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Abstract

This technical report proves type safety for Nominal Wyvern with a translation to pDOT, a DOT-
based system with general paths that has been proven to be type safe.
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1 Introduction

Nominal Wyvern [4]] is a new core type system for Wyvern [1] based on the DOT calculus [2]. It
achieves a higher degree of nominality in a DOT-based system by semantically separating the def-
inition of structures and their subtype relations from arbitrary width refinements and type bounds.
This contributes to a system with more explicit meanings and relations, useful for both human
readers to reason about and programming tools to refer to. At the same time, nominality helps
achieve subtype decidability. In line with the theme of semantic separation, Nominal Wyvern
adapts material-shape separation so that decidability results from an intuitive separation of types
with different roles. This contributes to a restriction that is more easily understandable and artic-
ulable. The resulting system preserves the ability to express common patterns expressible with
DOT, at the same time allowing for patterns that will be familiar to programmers already used to
traditional functional or object-oriented programming languages.

This technical report proves type safety for a slightly updated version of the grammar. Section
[2] presents the syntax, static semantics, and dynamic semantics of an updated version of Nomi-
nal Wyvern. Section [3] proves type safety with a type preserving translation to pDOT. Section 4]
concludes the report.

2  Grammar

The version of Nominal Wyvern in this technical report has been updated from the thesis version
in [4]]. The main difference lies in the semantics of refinements.

2.1 Refinements as Intersections

In the thesis version of Nominal Wyvern, refinements were treated as modifications to the base
type it refines. Formally, the type bounds in refinements were required to be no wider than the
corresponding bounds in the base type. However, this restriction is stricter than what is needed,
and is not always possible to check, especially after environment narrowing during reduction.
Therefore, this restriction is relaxed so that the type bound in a refinement does not have to be
related to the corresponding bound in the base type it refines.

As aresult, a type is now treated as an intersection of its base type with its refinement. In fact,
a base type is allowed to be followed by more than one refinement during subtyping. We call a
type with multiple refinements an “extended type”. An extended type is considered an intersection
of its base type with all of its refinements.

2.2 Syntax

Figure [I] presents the syntax of the updated Nominal Wyvern. It is unchanged from the thesis
version except for the removal of the i £ expression. It was removed for conciseness since it is not
central to the purpose of this language design.



P = program: g = base type:

De 1L bottom type
T top type
D = top-level decls: n named type
name n {x = 7} named type decl p.t path type
subtype nr <:n subtype decl
T = type:
B = type bound: gr
< upper bound
> lower bound p = path:
= exact bound x variable
[ store location*
o = member decl: p.v val selection
typet BT type member decl
valv : 7 field decl e = expression:
deff : Tz —> 7 method decl D path
p.f(p) method application
ron= refinement: new 7{r = d} new object
{5} letz=cine let expr
0 = refinement member decl: d == object member defn:
typet BT typet =71 type member defn
valv : 7, = e field defn
def f : 7o — 7 = e method defn
A= n:{z=7} Name Definition Context
Y= nr<in Name Subtype Relation Context
= =777 Variable Typing Context
Su= 1:71 Location Typing Context
o= l:{x=d} Runtime Store

* Intermediate form only (not user accessible)

Figure 1: Nominal Wyvern Syntax



2.3 Static Semantics
2.3.1 Top Level Well-Formedness

P

names(D) =A  Vn:{r=7} €A AYFn:{z=7}wf

subs(D) = X Vnir <:ng €. AXFnir <: no AY - Fe:T
De:t

TL-WF

AY Fn:{x =7} wf

Vtypet B, €5.Vvalv : 1, €0.v ¢ 7p,and AX(x : n)- F 1 wf
AYX Fn:{x =7} wf

NAME-WF

AZ"TLlTl <: 712‘

A(n1) = {21 = o1} _
A(ng) = {1’2 = 0'_2} r = {(51} AE(Il TN 7’1) - o1, (51 < [%1/1’2]0'—2

SUB-WF
AY Fnyir <: no
|AXDS F 7 wf]
TYPE-WF-TOP TYPE-WF-BOT
AYXTS F T wf AYXTS F L7 wf
AYXTSF Brg<nr, A(n) ={z, = 7,}
Vtypet Bt 7. AXI'SFnr, >, typet B 7’
TYPE-WF
AYTS - A7 wt
names(D) = A creates a names definition context A from D by matching each name to its definition
verbatim.

subs(D) = ¥ creates a name subtype relation context > by copying over each subtype declaration in D
verbatim.

Figure 2: Nominal Wyvern Top Level Well-Formedness

The top level declarations at the start of each Nominal Wyvern program defines all the named
types and subtype relations between them. Figures [2] and [3] present the rules that judge the well-
formedness of top level declarations. The changes from the thesis version are

1. The merge operation on 0, +g, is replaced with concatenation (in line with the philosophy of
refinements as intersections).



AXTS kT <: @

D type t Bl T1
AYTSFtypet By <: typet By 1y

AYTS o <: 79
SDL-EMP SDL-TYPE
AYTSHT <: - AYXT'SE G <: 09, typet Bo

rrovalov @ 7
AYXI'Skwvalo : 1y <:valv : T
AYXI'S Fo7 <: 09

AYXI'SFoT<: 05, valv : 1

SDL-VAL

r1 > def f D Ta1l X1 — Tr1
AYXTStHdef f : 1,01 = 7 <: def f : Ty x9 — Tpo
AYTS Fo7 <: 79

AYXTSF o7 <: 03, def f : Ty X9 — Ty

SDL-DEF

AYT'S F o <: o is the subtype judgment on os (defined later).

Figure 3: Nominal Wyvern Top Level Well-Formedness (continued)

2. The type well-formedness rules no longer require bounds in refinements to be no wider than
the corresponding bounds in the base type. The only requirement is that refinements do not
introduce new members not present in the base type.

2.3.2 Term Typing

Figure 4| presents the term typing rules of Nominal Wyvern. The main changes from the thesis
version are

1. Removed typing rule for i f expressions as they were removed from the grammar.

2. A new well-formedness rule for new expressions. In particular, the exposed type of the
object is required to be non-bottom (NB). Non-bottomness ensures that the type is never
narrowed into L in the future by statically fixing the named type (and thus the structure) of
the new object. This is needed to ensure type preservation.

2.3.3 Subtyping

Figures [5| and [6] presents the updated subtyping rules. As mentioned in Section [2.1] refinements
are allowed to stack together during subtype checking (replacing the earlier behavior of discarding
older refinements upon conflict). Due to the possibility of multiple refinements to the same type
member, the member access rule is now non-deterministic in which refinement (or the base type)
to return the bounds from.



IASTS Fe:7]

AYXTSkFp:7 AXISET<nTF

D(x)=r1 S(l)y=r AYXTSFn7>,valv : 7,
————— T-VAR ——— T-LOC T-SEL
AXTS ka7 AXTS 1T AYXTS Fpw: p/zlT,

AYXT'SkEp:T AYXTSEFT<nT
AXTSEn7o,def f : 7,24 — 7» AYXTS 7 wf
AXTS Fp o7 AYTS H 7' < [p/z]m, AYTS F1{z = d} wf
T-APP = T-NEW
AXTS Ep.f(p): [p,pa)z, xd]7r AXTSFnewr{r =d}: T
AYXTSte,: T, AYTS 7l < 7y

AYXT,z:1,Ste:7 AYD 7, ST < 7 z ¢ fu(r)
AYI'StHletz=e¢,ine: T

T-LET

AYXTS 7 {x = d} wf

AYT'S 7 NB AXTS T <nT A(n) ={z, = 7,} 7, = nref(sig(d))
I'=T,z:7, AXISFsig(d) <: ,,7
Vvalv : 7, = p€d. AXTSFp: 7 ANASTS 7/ <: 7,
Vdef f : T, 0 > Tr =€ E€d. AYT 2 Ty g Ta SE e T ANAST, 2 Ty g 1 TS E 71 <0 7o

AXTS 7 {r = d} wf

|AXTS F 7 NB]

NB-TOP NB-NAME
AYT'SF T NB AYTS Fnr NB

AYXTSkFp:T, AYXTS 1, <n,7,
AYT'SFptr NB

NB-PATH

x & fu(T) is true if x is not a free variable in T.

sig : d — @ transforms object member definitions into member declarations by removing the dynamic
expression part of fields and methods.

ref : @ — r filters member declarations by preserving only type member declarations.

AYTS F 7 < 7, is true if following the upper bound of T leads to T, whose upper bound is itself. Judgments
not formally defined here are defined with the subtyping rules.

Figure 4: Nominal Wyvern Term Typing



AXLS - BT <: BT

S-TOP S-BOT
AXTSEFnr<: T AYXTSEF L <: n7T

AYXI'SEp:T, AYTStE71,<n7  AXISHnT>3, typet= fBiry
AYXTS F [p/z|(Bir,T1) <: B2T2

ASTS F pt71 <: BT

S-UPPER

AYXTSkEp:7, AXISk7,<n7  AYXTSEn7>,typetzfir
AYXTS = By <t [p/x](Bere, T2)
AYXT'S = 171 <: ptTy

S-LOWER

ASTS 77 <: 75
AYTS F 577 <: 675

S-REFL

AYTS Fny gng nl # n2 AYTSHR < Ty

S-NAME
AYTS Fn T <: noTg

IASTS F7 <: 7

Voo . AYTS + T2 D 09
351 s.t. AYXTS =) (51 AAYDTS (51 <: 52

AYXISEF71 <: Ty

SR-LIST

ASTS F BT < BT

TE-TOP TE-BOT TE-NAME
AXTSET<T AYTSEH 17 <17 AYTSFnr <n7T

AYXI'SEp:T, AYXTS 1, <nT
AYXTSEFn7F >, typet = Biry AXTS & [p/x](Byre, T1) < BaT2

ASTS F pt7r < BaTa

TE-UPPER

AXTSEp:T, AXTSE 1, <nT AYXT'SFn7r >, typet > 7
AYXTS Fptry < ptry

TE-LOWER

where typet g; T matches a type member declaration with either bound By or Ba.

Figure 5: Nominal Wyvern Subtyping



ASTS Fn Dn

XOnr; <: ng

SN-REFL

ASTS Hn Sn

AYXTS Fn7 > ]

AYTS + ny T%l N3

AXIS H75 4|

‘AZFS"O’<: O"

AYTS F 710 < Tt

AYXTSEFn73, 9

§€6 .
AXTS {6} 390

AYXTSFr <1
SS-UPPER
AYXISF typet=1 <: typet < n
AYTS 1 <in
SS-LOWER
> T

AYTSF typetZr <: typet

AYTSEFr < m AYXTSFrm<in
SS-EXACT

AYTSF typet = 1 <: typet = 7

AYIS F 7 <: To
SS-VAL
AYXT'Skwvalv : iy <:valwov : n

AXT 2y Ta2 S F T <t [21/22] e

AYXISHdef f @ tpix1 = 71 < def [ : Ty X9 — Tio

o € 4 is true if o is a type member declaration (i.e. §), and is part of 0.
x ¢ T is true when x is a fresh variable under the current variable typing context.

Figure 6: Nominal Wyvern Subtyping (continued)

ASTS Frl <:rp ASTSFny 2 ng
SN-TRANS

A = On AYT'S + ref(sig(7,)), 72 ¢
(n) ={z=07,} ref(sig(a,)), T MoNAME

SS-DEF



wle— ple

ubp — 1 pu(l) >,, def f : T, x = 7 =e5

EV-APP
plp-f(pa) ¥ 1| Ip/xs, pa/x]es
- EV-LET-PATH
plletz=piiney — pl[pi/xles
[ fresh in p
EV-LET-NEW

p|let z =newr{z, = dyiney — pu,l:{x, = d}|[l/z]e;

e1 not a path or new expression pler — py'| e}

_ : — EV-LET
p|letz=eine; — p'|letx =€) iney

lep

———— EVP-LOC
wFl — 1

pkEp =1 p(l)s,,valo 7, = p,  pk[p/adpy =
wkEpuv — 1,

EVP-PATH

where (1) 3, d is true if the definition d exists in the definition list stored at memory location | of ji, with
the self variable denoted by x, B B
and AXT'S & pistrue if Vi : {x = d} e p 3l : 7€ Ss.t. AY - S+ 7{x = d} wf.

Figure 7: Nominal Wyvern Reduction Rules

2.4 Dynamic Semantics

Figure [7] presents the small step dynamic semantics of Nominal Wyvern. The “runtime” includes
a heap storage p that stores memory locations. Each memory location [ contains the definition of
an object created via new.

The evaluation rules follow the straightforward interpretation of the expressions. Memory
locations represent real objects during runtime, and are treated as values: evaluation stops when
the entire program reduces into a location. Paths are evaluated by evaluating field accesses from
the root of the path to the leaf. Method applications are evaluated by first evaluating the path to
the object containing the method, and then evaluating the argument. Finally replacing all mentions
of the argument (and self variable) in the method body with the actual argument location (and the
method-containing object’s own location). New expressions create a new memory location in
and evaluate immediately to that location. Finally, 1et expressions evaluate the inner expression
into a value before substituting it into the outer expression.



3 Type Safety Proof

In proving type safety for Nominal Wyvern, we turn to existing type safe languages. In particular,
we look at pDOT [3], a DOT-based system that supports general paths (recall that DOT systems
did not used to support paths that are not just a variable). This translation target was chosen due to
its similarity to Nominal Wyvern in being related to DOT and supporting general-length paths.

Since pDOT is already proven to be type safe, soundness for Nominal Wyvern can be proven by
showing that a translation from Nominal Wyvern programs into pDOT programs exist, that a well-
typed program in Nominal Wyvern is well-typed in pDOT after this translation, and that reduction
steps taken in Nominal Wyvern correspond to the same reductions taken by the translation in
pDOT.

Figure [§] presents a translation from Nominal Wyvern programs into pDOT programs. Since
both languages are based on DOT and support general paths, the main job of a translation lies in
converting nominal types and their subtyping relations. All named types are encoded into a pDOT
object available at the start of the program called TL. Each named type becomes a type member
of TL, bounded on both sides by its named type definition. More effort is required to encode
subtype relations since Nominal Wyvern verifies nominal subtyping relations assuming all nominal
subtyping relations already hold. This means not all subtyping relations that can be verified in
Nominal Wyvern hold naturally in pDOT. To make this work, the translation takes advantage of
intersection types by intersecting onto the definition of each named type n all other named types
that are declared supertypes of n. Consequently, the concept of conditional subtyping is dropped
here. Refinements are broken into individual type declarations that intersect together with the base
type. Methods are translated into fields containing lambda objects. All other language constructs
map directly into the same construct in pDOT.

Note that the translated program allows more subtype relations to be true than those in Nominal
Wyvern due to the relaxation of nominal subtype restrictions (i.e. a program that may not typecheck
in Nominal Wyvern may typecheck in pDOT after translation). However, this does not influence
the evaluation of the program once it is typechecked in Nominal Wyvern first.

We first wish to prove that the translation is type preserving.

To simplify notation, assume for the rest of this section that the top level variable produced by
the translation for a program D e is already in the pDOT context I'5 = T'L : v(TL : [D]4s)[D]4s.

Lemma 1 (Translation Preserves Typing). Given well-formed top-level D, if AXT'S F- e : 7, then
Fﬁa [[F]]Av [[S]]A - [[e]]A : [[T]]A-

Proof. To simplify notation, denote I's5, [I'] a, [S]a with I, and [e]a with ¢'.
Assume the premise AXI'S e : 7 (1). Prove by induction on term typing:
e Case T-VAR:
Lete = .
By the translation rules, ¢’ = z, and [ contains z : [7]a.
By VAR, IV =t : [7]a



Top Level

[P t]

-
] [
~

-

$

Q
a3
Elfs:

™
$
~

\]
I
~

Q
—

S8

qE

{r=d} ~v

[[E 6]] A

[name n {z = 7}]4x
[name n {z = 7}

[valv : 7]a

[def [ : 71 x — ]a
[typet < 7]a
[typet > 7]a
[typet = 7]a

[T]a

[L]a

[p-t]a

[n]a

[8{0}]a

[2]a

[1]a

[p-v]a

[p1-f(p2)la

[new 7{x = d}]a
[let z = e; in eg]a
[typet = 7]a
[valv : 7 = p]a

1V IA

[def f : max — 1o =¢€]a

[0] A

[T,z :7]a

[0]a

[S,0:7]a

[0]a ~
[, 1 {x = d}]a
[{z = d}]a

let TL = v(TL : [D]As)[Dlas
in [e]a

{n:T,.T,}

{n="T,}

where T,, = p(z : [a]a) A Ty
and Tsub - btype/7\m’<'n’€ETL'n,
{v:[r]a}

V(@ [n]a)lr]at
{t : [[T]]AT}

{t: L.[7]a}

{t : [[T]]A...[[T]]A}

T

1

[[p]]A.t

TL.n

[B8]a A [6]a

[[p]]A.U

[l f [po]s

[{z = d}]a

let 2 = [[e;]a in [e2]a
{t=1[r]a}

{v=1[pla}

{f =Xz : [n]a)le]a}
0

[Tla,z 2 [7]a

0

[S]a, 202 [7]a

0

],z = [{z = d}]a
v(x : [sig(d)]a)[d]a

The translation of any list of construct is the intersection of the translation of each element:

[s] = /e\* [s] for all meta-variables s.

Figure 8: Nominal Wyvern to pDOT translation
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e Case T-LOC:

Similar to Case T-VAR.

e Case T-SEL:

Lete = p.v.
By the translation rules, ¢’ = [p]a.v.
(1) implies:
AYXTSEp:T, (2)
AYXTS 1, <nT (3)
AYTSFn7T>3,valov : 7, (4)
and 7 = [p/z|T, (5)
By IH,
(2) =Tk [pla : [mp]a
= I"F [pla : [n7]a [(3), expansion pres.]
=T [pla: p(o: {v: [r]a}) [(4), access pres.]
= I"F [pla : [[pla/zl{v: [r]a}
= I'"F [p]a : {v: [[p)a/2][r]a}
= I"F [pla.v: [[pla/2][n]a [FLD-E]
= I"F [pla.v: [[p/x]7]a [substitution pres.]
= I [e]a : [r]a [(5)]

e Case T-APP:
Let e = py.f(pa).
By the translation rules, t' = p;.f po.
(1) implies:

AYXTSEFp:m

AYTSErm <nm

AYXTSEnrm >, def f : 1,2, = 7
AYXTS Fpy

AYTS F < [p1/z)m,

and 7 = [p17p2/x7 xa]Tr

w N

ot

N N N N /N /N
(@) A~
~— — — ~— ~— —

11



By IH,
(2) = T'F [pi]a : [1i]a
=T'F [pi]a : [na7mi]a [(3), expansion pres.]
ST [pala e {F 2 V([ []a)) [(4), access pres.]
=T [pi]a: [[p]a/zl{f:V(@a : [r]a)[m]a}
ST [l S - ([pda/al¥(ea - rala)[rls
= I"F [pilla-f - V(za : [[pa]a/2][7]a) [[p1]a /][] a

By IH,

(5) = " [p2]a : [72la
(6) = I'" - [e]a <t [[p1]a/z][7a]a [subtype pres.]
= I+ [palla : [Ipi]a/z][7a] A [SUB]

=T"F [pi]a.-flp2la : [[p2]a/zd[[p1]a/z][7 ] A
=1k lela : [7]a

o Case T-NEW:
Let e = new 7{z = d}.
By the translation rules, ¢ = v(z : [7]a)[d]a.
(1) implies:
AYTS F 7wt 2)
AYTS F r{x = d} wf (3)

Case on the type of member:

— Forvals:
(3)Vvalv : 7, = p, €d.
AYTStn>yvalo @ 7 (4)
ASTS b py : Toa (5)
AYTS F 1y <: T
AYT 2 i, SET, < 7]
By IH,
(5) = F/ - [[pv]]A : [[Tva]]A

= TI"F [po]a: [7]a [subtype pres.]

=T 2 [m]a b [pola : [[z/2 7] A [weakening]

=T 2 [m]a b [po]a : [[z/2]7] A [subtype pres.]

12



Since [valv : 7, = pyla ={v: [p,]al:

ol x: [r]at {v:[pJat: {v:[p]a-type}
o lw: [r]a b {v:[p]a}: {v:[lx/2]7]]a} [section 4.2.4 of [3]]
— For defs:
(3) =Vdef f : 7,7, = 7, = e € d.

AYTStEn>,deff : 7.2, — 7
ATz 7,8 F [z/2]7) <: 7,
AYT, 22 Ty, g s TaS b 7 <t w0 /2, 2l 7]
AT 2 i Ty xq T S ef 1 Ty
AXTD, @ 7y, Xyt oS E Trg <0 7T

I~ /N N /N
O J O Ot &~
~— — ~— ~— ~—

B) =T x: [r]at [[x/2]7]a <: [Ta]a
6) =T 2 : []a, 2o : [7]a b [7]a < [z, xo/2, 2L )7 ] A
(7,8) = I,z : [1e]a, za : [7alla b [ef]a : [7]a
=T [Tella, 2o : [Ta]a b lef]a : [z, za/2', 2] ] A

Then [[def f DT Xg — Ty = ef]]A = {f = )\(Jfa : [[Ta]]A)[[ef]]A}, and
I'EA{f = AMaa : [ra]a)eflat : {f - V(@a : [ a)[7]a}-
— For types:
(3) =Vtypet = 7, € d.
AYTS+n7 >, typet B' 7/
AYT,z: 7,5+ typet = 7, <: [z/2/|typet B' 7,
=T 2 [r]a b [typet = 7]a < [[z/2|typet B' 7/]a
If we gather all 0 s.t. AXT'S - n7 3, ¢ and put them into &, then
' é\i[[a]]A < [[TLT]]A

We’ve already shown that
Vo € o,
3d € d s.t.
ol x: [r.]a b [d]a: [o]a
and each d is distinct
By ANDDEF-I,
x; F/,.T : [[Tx]]A - /\dea[[d]]A : /\UEUT [[U]]A
=T F oz Ao, [0]a)Ageq - 11(2 : Noeo, [0]A)
=T F [new 7{z = d}]a : [7]a

13



e Case T-LET:
Lete=1letz: 7 =¢; ines.
By the translation rules, ¢’ = let x = [e;]a in [e2]a.

(1) implies:

\V)

AYTSFer:m

AYTS 1 <7
AXT,z:mSkey: 7
AXT,z:m Sk < 7
v ¢ folr)

w

e N N
(G2 SN
N N e N N

D

By IH,

(2) =T"F[ei]a : [7]a

(3) = T"F [ei]a : [mi]a

4)=T"z:[n]at [ex]a: [7]a

(B) =T x: [r]aF [e2]a : [T]a

6) =z ¢ fo([r]a) =T F [e]a: [7]a [LET]

]

This proof depended on the lemmas: expansion preservation, access preservation, substitution
preservation, and subtype preservation. They will be proved below.

Expansion preservation shows that if a pDOT term types to the translation of Nominal Wyvern
type 7, then it also types to the translation of the expansion of 7.

Lemma 2 (Translation Preserves Expansion). Given well-formed top-level D, if AXT'S -1 < n7T
and Fﬁ, [[F]]A, [[S]]A it [[T]]A, then Fﬁ, [[F]]A, [[S]]A Ft: [[n?]]A.

This is true because expansion implies subtyping:

Lemma 3 (Expansion Implies Subtyping). Given well-formed top-level D, if AYT'S + B, 77 <
Ba T, then AYXT'S b B 71 <: PaTa.

The rules of expansion shows that this lemma is trivially true for all cases except for TE-UPPER
due to S-REFL. However, the premises for TE-UPPER are exactly the same as the premises for S-
UPPER with all recursive subtype judgments replaced with recursive type expansion judgments. An
induction proof on the derivation of a type induction judgment will show that subtyping holds as
well. Combined with subtype preservation (proved below), we can thus prove that type expansions
are preserved by the translation.

Access preservation shows that if a member o exists in a type n 7, then the translated member
exists in the translated type as well. This is clear from the translation rules since all members
of a type (fields, methods, and types) are mapped one-to-one to a corresponding member in the
translated type.

14



Lemma 4 (Translation Preserves Access). Given well-formed top-level D, if AXT'S - nF 3, o,
then p(z : [olla) € [n7]a.

Substitution preservation shows that substituting a variable for a path can be done before or
after a translation. This is clear from the translation rules since variables and paths are unchanged.

Lemma 5 (Substitution Preserving Translation). [[p]a/z][7]a = [[p/z]7]a

Subtype preservation shows that if two types are subtypes in Nominal Wyvern, then their trans-
lations are subtypes in pDOT as well. We first prove this for the nominal subset of types.

Lemma 6 (Translation Preserves Nominal Subtyping). Given well-formed top-level D, if AXTS -
ny 2 ny, then 'y, [T]a, [S]a F [r1]a <: [n2]a.

Proof. To simplify notation, denote I'5, [I'] a, [S]a with I'".
Assume the premise AXT'S F nqy — ny (1). Prove by induction on nominal subtyping:

o (Case SN-REFL:

This means ny = ny, which implies [ns]a = [n1]a. By REFL, IV = [n1]a <: [n2]a.

e Case SN-TRANS:

(1) implies:
Yonry < n (2)
AYTS F77 < 7]
ASTS Fn' 25y (3)

(2) implies T'L.n’ is part of the definition of T'L.n,
i.e. the definition ny in TLisny = ... ATL.n' A ...

By AND;-<:and ANDy-<:, IV - [n1]a <: [/] A-
[l

Now we can prove the general version of subtype preservation. Note that this proof depends
on path typing preservation, a subset of typing preservation. There is, however, not a cyclic depen-
dency because path typing preservation (the first 3 cases in the typing preservation proof) does not
depend on subtype preservation nor the other cases of typing preservation.

Lemma 7 (Translation Preserves Subtyping). Given well-formed top-level D, if AXTS F 7 <:
7o, then I', [T] A, [S]a b [1i]a <: [m2]a-

Proof. To simplify notation, denote I's5, [I'] a, [S]a With I, [71]| o with T}, and [72] o with T5.
Assume the premise AXI'S - 71 <: 75 (1). Prove by induction on subtyping:

15



e Case S-TOP:
Then = T,s0T, = T,s0l" T, <: T.

e Case S-BOT:
Thenm; = 1L,s07; = L, sol" =Ty <: Ts.

e (Case S-UPPER:

Let 1 = p.try.
(1) implies:
AXTSkFp:T, (2)
AYXTS 1, <nT
AXTSFHnrF>, typet=m
AYXTS & [p/z|r. 71 <: T (3)
(2) = " [pla : [n]a [path typing pres.]
= I"F [pla : [n7]a [expansion pres.]
=T Fpla:ple: {t:T.[n]a}) [for some T, access pres.]
= I"F[pla : [[pla/2{t : T...[7]a}
=I"F [plat < [[pla/z|[7]a [SEL-<: ]
=T"F [plat A lrla < [[pla/z][7]a [AND-<: ,TRANS-<: |

=T F [plat A [ls <t ([pla/2lln]a) A [Fla [<:-AND]
= I"F [ptrla < ([[Pla/2][7ela) A [F]a

H& (3) = T F [[pla/z][m: 7ila <: [r2]a
= I"F ([[pla/z][n]a) A Trla <t [r]a
=T F[[p]atm]a <: [2]a
ie. ' F [r]a < []a

e Case S-LOWER:

Follows the same procedure as the S-UPPER case, except uses <: -SEL instead of SEL-<: .

e Case S-REFL:

LetTl :57”_1, andT2 :67’_2

16



(1) implies:

AYXISEF7 <: T3
=VAYXT'S 73 5 typet By Tio.
JAYTS F 7 > typet By 741 s.t.
AYXT'SF typet By 141 <: typet By Ty
=Vt : S,.. Th} € [T3]a.
It : 5.7} € [r1]a s-t.
UEA{t: ST} < {t:S,..Tr} [member subtype pres.]
=T F [F]a < [72]a
=" [Bla Alri]a <: [Bla A [72]a
=T'[A7]a <: [BT2]a
=T'[n]a < [r]a

e Case S-NAME:
Let 7y = ny 71, and 79 = ny 7y,

(1) implies:

ASTS Fr <: 753 (3)

Case S-REFL implies that

(3) =T+ [r1]a <: [F2]la

= T []a A [Fla < [72]a [AND,-<: |
Also,
(2) = T"F [ni]a <: [n2]a [nominal subtype pres.]
=1"F [[nl]]A N [[T_l]]A <: [[TLQ]]A [AND;-<:]

Applying <: -AND we get
I [[nl]]A A\ [[T_l]]A < [[n2]:|A A [[T_Q]]A

i.e.
I [[m HHA < [[HQEHA

17



This proof depends on member subtype preservation, proved below.

Lemma 8 (Translation Preserves Member Subtype). Given well-formed top-level D, if AXT'S
o1 <: gy, then I'g, [T']a, [S]a F [o1]a <: [o2]a-

Proof. To simplify notation, denote I'55, [I'] a, [S]a with I, [o1]a with T7, and [[o2]|a With To.
Assume the premise AXI'S F 01 <: g5 (1). Prove by induction on member subtyping:

e Case: o is a type member:

Let g1 = type t Bl 1 and 09 = type t BQ T2.

— Subcase SS-UPPER:
Then Bj is S, By is <, and AYXT'S F 71 <: 7. By subtype preservation (not a cyclic
dependency due to subtype decidability):

I'F [r]a < []a

, which implies

:>T1 = {Slm[[Tl]]A} [Sl is L or [[Tl]]A]
T2 = {J_[[TQ]]A}
=TT < Th [TYP-<:-TYP]

— Subcase SS-LOWER:
Then By is 2, By is >, and AYXT'S + 75 <: 71. Similarly, by subtype preservation:

F/ - [[TQ]]A < HTl]]A

, which implies

:>T1 = {[[TIHA~-~Sl} [Sl is [[Tl]]A or T]
T2 = {[[T2]:|AT}
=T'FT < Ty [TYP-<:-TYP]

— Subcase SS-EXACT:
Then By is =, By is =, and AXT'S - 7y <: 7 and AYXT'S F 7 <: 7y. Similarly, by
subtype preservation:

I'F[nja < [R]a and T'F [R]a <: [1]a
, which implies

=T ={[n]a.--[1]a}
T2 = {[[TQ]]A...[[TQ]]A}
=TT < T [TYP-<:-TYP]

18



e Case: o is a field
Leto; =valv : mandoy =valov : 7.
By the translation rules, T} = {v : [1i]a} and T = {v : []a}.
(1) implies:

AYTS Frm < m
=T F[n]a < []a
=T HA{v: [n]a} < {v:[r]a} [FLD-<: -FLD]

o Case: o is a method

Letoy =def f : 7,12 — 7,1 and oy = def f : 7,0 £ — 7,9 (method argument name
pre-normalized via substitution).

By the translation rules,

Ty =A{f:V(z: [rala)lm]a}
T =A{f:V(z: [ra]a)lrlal
(1) implies:
AYTS F 710 <t Tyt (2)
AYXTD, x: 7,08 B 7 <0 Tpo (3)

(2) = T F [1a2]a < [Fai]a

(3) =T" 2 : [ra2]a F [1]a <: [7r2]a
=T EV(z: [rala)lmila < V(2 : [reea)[m2]a [ALL-<:-ALL]
=0"'FT < Ty [FLD-<: -FLD]

]

Since the translation is proven to preserve typing and subtyping relations, we can prove type
safety by showing that every reduction step taken in Nominal Wyvern matches with a reduction
step in pDOT.

The first step is to show that the Nominal Wyvern path reduction judgments (u - p — 1)
match pDOT’s path lookup judgments. For the rest of the soundness proof, we use v - s ~* s
to refer to a series of single step lookup judgments that transitively chain together. This gives a
more flexible way of expressing ~* without strictly following pDOT’s explicit right-associative
definition of ~»*. As a result, we ignore the rules LOOKUP-REFL and LOOKUP-TRANS, and
instead modify the remaining three rules to use ~» instead of plain ~». This makes the proof
clearer while maintaining the semantics of path lookup.
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Lemma 9 (Translation Preserves Path Lookup). If u = p — [, then [u]a & [p]a ~T v where
v =[u()]a.

Proof. Assume the premise u =p — [ (1).
Prove by induction on path lookup (1):

e Case EVP-LOC:
In this case, p = [. Therefore [p]a = ;.
(1) implies that [ € u. Therefore, the translation rules show that [[1] A includes z; — [u(1)]a,
ie. [u]a(z) = [u(D)]a.
Thus, we can apply LOOKUP-STEP-VAR to get v - 2~ [u(l)]a.
e Case EVP-PATH:

Let p = p’.v. Therefore [p]a = p'.v.

(1) implies that
pEp =0 (2)
p(l') 5., valo : 7, = p, (3)
w1 /rdp, — 1 (4)
By IH,
2) =[ula = [PTa ~* [()]a (5)
(4) :>[[:U’]]A = [Hp//xs]pv]]A ~t [[,u(l)]]A
=[ula ([P ]a/zs)[po]a ~T [u)]a (6)

(3) implies that ' : {z, :d} € pandvalv : 7, = p, € d. By the translation rules,

()]s = {zs : d}]a

e [1(I)]a = v(ws : [sig(@)]s)[d]
, where
[d]a 2 [valov : 7, = py]a

[[C_Z]]A > {U = [[pv]]A}

Plugging this back into (5), we get

[1]a =9~ v(@s : [sig(d)]a)-{v = [po]a}--

Applying LOOKUP-STEP-VAL gets [u]a F [P ]a-v ~T [[p]a/zs][po]a. Chaining this
with (6) we get [u]a F [pJa.v ~T [u(D)]a. ie. [p]a b [pla ~7 [u(D)]a
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Now we can prove that each reduction step taken in Nominal Wyvern corresponds to a reduc-
tion step in pDOT.

Lemma 10 (Reduction Correspondence). I[f AYX - Ske: 7, AL- St pandple — | €,
then [u]allela — []all€] -

Proof. Assume the premises

AY - Ske:T (1)
AY - St p (2)
ple — p'|é (3)

Prove by induction on reduction:

e Case EV-APP:
Lete = p.f(pa).

(3) implies that
pp — 1 (4)
u(l) 2, def f : T,z =1, =ey (5)
e = [p,pa/xs, x]ef (6>

By the translation rules,

lela = [pla-flpala
[[e/]]A = [[[p7pa/'r87x]€f]]A
= [[[p]]A7 [[pa]]A/x& ZE} [[ef]]A

By path lookup preservation, (4) implies that [u]a = [p]a ~T [u(D)]a (D).
(5) implies that [ : {z, : d} € i, anddef f : 7, — 7, = e; € d. By the translation rules,

[1(D]a = [{z: : d}]a

o [6)]s = oz, : [5ig (@)
, Where
[dla 2> [def f : 7.2 — 7 = ef]a

[d]a > {f = Mz : [r]a)les]a}
Plugging this back into (7) we get

[ida = [pla ~* v(zs : [sig(d)]a).-Af = Mw « [ma]a)leslal--
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Therefore, applying LOOKUP-STEP- VAL on this we get
[ b Ip-fla ~7 [[pla/as] Az : [m]a)ler]a

Now, following the pDOT reduction step on [u]a | [e] o arrives at:

[1la | [e]a
=[pla | [Pla-f [Pala
— il [ [pada/z)[[pla/xs][ef]a [APPLY]
=[1Ta | [€']a

e Case EV-LET-PATH:
Lete = let z = p; ineo.
Then ¢’ = [py/x]eq, and p = 1.

By the translation rules,

[e]a = let = [p1]a in [e2]a
[e']a = [[pi]a/z][e2]a
[1]a = [ula

Following the pDOT reduction step on [u]a | [e] o arrives at:

[1la | Te]a
=[ula [ 1et z = [pi]a in[es]a
——[pla | [exlallpi]a/=] [LET-PATH]
=[pla | [Ip1]a/z]le2]a
=[]a | [€']a

e Case EV-LET-NEW:

Lete = let 2 = new 7{z, = d} in e,.

(3) implies that
[ freshin (4)
¢’ = [l/x]ez (5)
W= gl {z, = d} (6)
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By the translation rules,

[e]a = let x = [new 7{z, = d}]a in [es]a
=1letz = [{z, = d}]a in [es]a
=1let z = v(x, : [sig(d)]a)[d]a in [es]a
[€Ta = [1I/]e2] s
= [z1/x][e2] a
[ = [1da, 2= [{z = d}]a
= [ulla, 2= v(zs : [sig(d)]a)[d]a

Following the pDOT reduction step on [u]a | [e] A arrives at:

[1]a | Te]a
=[ula | et @ = v(z, : [sig(d)]a)[d]a in [es]a
— ],z = v(z, : [sig(d)]a)[d]a | [e2]a [LET-VALUE, z ¢ [u]al

=lz/x][1W]a | [e2]a
=[1]a | [z2/x][e2] s
=[1']a | [€]a
The reduction step is legal because « is guaranteed to not be a key in [u]a because p only
contains [s, so [u] o only contains x;s.
e Case EV-LET:

Lete =let £ =¢; ines.

(3) implies
¢ =letx=¢] iney (4)
e not a path or new expression (5)
pler — 'l e (6)
By the translation rules,
[e]a = 1et = [e1]a in [es]a
[€']a = let z = [¢}]a in [es]a
By IH,
(6) =[ula [ ler]a — [1]a I Te1]a (7)
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Following the pDOT reduction step on [u]a | [¢]a arrives at:

[1]a | [e]a
=[u]a | Let z = [e1]a in [es]a
—[u]a | Let x = [ei]a in [e2]a [CTX, (7)]

=[1]a [T

]

Reduction correspondence together with type preservation of translation shows that every well-
typed program in Nominal Wyvern is well-typed in pDOT, and that every time the translated pro-
gram takes a step, the original program takes the same step (i.e. reaching the same result after
every step). Therefore, since pDOT’s type safety guarantees that reduction will either diverge or
stop at some value, we can also guarantee that Nominal Wyvern reduction of the original program
will either diverge or stop at some irreducible value at the same time. In other words, evaluation
will not go wrong.

Theorem 1 (Nominal Wyvern is Type Safe). For any well-typed Nominal Wyvern program, term
reduction does not get stuck.

4 Conclusion
This technical report provides an updated version of Nominal Wyvern with dynamic semantics, and

proves type safety of Nominal Wyvern by providing a type preserving translation from Nominal
Wyvern to pDOT, a DOT-based language already proven to be sound.
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