where par z = e}, and par’ z e3 = app €}, e3

Parallel reduction can be represented in our system — pairs are essential to do so. The type of
par is Oexp — exp. The (unnamed) intermediate function defined by iteration has type Oexp —
exp X (exp — exp).

par : Oexp — exp
= Ae:Oexp.
fst( it (exp +» exp X (exp — exp)) e
(app — Aej:exp X (exp — exp). Aez:exp X (exp — exp).
{(snd eq) (fst e3),
Aeh, cexp. app ((snd e1) (fst e3)) e5)
| lam — Aep:(exp x (exp — exp)) — (exp x (exp — exp)).
(lam (Az:exp. fst (e1 {z, Aes:exp.app = e3))),
Aeh exp. fst (e1 (ef, Aez:exp.app e} e3})))

The following example illustrates two concepts: mutually inductive types and iteration over the
form of a (parametric!) function (which we already saw in Example 4.7).

Example 4.10 (Substitution in normal forms) Substitution is already directly definable by
application, but one may also ask if there is a structural definition in the style of [Mil91]. Normal
forms of the untyped A-calculus are represented by the type nf with an auxiliary definition for
atomic forms of type at.

Normal forms: N = P |lamz.N
Atomic forms: P z | PQN

I

The representation function .7 is now overloaded, but it should be clear how to resolve it from
the context.

nf :type
at :type
TP?7 = atnf"P” atnf : at — nf
flamz. N7 = l(Az:at."N7) | :(at — nf) - nf
TPQNT = a"P7CN™ a :at— nf—at

r‘mw =
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Substitution of atomic objects for variables is defined by two mutually recursive functions, one with
type subnf : O(at — nf) — at — nf and subat : O(at — at) — at — at.

subnf (Az:at.l (Ay:at. N zy)) @ = 1(Ay:at.subnf (Az:at. (N zy)) Q
where subat (Az:at.y) @ = y)

subnf (Az:at. atnf (P z)) Q = atnf (subat (A\z:at. P z) Q)
subat (Az:at.a (Pz) (N z)) Q@ = a(subat (Az:at. P z) Q) (subnf (Az:at. N z) Q)
subat (Az:at.z) @ = Q

The last case arises since the parameter z must be considered as a new constructor in the body of
the abstraction. The functions above are realized in our calculus by a simultaneous replacement
of objects of type nf and at. In other words, the type replacement must account for all mutually
recursive types, and the term replacement for all constructors of those types.

subnf : O(at — nf) — at — nf
= AN:0O(at — nf). A\Q:at. it (of — nf | at — at) N
(1= AF:at — nf.1 (Ay:at. (F y))
| atnf — AP:at.atnf P
|a— AP:at. AN :nf.a P N)

Q

Via n-contraction we can see that substitution amounts to a structural identity function.

Example 4.11 (Further mathematical operations) Below we define the multiplication and
the exponentiation function which we can informally define as follows:

multz N = z

mult (s M) N = plus (mult M N) N

ex M z = sz
exM (sN) = mult(ex M N) M

The representation of mult and ex has type Onat — Onat — Onat.

mult : Onat — Onat — Onat
= AM :0Onat. AN :Onat. it (nat — Onat) M
(z+— box z
| s = AM':Onat. (plus M’ N))

ex : UOnat — Onat — Onat
= AM:Onat. AN :Onat. it (nat — Onat) N
(z — box (s z)
| s = AN':Onat. (mult M N"))

Example 4.12 (Ackermann’s function) Below we define the function which we can informally

define as follows:
Az = Az:nat. (s z)

A(sn) = MAz:nat.(A®n)z
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where (A® n) stands for (A...(A n)). The representation of A has type Onat — DOnat — Onat.
——
z—times

A : Onat — Onat — Onat
= Am:0Oexp. it (nat — Onat — nat) m
(z > Az:Onat.let box ' = z in box (s z')
| s+ Af:Onat — Onat. Az:Onat. it (nat — Onat) z (z — z,s — f))

The following example shows a scheme how to represent primitive recursion over natural num-
bers using pairs.

Example 4.13 (Primitive recursion over natural numbers) Below we define a general
primitive recursive scheme over natural numbers. Let A be the result type of the primitive re-
cursion. For every N, : A and N : Onat -+ A — A we define informally the primitive recursion

scheme:
prz = N

z
pr(sm') N = Ny;m' (prm')
The representation of pr must make use of pairs. The reason for this is that the natural number

must be passed as an argument to N;. Using a standard iteration scheme would not be enough,
because this information is discarded. Pairs allow to recover the structure of this natural number:

pr : Onat— A
= Am:0Onat.snd
(it (nat — Onat x A) m
(z +— (box z, N,)
| s+ Ap:Onat x A. (box (let box m' = (fst p) ins m’), Ny (fst p) (snd p))))

We begin now with the formal discussion and description of the full language. Due to the
possibility of mutual recursion among types, the type replacements must be lists (see Example 4.10).

Type replacement: w == -|(w|a— A)

The types being replaced form a type domain, i.e. a list of type constants.
Type domain: a = -|o,a

Which types must be replaced by an iteration depends on which types are mutually recursive
according to the constructors in the signature ¥ and possibly the type of the iteration subject itself.
If we iterate over a function, the parameter of a function must be treated like a constructor for its
type, since it can appear in that role in the body of a function.

The types which must be replaced by an iteration form a type domain. The type replacement
must be defined in such a way that every type in this domain is replaced by some other type. This
leads to the introduction of well-formed type replacements F w : .

Definition 4.14 (Well formed type replacements)
Rules:

——— WrBase Co:o Wrind
Foe Fwla— A): (a,a)
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We address now the question of mutual dependency between atomic types by defining the
notion of type subordination which summarizes all dependencies between atomic types by separately
considering its static part <y which derives from the dependencies induced by the constructor types
from ¥ and its dynamic part </p which accounts for dependencies induced from the argument types
of B. We say that type a; subordinates type a if objects of the later type can be constructed from
objects of the former type.

But what does it mean, to build up objects of some pure type B? In the easier case where iter-
ation is performed over objects of atomic type a objects can only be constructed from constructors
with target type a, applied to some objects of the argument types. In the more complicated case,
they can be also formed from variables introduced by A-abstractions. These so called “parameters”
or “pseudo constructors” must be of target type a. We denote the target type of a pure type B by
T(B).

Definition 4.15 (Target types)
7(a) = a
T(Bl — BQ) = T(B2)

Let B be the type of a (pseudo) constructor and M be an object of this type B. From which
other objects M can be constructed can be directly extracted from the type B, namely all objects
of the argument types of B — regardless if they occur positively or negatively. For a given pure
type B we define the type domain Source(B) as

Definition 4.16 (Source types)
Source(a) =
Source(By — Bg) := (Source(B),7(B1)) U Source(Bs)

Note, that the resulting type domain can only contain atomic types. For example 4.10 it is easily
verified that the constructor type of a yields: Source(at — nf — at) = (at, nf).

To obtain a set of all types on which an atomic type ¢ may depend, we must select a subset of
the signature ¥ containing all constant declaration with target type a. This set is called a set of
constructor types for a and denoted by §(%; a):

Definition 4.17 (Constructor types)
S(sa) =

S(X5a),z:B ifr(B)=a

/ . . =
S(X,z:Bja) = { S(Z'; a) otherwise

In a more general setting we need the set of all constructor declarations of a mutual inductive
type. Type domains have been introduced to represent the set of all participating atomic types for
mutual inductive datatypes. The definition of the set of constructors §*(%; a) follows easily:

Definition 4.18 (Constructor types over type domains)
ST (%) =
S*(Z;a,0) = S*(Z;0)US(Z;a)
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The intuition behind this construction is to define the subordination relation which reflects the
dependencies of atomic types in between each other. Target types and source types help us to
capture the dependencies for one pure type: the target type depends on each source type. These
dependencies are captured by the immediate subordination relation:

Definition 4.19 (Immediate subordination relation) Let B a type.
a <p 7(B) iff a € Source(B)

If we take the union of all immediate subordination relations which are induced by a
(sub)signature X, we obtain the static subordination relation. It is called static because the signa-
ture is fixed.

Definition 4.20 (Static subordination relation) Let ¥ be a signature.
a1 Az az iff S =3¢ B and either a; <p as or a; <y as

If we consider Example 4.10 again we see that the static subordination relation of the signature is
the union of all immediate subordination relations:

e a:at—nf—at: .
at < ¢ at and nf < ¢ at

at—-nf-a at—nf—a

e atnf: at — nf:

at < fnf

at—n

e 1: (at = nf) - nf

at <pp ynfonfnf and nf <, p¢ qpnf
Putting it all together we obtain the static subordination relation:
at <y at, nf <y at, at <y nf, nf <z nf

Note that the static subordination relation need not to be transitive or reflexive.

Constructor types are not the only source of subordination. As briefly mentioned above, another
source are types introduced by the type of the iteration subject. Fortunately, it is always closed
which guarantees that no free variables can be encountered while traversing its structure except
internal variables defined in the body of the subject. Iteration over functional objects can introduce
new dependencies into the subordination graph as the following example shows.

Example 4.21 (Higher-order logic) First order logic can be easily extended to higher order
logic by introducing a reification function from formulas to terms. To count the number of equality
tests, we extend the subject of iteration defined in Example 4.5 by a new abstraction over the
reification function r which has type o — i. The introduction of a reification function makes terms
and formulas depend mutually on each other. We therefore must distinguish between cnteqi of
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type O((o — 1) — i) — Onat which counts occurrences of equality tests in terms and cnteqo of
type O((o — i) — o) — Onat which counts them in formulas.

cnteqo Ar:o — i (forall (Az:i.F'r z)) = vz (cnteqo Ar:o —i. (F r z))

where cnteqi Ar:o > 1z =12
cnteqo Ar:o — i. (impl (Fy r) (F2 r)) = plus (cnteqo Ar:o — i. (Fy r)) (cnteqo Ar:o — i. (Fy 7))
cnteqo Ar:o — i.(eq (t1 7) (82 7)) = s (plus (cnteqi Ar:o — 1. (41 7)) (cnteqi Ar:o — i. (£2 7))
cnteqi Ar:o = 1. (v (F r)) = cnteqo Ar:o —i. (F'r)

The representation of cnteqo in the modal A-calculus has the form:

cntego @ O({o — i) = o) — Onat
= AF:0((o — i) — 0).it (0 — Onat,i+ Onat) F
(forall —» Af:Onat — Onat. (f (box z))
| impl + plus
| eq — Am:DOnat. An:Onat. let box r = plus m n in box (s r))

It is clear that the type of the iteration subject must be taken into consideration when defining
the general subordination relation. We proceed now by characterizing all those dependencies which
arise from the type B of the iteration subject which will lead to the notion of dynamic subordination.
From the example above we can sée that variables occuring in the closed subject of iteration can be
interpreted as constructors if we look at the object from a purely syntactical point of view. We call
those variables pseudo constructors and correspondingly their types as pseudo constructor types.

A closer look reveals that not all abstractions in a closed term introduce relevant pseudo con-
structors: Relevant with respect to the subordination relation are only the fop-level pseudo con-
structors which are infroduced as variables of the argument types of B. All others are of some
subtype of either a constructor type from the signature or a pseudo constructor type. Pseudo
constructor types of B are hence inductively defined as follows.

Definition 4.22 (Set of pseudo constructor types)
PCT(@) = {}
PCT(B; —+ By) = {B1}UPCT(Bs)

In the next step we define the dynamic subordination relation which can be directly determined
from the set of pseudo constructor types. We follow the same idea as in the static case: every pseudo
constructor type in PCT(B) induces a new set of dependencies. Taking all these sets together we
finally arrive at the dynamic subordination relation:

Definition 4.23 (Dynamic subordination relation) Let B be a pure type.
a1 <p as :& B = By = By and either ay <p, ay or a; <p, ay

Consider type B = O((o — i) — o) from the previous example. The dynamic subordination relation
is then characterized by o <p i and i <p i. 0 < i says now that we have a pseudo constructor
which behaves as some kind of embedding function from formulas into individuals. It should be
immediately evident, that the presence of such an embedding function turns the first order logic
from example 4.5 into a higher order logic. Static and dynamic subordination represent local
dependencies between atomic types. To obtain the global subordination relation, the union of both
must be closed under transitivity.
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Definition 4.24 (Global subordination relation) Let B be a pure type.
4z ¢ (<z U <p)°

Note, that that the global subordination relation is not necessarily reflexive. On the other hand
if the subordination relation is reflexive, i.e. for the atomic type 7(B), 7(B) 4x,p 7(B) holds, then
7(B) is recursive or inductive with respect to B.

The notion of inductive type and subordination are very closely related. In fact, the subordina-
tion relation is defined with the purpose to extend the notion of inductive types. Note that static
type subordination is built into calcult where inductive types are defined explicitly (such as the
Calculus of Inductive Constructions [PM93]); here it must be recovered from the signature since we
impose no ordering constraints except that a type must be declared before it is used. Qur choice
to recover the type subordination relation from the signature allows us to perform iteration over
any functional type, without fixing the possibilities in advance.

As we have seen in example 4.21, the dynamic subordination relation implies that terms and
formulas depend on each other. Hence, static subordination constitutes only part of the subor-
dination relation. If we would follow the paradigm used in Coq we must calculate internally a
syntactical definition of the new inductive type, where pseudo constructors are defined as real con-
structors. This has to be done on the fly because as we will see later in the typing rules, the type
of the subject,of iteration B must be inferred first. It is indeed possible to proceed this way, and it
is also possible to show the equivalence of both formulations (which we are not going to do here).
All type constants which are mutually dependent with 7(B), written Z(X; B), form an inductive
datatype.

Definition 4.25 (Inductive type) Let B be a type and X a signature:
I(%; B) := {a|7(B) 4x;p a and a 45,5 7(B)}

Revisiting example 4.21 extending first order logic to higher order logic we can calculate the in-
ductive type Z(X; (o0 — i) — o) = {o,i}. The set of constructors has then the following form:

§*(Z;0,i) =forall: (i > 0) - o,impl:0 — 0 —o0,eq:i—i—o0

Let us now address the question of how the type of an iteration is formed: If the subject of
iteration has type B, the iterator object has type (w)(B), where (w)(B) is defined inductively by
replacing each type constant according to w, leaving types outside the domain fixed. The replace-
ment application might traverse over type constants not defined in w. This becomes immediately
evident when we consider Example 4.8: nat is traversed, but not defined in w. Also in Example 4.5:
i is not defined in w. But since objects of such strictly subordinated types do not participate in
the process of iteration, their types remain unchanged.

Definition 4.26 (Type replacement)

(w)(a) a otherwise

(@)(B1 = By) := (w)(B1) = (w)(Ba)

_ {A ifwla) = A
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A similar replacement is applied at the level of terms: the result of an iteration is an object which
resembles the (canonical) subject of the iteration in structure, but object constants are replaced
by other objects carrying the intended computational meaning of the different cases. Even though
the subject of iteration is closed at the beginning of the replacement process, we need to deal
with embedded X-abstractions due to higher-order abstract syntax. But since such functions are
parametric we can simply replace variables z of type B by new variables z’ of type (w)(B).

Term replacement: == -|(Q]|c— M) | (Q]|z— ')

Initially the domain of a term replacement is a signature containing all constructors whose
target type is in Z(X; B). We refer to this signature as $*(X;Z(Z; B)). The form of iteration
follows now quite naturally: We extend the notion of objects by

M :u=...|it (w) M ()

and extend the typing rules for iteration. To do so we must introduce a new typing judgment for
term replacements Q: A;T F Q : (w)(X). € is well-typed if it replaces every constant of some
signature ¥ with some object of correct type.

Definition 4.27 (Typing judgment for iteration) eztending Definition 3.1:

A\TEM:0B  Fw:a ATEFQ: (w)(E)
AT F it (w) M Q) : (w)(B)

Tplt

where a = I(X; B) and &' = §*(Z; a)

ATHQ: (W)(E) ATHM: (w(B)
TrBase Trind
AT - (w)(e) AT H(Q e M) : {w)(Z,c: B

It should now be clear, how to proceed when developing a function which involves iteration,
as the one used to translate A-expressions into deBruijn representation in Example 4.8. In a first
step it is necessary to define the type of the function, that is to make explicit which arguments
must be boxed and which not. This is mainly determined by the subject of the iteration. On the
basis of this type the type replacement w need to be specified. In Example 4.8 we defined iteration
over an object of type Oexp. During the traversal of the term, exp was mapped into a function of
type Onat — db because the relative de Bruijn index changes during the traversal. This is already
enough to fix the type replacement: w = exp — Onat — db.

In a second step the set of constructors which must be replaced is determined by the inductive
datatype Z(X; exp) = exp. By definition it follows that

S§*(¥;exp) = lam : (exp — exp) — exp,app : exp — (exp — exp)

The operational character of iteration makes it now necessary to define the term replacement,
mapping lam and app to objects M; and My, respectively. The typing rule TrBase and Trind
determine their types, but there is also a very intuitive way to do so: lam expects one parameter,
which we assume to be transformed to a parameter of new type. Its type results from replacing
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every occurrence exp in the type of the parameter by the new type Onat — db — which is exactly
expressed by the type replacement. Hence M; must have the type

((Onat — db) — (Onat — db)) — (Onat — db)

and similarly the replacement for app must have type

(Onat — db) — (Onat — db) — (Onat — db).

The iteration itself has hence the type (Onat — db).

Applying a term replacement must be restricted to canonical forms in order to preserve types.
Fortunately, our type system guarantees that the subject of an iteration can be converted to
canonical form. Applying a replacement then transforms a canonical form V of type B into a
well-typed object (w; Q)}(V') of type (w)(B). We call this operation elimination. It is defined along

the structure of V.

Definition 4.28 (Elimination)

(w; Q) (c) = { iVI Z{flgi(ri))i:—eM (ElConst)

(w; N(z) = Qz) (ElVar)
(w;(Az:B. V) = A'{(w)(B). (w; ]z 2')(V) (ElLam)
(w; 1 V2) = (w; () (w; Q)(V2) (ElApp)

Constructors and variables must be mapped to some objects defined in the term replacement
(). As encountered above, not all types occuring in the subject type of the iteration object live in
the inductive datatype. This property implies that elimination might encounter constructors which
are not defined in the term replacement. In this case we do not replace the constants, as already
indicated by the type replacement which leaves those atomic types unchanged. When eliminating a
A-abstraction Az:B.V, ElLam applies: z, introduced by the A-abstraction is a pseudo constructor
which will be renamed to z’. The term replacement must hence be extended by z — z'. The
elimination result must then be abstracted over the newly introduced variable z’ of type (w)(B).

The term resulting from elimination might, of course, contain redices and must itself be evalu-
ated to obtain a final value. Thus we obtain the following evaluation rule for iteration.

Definition 4.29 (Evaluation judgment) eztending Definition 3.3:

Mo bsM 0B -FM AV :B Uk {wQV') = V: (w)(B)
Ukt {w) M (Q) >V : (w)(B)

Evit

The reader is invited to convince himself that this operational semantics yields the expected
results on the examples of this section.

Our calculus also contains a case construct whose subject may be of type OB for arbitrary
pure B. It allows us to distinguish cases based on the intensional structure of the subject. For
example, we can test if a given (parametric!) function is the identity or not. We discuss the case
construct-in the next section.
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5 Case

Iteration is a powerful mechanism which replaces a general recursion scheme in our system. We
have seen that we can recover primitive recursion of natural numbers since our calculus contains
pairs. A quite natural question to ask is if iteration can be used to mimic definition by cases. We
currently have no proof of this, but we strongly suspect that it is not. We start with some easy

examples.

Example 5.1 (Comparison) To check if a natural number is greater then 0 we would like to

write informally
gt0m = casem of z=> false

| (s m') = true

In our system we view case distinction as a selection of a branch, triggered by the head constant
of the case subject. We replace the 2 : nat by an object M, : A and s : nat — nat by M, : Onat — A.
Note that the argument type of M, is Onat and not nat as one might suspect at a first sight. This
is because we know that the case subject is closed and hence its arguments must be closed, too.
It seems that our construction does not work for functional case subjects. To solve this obvious
contradiction is one of the main difficulties of the design of a suitable case operator. The case
construct in its simplest form is written as “case (A) M (E)” where M (of type Oa) is the subject
of case, and = is a list containing matches for all constructors of type a.

Example 5.2 (Comparison with case) The greater-than function from example 5.1 can be for-
mulated as follows:

gt0 : Onat — bool
= Am:0Onat. case (bool) m (z = false| s = Am':0A. true)

Boolean connectives serve as further simple examples which show the use of the case constructor
in our system. We have already seen a representation of conjunction in example 4.6.

Example 5.3 (Boolean operators) Informally we can represent not and or as follows. We must
require all argument and all result types are boxed, because the result of a boolean operation might
be used for another case distinction — as it is commonly the case.

not B = case B of or By Ba = case By of
(true = false (true = true
| false = true} - | false = Bs)

The formal representation of the Boolean operations is as follows:

not : Obool — Obool or : 0Obool — Obool — Obool
= AB:Obool. = ABj:Obool. ABy : Obool.
case (Obool) B case {Obool) By
(true = box false (true = box true
| false = box true) | false = Bj)

Many more examples are representable in our system. We start with presenting subtraction
(which we already assumed to be representable in Example 4.8) where we will need a combination
of iteration and case distinction.
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Example 5.4 (Subtraction) Among others the type of subtraction could be Onat — Onat —
Onat. It is informally defined as follows.

minus m z = m
minusm (s n') = casemofz =z
| (s m') = (minus m’ n')

Both arguments of minus must be closed, because we use case distinction over the first argument
and iteration over the second.

minus : DOnat — Onat — Onat
= Az:0Onat. Ay:Onat. it (nat — (Onat — Onat)) y
(z — Am:0Onat.m
| s —= An:(Onat — Onat).
Am:Onat. case (Onat) m
(z = box z
| s = Am/:Onat. (n m’))) z

Case is not restricted to range over atomic types only. Using case over functional types we show
in the next example how an identity function test can be implemented.

Example 5.5 (Identity test) Below is a function which decides if a parametric function mapping
exp to exp is the identity function or not. The function has type O(exp — exp) — bool.

id-test E = case E of Az:exp. (app (F1 z) (E2 z)) = false
| Az:exp. (lam A\y:exp. E z y) = false
| Az:exp.z = true

Following the same idea as above we match in the first case F' with app : exp — (exp — exp)
and return M,. Instead of just boxing the arguments of app we must be more careful because those
arguments might contain the free variable which was introduced by the case subject. In fact every
argument of app must be closed under this variable: The objects to be expected by M, have hence
the form Az:exp. E1 and Az:exp. Ey, both of type exp — exp. Since z was the only free variable
which might occur in Ey or By we also know that both A-expressions are closed. Hence they can
be boxed. The type of M, is therefore O(exp — exp) — O(exp — exp) — Obool.

A very similar argument can be applied to determine the type of M;, which is the match for
lam : (exp — exp) — exp. z can occur free in the body E of the A-expression, hence M; will be
passed the boxed object Az:exp. E which gives M; the type O(exp — (exp — exp)) — Obool.

It should not be forgotten that there is also a third case to be considered. z can occur as
a pseudo constructor in the body of the case subject. Here again as in the iterator case, the
matching objects for pseudo constructors are not given immediately, but instead the result of case
is a function ezpecting the match object M, for the pseudo constructor: M, must be of type Obool.
Let us return to the previous example:

Example 5.5 (Identity test using case) The identity test function is hence represented as fol-

lows.
id-test : O(exp — exp) — Obool

= AF:0(exp — exp). case (bool) F
(app = AE;:0(exp — exp). AE,:O(exp — exp). box false
| lam = AE:0O(exp — exp — exp). box false) (box true)
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In the following we develop two functions to test if an expression from Example 2.5 is a (-
redex or if it is an 7-redex. It shows how more than one case construction can be nested, and
demonstrates again how case distinction proceeds over functional objects. To remind the reader S-
and n-reduction are defined as follows.

pB-reduction: (Az:exp.Eq) Bz ~ [Eq/z](E})
n-reduction: Az:exp.(Ex) ~» E where z does not occur free in F

Az :exp. By Fs is called a (3 redex, Az:exp. (E z) is called a n-redex if z does not occur free in E.
These examples can be modified to implement the reduction.

Example 5.6 ((-redex test) The S-redex test function has type Oexp — Obool and can infor-
mally be defined as follows.

beta-test ¥ = case F of (lam E) = false
| (app E1 E2) = case E; of (lam E') = true
| (app E| Ej) = false

Its representation in our calculus is hence:

beta-test : Oexp — Obool
= AF:Oexp. case (Obool) F
(lam = AE:0O(exp — exp). box false
| app = AE;:0exp. AE;: Oexp.
case (Obool) Ey
{lam = AE’:0(exp — exp). box true
| app = AFE] :Oexp. AEj: Oexp. box false))

Example 5.7 (n-redex test) The function to decide if a given expression is a 7-redex is more
difficult to define. Clearly, it will have type Oexp — Obool. The main difficulties arise because the
decision cannot simply be made by considering the structure of the expression, but we must ensure
the side condition for 5-redices. Fortunately we already defined the functions const and id-test
which come handy for the informal definition of the n-redex test.

eta-test I = case F of
(lam E) = case F of Az:exp. (lam Ay:exp. E' z y) = false
| Az:exp. (app (E] z) (B3 7)) =
(and (const E}) (id-test EY))
| Az:exp.z = false
| (app E1 E») = false

Its representation in our calculus is hence: ‘
eta-test : Oexp — Obool
= AF:0Oexp.

case (Obool) F
(lam = AE:0O(exp — exp).
case (Obool) F
(lam = AE':O(exp — exp — exp). box false
| app = AEY :0O(exp — exp). AES : O(exp — exp).
(and (const EY) (id-test E3))} (box false)
| app = AE; :Oexp. AE; : Oexp. (box false))



5 CASE 23

We begin now with the formal discussion of the case construct: Differently from iteration
which traverses the entire structure of the subject, case only recurses down to the head constructor
of the subject leaving possible arguments aside. The subject for selection is always of the form
AT1 : B1...ATm 1 B¢ Mq..M,, with a head constructor ¢ of type B’. Operationally speaking,
during the process of selection, the head constructor is replaced by an object M representing the
computational content of the applying case. At a first glance one might suspect that M’s type
is B = .. = B, — A where the B}’s are the argument types of ¢ and A is the result type of
the case. This is not powerful enough. Since case distinction requires its subject to be closed, no
further case distinction could be performed over any of the objects AM;..M,,. To solve this dilemma,
we close each argument M; by abstracting over each variable which might possibly occur free in
it. It should be clear that all those variables can be determined because each M; is a subobject of
the case subject. This allows us to finally close the newly constructed object with a box. To make
this more formal we define a generalized A-abstraction which we call abstraction closure: A{¥}. M
stands for a closed object where M is wrapped in A-abstractions defined by .

Definition 5.8 (Abstraction closure)
MIM = M
MU' z:B} M = MU'} (A\z:B.M)

and its type is defined as I[I{}. A:
Definition 5.9 (Abstraction closure type)

In{-}.4 = A
I{¥,z: A} A = I{T}.(4" = A)

Returning to our discussion we can now write box (A{¥}. ;) for the abstracted and closed
versions of M; where U is a context accounting for all free variables possibly occuring in M;. It
follows that this argument closing operation determines the type of M which we discuss next.

In Example 5.5 we encountered the problem to assign types to the arguments of the object M,
and M; which represent the computational meaning of the cases app and lam, respectively. We
generalize now this approach which leads to the notion of case types. As pointed out above, the
general form of the canonical case subject is A{T}. ¢ M;..M,, with a head constructor ¢ of type
B’. The type of the case subject is hence I[I{¥}.a for some atomic type a. The set of different
constructors ¢ constitutes all constructors with the same target type a. All pseudo constructors
defined in ¥ having target type a could also occur in the position of ¢. Consider now some (pseudo)
constructor ¢ of type B’ where 7(B’) = a. Selecting a case for this constructor ¢ means to select
an object M, — carrying the intended computational meaning for this case. M, must be function,
which expects as parameters box A{T}. M;... box A{¥}. M, as has be motivated above. M,’s type
can hence be derived from the type of the case subject B = II{¥}. a, the result type of case A and
the type of the constructor ¢ : B'. We abbreviate the type by writing C (II{¥}.a, 4, B).

Definition 5.10 (Case types)

C ((I{¥}.a),A,d!) = {A, ifa=ad

a' otherwise
O({®}. B;) — € ((I{¥}.q), 4, B)

C (II{¥}.a), A, (B1 — B2))
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Note, that in the presentation so far 7(B) = 7(B’) holds. Hence the otherwise case in the
definition above does not apply. This changes if we direct our attention to the type of the case
object itself since pseudo constructors must be replaced by variables of case types. That is if
the case subject is of type B = B; — ... =& B,, — a then the type of the case construct is
C (B,A,B;) - .. = C (B,A,By) — A. It is obvious that there might be pseudo constructor
types B; which target type is different from a. In those cases, the atomic case types C (B, A, B)
must be well-defined which makes the otherwise clause necessary. In fact those pseudo constructors
can never occur in head position. Even though we wish to omit them from the definition of case
types in general — as the following example shows — we do not pursue this idea here, but leave it
to future research.

Example 5.11 (Equality formula test for higher order logic) Consider a function which
returns true if the a higher-order formula is of the form #; = #5, else false. We call this func-
tion eq-test. The type of this function should be O((o — i) = 0) — Obool. Informally we would
write:

eq-test I = case F of
Ar:o — i.forall Az:o0. F' r £ = false
Ar:o — i.impl (F{ r) (Fy r) = false
Ar:o —i.eq (t] r) () r) = true

The straightforward representation of this function in our system would be

eq-test : O({(o = i) = o) = (O({o — i) = 0) — i) = Obool
= AF:0((o —1i) — o).
case {(Obool) F
(forall = AF’':0((o — i) = i = 0). box false
| impl = AF}:0((o — i) = 0). AF3:0((0 — i) = 0). box false
| eq = At]:0((o — 1) = i). Ath:O((0 — i) — i). box true)

The type of this representation of eq-test has an unexpected form, we would expect that its type
is O((o — 1) — 0) — Obool. The reader can convince himself, that the type of eq-test is correct,
and that the second argument type O((o — i) = 0) — i represents the branch for the pseudo
constructor. The pseudo constructor itself happens to be insignificant because it cannot occur
in head position but our system currently does not check this special case for simplicity of the
development below and the proofs in section 7. Thus a dummy argument must be supplied.

The type of case construction case (A) M E is called complete case type C* (B, A, B) where B
is the type of M. C* (B, A, B') is defined for some pure type B’ as follows.

Definition 5.12 (Complete case type)
C* (B,A,0) = C(B,A,a)
C* (B,A,(BL — By)) = C(B,A B, —C* (B,A,B))

Case distinction is now defined similarly to iteration. The result of the selection process —
i.e. executing the case construct — is an object which resembles the (canonical) subject of the
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case in structure, but the head constant is replaced by some matched object carrying the intended
operational meaning of the selected branch. Even though the subject of iteration is closed before the
selection process, we need to deal with embedded A-abstractions introducing pseudo constructors.
We can simply replace variables = of type B’ by new variables z’ of type C (B, A, B'), where B is
the type of the case subject.

Definition 5.13 (Match)
Match: E = | E|lc=M)|(E|lz=1)

Initially the domain of a match is a signature containing all constructors whose target type is equal
to 7(B). This signature is S(3;7(B)). The form of case follows naturally: We extend the notion

of objects by
M = ... | case (A) M (E)

and extend the typing rules for case. To do so we must introduce a new typing judgment for
matches Z: A;T'FE: (B = A)(X). E is well-typed if it provides an object of case type for every
constant in some signature 3.
Definition 5.14 (Typing judgment for case) eztending definition 3.1
ATHFM:O0B  ATHE: (B= A
A;T F case (A) M (E): C* (B, A, B)

TpCase

where ¥/ = §(Z; 7(B))

ATHE: (B=>A4)(X) A THM:C(B,A,B)
TmBase Tmind
AT - (B = A)) ATH(E|ec= M) :(B= A)(X,c: B

To summarize definition by cases we return to Example 5.5. As in the iteration case, it is
necessary to first define the type of the function, because the subject of case must be closed. For
our example we expect a function as input, which must be passed as subject to case. The result is
bool, which makes it necessary to box it, otherwise it cannot be used as input for other Boolean
operations. Hence id-test has type O{exp — exp) — Obool.

The second step is to examine the type B = O(exp — exp) and the signature X for possible
constructors and pseudo constructors of this type. For id-test we see that only lam, app, and z,
the newly introduced pseudo constructor are candidates for the head position. After determining
the types of the match objects M;, M,, and M,, the objects can be defined.

Having done this, a match must be constructed, representing only the constructors from the
signature ¥ and the according case objects (£ = lam = M;,app = M,). The case construct is
then a function which must be applied to the object M.

The operational semantics of case is defined by one rule using an auxiliary function which defines
the process of selection. The subject of case must be closed. Therefore we can define selection along
its canonical form. The selection process then transforms this canonical object V' of type B into
{B = A;E;-}(V) of type C* (B, A, B).

Definition 5.15 (Selection)
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{B=A;E,T}e) = E(o) (SeConst)
{B=A;E¥Hz) = ZE(z) (SeVar)
{B= A;E; 9} Az:B'.V) = Au:C(B,AB).{B=AEz=u(¥,z:B)}(V) (SeLam)
{B=AE¥(WN V) = {B= A5 ¥}W) (boz \{T}.V3) (SeApp)

Looking at an arbitrary canonical form of a case subject of type B we recognize that it has
always the form A{¥}.c M;..M,. Performing selection means, to first traverse all A-abstractions,
and introducing new variables for the functionality associated with each pseudo-constructor. This
is done by rule SeLam. While traversing the body of the canonical form, each argument M; must
be closed under ¥ and boxed which is expressed by rule SeApp. Eventually the head constructor ¢
is reached. In the case that c is a constructor, SeConst replaces the constant by the object which is
defined in the match Z. If ¢ is a pseudo constructor, then it was a variable name, which counterpart
can also be found in the match = by SeVar.

The selection process is triggered by an additional evaluation rule, which defines the operational
semantics of case.

Definition 5.16 (Evaluation judgment) extending definition 3.5:

UM bozM :0B -FM{V':B UF{B= 45 }V)>V:C*(B,AB)
U ;- case (A) M (EYy -V :C* (B, A, B)

EvCase

The reader can now convince himself that the operational semantics yields the expected results
on the examples of this section. This concludes the presentation of core system of the modal
A-calculus. In the next sections, we address the meta-theoretical properties of our system.
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6 Preliminary results

In the remainder of the paper we seek to prove that the modal A-calculus we were presenting in the
previous sections is a conservative extension over the simply typed A-calculus from Section 2. This
theorem shows that every object of pure type in our system evaluates to an object of canonical
form in the simply typed A-calculus.

A milestone on the way towards this proof is the canonical form theorem which we present in
the next section. It guarantees, that every object typable by a pure type possesses a canonical
form. As a corollary of the canoncial form theorem we obtain a type preservation result which says
that types are preserved under evaluation.

In the remainder of this paper we will need some more basic technical notions and properties
which we are presenting in this section. Due to the basic character, a lot of the forthcoming lemmas
of this section are very clear and their proofs do not require more than easy inductive arguments.
If appropriate we omit the proof.

6.1 Context

In section 2 we defined a context U as a list of variables of pure type which we generalized to a
context I' representing variables of arbitrary type in section 3. In the following sections it will be
necessary to reason about contexts. The argument will involve extensions of contexts. Since this is
a very standard and basic definition we introduce it at this point and show some simple properties
which we need later.

Definition 6.1 (Context extension) I” > I' :& Context [V estends context T.
Rules:
">

CeBase —————— Celnd
r>r IMx: A>T

Note that defining a context extension for I' subsumes the notion of context extension for pure
contexts ¥. We_show now four properties which are a direct consequence of this definition. First,
it is clear that every context extends the empty context. The proof is done by induction.

Lemma 6.2 (Every context extends the empty context) T > -

Proof: See appendix B. m|

Second, context extension is transitive. This can be easily shown by induction over the structure
of the second I'.

Lemma 6.3 (Transitivity of context extension) IfI'" >I' andI">T thenT" >T

Proof: omitted. a

And third if a context I’ extends a union of two contexts, then I itself can be written as a union of
one of contexts and an extension of the other. This less obvious property is proven by induction.

Lemma 6.4 (Context form) IfT” >TUT thenT” =Tul' and IV >T
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Proof: See appendix B. O

As fourth and last property of context extension we show that if one context extends another, the
extension remains valid under union with some other context.

Lemma 6.5 (Context union) IfT'>T thenTUDY >TUT

Proof: omitted. |
Without proof we just state that the union with the empty context yields the same context.
Lemma 6.6 (Empty context on the left) -UT =T

Proof: omitted. O

Recall how the access to a context was defined: We write I'(z) = A iff we can write "' as T'y,z € AU
[y. To be painstakingly precise we must require that if I" itself was a union of two contexts, then
one of the contexts must be written as such a union — we omit the boring proof.

Lemma 6.7 (Context union access) If (T ULl')(z) = A then T = I',z: AUTy or IV =
I,z: AUTY

Proof: omitted. O

Closely related to contexts are substitutions which we introduce after discussing the typing relation
of our system.

6.2 Typing

The basic property which is needed in the proof of lemma, 7.17 in the next section is the admissibility
of weakening for the typing relation. In other words: An extension of the typing context cannot
invalidate typing derivations. The following lemma has two parts, the first part discusses weakening
in the modal context, the second weakening in the regular context. We omit the easy proof by
induction.

Lemma 6.8 (Weakening on typing relation)

1. IfA,TEM:Aand A" > A then A TFM: A
2. If A\ TEFM:AandT! >T then A;TVFM - A

Proof: omitted. O

Besides weakening we need another important lemma — the substitution lemma which we
present in two different flavors. The first substitution lemma guarantees, if we replace a variable
from the modal context by a closed object of required type, the result will still be typable.

Lemma 6.9 (Modal substitution lemma)
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CIfAy AT EM Ay and Ao M Ay then AT - [M/y|(M) : A

Proof: omitted. a

The second substitution lemma is very similar to the first: It says that if a variable from the
regular context is replaced by an arbitrary object of correct type, then the result will be still
typable.

Lemma 6.10 (Regular substitution lemma)

IFAT,y: At - M: Ay and A;T - M2 Ay then AT F [M'/y](M) : Ao

Proof: omitted. ]

These three lemmas form the basic properties of the typing relation which we need for the
formal discussion of our system. In the next subsection we introduce the notion of substitution
and show some related basic properties.

6.3 Substitution

In Section 3 we described the distinction between the parametric function space A7 — A, and the
primitive recursive function space A; = A which made a refinement of context ¥ from Section 2
necessary: We introduced the modal context A, whose variables range over closed objects and
the arbitrary context I' to replace ¥ — the context representing variables of arbitrary type in the
simply typed A-calculus. Contexts and substitutions are closely related. A substitution is defined
as follows.

Substitution: ¢ == -|po,M/z

Due to the presence of two contexts we carefully distinguish between a modal substitution
@ which substitutes closed objects for variables defined in a context A and o which substitutes
arbitrary objects for variables defined in a context I'. We write 8; p for such a pair of (necessaily
disjoint) substitutions. Being disjoint means, that 6 and p do not have any variable names in
common. This is guaranteed, because the context A;I' cannot declare the same variable name
twice.

In our system substitutions are only applied to well-typed objects. Moreover a substitution
must substitute something for every free variable in the object. We make this intuition about well-
typed substitutions now more precise by introducing a typing judgment A", IV F (8;0) : (A;T) for
substitutions. 8; ¢ can be applied to objects which are well-typed in context A;T". The range of
the substitution 6; ¢ are objects which might depend on free variables from A’;T”.

Definition 6.11 (Typing of substitution judgment)
Rules:
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— TSBase
ALT R (59 + (50)

A FM:A AT (8;0) @ (AT)
AT (0, M/z;0) = (A,z: A;T)

TSMod

AT'EM: A AT R (850) 1 (AT)
AT (8;0,M/z) @ (AT, z: A)

- TSReg

Note that substitutions satisfy a modal restriction (rule TSMod) which mirrors the restriction on
typing box . Throughout this paper we can apply a substitution (8; p) satisfying A’; T F (8;0) :
(A;T) to an object M, a term replacement §2, or a match = only if

ATEM:A  ATHEQ: (W(B') ATHE:(B= A)(B)

holds, respectively. The result of the application will then be [; o](M), [8; 0](£2), or [6; o](Z) which
have the following properties, respectively:

AT E[B50)(M): A AT F[8;0)(Q) : (w)(B') AT F[8;0](8) : (B = A)N(B)

We address now the definition of substitution application by starting to define how to access a
substitution p. The definition follows similarly to the access of contexts as presentented in Section 2.
First a union operation g; U g2 is needed.

Definition 6.12 (Substitution Union)

Rules:
oU-=p (SbuBase)
01U (02, M/z) = (01U 02), M/ (Sbulnd)

To look up a value of a variable in a substitution we write o(z) which definition follows closely the
definition of the lookup function for types in a context (Definition 2.2).

Definition 6.13 (Substitution access)
Rules:

Mm@ ={ ¥ TEor (Sbalnd)

To look up the value in a substitution is the first step towards the application of a substitution
#; p to an object which we define below. Recall that it is necessary to include both substitutions
in this definition because of the distinction between modal and non-modal variables.

Definition 6.14 (Substitution application:) Let 0;0 a substitution.
Rules:
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[6; 0] (z) = { Aﬂj_}r :; Zg; z% (SBVar)
[0; 0l(c) = c (SBConst)
[6; 0l(Az: A. M) = Az: A.[0; 0, z/z](M) (SBLam)
[0; o] (M1 Mp) = [6; 0] (M) [0; 0](M>) (SBApp)
[0; o] (M1, Ma)) = ([0; o] (M), [6; 0] (M2)) (SBPair)
[0; o] (fst M) = fst [0; o] (M) (SBFst)
[0; 0](snd M) = snd [6; o] (M (SBSnd)
(6; o] (boz M) = boz [0; -|(M) (SBBox)
[0; 0](let boz & = My in My) = let box x = [60; o](My) in [0, z/; o](M3) (SBLet)
[0; 0](case (A) M (E)) = case (A) [0; o](M) ([6; 0](E)) (SBCase)
[0 0](it {w) M () = it (w) [0; 0](M) ([0 0](2)) (SBIt)
Substitution on replacements  is defined as:
Rules:
[6; 0l(-) = - (SBOmegaEmpty)
[0; 0](Q]c = M) = [6;0](2) | (c = [6; 0] (M)) (SBOmega)
Substitution on matches = is defined as:
Rules:
[6; 0](-) = - (SBXiEmpty)
[0;0)(E | c = M) = [8; 0l(E) | (c = [6; 0](M)) (SBXi)

Note that the case SBVar is well-defined because every variable name which the substitution
process might encounter is defined in either # or p. The rules SBLam and SBLet look peculiar
because of the extension of the substitution ;¢ by z/z. The insight behind this construction is
that we require a substitution to be defined on all free variables of a term. z may occur free in
M in the case of SBLam and it may also occur free in M; in rule SBLet. Writing z/x implicitly
stands for introducing a new variable name z and replacing it for z. We use this notational trick
throughout this report.

A crucial rule in our system is SBBox. Since a boxed term is closed it can only contain variables
representing closed objects and not variables representing arbitrary objects. This is easily verified
by inversion of the TpBox rule because we assume the subject of substitution always to be well-
typed. This means, that ¢ will not be used during the substitution process. Hence we need not
consider it when traversing over a box. _

Our imposed requirement that substitutions must substitute all free variables in an object has
further effects. It makes it also necessary to explicitly introduce the notion of identity substitutions
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because the empty substitution plays the role of an identity substitution only when applied to closed
terms. We hence define identity with respect to a context.

Definition 6.15 (Identity substitution:) Let T be a contezt.

Rules:
id. =- (1dEmpty)
idr 4.4 = idr, z/z (1dNonEmpty)

It is not difficult to show that the identity substitution ida;idr is well-typed and hence satisfies

Lemma 6.16 (Well-typedness of identity substitution)

A;T F (idasidr) (AT

Proof: omitted. O

Two different notions of substitution have been used in the presentation of our system so far.
For the evaluation rules EvApp and Evlet, we used a substitution [M;/z](M2) to express that all
occurrences of z must be replaced in M3 by M;. On the other hand we introduced the notion (8; o)
in the most recent discussion. It is necessary to examine how those both notions of substititution

fit together.

Lemma 6.17 (Property of substitutions)
1. (M [3)(6; 0,3/x)(M)) = [0; 0, M" [)(M)
2. [M'/3](18,z/z; o)(M)) = [0, M’ /z; 6)(M)

Proof: omitted. O

Weakening is also admissible for the typing judgment of substitutions. Without proof we just
state the result:

Lemma 6.18 (Weakening on typing substitution relation)
1. If AT (650) 0 (A;T) and A" > A’ then A";TV F (050) : (A;T)
2. If ATV E (85 0) + (AT) and T > T then AT F (850) 0 (AT

Proof: omitted. O

By induction we can prove that restricting a well-typed substitution (8; g) to (;-) is also well-
typed. If the domain of (6; p) is (A;T"), the domain of the restricted substitution is clearly (4A;-).
Less clear is that we can also restrict the context A’;T of the original well-typed substitution to
A’; - because p cannot depend on any variables from I'.
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Lemma 6.19 (Modal substitution restriction)

If AT & (0;0) : (A;T) then A5+ (6;) : (A;9)

Proof: See appendix B. O

Another important observation is that if a variable name defined in the context A;T' is en-
countered while substituting, we can determine the type and the new context of the.substituted
object. In the case the encountered variable name is defined in the modal context, we can restrict
the second component of the context to -.

Lemma 6.20 (Properties of typing relation for substitutions)
1L IfA=(Anz: A)UAs and AT (0;0) : (A;T) thenO(z) =M and A'; - M : A
2. IfT'=T1,z: A)UT2 and ATV F (850) @ (A;T) then o(z) =M and ATV M: A

Proof: See appendix B. a

These preparatory results lead us to a general substitution lemma for the typing relation. If an
object M is well-typed in a context for which a substitution is well-defined then its application to
M yields an object of the same type as M in the context of the substitution. Since objects are also
defined in terms of term replacements and matches we must extend the result to both construction
as we show be induction over the typing relations.

Lemma 6.21 (Substitution lemma for typing relation)
Let A';TV + (8;0) : (A;T), then the following holds:

1. If A;,T'F M : A then AT F [0y 0](M) - A
2. If ;T HEE (B = A)(X') then ATV F [0;0](B) : (B = ANZ)
3. If ;T HQ: {w)(X) then ATV F [0 0](2) 1 (w)(Z)

Proof: See appendix B. m]

As corollary we can apply the substitution for typing relation to the identity substitution as
inferred by Lemma 6.16.

Corollary 6.22 (Well-typedness of application of identity substitution)
If A;T =M : A then AT F [ida;idp][(M) : A

Proof: omitted. 0

It follows now by a short inductive argument that the identity substitution behaves as expected.
Applied to an object M it returns M.

Lemma 6.23 (Identity substitution) Let A, T' contexts.
If A;T - M : A then [ida;idr](M) = M

Proof: omitted. O
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6.4 Atomic and canonical forms

For atomic and canonical form judgments there is also a weakening result. The proof goes by
mutual induction over the derivation of atomic and canonical forms. It is straightforward, and we

omit it here.
Lemma 6.24 (Weakening for atomic/canonical forms)

L IfUFV]Aand ¥ >0 then U'FV | A
2. IfUV VA Aand V' >V then WV FV A+ A

Proof: omitted. O

A slightly more complicated property of atomic and canonical forms is that the type of an
object can be directly inferred from the judgment. With an easy proof by mutual induction over
the derivation of the canonical and the atomic form judgment we prove the following lemma:

Lemma 6.25 (Type preservation of atomic and canonical types)

1. IfU+V /B thenUFV:B
2. IfU+V B then ;U -V :B

Proof: See appendix B. O

6.5 Evaluation

For the evaluation judgments there exists also a weakening result. The proof goes by induction
over the evaluation derivation. It is so easy that we omit it here.

Lemma 6.26 (Weakening for atomic/canonical forms)

IfO9FM—SV:Aand V' >0 then V'FM—V:A

Proof: omitted. O

6.6 Subordination of types

In this subsection we discuss basic properties which are related to the subordination of types.
Recall that the subordination relation accounts for all dependencies which are introduced by the
signature or by the subject type of iteration or case.

The first property is needed in some of the lemmas preceeding the canonical form theorem.
We require that the target types are always of atomic type. The proof is easy because intuitively
the target type is defined to be the last atomic type occurring in an arbitrarily formed pure type.
Therefore we do not feel too guilty in omitting the proof.
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Lemma 6.27 (Properties of target types)
7(B)=a
for some atomic type a.
Proof: omitted. O

We will also need that a target type of some type B does not change regardless if B is embedded
in some abstraction closure. The proof goes by induction over the context defining the abstraction
closure.

Lemma 6.28 (Goal types and abstraction closure types)

7(II{¥}. B) = 7(B)

Proof: See appendix B. a

Before we start with the discussion of the subordination we further refine the notion of subor-
dination. So far a; 4x;p az expresses that objects of type a1 can be used to construct objects of
type az. In Section 4 we have seen that the subordination relation is not reflexive. The simplest
examples are the Booleans from Example 4.6. bool is not recursive, hence it doesn’t hold that
bool 4x.p bool. A closer look reveals, that the subordination relation for bool is empty. But it is
definitely not the case that bool is. To account for this observation we extend the notion of subor-
dination relation. If o 4x.5 bool holds, then objects of type a can occur as objects or subobjects
of objects of type bool. We call this the weak subordination relation.

Definition 6.29 (Weak subordination relation) Let B be a pure type.
a1 4y.p az & a1 dx;B a2 0T a1 = Q3

In the remainder of this section we characterize and discuss a few major properties of type
subordination which will prove very useful when we tackle the proof of the canonical form theorem.

First we want to point out that there is a close relationship between source types of a constructor
type, and the subordination relation: This relationship can be characterized by the following
observation: Every source type of the constructor type is trivially subordinated by the goal type of
the constructor. A second important property is a transitivity property of the weak subordination
relation: If a type a; is subordinated by a type az and as is weakly subordinated by a type ag, then
a1 is automatically subordinated by a3. Note that this formulation of the lemma is slightly more
stronger than just assuming as to be subordinated by a3. In this case the result follows trivially
from the definition 4.24 of subordination.

Lemma 6.30 (Properties of subordination) Let ¢: C € &, B a pure type.
1. If a € Source(C) then a 4 7(C)

2. If a1 4B as and as 4p ag then a1 4p a3
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Proof: See appendix B. a

Variables introduced by a context can be interpreted as a set of pseudo constructors or pa-
rameters as we pointed out in Section 4. Since pseudo constructors are variable names which are
represented in a context, we must extend the notion subordination to contexts: For all pseudo
constructors types B’ if the target type 7(B’) subordinates a, all source types of B’ must also
subordinate a.

Definition 6.31 (Subordination on contexts) Let a be an atomic type.
-dpa
U,z:B 4pa & VU 4pa andif 7(B') 4p a then forall y € Source(B') :y 4B a

It will become clear during the proof of the canonical form theorem, how context subordination
is used. Here is what we need for the proof: If a variable z of type B’ is defined in a context ¥
and ¥ € g 7(B), then all source types of type B’ are automatically subordinated by the goal type
of of B. The proof is an easy induction over the context U.

Lemma 6.32 (Properties of context subordination) Let B be a pure type.

If U = (Uy,z: B'YU Uy and ¥ 4g 7(B) then 7(B') dpg 7(B) implies that forall y € Source(B'):
y <p 7(B)

Proof: See appendix B. O

The next result has to do with pseudo constructor types. By easy induction it can be shown,
that if B’ is a pseudo constructor introduced by a type B, then all source types of B’ must be also
source types of B. This is clear, because every pseudo constructor type corresponds to a domain
type of B and B must be a function type. Every source type of B’ is hence a source type of B.
We omit the proof.

Lemma 6.33 (Subset property of PCT)

Forall B' € PCT(B) the following holds:

Source(B') C Source(B)

Proof: omitted. a

Pseudo constructor types have also another property. This property has to do with dynamic
type subordination: If a pseudo constructor type B’ of a type B is given, and a is a type which is
immediately subordinated by the target type of B’, then we have a <ip 7(B’), because every source
type of B’ is also a source type of B. The proof is done by induction over type B.

Lemma 6.34 (Property of dynamic typing)



6 PRELIMINARY RESULTS 37

If B' € PCT(B) then a <p 7(B') implies a < 7(B’)

Proof: See appendix B. a

The last three lemmas in this subsection answer an important question which will be raised
in the proof of the canonical form theorem. Without going into details the property we need is
as follows. Assume B,C are two pure types. We must show that if the target type of B is not
subordinated by the target type of C then (w)(C) = C. We will try to shed some light on this
problem. While traversing a subject of type B iteration may encounter constants of type C whose
target type does not occur in the inductive datatype Z(X; B) (see Example 4.8, Example 4.5).
This information can already be extracted from the subordination relation. If a constant c of type
C is encountered during the traversal, 7(C) «x,p 7(B) must hold — as we prove below. If the
reverse (7(B) «x;g 7(C)) also holds, 7(C) must an element in Z(X; B) by definition. This might
not always be the case. In Example 4.8 nat ¢ Z(Z;db), in example 4.5 i ¢ Z(Z;0). Constants
with a target type not being an element of the inductive type remain untouched by the process of
elimination. Is the result of the elimination process {(w;Q)(M) still well-typed? We must require
that w applied to a constructor type C with target type outside of Z(%; B) is mapped to C.

Thus, more formally, we must show that if 7(C) ¢ Z(%; B) then (w)(C) = C. We split this proof
into two parts. The first part we present here, that is we show that if 7(B) is not subordinated by
7(C) the claim is fulfilled. The second part will be mainly discussed in the proof of the canonical
form theorem but we show an auxiliary result in this section. The idea behind the second part of
the proof is to show that the case “7(C) is not subordinated by 7(B)” cannot occur. For the first
part of the proof we show two lemmas.

1. If 7(B) #p 7(C) then Source(C)NZI(X;B) =0
2. If Source(C) NZ(X; B) =0 and 7(C) ¢ Z(3; B) then (w)(C) =C

If the target type of B is not subordinated, then clearly none of its (atomic) source types is a
member of the the inductive datatype. If there would actually be one atomic type, being an
element of the inductive datatype and a source type of C, then this atomic source type would
subordinate the target type of B and hence our assumption would be violated. We show this claim

directly.

Lemma 6.35 (Independence)

If 7(B) #p 7(C) then Source(C)NZ(L;B) =10

Proof: See appendix B. O

The second property ensures that if there isn’t any source type of C in the domain of a type
replacement, the type replacement does not have any effect on C'. We show this claim by induction

over the constructor type.

Lemma 6.36 (Properties of Join) Let c: C € X, « arbitrary and b w: «

If Source(C)Na =0 and 7(C) ¢ « then (w)(C) =C
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Proof: See appendix B. |

The auxiliary lemma for the second part states, that if the target type of a constructor type
C does not occur in the inductive datatype Z(X; B) but the target type of C is either equal or
subordinated by the target type of B, then it is impossible that 7(B) is subordinated by 7(C).

Lemma 6.37 (Properties of subordination)

If 7(C) ¢ Z(%; B) and 7(C) 45 7(B) then 7(B) #p 7(C)

Proof: See appendix B. 0

This concludes the section of the basic preliminary results. In the next section we will address
the problem of the existence of canonical forms for typed objects.
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7 Canonical form theorem

The aim of this section is to prove the canonical form property of the modal A-calculus. The
main result will be that every object of pure type in a pure context possesses a canonical form.
In our notation this property is expressed as: if w ¥+ M : B then ¥ - M 4 V : B. This result
implies the conservative extension property of A” which we will show in section 9. We prove this
by Tait’s method, often called an argument by logical relations or reducibility candidates. In such
an argument we construct an interpretation of types as a relation between objects, in our case a
unary relation. Assume we are trying to establish a property P of all well-typed objects of type
B. In our case P holds if there is an object V s.t. ¥ = M {} V : B. The proof using logical relation
proceeds then in two steps. In the first step the object which should satisfy P must be proven to
be a member in the logical relation. Finally we prove by induction that for every member in the
logical relation the property P holds.

Before we go into details how the logical relation is defined, we derive some useful lemmas,
which are necessary for the argument. Some of the following proofs rely on the fact, that canonical
and atomic forms evaluate to themselves. This fact, even though it might seem trivial, requires a
mutual inductive argument: To prove that atomic and canonical forms evaluate to themselves we
require that the notion of evaluation implies somehow the notion of evaluation to a canonical form:
If M evaluates to V and V happens to be canonical, then M evaluates canonically to V. These
properties are expressed by the following

Lemma 7.1 (Self evaluation)
1. FUF-M<V:Band UV BthenU M4V :B

2. fUFV 4B thenU+V s V:B
. FUFV|Bthen¥+VV:B

Proof: See appendix C. a

Another result which seems intuitively clear but must be proven is the following: by definition
objects evaluate to other objects under the judgment ¥ + M {+ V : B. Since this is the judgment
for canonical evaluation, we expect V to be canonical. That this holds is expressed by the next
lemma. Contrary to the intuition, the proof is not straightforward since the notion of conversion to
canonical forms depend on the evaluation judgment. On the other hand, it is also not very sensible
to try to prove that for every object M, U+ M — V : A implies that V is a canonical form. For
example, consider the signature from example 2.5: It is easy to see that

-+ Az:exp. (Ay:exp.y) z < Az:exp. (Ay:exp.y) z : exp — exp

but it is also clear, that Az:exp. (Ay:exp.y) z is not canonical because the body of the A-expression
can be f-reduced. However, it holds when restricted to atomic types:

Lemma 7.2 (Property of evaluation results)

1. IfSFMAV:B then V-V B
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2. IfUFM<—V:athen UV |a

Proof: See appendix C. O

Consider example 2.5 again. The constant app is not a canonical form either. The reason is
that canonical forms are actually objects in 7-long S-normal form. app can be easily transformed
into such a form: Az:exp. Ay:exp.app z y. According to lemma 7.2 (2) the result of an evaluation
is canonical only if it is an object of atomic type. Nothing is said about functions. Fortunately we
can prove that every object M evaluating to an atomic form V necessarily evaluates to a canonical
form V'

Lemma 7.3 (Evaluation to atomic forms implies evaluation to canonical forms)

IfYFM—V:BandV+V | BthenU+FM{V':B foraV’

Proof: See appendix C. O

These three lemmas are necessary for some of the proofs below. We address now the definition
of the logical relation. Recall that the logical relation is a set of objects satisfying a certain property
specified by a type A and a context ¥. For our system we introduce two logical relations. The
logical relations of objects evaluating to some other object, and the logical relation of values. For
the first we write U = M € [A] to express that object M satisfies the relation [A] in context ¥.
Similary for the logical relation of values. We write ¥ -+ V € |A| meaning that value V satisfies
the relation |A| in context ¥. Both relations are defined by structural induction over A.

Definition 7.4 (Logical relation)

UFMe[A] & U F-FM:Aand VFM >V :Aand THV € |4
UVEV el &

Case: A=aand VFV fa
Case: A = A; = Ay and either
Case: V =Az:A1.M and for all U' > T: W' V' € |A)| = V' F [V'/z](M) € [45]
or
Case: UFV | A = Ay and for all W' > 0: WV A =V FVV € |A
Case: A=Ay X Ay and V = (M, M) and ¥ - M, € [A1] and ¥+ M, € [A5]
Case: A=0A": V=1boz M and -+ M € [4]

Note that the first logical relation requires its elements to be well-typed. This is necessary
because our argument requires that all objects in the relation are well-typed as we will see in
Lemma 7.47. ¥ I M € [A] must imply that M has that type A in -; ¥. In lemma 7.19 we show
that this property propagates to the logical relation of values.
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Objects were defined in terms of term replacements and matches (see Section 4, Section 5).
Later on in this section we will need to show that every object defined in a term replacement or
match is a member of a logical relation. To make our presentation of this circumstance cleaner
and easier to understand we will introduce the notion of logical relations for term replacements.
A term replacement is an element of the logical relation defined by a signature ¥ and a context
representing pseudo constructors ¥, if every object associated with a (pseudo) constructor satisfies
the logical relation defined by the type which results from applying the type replacement w —
defined by the iterator object — to the (pseudo) constructor type.

Definition 7.5 (Logical relation for term replacements) ¥ + ¥ F Q € [(w)(Z; §)] i<
Case: fU=-and L= then Q =-

Case: If ' =-andZ=%,c:Bthen Q= |c—> M and U+ M € [(w)(B)] and U+ T I Q' €
[(w)(X'5 )]
Case: [f U =0',2:B then Q=0 |z u and U F u € [(wMB)] and T + ¥ &' € [(w)(Z; §)]

The context defined for the logical relation of term replacements is split into two parts ¥;&. @
represents the context of variables which might occur free in the objects associated with constructors
(note: not pseudo constructors), and U stands for the context of newly defined variables which
rename the original pseudo constructors. We must keep both contexts separately, because to prove
lemma 7.46 and lemma 7.43 we define a substitution, which acts as the identity on all variables
defined in ¥, but not necessarily on . Not distinguishing between both contexts of variables would
mean to discard this information — which we will need.

We have seen that every object in the logical relation [A] is well-typed. This property propa-
gates to term replacements. With an easy inductive proof we can show that

Lemma 7.6 (Type preservation for term replacements) If ¥ + - F Q € [(w)(Z;-)] then
ST Q(w)(X)
Proof: See appendix C. m|

Similarly we define the logical relation for matches. A match is an element of the logical
relation defined by a signature ¥ and a context representing pseudo constructors ¥, if every object
associated with a (pseudo) constructor satisfies the logical relation defined by the case type of the
(pseudo) constructor type. Because of the same reasons as for the term replacement we define the
logical relation using two contexts: ¥;¥. Here is the definition.

Definition 7.7 (Logical relation for matches) ¥+ U+ Z € [(B = A)(Z; §)] :<
Case: If U= and N = then E =-

Case: If\i~' =-and X =YX, c: B thnE =2 |c=>Mand U + M € [C(B,A, B")] and
UV+UEHEe[(B=>A)(Z;)]

Case: If ¥ = ¥,z : B' then E=Z' |z =>uand U - u € [C(B,A4,B)] and U+ ¥ F & ¢
[((B = A)(% V)]
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We have seen that every object in the logical relation [A] is well-typed and so is every term
replacement. As we might expect, this property can also be shown for matches. By simple induction

we obtain:

Lemma 7.8 (Type preservation for matches) If¥+-+E¢€ [(B= A)(Z;)] then ;U FE:
(B = A)(X)

Proof: See appendix C. O

We start now with the discussion of the logical relation. The next few lemmas show some useful
properties implied by this definition, all necessary to eventually prove the canonical form theorem.
The first lemma is a standard weakening lemma for logical relations:

Lemma 7.9 (Weakening for logical relations)

1 IfU M€ [A] and U > T then U - M € [A]
2. IfUFVe|Al and ¥ > T then U+ V € |A

Proof: See appendix C. O

We must extend this result to logical relations for term replacements. Recall that the logical
relation for term replacements is defined using two separate contexts ¥; . For our purposes it is
enough to prove weakening as an extension of context V.

Lemma 7.10 (Weakening for logical relations for replacement)

FU+TFQe[(w(S0)] and ¥ > T then ¥+ ¥+ Q e [(wh(E; ¥)]

Proof: See appendix C. . o

The logical relation for matches was defined analogously to the logical relation of term replace-
ments. As expected the formulation of the weakening property is similar to the previous one.

Lemma 7.11 (Weakening for logical relations for matches)

U+ -E€[(B=A(%)] and ¥ > T then U4+ ¥+ E € [(B = AN(E; §)]

Proof: See appendix C. O

The logical relations of term replacements and matches play a very important role when we
discuss the elimination process. Recall from Definition 4.28 that this process traverses the structure
of the subject of iteration. Eventually constants or variables will be encountered. We will see in
the proof of Lemma 7.43 that the term replacement §2 is then an element of the corresponding
logical relation. The problem reduces to looking up the encountered constant or variable in 2. The
attentive reader has probably already recognized that three cases might occur.



7 CANONICAL FORM THEOREM 43

e A constructor has been encountered which is defined by 2.
e A constructor has been encountered which has not been defined by §2.
o A pseudo constructor has been encountered which must be defined in €.

The third case speaks of “must be defined in 2” because the subject of iteration was closed, every
traversed A-abstraction has extended 2 by an appropriate variable renaming. We discuss now each

of those three cases by showing three lemmas.
If ¢ : B is the encountered constructor which happens to be defined in X, the domain of the

logical relation for replacement, then (w; 2)(c) is of correct type and in the logical relation [(w)(B)].

Lemma 7.12 (Access to logical relations for replacements I) If ¥ = Xi,c: BUX; and
U+ F Qe [(w)(3;V)] then T+ M e [(w)(B)] and M = (w; Q)(c)

Proof: See appendix C. O
In the case that ¢ : B is not defined in this signature, then (c) is undefined.

Lemma 7.13 (Access to logical relations for replacements II) If X(c) is undefined and
U+ 0 Qe [(w)(Z; V)] then ©2(c) is undefined

Proof: See appendix C. u]

In the case that the traversal of the iteration encountered a pseudo constructor z : B defined in ¥,
z is being renamed by the term replacement to a new variable name u, which happens to be an
element of [(w)(B)].

Lemma 7.14 (Access to lohgical relations for replacements III~) Iy = U,z ] Bul, and
U+UF Qe [(w(EW)] then ¥ F u e [(w(B)] and ¥ = ¥y,u: (w)(B)U Ty and v =
{w; Q) (z)

Proof: See appendix C. |

We have a very similar situation for matches. Recall from Definition 5.15 that the process of
selection traverses the subject of case to find its head constructor. In the proof of Lemma 7.46 we
will have that = is in the logical relation of matches. Thus we must look up the head constructor
in Z. Contrary to the term replacement only two cases can occur, because the case object must
have been well-typed.

e A constructor is the head constructor which is defined in =

e A pseudo constructor is the head constructor which is defined in Z.

We discuss now each of the cases by showing two lemmas. If ¢ : B’ is the head constructor, it is
accounted for in E and {B = A;E; ¥}(c) is of correct type and an element in the logical relation

IC (B, A, B")].

Lemma 7.15 (Access to logical relations for matches I) IfS=3%,c:BUS; and U+ +
Eec [(B=>AYE;V)] then V - M € [C(B,A,B')] and M = {B = A;E;¥'}(c) for an
arbitrary 0.



44 7 CANONICAL FORM THEOREM

Proof: See appendix C. |

On the other hand, if z : B’ is the head constructor, it is also accounted for in ZE and {B =
A; E; W(z) is of correct type and an element in the logical relation [C (B, A4, B')].

Lemma 7.16 (Access to logical relations for matches II) If \i1~= Ty,z: B U, and ¥ +
UVFEe[(B= A5 Y)] then Y Fue[C(B,A,B")] and ¥ =¥1,u:C (B,A, B YUY, and
u={B = A;E; V' }(z) for an arbitrary U’

Proof: See appendix C. |

The principal lemmas we need for the proof of the canonical form theorem are the following.
Every well-typed object is an element of the logical relation defined by its type, and every element
of a logical relation has a canonical form. More formally:

1. ;U - M: Athen U+ M € [4]
2. f U+ Mc[B]then UFM ¢V :B

In this presentation we first show the second lemma. To prove it, we must generalize its
formulation. The proof depends on the fact that atomic objects of pure types B are always in the
logical relation of values |B|. By mutual induction we can then show the following lemma:

Lemma 7.17 (Logical relations and canonical forms)

1. fO+-Me[B] thm W +-M+4V:B
2. IfUFV | B then T+ V €|B]

Proof: See appendix C. m|

In Section 3 we introduced arbitrary types opposed to pure types from Section 2. We show now
by an easy inductive argument that if an object is atomic of some type A in a pure context, then
A must be necessarily pure.

Lemma 7.18 (Types of atomic objects are pure)

IfUFV | A then A is pure.

Proof: See appendix C. 0

This lemma is necessary for the proof of the well-typedness of objects in the logical relation of
values, as briefly discussed above. We have seen that every object in [A] is of type A. We show
now that every object in relation |A4| is also well-typed.

Lemma 7.19 (Well-typedness of logical relations)
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IfUFVe|A| then;UFV:A

Proof: See appendix C. m]

But this is not the only property objects satisfying relation |A| enjoy. Based on the self evalu-
ation lemma 7.1, it is now easy to show that every object in |A| evaluates to itself. The proof goes
by structural induction over type A.

Lemma 7.20 (Logical relations: Self evaluation of values)

IfOEFVeE|Al then UV VA

Proof: See appendix C. O

A direct consequence of these two lemmas is that every object in |A| is also an object in [A].
This is a result which we use quite often in proofs of the subsequent lemmas. We state this result
in form of a lemma:

Lemma 7.21 (Logical relation subsumption)

If ¥V e|A| then ¥V € [4]

Proof: See appendix C. O

Recall that all the lemmas which are presented here serve the purpose to prove the first of both
lemmas necessary for the proof of the canonical form theorem. We shall now introduce more pieces
to complete the mosaic. To prove the first lemma we need to show that every typable object of
type A satisfies the relation [A]. Consider a typing derivation ending with the typing rule TpApp.
We see that the result object of the rule is an application M; M. Mj is a function, M is the
parameter object of suitable type. The next lemma shows that it is legitimate to establish a similar
way of reasoning with logical relations. If M, satisfies the logical relation created by a function
type Az — A; and Ms satisfies the logical relation created by the domain of the function type,
namely [A2], then (M; M) satisfies [A;]. The proof of this lemma is fairly straightforward and
makes use of lemma 7.17 and lemma 7.2. This property will be very useful for the proof of the
canonical form theorem.

Lemma 7.22 (Logical relation is closed under application)

IO+ M €Ay — Ar] and U+ M, € [Ag] then Uk My My € [Ay]

Proof: See appendix C. O

Recall that the proof of the canonical form theorem is performed in two steps.

1. IfU+Mec[Blthen UMV : B
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2. If ;U - M: Athen U+ M € [4]

We already proved the first step by slightly generalizing the lemma. The second lemma, cannot be
proven without generalization either. The problem we encounter when we try to prove it directly
is that the context ¥ may grow during the typing process (TpLam). It is also possible that the
modal context which is empty in the current formulation of the lemma does not remain empty
throughout the typing derivation (Tplet).

To successfully prove this lemma we must generalize its formulation by using substitutions.
Given a typing derivation A;T' - M : A and a substitution for A; I", where the objects introduced by
the substitution might depend on free variables from a context ¥, we can show that the substituted
object [6; o|(M) is indeed an object in [A]. The desired result is a consequence of this generalized
lemma using the identity substitution introduced by definition 6.15.

We are still far away from proving this generalized lemma, some key lemmas must still be
developed and proven. In the remainder of this section, we address the following issues: First we
introduce logical relations for contexts. Substitutions are elements of such a logical relation. Some
more technical results are necessary, which will be discussed right after this definition. Second,
we need auxiliary lemmas for the elimination and the selection judgment. These auxiliary lemmas
obviously depend on type replacements and (complete) case types. Some additional reasoning is
necessary to show that the treatment of constants during the elimination process does not destroy
the type preservation property. Many lemmas which are needed to establish this claim have been
already discussed in section 6. Finally we assemble all these pieces to obtain a generalized version
of the second half of the canonical element theorem.

Let us start with the description of the basic ingredients. The first ingredient is the notion
of logical relation for modal and arbitrary contexts. It follows from the previous discussion, that
substitutions are necessary to generalize the formulation of the lemma in question. We are given a
typing derivation D :: ;¥ - M : A. Some subderivation of D might be of the form A;T'+ M’ : A'.
Hence M’ can contain free variables from A and from I'. The logical relation which we define now
contains all substitutions #; g, with the following properties:

1. If (z) = M where z : A is defined in the context A, then M must be a closed object of type
A. For our purposes we also must require that M is actually a closed object satisfying [A].

2. If p(z) = M where z : A is defined in the context I', then M must be an object satisfying
| 4].

The formal definition of logical relation for modal/arbitrary contexts follows directly. We define
three logical relations. The first two correspond to these two properties, the third is a combination

of both.

Definition 7.23 (Logical relation for modal contexts) + 6 € [A] &
Case: If A =- then=-

Case: f A=A ,z: Athen =6, M/z and -+ M € [A] and ¢ € [A']

Differently from this definition, the second logical relation must account for the fact that objects
occurring in the substitution may depend on free variables from a context V. Hence the context ¥
must be involved in the definition.
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Definition 7.24 (Logical relation for regular contexts) ¥+ p € || :&
Case: IfT' =" then p =-
Case: IfI'=T"z: Athenp=¢,V/z and U+ V € |A| and U - ¢’ € |T|

As described earlier in this paper, we prefer to see the context A and the context I' as a combined
context. In this sense, it is useful to define a combined logical relation, which contains both, the
logical relation for A and the one for I'. Here is the formal definition.

Definition 7.25 (Logical relation for combined contexts)
UHGpe[AT) iff FO€[A] and T+ o€ |T|

Weakening must be also proven for the logical relation for modal/regular context. We omit the
easy proof by induction:

Lemma 7.26 (Weakening on logical relation on contexts)
1. IfUtoe|T| and ¥ > U then U'+ g € |T|
2. If UF6;0€[A;T] and V' > U then V' 6;p € [A;T]

Proof: omitted. O

The logical relation for contexts was defined to make a generalization of the second part of the
canonical form theorem feasible. Looking at the typing rules in Section 3, Section 4, and Section 5,
we observe that the new A in each premiss is always an extension of the A in the conclusion.
But this doesn’t hold for the context I'. In the rule TpBox for example we see, that the context
' is discarded. Let 8; 0 be a substitution satisfying the logical relation [A;T"] where A;T is the
context of some typing derivation ending with rule TpBox. The question which arises immediately
is whether 8; p can be restricted in some way to be also an element of [A;-]? As side condition we
must require ¥ to be empty — as will become clear when we discuss the case TpBox in lemma 7.47.
The answer is yes: Choose the new substitution to be ;.. The proof again is an easy induction.

Lemma 7.27 (Modal substitution restriction)

If U 0;0€ [A;T] then -+ 6;- € [A; 1]

Proof: See appendix C. O

We address now the question if every substitution @; ¢ which satisfies a logical relation [A;T] is
well-formed with respect to Definition 6.11. The answer is yes, the proof is easy if we consider the
modal part &;- and the regular part -; p one by one. We show this property in four parts. First we
show that 8;- is well-formed in A; -

Lemma 7.28 (Well-typedness of modal substitutions in logical relations)
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If0 € [A] then -- (8;) : (4A;-)

Proof: See appendix C. m]

Then we show that -; ¢ is well-formed in -;I". It should be clear that the formulation of this lemma
must involve ¥ because the objects defined by p might contain free variables from .

Lemma 7.29 (Well-typedness of regular substitutions in logical relations)

If U+ pe|l| then ;¥ F (50 ¢ (5T)

Proof: See appendix C. O

To assemble these both results, we must prove a combination lemma: If €;- is well-formed with
respect to A;- and -; ¢ is well-formed with respect to -;I" in a context ¥, then surely 8; o should
be well-formed with respect to A;I" in context ¥. This is formalized and proved by the following

lemma.
Lemma 7.30 (Combination of two substitutions)

If5-F(0;) : (4;0) and ¥ (50) = (1) then 5 U (650) = (A;T)

Proof: See appendix C. m]

The previous three lemmas are now being summarized to form the final result. Every substitution
in a logical relation [A;T"] is well-typed with respect to context (A;T).

Lemma 7.31 (Well-typedness of substitutions in logical relations:)

If U 6;0€ [AT) then T - (0;0) : (A;T)

Proof: See appendix C. O

A rather technical but intuitively clear lemma is the following: If a substitution satisfying the
logical relation |A; '] is given and z : A is defined in the modal context A, then the lookup of z in
0 will return an object M which fortunately happens to satisfy [A].

Lemma 7.32 (Properties of logical relation for modal contexts)

IfA=(A,z: A)UAy and 0 € [A] then 8(z) = M and - + M € [4]

Proof: See appendix C. O

A similar result holds for z : A being defined in the context T".
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Lemma 7.33 (Properties of logical relation for regular contexts)

IfT'=(,z: A)UTe and U p € || then o(z) = M and ¥+ M € |A]

Proof: See appendix C. ]

In the following discussion we would like to consider the substitution 8; ¢ as a unit to simplify the
presentation of the proofs. Hence we rephrase the previous two statements by the following lemma.

Lemma 7.34 (Properties of logical relation for contexts)
1. IfA= (A, z: A)UAy and U F 0;0 € [A;T] then 0(z) = M and - + M € [4]
2. IfT=T1,z: A)UTe and U F 8;0 € [A;T] then o(z) = M and T+ M € |A|

Proof: See appendix C. a

For the same purpose we state the trivial fact of how to extend the regular part of such a substitution
pair by some value V, element of the logical relation |A|.

Lemma 7.35 (Extending logical relations for contexts) If¥F 60,0 € [A;T] and T -V €
|A| then Uk 6;0,V/z € [A; T,z : A

Proof: See appendix C. o

After this excursion into the basics of well-typed substitutions and their membership to logical
relations, we focus now again on the proof of the canonical form theorem. With logical relations
for contexts we are can generalize the lemma leading eventually to the canonical form theorem:

HEA;THM:Aand UF6;p0€ [A;T] then ¥ | [0; p](M) € [A]

To obtain the result we are interested in we must use the identity substitution of context ¥ which
supposedly is an instance of [-; ¥] and apply lemma 7.34. It is necessary to prove that ¥ I -;idg €
[ @]

Because of the definition of logical relation for context [-; U] two lemmas are necessary to prove
this lemma. First we show as an auxiliary result that for every ¥, ¥ + idgy € |¥|. This is not
trivial, because the proof relies on lemma 7.17.

Lemma 7.36 (Identity substitution for regular context)

For all U the following holds: ¥ I idy € ||

Proof: See appendix C. O
As a second step we bring this lemma into the desired form: ¥+ -;idg € [-; ¥].

Lemma 7.37 (Identity substitution for context)
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For all U the following holds: ¥ F -;idy € [-; 7]

Proof: See appendix C. 0

Slowly we are approaching the canonical form theorem. Recall that we are still trying to show
that -; ¥ = M : A implies that ¥ + M € [A]. The logical relation for contexts, properties of the
identity function have been the first steps towards this lemma. Two more challenging problems
must be tackled before we can prove it: the role of elimination and selection. This stems from
the conclusion of the lemma: An iterator or a case object can only then be in the logical relation
[A] if they evaluate to a value. For the iterator this implies that the process of elimination must
be “well-behaved”, for case it means that the process of selection must generate an object which
evaluates to a value.

The elimination process is evoked by the evaluation of an iterator by the rule Evlt. Recall that
elimination traverses the structure of the canonical form of the subject of iteration, by looking up
each of the (pseudo) constructors in the term replacement 2. Under the assumption that  is an
element of the logical relation of the term replacement (¥ + ¥ - Q € [(w)(Z'; ¥)]) we can now
state the missing link to the canonical form theorem for the iterator. ¥ represents the set of pseudo
constructors possibly occurring in the canonical object, ¥ contains their images under the term
replacement (2, and ¥ is the context in which the iterator object is well-typed.

U +TFQ e [(w(Z;0)] and & = §*(Z;Z(5; B))
L EUFV 4B then WU (w; (V) € [(w)(B')]

From our experience with other proofs in this paper it can be easily seen that we must generalize
this property before we can prove it. Canonical forms depend mutually on atomic forms, hence as
first approximation we generalize the statement:

FT+TFQe[(w(X;P)] and ' = §*(5;Z(Z; B))

1. If ¥V ] B then PUT F (w; Q)(V) € [(w)(B")]
2. U FV 4 B then U T F (w; Q) (V) € [(w)(B)]

But even this generalization does not go far enough. The attentive reader might already suspect
that the generalized formulation of the property is not adequate to provide a strong enough induc-
tion hypothesis to actually prove the lemma. The problem lies in the rule CanLam which introduces
new pseudo constructors into the set ¥. To solve this problem we introduce a substitution -;idg U o
which satisfies the logical relation [; & U ¥]. Please note, that is substitution acts as the identity
substitution on all variables from W. This is a crucial property in the argument because it allows us
to use the strengthening lemma which states that if a substitution acts as the identity function on
all free variables of a term M, then its application to M yields M. We call it strengthening lemma
because the domain of the substitution might contain further variables which are not mapped to
themselves.

Lemma 7.38 (Strengthening lemma) ) o
Let A;TUT* UT F (ids;idr UpUidp) @ (A;TUTUD)
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1 If A,TUT - M« A then M = [id4;idr U o U ida](M)
2. If A\TUT FE: (B = A)(X') then E = [id;idr U o Uidp)(E)
3. IFA;TUT F Qi (w)(Z) then = [ida;idr U o Uidp](9)

Proof: See appendix C. O

The trick to use the identity function in the formulation of the lemma leaves us to prove the
following lemma for the iterator:

HFOUTF ;idg Up €[ TUT], T+ T Q€ [(w(Z;9)] and &' = §*(T; Z(%; B))

1. ¥¥ V| B then WU F [;idg U o] ({w; (V) € [(w)(B"]
2. f ¥+ V 1 B then U T I [;idg U o] ({w; Q)(V)) € [(w)(B")]

This formulation of the lemma is very close to the version we will finally prove. But we cannot
prove it directly. The reason for this has already been mentioned in Section 6. Not every constructor
¢ : C' which is encountered during the traversal is an element of £": constructors whose target type
7(C) is not in Z(X; B) are replaced by themselves according to the definition of EIConst. Being not
an element in Z(3; B) can have two possible reasons:

1. 7(C) Ax;p 7(B)
2. 7(B) As,p 7(C)

In the first case we are done, as a consequence of lemma 6.35 and lemma 6.36 from section 6.
All what remains to show is that the second case cannot occur. We prove this property as by
generalizing the auxiliary lemma for iterator further. The idea is to show that if during the
elimination process a canonical form V' of type B’ is encountered then 7(B’) «p 7(B) holds.

To accomplish this we define three conditions which are formulated as preconditions and post-
conditions for the elimination process — which we will add into the formulation of the auxiliary
lemma for iterator. We distinguish between two preconditions: One for the case that the en-
countered object is canonical and for the case that the object is atomic. If an atomic form is an
application, then ElApp must be applied. To show that the precondition for the second branch
holds, we must define a postcondition, which is valid after the iteration of the first premiss termi-
nates. The first premiss of AtApp is always atomic hence it is enough to establish the post condition
only for the atomic case.

Definition 7.39 (Atomic precondition for elimination) Let B an arbitrary pure type:
Prelp (V,B') :& 7(B') 45 7(B) and U 4 7(B)

The first part of this definition guarantees the weak subordination of 7(B’) and 7(B). We
cannot assume strong subordination, because elimination can be applied to non-inductive types.
The second part of this precondition is necessary because the precondition must imply the postcon-
dition, which finally might be used to imply the precondition for canonical form elimination. The
precondition for canonical forms is stronger then the one for atomic forms. It states in addition
that for every pseudo constructor, all source types are subordinated by 7(B), as long as the pseudo
constructor can be used in the definition of the object.
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Definition 7.40 (Canonical precondition for elimination) Let B arbitrary pure type:
Prefp (¥,B') &
Prelp (¥, B') and forall B”" € PCT(B') :
if (B") 4p 7(B) then forall y € Source(B") : y 45 7(B)

The postcondition for atomic form elimination provides that every source type of a type of the
atomic object to be eliminated is actually subordinated by the goal type of B — which might be
very different from B’'.

Definition 7.41 (Atomic postcondition for elimination) Let B arbitrary pure type:
Postlp (B') :< forall y € Source(B') : y €5 7(B)

The proof of the auxiliary lemma for iterator will be by induction over the atomic or canonical
structure of the elimination subject. The following lemma shows that preconditions and postcon-
ditions imply each other in a suitable way as necessary to perform the inductive argument. For
this purpose recall the definition of atomic and canonical forms from Definition 2.6. If we have a
derivation ending in an application of AtVar and the atomic precondition holds then we must show
that the postcondition holds. The same holds for a derivation ending with AtConst. In the case of
application (AtApp) we encounter the following situation. Let D be a derivation ending in

Dy D,
U+Vi | By — By T+ Vot By

vV V2l B,

AtApp

By assumption we know that Prelp (¥, Ba) holds. The application of the induction hypothesis to
D; requires that Pre |p (¥, B; — Bj) holds (to be proven). Finally for this case, the application
of the induction hypothesis to D; requires that Preftg (¥, B;) holds. For this proof we fortunately
can assume Post}p (B; — B2).

A complete list of all necessary implications is summarized by the following lemma. The first
statement is needed for AtVar, the second for AtConst. The third and the forth are necessary
for AtApp. CanAt doesn’t require any special considerations, since the canonical precondition is
stronger then the atomic one. The fifth statement makes the case CanLam go through. And finally
the last fact provides the necessary information to ensure that the initial precondition holds (see
Lemma 7.47).

Lemma 7.42 (Preservation of Preconditions and Postconditions)

1. Prelp (¥, B') and ¥(z) = B’ then Postlp (B’)

(
2. Prelp (¥,B') and X(c) = B’ then Postlpg (B')
3. Prelp (¥, By) implies Prelp (¥, B; — Bs)

(

4. Prelp (¥,Bs) and Postlp (B — Bg) implies Preftp (U, B1) and Postlp (B3)
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5. Preftp (¥, By — Bs) implies Preftp (¥, : By, Bs)
6. For all pure types B: Prefg (-, B)

Proof: See appendix C. O

Now all ingredients for the formulation of the auxiliary lemma for iterator are prepared. By
inserting preconditions and postconditions for atomic and canonical forms into the formulation we
obtain the auxiliary lemma for iterator which, as expected, is proven by mutual induction over
atomic and canonical forms. The proof relies on the results from lemma 7.42.

Lemma 7.43 (Auxiliary lemma for iterator) X
IFOUTE 5idgUp€e [ TUY], U+ Uk Qe [(w(Z;P)] and &' = $*(5;Z(Z; B))

1. IfU +V | B and Prelp (¥,B') then YUT F [4idg U ol((w; Q)(V)) € [(w)(B')] and
Postlg (B')

2. If YV #t B' and Preftp (¥, B’) then T UV F [;idy U o] ({w; Q)(V)) € [(w)(B)]

Proof: See appendix C. O

Similarly to the development of the auxiliary lemma for iterator we can prove an auxiliary
lemma, for case, which shows that the selection process “behaves” well. The selection process
seems to be much easier then the elimination process, because only the head constructor selects an
object, its arguments must be closed and boxed. Thus, before discussing the auxiliary lemma for
case we present a result which shows how to close and box arguments.

For this purpose we must show that a canonical object of type B is an element of the logical
relation [B]. For the same reasons as above, we must prove this result also for atomic objects.
The possible introduction of pseudo constructors by CanLam makes it necessary that we introduce
a substitution -; g, replacing all pseudo constructors in ¥ by some object. The substitution is
assumed to satisfy [-; ¥]. We need this result for the proof of Lemma 7.45

Lemma 7.44 (Every canonical element is member of the logical relation)

1. IfYFV | Band ¥t p€ ;7] then U'F [ 0)(V) € [B]
2. If TV A Band ¥ F 0 [;0] then ' F [ 0(V) € [B]

Proof: See appendix C. ]

We now present the final preparatory lemma for the auxiliary lemma, for case. Consider rule
SeApp from definition 5.15. The selection judgment applied to an application of the form V7 V4
selects some object for M; first and constructs a boxed abstraction closure over object V5. The
result of the selection process is then the application of M; to this newly constructed object. Note
that V5 can contain any pseudo constructor introduced by preceding A-abstractions. We show now
that we can close V, under all these variables by using abstraction closures.
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Lemma 7.45 (Properties of transformation types)

IfUFV 4t B then - - AM{U}.V € [TI{¥}. B]

Proof: See appendix C. ]

We can now use the previous four lemmas to prove the auxiliary lemma for case. Recall that the
overall goal is a result which is very similar to the iterator. From the assumption that the match
= satisfies U 4+ ¥ - 2 € [(B = A)(X'; ¥)] we need to prove that the selection process generates
an object which satisfies the logical relation [C* (B, A,B)]. Recall from the formulation of the
auxiliary lemma, of the iterator that ¥ represents the set of pseudo constructors possibly occurring
in the canonical object, ¥ contains their images under the match =, and ¥ is the context in which

the case object is well-typed.
HO+TFEe[(B= A)(X;¥)] and ¥’ = S(T; 7(B)) then
1. U RV B then VUV F {B = 4;5;0}(V) € [C* (B, 4, B)]

Unfortunately, this formulation of the lemma cannot be proven without further generalization.
The first generalization step has to do with the mutual dependency of atomic and canonical forms.
We have to be more careful then in the iterator case because atomic objects are only of “case type”
but not of “complete case type”.

U+ FEc[(B= A)E; )] and & = §(Z;7(B)) then

L. UV ] B then UT F {B= AE¥}V) e [C (B, A,B)]
2. f UV B then PUT - {B = 4;5; 0}(V) € [C* (B, A, B")]

Following the example of the iterator, we encounter exactly the same problem here. The rule
Canlam extends the set of pseudo constructors which would prevent the induction hypothesis to
apply in this case. To generalize this lemma more, we use the same trick with the substitution
- idy U p as in the iterator case.

HOUTF idgUp €[ TUTD], T+ T FEe[(B= AY;P)] and &' = S(Z; 7(B))

1. & -V ] B then VU F [;ide Ug({B = 4;E;9}(V)) € [C (B, 4, B')]
2. UV B then TUT F [;idg U o]({B = A4;5; $H(V)) € [C* (B, A, B")]

This formulation is very close to the lemma as we prove it. But still the proof doesn’t go
through. The problem is the context ¥ of pseudo constructors. We must be able to recover
the information that II{¥}.7(B) = B. To make this more formal, we can assume this property
to hold for the atomic case: ¥ essentially represents B. For the canonical case, we can assume
that ¥ represents the initial set of domain types of type B. The remaining domain types are
still represented by the type B': TI{¥}. B’ = B. Another piece of information is needed for the

successful proof: 7(B) = 7(B’).



7 CANONICAL FORM THEOREM 55

Lemma 7.46 (Auxiliary lemma for case)

FUUuTltkidgUp€e[TUY], T+ TFEe[(B= A)(Z;0)] and &' = 8(5;7(B))

L If9% + V | B ad {¥}.7(B) = B and 7(B") = 7(B) then TUT F
[;ide U o]({B = 4; 5, WH(V)) € [C (B, 4, B')]

2.If ¥ V ¢ B and I{¥}.B' = B then YUT F [;idy Ug|({B = 4;Z;T}(V)) €
[c* (B, A, B)]

Proof: See appendix C. a

This concludes the presentation of the preparatory work. All the ingredients are prepared, we
just have to put.them together to obtain the generalized first lemma completing the canonical form
theorem. Recall that the proof of the canonical form theorem is performed in two steps — as we
discussed earlier:

1. IfUFMc[B]then UFM 4V :B
2. If ;U M : A then U - M € [A]

The first property was already proven in lemma 7.17. We discussed that a generalization of the
second step is necessary. This generalization led to the introduction of logical relations for contexts
with substitutions as their elements. We now prove this generalized version, the centerpiece of this
work. All results obtained so far are needed for the proof of this lemma. The proof is done by
induction over the typing derivation.

Lemma 7.47 (Typing and logical relations)
Let U - 6;0 € [A;T]

1 If A;TF M : A then ¥ - [0; 0](M) € [A]
2. If A;THE (B = AYY) then U+ - - [0;0)(B) € [(B = AY(Z';-)]
3: If AT F Q: (w)(E') then U+ -+ [6; 0](Q2) € [{w)(Z'; )]

Proof: See appendix C. )

As the main result of this section both lemmas, namely lemma 7.17 and lemma 7.47 can be
summarized to the canonical form theorem. This theorem says, that every object M of pure type
evaluates to a canonical form. In other words, no matter how complex the form of the object M
is, it may contain A-abstractions, applications, boxes, and lets, it will evaluate to a canonical form,
only containing A-abstractions and applications. Section 9 emphasizes this point again and shows
the usefulness of this result.

Theorem 7.48 (Canonical form theorem)

IfUFM:Bthen UFM#V:B

Proof: See appendix C.
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8 Type preservation theorem

The canonical form lemma and the corresponding theorem are two very powerful theorems. The
type preservation property of the operational semantics of our system follows as a corollary if we
have one more lemma, namely, that the value of an object is unique. This claim is intuitively
immediate because the form of the object triggers the evaluation rule — which is uniquely defined.
The operational semantics and evaluation to canonical forms are mutual dependent, hence the
uniqueness lemma, reads as follows.

Lemma 8.1 (Uniqueness of evaluation)
1. fUYFMAV :Aand ¥ -MA V' i A thenV =V
2. IfUVFM—V :AadI+M—V' :AthenV =V’

Proof: See appendix D. O

An easy corollary from Lemma 7.47 is now the type preservation theorem guarenteeing that types
are preserved under our operational semantics.

Theorem 8.2 (Type preservation)

If s\ 9WF-FM:AandVFM —V :Athen;VFV: A

Proof: See appendix D. (]

In the next section we present another corollary from Lemma 7.47: Our calculus for the modal
A-calculus is a conservative extension of the simply typed A-calculus.
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9 Conservative extension theorem

We arrived at the final result of this paper: Our calculus is a conservative extension of the simply-
typed A-calculus. By definition it is clear the the language of objects and types of the modal
A-calculus extends the formulation of the simply typed A-calculus. It follows quite naturally that
every typing derivation in the simply-typed calculus can be represented in our system: Using the
empty modal context, StpVar must be replaced by TpVarReg, StpConst by TpConst, StpLam by
TpLam, and finally StpApp by TpApp.

Lemma 9.1 (Typing extension)

IfU+-M:Bthen ;9 -M:B

Proof: See appendix E. ]

Let M be an object of pure type B with free variables from a pure context ¥. M itself need not be
pure but rather some term in the modal A-calculus including boxes, lets, iterators, and definition
by cases. We have seen that M has a canonical form V, and Lemma 7.2 (1) shows that ¥V must be
a term in the simply typed A-calculus.

Theorem 9.2 (Conservative Extension)

If U +-M:Bthen UMV :Band UFV ¢+ B

Proof: See appendix E. |

This concludes the discussion of the meta-theoretic properties of the modal A-calculus which
we presented in this paper.
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10 Conclusion and Future Work

We have presented a calculus for primitive recursive functionals over higher-order abstract syn-
tax which guarantees that the adequacy of encodings remains intact. The requisite conservative
extension theorem is technically deep and requires a careful system design and analysis of the
properties of a modal operator O and its interaction with function definition by iteration and
cases. To our knowledge, this is the first system in which it is possible to safely program function-
ally with higher-order abstract syntax representations. It thus complements and refines the logic
programming approach to programming with such representations [Mil92, Pfe91].

Our work was inspired by Miller’s system [Mil90], which was presented in the context of ML.
Due to the presence of unrestricted recursion and the absence of a modal operator, Miller’s system
is computationally adequate, but has a much weaker meta-theory which would not be sufficient for
direct use in a logical framework. The system of Meijer and Hutton [MH95] and its refinement by
Fegaras and Sheard [FS96] are also related in that they extend primitive recursion to encompass
functional objects. However, they treat functional objects extensionally, while our primitives are
designed so we can analyze the internal structure of A-abstractions directly. Fegaras and Sheard
also note the problem with adequacy and design more stringent type-checking rules in Section 3.4
of [FS96] to circumvent this problem. In contrast to our system, their proposal does not appear
to have a logical interpretation. Furthermore, they neither claim nor prove type preservation or
an appropriate analogue of conservative extension—critical properties which are not obvious in the
presence of their internal type tags and Place constructor.

Our system is satisfactory from the theoretical point of view and could be the basis for a practical
implementation. Such an implementation would allow the definition of functions of arbitrary types,
while data constructors are constrained to have pure type. Many natural functions over higher-order
representations turn out to be directly definable (e.g., one-step parallel reduction or conversion
to de Bruijn indices), others require explicit counters to guarantee termination (e.g., multi-step
reduction or full evaluation). On the other hand, it appears that some natural algorithms (e.g., a
structural equality check which traverses two expressions simultaneously) are not implementable,
even though the underlying function is certainly definable (e.g., via a translation to de Bruijn
indices). For larger applications, writing programs by iteration becomes tedious and error-prone
and a pattern-matching calculus such as employed in ALF [CNSvS94] or proposed by Jouannaud
and Okada [JO91] seems more practical. Our informal notation in the examples provides some
hints what concrete syntax one might envision for an implementation along these lines.

The present paper is a first step towards a system with dependent types in which proofs of
meta-logical properties of higher-order encodings can be expressed directly by dependently typed,
total functions. The meta-theory of such a system appears to be highly complex, since the modal
operators necessitate a let bor construct which, prima facie, requires commutative conversions.
Martin Hofmann'! has proposed a semantical explanation for our iteration operator which has led
him to discover an equational formulation of the laws for iteration. This may be the critical insight
required for a dependently typed version of our calculus. We also plan to reexamine applications
in the realm of functional programming [Mil90, FS96] and related work on reasoning about higher-
order abstract syntax with explicit induction [DH94, DFH95] or definitional reflection [MM96].
Acknowledgments. The work reported here took a long time to come to fruition, largely due
to the complex nature of the technical development. During this time we have discussed various
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A  Definition modal A-calculus

Types: A = a I Al — A2 [ 04 | A x Az

Pure types: B = a|B;— By

Objects: M == c|z| z:AM|M M,
| box M | let box z = My in My | (M1, Mb) | fst M | snd M
| it (w) M (Q) | case (A) M (E)

Term replacement: Q u= | (Q|c— M) |(Q]z— z')

Match: E u= | (Ele=>M)|(E|z=2)

Contexts: r == |Iz:A

Pure Context: ¥ = . |V,z:B

Signature: L o= -|%,a:type|Z,c: B

Definition 2.6 (Atomic and canonical forms)
1. FV | B (V is atomic of type B in T)
2. WEV ft B (V is canonical of type B in ¥)

are defined by:

U(z)=RB Y¥(c)=B YV ] By—B 9YFV,{Bs
— AtVar ——— AtConst AtApp
Uz |B UlkclB YWVl B

UFEVi]a U z:BiFV By

—— CanAt CanlLam
UEV fta UEAx:B,.V 1t By - By

Definition 3.1 (Typing judgment)
1. A;T M A (M has type A in context A;T)

2. AT F Q: (w)(B) (0 ds a well-typed term replacement with respect to context AT, type
replacement w, and signature X)

3. AT HE (B = AYX) (E is a well-typed match with respect to context A;T, subject type B,
goal type A, and signature )

Iz)=A Alz)=A X(c) =B
————— TpVarReg ———————— TpVarMod ———————— TpConst
ATHZA ATz A A;TFe: B
A;P,l‘:AlI—M:Az A;F}‘M]_:A2"‘)A]_ A;PI"MQ:AQ
TpLam TpApp

A;Fl—AxiAl.M:Al—)Az A;FP—M]_MQZAl



A  DEFINITION MODAL A-CALCULUS

61

A;F'—MltAl A;FI’MQ:AQ
A;F" (Ml,Mz) :A1 XA2
A;F"M:Alez A;FFM:Alez

TpFst TpSnd
AT fst M: Ay AT Fsnd M : Ay

TpPair

A;-FM:A ATHM 04 Az A TFM,: Ay
TpBox Tplet
AT Fbor M : OA AT Flet boxz = My in My : As
ATEM:OB Fw:a A;FI—Q:(w)(E')TI
t
AT F it () M (Q) : (w)(B) P
where o = IZ(%; B) and X' = §*(Z; )
ATHEM:OB  ATHE: (B= A
TpCase
A;T F case (AY M (B) : C* (B, A, B)
where ©' = §(X; 7(B))
ATHQ: (w)(B) A THM: (w(B)
TrBase Trind
A;T - {w)(h) ATH(Q| e M) : (w)(Z,c: B
ATFE: (B= AYT) ATFM:C(B,A B
TmBase Tmind
AT R (B= A)) ATH(E|e= M) : (B = A)(Z,c: B
Definition 4.28 (Elimination)
) _ M ifQc)=M
(wile) = { ¢ otherwise (EiConst)
(w;V(z) = Q=) (ElVar)
(w; Q) (Az:B.V) Az (w)(B). (w; Q| z — u)(V) (ElLam)
(w; M1 V2) = (0;N(N) (w; M) (V2) (ElApp)
Definition 5.15 (Selection)
{B= A4;E;%}c) = E(o (SeConst)
{B = A;E; Y Hz) E(z) (SeVar)
{B= A;5;,9}(Az:B".V) = Mu:C(B,AB).{B=>AEz=u;(¥,z:B)}V) (SeLam)
{B= A5V V) = {B= A4EV}HW) (boz \{T}.V3) (SeApp)
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Definition 3.3 (Evaluation judgments)

1. UM < V:A (M evalulates to V of type A in context U)
2. VM1V :B (M evalulates to a canonical form V of pure type B in context ¥)

TFMSVia , V,z:BikMzV:B
EcAtomic EcArrow
UFMA{V:a UMY Az:B,.V: B — By
U(z)=A ¥(c) =B
——— EvWar —— EvConst
Uhrbr—z:A Ulrec—c:B

-;W,x:A1FM2A2
UM Al M — dx:41. M : A — Ay
\IJ|—M1L-)>\.’L‘:A2.M{:A2—)A1 ‘I’l‘Mg‘—>V2:A2 \Ijl—[VQ/:Z?](M{)‘—)VAl

EvLam

EvApp

UM My—V:A

\Ifl—MlHV'l:Bz—)Bl qf"ViiBz—)Bl ‘I"‘Mgﬂ‘/z:Bg
EvAtomic
UM My—=V,Vo: B
W HM:A U My: As
— EvPair
U <M1,M2) — (Ml,M2> : A1 XA2
‘I’l—M‘—)(Ml,Mz):A]_XAQ UM —V:A

EvFst

Uk fstM—V:A

\IJFM;)<M1,M2>:A1XA2 ‘IJFMQ‘—)V:AQ

EvSnd

UhEsndM—V:A

s FM:A
EvBox
U bozM— box M :0OA
UM —bozM : DA Uk [M]/z](My) =V : Ay
Evlet
Uletboxrz =M inMy— V : Ay
UM bzM :0B FM AV :B  TkH{wV)oV: (w(B)
Evit

Tk it (W) M (Q) = V : (w)(B)
UFM<—bzM :0B -FM#V':B TF{B= AE, -} (V)= V:C*(B,A,B)
U+ case (A) M (E) — V : C* (B, A, B)

EvCase
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B Preliminary results

Lemma 6.2 (Every context extends the empty context)

r>.
Proof: by induction over I’

Case: I' ="
L3>

Case: T=I",z: A
r>.
= I'z:A>-

by application of CeBase

by ind. hyp.
by application of Celnd

]

Lemma 6.4 (Context form) IfT" >TUT thenT” =T UT' and TV >T

Proof: by induction over D = T > T UT:

— CeBase:
T

= IMz:A=(Tul"),z: A4
= MMz:A=Tul'z:4
IMz:A>T

Lemma 6.19 (Modal substitution restriction)

If AT (65 0) -

Proof: by induction over D :: A";T' | (8; ) :

Case: D = TSBase

ASTTE (5 = (50)
A;T =
= Al (5 (50)

(A;T) then A';-+(6;-)

2 (A59)

(A;T)

by definition
by application of Celnd

by ind. hyp. on Dy

by ind. hyp. on D;

by definition

by application of Culnd
by application of Celnd

[

by assumption
by definition TSBase
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Dy Dy
A FM: A AT R (6;0) - (AT
Case: D = TSMed
AT F(0,M/z;0) - (A, z: A;T)
Al (8;0) : (4A;) by ind. hyp. on Dy
= AR (@,M/z;) : (Az:4;0) by application of TSMod with D;
D
AT'-M: A AT F(8;0) ¢ (AT
Case: D = TSReg
AT - (850, M/z) 2 (AT, 22 A)
A F(6;) (A by ind. hyp. on D
O
Lemma 6.20 (Properties of typing relation for substitutions)
1. If A= (A1, z: A)UAy and AT F (0;0) : (A;T) then8(z) =M and A';- - M : A
2. If ' =(T1,2: A)UT and AT+ (0;0) : (A;T) then o(z) = M and A; TV M- A
Proof: by induction over D :: A IV F (0;0) : (A;T)
Case: D = TSBase
ALTE(50) = (50)
cannot occur.
D, D,
Al M A ALT E(050) + (AT
Case: D= TSMod
ALTF (0, M [y;0) : (A", y: AT)
A=A y: A by assumption
0=06" "M/y by assumption
1. Case: Ay =-
A=(A,z: A)U- by assumption
= A=A,z A by definition CuBase
= A=A by definition
= =y by definition
= A=A by definition
= (0, M'/z)(z) =M by definition Sbalnd
= f(z)=M : by definition
= A FM A by assumption
Case:. Ag=Ab,2: A",z # 2
A=(A,z: A)U (AL z: AY) by assumption
= A= (A,z:A)UALz: A" by definition Culnd
= A"=(A;,z: A)UA] by definition

= y==z by definition
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= A" = A’
= 0z)=M
= AFM:A
= (0,M'/y)(z) =M
= O(z)=M
2. o(z)y=M
sUFM:A
Dl D2
AT'EM A AT H (6 0) (AT
Case: D =
AL (6;0 M Jy) = (AT, y: A)
F=T"y:A
o=0,M/y
1. 8(z) =M
A FM:A
2. Case: 'y =
F=(F1,.’E:A)U'
= F=F1,$:A
= F"=F1
= z=y
= A=A
= (o', M'/z)(z) = M'
= oz) =M
= ATEM A

Case: 'y =T1%,2: A" 2 #2

|1

=(T,z: A) U5, 2: A")

I'=(,z: AUl z: A"

y=1=z
AII — AI
o(z)=M

L R

o(z) =M

ATVFEM:A
(¢, M'[y)(z) = M

" = (Ty,z: A) UT)

TSReg

Lemma 6.21 (Substitution lemma for typing relation)

Let A"; TV F (65 0) -

(A;T), then the following holds:

1. If A;TEM: A then AT F[0;0](M) 2 A

2. If A;THE: (B = AY(S') then ATV F [6; 0(E) : (B = A)(X)

by definition

by ind. hyp. (1) on D,
by ind. hyp. (1) on Dy
by definition Sbalnd
by definition

by ind. hyp. (2) on D,
by ind. hyp. (2) on D5

by assumption

by assumption

by ind. hyp. (1) on D,
by ind. hyp. (1) on D5

by assumption

by definition CuBase
by definition

by definition

by definition

by definition Shalnd
by definition

by definition D;

by assumption

by definition Culnd

by definition

by definition

by definition

by ind. hyp. (2) on D,
by ind. hyp. (2) on Dy
by definition Sbalnd
by definition

O
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3. If A;T F Q: (w)(X) then AT F [6; 0)(2) = (w)(X)

Proof: by induction over D :: A; T FM : A £ ATHFE:(B=> AY(X)and F - A;T HQ -

(W)(E):

z)=A
1. Case: D=————— TpVarReg

ATz A

T'z)y=A4 .

= I'=T1,z: AU,

= olz) =M

= ATFEM:A

> [Biol@) =M

= AT'FH[6;0(z): A
Alz)=A

Case: D=——— TpVarMod

A;THz: A

Alz)=A

A=Aj,z: AU A,

= 0(z)=M

= A FM:A

= [B;0)(z) =M

= Al [f;0(z): A

= I'>.

= A5T'F[B;0)(z): A
YX(c)=B

Case: D= —— TpConst

A;TFe: B

() =B

= AT"+Fec:B

= [B;0(c) =c

= ATYF[0;0](c): B

. ATz AvFM:A
Case: D = gl 2 TpLam
ATEM: AL M A — Ay

AT (650) @ (A3T)

>
= IMz:A >T

= AT z:A (00 : (A;T)

= (F’,SC : A1)($) = A;

= ATV,z:A Fz: A

= AT z: A ¢ (6;0,2/z) : (AT, z: Ar)
= ATV z: A F[0;0,2/2](M) : Ao

= ATFAz:A;.[0;0,z/z](M): A — As
= ALTVE[6;0l(Az:A1. M) : A1 = Ay

by assumption

by definition 2.2
by lemma 6.20 (1)
by lemma 6.20 (1)
by definition SBVar
by definition

by assumption

by definition

by lemma 6.20 (2)
by lemma 6.20 (2)
by definition SBVar
by definition

by lemma 6.2

by lemma 6.8 (2)

by assumption

by application of TpConst
by application of SBConst
by definition

by assumption

by application of CeBase
by application of Celnd

by lemma 6.18 (2)

by definition

by application of TpVarReg
by application of TSReg
by ind. hyp. (1)

by application of TpLam
by inversion using SBLam
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Dy D,
A;Fl_MleQ—)Al A;Fl‘Mg:Az
Case: D = TpApp
A;TH M Ms: Ay
AT (05 0)(My) : A2 — Ag by ind. hyp. (1)
AT F (8 0(Ma) : Ay by ind. hyp. (1)
= AL F[0; 0)(M1) [6; 0](Ma) : Ay by application of TpApp
= AT F[6; 0/(My Ma) : Ay by inversion using SBApp
A-FM: A
Case: D = TpBox
A;THbox M :OA
ALT E(8;0) : (AT by assumption
= A5 F(6;) : (4;9) by lemma 6.19
= AF[6;)(M): A by ind. hyp. (1)
= AT+ box [0;](M): OA by application of TpBox
= AT [6;0)(box M) : DA by definition SBBox
Dy Dy
AT - M, :OA; Ax: AT F My Ay
Case: D = Tplet
A;T Flet box = My in My : Ay
AT F [0 0l (M) : DAy by ind. hyp. on Dy
AT E (6;0) ¢ (AT by assumption
Al > A by application of CeBase
= Az:4; >4 by application of Celnd
= Alz: AT EF(650) @ (AT by lemma 6.18 (1)
= (Alz: A))(z) =4 by definition
= Az:A;-Fzo: A by application of TpVarMod
= Alz: AT (0,2/350) : (A,z: A1) by application of TSMod
= A z: AT F[0,5/z;01(M) : Ag by ind. hyp. on D5
= AT Flet box z = [0; 0](M1) in [0, z/z; 0] (M3) : As by application of TpLet
= AT+ [6; o](let box z = M in My) : Ay by definition SBLet
ATEFM:OB ATHE:(B= AN(Y)
Case: D = TpCase
A;T - case (A) M (E) : C* (B, A, B)

AT+-M OB by assumption
= AT+ [6;0)(M): 0B by ind. hyp. (1)
A;THE: (B= A)Y) by assumption
= AT F[;0](B) : (B = A)Y) by ind. hyp. (2)
= ATV |- case (4) [6; o](M) ([6; Q]( )) : C* (B, A, B) by application of TpCase
= AT F[0; p](case (A M (Z)) : C* (B, A, B) by application of SBCase

ATEM:OB  Fw:a ATFQ: (w(X)
Case: D = Tplt
AT F it (w) M (Q) : {w)(B)

AT M OB by assumption
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= A TVF[6;0(M):0B by ind. hyp. (1)
A;THQ: (w)(X) by assumption
= ALTF[6;0(Q) : (w)(X) by ind. hyp. (3)
Fw:a by assumption
= AT Fit (w) [6; 0](M) ([6; 0](R2)) : (w)(B) by application of Tplt
= AT F[6;0](it (w) M () : (w)(B) by application of SBIt
2. Case: £ = TmBase

AT E(B= A))
AT - (B = A)() by application of TmBase
= A T'F[6;0(:): (B= A)() by application of SBXiEmpty

ATHFE:(B=A)X) A THM:C(B,AB)

Case: € = Tmind
ATH(E|e=> M) : (B= A)(Z,c: B)
AT HE: (B = A)X) by assumption
= AT HI[6;0/(B) : (B = A)X) by ind. hyp. (2)
A;THM:C(ByAB) by assumption
= A T'F[6;0(M):C(B,A,B') by ind. hyp. (1)
= AT'F ([6;0(B) | c=[6;0)(M)) : (B= A)E,c: B') by application of Tmlind
= AT'F[6;0/(E|c=>M):(B= A)(%,c: B by application of SBXi
3. Case: F = TrBase

AT - {w)(4)
AT R (w)(e) by application of TrBase
= AT F[6;0() : (w)(-) by application of SBOmegaEmpty

i . . . ’
Case: }_zA,I‘i—Q.(w)(Z) ATHM: (w)(B)_mnd
AiTH Qe M) : (w)(B,c: B
AT EFQ: (w)(X) by assumption
= AT F1[6;0](Q) : {w)(2) by ind. hyp. (3)
A;T R M {w)(B') by assumption
= AT F[6;0(M) : {w)(B') by ind. hyp. (1)
= AT F([6;0(R) | ¢ = [0;0](M)) : {w)(E,c: B) by application of Trind
= ALT'H[G; 0/ c— M) : (w)(Z,c: B) by application of SBOmega
0

Lemma 6.25 (Type preservation of atomic and canonical types)

1. fU+V | BthenU+V:B

2. FUFV (B then ;UFV:B

Proof: by inductionover D:: ¥ +V | Band £V B



B PRELIMINARY RESULTS

69

V(z) =B

Case: D=—" AtVar
UtzlB
U(z) =B
= VFrz:B
Y(c)=B
Case: D= —"—— AtConst
kel B
X(c) =B
= Ute¢:B
‘I’l‘Vli,Bg—)Bl ‘I"‘Vg‘n’Bg
Case: D =
WV Wl B

UFWV ] B — By
= wUFWV:By— B
UE Vet Be
= UFVy: By
= sUFWVV:B
Case: D= w CanAt
TV fa
UFEVi]a
= sUFV:a
Case: D — U,z:B1FV { By CanLam
UFAx:B1.V By — B
V.z: BV By
= sV, z:BiFV:By
= UkrA:B;.V:By — By

Lemma 6.28 (Goal types and abstraction closure types)

T(II{¥}. B) = 7(B)

Proof:

Case: U = -
7(II{-}. B) = 7(B)

Case: ' =V z:B"
7(I{¥,z : B'}. B) = 7(I{¥'}. B' - B)
= 7(II{¥',z:B'}.B) =7(B' > B)
= t(I{¥',z:B'}.B) =7(B)

by assumption

by application of TpVarReg

by assumption

by application of TpConst

by assumption

by ind. hyp. (1)

by assumption

by ind. hyp. (2)

by application of TpApp

by assumption
by ind. hyp. (1)

by assumption

by ind. hyp. (2)

by application of TpLam
a

by definition 5.9

by definition 5.9
by ind. hyp.
by definition 4.15
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Lemma 6.30 (Properties of subordination) Let c: C € 3, B a pure type.

1. If a € Source(C) then a 4p 7(C)

2. If a1 4p ag and ay 4p a3 then a1 4p a3
Proof:

1. a € Source(C)
= a<¢c7(C)
= a <y 7(C)
= adp 7(C)
2. Case: a2 4p as:
= a1 4B a3
Case: as = as:
= a1 €p ag

by assumption
by definition 4.19
by definition 4.20
by definition 4.24

Transitivity

by definition

O

Lemma 6.32 (Properties of context subordination) Let B be a pure type.

If U= (Vy,z: B')UVy and U «p 7(B) then 7(B') 4p 7(B) implies that forall y € Source(B'):

y dp T(B)
Proof:

Case: Uy =-
U =(Uy,z: BYU-
= U=VU,,z:8
= Uy,z:B 4 7(B)
= If 7(B’) «p 7(B) then forall y € Source(B’) :y 45 7(B)

Case: Uy =), z: B" v #2
U= (¥y,z:B)U (T, z: B")
U = (Uy,z: B YU T, 2:B"
= If 7(B’) dp 7(B) then forall y € Source(B’) : y 45 7(B)

Lemma 6.34 (Property of dynamic typing)

If B' € PCT(B) then a <p' 7(B') implies a <p 7(B)

by assumption

by definition CuBase
by assumption

by definition 6.31

by assumption
by definition Culnd
by ind. hyp.

]
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Proof: proof by induction over B:

B’ € PCT(B) by assumption

= B=DB;— By by definition 4.22

= PCOT(B) = {B1} UPCT(B) by definition 4.22
Case: B' =D

a <p, 7(B1) by assumption

= a <B,-B, 7(B1) by definition 4.23

= a<p7(B) by definition
Case: B' # B,

B’ € PCT(Bs) by assumption

a <g 7(B') by assumption

= a<p, 7(B’) by ind. hyp.

= a <p,5B, T(B') by definition 4.23

= a<p7(B’) by definition

O

Lemma 6.35 (Independence)
If 7(B) #p 7(C) then Source(C)NI(Z;B) =0
Proof: proof by contradiction:

Suppose Source(C) NZ(Z; B) # @

Let a € Source(C) NZI(%; B) by definition
= a € Source(C) by definition
= a 4 7(0C) by lemma, 6.30
= a€I(%;B) by definition
= 7(B)dBpa by definition 4.25
= 7(B) 45 7(C) by definition 4.24
= Contradiction

O

Lemma 6.36 (Properties of Join) Letc: C € I,  arbitrary and Fw:
If Source(C)YNa =0 and 7(C) ¢ a then (w)(C) =C
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Proof: proof by induction on C:

Case: C = a:
(C)=a
= ada
= w(a) not defined
= {(w)(a) =a
= (WNO) = (W)@) =a=C

Case: C = () — Cy:
Source(C) = Source(C1) U {7(C1)} U Source(Cs)
Source(C1) C Source(C)
Source(Cy) Na =0
7(C1) € Source(C)
7(C1) ¢ «
(W)(Ch) =C
Source(Cy) C Source(C)
Source(Cy) Na = 0
7(C2) = 7(Ch = ()
7(C?) ¢ o
(w)(Cp) =
(w)(C) = (w )(0'1 - ()
(C) = (W)(C1) = (w)(Co)
w)(C) =C1 = Cy
w)(C) =

I T T R A I A

Lemma 6.37 (Properties of subordination)
If 7(C) ¢ Z(3; B) and 7(C) 4p 7(B) then 7(B) Ap 7(C)
Proof: proof by contradiction:

Case: 7(C) 4p 7(B)
Suppose 7(B) 4p 7(C)
= 7(C) € Z(Z;B)

= Contradiction

by definition 4.15

by assumption

by definition 4.26
by definition

by definition 4.16
by definition
by definition
by definition
by definition
by ind. hyp.
by definition
by definition

by definition 4.15

by assumption
by ind. hyp.
by assumption

by definition 4.26
by definition

by assumption

]

by assumption
by definition 4.25
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Case: 7(C) = 7(B)
Suppose 7(B) 4p 7(C)
= 7(C) 45 7(B)

= 7(C) € Z(%; B)
= Contradiction

by assumption
by definition
by definition 4.25
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C Canonical form theorem
Lemma 7.1 (Self evaluation)
1. IfVFM—=V:Band V-V tBthenUV+-MA{V:B

2. IfVFVBthenUFV —V:B

3. FUFV | BthenUFV > V:B

Proof: by mutual induction over D : U+V tBand £ V-V fBand F:: UV | B

vV
1. Case: D:—wcanAt
UV fa
UV-FM<—=V:a

= UFMHV:a

Case: D = Yo Bt Vet B CanlLam
U+ Az:By. Vst By — By

‘I’,—M‘—)A.’IJ:BI.‘/Q:.Bl-}BQ

>0

= U, z:B, >0

= \If,:r:Bll—ML)A:E:Bl.xfz:Bl—)Bz

= Uzx:B1+-Vo—=Va: By

Vrz:Bhrz—z:B

= U,z: B F[z/z](Va) — Va: By
= \I’,.’B:Bll“M.’B‘—)T/Q:Bz
= U,z:Bi+-Mx{tVa: By
= UFM1{Ax:B.Vy: By
UFV
2. Case:Ez-;LﬁCanAt
TEVa
TFV—>V:a
V.z:Bi+-Voft B
Case: £ = c:Bif V2t By Canlam

\If"‘}\:EZBl.VzﬂBl —)BQ
U,z B1HVa: By
= ‘I’f‘)\x:Bl.V'QL—)Ax:Bl.Vz:Bl — By

¥(z) =B
3. Case: F=—"  AtVar
Utz|B
Ulg—z:B
Y(c)=B
Case: F = ———— AtConst
Uikel B

UVhkFe—c: B

by assumption
by application of EcAtomic

by assumption

by application of CeBase
by application of Celnd
by lemma 6.26

by ind. hyp. (2)

by application of EvVar
by definition

by application of EvApp
by ind. hyp. (1)

by application of EcArrow

by ind. hyp. (3)

by lemma 6.25
by application of EvLam

by application of EvVar

by application of EvConst
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vY-WVi|lBs— B YFVWV B

Case: F = AtApp
vEW Vo |l By
UV, <sV,:By, = B by ind. hyp. (3)
= UV Va: By by ind. hyp. (2)
= UVFEW 1t Va:B by ind. hyp. (1)
= VFHFW VoV Vo By by application of EvAtomic
(]
Lemma 7.2 (Property of evaluation results)
1. If9MA{tV:B thenUV VB
2. IfUFrM—V:athenUFV |a
Proof: by mutual inductionover D: V+-M(V:Band £ ¥ +FM <V : B
VFM—V:
1. Case: D = . g EcAtomic
UFMHYV:a
THVila by ind. hyp. (2)
= UFVtfa by application of CanAt
U.z:Bi+FM Vo: B
Case: D = i zhVe: B EcArrow
‘I"‘M‘ﬂ')\x:Bl.‘/g:Bl—)Bg )
U,z:B1 FVaft By by ind. hyp. (1)
= UkFAx:B.Vot By —» By by application of CanLam
¥Y(z)=a
2. Case: £ = ———— Ewar
UVhr—2z:a
Uhkzla by application of AtVar
Y()=a
Case: £ = ————— EvConst
UhFc—ec:a
Uhkecla by application of AtConst
Case: no rules for EvLam
Dy
C c ‘I’FMl%A.'B:Ag.M{:AQ—)a lIIFMQ;)‘/Q:AQ ‘IJI—[V'Q/.’E](M{)%V
ase: £ =
- M1 Mz —~V:a
VFVila by ind. hyp. (1) on Dy
Dy D,
VM —<Vi:By—=a \I/FWLBQ—)G 'II'—MQTT‘/Q:Bz
Case: £ = EvAtomic
UM M, —=ViVa:a
Uk Vet By by ind. hyp. (1) on Dy

= UV Wla by application of AtApp on D,

EvApp
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Dy Dy
\I/FM‘-—)<M1,M2):(1.XA2 \Ill—Ml%V:a
Case: £ = EvFst
UHfst M —-V:a
U-Vila by ind. hyp. (1) on D,
'Dl D2
\III—M‘—>(M1,M2):A1xa UMy, —=V:a
Case: £ = EvSnd
UhksndM —V:a
VFVia by ind. hyp. (1) on Dy
Case: no rules for EvBox
Dy
U+ M; — box M : OA Uk [M]/z](M2) >V :a
Case: £ = EvlLet
Uhkletboxz=M;inM;—V:a
U-Vi]a by ind. hyp. (1) on Dy
Dy
U+-M<—boxM:0B M4V :B UH{B=A4E; }(V)=V:a
Case: £ = EvCase
Utcase (A) M (B) =V :a
UV l]a by ind. hyp. (1) on Dy
Dy
UVFM—boxM:0B -FM V' :B UFE (VY= V:a
Case: £ = Evit
Uhit{w) M () >V :a
UFVi]a by ind. hyp. (1) on D,
O
Lemma 7.3 (Evaluation to atomic forms implies evaluation to canonical forms)
IfVFM—V:BandVU+V | BthenU-MH{V' :B foraV’
Proof: by induction over B:
Case: B=a:
UFM—V:a by assumption
= UFMNtV:a by application of EcAtomic
Case: B = By — By:
Let U =",z : By by definition
= U'(z)=DB; by definition 2.2
= Vikrz—oz:B; by application of EvVar
= Uizl B by application of AtVar
= Uk V,: B by ind. hyp.
= ULV, B by lemma 7.2 (1)
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UM<V :B — By by assumption
v>v by definition CeBase
= ¢>0 by definition Celnd
= UFM<—V:B — B, by lemma 6.26
V'V ] By — By by assumption
= VEMz—>VV,:B by application of EvAtomic
= UVEVV,] B by application of AtApp
= UMz V' : B, by ind. hyp.
= U,z:Bi-FMaxz{tV': B by definition
= UFM{M:B,.V': By = By by application of EcArrow

Od

Lemma 7.6 (Type preservation for replacements) IfU+-+ Q€ [(w)(Z;-)] then ¥ O :
{w)(Z)

Proof: by induction over %

Case: ¥ =
ST (w)() by application of TrBase

Case: X =Y'¢c: B

U+ -FQe [(w(X,c:B;-)] by assumption
= Q=Q|c— M by definition 7.5
= U+ M e [{w)(B)] by definition 7.5
= 3 ¥FM: (w)(B) by definition 7.4
= U+.-FQe[(w(Z;)] by definition 7.5
= VRO {w)(X) by ind. hyp.
= sUFQ e~ M): (w)(X,c:B) by application of Trind

(]

Lemma 7.8 (Type preservation for matches) IfU +-+E € [(B = A)(Z;")] then ¥ - =
(B = A)(D)

Proof: by induction over X

Case: ¥ =-
SWhk-: (B = A)() by application of TmBase
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Case: ¥ =Y,c: B’
U+ -FEe[(B= A)(YX,c: B;")]
E=Elce=>M
¥+Me]|C(B,A B
wUkM:C(B,A B
U+-FE e[(B= AY;)]
SO FE (B= ANY)
sUR(E | e=>M):(B= A)(¥X,c: B

L

LR R

Lemma 7.9 (Weakening for logical relations)
1. If U+ M e [A] and ¥ > U then ¥' + M € [A4]
2. IfU Ve |Al and V' > U then V' FV € |A|
Proof: by induction over A:

1. Uk M e [4]
= 3UFM:A
= UFM<—>V:A
= UFVe|4
= sUVFM:A
= UVFM<oV:A

= UFVe|A
U - M € [4]
2. Case: A = a:
UEV fta
VEVha

¥ FVelal

Case: A = A4, = As:
Case: V = Az: A;. M:
Let U > ¥ and ¥ - V' € | 4]
= U>v
= U [V'/z](M) € [A]]
= UkA:A.Mc lAl — A2|
Case: VIV | A; — As:
Let " > ¥ and ¥ F V' € | 4]
= U'>U
= U'FV V' e|Ay
= \I’Il—V€|A1——)A2|

by assumption

by definition 7.7

by definition 7.7

by definition 7.4

by definition 7.7

by ind. hyp.

by application of Tmlind
O

by assumption
by definition 7.4
by definition 7.4
by definition 7.4
by lemma 6.8
by lemma 6.26
by ind. hyp. (2)
by definition 7.4

by definition 7.4
by lemma 6.24 (2)
by definition 7.4

by lemma 6.3
by definition 7.4
by definition 7.4

by lemma 6.3
by definition 7.4
by definition 7.4
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Case: A=0A"
= UFbox M e |04/
= -FMe|4|

= U box M € [DA|

Lemma 7.10 (Weakening for logical relations for replacements)
IFO+TFQe [(w)(S0)] and ¥ > T then U+ 0+ Q € [(w)(Z; §)]
Proof: by induction over 3, T

Case: X = -,\i’ =

= T4+VF.e[(w(;)]
Case: =% ,¢c: B,¥ =

Q= |c—» M

¥+ M e [(w)(B)]

T4+ T e [(w(E;)]

= U4+ e[(w(E))]

= U+VFQ|c— Me[(w(,c:B;)]
Case: U =0 z: B:

Q=Q' |z u

U ue [(w(B)]

T+ 0 FQ e [(w(z; 8]

= Uk ue [(w(B)]

= U+ UFQe[(WwEi)]

= U+ ¥ FQ |z uc [(Ww(EV,2:B)]

Lemma 7.11 (Weakening for logical relations for matches)

by assumption
by definition 7.4
by definition 7.4

O

by definition 7.5
by definition 7.5

by definition 7.5
by definition 7.5
by definition 7.5

by ind. hyp.
by definition 7.5

by definition 7.5
by definition 7.5
by definition 7.5
by lemma 7.9 (1)

by ind. hyp.
by definition 7.5

O

FO+TZ€[(B= A D) and ¥ > ¥ then T+ U+ E € [(B = A)Z; 1]

A

Proof: by induction over X, ¥:

= U4+UF.c[(B= A)(;")]

by definition 7.7
by definition 7.7
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Case: ¥ =Y ,¢c: B, ¥ =

E=Elem» M by definition 7.7
T+ Me|C(B,A,B] by definition 7.7
T4+ UFEe[(B= A)E;)] by definition 7.7
= U+ FEe[(B= AE;)] by ind. hyp.
= UV FE |cm Me[(B= AT, c: B;)] by definition 7.7
Case: ¥ =V z: B

E=Elz—u by definition 7.7
U FuelC(B,A,B)] by definition 7.7
T+ TFZEe[(B= A)(Z; ) by definition 7.7
= Vluc[C(B,A B)] by lemma 7.9 (1)
= U+ ¥ c[(B= A )] by ind. hyp.
= V4V HE |zue[(B= AV, z: B by definition 7.7

O

Lemma 7.12 (Access to logical relations for replacements I) If % = ¥i,c: BUX; and
U+ ¥+ Q e [(w)(Z;P)] then ¥+ M € [(w)(B)] and M = (w; Q)(c)

Proof: by induction over the structure of ¥, Z,:

Case: ¥ = -
Case: ¥y = =
Y=%,z:B by definition CuBase
= Q=Q|c—» M by definition 7.5
= (w;N(c)=M by definition ElVar
= U+ M e [{w)(B)] by definition 7.5
Case: Xy =3X),c : B"
Y=%,z:BUX,y: B by definition
= Y=(I,z:BUX,),y: B by definition Culnd
= UFMe[(w)(B)] by ind. hyp.
= M= {w;Q)(c) by ind. hyp.
Case: ¥ =0,y : B"
= UFMe[(w)(B)] by ind. hyp.
= M = {(w;)(c) by ind. hyp.
O

Lemma 7.13 (Access to logical relations for replacements II) If (c) is undefined and
U+ U Qe [(w)(E;0)] then Q(c) is undefined
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Proof: by induction over the structure of li/, PO

Case: ¥ = -:
Case: ¥ ==
¥(c) is undefined by definition
Case: ¥ =Y',¢: B":
¥(c) is undefined by assumption
= (X, : B')(c) is undefined by definition
= Y'(c) is undefined by definition
= Q(c) is undefined by ind. hyp.
Case: U =¥ y: B"
= (c) is undefined by ind. hyp.
O

Lemma 7.14 (Access to logical relations for replacements IIT) If ¥ =8y,z: BUY, and
U+ T Qe [(w(Z8)] then ¥ - u e [(W(B)] and T = ¥y, u: (w WB)U Uy and u =

(w; Q) (z)

Proof: by induction over the structure of ¥y:

Case: \i'g =
U="0,,z:B by deﬁnitio_n CuBase
= Q=9 |z—u by definition 7.5
= {(w;N(z) =u by definition ElVar
= Urue [(w(B)] by definition 7.5
= TFuwu: (w(B) by definition 7.4
= U(u) = (w)(B) by inversion using EvVar
= U="0,u: (W(B)UD, by definition Culnd

Case: Uy =), y: B’
O=0,2: BUV,,y: B by definition
= U= (¥,z: BU,),y: B by definition Culnd
= TUlue [(w)(B)] by ind. hyp.
= U =0p,u: (w)(B)U T, by ind. hyp.
= u= (w;Q)(z) by ind. hyp.

O

Lemma 7.15 (Access to logical relations for matches I) If¥ =3%;,¢: B'UXs and U+
E€ [(B= A)(Z; V)] then UV - M € [C (B,A,B)] and M = {B = A;=E;3'}(c) for an
arbitrary ',



82

CANONICAL FORM THEOREM

Proof: by induction over the structure of ¥, 5y

Case: ¢ = -

Case: Yo = =
N=%,z:8
- E=F|c— M
= {B=>AEVH =M
= U+MEel[C(B,A B)]
Case: ¥y =X),y: B":
Y=%,z:BuUXly:B"
= Y= (,z: B UX,),y:B"
= U+ MEe[C(B,A,B)]
= M={B= A5V} (c)

Case: ¥ =¥,y : B":
= Uk Me[C(B,A B
= M={B= AE;9%}c)

by definition CuBase
by definition 7.7

by definition SeVar
by definition 7.7

by definition
by definition Culnd
by ind. hyp.
by ind. hyp.

by ind. hyp.
by ind. hyp.

O

Lemma 7.16 (Access to logical relations for matches I) ~If\i’~= U1,z : B'UY, and \;l—i-lif F
2 e [(B= A 1)) then & - u e [C(B,AB)] and & = Ty,u:C (B, A,B) U Ty and

u={B = A;5;V'}(z) for an arbitrary V.

Proof: by induction over the structure of ¥s:

(=8
[N
e |

Case:
1,z: B

E=Ezru

{B= A;5;¥'}Hz)=u

T Fuc|C(B,A,B]
Utu—u:C(B,ADB)
¥(u) =C (B,A,B")
Uy,u:C (B,A,B)YU T,

S
[=h
Il

I
e |
I
%
C
ﬁ, s
@
%

= (U1,z: BUT,),y: B
Fue[C (B,A,B"]
=¥,u:C(B,A,B) U\il'2
={B = A5 ¥'}z)

P44 4 e
S e e

by definition CuBase

by definition 7.7

by definition SeVar

by definition 7.7

by definition 7.4

by inversion using EvVar

by definition Culnd

by definition
by definition Culnd
by ind. hyp.
by ind. hyp.
by ind. hyp.
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Lemma 7.17 (Logical relations and canonical forms)

1. fO+-Me([B] thn UMV :B
2. IfUFV | B then U FV € |B]

Proof: by induction over B:

Case: B = a:

1. ¥+ M € [d]

= UM<V :aand UFV' € |q

= UFV'fta

= UFV']a

= UFM{V:a
2. UFVi]a

= UFVta

= UFVe]lq

Case: B = By — By:

1.‘IJ|‘ME|[Bl—>BQ]]
= ';\I}["M:B]_—)BQ
= UFM<—V:B = B
= \I’}—VEIBl-—)BQI
Case: V =)z:B1. M’
Let ¥/ = U,z : By

L R R N A (A A

V'(z) = By
U'bkg—z:B;
¥z | By
\I’"‘:CEIB]_,

V' [z/z](M') € [Bs]
U+ [z/z](M") — V' : By
\I/,’—V’EIle

U>0

>0
UVEFM—V:B — B
UVEMz<=V':B
SOz By
-;‘I”"M:Bl—)Bz

SO Mz: B
U+ M z € [By]
UMz V' : By
U.z:Bi-Mx V' :B;
UHEMA{Azx:B1.V': By

by assumption

by definition 7.4

by definition 7.4

by inversion using CanAt
by lemma 7.3

by assumption

by application of CanAt
by definition 7.4

by assumption
by definition 7.4
by definition 7.4
by definition 7.4

by definition 7.4
by definition
by definition

by application of EvVar
by application of AtVar

by ind. hyp. (2)

by definition 7.4

by definition 7.4

by definition 7.4

by application of CeBase
by application of Celnd

by lemma 6.26

by application of EvApp
by application of TpVarReg
by lemma 6.8 (2)

by application of TpApp

by definition 7.4

by ind. hyp. (1)
by definition

by application of EcArrow
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Lemma 7.18 (Types of atomic objects are pure)

Case: V+V | By = By
Let V' =U,z: B

‘I”(ﬂ?)=Bl
Vizoz:B
Uzl B
Vit Vy: B
>0

o>

\I"l—M;}V:Bl—)Bg
UVEMz—>VV,:By
U EV, By
1I”|—V‘/_1;€|Bl—)le
Uz By
-;\I"FMtBl—)Bz
U FMzx: By

U+ Mz € [By]
UMz V' :By
\IJ,a::Bll—MmﬂV':Bg
UHMfAr:B,.V': By

R O e L (A [ A

2. UV ]B — By
Let ¥’ context, s.t. &' > ¥
Let V! st. U V' ¢+ By

U'+V | B — B,

U FV V'] B,

U FVV e|Bsy

TFVe|B - By

44y

IfUFV ]| A then A is pure.

Proof: by induction over D:: UV | A:

¥(z)=A
Case: D= ——  AtVar
Uz | A
U(z) =B
= A= B and A is pure
Y(e)=A
Case: D= ———— AtConst
UkclA
¥(c)=B

= A= B and A is pure

by definition 7.4
by definition
by definition

by application of EvVar

by application of AtVar

by lemma, 7.3

by application of CeBase
by application of Celnd

by lemma, 6.26

by application of EvAtomic
by lemma 7.2 (1)

by definition 7.4

by application of TpVarReg
by lemma 6.8 (2)

by application of TpApp

by definition 7.4
by ind. hyp.
by definition

by application of EcArrow

by lemma 6.24

by application of AtApp
by ind. hyp. (2)

by definition 7.4

O

by assumption on ¥

by definition signature

by assumption on X

by definition context



C CANONICAL FORM THEOREM 85

Dl D2
Vil By— A UV, By
Case: D = AtApp
TEVWhlA
By — A is pure by ind. hyp. on D,
= A is pure by definition pure types
O
Lemma 7.19 (Well-typedness of logical relations)
IfU -V e|A| then ;9 FV: A
Proof: by induction over A:
Case: A=a:
VFEVeE|q| by assumption
= UFVfa by definition 7.4
= <UFV:a by lemma 6.25
Case: A=A, — Ay
UFEVe|A — Ag by assumption
Case: V=MAr:A1. M by definition 7.4
Let W/ =W,z : 4 by definition
= U(z)=4 by definition
= Uizl A by application of AtVar
= Ut ze|A] by lemma 7.17
= Uk z/z](M) € [A9] by definition 7.4
=M
= U z: A FM: A, by definition 7.4
= sUkFA:A).M: A — Ay by application of TpLam
Case: VFV | A; = Ao by definition 7.4
= UV |B - Byand A; = By,Ay; = By by lemma 7.18
= VYFV:B) = B by lemma. 6.25
Case: A=0A4"
VEVe|DA| by assumption
= V=boxM by definition 7.4
= Ut box M ¢ |OA| by definition 7.4
= FMel[4] by definition 7.4
= -FM:A by definition 7.4
= UkboxM:0A4 by application of TpBox
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O
Lemma 7.20 (Logical relations: Self evaluation of values)
IfOFVeE|AlthenPFV VA
Proof: by induction over A:
Case: A=a:
UV El]q by assumption
= UFVta by definition 7.4
= UFV—oV:a by lemma, 7.1
Case: A= A; — As:
UFVe|d — Ay by assumption
Case: V=X\z:A1.M by definition 7.4
= Uk Ax:A).M: A1 — A by lemma 7.19
= UFAx:Al.M <o Ar:Aj.M: A1 = Ay by application of EvLam
Case: YV | AL = Ay by definition 7.4
= V¥V |] B - Byand A =Bl,A2 =By by lemma 7.18
= UV >V .:B; = By by lemma 7.1
Case: A= A; x As:
UV e|A x Ay by assumption
= V= (M, M) by definition 7.4
= U+ M €[A4] by definition 7.4
= Uk M€ [A7] by definition 7.4
= <Uk+M: A4 by definition 7.4
= Uk M: A ) by definition 7.4
= Uk (M, M) — (M, M) : A1 x As by application of EvPair
Case: A =0A4"
UFHVe|n4 by assumption
= V=boxM by definition 7.4
= UkboxM e |04 by definition 7.4
= Uk box M:0OA4 by lemma 7.19
= -FM:A by inversion using TpBox
= UkboxM— boxM:0A4 by application of EvBox

a
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Lemma 7.21 (Logical relation subsumption)
IfUFVE|A| then UV € [4]

Proof: UFV € |A|
= UFVSV:A
= UFV:A
= UkVe[4]

Lemma 7.22 (Logical relation is closed under application)
If U+ M € [[Ag — Al]] and U F M € IIAQ]] then U+ My M5 € |[A1]]

Proof: U+ M; € [A2 — A4]
= ';@I"MllAz—')Al
= UFM < Vi:4 >4
= 'III—V1€|A2—>A1]
\I’l—Mzen:Ag]]
= ';‘II'_MQIAZ
= UkMoV: A
= \I’|—'V2€lA2|
= UFMM,: A
Case: V| = \z:Ay. M]
S U Va/sl(M]) € [A1]
= Uk [Va/z](M]): A
= Uk [W/z](M])—>V:A
= ‘I"‘V€|A1|
= UVFM My—=V:A4
= \I’|—M1M2€[[A1]]

Case: VHV; | Ay — Ay

UHVi|By— Byand A = By, A; = By
U+ MfVy: B

U+ Vy { By

VWV, €|B]

UM M,—ViVy: B

U+ M, M € [Bi]

A S A

Lemma 7.27 (Modal substitution restriction)

by assumption
by lemma 7.20
by lemma 7.19
by definition 7.4
O

by assumption
by definition 7.4
by definition 7.4
by definition 7.4

by assumption
by definition 7.4
by definition 7.4
by definition 7.4

by application of TpApp

by definition 7.4
by definition 7.4
by definition 7.4
by definition 7.4

by application of EvApp

by definition 7.4

by lemma 7.18

by lemma 7.17 (1)

by lemma 7.2 (1)
by definition 7.4

by application of EvAtomic

by definition 7.4

O
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If U F 0;p€ [A;T] then -+ 05 € [A;]

Proof: U 8;0€ [A;T] by assumption
= F8e]A] by definition 7.23

= F-€ by definition 7.24

= -F6;-€[A;] by definition 7.25

O

Lemma 7.28 (Well-typedness of modal substitutions in logical relations:)
If -6 € [A] then ;- F (6;-) = (4;)

Proof: by induction over A;

Case: A =
Foel] by assumption
= f=- by definition 7.23
= k() () by application of TSBase
Case: A=Az: A:
FoelAz: A] by assumption
= 0=0,M/z by definition 7.23
= -FMec[4] by definition 7.23
= & e[A] by definition 7.23
= k(05 : (A by ind. hyp.
= - FM:A by definition 7.4
= -+ (0,M/z;) : (A,z:4;") by application of TSMod
= 5-F(8;) - (A by definition
O

Lemma 7.29 (Well-typedness of arbitrary substitutions in logical relations:)
If Ut pe |l then ¥ F (0) : (5T)

Proof: by induction over I':

Case: [' = -:
Utpel by assumption
= p=- by definition 7.24

= U (50) 0 (50) by application of TSBase
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Case: '=I",z: A:
Utpe|lV,z: A
o=10,M/z
UM e|A|
U M e [4]
Uk o el
ST E(50) « (5T)
sUEFEM:A
SO F(50,M/z) : (TV,z: A)
5TE(50) : (5T)

A R

Lemma 7.30 (Combination of two substitutions)

If5-F(6) : (85:) and 5O F (50) : (5T) then 5V (6;0) :

Proof: by induction over D :: -;- F (6;-) : (A;-)

4

Case: D = TSBase:
gk (a)) s (e
;U F (50 & (5T)
D1 Dy
S FM:A S E (0 2 (A
Case: D = TSMod:

g0, M) 2 (A 4;)
U (850 ¢ (AT
U (050 @ (AT

by assumption

by definition 7.24

by definition 7.24

by lemma 7.21

by definition 7.24

by ind. hyp.

by definition 7.4

by application of TSReg
by definition

O

(A;T)

by assumption

by ind. hyp.
by application of TSMod

]

Lemma 7.31 (Well-typedness of substitutions in logical relations:)

If Uk 6;0€ [A;T] then s U F (0;0) : (A;T)

Proof: Tt 6;p¢€ [A;T]
= Foe[A]
= UFkpe|l
= 5 (0;0) : (4)
= 4Pk (50 : (1)
= 5 ¥E (80 : (A])

by assumption
by definition 7.25
by definition 7.25
by lemma 7.28
by lemma 7.29

by lemma 7.29
O
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Lemma 7.32 (Properties of logical relation for modal contexts)
IfA=(A,z:A)UAy and F 8 € [A] then 0(z) = M and -+ M € [A]

Proof: by induction over A,

1. Case: Ay =
A=(A,z:A)U-
A=A,z A
0 € [Ar,z: A]
= 9=01,M/£E
= -FMe€[4]
= (01,M/z)(z)=M
= 0z)=M

Case: Ay =ALy: A,z #y

A=(Anz: A)U(Ay: A)
A=(A,z: A)UASy: A

FOe[(A,z: A)UA,y: A
= 6=6,,M/y

= FM e[4]

= k6] €[(A,z: A)UAL]
= O(z)=M

= -+ M e[4]

= (0, M'[y)(z) =M

= 0(z)=M

Lemma 7.33 (Properties of logical relation for arbitrary contexts)

IfT' = (['1,z: A)UT, and U+ p € |T'| then o(z) =M and ¥ - M € |A]

Proof: by induction over I'y

1. Case: 'y = -
FI(F]_,IL':A)U'
I'=Ty,z: A

UEpoe|l',z: A

= o=o0,M/z

= Tk Me |4

= (0, M/z)(z) =M
= olz) =M

by assumption

by definition CuBase
by assumption

by definition 7.23
by definition 7.23
by definition Sbalnd
by definition

by assumption

by definition Culnd
by assumption

by definition 7.23
by definition 7.23
by definition 7.23
by ind. hyp.

by ind. hyp.

by definition Sbalnd
by definition

O

by assumption

by definition CuBase
by assumption

by definition 7.24
by definition 7.24
by definition Sbalnd
by definition
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Case: Iy =T%,y: Az #vy

I'=(T1,z: AU,y A) by assumption
I'=(Ty,z: AU,y A by definition Culnd
Ukpe|l,z: A)Uly,y: Al by assumption
= o=0,M/y by definition 7.24
= UFM |4 by definition 7.24
= Uk €|(T,z: A)UTY by definition 7.24
= o(z)=M by ind. hyp.
= ¥FMe|A by ind. hyp.
= (o}, M'/y)(z) = M by definition Sbalnd
= o(z)=M by definition

O

Lemma 7.34 (Properties of logical relation for contexts)
1. IfA=(A,z:A)UAy and U+ 60 € [A;T] then 0(z) = M and - - M € [A]
2. IfT =(T1,2: A)UTy and U+ 6;0 € [A;T] then o(z) = M and U+ M € |A]

Proof: 1. UF6;0€([AT) by assumption
= Foe[A] by definition 7.25

= 8(z)=M by lemma 7.32

= .+ Me[A4] by lemma 7.32

2. TF6;0€e AT by assumption
= Ukpell by definition 7.25

= o(z)=M by lemma 7.33

= UFMe|A4 by lemma 7.33

O

Lemma 7.35 (Extending logical relations for contexts) IfUF 0;p€ [A;T] and TV €
|A| then U F 6;0,V/z € [A;T, z: A

Proof: U 6;p¢€ [A;T) by assumption
= F@e[A] by definition 7.25

= Ulgell by definition 7.25

= Uk V/izel|l,z: A by definition 7.24

= Uk V/ce[AT, z: A by definition 7.25

O

Lemma 7.36 (Identity substitution for arbitrary context)

For all U the following holds: ¥ - idy € ||
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Proof: by induction over ¥:

Case: U = .;
k. € ”
-Fid. € |

Case: U =V',z: B:

Ok idg € ||

= U z:Btidy € |V|

U, z:B=9' z:BU-
(V',z:B)(z) =B
V' r:BFxz|B
' z:BFze|B|
U z:Btidy,z/z € |V, z: B
V' z:BFidy g €|V,z: B|

L

Lemma 7.37 (Identity substitution for context)
For oll U the following holds: ¥ I -;idg € [-; ¥]

Proof: ¥+ idy € ||
F-e]
= Ut idy € [ 7]

Lemma 7.38 (Strengthening lemma) X o
Let A;TUT*UT I (id4;idr U pUidg) @ (A;TUTUT)
1. If A;TUT F M : A then M = [id,;idr U o Uidp)(M)
2. If ATUTFE: (B = A)(X) then E = [id4;idr U o Uid}](E)

3. If A;TUT F Q: (w)(X') then Q = [id4;idr U o U idp)(€2)

by definition 7.24
by definition IdEmpty

by ind. hyp.

by lemma 7.26 (1)

by definition CuBase

by definition 2.2

by application of AtVar

by lemma 7.17 (2)

by definition 7.24

by application of IdNonEmpty

.|

by lemma 7.36
by definition 7.23

by definition 7.25
O

Proof: by induction over D :: A;TUI'F M : 4, D :: A;,TUTl' F 2 : (B = A)(X') and D ::

A;TUT - Q: (W) (Z):

rui(z) =4
1. Case: D = — - TpVarReg:
A TUT Rz A
rulf(z)=A4

= Ty,z:AUTyorTq,z: AUT,

by assumption
by lemma 6.7
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Case: D =

Case: D =

(a) T'=T1,2z: AUTly:

= z = [idg;idr U pUidp](z)
(b) f‘=f1,ﬂ$‘:AUf2:

= 1z = [idg;idr UeUidp)(x)

Az)=A

- - TpVarMod:

A TUD Rz A

Alz)=A
T = [idA; idrUpu idf](:r;)
X(c)=B
Case: D = — - TpConst:
A TUD ke B

c= [idA;idegUidf‘](c)
ATUD,z: A FM: Ay

Case: D= TpLam;

A;FUf‘I—Am:Al.M:AlﬁAg
M= [ldA,ld[‘ ] gUidf‘,z:Al](M)
M= [idA;ideQUidf,m/m](M)

= Az:A1. M = Az:A;.[ids;idr U g Uidp, z/2] (M)

= A:A.M= [idA;idr U gUidla](/\:z::Al.M)

ATUDTFM, : Ay 5 A1 ATUTFM,: Ay

A;TUTF My My Ay
M, = [idA;id]j‘ U QUidf\](Ml)
My = [idA;idp U QUidf\](Mg)
= M My = [idA;id]j‘ U QUidf\](Ml Mg)

A;TUT M : Ay A;TUTE M, : A,y

A;TUT F (M, My) : Ay x Ay
M = [idA;idp U gUidf\](Ml)
My = [idA;idr‘ U QUidf](Mz)‘
= (M1, M) = [id4;idr U o Uidp]((My, M)
A;TUT FM: A x A4,

Case: D = TpFst:

A;TUT st M : Ay

M= [idA;idI‘ UQUidf\](M)

= fst M= [idA;idrUQUidf](fSt M)
A;TUTH M 2 Ay x A,

Case: D = TpSnd;

A;TUT Fsnd M : A,
M = [idA;idr‘UQUidf\](M)
= snd M = [id4;idr U pUidp](snd M)
A-FM: A

Case: D = TpBox:

A;TUT Fbox M : OA

by definition

by definition

by assumption
by definition

by definition SBConst

by ind. hyp. (1)

by definition IdNonEmpty

by definition
by definition SBLam

by ind. hyp. (1)
by ind. hyp. (1)
by definition SBApp

by ind. hyp. (1)
by ind. hyp. (1)
by definition SBPair

by ind. hyp. (1)
by definition SBFst

by ind. hyp. (1)
by definition SBSnd
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A;rurrurl F (ida;idr U o Uidg) - (A;TuTul) by assumption
= A F (idg;-) - (A;) by lemma 6.19
= A;-U-U-i—(idA;-U-U-): (A;-u-uU») by definition
= M =lidg; U-U- (M) by ind. hyp. (1)
= M = [idg; (M) by definition
= box M = box [id4; ](M) by definition
= box M = [id4;idr U g Uids](box M) by definition SBBox
A;FUf"‘MIZDAl A,m:Al;FUf‘}“MziAQ
Case: D = B = TplLet:
A IF'uT Flet bOX.’L'=M1 inM2 H A2
My = [idg;idr U o Uidp] (M) by ind. hyp.
My = [idg ;. 4,31dr U o Uidg](Mp) by ind. hyp. (1)
M, = [1dA,$/:1: idr U o Uidp](Mz) by definition ldNonEmpty

= (let box x = M; in M) =
(let box z = [ids;idr U @ Uidp](M;) in [idz, z/z;idr U @ Uidp](Ms)) by definition
= letboxz =M in My = [idA; idrUpu idf] (let box £ = My in M2) by definition

SBLet
A,TUTFM:0B  A;TUIFE: (B= AT
Case: D = — = TpCase:
A;T UL F case (A) M (E) : C* (B, A, B)
M = [id;idr U o Uidp](M) by ind. hyp. (1)
E = [id,;idr U o Uids)(B) by ind. hyp. (2)
= case (A) M (Z) = [idx;idr U p Uidp](case (4) M (E)) by definition SBCase
ATUTHFM:OB  Fw:a ATUDFQ: (W)(E)
Case: D = = = Tplt:
A;TUT F it (w) M () : (w)(B)
M = [idg;idr U o Uidp](M) by ind. hyp. (1)
Q = [ida;idr U o Uida]() by ind. hyp. (3)
= it (w) M (Q) = [idx;idr U o U idp](it (w) M (2)) by definition SBIt
2. Case: D =— - TmBase:
A;TUTE - (B = A)()
- = [id;idr U o Uidp](-) by definition SBXiEmpty
A;TUTHE: (B= A)NZ) A TUulFM:C(B,A,B)
Case: D = - " : Tmind:
A;TULNR (Ele= M) : {(B= A)(Z,c: B
E = [idg; idr U ¢ Uidg)(B) . by ind. hyp. (2)
M = [id;idr U o Uidp)(M) by ind. hyp. (1)
= (Ele=> M) =
([idx;idr U U idp)(Z) | € = [idg;idr U o Uidp)(M)) by definition
= (E|lc=> M) =[ids;idr UpUidp](E | c = M) by definition SBXi
3. Case: D= TrBase:

A;TUD - (w)()
= [ida;idr U @ Uidp)(-) by definition SBOmegaEmpty
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ATUTFQ: (W) A TUlEM: (WYB)

Case: D = Trind:

ATUTH Qe M) : (w)(S,c: B
Q= [idA;ideQUidf](Q)
M= [idA;idFUQUidf](M)
= (Qc— M) =
([idA;idr u gUidf\](Q) | ¢ [idA;idp UQUidf\](M))
= (Q)cr M) =[ids;idr UpUide](Q | c ~ M)

Lemma 7.42 (Preservation of Preconditions and Postconditions)

1. Prelp (V,B') and U(z) = B' then Post|p (B')
Prelp (¥,B') and £(c) = B’ then Post|p (B’)
Prelp (¥, By) implies Prelg (¥, B; — Bjy)

)

Prefp (¥, B1 — By) implies Prefttg (¥,z : By, Bs)

B A TR R

For all pure types B: Preftp (-, B)
Proof:

1. Prelp (¥, B’)
= 7(B') 45 7(B)
= U <« 7(B)
U(z) =B
= U= (Uy,z:B)UT,
= 7(B') 4p 7(B) implies that forall y € Source(B’) : y €5 7(B)
= forall y € Source(B’) : y «p 7(B)
= Postlp (B')
2. ¥(¢)=B
Let y € Source(B’)
= y «p 7(B’)
Prelp (¥, B')
= 7(B') 45 7(B)
= y <5 7(B)
= forall y € Source(B’) : y €5 7(B)
= Postlg (B’)

by ind. hyp. (3)
by ind. hyp. (1)

by definition
by definition SBOmega

O

(
Prelp (¥, B) and Postlg (B1 — B3) implies Preftg (¥, B,) and Postlp (B>)
(

by assumption (1)
by definition 7.39
by definition 7.39

by assumption (1)

by definition 2.2
by lemma, 6.32
by definition

by definition

by assumption (2)
by assumption

by lemma 6.30

by assumption (2)
by definition 7.39
by lemma 6.30

by definition

by definition
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3. Prels (¥, B,)

=

R R

7(B2) 4 7(B)
7(B2) = 7(By — B3)
7(B1 — Bp) 4p 7(B)
U <45 7(B)

Prelp (¥, B; — Bs)

4. Prelp (T, By)

=
=

7(B2) 4p 7(B)
U 4 7(B)

POStJ,B (Bl — Bg)

L I R O O R

=

forall y € Source(B; — Bs) : y 4 7(B)

Source(B, — By) = Source(B;) U {7(B1)} U Source(Bs)
forall y € Source(B) : y < 7(B)

forall y € Source(By) : y <5 7(B)

Post]p (B2)

forall y € {7(B1)} : y «B 7(B)

7(B1) <p 7(B)

7(B1) 4p 7(B)

Prels (¥, By)

forall B’ € PCT(B,) : Source(B’) C Source(B;)

= forall B' € PCT(By) : forall y € Source(B’) : y € Source(B;)

=
=

=

forall B’ € PCT(By) : forall y € Source(B') : y €5 7(B)

by assumption (3)
by definition 7.39
by definition 4.15

by definition
by definition 7.39
by definition 7.39

by assumption (4)
by definition 7.39
by definition 7.39

by assumption (4)
by definition 7.41
by definition 4.16

by definition

by definition

by definition 7.41
by definition

by definition

by definition

by definition 7.39
by lemma 6.33
by definition

by definition

forall B € PCT(B;) : if 7(B") 4p 7(B)then forall y € Source(B’) : y <5 7(B)

PreﬂB (‘I’, Bl)

5. PreﬂB (‘I’,Bl — B2)

=
=

L

Prelp (V,B1 — Ba)

by definition
by definition 7.40
by assumption (5)
by definition 7.40

forall B’ € PCT(B; — By) : if 7(B') 4 7(B) then forall y € Source(B’) : y dp 7(B)

7(B1 — Bz) 4p 7(B)

U 45 7(B)

7(B) — By) = 7(Bs)

7(B2) 4 7(B)

PCT(B; — B;) = {B;1} UPCT(By)

by definition 7.40
by definition 7.39
by definition 7.39
by definition 4.15

by definition
by definition 4.22



C CANONICAL FORM THEOREM 97

= if 7(B1) €p 7(B) then forall y € Source(B;) : y 45 7(B) by definition
= WU,z:B; 4p 7(B) by definition 7.39
= Prelp (¥,z: By, Bs) by definition 7.39
= forall B’ € PCT(Bg) : if 7(B') 4p 7(B) then forall y € Source(B’) : y 4p 7(B)
by definition 7.40
= Preftp (V,z: By, Bs) by definition 7.40
6. Let B be a pure Type by assumption (6)
7(B) = 7(B) by definition
= 7(B) 4 7(B) by definition 6.29
- 4g 7(B) by definition 6.31
= Prelp (-, B) by definition 7.39
Let B' € PCT(B) by assumption
Assume 7(B') 45 7(B) by assumption
Let y € Source(B’) by assumption
= y<p 7(B’) by definition 4.19
= y g 7(B’) by lemma 6.34
= y 4p 7(B’) by definition 4.24
= y «p 7(B) by lemma 6.30 (2)
= forall B' € PCT(B) : if 7(B’) 4 7(B) then forall y € Source(B’) : y <5 7(B)
by logic
= Prefp (-, B) by definition 7.40
O

Lemma 7.43 (Auxiliary lemma for iterator)
IFYUTFE idgUp €[ TUT], T+ T Qe [(w(Z;0)] and &' = §*(;Z(Z; B))

1. If &+ V | B and Prelp (U,B') then YU T F [;idg U o]({w; (V) € [{w)(B")] and
Postlp (B')

2. If UV t B' and Preftp (¥, B') then T U T F [;idg U o] ((w; Q)(V)) € [(w)(B')]

Proof: by inductionover D= U -V 4B and £E:: ¥ +V | B

U(z) = B’
1. Case: £ = AtVar
brelB
U(z) = B’ by assumption
= U=U,,z:B UWT, by definition 2.2
= U="U,u: {w)(B)UT, by lemma 7.14
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L R

u = (w; Q) (z)

(idy U o)(u) =M
TUT - M e [(w)(B]
[ide U o](u) = M

T U [5ide Ugl(u) € [(w)(B")]

DU [;ide U)((w; 2)(2)) € [(w)(B)]

Prelp (¥, B’)
= Post]p (B')

Case: £ =

Z(e) =

Y(c)=B

a

-
BI

. AtConst
cl B

Pre|p (¥, B
= Post|p (B')
Case: 7(B') € Z(3; B):
¥ (c) = B’
Y =% c:B U,
= UFM e [(w)(B)]

L4l

S A A

Case:
=

M

= (w; 2)(c)

U H M {w)(B")
sUU-EM:(w)(B)
TUTFsidgUp €[50 U VY

ST U F (5idy U o)
sTUTU-F (;idgUpU-) :

= [idy U o U -|(M)
[-;idy U o](M)

7(B') ¢ I(Z; B):

C:

B ¢ ¥

= ¥'(c) is undefined
Prelp (¥, B')

= 7(B') 4p 7(B)
= 7(B) A 7(B')
= Source(B'YNZ(Z;B) =10
= (w)(B) =P

T+ TFQe [(w(E;)]
= Q(c) is undefined

=

(w

;2)(c) =c

= X(¢)=B

[ idw U o] ({w; 2)(c

: (5T UD)

(;TUT U

)

by lemma 7.14

by lemma 7.34

by lemma 7.34

by definition SBVar
by definition

by definition

by assumption

by lemma 7.42 (1)

by assumption
by assumption
by lemma 7.42 (2)

by assumption

by definition 4.17
by lemma 7.12

by lemma 7.12

by definition 7.4

by definition CuBase
by assumption

by lemma 7.31

by definition CuBase
by lemma 7.38

by definition CuBase
by definition

by lemma 6.2

by lemma 6.5

by definition CuBase
by lemma 7.9 (1)

by definition

by definition

by definition

by assumption
by definition 7.39
by lemma 6.37
by lemma 6.35
by lemma 6.36
by assumption
by lemma 7.13
by definition ElConst
by assumption
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= UkclB

= Utce|B|

= Utce[B]

= ‘1"‘06[[( )( 1

[ idw U g](c)

= ‘I"“[,ld\pUQJ( € [(w}(B)]

= Uk [;ide Ug]({w; 2)(c)) € [{w)(B")]
Dy D,

UFV,}B),— B, U+ Vv, ¢ B
AtApp

Case: £ = : _
YV Va | B

Prelp (¥, B])

by application of AtVar
by lemma 7.17

by lemma 7.21

by definition 4.26

by definition SBConst
by lemma 7.21

by definition

by assumption
by lemma 7.42 (3)

= Prelp (¥,B, = B))
= WU [;ide Uo({w; ) (V1)) € [{w)(BS — B})] by ind. hyp. (1) on D
= VUV [ide U o({w; 2)(V1)) € [{(w)(Bh) = (w)(B})] by definition 4.26
= Postlp (B} = B}) by ind. hyp. (1) on Dy
= Prefip (¥, B) by lemma, 7.42 (4)
= Postlp (B]) by lemma 7.42 (4)
= TUTF [5idg Uol({w; )(V2)) € [(w)(B3)] by ind. hyp. (2) on D,
= TUTF[ide Ug((w; 2)(V1)) [ide U 0] ((w; ) (V2)) € [(w)(B])] by lemma 7.22
= TUTF[;idg Ug({w; Q)(V1) (w; Q)(V2)) € [(w)(B})] by application of SbApp
= VUV [4ide U o)({w; Q) (Vi Vo)) € [{w)(B))] by application of ElApp
Dy
UrVia
2. Case: D =— CanAt

UV ta

Prefs (¥, a) by assumption

= Prei,fq (¥, a)
= YUWHF[;ide U g({w; 2)(V)) € [{w)(a)]
U,z: BV { B,
U+ Az:B].V 4 B, - B}
(T,u: (w)(BY))(w) = (w)(B])

CanlLam

Case: D =

= Y,u: (W)(By) Ful (w)B)
= W,u: (W)(By) Fue [{w)(By)
= \Ilu~(w)(B1 I—ueﬂw) D1
= U4+TFQe[[(w(@;D)]

v >v

_ g

FoelWEin]
FQlzeoue[(w)(XP,z: B

= U4 0,u: (W)(B,
= U4+ 0,u: (w)(B
Let O > WU ¥

i
IS
€
)—lui
g IV
\./ \.4 be“

by definition 7.40
by ind. hyp. (1) on D

by definition

by application of AtVar
by lemma 7.17

by lemma 7.21

by assumption

by definition CeBase
by definition Celnd

by lemma 7.10

by definition 7.5
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= U =vyv by lemma 6.4
= U>T by lemma 6.4
Let YU F V' € {w)(B})]
= QUTF sidgUpe[;TUT] by assumption
= TUPFidgUg€[;T U] by lemma, 7.26
= TVUTF - (idg Up),V'/u€[; (T UT),u: (w)(B}) by lemma 7.35
= VUl idgUe,V'/u e[ TUT,u: (w)(B))] by definition Celnd
Preft (¥, B} — Bj) by assumption
= Preftp (¥,z: B}, B}) by lemma, 7.42 (5)
= VU F [;ide Up, V' /ul({w; Q| z = u)(V)) € [{w)(B)] by ind. hyp. (2)
S WU [Vl ide U s u/ul((5 @ | £ o 0)(V)) € [w)(BY)]

by lemma 6.17 (1)
S TUTF () (B)). [ide Ugu/ul((: | 0 u)(V)) € (@) (BY) — (w)(BY)
by definition 7.4
= DU s (w)(B). [ idw U 0), u/ul (w52 | 5 - u)(V)) € [w)(B]) = (w)(B})]
by definition Culnd
= TUTF[5idy U (Au: (w)(B)-(w; Q| 2 = u)(V)) € {w)(B]) = (w)(Bh)]
by definition SbLam
= TUVTF[4ide Ugl({w; Q(Az:B.V)) € (w)(B]) = (w)(B})| by definition ElLam
= WUV [idg Uo({w; Q) (Az:B}.V)) € |(w) (B, — BS)| by definition 4.26
= YUY [;idg U o)({w; Q) (Az:Bi. V) € [(w)(B) — B by lemma 7.21
O

Lemma 7.44 (Every canonical element is member of the logical relation)

L IfUFV | Band ¥'F-p0€ ;9] then U+ [-;0|(V) € [B]

2. If UV B and Uk 0 € [ ] then U’ + [ 0](V) € [B]

Proof: by inductionover D :: YV | Band £ : ¥V FHV {4 B:

U(z) =B
1. Case: D=—"__ AtVar

UFzlB
¥(z) =B by assumption
= U=U,,z: BUY, by definition 2.2
' b€ ;7] by assumption
= olz) =M by lemma 7.34 (2)
= [;ol(z)=M by definition SBVar
= U'F M e€[B] by lemma 7.34 (2)

=

U [+ 0)(z) € [B] by definition
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¥(c)=B
Case: D= —"—— AtConst
Utcl B
Y(c)=B
= UFclB
~ WFkce|B|
= UtcelB]
= V't [50l(c) € [B]
Dy &

UvFW{By— B UVyf By

Case: D =

UVEW V2l B
'+ [50(V1) € [B2 — Bi
V' [; 0l(Va) El[Bz]]
= V't [50(W) [50)(V2) € [B1]
= U'k[; Q]V1V2)E[[Bl]]

Dy
UHEV ]a
2. Case: E=—— (CanAt
EFEV fa
"5 0(V) € [a]
&1
\IJ,.’B H Bl FV ‘ﬂ‘ Bg
Case: £ = CanLam
UkAz:B,.V {y By = By
Let @' > 0’
Let ¥ + W € |By|
Fso€[;9]
' F o€ [59]

' o, Wiz €l; 9,5 By

U F [0, W/z](V) € [B:]

U+ [W/z]([5 0,2/2])(V)) € [Be]

U b Az:By. [ 0,z/z](V) € |By — Bs]
V' F [ 0/(Az:B1.V) € |[By — By

U [ 0l(Az:B1.V) € [By — B9

L N

by assumption

by application of AtConst
by lemma 7.17 (2)

by definition 7.4

by application of SBConst

AtApp

by ind. hyp. (1) on D,
by ind. hyp. (2) on &
by lemma, 7.22

by definition SBApp

by ind. hyp. (1) on D4

by assumption

by assumption

by assumption

by lemma 7.26 (1)
by lemma 7.35

by ind. hyp. (2)

by lemma 6.17 (1)
by definition 7.4

by definition SBLam
by lemma, 7.21

O

Lemma 7.45 (Properties of transformation types:)

IfUF V4 B then - F AM{U}.V € [[I{¥}. B]

Proof: by induction over W:
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Case: U ==
= k€] by definition 7.23, 7.24, 7.25
= k[ )(V)e[B] by lemma 7.44
~ . FV:B by lemma 6.25
= []V)=V by lemma 6.23
= -+FVe[B] by definition
= FA}.Ve[B] by definition 5.8
= -FA{)}.V e [{}). B] by definition 5.9

Case: U =0'z: B":

L T

¥ z:B'+V 4B

V' FAz:B. V4B — B

‘F MUY Az: BV € [I{¥'}.(B' - B)]
F MU, z: B'}.V € [I{¥'}.(B' - B)]
XM,z B'}Y.V e [II{¥,z : B'}. B]

Lemma 7.46 (Auxiliary lemma for case)

by assumption

by application of CanLam

by ind. hyp.
by definition 5.8
by definition 5.9

[

FOUTFidgUpe[;PUY], T+ T FEe[(B= A1) and 2 = 8(T;7(B))

1. If¥ -V | B and I{¥}.7(B) = B and 7(B)
[ide U o]({B = A;5; ¥ HV)) € [C (B, 4, B')]

2. If & F

7(B) then YUV I

V B and I{¥}.B' = B then YUT + [;idgUg({B = 45 ¥}(V)) €
[C* (B, 4,B')]

Proof: by inductionover D:: UV FV | Band £:: U+ V { B:

U'(z) = B’

1. Case: D =———— AtVar

—_

8

L T

~—

brz|B
= B’
b =0,,z: B U,
¥ =",,u:C (B,A B)YUT,
u={B=>A;E;‘i'}($)
(idg Ug)(u) = M
YUk Me[C (B, A B
[idy U g](u) = M
TU T [;idy U ol(u) € [C (B, 4, B')]
U T [;idg Ug({B = 4;E; ¥} (z)) € [C (B, A, B')]

by assumption

by definition 2.2
by lemma 7.16

by lemma 7.16

by lemma 7.34

by lemma 7.34

by definition SBVar
by definition

by definition
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L(c) =B
Case: D = ———— AtConst
UV'kclB
7(B') = 7(B) by assumption
= c:B' e S(Z;7(B)) by definition 4.17
= c:B'e¥ by definition
= Y =3%,c:B U, by definition 2.2
= U+Me][C(B,A,B] by lemma, 7.15
= M={B= A4;0;9}c) by lemma 7.15
= 3UVFM:C(B,A, B by definition 7.4
= VU-FM:C(B,A B by definition CuBase
TUTF idgUp € [T U T by assumption
= sWUTF (5idgUp) : (5T UD) by lemma 7.31
= SUUTU-F(3idgUpU:) : (HTUTU) by definition CuBase
= M =[;idgUpU (M) by lemma, 7.38
= M =[;idg U g](M) by definition CuBase
= M =[;idg Ug({B = 4; Q% ¥}(c)) by definition
= U>. by lemma, 6.2
= VUT>TU- by lemma 6.5
= VYUT>T by definition CuBase
= WUTFMe|[C(B,A, B by lemma 7.9 (1)
= TUTF [;idg Uo({B = 4;0;9}(c)) € [C (B, A, B')] by definition
D, 61
¥ +V, | B, = B, U FVyf B
Case: D = : AtApp
UV V2l B
7(B}) = 7(B) by assumption
= 7(Bj) — B}) = 7(B) by definition 4.15

TUTF[5ide Ug)({B = 4;5;¥}(W)) € [C (B, 4, (B} — BY))]
by ind. hyp. (1) on D,

{¥}. ( ) = by assumption
= WUTF[; ldq, Uol({B = 4;5;¥}(W)) € [C (I{¥}.7(B), 4, (B, — B}))]

by definition
= VUL [idy U ({B = 4;5; ¥}(W)) € [O11{¥}. By — ¢ ({¥}. 7(B), 4, B))]

by definition
= TUVTF[;ide Uol({B = 4;5;¥}(W)) € [o0{¥}. B, — C (B, A, B!)]

by definition

U+ Vst B by assumption
= -+ ME}V, e [II{¥}. BY] by lemma 7.45
= - MUV I{E). B, by definition 7.4
= MULV, =[5 ]0{¥}. V) by lemma 6.23

= k[ ]()\{\i/} W) e ﬂH{\fl}Bé]] by definition
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= WUTFbox [;]J(M{T}. W) € |O@II{¥}. B)]| by definition 7.4
= CUTFbox [ ](AM¥}. W) € [OII{¥}. B)] by lemma 7.21
= WUTF [;idg U g](box AM{T}.V5) e [OII{¥}. B))] by definition SBBox

= UUTF [;idg Ug({B = 4;5;T}(W)) [;idy U o] (box M{T}. V5) € IC (B, A, Bj)]
by lemma, 7.22

= TUTF[;idg Up({B = 4;5; 3} (V1) (box \{¥}. W) € [C (B, A, B))]
by definition SBApp
= WUTF[;idg Ug({B = 45,0} (Vi Vb)) € [C (B,A,B})] by definition SeApp
Dy
+-Via
2. Case: £ = — (CanAt
UV fa
{¥}.a =B by assumption
= 7(B)=7(I{¥}.a) =7(a) =a by lemma 6.28, by definition 4.15
= I{¥}.7(B) =B by definition
= TUTF [;idg Ug({B = 4,5 V}H¥)) € [C (B, 4, a)] by ind. hyp. (1)
= TUTF[;idg Ug({B = 4;E; V(D)) € [C* (B, 4,0a)] by definition 5.12
&
U,z:B{ V4 B}
Case: £ = — CanLam
U+ Az:B.V { B} = B)

(T,u:C (B,A,B]))(u) =C (B,A,B}) by definition
= U,u:C(B,AB)FulC(B,A,B,) by application of AtVar
= W,u:C(B,A,B,)Fue|C(B,A,B) by lemma 7.17
= U,u:C(B,AB)Fu€elC(B,A,B))] by lemma 7.21
U+ TFEe[(B= A)(T; )] by assumption
T >0 by definition CeBase
= U,u:C(B,A,B)>1¥ by definition Celnd
= U+0,u:C(B,AB)FEec[(B= A1) by lemma 7.11

= U+0u:C(B,AB)FE|z=>uec[(B=> A)(Z;¥,z:B]))] by definition 7.7
Let ¥ >0 U T

= ¢¥=vyv by lemma 6.4
= ¥>T by lemma 6.4
Let UV V' €|C (B, A, B))|

= QYUUFidgUp€ [-;\IJU\i'] by assumption
= DU idgUpe[;TUT] by lemma 7.26
= VUP'F;(idyUp),V'/uel;(TUT),u:C (B, A4, B}) by lemma 7.35
= DUV idgUp,V/ue[; U, u:C (B,A4A,B))] by definition Celnd
T{{}. B +B,=RB by assumption
= I{¥,z:B}}.B,=B by definition 5.9

= TUP'F [idg U, V'/ul({B = A;E |z = w; ¥,z B{}(V)) € [C* (B, A, B))]
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by ind. hyp. (2)

= WU [V'/u]([;idy U gu/u]({B = A8 |z = wu; ¥,z : B} (V)

€ [c* (B, 4, By)]

by lemma 6.17 (1)

= VUTF Mu:C (B, A4, B)).[ide U, u/ul({B = 42|z = w¥,z: B/}(V))

€[C (B, A, By) = C* (B, 4, By)|

by definition 7.4

= WU+ Iu:C (B, A,B). [ (ide Ug),u/ul({B = A4E |z = u; ¥,z : Bi}(V))

€|C (B,A,B]) = C* (B,A,By)|

by definition Culnd

= DUTF[;idg Ugl(Mu:C (B,A,B}).{B= A;E |z = u¥,z: BiHV))

€ |C (B, A, B}) = C* (B, A, By)|

by definition SBLam

= TUTF [;ide Ug({B = 45 ¥} (\z:B,.V)) € |C (B, A, B}) = C* (B, A, BY)|

by definition SeLam

= WUTF[;idg Ug({B = 4;E;¥}(\z:B}.V)) € [C* (B, A, B, — B})| by definition

5.12

= VUTF [;idg Ug({B = 4;5;¥}(M\z:B,.V)) € [C* (B,A, B, » B,)] by lemma

7.21

Lemma 7.47 (Typing and logical relations) Let U 8;p € [A;T)]
1. If AT M : A then U - [0; 0)(M) € [A]
2. If A;THE: (B = AYNS) then U + -+ [6; 0)(8) € [(B = A)Z';)]
8. IF AT F 2 (w)() then  +-  [8;0](9) € [(w)(5 )]

Proof: by induction over D:: A;THM: A

INz)=A
1. Case: D = ———— TpVarReg
ATHz: A
Iz)=A
= I'=T,z: AUl
Ut 050 €[A;T]
= olz)=M
= U+ Me[4]
= [0;0(z) =M
= U [6;0)(z) € [4]
Alz)=A
Case: D=——— TpVarMod
ATz A
Az)=A
= A=A,x: AUAy
U 6g;0€[A;T]
= f(z)=M
= -+ M e [4]

O

by assumption

by definition 2.2
by assumption

by lemma 7.34 (2)
by lemma 7.34 (2)
by definition SBVar
by definition

by assumption

by definition 2.2
by assumption

by lemma 7.34 (1)
by lemma 7.34 (1)
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= [6;0/(z)=M by definition SBVar
= -+ [6;0](z) € [A] by definition
= U>. by lemma 6.2
= U [6;0](z) € [4] by lemma 7.9 (1)

¥(c)=B
Case: D=——"—— TpConst
ATHe: B
Y(c)=B by assumption
= UrkclB by application of AtConst
= Ul ce|B| by lemma 7.17 (2)
= Ule—c:B by application of EvConst
= Ulec¢:B by application of TpConst
= Utce[B] by definition 7.4
= U8 0](c) € [B] by definition SBConst
Case: D = ATyve:hbM:4 TpLam
AT Az A1 M A — As
Let U/ > W by assumption
Let U/ -V € |A| by assumption
= U'FVe[Ad] by lemma 7.21
Uk gp€ [A, I by assumption
= U't8;p0e[AT) by lemma 7.26 (2)
= U060, V/ze[AT,z: A by assumption
= U [8;0,V/z](M) € [Al] by ind. hyp.
= U [V/z]([6; 0,z/z](M)) € [A] by lemma 6.17 (1)
= Uk Az:A;.[0;0,2/z](M) € |A; — A by definition 7.4
= Uk [0 0/(Az:A1. M) € |A1 — Ay by definition SBLam
= Uk [6;0/(Ax:A4:. M) € [A; — Aj] by lemma 7.21
D, Dy
A;Pl—Mlez—)Al A;Fl—MQ:AQ
Case: D = TpApp
A; 'k M1 M2 . Al
= U [0;0](M) € [42 — A4] by ind. hyp. on D;
= U [0; 0](Ms) € [A5] by ind. hyp. on D,
= U [0;0](My M3) € [A1] by lemma 7.22
Dy Dy
AT M Ay AT M, Ay
Case: D = TpPair

A;F F (Ml,M2> : A1 X Ag
U+ [0 o] (M) € [A1]
U = [0; o] (M>) € [A2]
U+ ([0; 0] (M), [6; 0](M2)) € |A1 x Ay
U+ [0; o] ((My, M2)) € |A1 x A
U F [68; 0]((M1, My)) € [A; x AJ]

ey

by ind. hyp. on D;
by ind. hyp. on D,
by definition 7.4

by definition SBPair
by lemma 7.21
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D
A; I'HM: A1 X A2
Case: D = TpFst
AT HIst M: Ay
= U [0;0)(M) € [A1 x 4] by ind. hyp. on D
= UL [0;0/(M): A x Ag by definition 7.4
= UkF[0;0)(M)—V':A5 x Ay by definition 7.4
= TUFV €4 x Ay by definition 7.4
= V' = (M, My) by definition 7.4
= Uk M €[A] by definition 7.4
= UM < VA4 by definition 7.4
= UFVe|4 by definition 7.4
= - Ukfst[0;0](M): A by application of TpFst
= U fst [0;0)(M) =V : A by application of EvFst
= Ut fst [6; o] (M) € [A{] by definition 7.4
= U [0;0](fst M) € [A] by definition SBFst
Case: D — A;TEM: A x Ay TpSnd
A;T'Fsnd M : As
analog
A;-FM:A
Case: D = TpBox
A;TFbox M :OA
Uk g;0€ AT by assumption
= -F8;-€[A;] by lemma 7.27
= -+ [8; (M) € [A] by ind. hyp.
= -6 ](M): A by definition 7.4
= 4 UFbox[0;](M):0A by application of TpBox
= Wt box [#;-](M) — box [6;-](M) : DA by application of EvBox
= Ut box [6;- (M) € |DA| by definition 7.4
= Ut box[6;- (M) € [OA4] by definition 7.4
= U [6;0](box M) € [0A] by definition SBBox
Dl DZ
A;Fi_Ml:DAl A,a):Al;FFMQZAQ
Case: D = Tplet
A;T Flet box £ = My in Ms : Ay
U I [0;0](M)) € [OA4] by ind. hyp. on Dy
= Uk [0;0](M) — V:04; by definition 7.4
= WU [0;0(M): 04 by definition 7.4
= ULV e|04, by definition 7.4
= V =box M by definition 7.4
= -+ M € [A] by definition 7.4
= UFO,M/z;0€[Az: A;;T] by definition 7.25
= U [, M]/z;0](M2) € [A2] by ind. hyp. on Do
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= Uk [0, M{/z;0](M2) = V': Ay by definition 7.4
= ULV e|Ay by definition 7.4
= Uk [M]/z]([6,z/z; 0](M3)) — V': A by lemma 6.17 (2)
= U let box z = [0; o](M) in [0, z/z; 0] (M2) — V' : Ay by application of Evlet
= U [0;0](let box z = M; in M) — V' : Ay by definition SBLet
U 0;0€[A;T] by assumption
= Uk (00 : (A;T) by lemma 7.31
= Wk [0 0](let box z = M in M) : As by lemma 6.21 on D
= Ut [8;p](let box z = M; in My) € [A3] by definition 7.4
Dl D?
ATFM:0OB  ATFE:(B= A
Case: D = TpCase
A;T | case (A) M (E) : C* (B, A, B)

¥ =8(3;7(B)) Side Condition
U+ [0; 0](M) € [OB] by ind. hyp. on Dy
= Uk [f;9)(M)— box M': 0B by definition 7.4
= Uk [0;(M):OB by definition 7.4
= Tt box M' € |0B]| by definition 7.4
= -+ M e[B] by definition 7.4
= -FMtV':B by lemma 7.17 (1)
= FV' 9B by lemma 7.2 (1)
ATHE: (B= A)(X) by assumption
= U+-+[0;0(E) € [(B= ANZ;)] by ind. hyp. (2)
= P[0 0)(E): (B= A by lemma 7.8
= Ut yidy € ;7] by definition 7.37
= VU -FyidgU-€[;0U] by definition CuBase
I{-}.B=B by definition 5.9
= YU-F[;ideU-J{B = 4;5;-}V") € [C* (B, A, B)] by lemma 7.46
= U [idg]({B = 4;5; -} (V') € [C* (B, 4, B)] by definition CuBase
= Uk [;ide]({B = 4;5;-}(V')) : C* (B, A,B) by definition 7.4
= {B = A;E;-HV') = [ide]({B = 4 E; -} (V"))

= U+ {B=AE -HV')e[C* (B, A, B)] by definition
= UFH{B= 45 }(V)>V:C*(B,A,B) by definition 7.4
= UFVelc*(B,AB)| by definition 7.4
= U case (A) [0; 0|(M) ([0;0)(E)) = V : C* (B, A, B) by application of EvCase
= Uk case (4) [6; o](M) ([0; 0](B)) : C* (B, A, B) by application of TpCase
= U case (A) [0; o](M) ([6; 0](E)) € [C* (B, A, B)] by definition 7.4
= Ut [6;0](case {A) M (E)) € [C* (B, A, B)] by definition SBCase

A;THM:OB Fw:a ATEFQ: (w)(Z)
Case: D = Tplt

AT Fit (w) M () : (w)(B)
ATHM:OB by assumption
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U [6;0(M) € [0B]

= Ut [8;0](M)— box M':0B
5 U [6;0](M) : OB
U F box M’ € |OB]
-+ M € [B]
M V' B
-FV' B

TFQ: (w)(Z)
T+ - - [6;0() € [(w)(Z5-)]
5 F[6;0(9) : (w)(X)
Uk idy €[5 9]
VU -FsidgU- €[50 U
TU-F [ ide U ]((w; (V)
U E [ide]((w; (V) € [(w)
5 W E [ ide] ((w; Q)(VY)) = (w)
(w; Q)Y(V') = [ 1dw] ({w; (V'
‘I’ Fw; Q) (V) € [(w)(B)]

F{w; (V) = V2 (w)(B)

\III—VE {w)(B)| '
U F it {w) [6; o](M) ([6; 2](2))

Fw:a

UUUU@&&U&&&%P&&&U@

= Ukit (w) [0; o] (M) ([6; 0](£2)) -

= Uit (w) [6; ](M) ([6; 0](R2)) €
= Uk [6;0(it (w) M (Q)) €

2. Case: D =

A;T R (B = A

T +-F-e[(B=A);-)]

= U+-+H10;0() € [(B=A);
AT HE:(B= A)(X)

(
(
)

€ [(w)(B)]
Bl
B)
)

<V : (w)(B)

(w)(B)
[{w)(B)]

[{)(B)]

TmBase

)]
ATHM:C (B,A B

by ind. hyp. (1)

by definition 7.4

by definition 7.4

by definition 7.4

by definition 7.4

by lemma 7.17 (1)
by lemma 7.2 (1)

by assumption

by ind. hyp. (3)

by lemma 7.6

by definition 7.37
by definition CuBase
by lemma, 7.43

by definition CuBase
by definition 7.4

by definition

by definition 7.4

by definition 7.4

by application of Evit
by assumption

by application of Tplt
by definition 7.4

by definition SBIt

by definition 7.7
by application of SBXiEmpty

Case: D =

ATH(ZE|ew M) : (B = A Y, c: B

A;THE:(B= A

= U+ F[6E) € [(B = 4]

A;THM :C (B,A,B)
= Uk [6;0)(M)e]C(B,A,B"]
= U+ -+ [8; 0

3. Case: D = TrBase

AT E - (w)()
U+ EI[( )(7)]]
= U+ -F[6;0() € [(w(;-)]

E) [ e [6;0l(M
= T+-F[60E|c M) e[(B= AT, c: B;)]

ye (B = A)(X

Tmind
by assumption
by ind. hyp. (2)
by assumption
by ind. hyp. (1)
,c: B by definition 7.7

by application of SBXi

by definition 7.5
by application of SBOmegaEmpty
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ATHQ: (W) ATHM: (w)(B)

Case: D = Trind

ATH(Q]em M) : ()(E,¢: BY)
AT FQ:{w)(E)
= T+ [0;0/(Q) € [(w)(Z;-)]
A;THM - (w)(B')
= Tk [6;0/(M) € [(w)(B"]
= W+ [6;0(Q) | ¢~ [6;0)(M) € [(w)(T',c: B;)]
= U+ F[00(Q]c M) e[ (,e: B

Theorem 7.48 (Canonical form theorem)

If s5UF-M:Bthen VEMA{V:B

Proof:
=

R

sU+M:B

Uk idy € [ 7]
U+ [ ide](M) € [B]
Uk [ide](M) : B
U+ M e [B]
UMA4V:B

by assumption

by ind. hyp. (3)

by assumption

by ind. hyp. (1)

by definition 7.5

by application of SBOmega

O

by assumption
by lemma 7.37
by lemma 7.47
by definition 7.4
by lemma 6.23

by lemma 7.17 (1)
O
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D Type preservation theorem

Lemma 8.1 (Uniqueness of evaluation)
L HUFMAV:Aad UMV A then V =V
2 IfVFM—SV:AandU+M << V' :AthenV =V’

Proof: by inductionover D:: U FM AV :Aand £ : VMV A

1. Case: E=FM=V:a EcAtomic:
UFM{V:a
UVFM<—V':a by inversion using EcAtomic
= V=V by ind. hyp. (2)
Uz:BiFMzfVy: By
Case: £ = - ! EcArrow:
\Ifl—M‘ﬂ‘)\:L'Blvl :Bl —)BQ
U,2:Bi-FMzfV]: B, by inversion using EcArrow
= W=V by ind. hyp. (2)
= Ar:B1.Vi =Az:B;.V by definition
U(z)=A
2. Case: D=—— " EyVar:
Uz z: A4
T=xz by definition
¥(c)=1B
Case: D= ———~——— EyConst:
UVhkec—c: B
c=c by definition
W AiFM:A
Case: D = e ! 2 EvLam:
UFM:A1. M — \x:A1. M : Al — Ao
A A1 M=Xx:A. M by definition
Uk M o Ap:iAg. Ml i Ay = Ay UMy Va: Ay  WF [Va/z)(M]) = V: A
Case: D = EvApp:
T+ M1 Mg >V Al
Uk M < Az:As. M 1 Ay = Ay by inversion using EvApp
‘= Az:Ap. M| = Az: Ay M] by ind. hyp. (2)
Uk My~ Vy: Ay by inversion using EvApp
= Vo=V by ind. hyp. (2)
= [Vo/z](M7) = [V4/z](M7) by definition
= V=V by ind. hyp.
UFM —>V:By— B \Ifl—‘/liBz—)Bl \II'_MQTTI/Q:BQ .
Case: D = EvAtomic:
UEHM My,— Vi Va: B
UFM —V]:By— B by inversion using EvAtomic
= =V by ind. hyp. (2)
UM, ftVy: By by inversion using EvAtomic
= V=V by ind. hyp. (1)

= =WV
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-;\IJI—M]_:Al -;\I/}“MziAz
Case: D = : EvPair:
(Ul (Ml,M2> —> (Ml,Mg) : A; x Ao

trivial

\IJ'—M;)(Ml,Mﬁ:AlXAg UM —<V:A
[Case:] D = EvFst:
Uhfst M > VA

trivial

q’i‘M‘—)(Ml,Mg):AlXAQ UEM,—V:A
Case: D = EvSnd:
UhksndM—V: A

trivial
sFM:A
Case: D = EvBox:
U Fbox M < box M : 0OA
trivial
UFM —<box Mj:04 Uk [M]/z](M;) =V : A
Case: D = Evlet:
\Ill"letbOX:l:=M1 il’le%V:Az
trivial
U+-M<—bxM :0B -FMAV':B TH{B=AE }V)>V:C*(B,AB)
Case: D = EvCase:
Ut case (A) M (E) =V :C* (B,A,B)
trivial
VFM<boxM:0B -FM 4V :B TH{wQ(V)=V:{(w(B)
Case: D = Evit:
Uit (w) M (Q) =V : (w)(B)
trivial
O
Theorem 8.2 (Type preservation)
If sUFM:Aand VM —V:Athen s VEFV:A
Proof: UFM:A by assumption
Uk - idy € [ 7] by lemma 7.37
= Ut [;ide](M) € [4] by lemma 7.47
= U [;idg](M) € [A] by lemma 7.47
= Uk [;idg](M): A by definition 7.4
= [;idy](M)=M by lemma 6.23
= UFM<V:A by definition 7.4
= V=V by lemma 8.1
= ULV e|A by definition 7.4
= UFVe[A] by lemma 7.21
= sUFV:A by definition 7.4

O



E CONSERVATIVE EXTENSION THEOREM

113

E Conservative extension theorem
Lemma 9.1 (Typing extension)
IfU+-M:Bthen ;VF-M:B

Proof: by induction over ¢+ M : B

V(z) =B
Case: ——— StpVar
Vtz:B

sUhkz: B
Y(c)=B

I StpConst
VFkc:B

wUhke:B
Case: V. r:Bi+M: By StpLam
UHAx:B1.M : By — By
U,z:Bi+-M: By
= 3V, z2:BiFM: By
= VFAz:B,.M:B; — By
VM :By—>B1 UY+FM;:B
UEM M, : B
UM :By— B
= VUFM:B —+ B
U HU: MyB,
= UFV:MBy
= UM My,: B

Case:

Case: 2 StpApp

Theorem 9.2 (Conservative Extension)
I UF-M:Bthen UM AV :Band U -V 4 B

Proof: - V+M:B
= UV+-MA{V:B
= UV B

by application of TpVarReg

by application of TpConst

by assumption
by ind. hyp.
by application of TpLam

by assumption

by ind. hyp.

by assumption

by ind. hyp.

by application of TpApp

O

by assumption
by theorem 7.48 (1)

by lemma 7.2 (1)
O
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