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Abstract

Homotopy type theory is a new field of mathematics based on the recently-
discovered correspondence between Martin-Lof’s constructive type theory and ab-
stract homotopy theory. We have a powerful interplay between these disciplines -
we can use geometric intuition to formulate new concepts in type theory and, con-
versely, use type-theoretic machinery to verify and often simplify existing mathe-
matical proofs. Higher inductive types form a crucial part of this new system since
they allow us to represent mathematical objects from a variety of domains, such as
spheres, tori, pushouts, and quotients, in the type theory.

In this thesis we formulated and investigated a class of higher inductive types
we call W-quotients which generalize Martin-L6f’s well-founded trees to a higher-
dimensional setting. We have shown that a propositional variant of W-quotients,
whose computational behavior is determined up to a higher path, is characterized
by the universal property of being a homotopy-initial algebra. As a corollary we
derived that W-quotients in the strict form are homotopy-initial. A number of other
interesting higher inductive types (such as spheres, suspensions, and type quotients)
arise as special cases of W-quotients, and the characterization of these as homotopy-
initial algebras thus follows as a corollary to our main result.

We have investigated further higher inductive types - arbitrary truncations, set
quotients, and groupoid quotients - and established analogous characterizations in
terms of the universal property of homotopy-initiality. Furthermore, we showed that
set and groupoid quotients can be recovered from W-quotients and truncations.
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Introduction

The mathematical discipline of type theory was developed by B. Russell as an alternative to
set theory which would not suffer from Russell’s paradox. A type theory is a deductive formal
system consisting of inference rules which specify how to assign a fype to a term. In relation to
set theory, a type can thought of as a set and a term of a particular type as an element of this set.

Since its invention, type theory has been widely used as a basis for programming languages,
proof assistants, and formalization of mathematics (SML [24], Haskell [19], Coq [8, 32], Agda
[26]], NuPRL [12], Twelf [27]). Among the most studied type theories is Martin-Lof’s intuition-
istic type theory ([20, 22]]), also known as constructive or dependent type theory. It comes in two
general flavors - intensional and extensional - which differ in their treatment of equality between
terms. In the intensional system, we have two notions of equality: there is definitional equal-
ity, which is syntax-based and can only be reasoned about on the meta-level, and propositional
equality, which may be asserted and reasoned about from within the system. In the extensional
system, these two notions of equality coincide, which means that any two terms which are prov-
ably equal in the theory are considered syntactically interchangeable. Proofs of equality only
serve to establish this identification and do not hold any computational content of their own.
These features make extensional Martin-Lof’s type theory easier to use and more suited for im-
plementing everyday set-level mathematics.

On the other hand, the newly-developed field of homotopy type theory uncovers deep connec-
tions between (an extension of) intensional Martin-Lo6f’s type theory and the fields of abstract ho-
motopy theory, higher categories, and algebraic topology ([2,16, 7, 9, 10, 14,116,134, 35, 137, 38]]).
Insights from homotopy theory are used to add new concepts to the type theory, such as the
representation of various geometric objects as higher inductive types. Conversely, type theory is
used to formalize and verify existing mathematical proofs using proof assistants such as Coq and
Agda. Moreover, type-theoretic insights often help us discover novel proofs of known results
which are simpler than their homotopy-theoretic versions: the calculation of 7, (S™) ([13} [15]]);
the Freudenthal Suspension Theorem [33]; the Blakers-Massey Theorem [33]], etc.

As a formal system, homotopy type theory (HoTT) [33] extends intensional Martin-Lof type
theory with two features motivated by abstract homotopy theory: Voevodsky’s univalence axiom
([1051377]) and higher inductive types ([17,130]). The slogan in HoTT is that types are topological
spaces, terms are points, and proofs of identity are paths between points. The structure of an
identity type in HOTT is thus far more complex than just consisting of reflexivity paths [[16} 34]],



despite the definition of Id 4(x, y) as an inductive type with a single constructor 1, : Id4(z, x).
It is a beautiful, and perhaps surprising, fact that not only does this richer theory admit an inter-
pretation into homotopy theory ([2]], [LO]) but that many fundamental concepts and results from
mathematics arise naturally as constructions and theorems of HoTT.

For example, the circle S* (see section is defined as a higher inductive type with a point
base and a path loop going from base to itself. It comes with a recursion principle which says
that to construct a function f : S! — X, it suffices to supply a point z : X and a loop based
at x. The value f(base) then computes to z. Such definitional computation rules are convenient
to work with but also pose some conceptual difficulties. For instance, an alternative encoding
of the circle as a higher inductive type S! specifies two points south, north and two paths from
north to south, called east and west. The recursion principle then says that in order to construct
a function f : S! — X, it suffices to supply two points x,y : X and two paths between them.
The values f(north) and f(south) then compute to = and y respectively.

We have a natural way of relating these two representations via an equivalence, i.e., a function
which has an inverse up to propositional equality: in one direction, map base to north and loop
to east; in the other direction, map both north and south to base and map east to loop and west to
the identity path at base. Unfortunately, the types S, S! related this way do not satisfy the same
definitional laws, which poses a compatibility issue. Even more importantly, we do not have a
way of internalizing these notions of a circle and working with them inside the type theory, since
we can only talk about definitional equalities on the meta-level.

In this work we thus study higher inductive types abstractly, as arbitrary types endowed with
certain constructors and propositional computation behavior: in the case of S!, for example,
we say that a type C' with constructors b : C' and [ : ldo(c, ¢) satisfies the recursion principle
for a circle if for any other type X, point  : X and loop based at z, there exists a function
f: C — X for which there is a path between f(b) and = (and which satisfies a higher coherence
condition). We note that we require no change to the underlying type theory: the particular
higher inductive type S! just becomes a specific instance of the abstract definition of a circle,
one whose computation rules happen to hold definitionally.

A major advantage of types with propositional computation rules is that we can internalize the
definitions and reason about them within the type theory - and in particular, use proof assistants
to verify the results. In this respect, our work is complementary to [18]], which gives an external,
category-theoretic semantics for a certain class of higher inductive types. Another advantage
of propositional computation behavior is portability: relaxing the computation laws satisfied by
the types S! and S! to their propositional counterparts results in two notions of a circle that
are equivalent, in a precise sense. This in particular means that any type C' which is a circle
according to one definition is also a circle according to the alternate definition. We can thus state
and prove results about either of these specifications, knowing that the proofs carry over to any
particular implementation - be it S!, S!, or a third one.

It further turns out that types with propositional rules tend to keep many of their desirable
properties; for instance, it can be shown that the main result of [15]], that the fundamental group
of the circle is the group of integers, carries over to the case when both the circle and the inte-
ger types have propositional computational behavior. In addition, we can now show that higher
inductive types are characterized by the universal property of being a homotopy-initial algebra.
This notion was first introduced in [3]], where an analogous result was established for the “ordi-
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nary” inductive type of well-founded trees (Martin-L6f’s W-types [21]]). In the higher setting, an
algebra is a type X together with a number of finitary operations f, g, h ..., which are allowed
to act not only on X but also on any higher identity type over X, for example ldx(...,...)
or Idy x(-..,.-.)(- ..y...). An algebra morphism has to preserve all operations up to propositional
equality. Finally, just as for W-types, we say that an algebra X is homotopy-initial if the type of
algebra morphisms from X to any other algebra ) is contractible, i.e., there exists a morphism
from X to ) which is unique up to propositional equality.

Our main theorem is stated for a class of higher inductive types which we call W-quotients;
they generalize ordinary W-types by allowing an arbitrary number of path constructors (which
construct canonical terms of the identity type over the higher inductive type X)) in addition to the
ordinary point constructors (which construct canonical terms of the higher inductive type X it-
self). We show that the induction principle for W-quotients is equivalent (as a type) to homotopy-
initiality. This extends the main result of [3] for “ordinary” inductive types to the important, and
much more difficult, higher case. A number of other interesting higher inductive types, such
as spheres, suspensions, and type quotients (see arise as special cases of W-quotients, and
the characterization of these as homotopy-initial algebras thus follows as a corollary to our main
result.

The chief significance of homotopy-initiality lies in its simplicity; the induction principle,
which involves dependent types, can be rather complicated to state and use even for higher in-
ductive types with relatively simple data, such as the torus. On the other hand, proving that
an algebra is homotopy-initial is generally a more pleasant endeavor, since we only have to
care about satisfying the universal property with respect to non-dependent types. Moreover, our
treatment is internal to the type theory and hence fully constructive and formalizable; this in par-
ticular means that once we prove that an algebra is homotopy-initial, we can run our algorithm
to automatically recover the term witnessing the induction principle.

We also investigate further higher inductive types - truncations set quotients and
groupoid quotients 4.3[ - which do not arise as W-quotients in an obvious way, and establish
analogous characterizations in terms of homotopy-initiality. Furthermore, we show that set and
groupoid quotients can be recovered from W-quotients and truncations. Since recent work by
E. Rijke and F. van Doorn shows that truncations can be recovered from type quotients (which
are themselves subsumed by W-quotients) our result implies that set and groupoid quotients
are special cases of W-quotients. We conjecture that this holds for all higher inductive types
described in the first 9 chapters of [33]].

If this is case, we would have one possible convincing answer to the still-open question of
“what is a higher inductive type”. As mentioned above, our approach is complementary to the
one pursued by M. Shulman and P. Lumsdaine [[18]], who aim to develop a unifying schema for
higher inductive types; the possible relationship and/or interplay between the two approaches is
unknown at this time. On the other hand, there is a strong relationship between our approach
and the work of van Doorn, Rijke, and others, on reducing general higher inductive types to a
combination of a few small “building blocks”. Finally, we designed all the proofs in this thesis
with the intent of formalization in the Coq proof assistant, which is a work in progress.

The remainder of the thesis is organized as follows. We first provide some background in
chapter [2, which summarizes the basic concepts in homotopy type theory and describes higher
inductive types. We also review the well-known result of P. Dybjer, which characterizes inductive



types as initial algebras (in the setting of extensional type theory). In chapter (3|, we introduce
the notions of algebras, morphisms, and homotopy-initiality for higher inductive types. We
give a formal definition of W-quotients and prove our main result - the characterization of W-
quotients as homotopy-initial algebras. We conclude the chapter by showing how to use the main
result to derive analogous characterizations for higher inductive types definable as W-quotients,
for example the circle. Finally, in chapter 4| we establish the characterization of truncations as
homotopy-initial algebras and present the reduction of set and groupoid quotients to W-quotients
(plus truncations). We derive the characterization of set and groupoid quotients as homotopy-
initial algebras as a corollary to this reduction.



2

Background

We now review some background needed for the main chapters [3| and 4| In the first section,
we briefly describe the extensional and intensional varieties of dependent type theory and indi-
cate where homotopy type theory fits in the picture. The second section is devoted to the basic
concepts of homotopy type theory. In the third section, we discuss Martin-Lof’s W-types, a well-
studied class of inductive types which in the extensional setting subsumes many other inductive
types of interest such as natural numbers and lists. We give a syntactic presentation of Dybjer’s
result characterizing inductive types as initial algebras [3]]; this sets the stage for the definitions
and results of chapter 3|, where we move away from considering ordinary inductive types in the
extensional setting into the land of higher inductive types in the homotopy type-theoretic setting.
Finally, in the last section we describe higher inductive types by giving a number of specific
examples, which we will later revisit to indicate how they arise as special cases of our main
construction, the W-quotient.



2.1 Intensional, Extensional, and Homotopy Type Theory

The core of Martin-Lof’s intensional type theory [20], denoted H,,, is a dependent type theory
with the following:
¢ Two main forms of judgment:

I'kFa:A I'Fa=b:A

where the former stands for term membership, the latter for the definitional equality of two
terms, and ' denotes a context of assumptions.

e A cumulative hierarchy of universes Uy : U; : Us : ... in the style of Russell [28]].

e Dependent pair types ¥,.4B(x) and dependent function types I1,.4 B(z) (with the non-
dependent versions A x B and A — B). We assume definitional 77-conversion for functions
and pairs, both for the sake of simplicity and to stay close to the Coq [32] proof assistant,
which we intend to use for formalization.

e Identity types Id4(z, y), also denoted x =4 y, obeying the following rules:

* |d-formation rule.

I'EA:UY 'Fa:A 'b: A
['Flda(a,b) - UY;

* |d-introduction rule.

'Fa:A
'F1,:ld4(a,a)

* |d-elimination rule.
Tha:A  Trb:A  TFq:lda(ab)
e Ay Ap:lda(z,y) - E(x,y,p) U, [e: A d(z): E(a,a,1,)
' J(z.y.p.E(z,y,p),x.d(),a,bq): E(a,b,q)

* ld-computation rule.
'Fa:A
oz Ay:Ap:lda(z,y) F E(z,y,p) - U [z: AFd(z): E(a,a,1,)
' J(zyp.E(r,y,p),r.d(z),a,a,1,) =d(a) : E(a,a,l,)

If the type Id 4 (z, y) is inhabited, we say that = and y are (propositionally) equal. If we do
not care about the specific equality witness, we often simply say that x =4 y or if the type
Ais clear, z = .

Martin-Lof’s extensional type theory [22], denoted H.s, is obtained by extending H;,; with
the following rule:



¢ Identity reflection.

'Fa:A 'Eb: A 'Ep:a=4b
''Fa=b:A

Furthermore, the identity reflection rule implies the following:
¢ Uniqueness-of-identity-proofs principle (UIP) aka Streicher’s K [31]]:
I'a:A 'Eb: A I'Fp:a=40 I'Fqg:a=40
I'Ep=id4,0ap) 4

Another consequence of identity reflection is the principle of function extensionality, which states
that two pointwise-equal functions are equal as maps. This justifies the usage of the terminology
extensional type theory for Heyy.

In practice, we often extend the type theories H;,,; and H.,, with specific inductive types, such
as finite types, coproducts, natural numbers, well-founded trees and so on. These type theories
admit a natural computational interpretation: for instance, it is possible to show that in the empty
context, every term of type N is definitionally equal to a numeral, a property known as the
canonicity for natural numbers. Intuitively, this is not surprising - since the only constructor for
identity types that we have available is reflexivity, we should always be able to reduce any term
involving an identity eliminator by using the computation rule for identity types (and similarly
for other type constructors). Translating this idea into a proof however requires a significant
amount of machinery [23].

In extensional type theory, the identity reflection rule makes propositional and definitional
equalities coincide. This makes the system significantly easier to work with and particularly
suitable for reasoning about sets as found in everyday mathematics. Here a proof of equality
does not carry any computational content - two objects can be equal in at most one way. The fact
that equality is no longer tied to the syntax leads to undecidable type checking, which, however,
does not have to prevent automation - the proof assistant NuPRL [12], which is also based on an
undecidable type theory, manages this by working with derivations of the typing judgment rather
than the terms themselves.

Inductive types in an extensional setting behave particularly nicely: for instance, they can be
characterized as the initial objects among certain algebras: the type of natural numbers N to-
gether with zero and the successor function is precisely the initial object among algebras formed
by a type C with a term ¢ : C and a function ¢, : C' — C.

This correspondence breaks down in intensional type theory as inductive types in this setting
tend to be rather poorly behaved. For instance, it is not true that there is a definitionally unique
function out of the empty type O into an arbitrary codomain C'. The best we can do is to show
that any two such functions must be pointwise propositionally equal, which, in the absence of
function extensionality, does not even give us equality as functions. Right away we see that the
empty type cannot be characterized as being initial among all types and this pattern of course
carries over to other inductive types as well. As another consequence of this, we get that natural
numbers can no longer be encoded as Martin-Lof’s well-founded trees in any obvious way [S].



Thus, most of the work on the theory of inductive types has traditionally been in the ex-
tensional setting (e.g. [5],[25],[1]). However, the technical difficulties associated with inductive
types in intensional type theory do not necessarily pose a problem when inductive types are
used as a device for programming. Furthermore, type checking in the absence of identity re-
flection remains decidable, which makes variants of intensional type theory a suitable choice for
application-oriented proof assistants such as Coq [32]] and Agda [26].

Without identity reflection, two proofs of equality between a and b may or may not be equal
themselves. Similarly, two proofs of equality between two proofs of equality between a and b
may or may not be equal, and so on. Thus, in intensional type theory, proofs of equality carry
content and are hence better understood as paths between points (terms) in spaces (types). This
intuition is further justified by the fact that much like paths in topological spaces, proofs of
identity can be reversed, concatenated, transported along mappings, and so on. Furthermore, it
makes sense to talk about the space of all paths between a and b, the space of all paths between
p and q, where p, q are paths between a and b, and so on.

Despite the novel way of viewing proofs of equality as paths, as first observed independently
by Awodey/Warren, and Voevodsky, the purely intensional type theory discussed so far is rather
limiting since we have no other path constructors besides reflexivity. In particular, we have
no explicit way of constructing a path between two pointwise-equal functions or between two
isomorphic types in the same universe. Homotopy type theory provides us with both - and then
some. The core, denoted by 7, is an extension of the theory H;,; with the univalence axiom [37]],
which can roughly be paraphrased as saying that isomorphic types are equal. We often extend
this system further with specific higher inductive types, which are a generalization of ordinary
inductive types. We will discuss these concepts in more detail in Sections and[2.4]

The univalence axiom as well as (proper) higher inductive types give us new ways of con-
structing paths. This in particular leads to numerous examples of paths whose endpoints coincide
but which are provably not equal. Thus, the new system is inconsistent with UIP and the tradi-
tional set semantics is no longer sound. Instead, we can use the simplicial set model [10], the
cubical set model [4]], or other related models, which are all highly nontrivial.

There are other far-reaching consequences of having nontrivial path constructors around: for
instance, what is the justification for the principle of identity elimination if the identity type has
other constructors besides reflexivity? In particular, what happens if we apply the eliminator to
a path which is not reflexivity? Can a certain form of canonicity still be recovered? These are
some of the more pressing open questions at the moment and are the subjects of intense ongoing
research, which we do not pursue in this thesis.



2.2 Homotopy Type Theory

In extensional type theory, a type can be interpreted as a set consisting of definitionally distinct
(equivalence classes of) terms with no non-trivial identity paths among them. In homotopy type
theory, this discrete interpretation is no longer valid. Instead, a type is better understood as a
structure loosely termed “oo-groupoid” [9, 116, 134], where at the lowest dimension we have all
the different terms (“points”), at the next dimension up we have all the different paths between
these points, a yet higher dimension has all the different paths between paths between points, and
SO on.

A key notion in homotopy type theory [33] is that of an equivalence of types: two types
are called equivalent if there exists a function between them which has both a left and a right
inverse up to propositional equality (an equivalence). The univalence axiom then postulates
that the path space between any two types A, B : U; in the universe can be characterized as
the type of equivalences between A and B. In particular, equivalent types are equal and are
thus indistinguishable from within the type theory. On the semantic side, examples of models
consisting of “oo-groupoids” which in addition satisfy univalence are provided by the simplicial
[10] and cubical [4] set models.

2.2.1 Groupoid Laws

Proofs of identity behave much like paths in topological spaces: they can be reversed, concate-
nated, mapped along functions, etc. Below we summarize a few of these properties:

e For any path p : x =4 y there is a path p~! : y =4 x, and we have (1:,:)_1 =1,.

e Foranypathsp: x =4, yandq:y =4 zthereisapathp-q:x =4 z,and 1,1, = 1,.

e Associativity of composition: for any paths p : © =4 ¥, q : y =4 z,and 7 : 2 =4 u we
have (p+q)+r=p=(q-7).

® Wehavel,*p=pandp-1l,=pforanyp:z =, v.

e Foranyp:a =44, q:y =4 2wehavep p ' =1, pl=p=1,and (p~')" =p,

-1 _ —1,,-1
(pra)  =q "p.

e For any type family P : A — U; and path p : x =4 y there are functions pf : P(z) —
P(y) and p}, : P(y) — P(x), called the covariant transport and contravariant transport,
respectively. We furthermore have (1,)" = (1.)p = idp(y).

_1\P * 1\ k P * * *

e We have (p~'), = pp, (p")p = pL and (p=q), = ¢l opL, (p=q)p = pi o gj for any
family P: A — U; andpathsp: v =4y, q:y =4 2.

* For any function f : A — B and path p : x =4 y, there is a path ap,(p) : f(x) =p f(y)
and we have ap;(1,) = 1y().

e We have apf(pfl) = apf(p)f1 and ap;(p* q) = ap;(p) * ap;(q) forany f : A — B and
PirT=4Y,q:Y=4az%

* We have ap,.;(p) = ap,(ap;(p)) forany f : A — B,g: B — Candp:z=,4y.

* Forany f : II,.4B(z) and path p : & =4 y, there are paths dap;(p) : pZ(f()) =p() f(¥)



and dap? (p) : pi(f(y)) =p() f(x). We have dap,(1,) = dap’(L,) = 1.
¢ All constructs respect propositional equality.

2.2.2 Truncation Levels

In general, the structure of paths on a type A can be rather complex - we can have many distinct
O-cells x,y, ... : A; there can be many distinct /-cells p,q,... : * =4 y; there can be many
distinct 2-cells 7,0, ... : p =;—,, ¢; ad infinitum. The hierarchy of truncation levels describes
those types which are, informally speaking, trivial beyond a certain dimension: a type A of
truncation level n, also called an n-type, can be characterized by the property that all m-cells for
m > n with the same source and target are equal. From this intuitive description we can see that
the hierarchy of truncation levels is cumulative, in the sense that if a type if of truncation level n,
then it is also of truncation level n + 1.

It is customary to also speak of truncation levels —2 and —1, called contractible types and
mere propositions respectively:

Definition 1. A type A : U; is called contractible if there exists a point a : A such that any other
point x : A is equal to a:

isContr(A) = X, all,a(a =4 x)

A type A : U; is called a mere proposition if all its inhabitants are equal:
isProp(A) =11, y.a(x =4 y)

A contractible type can be seen as having exactly one inhabitant, up to equality; a mere
proposition can be seen as having at most one inhabitant, up to equality. Clearly:

Lemma 2. If A : U; is contractible then A : U; is a mere proposition.
The existence of a path between any two points implies more than just path-connectedness:
Lemma 3. If A : U; is a mere proposition, then © = 4 y is contractible for any x,y : A.

Thus, contractible types are in a sense the “nicest” possible: any two points are equal up to a
I-cell, which itself is unique up to a 2-cell, which itself is unique up to a 3-cell, and so on. Mere
propositions are the “nicest” ones after contractible types.

We can generalize the idea of the previous lemma to give a recursive definition of an n-type,
for n > —2 (since we recurse on the natural numbers, we subtract 2):

Definition 4. We define a predicate is-(n — 2)-type : U; — U; by recursion on n : N as follows:
is-(—2)-type(A) = isContr(A)
is-(n — 1)-type(A) = I1, 4. ais-(n — 2)-type(z =4 y)

Using lemma 3] we can easily show the following:

Corollary 5. Forn : N, if A : U; is an (n — 2)-type then it is also an (n — 1)-type.

Corollary 6. Forn : N, if A : U; is an (n — 2)-type then for any x,y : A, the type x = y is also
an (n — 2)-type.

10



2.2.3 Homotopies

A homotopy between two functions is in a sense a “natural transformation”:
Definition 7. For f, g : I1,.4B(x), we define the type

f ~ g = Ha:AIdB(a)(f<a)7 g(a))

and call it the type of homotopies between f and g.
Definition 8. For f : A — Band g : A’ — B, we define the type

f ~u g = Ha:AHa’:A’ldB(f(a>7 g(a,))

and call it the type of heterogeneous homotopies between [ and g.
We now observe the following:

e Forany f,g: X - Y,p:x=xy,a: f~ g,thereis apath

nat(a, p) : a(z) =ap,(p) = ap;(p) * a(y)

defined in the obvious way by induction on p and referred to as the naturality of the homo-
topy «. Pictorially, we have

fo) — g
aps(p) | nat(a,p) | apy(p)
f(y) 9(y)

a(y)

e Forany f,g:Il,.xY(x),p:x=xy,a: f~ g,thereis a path

natz(a, p) : ap,y (a(x)) = dap,(p) = dap;(p) * a(y)

defined in the obvious way by induction on p and referred to as the naturality of the
“fibered” homotopy «. Pictorially, we have

ap,y (a(z))
pY (f(z)) ———— pl (9(x))
dap(p) natz(a, p) dap, (p)
f() 9(y)
a(y)

e Forany f: X = Z,9:Y > Z,p:x1 =x X2,q: Y1 =y Yo, @ : [ ~3 g, there is a path

naty (o, p,q) : a(xy,yp) apg(Q) = an(p) a2, Y2)

defined in the obvious way by induction on p and ¢ and referred to as the naturality of the
heterogeneous homotopy «. Pictorially, we have
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a(x1,y1)

f(l’l) g(yl)
ap;(p) naty(c, p, q) ap,(q)
f(x2) en 9 9(y2)

2.2.4 Equivalences

Definition 9. A map f : A — B is called an equivalence if it has both a left and a right inverse:

isEq(f) == (Eg:B—m(g ofn~ idA)) X (Eh:B—m(f oh ~ idB))

We define
(A~ B) = Xa,pisEq(f)
and call A and B equivalent if the above type is inhabited.

Unsurprisingly, we can prove that A and B are equivalent by constructing functions going
back and forth, which compose to identity on both side; this is also a necessary condition.

Lemma 10. Tiwo types A and B are equivalent if and only if there exist functions f : A — B
and g : B — A suchthat go f ~idjand f o g ~ idp.

We will refer to such functions f and g as forming a quasi-equivalence and say that f and g
are quasi-inverses of each other. From this we can easily show:

Lemma 11. Equivalence of types is an equivalence relation.

We call A and B logically equivalent if there are exist functions f : A — B, g: B — A. It
is immediate that if both types are mere propositions then logical equivalence implies A ~ B.
For example:

Corollary 12. For any A, isContr(A) ~ A X isProp(A).
Corollary 13. For any A, is-(—1)-type(A) ~ isProp(A).

2.2.5 Structure of Path Types

Let us first consider the product type A x B. We would like for two pairs ¢,d : A x B to be
equal precisely when their first and second projections are equal. By path induction we can easily
construct a function

“Elq: (e=d) = (mi(c) = m(d)) x (m2(c) = ma(d))

We can show:

Lemma 14. The map :EZ 4 Is an equivalence for any c,d : A X B.

! Although the type of such functions itself is not equivalent to A ~ B, see chapter 4 of [33].
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We will denote the quasi-inverse of ~ E; by~ E 4 We have a similar correspondence for depen-
dent pairs; however, the second projections of ¢,d : ¥,.4B(x) now lie in different fibers of B
and we employ (covariant) transport. By path induction we can define a map

:Egd : (C = d) — E(p:ﬂl(c)zﬂl(d))(p*B(TFQ(C)) = W?(d))

Lemma 15. The map :Ef’:d is an equivalence for any c,d : .., B(x).

We will denote the quasi-inverse of :Egd by EEzd. We also have an analogous correspondence
using a contravariant transport.

We would like for two types A, B : U; to be equal precisely when they are equivalent. As
before, we can easily obtain a function

“E5,: (A= B) - (A~ B)

The univalence axiom now states that this map is an equivalence:
Axiom 1 (Univalence). The map ~E% g is an equivalence for any A, B : U,.

We will denote the quasi-inverse of “E% by “E} 5. It follows from univalence that equivalent
types are equal and hence they satisfy the same properties:

Lemma 16. () For any type family P : U; — U;, and types A, B : U; with A ~ B, we have
that P(A) ~ P(B). Thus in particular, P(A) is inhabited precisely when P(B) is.

Finally, two functions f, g : II,.4B(z) should be equal precisely when there exists a homo-
topy between them. Constructing a map

=gll . _
Erg: (f=9)—=(f~9)
is easy. Showing that this map is an equivalence (or even constructing a map in the opposite
direction) is much harder, and is in fact among the chief consequences of univalence:

Lemma 17. (H, Hex) The map ~EY  is an equivalence for any f, g : 11,4 B(x).
Proof. See chapter 4.9 of [33]. O

We will denote the quasi-inverse of :E]E{ , by HEJT, ;- Function extensionality will turn out to be
crucial for most of the development in later chapters. As an example, we note that using lemma 3]
and function extensionality, we can show the following:

Corollary 18. (H, Heyt) For n : N, A : U;, the types isContr(A), isProp(A), is-(n — 2)-type(A)

are all mere propositions.
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2.3 Inductive Types

In this section we give an overview of Martin-Lof’s well-founded trees [21]], also known as W-
types, as a prominent example of an inductive type. The classical result by Dybjer [5] character-
izes W-types as initial algebras of polynomial endofunctors; here we present the type-theoretic
version of this correspondence, where we internalize the notions of algebras, morphisms, and
initiality using the propositions-as-types principle.

Formally, given a type A : U; and a type family B : A — U;, the W-type W(A, B) : U; is the
inductive type generated by the single constructor

sup : I.4(B(a) — W(A, B)) — W(A, B)

W-types can be seen informally as the free algebras for signatures with operations of possibly
infinite arity, but no equations. Indeed, the parameters A and B can be thought of as specifying
a signature that has the elements of A as operations and where for any a : A, the type B(a)
represents the arity of the operation a. For instance, the obvious way to encode the type N of
natural numbers is to take A := 2 and B(T) := 0, B(L) := 1, where T represents the natural
number zero and | represents the successor operator. This encoding is adequate within exten-
sional type theory but, as remarked earlier, fails to exhibit the right computational behavior even
up to propositional equality when working in the purely intensional setting. Within homotopy
type theory, the computation laws can be recovered up to propositional equality.

The recursion principle for W(A, B) says that given terms
e [ Uj,
e ¢c:[l,.4(Bla) » E) = E,

there is a recursor recy (F, e) : W(A, B) — E. We usually omit the parameters £ and e if they
are clear from the context. The recursor satisfies the computation law

e recy(sup(a,t)) = e(a,recw o t) forany a : A,t: B(a) = W(A, B)
Similarly, we have an induction principle: given terms

e F:W(A,B) — U,

o ¢: Iaallypa)—wia,s) (Ip@E(t b)) — E(sup(a,t)),

there is an inductor indw (£, e) : Il,.w(a,5)E(w). As before, we usually omit £ and e if they can
be inferred. The inductor satisfies the computation law

* indw(sup(a,t)) = e(a,t,indw o t) forany a : A,t: B(a) — W(A, B)
To present Dybjer’s result, for the remainder of the section we work in extensional type

theory. We first note that the induction principle implies the following uniqueness principle:
given terms

e E:Uj,

o ¢:1l,4a(B(a) = FE) — E,

e f:W(AB) > E,

o B : Myallipa)y—swean) (f(sup(a,t)) =e(a, fot)),
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e g:W(A,B) =~ E,
® v Ha:AHt:B(a)ﬁW(A,B) (Q(SUP(C% t)) - e(a7 go t)>’
we have f = g. In other words, any two functions out of W(A, B) which satisfy the same

recurrence are equal. We have an analogous dependent version of the above uniqueness principle:
given terms

e F:W(A,B) = U,

o ¢: Hpallipa—wian (ppwE(t b)) — E(sup(a,t)),

o fiIlpwapE(w),

o B : Maallup@y—wan) (f(sup(a,t) = e(a,t, f ot)),

* g: pwapE(w),

o v : Moallipa)—wia,p) (9(sup(a, t)) = e(a,t, g o t)),
we have f = g¢.

To show this, we use induction with the type family w — f(w) = g(w). We need a term
of type Ia.alls 5()—wia,z) (Inp@ (f(E b) = g(t b)) — (f(sup(a,t)) = g(sup(a,t))). Fix the
parameters a, ¢ and the induction hypothesis u : IIy. 5 (f(t b) = g(t b)). Using u with identity
reflection gives us f ot = g o t. Together with the premises of the uniqueness rule (and identity
reflection again) this gives us f(sup(a,t)) = g(sup(a,t)) as desired. The induction principle
thus establishes a pointwise equality between f and g and we appeal to function extensionality
to finish the proof. The simple uniqueness principle follows from the dependent one.

Based on the recursion and computation rules, we can internalize the well-known notions of
W-type algebras and morphisms as follows:

Definition 19. For A : U;, B : A — U;, define the type of W-algebras on a universe U; as
WAIlg, (A, B) = Xcy;llpa(Bla) = C) = C

Definition 20. For algebras X : WAIg,, (A, B) and Y : WAIgy, (A, B), define the type of W-
morphisms from X to Y by

WMor (C,¢) (D, d) = Sp.cmplaallpay—c(f(c(a,t) = d(a, f ot))

We note that in order to form the type of morphisms, we had to use propositional rather
than definitional equality. Of course, in the setting of an extensional type theory this distinction
is immaterial; however, it will become important in section [3] The recursion principle now
becomes a property internal to the type theory and can be expressed compactly as saying that
there is a morphism into any other algebra ):

Definition 21. An algebra X : WAlg,, (A, B) satisfies the recursion principle on a universe Uy,
if for any algebra Y : WAlg,, (A, B) there exists a morphism from X to Y:

hasWRecy, (X) = (IIY : WAlg,, (A, B)) WMor X Y

To express the induction principle in a similar fashion, we first need to introduce dependent
or fibered versions of algebras and algebra morphisms:
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Definition 22. For an algebra X : WAlg,, (A, B), define the type of fibered W-algebras over X
on a universe Uy, by

WFibAlg,, (C,¢) = Sp.coMaallip@—c (Myp@ E(t b)) = E(c(a, t))

Definition 23. For algebras X' : WAlg,, (A, B) and Y : WFibAlg,, X, define the type of fibered
W-morphisms from X to Y by

WFibMor (C, ¢) (E, €) == S .(me:0) B Laalltpa)—c (f(cla, 1) = e(a,t, f o t))

Definition 24. An algebra X : WAIg;,, (A, B) satisfies the induction principle on a universe U,
if for any fibered algebra ) : WFibAlg,, X there exists a fibered morphism from X to Y:

hasWindy, (X) = (I1Y : WFibAlg,, X) WFibMor X'

Furthermore, the uniqueness principles motivate the following definitions:

Definition 25. An algebra X : WAlg,,, (A, B) satisfies the recursion uniqueness principle on a
universe Uy, if for any algebra 'y : WAlg,, (A, B) any two morphisms from X to ) are equal:

hasWRecUniqy,, (X) = (1Y : WAlg,, (A, B)) isProp(WMor X )

Definition 26. An algebra X : WAIguj (A, B) satisfies the induction uniqueness principle on a
universe Uy, if for any fibered algebra ) : WFibAlg,, X any two fibered morphisms from X to Y
are equal:

hasWindUniq,, (X) == (TIY : WFibAlg,, X) isProp(WFibMor X )

The uniqueness principles as in Defs. require that any two morphisms (f, ) and
(g,7) be equal as pairs; however, in the presence of UIP this is the same as saying that their first
components agree, i.e., that f = g (and hence f = g).

Definition 27. An algebra X WAIguj(A, B) is initial on a universe Uy, if for any algebra
Y : WAIg,, (A, B) there exists a unique morphism from X to )):

isWinity, (X) :== (ILY : WAlg,, (A, B)) isContr(WMor X V)

The contractibility requirement precisely captures the notion of initiality: in the presence
of the identity reflection rule, a contractible type is one which contains a definitionally unique
element.

Note: We have used the concepts of contractibility and mere propositions, which were in-
troduced in section [2.2] in the context of homotopy type theory; however, these definitions are
perfectly applicable in the setting of extensional/intensional type theory as well. Clearly:

Lemma 28. For an algebra X : WAlg,, (A, B) we have
isWInity, (X) <> hasWRecy, (X') x hasWRecUniq,, (&)

We have the following relationship between the fibered and non-fibered versions of W-
algebras and morphisms:
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Lemma 29. For an algebra X : WAlg, (A, B) we have a function
WAIgToFibAlg,, (X) : WAlg, (A, B) — WFibAlg, X

Proof. Let algebras (C, c) : WAlg,, (A, B) and (D, d) : WAlgy,, (A, B) be given. We turn (D, d)
into the desired fibered algebra (E, e) : WFibAlg,, (C,c) by putting E(z) := D and e(a, t,u) =
d(a,u). O

Remark 30. We note that for any algebras X : WAIg,, (A,B) and Y : WAlg,, (A, B) we have

WMor XY = WFibMor X <WAIgToFibAIguk(X) y)

The previous two observations immediately imply the following:

Lemma 31. If an algebra X : WAlg;,, (A, B) satisfies the induction principle on the universe U,
then it satisfies the recursion principle on Uy. In other words, we have

hasWindy, (X) — hasWRecy, (X)

Lemma 32. If an algebra X : WAIgMj (A, B) satisfies the induction uniqueness principle on the
universe Uy, then it satisfies the recursion uniqueness principle on Uy. In other words, we have

hasWIndUniq,,, (X) — hasWRecUniq,, (X)

The next lemma in particular shows that it is not necessary to have a “fibered” version of the
initiality property, which quantifies over all fibered algebras ) : WFibAlg;, X.

Lemma 33. (Hex) If an algebra X : WAIlg,, (A, B) satisfies the induction principle on the
universe Uy, then it satisfies the induction uniqueness principle on Uy,.. In other words, we have

hasWindy, (X) —  hasWindUnig, ()

Proof. The proof is analogous to the one showing that the induction principle implies the depen-
dent uniqueness principle, except as in the proof of the previous lemma, we use the language of
algebras and morphisms.

Fix an algebra (C, ¢) : WAlg,, (A, B) and assume that hasWindy, (C, ¢) holds. To prove that
hasWindUnigq,, (C, c) holds, take any fibered algebra (E, ¢) : WFibAlg,, (C,c) and morphisms
(f,8),(g,7) : WFibMor (C,c) (E,e). Because of UIP, showing (f, ) = (g, ) is equivalent to
showing f = g.

To do this, we use the induction principle with the fibered algebra (£', ') : WFibAlg,, (C,c)
where E'(z) := (f(z) = g(x)) and €/(a, t,u) = 1(ca,)). This is indeed well-typed since 5(a, t)
gives us f(c(a,t)) = e(a,t, f ot)and v(a,t) gives us g(c(a,t)) = e(a,t, g ot) and u gives us
fot=got, hence we have f(c(a,t)) = g(c(a,t)).

The first component of the resulting morphism from (C, ¢) to (E’, €’) together with function
extensionality then gives us f = g as desired. [

Corollary 34. (H.x) If an algebra X : WAIguj (A, B) satisfies the induction principle on the
universe Uy, then it is initial on U,,. In other words, we have

hasWindy, (X) — isWlnity, (X)
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Lemma 35. (Hex) [f an algebra X : WAlg,, (A, B) satisfies the recursion and recursion unique-
ness principles on the universe Uy, and k > j, then it satisfies the induction principle on U,,. In
other words, we have

hasWRecy, (X') x hasWRecUniq,, (X) — hasWindy, (X)

provided k > 7.

Proof. Let an algebra (C,c) : WAIlg, (A, B) be given and assume that hasWRecy, (C, ¢) and
hasWRecUniq,, (C, ¢) hold. To prove that hasWindy, (C, c) holds, fix a fibered algebra (£, e) :
WFibAlg,, (C,c). We use the recursion principle with the algebra (D, d) : WAIg,, (A, B) where
D = 3,.cE(z)and d(a,u) = (c(a, m ou), e(a, 7 ou, mpou)). We note that the type D belongs
to Uy as j < k. The recursion principle then gives us a morphism (£, 5) : WMor (C,¢) (D, d),
where [ : C' = S,.cE(z) and B : g allypa—c (f(c(a, t)) = d(a, f o t)). Hence, for any a, ¢
we have

f(c(a,t)) = (c(a,7r1 ofot),ela,mofot,mofo t)) (%)

We now want to show that the function 7m; o f : C' — C'is in fact the identity on C'. We can
do this by endowing both of the functions 70 and id with a morphism structure on the algebra
(C, ¢); by the recursion uniqueness principle it will follow that these morphisms are equal, and
in particular they are equal as maps. For the identity function, this reduces to showing that for
any a, t, we have c(a,t) = c(a,t), which is obvious. For the function 7; o f, we need to show
that for any a, t, we have m1(f(c(a,t))) = c¢(a,m o f ot). But this follows by applying the first
projection to ().

The recursion uniqueness principle tells us that the two morphisms just constructed are equal
and in particular, we have m; o f = idc. This means that the map 75 o f has the desired type
I1,.c E(z) and it remains to show that it can be endowed with a fibered morphism structure on
(E,e), i.e., that for any a,t we have mo(f(c(a,t))) = e(a,t,m o f ot). This follows by applying
the second projection to (x) and using the aforementioned result that m o f = idc. O

Corollary 36. (Hey) For A - U;, B : A — U, the following conditions on an algebra X :
WAIg,,, (A, B) are logically equivalent:

o X satisfies the induction principle on the universe Uy,
e X is initial on the universe U,

for k > j. In other words, we have
hasWindy, (X) <« isWlnity, (X)

provided k > 7.
Corollary 37. (Hex, + W) For A :U;, B : A — U,, the algebra

(W(A, B), sup) - WAlg,, (A, B)

is initial on any universe U;.
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2.4 Higher Inductive Types

An inductive type X can be understood as being freely generated by a collection of constructors:
in the familiar case of natural numbers, we have the two constructors for zero and successor. The
property of being freely generated can be roughly stated as an induction principle: in order to
show that a property P : N — U, holds for all n : N, it suffices to show that it holds for zero
and is preserved by the successor operation. As a special case, we get the recursion principle: in
order to define a map f : N — (, is suffices to determine its value at zero and its behavior with
respect to successor.

Moreover, the induction principle (with function extensionality) implies that any two func-
tions out of N which satisfy the same recurrence are equal. This suggests another, perhaps more
familiar notion of being freely-generated, in the sense that there is an essentially unique homo-
morphism from X to any other structure having the same form - in the case of natural numbers,
the structures are triples (C, z,s) where C' is a type and z : C, s : C — (' are terms. In
[3], we showed that these two notions of freeness coincide for ordinary inductive types in the
homotopy-type-theoretic setting.

Higher inductive types generalize ordinary inductive types by allowing constructors involving
path spaces of X rather than just X itself, as the next example shows.

2.4.1 The Circle

The circle St ([13} [17, 30], chapter 6.2 of [33]) is represented as an inductive type S : U, with
two constructors:

base : S

loop : base =g base

pictured as

loop

base

This in particular means that we have further paths, such as Ioop*1 * loop * loop * 1pase (Which is
equal to loop). We can reason about the circle using the principle of circle recursion, which tells
us that given terms

e C: U,
e c:(C,
* s:c=uc,
there is a recursor recg(C, ¢, s) : S — C. The recursor satisfies the computation laws

e recg(base) = ¢,
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° apreCS(Ioop) = s.

The second rule type-checks by virtue of the first one. We note that in order to record the effect of
the recursor on the path loop, we use the “action-on-paths” construct ap. Since this is a derived
notion rather than a primitive one, we state the rule as a propositional rather than definitional
equality.

We also have the more general principle of circle induction, which subsumes recursion. In-
stead of a type C' : U; we now have a type family £ : S — U;. Where previously we required
a point ¢ : C, we now need a point e : F(base). Finally, an obvious generalization of needing
aloop s : ¢ =¢ c would be to ask for a loop d : € =g(pase) €. However, this would be incor-
rect: once we have our desired inductor of type Il,.s F(z), its effect on loop is not a loop at e
in the fiber F(base) but a path from loop”(e) to e in E(base) (or its contravariant version). The
induction principle thus takes the following form: given terms

e F:S— U,
e ¢: F(base),
e d:loopZ(e) = e,
there is an inductor inds(F, e, d) : I1,.s E(x). The inductor satisfies the computation laws
e indg(base) = e,

® dapjgg(loop) = d.

2.4.2 The Circle, Round Two

We could have alternatively represented S! as an inductive type S : U, with four constructors
(chapter 6.4 of [33]):

north : S
south : S
east : north =g south

west : north =g south

pictured as
north

east west

south
The recursion principle now says that given terms
e C:U,,
o c:C,
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e d:C,
®* p:c=d,
® g:c=d,
there is a recursor recs(C, ¢, d, p,q) : S — C'. The recursor satisfies the computation laws
e recg(north) = ¢,
e recg(south) = d,
© ap,,. (east) = p,
® ap,(west) = g.
The corresponding induction principle says that given terms
e F:S—U,,
e u : E(north),
e v : E(north),
e u:eastt(u) =,
e v:west?(u) = v,
there is an inductor inds(F, u, v, i, v) : I, s E(x). The inductor satisfies the computation laws
e inds(north) = u,
* indg(south) = v,
* dapjng(east) = p,
* dap;,q (west) = v.

In section[3.1] we will return to the two different definitions of a circle and examine how they
relate to each other.

2.4.3 The Interval

The interval type I : Uy ([17, 29, 30], chapter 6.3 of [33]]) is a simple higher inductive type
generated by two points and a path connecting them:

0]1 i
11[ ll
seg . 0]1 =I 1]1
pictured as
se
0 —— 1,
The recursion principle now says that given terms
o (: Z/[Z‘,
o c: (),
e d:C,
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® p:c=d,
there is a recursor rec;(C, ¢, d, p) : I — C. The recursor satisfies the computation laws
e rec(0p) = ¢,
e reci(1;) =d,
® AP (seg) = p.
The corresponding induction principle says that given terms
o F:I1—U,,
e u: E(0p),
e v: E(1y),
o ju:segl(u) = v,
there is an inductor indy(E, u, v, u) : 11,0 F(z). The inductor satisfies the computation laws
e indy(0p) = u,
e indy(1y) = v,
* dapj,q,(seg) = p.
It is easy to show that the interval is contractible (see chapter 6.3 of [33]]); however, it still has

some interesting properties. For instance, the existence of an interval by itself implies function
extensionality ([29], chapter 6.3 of [33]).

2.4.4 Suspensions

If we look at the specification of the higher inductive types S and I, we see that they are both
generated by two points (north, south for S and Oy, 1; for I) and a given number of paths between
them (the two paths east, west for S and the single path seg for ). Suspensions ([17], chapter 6.5
of [33]]) generalize this observation by allowing an arbitrary number of path generators between
the distinguished points. Formally, given a type A : U;, the suspension XA : U; is the higher
inductive type generated by the two constructors

N:>XA
S: YA
mer : Ha:A(N =y S)

pictured as

mer(a) mer(a’)
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Hence, for each a : A we get one “meridian” mer(a) running from the “north” N to the “south”
S. The recursion principle for the suspension > A says that given terms

o (U,
e c:(C,
e d:C,
* p:1galc=d),
there is a recursor recs 4 (C, ¢, d, p) : ¥ A — C'. The recursor satisfies the computation laws
e recsa(N) = ¢,
* recya(S) =d,

® ap,,,(mer(a)) = p(a) for any a : A.
The corresponding induction principle says that given terms
o F:YA—=U,,
e u: E(N),
e v: E(S),

o ju: ga(seg? (u) = v),
there is an inductor inds 4 (F, u, v, pt) : l,.x 4 E(x). The inductor satisfies the computation laws
e indsa(N) = u,
® inds4(S) =,
* dap;.q,.,(mer(a)) = p forany a : A.

It is easy to see that we can describe the types [ and S as the suspensions X1 and 2 respec-
tively, and that the type 2 itself arises as the suspension >0. Moreover, it turns out the suspension
¥S (or 3(X2)) looks very much like the ordinary 3-dimensional sphere S?:

mer(north) mer(south)

S

As we can see in the above picture, for any point x : S, and in particular for north and south,
we get a path mer(z) running from N to S, giving us the full sphere S%. Using this idea ([17]
chapter 6.5 of [33]), we can define the n-sphere recursively:
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Definition 38. We define a type S™ ' by recursion on n : N as follows:

S'=0
S" .= »8"!

One can show that spheres defined as above indeed have many of the familiar mathematical
properties that one would expect (see [13, [15], notes in chapter 8 of [33])).

2.4.5 Type Quotients

As we saw in the previous section, suspensions allow us to specify an arbitrary number of path
constructors between the two points N and S. We can take this idea further by also allowing an
arbitrary number of point constructors. Type quotients [36] accomplish just that: formally, for a
type A : U; and a type-family R : A — A — U; we define A/R : U; to be the higher inductive
type generated by the constructors

point: A — A/R
cell : 11, p.aR(a, b) — (point(a) = point(b))

The type A can be understood as the type of labels for point constructors and for each a,b : A,
the type R(a,b) can be understood as the type of labels for path constructors between the points
labeled by a and b. The recursion principle for type quotients says that given terms

e B:U,,
e f:A— F,
* p:Hapaki(a,b) = (f(a) = f(b)),
there is a recursor rec.,.(E, f,p) : A/R — E. The recursor satisfies the computation laws
* rec.,.(point(a)) = f(a) forany a : A,
. aprec'/_(cell(z)) =p(z)foranya: A,b: A, z: R(a,b).
Similarly, we have an induction principle: given terms
e F:A/R—Uj,
e f:Il,.aE(point(a)),
o p: Mopalliriay (cell(2)! f(z) = f(y)).
there is an inductor ind.,.(E, f,p) : II;.4/r E(x). The inductor satisfies the computation laws
e ind.,.(point(a)) = f(a) forany a : A,
* dapjyg, (cell(z)) = p(z) forany a : A,b: A,z : R(a,b).

Recent work by F. van Doorn [36]], Egbert Rijke, and others shows that despite their relative
simplicity, type quotients are a quite general class of higher inductive types, in the sense that
many other higher inductive types (such as any of the previous ones presented in this section
and propositional truncations), can be reduced to special cases of type quotients, although this
reduction can be highly non-trivial).
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3

W-quotients and Homotopy-initiality

In this chapter we describe the main contributions, most of which revolve around the notion of
homotopy-initiality, originally introduced in [3]]. As the name suggests, this universal property
generalizes the category-theoretic concept of “initiality” to the homotopy-type-theoretic setting.
Its major significance is that it is equivalent to the induction principle but often simpler to state
and prove: the induction principle for a higher (or even an ordinary) inductive type involves
dependent types and as such can be rather hard to understand (let alone establish in a model).
Even for higher inductive types generated by relatively simple data, such as the torus, the full
induction principle can be rather convoluted and tedious to work with. Working with homotopy-
initiality, on the other hand, tends to be simpler since we only have to care about satisfying
the universal property with respect to non-dependent types. Moreover, all proofs we give are
internal to the type theory and hence fully constructive and formalizable; this in particular means
that once we prove that an algebra is homotopy-initial, we can run our algorithm to automatically
recover the term witnessing the induction principle.

The first section of this chapter serves to introduce the notion of algebras, morphisms, and
the associated recursion, induction, and homotopy-initiality principles for the higher inductive
types introduced in chapter 2.4, We start by showing how this generalized setting allows us
to overcome certain drawbacks introduced by relying on specific definitional behavior of some
higher inductive types (corollaries [61} [62).

The second section describes W-quotients, which are the central construction in the thesis.
The third section is entirely devoted to proving the main result (theorem ). The proof itself relies
on a series of steps, which we give as separate lemmas but which are useful on their own: for
example, lemmas 91| and characterize the path space between two algebra morphisms as the
type of cells, and can be thought of as principles of “univalence” for the type of morphisms.

The last section focuses on showing that the higher inductive types introduced in chapter[2.4]
are really just special cases of W-quotients. We show this in a precise sense and in the process
derive the homotopy-initiality characterization for these higher inductive types (e.g., corollaries
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3.1 Algebras for Higher Inductive Types

In section we introduced the type-theoretic counterparts of the notions of algebras, mor-
phisms, and initiality for W-types [3]], and used them to establish a syntactic version of the
well-known result by Dybjer [S]], which characterizes W-types in extensional type theory as pre-
cisely the initial algebras. As given, our definitions make perfect sense even in the absence of
identity reflection and UIP - except, of course, they no longer internalize the concepts of (strict)
morphisms and initiality, but rather their “up-to-homotopy” counterparts. In the intensional set-
ting, we still want to refer to maps which preserve the algebra structure as morphisms, albeit in a
more general sense; however, we replace initiality by homotopy-initiality, which internalizes the
notion of existence plus uniqueness as contractibility:

Definition 39. An algebra X : WAIg,, (A, B) is homotopy-initial on a universe Uy, if for any
algebra Y : WAlgy, (A, B), the type of W-morphisms from X to Y is contractible:

isWHInity, (X) :== (ILY : WAlg,, (A, B)) isContr(WMor X))

As noted in chapter 2, the contractibility requirement implies that there exists a morphism
from X to ) which is unique up to a higher path, which is itself unique up to a yet higher path,
and so on. As we showed in [3]], this is precisely the universal property characterizing W-types in
homotopy type theory; in fact, the notions of what it means to be a W-type and a homotopy-intial
algebra are equivalent mere propositions. Our goal in this chapter is to establish an analogous
equivalence for a reasonably large class of higher inductive types. We start by revisiting our
running example of the circle.

3.1.1 Circle Algebras

In section[2.4] we gave two definitions of the unit circle as a higher inductive type. It is not hard
to show that the two types are equivalent (chapter 6.5 of [33]]):

Lemma 40. (H;,; + S + S) We have S ~ S.

Proof sketch. From left to right, map base to north and loop to east * west~!. From right to left,
map both north and south to base, east to loop, and west to 1p,s. Using the respective induction
principles, show that these two mappings compose to identity on both sides. ]

In particular, the types S and S satisfy the same properties (see Lem. [I6). We would thus
expect the induction principle for S to carry over to S, and vice versa. Indeed, with a little effort
we can show the former:

Lemma 41. (H;y +S) The type S satisfies the induction and computation laws for S, with north
acting as the constructor base and east = west ! acting as the constructor loop.

In the other direction, though, we hit a snag - the only obvious choice we have is to define
both points north and south to be base, one of the paths west and east to be loop, and the other
one the identity path at base. This, however, does not give us the desired induction principle:
unless the two given points u : F(base) and v : F/(base) happen to be definitionally equal, we
will not be able to map base to both of them, as required by the computation rules.
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This poses more than just a conceptual problem - in mathematics, we often have several
possible definitions of a given notion, all of which are interchangeable from the point of view
of a “user”. Having two definitions of a circle which are not (known to be) interchangeable,
however, can be problematic: any theorem we establish about or by appealing to S might no
longer hold - or even type-check! - when using S instead. As an example, take the second
computation law for S, dapjng,(gu.,..) (West) = v. If we attempt to “implement” S using the
circle S instead - by taking north, south = base, east := loop, west := 1, - the computation
law is no longer well-typed since the left-hand side reduces to a reflexivity path whereas the right
hand side is a path from u to v. The issue associated with having different representations is not
specific to higher inductive types: a similar problem arises when we encode natural numbers as
a W-types. In this representation, we can show that the computation rule for the successor holds
up to propositional equality but have no (known) way to make it hold definitionally.

This is one of the motivations for considering inductive types with propositional computa-
tion behavior: we now want to investigate types which “act like the circle” up to propositional
equality. In the case of S, such a type C' : U; should come with a point b : C'and loop [ : ¢ =¢ c.
In the case of S, such a type should come with two points n, s : C and two paths e, w : n =¢ s.
We can express this more concisely as follows:

Definition 42. Define the type of S-algebras on a universe U; as
S-A|gui = Eczuizb;c(b = b)
Definition 43. Define the type of S-algebras on a universe U; as
S-Algy, = Ycu, EncBsc(n = s) X (n = s)

We are now interested in maps between algebras which in a suitable sense preserve the distin-
guished points and paths, i.e., algebra morphisms. A morphism between two S-algebras (C, ¢, p)
and (D, d, q) should be a function f : C'— D for which we have a path 3 : f(c) = d. Further-
more, f should also appropriately relate p and ¢. To figure out what this means, we observe that
if we map p along f, we obtain a path ap;(p) : f(c) = f(c). Each of the (identical) endpoints

is equal to d, via the path 3. Thus, we now have another path 371 - apf(p) [ :d=d. Itis
reasonable to require that this path be equal to g, i.e., that the following diagram commutes:

ap(p)
) 22 £
8 8

d 7 d
Likewise, a morphism between two S-algebras (C, a, b, p, q) and (D, ¢, d, r, s) should be a func-
tion f : C'— D for which we have paths 5 : f(a) = ¢,y : f(b) = d and for which the following

diagrams commute:
ap(p) ap(q)

f(b f(a)
: ﬂ
c— (d c—— (d

f(a)
8

f(b)

.
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In other words, an S- or S-morphism behaves just like a function constructed by the appropriate
circle recursion, albeit with propositional computation laws for points and paths. We can express
this as follows:

Definition 44. For algebras X : S-Alg,, and Y : S-Alguj, define the type of S-morphisms from
X to) by

S-Mor (C,¢,p) (D,d,q) = SpcpXa fe)—a(aps(p) = Brq+57")

Definition 45. For algebras X : S-Algy, and Y : S—Alguj, define the type of S-morphisms from
X to ) by

S-Mor (Ca a, b7p7 Q) <D7 ) d7 T 8) = Ef:C'%DZﬁzf(a):cgﬁ/:f(b):d
(apy(p) = Brr=77t) x (aps(q) = Brs=77)

We note that as in Sect.[2.3] we needed propositional computation laws to be able to form the
type of morphisms. The recursion principle is again a property internal to the type theory and
can be expressed analogously as saying that there is a morphism into any other algebra ):

Definition 46. An algebra X : S-Alg,, satisfies the S-recursion principle on a universe U; if for
any algebra ) : S-Alguj there exists a morphism from X to ):

has-S-Recy; (X) == (TIY : S-Algy, ) S-Mor X' Y

Definition 47. An algebra X : S-Alg,, satisfies the S-recursion principle on a universe U; if for
any algebra ) : S—/—\Iguj there exists a morphism from X to Y:

has-S-Recy, (X) := (I1Y S—Alguj) S-Mor X Y

As in Sect.[2.3] to express the induction principle in a similar fashion we introduce the fibered
versions of algebras and algebra morphisms:

Definition 48. For an algebra X : S-Alg,,, define the type of fibered S-algebras over X' on a
universe U; by

S-FibAlg,, (C'c,p) = Spcou,Sere (PF(€) =€)

Definition 49. For an algebra X : S-Alg,,., define the type of fibered S-algebras over X on a
universe U; by

S_FIbAlgL{] (C7 C, d7p7 Q) = Z:E‘:C’~>Z/ljz)u:E(c)z)U:E(d) (p*E<U> = U) X (Q*E(u) = U)

Definition 50. For algebras X : S-Alg, and Y : S-FibAlguj X, we define the type of fibered
S-morphisms from X to ) by

S-FibMor (07 07]?) <E7 €, Q) = Ef':(l‘[alr::C)E‘(:p)Zﬁzf(c):e (dapf(p) = app*E (5) q- B_l)

Pictorially, the last component of an S-morphism witnesses the commuting diagram
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pE(f(c)) f(c)
via 8 B
Py (e) 7 ¢

Definition S1. For algebras X : S-Algy, and Y : S-FibAIguj X, we define the type of fibered
S-morphisms from X to ) by

S-FibMor (07 a, b7 b, Q) (Da ¢, da T, S) = Zf:(l'[av:C)E‘(:E)Eﬁ:f(ob):czfyzf(b):d
(dapy(p) = ap,z(B) =7+ 77") x (dap;(q) = ap,e(B) +s+77")

Pictorially, the last two components of an S-morphism witness the commuting diagrams

dap¢(p) dap;(q)
pE(f(a) —— f(b) pE(f(a)) —— F(b)
via 3 v via 3 vy
pE(c) ————d pE(c) ———d

r S

The induction principle can now be expressed as saying that there is a fibered morphism into any
fibered algebra ):

Definition 52. An algebra X : S-Alg,, satisfies the S-induction principle on a universe U; if for
any fibered algebra Y : S-Alg,, X there exists a fibered morphism from X to }:

has-S-Indy, () := (I1Y : S-FibAlg,, ) S-FibMor X' Y

Definition 53. An algebra X : S-Alg, satisfies the S-induction principle on universe U; if for
any fibered algebra ) : S—Alguj X there exists a fibered morphism from X to ):

has-S-Indy, (X) == (LY : S-FibAlg,, ) S-FibMor X ¥

The homotopy-initiality principle for circles states that there is a propositionally unique mor-
phism into any other algebra Y:

Definition 54. An algebra X : S-Alg,. is homotopy-initial on a universe U; if for any other
algebra ) : S-Alg, the type of S-morphisms from X to Y is contractible:

is-S-Hlnity,, (X) = (I1Y : S-Alg,, ) isContr(S-Mor X V)

Definition 55. An algebra X : S-Alg;,. is homotopy-initial on a universe U; if for any other
algebra ) : S—Alguj the type of S-morphisms from X to Y is contractible:

is-S-Hinity, (X) = (MY : S—Alguj) isContr(S-Mor X' )
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3.1.2 Relating The Two Circles

We first note that the notions of S-algebras and S-algebras are in fact the same:

Lemma 56. We have a function
S-To-S-Alg : S-Alg,, — S-Alg,,
which is an equivalence.
Proof. Follows immediately from the fact that for any C' : U;, ¢ : C, we have
c=c
~ (Er :Ygold = c)) (c=m(r))
~ Ypc(c=d) x (c=d)

where the first equivalence follows from the fact that the type >,.c(c = d) is contractible with
the center of contraction (i.e., its propositionally unique term) (¢, 1.). ]

Next, we note that the notions of fibered S-algebras and fibered S-algebras are the same, in the
following sense:

Lemma 57. For any algebra X : S-Alg,, we have a function
S-To-S-FibAlg(X) : S-FibAlg, X' — S-FibAlg,, (S-To-S-AIg X)
which is an equivalence.

Proof. Fix an algebra (C,c, p) : S-Alg,,.. Then S-To-S-Alg (C, ¢, p) is the algebra (C, ¢, ¢, 1., p).
The desired equivalence now follows exactly as in the non-fibered case. [

The notions of (fibered) S-morphisms and S-morphisms also coincide:
Lemma 58. For any algebras X : S-Alg,, and Y : S-FibAIguj X we have

S-FibMor X Y ~ S-FibMor (S-To-S-Alg X) (S-To-S-FibAIg(X) y)

Proof. Let algebras (C,c,p) : S-Alg,, and (D,d,q) : S-FibAlg,,, (D,d,p) be given. Then as
before, S-To-S-Alg (C, ¢, p) is the algebra (C, ¢, ¢, 1., p) and S-To-S-FibAlg(C, ¢, p) (D, d, q) is
the algebra (D, d, d, 14, q). The desired equivalence now follows immediately from the fact that
forany f : Il,.cD(z), 5 : f(c) = d, we have

dap;(p) = ap,=(B8) q- 7"
= (51 Spomily = 8)) (daps(p) = ap,e(8) g+ mi ()7
~ (Zv: fle) =d)(y = B) x (dapf(p) = appg(ﬁ)'qw’l)
~ (Z7: f(e) =d) (dapf(lc) = apg,y=(B) * 1a- v’l) X (dapf(p) =ap,z(f) - Q'v‘l)

where the first equivalence follows from the fact that the type ¥..)=q(7 = () is contractible
with the center of contraction (3, 13). O
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Lemma 59. For algebras X : S-Alg,, and ) : S—Alguj we have
S-Mor XY =~ S-Mor (S-TO-S-Alg X) <S-To-S-AIg y)

Proof. Analogously to the fibered case. ]

We can now show that S-recursion is the same as S-recursion, and likewise for induction and
homotopy-initiality:
Lemma 60. For an algebra X : S-Alg,, we have

has-S-Recy, (X) =~ has—S-Recuj(S—To—S—AIg(X))
has-S-Indy (X) ~ has—S-Induj(S-To—S—AIg(X))
is-S-Hnity,, (X) ~ is-S-HInituj(S-To-S-AIg(X))

Corollary 61. (H,,;+S) The S-algebra (S, base, base, loop, 1y, ) satisfies the S-induction prin-
ciple on any universe Uj.

Corollary 62. (. +S) The S-algebra (S, north, eastwest ™) satisfies the S-induction principle
on any universe U;.

We note that the equivalence between S and S established in 40| together with the univalence
axiom give us an equality of types S = S. Hence we have another way to turn the type S it into
an S-algebra: we simply “carry over” each of the constructors base and loop along the equality
S = §, to get constructors base’ and loop’ operating on S instead of S. However, to understand
what base’ and loop’ in fact are, we need to “unwrap” the application of the univalence axiom
and understand how it acts on this specific equivalence. In our case, it is not hard to show that
base’ is equal to north and loop’ is appropriately related to east * west1; this gives us an insight
into the computational content of univalence in this particular scenario.

3.1.3 Type Quotient Algebras

Just like we did in the preceding section for circles, we can define the notions of algebra, mor-
phism, and homotopy-initiality for any of the higher inductive types described in section [2.4
However, it is not hard to see that the type quotients A/R subsume all the other ones as special
cases: for example, we can encode the circle S! by putting A := 1 and R(—, —) = 1, and the
suspension X B by putting A == 2 and R(L, T),R(L, L),R(T,T) =0, R(T,L) = B. For
this reason we will only focus on type quotients in this section.

Definition 63. For A : U; and R : A — A — U,, define the type of type quotient algebras on a
universe U; as

TQA'guJ (A, R) = EC;L,‘jEc:A_,CHavb:AR(a, b) — (C(G) = C(b))

Definition 64. Given an algebra X : TQAlg,, (A, R), we define the type of fibered type quotient
algebras on a universe Uy, by

TQFibAlg,,, (C,¢,p) =Yg, Be:(a:A) B(c(a)) Hap: ALz R(a,b) (p(z)*E e(a) = e(b))

31



Definition 65. Given algebras X : TQAIguj(A, R) and Y : TQAlg, (A, R), define the type of
type quotient morphisms from X to Y by

TQMor (C,c,p) (D,d,q) = Xf.0DX8:(a:A) (f(c(a))=d(a)) L La,p: a1l R(a p)
(aps (0(2)) = Bla) »a(2) - 1))

Pictorially, the last component of a type quotient morphism witnesses the following commut-
ing diagram for any a, b, z:

aps(p(2))

f(c(a)) F(e(D))

B(b)

Definition 66. Given algebras X : TQAlguj(A, R) and Y : TQFibAlg,, X, we define the type
of fibered type quotient morphisms from X" to Y by

TQFibMor (C,c,p) (E,e,q) = Xg.(112:0) E(e) 2 8:(Ta: A) (£ (e(a))=e(a)) Hap: ATz Ra,b)
(daps(p(=)) = ap, 6 (B(@) *a(2) - B) ")

Pictorially, the last component of a fibered type quotient morphism witnesses the following
commuting diagram for any a, b, z:

dap;(p(2))

p(); (f(c(a))) f(e(b))

B(b)

p(2)(c(a)) e(b)

Definition 67. An algebra X : TQAlg, (A, R) satisfies the recursion principle on a universe Uy,
if for any algebra Y : TQAIg,, (A, R) there exists a morphism from X to Y:

hasTQRecy, (X) == (Hy - TQAIg,,, (4, R)) TQMor X

Definition 68. An algebra X' : TQAIlg, (A, R) satisfies the induction principle on a universe Uy,
if for any fibered algebra Y : TQFibAlg,, X there exists a fibered morphism from X to )):

hasTQIndy, (&) = (Hy . TQFibAlg,, X) TQFibMor X'

Definition 69. An algebra X : TQAIguj(A, R) is homotopy-initial on a universe Uy, if for any
algebra Y : TQAIg,, (A, R) the type of morphisms from X to ) is contractible:

isTQHInity, (X) = (Hy . TQAIg,,, (4, R)) TQMor X
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Now that we have introduced all the relevant notions, we can ask whether the analogue of
corollary |36/ holds for higher inductive types. For this, we would like to study a class of higher
inductive types which is as general as we can make it, so that the special cases for the circle,
etc. would arise as simple corollaries. As we pointed out at the beginning of this section, type
quotients subsume all of the higher inductive types presented so far. However, they do not provide
us with a way to do nontrivial recursion, so constructions such as the W-types from section
do not obviously arise as special cases of type quotients. This raises a natural question of whether
we can come up with a useful class of higher inductive types that combines higher dimensional
structure with proper recursion. The answer is yes, as we will see shortly.
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3.2 W-quotients

Here we consider a class of higher inductive types which we call W-quotients; informally, they
combine Martin-Lof’s W-types [21] with a certain form of type quotients ([36]). Ordinary W-
types allow proper induction on the level of points but have no higher-dimensional constructors.
Type quotients, on the other hand, only provide vacuous induction on the point level, in the form
of the [—] constructor; however, they allow us to specify an arbitrary number of path constructors
between the points thus obtained. A suitable combination of these two classes of types keeps the
of induction and higher-dimensionality orthogonal, which gives us a well-behaved elimination
principle.

Formally, given types A, C' : U;, a type family B : A — U;, and functions 1,r : C' — A, the
W-quotient WQ(A, B, C, 1, r) : U; is the higher inductive type generated by the constructors

pointy : Il,.4(B(a) = WQ(A, B,C,1,r)) = WQ(4, B,C,1,r)

Ce“W : HC:CHt:B(l c)—)WQ(A,B,C,l,r)Hs:B(r ¢)-»WQ(A,B,C,1,r) (pOIntW(l ¢, t) = pOintW(r ¢, S))

As in the case of ordinary W-types, the type A can be thought of as the type of operations
and for any a : A, the type B(a) represents the arity of the operation «, i.e., it is the index type
for the arguments of a. Similarly, the type C' represents the type of labels for paths between
points. For any ¢ : C, the terms 1(c) and r(c) determine the respective labels of the left and right
endpoints of the paths labeled by c. As can be read off from the type of the constructor cellyy,
each label ¢ : C determines a family of paths in WQ(A, B, C, 1, r), one for each pair of terms
t:B(lc)—WQ(A,B,C,1,r)and s : B(r ¢) - WQ(A, B,C,1,r).

An ordinary W-type W(A, B) arises as a W-quotient in the obvious way by taking A := A,
B = B, C' = 0, and letting both 1 and r be the canonical function from O into A. The
type quotient A/R arises if we take A .= A, B(—) = 0, C = X,p.aR(a,b), 1(a,b, z) = a,
r(a,b,z) = b. We can encode the circle S by taking A,C' = 1, B(—) = 0, 1(—) = =,
r(—) := . The circle S arises when we take A,C = 2, B(—) =0, 1(—) = T, r(—) = L.
Of course, we can also represent the special cases of type quotients and W-types: the interval,
suspensions - in particular all the higher spheres S™ - natural numbers, lists, and so on. We
remark, however, that in most of these cases, the higher inductive types encoded as W-quotients
will satisfy the computation rules up to propositional equality rather than definitionally; this goes
back to the issue of different representations mentioned in section (3.1

As another example we consider positive integers modulo two. Let 4 be the inductive type
with constructors tt, tf, ft, ff : 4. We put A :== 4; B(tt) := 0, B(ff) := 0, B(tf) .= 1, B(ft) = 1;
C:=2;1(T):=tt,1(L) == ff; r(T) = tf, r(L) := ft. The nullary point labels tt and ff encode
the positive integers one and two, respectively. The unary point label tf represents the function
n +— 2n + 1 and the unary point label ft represents the function n — 2(n + 1). The path label T
represents equations of the form (tt, —) = (tf, —), to equate all odd positive integers and the path
label L represents equations of the form (ff, —) = (ft, —), to equate all even positive integers.
We can see this more clearly in figure where the positive integer represented is highlighted
in red, and « stands for the canonical function out of the empty type.
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(1) pointy,(tt, x) pointy, (ff, x) (2)

celly (T, %, - — pointy(tt)) celly (L, %, - — pointy(tt))
(3) pointy (tf, - — pointy(tt)) pointy (ft, - — pointyy(tt)) (4)
cellw (T, %, - — pointyy(fF)) cellw (L, %, - — pointyy (ff))
(5) pointy (tf, - — pointy(ff)) pointyy (ft, - — pointy, (ff)) (6)

Figure 3.1: Positive integers modulo 2 as a W-quotient

W-quotients come with the expected recursion principle: given terms
o U,

e c:1l,4(B(a) > E) — E,

® q:lecllypaosellvBrosE (6(1 c,u) =e(rec, U)),

there is a recursor recwq(E, ¢, q) : WQ(A, B,C,1,r) — E. The recursor satisfies the computa-
tion laws

* recwq(pointy(a,t)) = e(a,recwq ot) forany a : A,t: B(a) - WQ(A, B,C,1,1),
® APreq,q (Ccellw(c,t,5)) = q(c, recwq © t, recwq © s)
forany c: C,t: B(1¢) > WQ(A, B,C,1,r),s: B(r¢) > WQ(A, B,C,1,r).
Similarly, we have an induction principle: given terms
e £:WQ(A,B,C,1,r) — U,
® e Ha:AHt:B(a)HWQ(A,B,C,I,r) (Hb:B(a)E(t b)) — E(pOintW(a'y t))a
® q: Ie.cllipa e)swqa,B,c1o)ls:B o »waa,B,c10) B o) Bt 0)Ho:(b: B ) E(s b)
E
(ceIIW(c, t,s), e(Le t,u) =e(re, s,v)),

there is an inductor indwq(E, €, q) : Ily.wq(a,8,01,r)F(w). The inductor satisfies the computa-
tion laws

® indwq(pointy(a,t)) = e(a,t, indwgq © t) foranya: A,t: B(a) - WQ(A, B,C,1,r),

* dapjng,, (cellw(c,t,s)) = q(c, t,s,indwq o t, indwq © s)
forany c: C,t: B(1¢) - WQ(A, B,C,1,r),s: B(r¢) > WQ(A, B,C,1,r).

Following the now-familiar pattern, we define W-quotient algebras and morphisms, together
with their fibered counterparts. For convenience, we will utilize the corresponding notions for
ordinary W-types W(A, B) introduced in section For notational convenience, we capture
the additional structure of a W-quotient algebra or morphism in a type family defined over the
corresponding W-type algebra or morphism.
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Definition 70. For A,C :U;, B: A — U;, 1,r : C — A, we define a type family over the type
WAIg,, (4, B) by

WAIgFam(A, B,C,1,r) (D, d) = H.cllupa opllupe o-p (A1 ¢,u) = d(r ¢, v))

Definition 71. For A,C' : U;, B : A — U;, 1,r : C — A, we define the type of W-quotient

algebras on a universe U; by
WQAlg,, (A, B,C,1,1) == <ZX0 . WAlg, (A, B)) WAIgFam(A, B, C,1,1) X,

Definition 72. For an algebra X : WQAlg,, (A, B,C,1,r), we define a type family over the type
WFibAlg,, m (X) by
WFIbAlgFam (D7 d7 p) (E7 6) = HC:CHt:B(l c)—>DHs:B(r c)—D
E

Hu:(Hb:B(l c))E(t b)HU:(Hb:B(r c))E(sb) <p<ca t? 5) 6(1 ¢, t? U) = 6(1' G S, U))

Definition 73. Given an algebra X : WQAIguj(A, B,C,1,r), we define the type of fibered
W-quotient algebras on a universe Uy, over X by

WQFibAlg,, X = (X, : WFibAlg,, 7 (X)) WFibAlgFam X ),
U}c Z/{k

Definition 74. Given algebras X : WQAIguj (A,B,C,1,r) and Y : WQAIlg, (A, B,C,1,r),
define a type family over the type WMor 71 (X)) w1 ()) by

WMorFam (D7 da p) (Ea €, q) (f7 B) = HC:CHt:B(l c)—>DHs:B(r ¢)—D
(aps(plest.5)) = B e.t)ale, f ot fo5) = Blx c,5) )

Definition 75. Given algebras X : WQAIg;,, (A,B,C,1,r) and Y : WQAIlg, (A, B,C,1,r),
define the type of W-quotient morphisms from X to ) by

WQMor X Y = (Z,uo : WMor 71 (X) wl(y)) WMorFam X' Y pq

Pictorially, the last component of a W-quotient morphism witnesses the following commuting
diagram for any c, t, s:

apf(p(cvtv 8))

f(d(1 ¢, t)) fld(rc,s))
B(1 e t) B(rc,s)
e(le, fot) e(re, fos)

qc, fot, fos)
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Definition 76. For algebras X : WQAIlg,, (A, B,C,1,r) and Y : WQFibAlg,, X, we define a
type family over the type WFibMor 71(X) 71()) by

WFibMorFam (-D7 d7 p) (Ev €, Q) (fa B) = HC:CHt:B(l c)—>DHs:B(r ¢)—D
(dapy(ple.t.5)) = ap, 00 (BL c.t)) alerts, fo . f o)+ Blx c.5)))

Definition 77. For algebras X : WQAlg,, (A,B,C,1,r)and Y : WQFibAlg,, X, we define the
type of fibered W-quotient morphisms from X to ) by

WQFibMor X ) := (zuo . WFibMor 1 (X) m(y)) WFibMorFam X' Y o

Pictorially, the last component of a fibered W-quotient morphism witnesses the following
commuting diagram for any c, ¢, s:

dapf(p(ca 2 S))

ple,t,s)Y (f(d(1 e 1)) fld(r ¢, s))
via (1 ¢, t) B(r c,s)
p(e, t, 8)*E<€(1 c,t, fot)) e(r e, s, fos)

q(c7t787fot7f08)

The recursion and induction principles for W-quotients can now be defined as usual:

Definition 78. An algebra X WQAIguj(A, B,C,1,r) satisfies the recursion principle on a
universe Uy, if for any algebra ) : WQAIlg,, (A, B, C, 1, ) there exists a morphism from X to Y:

hasWQRecy,, (&) = (Hy . WQAIg,, (A, B,C\ 1, r)) WQMor X Y

Definition 79. An algebra X WQAIguj(A, B,C,1,r) satisfies the induction principle on a
universe Uy, if for any fibered algebra Y : WQAIlg,, X there is a fibered morphism from X to Y:

hasWQIndy, () == (Hy - WQFibAlg,,, X) WQFibMor X'

We will also need the following uniqueness properties which state that any two (fibered)
morphisms into any (fibered) algebra ) are equal:

Definition 80. An algebra X : WQAIgu], (A, B, C, 1, r) satisfies the recursion uniqueness princi-
ple on a universe Uy, if for any other algebra Y : WQAlg,, (A, B, C, 1, 1) the type of morphisms
from X to ) is a mere proposition:

hasWQRecUniqy,, (X) == (Hy : WQAIg,, (A, B, C, 1,r)) isProp(WQMor X' )

Definition 81. An algebra X WQAIguj (A, B,C,1,r) satisfies the induction uniqueness prin-
ciple on a universe Uy, if for any fibered algebra ) : WQFibAlg,, X the type of morphisms from
X to Y is a mere proposition:

hasWQIndUnidy,, (X) == (Hy - WQFibAlg,,, X) isProp(WQFibMor X )

37



The homotopy-initiality condition again says that there is a propositionally unique morphism
into any other algebra ):

Definition 82. An algebra X : WQAIguj(A, B,C,1,r) is homotopy-initial on a universe Uy,
if for any other algebra Y : WQAIlg,, (A, B,C,1,1) the type of morphisms from X to Y is
contractible:

isWQHInit,, () == (Hy : WQAIguk(A,B,C,l,r)> isContr(WQMor X' V)
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3.3 Homotopy-initiality for W-quotients

Our main result establishes the equivalence between the universal property of being homotopy-
initial and the satisfaction of the induction principle:

Theorem 83. (H) For A,C : U;, B: A — U, 1,r : C — A, the following conditions on an
algebra X : WQAlguj (A, B,C,1,r) are equivalent:

o X satisfies the induction principle on the universe Uy,
e X is homotopy-initial on the universe Uy,

for k > j. In other words, we have
hasWQIndy, (X) =~ isWQHInity, (X)

provided k > j. Moreover, the two types above are mere propositions.

We note that since universe levels are cumulative, the technical restriction that £ > j does
not pose a problem. It is easy to see that homotopy-initiality is equivalent to the principles of
recursion plus recursion uniqueness (a fact recorded as lemma (84| later in this section). The
uniqueness condition is necessary since as is well known, in general the recursion principle does
not fully determine an inductive type: the recursion principle for the circle, for example, is also
satisfied by the disjoint union of two circles.

Proof outline A crucial step of the proof is the characterization of the path space ;1 = v be-
tween two (fibered) W-quotient morphisms p, v : X — ) in a more explicit form. For simplicity
we only consider the non-fibered case here. We recall that a morphism between two algebras
(D,d,p), (E,e,q) is a triple (f,3,0), where f : C — D is a function between the carrier
types, [ specifies the behavior of f on the 0-cells, i.e., the value of f(d(a,t)), and € specifies the
behavior of f on the 1-cells, i.e., the value of ap(p(c, ¢, 5)).

Using the characterization of paths between tuples together with function extensionality, the
path space (f, 3,0) = (g,7, ¢) between two morphisms should be equivalent to a type of triples
(a,m, 1)), where av : f ~ g is a homotopy relating the two underlying mappings, and 7, ¢ relate (3
to -y resp. 0 to ¢ in an appropriate way. We will call such a triple («, 7, v) a W-quotient cell. The
recursion uniqueness condition on an algebra X can then be equivalently expressed as saying
that for any algebra ) and morphisms u, v from X to ), there exists a W-quotient cell between
wand v.

We point out that this uniqueness condition can itself be understood as a certain form of
induction, albeit a very specific one. The existence of a W-quotient cell between any two
morphisms (f,3,0), (g,7,¢) in particular guarantees the existence of a dependent function
a : I.x(f(x) = g(x)) - the “inductor”. The behavior of o on the 0-cells, i.e., the value of
a(d(a,t)), is specified by the term 7, which thus serves as a witness for the first “computation
rule”. Finally, the behavior of « on the 1-cells, i.e., the value of dap, (p(c,t, s)), is specified by
the term 1), which hence serves as a witness for the second “computation rule.”

We can thus see why the full induction principle for W-quotients gives us homotopy-initiality:
the latter essentially amounts to the recursion principle plus a specific form of induction, both of
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which are implied by the general induction principle. The hardest part of the proof is showing
the converse, 1.e., that the general induction principle can be recovered from homotopy-initiality.

We now proceed to the formal proof of the main theorem. We have the following analogues
to the lemmas presented in section [2.3|for ordinary W-types in extensional type theory:

Lemma 84. For an algebra X - WQAIguj (A, B,C,1,r) we have
isSWQHInity, (X) =~ hasWQRecy,, (X) x hasWQRecUniq,,, (X)
Lemma 85. For an algebra X : WQAlguj (A, B,C,1,r) we have a function
WQAIgToFibAlg,, (X) : WQAlg, (A, B,C,1,r) — WQFibAlg, X
Proof. Fix algebras (D, d,p) : WQAIg,, (A, B, C, 1,r)and (E, e, q) : WQAlg, (A,B,C,1,r).
We turn (E, e, q) into the desired fibered algebra (E', ¢’,¢') : WQFibAlg,, (D, d,p) by putting

E'(z) = E and €¢'(a,t,u) = e(a,u) and letting ¢'(c, t, s, u, v) be the path

plet,s). 7" (e(lc,u)) —————e(lc,u) ale,w.v) e(r c,v)

where the first equality follows from the straightforward fact that the transport between any two
fibers of a constant type family is the identity function. [

Lemma 86. (H) For algebras X : WQAIlg,, (A, B,C,1,r) and Y : WQAlgy, (A, B,C,1,r) we
have ‘

WQMor X Y ~ WQFibMor X (WQAIgToFibAIgUk(X) y)

Proof. Let algebras (D, d,p) : WQAIg,,, (A,B,C,1,r) and (E,e,q) : WQAIlg, (A, B,C,1,r)
be given and let (E', ¢/, ¢') := WQAIgToFibAlg,, (D,d,p) (£, e, q). We aim to show

WQMor (D, d,p) (E,e,q) ~ WQFibMor (D,d,p) (E',€,q)

As observed in remark [30] we have WMor (D, d) (E,e) = WFibMor (D, d) (E',¢'). It thus
suffices to show that for any (f, 3) : WMor (D, d) (E,e) and (by function extensionality) any
¢, t, s, the commutativity of the diagram

apf(p(c’ t, S))

f(d(1 e, t)) f(d(r e, s))
B(lec,t) A B(r ¢, s)
e(le, fot) e(re, fos)

q(e,fot, fos)

is equivalent to the commutativity of the diagram
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dapy(p(c,t, s))

plest, 8. (F(d(L 1)) Fld(x e )
via 5(1 ¢, t) B B(rc,s)
ple,t, S);HE (c(l ¢, fo t)) e(le, fot) e(re, fos)

(e, fot, fos)

We note that by a straightforward path induction we can express dap f(p(c, t,s)) equivalently as
the path

apf(p(ca 2 5))

ple,t,s). " (fd(L e, 1)) ——— fld(2c,1)) fd(r ¢, s))

Thus the commutativity of B is equivalent to the commutativity of the outer rectangle in the
diagram below:

apf(p(c, tv 8))

ple,t, ), P (fd(1 e t))) f(d(1 e t)) fld(r e, s))
via B(1 ¢, t) C B(1 ¢, t) A B(r e, s)
plet,s). 7" (e(Le, fot)) e(le, fot) e(re, fos)

qlc, fot,fos)

But rectangle C clearly commutes by an easy generalization and subsequent path induction on
B(1 ¢, t). Hence the commutativity of the outer rectangle is equivalent to the commutativity of A
and we are done. ]

As in section [2.3] the previous two lemmas immediately imply the following:
Lemma 87. (H) For any algebra X : WQAIlg,, (A, B, C,1,r) we have

hasWQInd,, (X) — hasWQRecy, (X)
Lemma 88. (#) For any algebra X : WQAIguj(A, B,C,1,r) we have
hasWQIndUniq,, (X) — hasWQRecUnigq,,, (X)

As discussed earlier, in order to establish the analogues of lemmas 33|and |35|we use the aux-
iliary notion of a (fibered) W-quotient cell. For simplicity we first introduce the corresponding
notions for ordinary W-types and then proceed to the general case of W-quotients.

Intuitively, a (fibered) W-cell between two (fibered) W-morphisms ( f, 3) and (g,~) is a ho-
motopy « : f ~ g, together with a proof that « behaves as expected on canonical elements, i.e.,

that the value of a(d(a, t)) is the “obvious” one obtained recursively by combining 3, 7, and the
values of a(t b) for b : B(a).
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Definition 89. (%) For algebras X, : WAlg,, (A, B), Vy : WFibAlg,, (A, B) X,, and fibered
morphisms [, vy : WFibMor Xy ), define the type of fibered W-cells between 11y and vy by

WFibCell (D,d) (E,e) (f,5) (g,7) =

Eoz:fwgl_[a:A1_[1€:B(¢7,)—>D (a(d(a, t)) = B(CL, t) ' ape(a,t) (HE:<a © t)) ' 7(a7 t>71>

Pictorially, the second component of a fibered W-cell witnesses the commutativity of the
following diagram for any a, t:

a(d(a,t
Fd(a, 1)) W) )
B(a,t) v(a, t)
e(a,t, fot) e(a,t,got)

ape(a,t) (H E= (Oé © t))

As observed in remark 30} a non-fibered W-morphism is just a special case of a fibered one.
We define a non-fibered W-cell analogously:

Definition 90. (H) For algebras Xy : WAlg, (A, B), Yy : WAIlgy, (A, B), and morphisms
Lo, Vo : WMor Xy Vo, define the type of W-cells between 11y and vy by

WCell Xy Vo pto vo = WFibCell X (WAIgToFibAIguk y) 10 Vo

The right-hand side is well-typed precisely due to the fact recalled in remark 30} The second
component of a W-cell witnesses the commutativity of the following diagram for any a, ¢:

a(d(a,t))

f(d(a; 1)) g(d(a,1))
Bla,t) "(a,t)
e(a, fot) e(a,got)

aPe(a) (H E= (a © t))

We note that a (fibered) W-cell is nothing more than a fibered W-morphism of a special form;
it is thus easy to see why the induction principle for W-types implies the uniqueness principle,

and hence homotopy-initiality. From now on we will omit all but the last two arguments to WCell
and WFibCell.

Our next order of business is to show that this definition of a (fibered) W-cell is indeed

the right one, i.e., that the type of (fibered) W-cells between two (fibered) morphisms i, v is
equivalent to the type of paths between 1 and 1.

Lemma 91. () For algebras Xy, : WAlg,, (A, B), Vo : WFibAlg,, X, and fibered morphisms
Lo, Vo : WFibMor &y Vo, we have an equivalence

WFibMorPathToCell,,,,, : (1o =10) ~ WFibCell 11g v
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Proof. Let algebras (D,d) : WAlg,, (A, B) and (E,e) : WFibAlg,, (D,d) and fibered mor-

J

phisms (f, ), (g,7) : WFibMor (D,d) (FE,e) be given. We establish the following chain of
equivalences:

(f,8) =(9,7)
N (Za ;e g) (a)ZH(na:A)(m:B(aHD) (h(d(a))=e(art,hot) ) (8) =~
o~ <20& [ = 9) Ho:allyBay—D ((:EH(Q))(CZ(% t)) = Ba * aP(an) ("E- (CE" (@) 0 1)) - %}1)

~ <205 D f e~ g) Ha:AHt:B(a)—>D (a(d<a7 t)) = Ba,t * Pe(art) (HE:(a © t)) : Fy‘:’tl)
= WFibCell (f,5) (g,7)

The first equivalence follows by the characterization of paths in dependent product spaces.
The third equivalence follows from the fact that the map “E" : (f = g) — (f ~ g) is itself an
equivalence. Finally, to prove the second equivalence it suffices to show that for any v : f = g,
the respective fibers over o are equivalent. To do so, we generalize v and perform a one-sided
path induction on «, keeping the left endpoint f fixed. This leaves us to prove that for any
vt Hoallipay—n (f(d(a,t)) = e(a,t, f ot)) we have

5 =7 = Ha:AHt:B(a)—>D <1d(a,t) = ﬁa,t - ape(a,t) (HE: (:En(lfot))) " 7;3)

By function extensionality it suffices to prove that for any a : A, ¢ : B(a) — D, we have

5a,t = Yat = <1d(a,t) = Ba,t - ape(a,t) (HE: (: En(lfot))) - PY;%)
This follows from the following chain of equivalences:

Ba,t = Ya,t
= Yot = Ba,t
]-d(a,t) " Yat = Ba,t - 1e(a,t,fot)

12

12

]-d(a,t) = 5a,t - 1e(a,t,fot) * ’yc;tl
Laga,ty = Bay " ape(a,t)(lfot) ' %_tl
= ]-d(a,t) = ﬁa,t * AP¢(a,t) (HE: (:Eu(lfot>)) * %_tl

]

Corollary 92. (H) For algebras Xy : WAlgy (A, B), Yo : WAlgy, (A, B), and morphisms
1o, Vo - WMor Xy Vo, we have an equivalence

WMorPathToCell ,, ,, : (po =10) =~ WCell pg 14

We are now ready to define W-quotient cells. Following the same methodology as before, we
postulate that a W-quotient cell between (f, 5,6) and (g, , ¢) should consist of a W-cell («, )
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together with a proof that the value of dap,(p(c, ¢, s)) is the “obvious” one. However, the type of
the term dap,, (p(c, t, s)) involves a transport along the fibers of the type family x — f(x) = g(x),
making it unwieldy to work with. Instead, we axiomatize the value of nat(a, p(c, t, s)), which
nevertheless specifies the value of dap,, (p(c, ¢, s)) uniquely as the latter term is expressible using
the former.

Determining (and stating!) what the so-called obvious value of nat(«, p(c, t, s)) is requires a
little work; this is expected since we are now working with paths on a higher level. To state the
crucial definitions more compactly, we introduce the following notations:

e Foranyu:a=xbv:b=xd,w:a=x c z:c=x d,asin the diagram

we have maps

IL:(u=w=zv ) = (uv=w-+2)

B:u=wzv!) = (wleu=zv"")

defined by induction on w, z, v; for the base case, given 0 : u = 1, we let I};(6) and T?(6)
be the respective paths

u+1, u 1, and 1, u u 1,
These maps are equivalences and we denote their quasi-inverses by I5" and I52.

Definition 93. Given
® functionse; : X1 =Y, e : Xo =Y,
® a heterogeneous homotopy q : €1 ~ €s,
® pathsry :a; =x, by, ra i as =x, baand 01 : c1 =y ¢y, 09 : dy =y d,
® paths 31 : c1 =y e1(ar), B2 : 2 =y ea(az) and y1 : di =y e1(b1), Y2 : da =y ea(ba),
e higher paths © : 6, = 31+ q(a1,a) * Byt and ® : 6y = 1+ q(b1, by) * 75
we let P(eq, €2, 4,0, @, r1,72) be the higher path in figure 3.2]
Definition 94. Given
® afunction F': Y| — Y5,
e functions e; : X1 — Y1, e Xo — Y5,
® q heterogeneous homotopy q : (F o e1) ~y es,
® paths ry :a; =x, by, 79 : Gy =x, by and 01 : F(c1) =y, ¢, 83 : F(dy) =y, do,
® paths 31 : c1 =y, 61((11), Ba i Co =y, 62((12) and 7y, : di =y, 61(51), Y2 i dy =y, 62(52),
e higher paths © : §; = app(B1) * q(ay, az) * By and ® : 6y = app(71) = q(by, by) =75 Y,
we let Q(ey, es,q,0, P, ry,ry) be the higher path inﬁgure
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(Bivape, (r1) 77 ") = 02
R(B1.ap,, (r1). 13(@))
B+ (ape, (r1) = q(b1,02)) =3 app(Bi+ap,, (1) =) * 02

Br+ (alar, az) * ap,, (r2)) =7 (3Pr(B1) *2proc, (1) * (3pr(30)) 1) - 62

~1
8<ap62 (TQ),’)/EI, IID(@)> P(F o©e€e1,€2,(q, @7 ®7 1, TQ)

O+ (B2 ape,(r2) s ') b1+ (B2ap,,(r2) =72 ")

Figure 3.2: The path P(ey, e, q,0,P,r1,7m5)  Figure 3.3: The path Q(ey, e2,q,0, D, 71,77)

(1 v asrag) * oy ot (asr oz ay)
(ozl . ag) . (ag . oz4) (Oél . 062) - (043 - 044)
via U via U
(a1 *az) * (a5 * a) (4 as) * (ag * o)
al-(ag-ozg,)-ozﬁ 044'(015'&3)'044
Figure 3.4: The path R(ay, ag, V) Figure 3.5: The path S(as, g, ¥)
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Definition 95. (H) Given
e algebras (D,d,p) : WQAIguj(A, B,C,1,r)and (E,e,q) : WQAIg,, (A, B,C,1,1),
* morphisms (f, 3,0), (9,7, ¢) : WQMor (D, d,p) (E,e,q),
* aW-cell (a,n) : WCell (f,8) (g,7),

we let M((D,d,p), (E,€,q),(.5,6), (9,7, 0), (a,1) ) be the higher path in figure3.¢|
Definition 96. (1) Given

e algebras (D,d,p) : WQAIgu]_(A, B,C,1,r) and (E,e,q) : WQFibAlg,, (D,d,p),
* fibered morphisms (f, 3,0),(g,7,®) : WQFibMor (D, d, p) (E, e, q),
® a fibered W-cell (o, n) : WFibCell (f,5) (g,7),

we let N'((D.d,p), (E. .0, (£.5.6), (9.7, 8), (@) ) be the higher path in figure[3.7

The higher paths M and N in figures [3.6] and [3.7] are the aforementioned “obvious™ values
of nat(«, p(c,t, s)) and natz(a, p(c, t, s)), obtained by combining 3,6, , ¢ and 7 in a suitable
fashion.

Definition 97. (H) For algebras X : WQAIlg, (A, B,C,1,1), ¥ : WQAIg,, (A, B,C,1,r) and
morphisms p, v : WQMor X' Y, define a type family over the type WCell 71 (u) 7 (v) by

WCellFam (D7 da p) (E7 €, Q> (f7 ﬁv Q) (97 s ¢> (Oé, 77) = 1_Ic:C’l_[t:B(l c)—)DHs:B(r ¢)—=D
nat(a,p(e.,5) = M((D.d,p). (E,e.q), (£.8.6).(5,7.9). (cv.m))

Definition 98. (#) For algebras X : WQAIlg, (A, B,C,1,x), ¥ : WQFibAlg,, X, and fibered
morphisms p, v : WQFibMor X' ), define a type family over WFibCell 71 (1) m1(v) by

WFibCellFam (Dv dap) (Ea €, q) (fa ﬁ? 9) (97 8e ¢) (Oé, 77) = HCCCHt:B(l C)*)DHS:B(I‘ c¢)—D
natr (0. p(c.t,s)) = N ((D.d.p). (E,e.q),(f, 3.0, (9,7,6). (a,m))

We will usually leave out all but the last three arguments to WCellFam and WFibCellFam.

Definition 99. () Given algebras X : WQAIguj(A,B,C',l,r), Y 1 WQAIg, (A,B,C,1,r)
and morphisms i, v : WQMor X ), define the type of W-quotient cells between 1 and v by

WQCell 1 v == (zco - WCell 71 (1) 71'1(1/)) WCellFam 4 v G
Definition 100. (%) Given algebras X : WQAlg, (A, B,C,1,r), ¥ : WQFibAlg,, X and
fibered morphisms 1, v : WQFibMor X' ), define the type of fibered W-quotient cells between 1
and v by

WQFibCell 11 v = (ECO - WFibCell 71 (1) m(y)) WFibCellFam 1 v Cy
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a(d(1 c,)) *ap, (plc, . 5))
vian(1l c,t)
(B e, 1) »apey o ("E=(@ 0 1) 5(1 e, ) 1) »apy(ple. . 5))

P(e(l c),e(r e),q(c),0(c, t, s), d(c, t, s),HE:(a o t),HE:(a o s))

ap;(p(e;£,5)) * (B(r €.5) *ap,e oy ("B (@0 5)) *1(x ) )

vian(r ¢, )71

apf(p(ca t? S)) ' a(d(r ¢ 3))

Figure 3.6: The path M ((D, d,p), (E.e,q), (f,5,0), (9,7 9) (e, n))

3B, (02 (01 ¢.1)) + dapy (p(e, 1, 5))

vian(1 c,t)

3By(e (L 0 1) =Py ("B (@0 1)) = 1(1 e 1)) - dapy (plc,t, )

Q(e1 e,t),elx ¢.5),ale.t,5), B(c ), Blest,5), "E=(a 01), "E= (a0 5))
dap; (p(c.t,8)) = (B(x ¢:5) *3p o ("B (0 09)) 5 (x 5) )

vian(r ¢, )~

dap;(p(c,t,s)) = a(d(r ¢, s))

Figure 3.7: The path N'((D, d.p), (E. ¢,), (/. 3,6), (9,7,6), ()
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We have the following analogue of lemma 91}

Lemma 101. (H) For algebras X : WQAlg, (A, B,C,1,x), Y : WQFibAlg,, X and fibered
morphisms p, v : WQFibMor X' ), we have

p=v =~ WQFibCell v

Proof. Fix algebras (D, d,p) : WQAIguj(A,B,C,l,r) and (E,e,q) : WQFibAlg,, (D,d,p),
and fibered homomorphisms (1, 0), (vo, @) : WQFibMor (D, d,p) (E,e,q). We establish the
following chain of equivalences:

(ko,0) = (v0,9)
SCo ¢ 1o = Vo) (CO)XVFibMorFam (D,d,p) (E,e,q)(0> — ¢

12

~ (zco 1o = yo) WFibCellFam (j1o,6) (0, ¢) (WFibMorPathToCell(Cy))

¥Co : WFibCell 1 1/0> WFibCellFam (po, 6) (v, ®) Co
= WQFibCell (o, 0) (v, ¢)

The first equivalence follows by the characterization of paths in dependent product spaces.
The third equivalence follows as WFibMorPathToCell : (o = 1) — (WFibCell 1o 1vp) is
itself an equivalence. Finally, to prove the second equivalence it suffices to show that for any
Co : po = 1y, the respective fibers over Cy are equivalent. To do so, we generalize ¢ and perform
a one-sided path induction on Cy, keeping the left endpoint 1, fixed. This leaves us to prove that
for any ¢ : WFibMorFam (D, d, p) (E, e, q) po we have

0=¢ ~ WFibCellFam (10, 0) (10, ¢) (WFibMorPathToCell(1,,))

Writing 14 as a pair, we can reformulate our current goal as showing that for any (f, 5) :
WFibMor (D, d) (E,e) and any 6, ¢ : WFibMorFam (D, d,p) (E,e,q) (f, ) we have

0=¢ ~ WFibCellFam (f,3,0) (f, 5, ¢) (WFibMorPathToCeII(l(m)))

Examining the definition of the map WFibMorPathToCell given in the proof of lemma91] we
see that WFibMorPathToCell(1s)) is equal to a pair (x +— 15,y,7n), where 7(a, t) is the path

Lf(d(a,t)
154 (T (1sat))

6(a7 t) * APe¢(a,t) (lfOf/) ' 6(a7 t)il

6(a7 t) * AP¢(q,t) (H E- (:E“(lfot))) ’ /8(a7 t)il
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and for any w,v : a =x b,themap Z;; : (u = v) — (1, *u = v+ 1;) is an equivalence defined
by mapping € : u = v to the path below:

1,"u U v vel,

Plugging in the above pair, we note that by function extensionality it suffices to show that for any
¢, t, s, the type 0(c, t, s) = ¢(c, t, s) is equivalent to

natf(:z: — lf(x),p(c,t,s)) :N<(D,d,p), (E,e,q),(f,B,0),(f,B,0), (x — 1f(w)777))

Fix c,t, s. We now slightly generalize our goal, which also helps to keep the notation in check.
The desired equivalence will follow if we can show that given terms

e v.y:D,
¢ : (Hb;B(l oE(t b)) — FE(z)and e, : (Hb;B(I oE(s b)) — E(y),
* Bi:f(z)=e(fot)and By : f(y) = ea(f 0 5),

e p:x=yandq:pFoe; ~y e,
* ©,® :dap;(p) = ap,e(f1) "a(fot, fos) - 7,
e ri:fot=fotandry: fos= fos,

¢ ri il =mrrand i : lpos = 1o,
the type © = @ is equivalent to the commutativity of the diagram below

natr (x — 1f(9c)7 p)
ap,z (1)) * dap(p) dap,(p) * L)

via m via 12

apye (;‘31 ~ap,, (r1)* f)’fl) - dap(p) dap;(p) * (‘82 *ap,,(r2) ,6’2_1)

Q(ela €2,9, @7 (I)a 71, 7“2)

where 71, 7o are the following two paths:

Ly NG)
15 (T11(15,)) 15 (Z11(15,))
Brap,, (1po) " B! Baap,,(Lros) = By
via r’ via r’
Birap,, (r) =B B2 *ap,,(ra) = B3
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To prove that this generalized statement implies our original goal, we just let x := d(1 ¢, 1),
y =d(r c,s), e :=e(l ct), ea = e(r ¢ s), [ = L1 ct), By = B(r ct), p = plet,s),
q = q(c,t,8), © = 0(c,t,s), ® = d(c,t,8), 11 = "E-(TEN(Lser)), 7o = "E7(TEM(Lsos)),
and let 77, r; be the obvious paths. The paths 7, 7o then become 7(1 ¢, t) and n(r ¢, s), which
finishes the proof of the implication.

Working towards our generalized goal, we first note that we can now perform the usual path
induction on p and one-sided path induction on 77, r5 (with the right endpoint fixed). It thus
suffices to show that given terms

e v: D,

® e (Hb:B(l C)E(t b)) — E(x) and e : (Hb:B(r C)E(S b)) — E(:L‘),

® 5 : f(x)=-ei(fot)and By : f(z) = ea(f o s),

® q:ep vy e,

* 0,0 : 1) =ap(fi)a(fot, fos): By

the type © = ® is equivalent to the commutativity of the following diagram:

apiy(17(0)) * Ly Lia) * Li(a)

via 15" (Z1,1(15,)) via 151 (Z11(1g,))

apig (s’% "liw) " 1 1) " 1) Ly * (32 "1y = By 1)

Q1

where the path Q; and its components look as follows:

(apid<51> 1- (apidwl))_l) "1

R1
ap(Br-1-p7") "1 api(B1) * (1 *q(fot,fo 9)) Byt
(apid(ﬁl) -1 (apid<61))71) -1 api(f1) * (q(f ot,fos)e 1) * 52_1
P1 St
Ly * (B201+6;7) 1 (Ba1+55")
a;) The path Q; b,) The path P,
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(api(B) 1+ (@pig(B1)) ) -1 1e (B 1 0")

(apia(B1) -1) - ((apigl)) " +1) (1-52) - (1+537)
via I%(®) via I1(0)
(P8 -1) « (alf ot fos) 6;7) (apu(Bi) -alfot, fos))+ (1+6;")
apa(B) (1ra(f ot fos)) -6y ape(B1)* (a(f ot fos)+1) -y
¢1) The path R, d,) The path S;

We note that the path natr (:L‘ = 1), p) and the two paths involving r} and 3 have reduced
to reflexivities. Furthermore, in the path P; we no longer make use of the naturality of the
heterogeneous homotopy g, since the term naty(q, 1o, 1705) reduces to the obvious path from
q(fot, fos) ey (fos) t0 1o (sory=q(fot, fos). The only way we do make use of the homotopy g
is by applying it to the two arguments f o ¢, f o s. A similar observation applies to the functions
e1, e9: the only way we make use of them is by referring to the values e;(f o t) and es(f o s).
This suggests the following generalization of our current goal: given terms

e r:D,

® c,e,: F(x)and q: e = eq,

® 5 : f(x) =ejand 5y : f(z) = ey,
© 0,015, =apy(f) a7

the type © = ® is equivalent to the commutativity of the following diagram:

apiy(17(0)) * L) Li(a) * Li(a)

via I5' (Z1,1(1,)) via I5' (Z11(15,))

apyg (@31 "1y = By l) "1y L) ® (,32 1y By 1)

o))

where the path Q5 and its components now look as follows:
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(apia(B) 1+ (@pig(B1)) ) -1

Ro
apid(ﬁl'l‘ﬁfl) -1 api(51) * (1'(1) - Byt
(apa(B) 1+ (1)) -1 apia()* (1) 7"
P Syt
1+ (B201+55") 1'(52'1'52_1)
a,) The path Q, b,) The path P,
(api(B1) =1+ (apa(8))1) -1 1+ (B106;)
(apu(B1) +1) = ((@p(B1) 1) (1-52) - (1-557)
via I%(®) via If5(©)
(aP(B1) 1) = (a-,) (apu(B1) -a) + (1+557)
ap(B) - (1+q) 5y " apy(61)* (q+1) 55"
¢2) The path R, d;) The path S

We can now perform path induction on q and our goal becomes to show that given terms

e v:Dande;: E(z),
* B1,B2: f(x) = ey,
L] @, (O3 1f($) = apid(ﬁl) - 1e1 ' B2_2’
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the type © = ® is equivalent to the commutativity of the following diagram:

apig (L) * 1) Lite) * L)

via I5' (T1,1(14,)) via 15" (Z1,1(15,))

ap;g (51 "Ly B ]> " Ly) Lpa) " (/32 "Ly " By 1)

Q3

where the path Q3 and its components now look as follows:

ap(Bre1+p71) 01 (aPid(ﬁl) "1 (aPid<51))_1> 1
Rs
(aPia(B1) + 1+ (apig(B1)) 1) -1 apig(F1)* (1+1) + 3y
Ps S’
1o (Bor185") 1+ (Bar10p5")
a3) The path Q3 bs) The path P;
<3Pid(51) 1- (aPid(ﬁl))_1> -1 lia) " (52 "1 651)
(ap(B1) +1) - ((@pu(B1) '+ 1) (L * B2) + (12 557)
via I%(®) via IL(©)
<3Pid(51) ' 1) ' (1 ' 55]) (apid(ﬁl) ' 1) ' (161 ' 551)
ap(fr) - (1-1) -85 apig(51) - (1'1> Byt
¢3) The path R ds3) The path S3
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We now note that either one of the two assumptions ©, ¢ implies 3; = . Thus, it is enough
to prove our goal under the additional assumption ) : 31 = (5. But now we can perform ordinary
path induction on ), which replaces [, with (1, and a subsequent one-sided path induction on
p1: f(x) = ey (with the left endpoint fixed).

It now suffices to show the following: given terms x : D and ©, ® : 14,y = 1y(,), the type
© = @ is equivalent to the commutativity of the following diagram:

Lia) * 1p() L) * 1)

Lia) " i) L) * 1) L) 1)
via IZD((I)) via (IID((~)))71

In particular, we note that both of the vertical paths have reduced to reflexivities. The com-
mutativity of the above diagram is of course equivalent to the commutativity of the diagram
below:

Liw)* 1y liwy* i@
via IH(©) via I4(®)
Liw)* i) li@) * 1)

Now we note that for any u, v : @ =x b and ¢ : u = v, the following two diagrams commute:

lyu——"—"—"u urly, ——u
via P via P
lyrv ———v vl — v

In the case when ¢ = IL0) and ¢ = I%(®), all of the horizontal paths in the above two
diagrams become reflexivities; hence we can reformulate our goal as showing that given terms
z:Dand ©,P : 1y, = 1y, we have (0 = &) ~ (I}(©) = I3(®)). However, when
examining the definitions of I}, and T2, we clearly see that IL,(©) = © and I%(®) = @, which
means we are done. [

Lemma 102. (H) For algebras X : WQAlg, (A, B,C,1,x), ¥ : WQAlgy, (A, B,C,1,r) and
morphisms p, v : WQMor X ), we have

w=v =~ WQCell uv
Proof. By an entirely analogous argument as in the proof of ]
We are now ready to establish the analogues of lemmas |33|and
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Lemma 103. () For any algebra X : WQAlg,, (A, B, C, 1, ) we have

hasWQInd, (X) — hasWQIndUniq,,, (X)
Proof. Fix an algebra (D, d, p) : WQAlg,, (A, B,C,1,r) and assume that hasWQInd,, (D, d, p)
holds. In order to show that hasWQIndUniq,, (D, d, p) holds, take any fibered algebra (E, ¢, q) :

WQFibAlg,, (D,d,p) and fibered morphisms (f, 3,0), (9,7, ¢) : WQFibMor (D,d,p) (E,e,q).
By lemma [101} to show (f,3,6) = (g,7,¢) it suffices to exhibit a fibered W-quotient cell

To do so, we use the induction principle with an appropriate fibered algebra (E’,¢,¢’) :

WQFibAlg (D, d, p). Defining the first component is easy: we put £’ = = — f(z) = g(z),
which clearly still belongs to U}, fiberwise. For the second component, we put

el(a’ t u) = ﬁ(av t) ' ape(a7t)(HE:(u)) ' 7(‘1’ t)_l

Finally, we let ¢/(c, t, s, u, v) be the path
p(c,t,s)fo (2)= gx)( (1 c,t,u))
Tr(frg.0(e ts), (e, tyw)
dap, (p(c.t,5)) ™1+ (3P (€11 .t 0)) » dap,(p(c, . )
via Q(ff(l e t),e(x ¢,s),q(c,t,5),0(c, b, 5), $le, t, ), "E= (u), HE:(’U))

dap(p(c,t,5)) 7+ (dapy(ple,t.5)) - /(x c,5.0) )

e(r e, s,v)
where for any h, i : I1,.xY (z) and w : a =x b, z : h(a) = i(a), the path

7}(h, i, w, z) : wf”h(x):i(x)(z) = dap,,(w) " * (apwf;(z) . dapi(w))

is defined by path induction on w in an obvious way. The induction principle then gives us a
fibered morphism («, 1, ) : WFibMor (D, d, p) (E',€',q'), where a : f ~ g and

n(a,t) : a(d(a,t)) = €(a,t,aot)
(e, t, s) : dap,(p(c,t, s)) = AP, (107 (n(Lc,t)"d(c,t,s,a0t,a0s) n(res) "
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The pair («, n) : WFibCell (f, 3) (g,~) forms the first component of our desired W-quotient cell
between (f, 3,0) and (g,~, ¢). It remains to show that for any c, ¢, s, we have

natz(a, ple.t,5)) = N'((D,d.p), (B e.q), (£.6,0), (9.7 9). (ev.m))

Fix ¢, t, s. The desired equality will follow if we can show that given terms

e z,y:D,
® ¢;: E(z)and ey : E(y),
¢ ale) = e and s aly) = e

* p:r=yandq:ap,s(e)*dap,(p) = dap;(p) * €2,

the commutativity of the diagram

P @=00) () via G @)=
T#(f.9.p,e1)
dap,(p)~' * (ap,r(e1) * dap,(p))
dap,(p) A via q
dap;(p) ™"+ (dap,(p) * e2)
a(y) m €2

implies the commutativity of the following diagram:

via n
apyz (a(x)) * dap (p) 1 apyz (c1) * dap, (p)
natz (o, p) B q
dap;(p) * a(y) s dap;(p) * €2

To prove that this generalized statement implies our original goal, we just let z := d(1 ¢, t),
y =d(r ¢ s), e =¢€(1 ¢, t,aot), es = ¢€(r e, s,a0s),n =nlct),n =n(cs),
p=0p(ct,s),q= Q(e(l e, t),e(r e, s),qle,t,s),0(c,t,s),d(c,t,s), "E=(aot), "E= (a0 s))
Finally, (¢, t, s) implies the commutativity of A, which finishes the proof of the implication.
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Working towards our new goal, we note that by a straightforward path induction we can
express dap,, (p) equivalently as the path

pi T (a(a))
Tr(f,9.p,a(x))
dap;(p) ™" * (apyz(a(x)) * dap,(p))
via natr(a p)

dap;(p)~" * (dap,(p) * a(y))

a(y)

Thus the commutativity of A is equivalent to the commutativity of the outer rectangle in the
diagram below:

P2 @=96) (1) via m P @=06) ()
T#(f,9,p,a(z)) C T#(f.9.p.€1)
dap;(p) " * (ap,z(a(x)) - dapy(p)) o dap;(p)~" * (appz(e1) * dap,(p))
via natr(a, p) D via q
dap;(p) " * (dap,(p) * a(y)) oo dap;(p) " * (dap,(p) * 2)
E
a(y) o €2

Rectangles C and E clearly commute by an easy generalization and subsequent path induction
on 7); and 75. Hence the commutativity of the outer rectangle is equivalent to the commutativity
of D. But the commutativity of D is equivalent to the commutativity of B and we are done. [

Corollary 104. (H) For any algebra X : WQAIlg,, (A, B, C,1,r) we have

hasWQIndy, (X) —  isWQHInity, (X)
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Lemma 105. (#) For any algebra X : WQAlg,, (A, B, C, 1, ) we have

hasWQRecy, (X') x hasWQRecUniq,, (X) — hasWQInd, (&)
provided k > j.
Proof. Fix an algebra (D, d, p) : WQAIlg,, (A, B,C,1,r) and assume that hasWQRec,, (D, d, p)
and hasWQRecUniqy,, (D, d, p) hold. To show that hasWQIndy, (D, d, p) holds, fix any fibered
algebra (E, e, q) : WQFibAlg,, (D,d,p). In order to apply the recursion principle, we need to
turn this into a non-fibered algebra (E’, ¢/, ¢’). The first component is easy: the only reasonable

choice we have is to put £’ := X,.p F(x); we note that since D : U;, £ : D — Uy, and j < k,
E' belongs to U, as needed. For the second component, we put

e'(a,u) = (d(a, m o u),e(a,m o U, My O u))

Finally, we let ¢(c, u, v) be the path

(d(l c, T ou),e(l C, T O U, Ty ou))

YE= (p((:-, T O U, T O /1;)7(1((;? 10U, T 0, Tg O U, Ty O v))

(d(r c, T O v),e(r ¢, T OV, Ty O v))

The recursion principle then gives us a morphism ( f, 5, ¢) : WQMor (D, d, p) (E’, €', q'), where
f:D— ¥, pE(x)and

pla,t) : f(d(a

1)) =€(a, fot)
o(c,t,s) ap(p(et,

s)) =B ct)q(c fot, fos) Blres)™

We now want to show that the function 7, o f : D — D is in fact the identity on D (up to a
homotopy, of course). We can do this by endowing both of the functions 7, o f and idp with a
morphism structure on the algebra (D, d, p); by the recursion uniqueness principle it will follow
that these morphisms are equal, and in particular they are equal as maps.

We start with the easier case: we turn the identity map idp into a morphism (id D, 0, gb) :
WQMor (D, d,p) (D,d,p) by defining §(a,t) = lyas and ¢(c,t,s) = I5*(®(p(c,t, s))),
where for any r : © =x y, ®(r) : 1, =apyy(r) = r = 1, is the obvious path.

We turn the composition 7 o f into a morphism ( o f,~,0) : WQMor (D,d, p) (D, d,p)
as follows. We note that 3(a,t) : f(d(a,t)) = (d(a,m 0 fot),...). We need a path between the
respective first components of the endpoints; to simplify the notation, we let 71" and 75 denote
the compositions 7, o “E* and 7, o “E*, and define y(a, t) := 77 (B(a, t)).
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Finally, we define 6(c, t, s) == I5'(O(c, t, 5)), where O(c, t, s) is the path

apmof(p(cv t? 5)) ' 7‘-1:(6(:( ¢ 8))
U(e,t,s)
= (apf(p(c, t,5)) B(x ¢, s))

via I (p(c,t, s))

n (B et qle fot fos))

Viet,s)7!

(B e, t))ple,mo fot,mofos)

and U(c, t, s), V(c, t, s) are the two paths below:

ap,,or(ple,t,8)) »m (B(xr ¢, 5)) 7 (B(L e, t))plc,mo fot,mo fos)
w1 (apy(plest, ) = mr (B(x ¢, 5)) (B e t) 7 (d (e, fot, fos))
T (apf(p(c, t,s)) B(r e, 5)) T (6(1 c,t) ¢ (c,fot, fo s))

By the recursion uniqueness rule, the morphisms (7 o f,7,0) and (idp, §, ¢) are equal. By
lemma|[102] there exists a W-quotient cell («, 7, 1) between them, where o : 71 o f ~ idp and

7](0’7 t) : a(d(av t)) = 71'1:(5(@, t)) ' apd(a) (HE:(a © t)) ' 1d(a,t)
blest,5) nat(a, ple,t, ) = M((D,d,p), (D, d,p), (i o f,7,6), (idp, 5, ), () )

Our desired fibered homomorphism (fp, fp,0p) : WQFibMor (D, d,p) (E,e,q) will be
constructed as follows. Given a homotopy H : h; ~ hs between two maps hy, hy : X — Y and
a function ¢ : I1,.x Z(hy(x)), let H oy, g denote the function = — H(z)” g(x), which has type
,.x Z(ha(x)). We can now define fp := oy (w2 o f), which has the required type I1,.p E(z),
since we have o : m 0 f ~idp and my o f : Hm;DE(m(f(x))).
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For the second component, we need a path Gp(a,t) : fp(d(a,t)) = e(a,t, fp ot). To this end
we introduce the following auxiliary definitions:

Forany a: A, t: B(a) — D, let
k(a,t): ("EZ(FE™(ot))) oy (mao fot) = (aot)oy (mo fot)

be the obvious equality.

For any a : A, t1,to : B(CL) — D, r:t; =1y, u;: Hb:B(a)E(tl b), let

t(a,ryuy) : (apd(a)(r))f e(a,ty,uy) = e<a,t27 (:En(r)) oy ul)

be the obvious equality defined by path induction on r.

For any a : A, ti,to : B(a) — D, r:t; =1y, uy: Hb:B(a)E(tl b), let
E((I, T, ul) : (d(a’a tl)v e(au l1, ul)) = (d(a) t2)7 6(&, lo, (:EH(T)) Ox U1>>

be the path defined by (a, r,u;) == “E= (apd(a) (r), e(a,r,u)).

Forany a: A,t: B(a) = D, uy,us : Hyp@yE(t b), r = uy = uy, let
oatr): (da,t),elat,m)) = (d(a.t),e(a,t,um))

be the path defined by v(a, t,7) == “E= (Ly(as), P, (a.1) (r)).

At this point we can define 5p(a,t) as the path

a(d(a, t))*E T (f(d(a, t)))

via B(a,t)
E

(71 <,3(a, t) - 5((17 HE:((Jz ot),meo fo t) . ’U((L t,k(a, 1‘))>> o (f(d(a, t)))

*

Ty <€8(a,t) . E(CL,HE:(Q ot),mo fo t) . "U(a,t,fi(a,t)))

e(a,t, (wot)oy (mo fo t))
where B(a, t) is the path
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a(d(a,t))
n(a,t)

T (B(a,t)) * apy) ("E= (a0 t)) * Lygay)

T (B(a,t)) 7y <5(a, "E=(aot),mo fo f)) Xien ("U(a, t, k(a, t)))

T <6(a,t) . g(a,HE:(a ot),mo f ot) -U(a,t,ﬁ(a, t)))

For the last component, we need a path
HD(CJ t7 S) : dapr (p(cu t7 S)) app cts) (ﬁD(l ¢, t)) Q(C, t? S, fD o t7 fD % S) - ﬁD(r ¢, 5>71
To do so, we generalize our goal as follows: let ¢ € {1,2}. Then given terms
o 1 : A,
® s5;: B(x;) = D and u; : Hy.p,)E(s; b),
® B(l’z) — D and v, : Hb:B(a:i)E@i b),
e r.:s, =t;and w; : (:EH(Ti)) oy Ui = U,
o O fld(xi,ti) = (d(xi, 5:), (i, 80, u5)),
®ni: Oz(d(:L‘Z, Z)) = 7Tl (ﬁl) apd ( 1) - 1d(73iyti)’
® p: d(ﬂ?l) ~y d(l‘g),
®q: Ht:B(ml)ﬁDHs:B(xg)aD((p(t 8) (561715)) ~H 6(36’2, 5)),

o . :aps(p(ti,ta)) " Bo=fr " < (s1,52), Q(51=527U17U2)>,

the commutativity of the diagram

ald(e1, 1)) * apig(pltr, 12)) S (7780 8Py (1) + 1) - apig(pltr, 12))
nat(c, p(t1,t2)) P1
2Prses (Blt1, 1))+ (A2, 12)) @y (pltr, 1) * (T (52) 9P (12) 1)

implies the commutativity of the following diagram:
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dapy, (p(t1,t2))

p(t1,t2)y (fo(d(z1,11))) fp(d(w2,t2))
via D} D}
t,tEi:',t.’ e(xo, ty,v

p(t1,t2), (e(a1,t1,v1)) st s, 02) (@2, b2, v2)

The paths D¢, P, and their components are defined below.

ald(zi )y m(f(d(ait:))
via Bi

E

(7T1: ([57; se(xy, i, ug) co(mg, b, wz))) Ty (f(d(xi, tz)))

75 (Bi v el ri, u) = v(wi, i, w;))

e(xi, ti, v;)

a;) The path D!

a(d(zi,t;))
i
7 (Bi) " apy(e; (1i) * 1

w1 (Bi) i (e, mis wi)) = my (0@, ti, wi))

T (ﬁz‘ e(@y, ri,u) c o, t, Wi))
b;) The path B;
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(Wf(ﬁl) " APz (T1) * 1) *apqy(p(t1, t2)) <7T1:(51) * APy (T1) * 1) *apy (p(t1, t2))

R1

77 (80) * (aPater) (1) *p(t1,12)) * 1 77 (81) * aPue(r1) * (1 + 3Py (pl11.12)))

via naty(p,71,79) via I3 (152(@@(751»752))))

T (Br) * (P(Slasz) . an(m)(?&)) "1 T (B1) " APy (r1) * (P(flatz) . 1)
St
3P0 (P11, 12)) * (77 (B2) * 3Puay) (r2) * 1) 7T (B1) * (3Puten) (1) *BlE1,12) ) + 1
¢;) The path P, d;) The path R,
AP or(P(t1,t2)) * (771:(52) * APy, (T2) * 1) ap., o (P(t1,t2)) * T (B2)
U
(3Pryes (P11, 12)) 7T (52) ) * 8Py (r2) * 1 77 (b (p(t1,12)) - 82)
via IL(I5(©1)) via s
(Wf(/?’l) *p(s1, 52)) " APy (T2) * 1 T (/’31 - VE- (P(Sl: $2),q(s1, S2, U1, ’Ua)))
1
T (B1) - (P(81732) . an(m)(ﬁ)) -1 T (B1) *p(s1, 82)
e;) The path S; f;) The path ©,

We note that in the paths R; and S; we choose to use the equalities I2 (I5%(®(p(t1, t2))))
and IL,(I5'(©,)) instead of the more economical ®(p(t;,t,)) and O;. This is due to the fact that
in our chosen form, R; and §; are direct generalizations of the respective paths in our original
goal, which would not be the case had we opted for the more concise version.
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ap,,or(p(t1,t2)) * 77 (B2) T (B1) * p(s1, 52)

71 (a0, (p(t1,12))) * 7T(5a) 7 (B1) - VE (ps1, 52), (o, 92,10, 02))
71 (ap (plt1,12)) * 1) w81 E= (ps1, 52, a1, 52,11, w2)) )
g1) The path I/, h,) The path V,

)
t
ty = s, v = fpot,vy == fpos,r = "E=(aot), r, = "E=(aos),w = k(1 ct),
wy = K(r ¢,8), B1 = (L ¢ t), P == B(r ¢,5), ;m = n(l ¢ t), fo == n(r ¢, s), p = p(c)

)

B(re,s), Bp(let), Bp(rc,s),U(et,s), V(e t,s), O(ct, s).

The path R becomes R(’y(l ¢,t),apy o ("E= (ewot)), I3 (¢(c, t, s)) ) , where we refer to the
definitions of v and ¢» made when endowing the map 7, o f with a morphism structure. Similarly,
S; becomes S <apd(r o ("E= (o)), 0(x ¢, s)" L, T4 (8(c, ¢, s))) ; this makes sense since § was de-
fined as a point-wise reflexivity. Finally, P; becomes P (d(l c),d(r ¢),p(c),0(c,t,s), d(c,t, s))

and the higher path v(c, t, s) then proves the commutativity of the diagram required in the hy-
potheses, which finishes the proof of the implication.

Working towards our generalized goal, we note that we can now perform one-sided path
induction (with the right endpoint fixed) on r; and consequently on w;. This leads to the following
goal: given terms

o 1, A,

t; : B(z;) = D and v; : Uy p)E(t: ),

Bi: fld(z, ;) = (d(:vi,ti) (xi,ti,vi)),

i+ a(d(@i, i) = 77 (Bi) * Lagts) * Ldgta)s

p:d(z1) ~y d(22),

q: Me@)—pllsB@)—D ((p(t, s)*E o e(ry, t)) ~y (g, 3)),

o . :aps(p(ti,t2)) "o =pr+” ( (t1,t2), q(tlatmvhvz)),

the commutativity of the diagram
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via m

ald(ry, 1)) apyy (p(t, ta2)) <7H:(51) 1 1) *apy (p(t1, t2))

nat(c, p(t1, t2)) Po

3P,07 (B(t1, 12)) * (d(1,12)) 3P0 (P(t1,12)) * (77 (%2) 1°1)

via 12
implies the commutativity of the following diagram:

dapy, (p(t1,t2))

p(t1, t2), (fo(d(21,11))) fold(zs,t2))
via D} D3
p(tlatQ)*E(c<xl7tl7Ul)) 6(51;2725271)2)

Q(th t27 1, UQ)

The paths D}, P, and their components are defined below.
ald(z;, )7 ma(f(d(xit;)))

via B

(7 (B, 1+ 1)) 7 mo(f(dlai, 1))

W;(ﬁi'l'l)

e(wi, ti, v;)

a,) The path D

al(d(z,t;))
i

T (Bi)1-1

T (Bit1+1)
by) The path B,
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(77(8) + 1+1) *apu(p(ts, ) (7T (81 1+1) *apu(p(tr, 1)

Ra
m (B (Lep(t12) 1 n7(B)+ 1+ (1 apa(p(tn, 1)
via T2 (I3 (®(p(t1,t2))))
T (B) * (p(t1>t2) ' 1) -1 7 (By) "1 <p(t1,t2) . 1)
Syt
P (p(t1,12)) * (77 (5) +1+1) m7 (B« (1+p(t 1) -1
¢,) The path P, d,) The path R,
3Pos (p(t1: 1)+ (77(5) 1 +1) 3P o (P(t1, 1)) * 7 (52)
:
(3Pryos (P11, 12)) * 77 (B2) ) *1 01 o7 (apy (p(t1,12)) - 52
via IH(I51(02)) via o,
(77 (B *p(tr.t2) ) *1 1 w7 (8 "B (pts, ), b 01, 00)) )
vyt
77 () + (pltr 1) 1) -1 77 (B) Bl )
e,) The path S, f,) The path ©,
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ap,,or(p(t1,t2)) 77 (B2) 7T (B1) *p(ti,to)

w7 (aps(p(ty, t2))) * 77 (B2) m(B1) + VE” (P(fhb), q(t, to, v],l:g))
7 (apy (plt1, 1))+ 51 7 (B "B (Bt t2), ata, 12, v1,02) ) )
g2) The path Uy h,) The path V,

We note that in the paths B5 and D} we no longer refer to the terms € and v, since &(z;, 14, , v;)
and v(x;,t;,1,,) have reduced to the identity on the pair (d(xi, ti), e(xq, ti, vz)) Furthermore, in
the path P, we no longer make use of the naturality of the heterogeneous homotopy p, as the term
naty(p, 14, 14,) reduces to the obvious path from p(t1, t2) * 14(zs,t) t0 La(ey 41) *P(t1, t2). The only
way we do make use of the homotopy p is by applying it to the two arguments ¢1, t5. Similarly,
we only use the homotopy q when applying it to the arguments ¢;, %2, v1,v2. An analogous
observation applies to the functions d and e: the only way we utilize them is by referring to the
values d(x1,t1), d(xs,t3), e(xy,t1,v1), e(xa,ta,v9). This suggests the following generalization
of our current goal: given terms

® d;: Dande;: E(d;),

Bi: f(dz) = (di,ei),

i+ old;) =71 (B8) * Ly, * La,,
p:d, =dyand q: pf e; = ey,
.2 aps(p)* B2 = f1* "E=(p, q),

the commutativity of the diagram

vian B
a(dy) + apyy(p) 1 (77 (B 1+1) - apa(p)
nat(c, p) Ps
ap,,07(p) = (ds) . 3P ryor(P) (7T (52) " 101)

implies the commutativity of the following diagram:
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daps, (p)

p*E(fD(dl)) fD(dZ)
via D} D3
p(er) q €2

The paths D}, P; and their components are as follows:

ald)? m(f(d:)) o(dy)
via B} ni
(77 (Bi+1+1))7 ma(f(d) T (B;) 11
75 (Bi"1+1)
(B 1 1)
bs) The path 33

a3) The path Dj

(7B 1-1)-apg(p) (W (B)+1°1)apy(P)  aProp(p)- (mi(B)+101)

Rs
e (B) - (1+p) -1 75 (Br) 1+ (1+apy(p)) (apm,f(p) 'WT(ﬁa)) 1-1
via I3, (15° (@ (p))) via T4(15(63))
T (B (pe1) -1 T (B)+ 1+ (pr1) (77 (81 -p) -1
Syt
3,07 (P) * (77 (%) +1+1) m(B) (1op) 1 m (A1) (pr1) -1
¢3) The path P; d3) The path R e3) The path S5
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Us
77 (aps(0) + ) Py, (P) * 77 (82) 7T (61) P
via o,
T (/31 *“E=(p, q)) 1 (aps(p)) = 71 (B2) T (B1)* "E-(p.q)
Vit
() P 77 (aps(p) - 1) 7 (61 "E~(p.a)
f;) The path O g3) The path Us h;) The path V;

We can now perform the usual path induction on p and consequently on q. It thus suffices to
show that given terms

e dy:Dande, : E(dy),

 Bi: [(dy) = (di,en),

* na(d) =77 (Bi) = 1a, * 1ays
® ¢ 1y B2 = b1 Laren

the commutativity of the diagram

ofd) 1" () -11) 01
Py
Lea(d) ————— 1+ (n5 (%) 1+1)
via 12
implies the commutativity of the following diagram:
fo(dy) ——— fp(d2)
D} D?
e1 €1
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We note that the two horizontal paths in the above diagram have reduced to reflexivities;
furthermore, we no longer refer to the naturality of « since the term nat(«, 14, ) reduces to the

obvious path from a(d;) * 14, to 14, = a(dy). The paths D¢, P, and their components are as
follows:

a(d)? m(f(dy)) a(d) (77 (B 101) 1
via B’d i Ra
(7T (B 1+1))] ma(f(dy)) (B 11 T (B)+ (1+1) -1
7 (Bie101) Sy’
e rr(fie101) 1+ (77(8) 1+1)
a,) The path D} b,) The path B ¢;) The path Py
1 (Wf(ﬁg) e1e 1) 1-75(8s)
(771:(/31) 1 1) ‘1 (1 -wr(ﬁg)> ‘101 7=(1+ Ba)
via IH(I51(04)) via s
7o (By) -1 (1+1) (ﬂ?(ﬁl) : 1) ‘1.1 7=(B 1)
m(B) s (1+1) 1 m(B) s (1+1) -1 m(B1) - 1
d4) The path R, e,) The path S, fy) The path ©,

We note that in the path R, we no longer refer to the term @, since the term I2 (I5% (2 (14,)))

reduces to reflexivity. Furthermore, the only way we make use of the homotopy « is by referring
to the value «(dy).

To prove our newest goal, we observe that assuming a higher path o, : 14,)*82 = B1*1(4; 1)
is equivalent to assuming a path ¢} : 3y = f3; instead and replacing the occurrence of ¢, in ©4 by
T 1(p%). The assumption ¢} has the advantage that we can immediately perform path induction
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on it (keeping the right endpoint fixed), which results in replacing 3, with ;. Moreover, at this
point we can generalize not only the paths a(d;) and (1, but also the points f(d;) and (dy, e1),
replacing every occurrence of d; and e; with the appropriate first or second projection. This leads
to the following goal: given terms

® 21,221 NppB(2),

® (o 7T1(Zl) = ’/Tl(ZQ) and B* 121 = %o,

® Ny = 71:(6*) " ]-71'1(22) * 17T1(Z2)’

the commutativity of the diagram

a1 & (771:([5*)'1'1) . 1
Ps
L1 (ar(511)
via 1o
implies the commutativity of the following diagram:
(Of*)*E m(21) ——— (a*)f m2(21)
D} D2
ma(21) mo(22)
The paths Di, Ps and their components are as follows:
(@) mo(=) . (778 101) 1
via BL i Rs
(7T(B.+1+1))7 ma(z2) (B 11 (B (101) -1
75 (Bre101) S5t
ey (B 1e1) 1o (77(8) - 101)
a;) The path Di bs) The path B ¢5) The path Ps
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(ﬂf(ﬁ*) ‘1 1) ‘1 (1 -ﬁ(@)) 1.1 7=(1+ 5,
via IH(I51(65)) via Ty 1(1g,)
TT(B) 1+ (1+1) (wf(a*) : 1) 1.1 7=(. 1)
T (Be) s (1+1) -1 () (1+1) -1 o (Ba) 1
d;) The path R5 e5) The path S5 f5) The path ©;

Of course, either one of the two assumptions 7, 1, implies ., = 77 (5,). Thus, it is enough
to prove our goal under the additional assumption { : v, = 77 (5,). But now we can perform one-
sided path induction on £, which replaces «v, with 77 (5,), and a subsequent path induction on
Bs. It now suffices to show the following: given terms d; : D, e; : E(dy) and ny, 12 @ 14, = 1g,,
the commutativity of the diagram on the left implies the commutativity of the diagram on the
right:

via 1 5

Ly *lgy ————— 14, " 1g (1a)s e ——— (1g)y @
via n via 12

1+ 1y — 1g,*1 1) e ————— (14,)F

a Lo — d " 1a, (1a,), e (1a,)i e

In particular, we note that the path P5; and all of its components have reduced to reflexivity and
the paths D; and D? have become equal to 7; and 7.

As observed in the proof of lemma for any u,v : a =x band £ : u = v, the following
two diagrams commute:

lysu ————u url, ———u
via & & via & I3
l,v ——v vely —
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In the case when £ := n; and v := 1), all of the horizontal paths in the above two diagrams
become reflexivities; hence it suffices to show that given terms d; : D,e; : E(dy) and 71,79 :
14, = 14,, the equality 7, = 7, implies the commutativity of the diagram below:

(1g,)f &1 ——— (1) &
via 1y via 1
(10)F e ————— (1g)F &
But this is clear and we are done. ]

Corollary 106. (#) For any algebra X : WQAlg,, (A, B,C,1,r) we have
isWQHInit,, (X¥) — hasWQInd,, (X)

provided k > j.
At this point, the main theorem [83]is an easy corollary, which we restate here:

Corollary 107. (H) For A,C : U;, B: A — U;, 1,x : C — A, the following conditions on an
algebra X : WQAIg;, (A, B,C,1,r) are equivalent:

e X satisfies the induction principle on the universe Uy,
o X is homotopy-initial on the universe Uy,

for k > j. In other words, we have
hasWQIndy, (X) =~ isWQHInity, (X)
provided k > j. Moreover, the two types above are mere propositions.

Proof. Using corollaries and we have a logical equivalence between hasWQIndy,, (X)
and isWQHInit,, (X). It remains to show that both of these types are mere propositions. The
latter is a mere proposition by lemma To show that hasWQInd,,, (X') is a mere proposition,
it is sufficient to do so under the assumption that it is inhabited. Since X satisfies the induction
principle, by lemma [[03]it satisfies the induction uniqueness principle. This means that for any
fibered algebra ), the type WQFibMor X ) is a mere proposition. Since taking a IT of a family
of mere propositions results again in a mere proposition, this finishes the proof. [

Furthermore:
Corollary 108. (H +WQ) For A,C :U;, B: A — U;, 1, : C — A, the algebra

(WQ(A, B,C,1,1), point, ceu) - WQAlg,, (A, B,C,1,r)

is homotopy-initial on any universe U;.
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3.4 Definability

We now show how to construct the circles S and S, type quotients A/R, and W-types W(A, B)
as specific W-quotients. As a consequence, we derive the analogue of our main result for these
higher inductive types as a corollary to theorem[3] The interval I and suspensions XA follow the
same methodology.

3.4.1 Homotopy-initiality for \W-types

In this section, fix A .= A, B := B, C' := 0 and let 1, r := reco(A), i.e., the canonical function
from O to A.

Lemma 109. (#) We have a function
WQToWAIg = WQAIg,, (A,B,C,1,r) — WAIgMj(A, B)
which is an equivalence.

Proof. This follows immediately from the fact that for any &, : WAIg;,, (A, B), we have

WAIgFam(4, B,C,1,1) Xy ~ 1

Lemma 110. (#) For an algebra X : WQAlg,, (A, B, C, 1, ) we have a function

WQToWFibAlg(X) : WQFibAlg, X — WFibAlg, (WQToWAlg X)

which is an equivalence.

Proof. Fix an algebra (D, d, p) : WQAIguj(A, B,C,1,r). Then WQToWAIg (D, d, p) is just the
algebra (D, d). The desired equivalence follows easily since for any &; : WFibAlg,, (D, d), we
have

WFibAlgFam (D,d,p) Xy =~ 1

[]
Lemma 111. () For algebras X : WQAIlg,, (A, B,C,1,r) and Y : WQFibAlg,, X we have

WQFibMor X Y =~ WFibMor (WQToWAIg X) (WQToWFibAIg(X) y)

Proof. Fix algebras (D, d,p) : WQ/—\Iguj(A,B,C,l,r) and (E,e,q) : WQFibAlg, (D,d,p).
Then WQToWAIlg (D, d,p) is the algebra (D, d) and WQToWFibAlg(D,d,p) (E,e,q) is the
algebra (F, e). The equivalence follows easily since for any py : WFibMor (D, d) (E,e), we
have

WFibMorFam (D, d,p) (E,e,q) po =~ 1
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Corollary 112. (H) For algebras X : WQAIlg,, (A, B,C.1,r) and Y : WQAlg,, (A, B,C, 1, 1)
we have

WQMor XY ~ WMor (WQToWAIg X) (WQToWAIg y)
Proof. Using lemma [86] O

Corollary 113. (H) For an algebra X : WAlgy, (A, B) we have
hasWRecy, (X) =~ hasWQRecy,, (WQToWAIg_l(X)>
hasWindy, (X) = hasWQInduk<WQT0WAIg*1(X)>
isWHInity, (X) ~ isWQHInituk(WQToWAIg’l(X)>

Corollary 114. (H) For A : U;, B : A — U;, the following conditions on an algebra X :
WAIg,, (A, B) are equivalent:

e X satisfies the induction principle on the universe Uy,
o X is homotopy-initial on the universe Uy,

for k > j. In other words, we have
hasWindy, (X) =~ isWHInit, (X')

provided k > j. Moreover, the two types above are mere propositions.
Corollary 115. (H + W) For A : U;, B : A — U, the algebra

(W(A, B), sup) - WAlg,, (A, B)

is homotopy-initial on any universe U;.

3.4.2 Homotopy-initiality for The Circle

We first treat the S-case, for which we define A,C =1, B(—) :=0,1(—) = %, r(—) = %
Lemma 116. (#) We have a function

S-To-WQ-Alg : S-Alg, — WQAIlg, (A,B,C,1,r)
which is an equivalence.
Proof. This follows easily from the observations that for any D : ;, we have the equivalence
d— Ag1Mospd @ D =~ T1,1(0— D)— D

and for any D : U;, d : D, we have the equivalence

p— )\czl)\u:O%D)\v:OﬁDp pd=d ~ WAIgFam(A7 Ba 07 17 r) <D7 )\azl)\t:OaDd>
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Lemma 117. (H) For an algebra X : S-Alg,, we have a function
S-To-WQ-FibAlg(X) : S-FibAlg, X — WQFibAlg, (S-To-WQ-AIg )c)
which is an equivalence.
Proof. Fix an algebra (D, d, p) : S-FibAlg,, . Let (D, d’,p’) := S-To-WQ-Alg (D, d, p). Then
d(a,t) =d
p'lct,s) =p

The desired equivalence follows easily from the observations that for any £/ : D — U{;, we have
the equivalence

e = AardeospAumoeene @ E(d) ~ aalliosp (o E(t b)) — E(d)
and forany I/ : D — U, e: B (d), we have the equivalence

qr— /\czl/\t:O—>D)\s:O—>D)‘u:(Hb:O)E(t b) Av:(Hb:O)E(s b)4d
pY(e) =e ~ WFibAlgFam (D,d’p) <E7 Aa:1 A0 D A (11h:0) E(¢ b)€>

Lemma 118. (H) For algebras X : S-Algy, and Y : S-FibAlg,, X we have
S-FibMor X ) =~ WQFibMor <S-To-WQ-AIg X) (S-To-WQ-FibAIg(X) y)

Proof. Fix algebras (D, d,p) : S-Alg,, and (E,e,q) : S-FibAlg,,, (D,d,p). As before, we let
(D,d,p') = S-To-WQ-Alg (D, d, p). Then

d'(a,t) =d
e, t,s)=p
Similarly, let (E, €', ¢') := S-To-WQ-FibAlg(D, d, p) (E,e,q). Then
é(a,t) =e
q(c.t,s) =q

The desired equivalence follows easily from the observations that for any f : II,.p F(z), we have
the equivalence

6 — )\azl/\t:O—>D6 : f(d) =e = Ha:lnt:OﬁD(f(d) - 6)
and for any f : Il,.pE(x), B : f(d) = e, we have the equivalence
0 — Ac:lAt:O—>D)‘s:0—>DQ
dap;(p) = ap,=(8) +q* 87" ~ WFibMorFam (D, d’, /) (E,¢',q) (f )\m)\tzgﬁpﬁ)

]
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Lemma 119. (H) For algebras X : S-Algy, and Y : S-Alg,, we have

S-Mor XY ~ WQMor (S-To-WQ-AIg X) <S-To-WQ-AIg y)
Proof. Exactly as in the fibered case.

Corollary 120. (#) For an algebra X : S-Alg,, we have

has-S-Recy, (X) ~ hasWQRecy, <S-To-WQ-AIg(X))
has-S-Indy, (¥) ~ hasWQIndu].(S-To-WQ-AIg(X))
s-S-Hinity, (X) = isWQHInity, (S-To-WQ-Alg(X))

Corollary 121. (#H) The following conditions on an algebra X : S-Alg,, are equivalent:

® X satisfies the induction principle on the universe U;
* X is homotopy-initial on the universe U;

for 3 > 1. In other words, we have
has-S-Indy, (X) =~ is-S-Hinity, (X)

provided for j > i. Moreover, the two types above are mere propositions.

Corollary 122. (H + S) The algebra
(S, base, loop) : S-Alg,,,

is homotopy-initial on any universe U,.

Corollary 123. (H) The following conditions on an algebra X : S-Alg,, are equivalent:

® X satisfies the induction principle on the universe U;
o X is homotopy-initial on the universe U;

for 3 > 1. In other words, we have

has-S-Indy;, (X) =~ is-S-Hlnity;, (X)
provided for j > i. Moreover, the two types above are mere propositions.
Proof. Using corollary [60}

Corollary 124. (H + S) The algebra
(S, north, east, west) : S-Algy,,

is homotopy-initial on any universe U,.
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3.4.3 Homotopy-initiality for Type Quotients

For a type quotient A/R, define A .= A, B(—) :=0,C = X,,4R(a,b),1 = m, T :=m oM.
Lemma 125. (#) We have a function

TQToWAIg TQAIgMj(A,R) — WQAIguj(A,B,C,l,r)
which is an equivalence.

Proof. This follows easily from the observations that for any D : U{;, we have the equivalence
d— /\G;A)\tzoﬁpd(a) : A—>D ~ Ha:A(O — D) — D
and forany D : U;, d : A — D, we have the equivalence

D Ac:(l)a,b:A)H(a,b) Au:OHDAv:O%Dp (7(] (C) , T (7T2 <C>> , T2 (7(2 (C) ))

M, paR(a,0) — (d(a) = d(b)) ~ WAIgFam(A,B,C,1,1) (D,)\a;A)\t;(HDd(aD

Lemma 126. () For an algebra X : TQAlg, (A, R) we have a function

TQToWFibAlg(X) : TQFibAlg, X — WQFibAlg,, (TQTOWAlg X)
which is an equivalence.
Proof. Fix an algebra (D, d,p) : TQAlg, (A, R). Let (D, d’,p') := TQToWAIg (D, d, p). Then
d(a,t) == d(a)

plet,s) = p(m(c), m(m(c)). ma(ms(c) )

The desired equivalence follows easily from the observations that for any & : D — U}, we have
the equivalence

e /\rl,:A/\t:0—>D)\u:(Hb:0)E(t b)@((l) : Ha:AE(d(a)) ~ 1_Ia,:Al_It:O—>D (Hb:OE<t b)) — E(d(a))
and forany £ : D — U;, e : I1,.4E(d(a)), we have the equivalence
q = Aci(Sa,b:A) R(a,b) M:0— D As:0— D s (TT6:0) E (¢ b) Av: (TTh:0) E(s b)(I(ﬂ'l(C)a w1 (ma(c)), 7T2(7T2(C))>
Mo aTLinasy (pla,b,2)7 €(a) = e(b)) =

WFibAlgFam (D, d', p') (E At A0 D A us(1T0) E(e b)c(a,)>
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Lemma 127. (H) For algebras X : TQAlg,, (A, R) and Y : TQFibAlg,, X we have
TQFibMor X Y ~ WQFibMor <TQToWAIg X) (TQToWFibAIg(X) y)

Proof. Fix algebras (D, d,p) : TQAIlg, (A, R) and (E,e,q) : TQFibAlg,, (D,d,p). As before,
let (D, d,p") = TQToWAIg (D, d,p). Then

d'(a,t) = d(a)

plet,s) = p(m(e),m(m(e), mo(m(c)
Similarly, let (F, €', ¢') .= TQToWFibAlg(D,d,p) (E,e,q). Then

¢ (a,t) = e(a)

q(c,t,8,u,v) = q(m(c), m(ma(c)), 7'('2(77'2(0)))

The desired equivalence follows easily from the observations that for any f : I1,.p F/(z), we have
the equivalence

B = Apareompfla) @ Haa(f(d(a)) =e(a)) ~ Hualliosp(f(d(a)) =e(a))
and for any f : Il,.pE(x), f : Ha.4(f(d(a)) = e(a)), we have the equivalence
0 = Ae(sapymian MospAsopd (11(c), T (a(e)), ma(ma(e))

Ha,b:AHz:R(a,b) <dapf (p(&7 ba Z)) = app(a,b,z)f(ﬁ(a)) - Q(aa b7 Z) * B(b)il) =

WFibMorFam (D, d',p) (E, ¢, q') (f A(I:A)\tzoﬁDb’(a)>

O
Lemma 128. (H) For algebras X : TQAlg,, (A, R) and Y : TQAlg, (A, R) we have
TQMor X' Y ~ WQMor (TQToWAIg X) (TQToWAIg y>
Proof. Exactly as in the fibered case. []

Corollary 129. (H) For an algebra X : TQAlg,, (A, R) we have

hasTQRecy, (X) =~ hasWQRecuk(TQToWAIg(X)>
hasTQIndy, (X) =~ hasWQInduk<TQToWAIg(X)>
isTQHInity, (¥) =~ isWQHInituk<TQToWAIg(X)>
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Corollary 130. (H) For A : U, R : A — A — U,, the following conditions on an algebra
X : TQAlgy, (A, R) are equivalent:

o X satisfies the induction principle on the universe Uy,
e X is homotopy-initial on the universe Uy,

for k > j. In other words, we have

hasTQIndy, (X) =~ isTQHInity, (X)

provided k > j. Moreover, the two types above are mere propositions.

Corollary 131. (H + /) For A:U;, R: A — A — U;, the algebra

(A/R, -], c) . TQAIg,, (A, R)

is homotopy-initial on any universe U,;.
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4

Homotopy-initiality for Further Higher
Inductive Types

As we saw in the previous chapter, all the higher inductive types described in section [2.4] are
special cases of W-quotients and as such admit a simple characterization as homotopy-initial
algebras of a certain form. A natural question to ask at this point would be whether we can
characterize all higher inductive types in a similar fashion. As of now, this is not a mathemat-
ically precise statement because homotopy type theory does not yet have a universally agreed-
upon definition of what a higher inductive type should be (although recent unpublished work
by Lumsdaine and Shulman offers significant progress in this direction). Instead, one generally
works with specific examples that everybody agrees are well-behaved higher inductive types,
such as the ones we saw in section 2.4

In this chapter we will study two further classes of higher inductive types - truncations (chap-
ters 6.9 and 7.3 of [33]]) and set/groupoid quotients (chapters 6.10 and 9.9 of [33]) and show
that they too can be characterized as appropriate homotopy-initial algebras. The proof we give
for truncations is not a corollary of our main theorem (83| since truncations do not arise as W-
quotients in an obvious way, the way a type quotient or a W-type does. Recent work by Rijke
and van Doorn [36] shows that truncations can in fact be recovered from type quotients (and
hence from W-quotients) but the reduction is highly nontrivial. On the other hand, we present
the reduction of groupoid (and, rather trivially, set) quotients to W-quotients plus truncations
(which by Rijke’s result implies a reduction to W-quotients themselves) in this section as a new
result and derive the analogue of theorem [83]for set and groupoid quotients as a consequence of
this reduction. We also remark that while the definition of a group quotient as a higher inductive
type appears in [33] (chapter 9.9, page 333), the associated recursion and induction rules are not
described in the book and hence we give our own version here.

81



4.1 Homotopy-initiality for Truncations

4.1.1 Truncations

The n-truncation || A||, of a type A for n > —2 should intuitively be the “best approximation”
of A by an n-type. For n := —2, the only choice is of course the unit type 1. For n = —1,
we could define || A||_; to be the higher inductive type generated by the point constructor | - | :
A — ||A]|-1, and a path constructor ensuring that the resulting higher inductive type will indeed
be a mere proposition, for example t : (Ilz,y : |[|A]|_1)(z = y). For n == 0, we would
modify the path constructor to t : (Ilz,y : ||Al|o) (Ip,q : = = y)(p = ¢), forn = 1 to
t: (Iz,y : |A]l)(Hp,q : = y) (117,68 : p = q)(y = &) and so on. Clearly, this does not
scale very well to higher n; in fact, even for n := 1 the associated induction principle is too ugly
to write down. Instead, we will describe n-truncations compactly by using n-spheres, exactly as
done in [33]], although our motivation and subsequent justification will be slightly different.

Since we will be working with n-spheres, let us remind ourselves of the following universal
properties of suspensions, whose proofs are simple exercises:

Lemma 132. (H + X) Forany A, D : U; we have
YA—-D ~ ¥,.pA— (n=ys)
Proof. The equivalence is given by the following quasi-inverses:

/= (F(N). £(S), Ausaapy(mer(a)))

(n,s,m) — recsa(D,n,s,m)

]
Lemma 133. (X + %) Forany A : U;, E : A — U;, we have
MysaE(x) ~ En;E(N)ZS:E(S)Ha:A(mer(a)f(n) = s)
Proof. The equivalence is given by the following quasi-inverses:
£ (F(N), F(S), Auadap, (mer(a)))
(n,s,m) — indsa(E,n,s,m)
0

Our next goal is to establish a different characterization of n-types, for n > —1, as precisely
those types A : U; for which any function f : S"*! — A is constant up to propositional equality
(see [11] on various notions of “constant” maps):

Definition 134. A function f : A — B is said to be homotopy-constant if it is propositionally
equal to a constant function:

HConst(f) = Xy.pl1a:a(f(a) = b)
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Lemma 135. (# + X) Foranyn : Nand f : S* — A, we have
HConst(f) ~ HConst((Az:S" ')ap,(mer(z)))

Proof. We have the following chain of equivalences:

HConst(f)

= (Za: A)(Iz : ") (f(x) = a)
(2) = (Sa:A)(Sa: f(N)=a)(38: £(S) = a) (T : §"7) (mer(x): () = )
(3) = (Sa:A)(Sa: f(N)=a)(Z8: f(S) = a) (T : 8" ) (ap(mer(x)) = o= 4!

~ (Sr: Saala = F(N) (S8 £(S) = m(0) (Ta : 8"7) (ap, (mer(2)) = mar) - 47
(5) = (28: £(S) = f(N)) (tlw : $") (apy(mer(x)) = 10 * A7)

~ (8 f(N) = /(5)) (Tl : $"") (ap(mer(2) = Ly * 8)

~ (96 f(N) = £(5)) (1L : 8"") (apy(mer(a)) = 5)

= HConst((Az : S" ")ap,(mer(z)))

The second equivalence follows from lemma [I33] the third by a suitable generalization and path
induction on mer(z), and the fifth from the fact that the type ¥,.4(a = f(N)) is contractible with
the center of contraction (f(N), L)). O

Lemma 136. (# + X) For any n : Nand A : U;, we have
(ILf : 8" — A) HConst(f) =~ (Ila,b: A)(ILf : 8" " — (a=1b)) HConst(f)
Proof. We have the following chain of equivalences:
(ILf : 8™ — A) HConst(f)

~ (Hr  YupaSTL s (0= b)) HConst(recsn (A,Wl(r),7r1(7rg(r)),7rg(7rg(r)))>
Ia,b: A)(ILf : 8"' — (a = b)) HConst(recgn (A, a.b, f))
Ia,b: A)(ILf : 8" — (a = b)) HConst(f)

~
~

Here the first equivalence follows from lemma and the third from lemma O

Corollary 137. (H + X) Forany n : N and A : U;, we have
(ILf : 8™ — A) HConst(f) =~ is-(n— 1)-type(A)
Proof. By induction on n. For the base case, we have is-(—1)-type(A) ~ isProp(A) and
(ILf : 8” — A) HConst(f) =~ (Ha,b: A)(Ilf : 0 — (a = b)) HConst(f)
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by lemma|[I36] For any a,b : A, we have

I4.0-(a=p) HConst(f)

.0 (a=b) Ypa=sllao(f(z) =)
~ Il.0-(a=p) (@ = D)

(a=1b)

12

This finishes the base step; the inductive step follows easily from lemma[136] [

We are now ready to formally define truncations. For n : N and a type A : U;, we define
the truncation ||A||,—2 : U; by case analysis on n. For n := 0, we put ||A||—2 := 1. For the
successor case, just like in chapter 7.3 of [33] we define || A||,—1 : U; to be the higher inductive
type generated by the constructors

| fn-1: A = [|A][n-
hub : (S™ = ||Alln=1) = [|Alln=1
spoke : (IIr : 8" — || A]|—1) (IIz : S™)(r(x) = hub(r))

The recursion principle for truncations || A||,_1 says that given terms
s U,
e c: A— F,
* h:(S" = FE)—E,
o s:I,snpllgn(u(x) = h(u)),

there is a recursor rec).|(E, e, h, s) : ||A||,—1 — E. The recursor satisfies the following compu-
tation laws:

* rec)(|al,—1) = f(a) forany a : A,

o rec) (hub(r)) = h(rec) or) forany r : S" — ||A[[,—1,

. aprec“'u(spoke(r, x)) is equal to the path below for any r : S™ — ||A||,—1, 2 : S", where
equality (1) uses the computation rule for the hub constructor:

s(recHAH or, r) 1

rec. (r(z)) h(recyor)

recjj|(hub(r))

As we see, the computation law for the hub constructor is propositional rather than defini-
tional. There is little incentive for stating it definitionally; the hub and spoke constructors only
serve to ensure that || A||,_; is indeed an (n — 1)-type and are not intended for purposes of com-
putation. Furthermore, the propositional form of the above law will turn out to be quite useful,
as we will see shortly.

The induction principle says that given terms

o B l[Ally > Uy

®e: Ha:AE<|a|n71)’
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o h:(Ilr: 8" = ||Alln1) (usn E(r(z))) — E(hub(r)),
o s: (IIr: 8" = ||A]|n—1) (Hu : g0 E(r(x))) (Hz : S™) (spoke(r, )" u(x) = h(r, u)),

*

there is an inductor ind(E, e, h,s) : Iy a),_, E(x). The inductor satisfies the computation
laws

* indj.(|alp—1) = e(a) forany a : A,

e indj (hub(r)) = h(r,ind) or) forany r : S™ — ||A|,_1.

* dapiyg, (spoke(r, x)) is equal to the path below for any r : S™ — || A||,_1, 2 : S", where
equality (1) uses the computation rule for the hub constructor:

.9(7'7 indj.or, J,)

spoke(r, )" (ind)j. (r(x))) h(r,ind). o)

indj (hub(7))

Before we proceed further, we establish a couple of technical lemmas:
Lemma 138. (H + X)) Foranyn : Nand f : S"! — A, we have

is-(n — 2)-type(A) — isContr(HConst(f))
Proof. By induction on n. For the base step, assume A is contractible. Then
HConst(f) = Xapallpo(f(x)=a) ~ A
is also contractible. The inductive step follows easily from lemma [I33] O]
Lemma 139. (H + X) For any n : Nand D : U; we have
(Sh: (8" — D) — D)(u:S" — D) (Iz : S")(u(z) = h(u)) == is-(n—1)-type(D)
Proof. We have the following chain of equivalences:

(Sh: (8" — D) — D)(Iu: 8" — D) (Iz : S")(u(z) = h(u))
~ (Ilu:S" — D)(2d: D)(Ilz : S") (u(z) = d)
ITu : 8" — D) HConst(u)
is-(n — 1)-type(D)

12

Lemma 140. (# + X) For any n : N and terms
e D: U
® h:(S"—=D)— D,
o s: (Iu:S" — D) (Ilz : S") (u(z) = h(u)),
e F:D— Z/{k,
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the type

(Ei  (IIr : 8" — D) (s E(r(x))) — E(h(r)))
(Ilr : 8" — D) (u : M0 E(r(2))) (Haz : 8™) (s(r, )P u(z) =i(r, u))

*

is equivalent to

(Tly : D) is-(n — 1)-type(E(y))
Proof. The former type is clearly equivalent to
(Ilr : 8" — D) (Hu : M,gn E(r(2))) (Si : E(h(r))) (Iz : S™) (s(r, )P u(x) = i)

Furthermore, for any r : S — D, the types Il,.s» E(r(z)) and S® — E(h(r)) are equivalent,
via the quasi-equivalences

u— Apsn (s(r, z)”
U Aggn (s(r, )y u(m))

Hence we have

IIr:S" — D) (H"u gn E(r(x
IIr ) 28" — E(h(r)))(Zi: E(h(r))) (I1z : S") (u(z) = 1)
Il : 8" — D) (Hu : 8" — E(h(r))) HConst(u)
~ (Ir: 8™ — D) is-(n — 1)-type(E(h(r)))

(i : E(h(r))) (T1z : 8™) (s(r, )" u(x) = i)

*

\3
0))

3
1
S
5 F

)
)
)

Z
A~~~

where the last equivalence follows from corollary Finally, it is not hard to see that
(Ilr : 8" — D) is-(n — 1)-type(E(h(r))) =~ (Iy: D) is-(n — 1)-type(E(y))

To show this, we first note that both types are mere propositions. Furthermore, the latter clearly
implies the former. To show the converse, take any y : D and define r(z) := y. Then we get
is-(n — 1)-type(E(h(r))). Now we have spoke(r,N) : y = h(r), hence E(y) = E(h(r)) and in
particular is-(n — 1)-type(E(y)) as desired. O

Lemma 141. (H + X) For any n : N and terms
e D: U,
h:(S"— D)— D,
s: (Hu:S™ — D) (Ilz : S”) (u(z) = h(u)),
E:D— U,
i: (IIr: 8" — D) (Ilgn E(r(z))) — E(h(r)),
t:(r:S" = D)(Iu : g0 E(r(z))) (Iz : ™) (s(r, )P u(z) =i(r, u)),
[ 1L.pE(x),
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the type
(E’y : (Ir : 8™ = D) (f(h(r)) =i(r, f o T)))
(Ir : S" — D) (Ilz : S") (dapf(s('r’, x)) =t(r, forz) "V(T)”)
is contractible.

Proof. It is not hard to see that the type in question is equivalent to

(Ilr : 8™ — D) (Sy : f(h(r)) =i(r, for))(Ilz : ™) <dapf(s(7’, x))=t(r,forx)- “/’l)

which in turn is equivalent to
(T : 8" = D) (S : f(A(r)) = i(r, f o)) (T : 8") (dap, (s(r.2)) "+ 4(r, f o 7,2) = 7)
This is definitionally the same as
(Ilr : S* — D) HConst(()\x : 8™)dap(s(r,x)) " ~t(r, for, x))

Using lemma (140} we see that the pair (7,t) implies that each fiber of F, and in particular
E(h(r)),is an (n—1)-type. Hence f(h(r)) = i(r, for) is also an (n—1)-type. From lemma|[13§]
we can thus conclude that our type is contractible as desired. ]

Lemma 142. (H + X) For any n : N and terms
o D :L{j,
h:(S"— D)— D,

o s: (Ilu:S" — D) (Ilz : S")(u(z) = h(u)),
o [: Z/{k,
®;:(S"—> FE)—E,
o t: (Ilu:S" — E)(Ilz : S)(u(z) = i(u)),
e f:D—F,

the type

(z7: (8" = D) (F(h(r) = i(f o 7)) )
(Ilr : 8" — D) (Ilz : 8™) (apf(s(r, x))=t(forx):" ’y(r)’l)
is contractible.
Proof. Exactly as in the fibered case, we show that the type in question is equivalent to
(Ilr : 8" — D) HConst((Ms : SMapy(s(r,x) " t(for, as))
By lemma[139] we see that the pair (i, t) implies E is an (n — 1)-type. Hence f(h(r)) = i(for)

is also an (n — 1)-type. From lemma we can thus conclude that our type is contractible as
desired. []
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Lemmas [139] {140} [141] [142] show that the (n — 1)-truncation of A : U; for n : N can be
equivalently presented as a type ||Al|,_1 : U; endowed with constructors

| ) |n—1 P A= ||A’|n—1
tr - is-(n — 1)-type([|Allor)

such that that given terms

e [ Z/{j,
e t:is-(n — 2)-type(E),
e c: A F,

there is a recursor rec).|(E, t,e) : ||Al|,—1 — FE satisfying the computation law
* rec||(|aln—1) = e(a) forany a : A,
and for any terms
o B Al = U,
o ¢: 11, pis-(n — 2)-type(E(y)),
e c: 1, 4E(|al,—1),
there is an inductor ind.|(E,t, ) : I, 4, F(x) satisfying the computation law
* indj(|a|n-1) = e(a) forany a : A.
We are now ready to define truncation algebras and morphisms. We note that the definitions
presented also subsume the case of —2:

Definition 143. Forn : N, A : U,, let the type of truncation algebras on a universe U; be
TrAlgy, (n, A) = Xpy;is-(n — 2)-type(D) x (A — D)

Definition 144. For an algebra X : TrAlg,, (n, A), define the type of fibered truncation algebras
over X on a universe Uy, by

TrFlelgL{k (D7 ) d) = EE:D—)Z/{k (Hy:DiS'(n - 2)'type(E(y))) X (Ha:AE(d(a)))

Definition 145. For algebras X : TrAlg, (n, A) and Y : TrAlg,, (n, A), we define the type of
truncation morphisms from X to ) by

TrMor (D, —,d) (E, —,€) == Xs.ppllea(f(d(a)) = e(a))

Definition 146. For algebras X : TrAlg,, (n, A)and Y : TrFibAlg,, X, define the type of fibered
truncation morphisms from X to ) by

TrFibMor (D, —,d) (E, —, e) == Sp.mw:p) @) laa(f(d(a) = e(a))

As before, we can define the recursion and induction principles, the associated uniqueness
principles, and homotopy-initiality.
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Definition 147. An algebra X : TrAlg, (n, A) satisfies the recursion principle on a universe Uy,
if for any algebra ) : TrAlg,, there exists a morphism from X to Y:

hasTrRecy, (X) = (Hy : TrAIguk(n,A)> TrMor X' Y

Definition 148. An algebra X : TrAlg,, (n, A) satisfies the induction principle on a universe Uy,
if for any fibered algebra Y - TrFleIgu X there exists a fibered morphism from X to ):

hasTrindy, (X) = (Hy : TrFibAlg,, X) TrFibMor X' Y
Definition 149. An algebra X : TrAIgu (n, A) satisfies the recursion uniqueness principle on a

universe Uy, if for any algebra ) : TrAlgM (n, A) the type of morphisms from X to Y is a mere
proposition:

hasTrRecUnidy,, (X) = (Hy  TrAlg, (n, A)) isProp(TrMor X’ V)
Definition 150. An algebra X : TrAlg,, (n, A) satisfies the induction uniqueness principle on a

universe Uy, if for any fibered algebra y TrFibAlg,, X the type of morphisms from X to ) is a
mere proposition:

hasTrIndUniqy, (&) == <Hy : TrFibAlg,,, X) isProp(TrFibMor X' )

Definition 151. An algebra X : TrAlg, (n, A) is homotopy-initial on a universe Uy, if for any
other algebra ) : TrAlg,, (A,n) the type of morphisms from X to Y is contractible:

isTrHInity, (X) = (Hy : TrAlg,, (n,A)) isContr(TrMor X))
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4.1.2 Homotopy-initiality for Truncations

We aim to show the following analogue to our main theorem for W-quotients:

Theorem 152. (H) Forn : N, A : U,, the following conditions on an algebra X : TrAlg, (n, A)
are equivalent:

e X satisfies the induction principle on the universe Uy,
e X is homotopy-initial on the universe Uy,

for k > j. In other words, we have
hasTrIndy, (X) =~ isTrHInity, (X)

provided k > j. Moreover, the two types above are mere propositions.

In principle, one could recover the characterization of truncations as homotopy-initial alge-
bras from the recently-discovered conjectured reduction of truncations to type quotients, due to
Rijke and van Doorn [36]], and our main theorem for W-quotients. However, at this point this is
not needed due to the work done in the previous section, where we “polished up” the definitions
of truncation algebras and morphisms to the degree that most of the proofs are now straightfor-
ward.

Lemma 153. For an algebra X : TrAlg,, (n, A) we have

isTrHInity, (X) =~ hasTrRecy, (X') x hasTrRecUniq,, (X)
Lemma 154. For an algebra X : TrAlg,, (n, A) we have a function

TrAlgToFibAlg,, (X) : TrAlg, (n,A) — TrFibAlg, X
Proof. Fix algebras (D, p,d) : TrAlg, (n, A) and (E,q,e) : TrAlg,, (n, A). We turn (E, ¢, €)
into the desired fibered algebra (E', ¢', ¢') : TrFibAlg,, (D, p, d) in the expected way by defining
E'(z) = E, {(y) = q, €(a) = e(a). O

Remark 155. We note that for any algebras X : TrAlg,, (n, A) and Y : TrAlg,, (n, A) we have

TrMor X Y = TrFibMor X (TrAIgToFibAIguk(X) y)

Lemma 156. For any algebra X : TrAlg,, (n, A) we have
hasTrindy, (X) — hasTrRecy, (X)
Lemma 157. For any algebra X : TrAlg,, (n, A) we have
hasTrindUniq,, (X) — hasTrRecUniq,, (X)

The notion of a truncation cell is now particularly simple, since the morphisms have no higher
dimensional computation rules:
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Definition 158. For algebras X : TrAlg, (n, A), Y : TrFibAlg,, (n, A) X, and fibered mor-
phisms p, v : TrFibMor X Y, define the type of fibered truncation cells from p to v by

TeFibCell (D,p,d) (B.q€) (f.5) (9:7) = Sacgegllua (a(d(@)) = B(a) +7(a) ")

Pictorially, the second component of a fibered truncation cell witnesses the commutativity of
the following diagram for any a:

a(d(a))
f(d(a)) g(d(a))
ﬂ(m ﬂa,w
e(a)
Definition 159. For algebras X : TrAlg, (n, A), V : TrAlgy, (n, A), and morphisms v :
TrMor X' Y, define the type of (n — 1)-truncation cells between i and v by

TrCell X Y i v == TrFibCell X (TrAIgToFibAIguk y) v

Lemma 160. (H) For algebras X : TrAlg, (n, A), Y : TrFibAlg,, X, and fibered morphisms
w, v : TrFibMor X' ), we have an equivalenée

(u=v) =~ TrFibCell pv

Proof. Let algebras (D,p,d) : TrAlg, (n, A) and (E,q,e) : TrFibAlg, (D,p,d) and fibered
morphisms (f,5),(g,7v) : TrFibMor (D,p,d) (F,q,e) be given. We establish the following
chain of equivalences:

12

12
/N -7 NN
3

~

= TrFibCell (£, ) (g,7)

The first equivalence follows by the characterization of paths in dependent product spaces.
The second equivalence follows by induction on « and function extensionality. Finally, the
third equivalence follows from the fact that the map “E" : (f = g) — (f ~ g) is itself an
equivalence. [

Corollary 161. (%) Given algebras X : TrAlg, (n,A), Y : TrAlgy, (n, A), and morphisms
w,v: TrMor X Y, we have an equivalence

(p=v) =~ TrCell pv
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Lemma 162. () For any algebra X : TrAlg, (n, A) we have
hasTrindy, (X) — hasTrindUniq,, (X)

Proof. Fix an algebra (D, p,d) : TrAlg, (n, A) and assume that hasTrindy, (D, p, d) holds. To
show that hasTrIndUniq,, (D, p, d) holds, take a fibered algebra (£, ¢, ¢) : TrFibAlg,, (D, p,d)
and fibered morphisms (f, 8), (g,7) : TrFibMor (D,p,d) (E,q,e). By lemma [160, to show
(f,8) = (g,~) it suffices to exhibit a fibered truncation cell between (f, #) and (g, 7).

To do so, we use the induction principle with an appropriate fibered algebra (E’,¢',¢’) :
TrFibAlg (D, p,d). To this end, we put £’ .= z — f(x) = g(z), which clearly still belongs to
U, fiberwise. For the third component, we put €' (a) := (a) * v(a)~'. Finally, to construct ¢’ we
need to show that each fiber of £, namely f(x) =p() g(x) for z : D, is an (n — 2)-type. It thus
suffices to show F(z) is an (n — 2)-type; but this is exactly assumption ¢(z).

The induction principle gives us a fibered morphism («, n) : TrFibMor (D, p,d) (E', ¢, €),
which is exactly our desired truncation cell between (f, 5) and (g, 7). ]

Corollary 163. (#) For any algebra X : TrAlg, (n, A) we have
hasTrindy, (X) — isTrHInity, (X)
Lemma 164. For any algebra X : TrAlg,, (n, A) we have
hasTrRecy, (X') x hasTrRecUniq,, (X) — hasTrindy, (X)
provided k > j.

Proof. Let an algebra (D, p,d) : TrAlg, (n, A) be given and assume that hasTrRecy, (D, p, d)
and hasTrRecUniq,, (D, p,d) hold. To show that hasTrIndy, (D, p, d) holds, fix any fibered al-
gebra (I, q,¢e) : TrFibAlg,, (D,p,d). In order to apply the recursion principle, we need to
turn this into a non-fibered algebra (E’,¢',¢’). We put £/ = ¥, pFE(x); we note that since
D:U;, E:D — Uy, and j < k, E' belongs to U}, as needed. For the third component, we put
¢/(a) == (a,e(a)). Finally, to construct ¢’ we need to show that .., F(z) is an (n — 2)-type. But
we have that D is an (n — 2)-type by the assumption p and for any z, E'(x) is an (n — 2)-type by
the assumption ¢(z). Since taking a ¥ of a family of (n — 2)-types over an (n — 2)-type results
again in an (n — 2)-type, we are done.

The recursion principle then gives us a morphism (f, 3) : TrMor (D, p,d) (E',q¢',€'), where
f:D— Y, pE(x)and f(a) : f(d(a)) = (a,e(a)).

We now want to show that the function 7, o f : D — D is in fact the identity on D (up to a
homotopy, of course). We can do this by endowing both of the functions 7, o f and idp with a
morphism structure on the algebra (D, p, d); by the recursion uniqueness principle it will follow
that these morphisms are equal, and in particular they are equal as maps.

We turn the identity map idp into the morphism (id D, Q> 1d(a)) and the composition 7y o f
into the morphism (7, o f,a — 77 (3(a))). By the recursion uniqueness rule, these morphisms
are equal and by corollary there exists a truncation cell («, n) between them, where « :
m o f ~idpandn(a) : a(d(a)) = 77 (B(a)) * Law)-

Our desired fibered homomorphism (fp, 8p) : TrFibMor (D,p,d) (FE,q,e) is now con-
structed by putting fp = a oy (7 o f) and defining Sp(a) as the path
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" (3(@)
e(a)
where B(a, t) is the path
a(d(@) — 2= (8(a,)) * Luey —— 7(8(a,1)

Corollary 165. (H) For any algebra X : TrAlg,, (n, A) we have
isTrHInity, (X) — hasTrindy, ()

provided k > j.

Corollary 166. () Forn : N, A : U;, the following conditions on an algebra X : TrAlg,, (n, A)
are equivalent:

o X satisfies the induction principle on the universe Uj,
o X is homotopy-initial on the universe Uy,

for k > j. In other words, we have
hasTrindy, (X) =~ isTrHInity, (X)
provided k > j. Moreover, the two types above are mere propositions.

Proof. Exactly as in the proof of O
Corollary 167. (H + || - ||) Forn : N, A : U, the algebra

(11l 1)« TrAlgy, (n, 4)

is homotopy-initial for any p on any universe U;.

Finally, we note that homotopy-initial truncation algebras satisfy the following universal proper-
ties, whose proofs are simple exercises:

Lemma 168. (1) For any algebra X = (D, —,| - |p) : TrAlgy, (n, A) and type E : Uy, if X is
homotopy-initial on Uy, and E is an (n — 2)-type, then we have

D—-F ~ A—-FE

provided k > 7.
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Proof. The quasi-inverse from left to right is given by precomposition with |- |p; the quasi-
inverse in the opposite direction is given by the recursion principle. ]

Lemma 169. (H) For an algebra X = (D, —,| - |p) : TrAlgy, (n, A) and type family £ : D —
Uy, if X is homotopy-initial on Uy, and each fiber of E is an (n — 2)-type, then we have

Ha::DE(x) = Ha:AE(|a|D)
provided k > j.

Proof. The quasi-inverse from left to right is given by precomposition with |- |p; the quasi-
inverse in the opposite direction is given by the induction principle. ]
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4.2 Homotopy-initiality for Set Quotients

4.2.1 Set Quotients

In mathematics, we very often need to take the quotient of a set by an equivalence relation, e.g.,
when constructing the rational numbers from the integers. The notion of an equivalence relation
in the type-theoretic setting is straightforward; we start off with the following definition.

Definition 170. For a general type-valued relation R : A — A — U; on A : U; we define

id(R) =I1,.4R(a,a)
inv(R) =1, p.aR(a,b) — R(b,a)
comp(R) =1, .a(R(a,b) x R(b,c)) — R(a,c)

In the special case when R(a,b) is a mere proposition for all a,b : A, the above types can
be understood as statements of reflexivity, symmetry, and transitivity of R. Thus, we have the
following:

Definition 171. For A : U;, we define the type of equivalence relations on A as
EqRel(A) = X g acsamsy, (Hap:aisProp(R(a, b)) x id(R) x inv(R) x comp(R)

We note that any equivalence relation on A can be thought of as specifying the path structure
of a 0-type, also known as a set, where the 0-cells are induced by the points of A and the 1-cells
with source a : A and target b : A are induced by the terms of R(a, b). The notion of a set quotient
is meant to capture this intuition. We follow the definition in [33], chapter 6.10, except we do
not require the type A : U; itself to be a set (as mentioned in remark 6.10.1, this is unnecessary
for the general theory of set quotients).

Formally, given A : U; and an equivalence relation R := (R, —, —, —, —) : EqRel(A), the set
quotient A/oR of A by R is the higher inductive type generated by the following constructors:

point, : A - A/oR
celly : I, p.aR(a, b) — (pointy(a) = pointy(b))
hub : (S1 — A/0R> — A/OR
spoke : (IIr : 8" — A/oR) (Iz : S") (r(z) = hub(r))

The constructor point, can be understood as taking a : A to its equivalence class under R.
The constructor celly is meant to identify the two equivalence classes point,(a) and point,(b)
whenever we have R(a,b). Finally, as it was in the case of truncations, the purpose of the
constructors hub and spoke is to ensure that the resulting set quotient is a O-type.

How do we know that this definition of set a quotient is indeed correct? In mathematics, the
most important property of a quotient by an equivalence relation is the fact that two elements
belong to the same equivalence class if and only if they are related; in our setting, this means
(pointy(a) = pointy(b)) ~ R(a,b) for all a,b : A, a property also known as effectiveness. This
is lemma 10.1.8 of [33]; we will show this in a more general setting at the end of this section.

95



The recursion principle for quotients says that given terms
e B:Uj,
e c: A F,
p: Hapak(a,b) = (e(zx) = e(y)),
h:(S' = FE)—E,
o 5: s pllug (u(z) = h(u)),
there is a recursor rec. /. (E,e,p,h,s): A/yR — E. The recursor satisfies the computation laws

® rec.,.(pointy(a)) = e(a) for any a : A,

. aprec'/o_(cello(z)) =p(z)foranya: A,b: A, z: R(a,b),

e rec.,.(hub(r)) = h(rec.;,. or) forany r : S' — A/(R,

® aPrec, (spoke(r, r)) is equal to the path below for any 7 : S' — A/¢yR and z : S?, where
equality (1) uses the computation rule for the hub constructor:

s(rec./,. o1, ) 1

rec.;,.(r(z)) h(rec.;,.(s) o) N rec.;,.(hub(r))

Similarly, we have an induction principle: given terms

e £:A/\R —U,,

e ¢: I, 4E(pointy(a)),

* p: Hopall piap (cello(z)iE e(a) = e(b)),

o h:(lr:8'— A/oR)(Il,.s1 E(r(x))) — E(hub(r)),

o s: (Ir:S'— A/oR)(Ilu : .51 E(r(z))) (Ilz : S') (spoke(r, )" u(z) = h(r, u)),
there is an inductor ind.;,.(E,e,p, h,s) : ;.a/,rE(x). The inductor satisfies the following
computation laws:

* ind./,.(pointy(a)) = e(a) forany a : A,

. dapindA/OA(ceIIO(z)) =p(z) foranya: A,b: A z: R(a,b),

* ind.;,.(hub(r)) = h(r,ind.;,. o) for any r : S* — A/(R,

* dapy,g , (spoke(r, z)) is equal to the path below for any r : S! — A/yR and z : S', where

equality (1) uses the computation rule for the hub constructor:

s(r, ind. .o, T)

spoke(r, )" (ind./.(r(x))) h(r,ind.;. o)

ind.,.(hub(r))

At this point we note that all but the first computation rules are unnecessary, both in the recur-
sive and the inductive case: as in the case of truncations, the hypotheses h and s are equivalent
to asserting that F is (fiberwise) a O-type (lemmas and [140); the computation laws for celly
are then redundant by lemma 3| and the laws for hub and spoke were redundant to begin with, by
lemmas and
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Hence, the set quotient of A : U; by an equivalence relation R = (R,...) : EqRel(A) can be
equivalently presented as a type A/oR : U; endowed with constructors

point, : A — A/oR
celly : I, p.aR(a, b) — (pointy(a) = pointy(b))
tr : isSet(A/oR)

where we use the abbreviation isSet(X) := is-0-type(X ), such that given terms

L4 EZZ/{]',
e t:isSet(E),
e c: A F,

* p:1lapaR(a,b) = (e(z) = e(y)),
there is a recursor rec...(E,t,e,p) : A/oR — E satistying the computation law
® rec./,.(pointy(a)) = e(a) forany a : A,
and for any terms
o [ A/OR — Uj,
o ¢ :1I,.pisSet(E(y)),
e ¢ : I, 4E(pointy(a)),
*p: Ha,b:AHz:R(a,b) (CG”Q(Z)*E 6(@) = e(b))’
there is an inductor ind.;.(E, t, e, p) : l;.4/,r £(2) satisfying the computation law

® ind./,.(pointy(a)) = e(a) for any a : A.

Definition 172. For A : U;, R := (R, ...) : EqRel(A), we define the type of set quotient algebras
on a universe U; be

SQAlg, (A, R) = SpqisSet(D) x (ze;AﬁDna,b:ARm, b) — (e(z) = e(y)))

Definition 173. For an algebra X : SQAlg,, (A, R) with R := (R, .. .), define the type of fibered
set quotient algebras over X on a universe Uy, by

SQFibAlg,, (D,—,d,p) = Lg.p_uy, (Hy:DisSet(E(y))) X
(Ze:(Ha:A)E‘(d(a))Ha,b:AHz:R(a,b) (p(aa bv Z)*E B(CL) = 6(b))>

Definition 174. For algebras X : SQAlg,, (A, R) and Y : SQAlg,, (A, R), we define the type of
set quotient morphisms from X to ) by

SQMor (D, —,d,—) (E,—,e,—) = % t.ppllaa(f(d(a)) = e(a))

Definition 175. For algebras X : SQAIguj(A, R) and Y : SQFibAlg,, X, we define the type of
fibered set quotient morphisms from X to ) by

SQFibMor (D, —,d,—) (E,—,e, =) = Y. qz:p)E@)La:a(f(d(a)) = e(a))
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Definition 176. An algebra X : SQAlg, (A, R) satisfies the recursion principle on a universe
Uy if for any algebra Y : SQAlgy, (A, R) there exists a morphism from X to Y):

hasSQRecy, () = (Hy : SQAIgM], (A,R) SQMor X Y

Definition 177. An algebra X' : SQAlg, (A, R) satisfies the induction principle on a universe
Uy, if for any fibered algebra ) : SQFibAIlgM]c X there exists a fibered morphism from X to ):

hasSQIndy, (X) = (Hy : SQFibAlg,, X) SQFibMor X

Definition 178. An algebra X : SQAlg,, (A, R) is homotopy-initial on a universe Uy, if for any
other algebra ) : SQAlg,, (A, R) the type of morphisms from X to ) is contractible:

isSQHInity, (X) = (Hy : SQAIguj(A,R) isContr(SQMor X )
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4.2.2 Homotopy-initiality for Set Quotients

We aim to show the following analogue to our main theorem for W-quotients:
Theorem 179. (H + /) For A : U;, R : EqRel(A), the following conditions on an algebra
X : SQAIlg,, (A, R) are equivalent:

e X satisfies the induction principle on the universe Uy,

o X is homotopy-initial on the universe Uy,

for k > j. In other words, we have
hasSQIndy, (X) ~ isSQHInity, (X)
provided k > j. Moreover, the two types above are mere propositions.

Fix k > j, type A : U;, and an equivalence relation R := (R,...). We aim to establish
the above theorem by encoding each X as a O-truncation of a suitable type quotient algebra and
invoking theorem Let us fix an algebra (7', pr,cr) : TQAlg, (A, R) which satisfies the
induction principle on U;,. We now show that set quotient algebras are really the same thing as
O-truncation algebras over the type quotient 7". We note that we need to use the parameter n := 2
to obtain a O-truncation.

Lemma 180. (#H + /) We have a function
TrToSQAIlg : TrAlg, (2,7) — SQAlg, (A R)
which is an equivalence.

Proof. We proceed in four steps:

Step 1  First we define TrToSQAIg; for this, take an algebra (X, tx, | - [x) : TrAlg, (2,T). To
construct a set quotient algebra, we can use the same underlying type X, with ¢x showing it
is a O-type as desired. For the third component, we need a function px : A — X. The only
possibility we have is to define px(a) := |pr(a)|x. To obtain the fourth component, we need a
function cx mapping each a,b : A, z : R(a,b) to a path from |pr(a)|x to |pr(b)|x. Again, the
only choice we have is to define cx(z) == ap_| (cr(2)).

Step 2 Define the intended quasi-inverse SQToTrAlg; for this, take an algebra (X, tx, px,cx) :
SQAIgu]_ (A, R). To construct a truncation algebra, we can use the same underlying type X, with
tx showing it is a O-type as desired. To obtain the last component, we need a function T-to-X :
T — X. We proceed by recursion (we can do this since j < k), mapping pr(a) — px(a) for
any a : Aand cp(z) — cx(z) forany a,b : A, z : R(a,b). The first computation rule then gives
us a family of paths fr-io-x(a) : T-to-X (pr(a)) = px(a) fora : A.

Step 3 We now want to show that for any set quotient algebra X' : SQAlg,,, (A,R), we have
TrToSQAIg(SQToTrAlg(X)) = X. Let such an algebra (X, tx, px,cx) be given. The first and
second components of TrToSQAIg(SQToTrAIg(X Jtx, px, cX)) are X and tx themselves. The
third component is the map a — T-to-X (pr(a)). Since the type of the fourth component is a
mere proposition, all we need is a path  equating the third component with px. But we can just

puty = ME= (Br-to-x )-
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Step 4  Finally, we want to show that for any truncation algebra & : TrAlg,, (2,T), we have
SQToTrAlg(TrToSQAIg(X)) = X. Let such an algebra (X,tx,|-|x) be given. The first and
second components of SQToTrAIg(TrToSQAIg(X x| X)) are X and ty themselves. The
third component is the map 7-to-X. We thus need to show that for any ¢ : 7T, we have
T-to-X(t) = |t|x. We proceed by induction, mapping pr(a) — Pr-w-x(a) for any a : A.
Since the type T-to-X (t) = |t|x is a mere proposition for any ¢, we do not have to provide a
mapping for ¢y (z), which means we are done. O

Lemma 181. (H + /) For an algebra X : TrAlg,, (2, T) we have a function

TrToSQFibAlg : TrFibAlg, X — SQFibAlg, (TrToSQAIg X)
which is an equivalence.

Proof. Fix an algebra X' = (X, x, |- |x) : TrAlg, (2,T). We recall that TrToSQAlg X’ is the
algebra (X, tx,px, cx), where

px(a) = |pr(a)|x fora: A
cx(2) = ap_,(cr(2)) fora,b: A, z: R(a,b)

We now proceed in four steps:

Step 1  First we define TrToSQFibAlg; for this, take an algebra (E,tg, | - |g) : TrFibAlg, X.
To construct a fibered set quotient algebra, we can use the same underlying type family £, with
tp showing it is fiberwise a O-type as desired. For the third component, we need a function
pe : Ha.aE(|pr(a)|x). The only possibility we have is to define pg(a) = |pr(a)|g. For the
fourth component, we need a function cgy mapping each a,b : A and z : R(a,b) to a path from
(a Pl—|x (cﬂz)))f lpr(a)|g to |pr(b)|g. Again, the only reasonable choice we have is to define

cg(z) to be the following path:

(spiler(@) Ipr(a)ls

cr(2)2 7% pr(a)|p

dap|_,, (cr(2))

Ipr(b)|&
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Step 2 Define the intended quasi-inverse SQToTrFibAlg; for this, fix algebra (E,tg, pg,cg) :
SQFibAlg,,, (TrToSQAIg X ) To construct a fibered truncation algebra, we can use the same
underlying type family £, with ¢z showing it is fiberwise a O-type as desired. To obtain the
last component, we need a function 7-to-E : 11,7 E(|t|x ). We proceed by induction, mapping
pr(a) — pg(a) for any a : A and cy(z) to the path below for any a,b : A, z : R(a,b):

cr(2)! 7 pi(a)

E

(3P (cr(2)))  po(@

*

CE(Z)

b

The first computation rule then gives us a family of paths fr-io-g(a) : T-to-E(pr(a)) = pr(a)
fora : A.

Steps 3 +4 These are entirely analogous to the non-fibered case. ]

Lemma 182. (H + /) For algebras X : TrAlg,, (2,T) and Y : TrFibAlg,, X we have

TrFibMor X Y ~ SQFibMor (TrToSQAIg X) (TrToSQFibAIg(X) y)

Proof. Fix algebras X == (X, tx,[|x): TrAlg, (2,T) and ¥ := (E,tp, |- [r) : TrFibAlg,, X.
To construct a map from left to right, take a morphism (f, 3) : TrFibMor X’ ). To turn f into an
appropriate set quotient morphism, we show that for each a : A we have f(|pr(a)|x) = |pr(a)|g.
But this is exactly the equality witnessed by 5(pr(a)). For a map in the opposite direction, take

a morphism (f,3) : SQFibMor (TrToSQAlg X) (TrToSQFibAlg(X) V). To turn f into a

truncation morphism, we need to show that for any ¢ : 7', we have f(|t|x) = |t|g. For this,
we proceed by induction. Since the type f(|t|x) = |t|z is a mere proposition for any ¢ : T,
we only need to show that it is inhabited for ¢ = pr(a), i.e., that for each a : A we have

f(pr(a)|x) = |pr(a)|z. But this is exactly the equality observed by /3(a).

Showing that these two functions compose to identity on both sides is trivial since they both
preserve the underlying map f and for each morphism involved, the type of its second component
is a mere proposition. ]

Corollary 183. (H + /) For algebras X : TrAlgy, (2,T) and Y : TrAlgy, (2, T) we have

TrMor X Y~ SQFibMor (TrToSQAIg x) (TrToSQAIg y)

Proof. Exactly as in the fibered case. []
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Corollary 184. (H + /) For an algebra X : SQAlg, (A, G) we have

hasSQRecy, (X) =~ hasTrRecuk(TrToSQAIg X))
hasSQIndy, (X) =~ hasTrInduk<TrToSQAIg X))

isSQHInity, (X) =~ BT&“MQM(TﬂbSQA@ Aﬂ)

Corollary 185. (1 + /) For A : U;, R : EqRel(A), the following conditions on an algebra
X : SQAIlg, (A, R) are equivalent:
e X satisfies the induction principle on the universe Uy,

o X is homotopy-initial on the universe Uy,

for k > j. In other words, we have
hasSQIndy, (X) =~ isSQHInity, (X)

provided k > j. Moreover, the two types above are mere propositions.
Corollary 186. (H + / + -/o-) For A : U;, R : EqRel(A), the algebra

(A/OR, P, pointy, ceII0> : SQAIlg;, (A, R)

is homotopy-initial for any p on any universe U;.
Homotopy-initial set quotient algebras enjoy the property of effectiveness:

Lemma 187. (H) For A : U;, R : EqRel(A), and algebra X = (D,tp,p,c) : SQAlg, (A, R),
where R = (R, tg, 1,1, c), if X is homotopy-initial on the universe U; 1, then for any a,b : A
we have

(p(a) =p(b)) =~ R(a,b)

Proof. We employ the “encode-decode” method introduced by D. Licata. That is, we first define
a function C : D — D — X xy,isProp(X), where C(x,y) is meant to explicitly describe the
path type = = y, and then show that we indeed have (z = y) ~ m(C(z,y)). Of course, we will
construct C in such a way that 7, (C(p(a), p(b))) is equivalent to R(a,b), which will finish the
proof. Since for any z,y : D the types (z = y) and 71 (C(x, y)) are mere propositions, it suffices
to exhibit a logical equivalence between them, i.e., construct maps

e(r,y) : (x =y) = m(C(z,y))
d(z,y) : m(Clz,y)) = (x =y)

Step1 To define C, we proceed by recursion on the first argument. In other words, we construct
a set quotient algebra on U;,; whose carrier type is D — Y x..isProp(X). The function C
will then be the underlying map of the propositionally unique morphism into this algebra, the
existence of which is guaranteed by the fact that X satisfies the recursion principle on U/, (being
homotopy-initial on U;;1). To obtain the aforementioned set quotient algebra, we first need to
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verify that the type D — ¥ x,,,isProp(X) indeed belongs to Uf; 1, which is easy to check. Next
we need to show that the type D — Xy y,isProp(X) is in fact a set. For this it suffices to show
that Xy 44,isProp(X) is a set, which is a simple exercise (or see theorem 7.1.11 in [33]]).

Now we need to define a function F' : A — D — ¥x4,isProp(X). We do this by recursion
on the second argument. So we fix a : A and map p(b) — (R(a,b),tr(a,b)). To finish the
definition, we need to show that for any by,by : A, and z : R(by,bs), there is a path from
(R(a,b1),tr(a,b1)) to (R(a,bs),tr(a, b)) in the type x.,isProp(X). Since isProp(X) is a
mere proposition for any X, this is equivalent to showing R(a,b,) = R(a,by) (the map ap,,
serves as the equivalence). By univalence, this is equivalent to showing R(a, b;) ~ R(a, bs). But
this clearly holds since we have the quasi-inverses u — c(u, z) and v — c(v,i(z)) (these maps
are necessarily quasi-inverse to each other since R(a,b;) and R(a, by) are mere propositions).
This finishes the definition of F'(a). We note that by the first computation rule, we get a family
of paths Br(a,b) : F(a,p(b)) = (R(a,b),tr(a,b)).

To finish the definition of C, we must show that for any a;,as : A and v : R(aq,as), we
have F'(a;) = F(az). By function extensionality, it suffices to show that for any = : D, we
have F(ay,x) = F(az,z). We now proceed by induction on z. It is clear that for any «z,
the type F(a,z) = F(ag,x) belongs to U; 1. We also need to show that it is a set, but it
is even a mere proposition, so it only remains to establish the case F'(ay,p(b)) = F(aq, p(b))
for b : A. By fBr(ai,b) and Br(as,b), it suffices to show that (R(ay,b),tg(a1,b)) is equal to
(R(az,b),tgr(az,b)). For this it suffices to exhibit an equivalence R(ay,b) ~ R(as,b). This
clearly holds since we have the quasi-inverses u — c(i(v), u) and w — c(v, w). This finishes

the definition of C and we note that by the first computation rule, we get a family of paths
Bc(a) : C(p(a)) = F(a) for any a : A.

Step 2 To define d(x,y), we proceed by induction on x. We can do this since the type
II,.pm(C(x,y)) — (z = y) belongs to ;1 and is a mere proposition for any = : D. The
latter implies that it suffices to show that II,.p7;(C(p(a),y)) — (p(a) = y) is inhabited for any
a : A. To show this, fix a : A and proceed by induction on y. It suffices to show that the type
m1(C(p(a), p(b))) — (p(a) = p(b)) is inhabited for any b : A. To this end, let £(a, b) be the path
below:

ﬂp(a, b)

(R<a7 b)7 tR(av b))

Then c o 7, (TE(ap,, (¢(a,b)))) is our desired function from 7 (C(p(a), p(b))) to p(a) = p(b),
and the definition of d is complete.
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Step 3 To define e(z, y, u), we perform path induction on u. To construct a function G(x) :
71(C(z, x)), we proceed by induction on x. Since the type 71 (C(z,x)) is a mere proposition
for any = : D, it suffices to show that it is inhabited when = = p(a) for a : A. We map
p(a) — m (TE=(ap,, (e(a,a)))) r(a), where ¢ was defined in the previous step. This finishes
the definition of e. []
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4.3 Homotopy-initiality for Groupoid Quotients

4.3.1 Groupoid Quotients

We can take the underlying idea of set quotients one level higher to obtain groupoid quotients.
In homotopy theory, the canonical example of a groupoid quotient is the classifying space BG
of a group GG. Type-theoretically, a groupoid on A : U; is a structure that “looks like” the path
structure of a 1-type; namely, it is a set-valued relation with identity, inverse, and composition
operators which satisfy the usual algebraic laws.

Definition 188. For A : U;, we define the type of groupoids on A as

GVP(A) = ZR:A—)A—ﬂ/{i (Ha,b:Aisset<R(aa b))) X Er:id(R)Ei:inv(R)Ec:comp(R)
(Ha,b:AHZ:R(a,b) (C( (CL), Z) = Z) (Ha b: AHZ :R(a, b) ( (Z, I'(b)) = Z)) X

X
(Ha,b:AHz;R(a,b)(C(Z r(a) ) < abAHzR(ab)(C('(Z),Z)Zr(b))> X

(Ha,b,c,d:AHv:R(a,b)Hw R(b,c) z (c,d) (C v, C w, Z C(C(U, UJ), Z)))

Given A : U; and a groupoid G := (R, —,r,i,c,...) : Grp(A), the groupoid quotient A/; G
of A by G is the higher inductive type generated by the following constructors:

point; : A - A/1G
celly : Il p.aR(a,b) — (point,(a) = point, (b))
presc : o b e:ally ria,p) uw: R(b,c) (celll(c(v7 w)) = celly(v) celll(w))
hub : (S2 — A/lG) — A/LG
spoke : (IIr : S* — A/1G) (Ilz : S*)(r(x) = hub(r))

The only constructor which is not analogous to the set quotient case is pres. It asserts that the
composition operator given by the groupoid structure mirrors the one given by the path structure
of A/1G. In other words, the mapping cell; carries the composition of two “arrows” v : R(a, b)
and w : R(b, c) to the actual composition of the component paths cell; (v) and cell; (w).

Of course, we could have also included constructors asserting that identities and inverses
are preserved in a similar way, e.g., the constructors pres, : Il,.4 (celll(r(a)) = 1[ah) and
pres; : 11, p:all. riap (celli(i(2)) = cell;(2)™"'). However, this is unnecessary: the preserva-
tion of composition automatically implies the preservation of identities and inverses; that is, we
are able to construct terms having the same types as pres, and pres; just by using the constructors
given above. Moreover, such terms are necessarily unique (up to propositional equality) since
A/1G is a 1-type (as ensured by the hub and spoke constructors). We also note that a constructor
such as pres. was unnecessary in the set quotient case since in a O-type any two paths with the
same endpoints are automatically equal.
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The recursion principle for groupoid quotients says that given terms
e E:Uj,
e c: A F,
p:ypaR(a,b) — (e(a) = e(b)),
o m : Hypeallymian Luwre.e (p(c(v, w)) = p(v) = p(w)),
h:(S*— E)— E,
o 5 T ol (ulx) = h(u)),
there is a recursor rec.;,.(E,e,p,m, h,s) : A/1G — E. The recursor satisfies the computation
laws

* rec./,.(point;(a)) = e(a) forany a : A,

J aprec'/l‘(celll(z)) =p(z)foranya: A,b: A, z: R(a,b),

o apaprec./r (presc(v,w)) is equal to the path below for any a, b, ¢ : A, v : R(a,b), w: R(b,c),
where equalities (1) and (2) use the computation rule for the cell; constructor:

3Pree, (celly(c(v, w)))

(1)

ple(v,w))

m(v, w)

p(v) * p(w)

(2)

e, (celly (1)) *3pee,(cell (w)

APrec . (celly (v) = celly (w))

o rec,,.(hub(r)) = h(rec,. or) forany r : S* — A/, G,
® AP, (spoke(r,z)) is equal to the path below for any 7 : S? -+ A/,G and = : S?, where
equality (1) uses the computation rule for the hub constructor:

rec.,.(r(x)) slrecy.om ) h(rec.),. or) L rec.;,.(hub(r))

To express the induction rule concisely, we introduce the following notation. For any type
E: X — U,pathsv : a =x b,w : b =x ¢, terms e, : F(a), e, : E(b), e. : E(c), and paths

w:vE e, = ey, v:wl e, = e., we denote by C (1, ) the path

via (i
(v w)*E g —wE (vFe,) ———————wF e —— €
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The induction principle for groupoid quotients then says that given terms
o £:ALG — U,
e : [, aE(point,(a)),
P g pallspap) (Ce”1(2)f e(a) = e(b)),
* m: Hapeally:riap) Huwrp,e)
(ple(v, w)) = "E™ (ap_ s (presc(v, w)). e(a)) * C(p @),p(w))),
h:(Ilr: 8* - A/1G) (.52 E(r(x))) — E(hub(r
s:(Ilr: 82 — A/1G) (Tu : .2 E(r(x))) (Ia : s?) (spoke(r, z)7 u(x) = h(r,u)),

there is an inductor ind.;,.(E, e, p,m, h, s) : I1,.4/,c £ (z) satisfying the computation laws

® ind.;,.(point,(a)) = e(a) forany a : A,
* dapyg, (celli(2)) = p(z) forany a : A,b: A,z : R(a,b),
. danapmd/ (presc(v,w)) is equal to the path below for any a,b,c : A and v : R(a,b),

w : R(b, c) Here equalities (1) and (3) use the computation rule for the cell; construc-
tor, (2) is given by the characterization of transport between the fibers of the type family
q— ¢ e(a) = e(c) (easily shown by path induction), and (4) is an analogue of functori-
ality for the dap operator (also easily shown by path induction).

presc(v, w)! ™ 40 =) (dap, . (cell(c(u,w)))
0

7 0 @) =€) (o (. )

(2)

(€7 (ap e (prese(o,w)). (@) ple(r,w))

via m(v, w)

(TE"(ap (- s (presc(v, w)), e(a))

presc(v, w)?

( EH(ap( & (presc(v,w)), e(a)) -C(p(v),p(w)))

C(p(v), p(w))

3)

C(dapig ,, (celli(v)), dapyg , (celli(w)))
()

dapyyg , (cells(v) * cell; (w))
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e ind./,.(hub(r)) = h(r,ind.;,. or) forany r : S* - A/, G,
* dapyg, (spoke(r, )) is equal to the path below for any 7 : S> — A/, G and = : S?, where
equality (1) uses the computation rule for the hub constructor:

s(r,ind./ .o, J‘)
spoke(r, )" (ind.;,.(r(x))) ( ! h(r,ind.,. o)

ind.,,.(hub(r))

To give some intuition for the induction principle, let us look at how we obtained the type for
the hypothesis m. For any a,b,c : Aand v : R(a,b), w : R(b,c), the term p(c(v,w)) gives us
a path from cell; (c(v, w))” e(a) to e(c). However, the constructor pres, allows us to construct
another path with the same endpoints: namely, we first apply congruence to pres. to take us from
celly (c(v, w))” e(a) to (celly (v) * ceIIl(w))*E e(a) and then appeal to C(p(v), p(w)) to take us all
the way to e(c). We want these two paths to coincide, which is what m asserts.

The computation rule associated to pres. ensures that the inductor behaves as expected when
applied to pres.; “applied” here means in the higher-dimensional sense of course. Fortunately
for us, the presence of the hypotheses i and s means that this rule is redundant since they imply
that E is fiberwise a 1-type (lemma|140) and in a 1-type, any two paths between paths are equal
provided the endpoints agree. However, the above computation rule for pres. serves to illustrate
the difficulty involved in developing a unifying theory of higher inductive types: had we not
included constructors ensuring that the resulting type is appropriately truncated, we would have
been forced to carry this rule around.

In light of the above discussion, the groupoid quotient of A : U; by a groupoid G =
(R,—,r,i,c,...) : Grp(A) can be equivalently presented as a type A/1G : U; endowed with
constructors

point; : A - A/1G
celly : Il p.aR(a,b) — (point,(a) = point, (b))
presc : o b e:ally: ria,p) w: R(b,c) (celll(c(v7 w)) = celly(v) ceIIl(w))

tr : isGrp(A/1G)

where we use the abbreviation isGrp(X) = is-1-type(.X), such that that given terms

L4 EIUj,
e t:isGrp(E),
e c: A F,

* p:1lapaR(a,b) = (e(a) = e(b)),
* m: ypeallyrian Hw:Re,e (P(C(Ua w)) = p(v) -p(w)),
there is a recursor rec.;,.(E,t,e,p,m) : A/1G — FE satisfying the computation laws
* rec./,.(point,(a)) = e(a) forany a : A,
. aprec'/l‘(celll(z)) =p(z)foranya: Ab: A, z: R(a,b),

and for any terms
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E:ANLG — U,

t : I1,.pisGrp(E(y)),

e : I, aE(point,(a)),

P Mopall,riap (celli (2)7 e(a) = e(b)),

m : ape:ally:ria,p) w:Rb,0)

(ple(v,w)) = ~E"(ap_ e (presc(v,w)). e(a)) - C(p(v), p(w))).

there is an inductor ind.;,.(E, t,e,p,m) : 11,4/, £(2) satisfying the computation laws

e ind.;,.(point,(a)) = e(a) for any a : A,
. dapind'/l'(celll(z)) =p(z)foranya: A b: A z: R(a,b).

Definition 189. For A : U;, G = (R, —,r,i,c,...) : Grp(A), we define the type of groupoid
quotient algebras on a universe U; to be

GQAlgMJ (A7 G) = Z]D:Z/ljiSGrp(l)) X <Ee:A%DEp:(Ha,b:A)R(a,b)%(e(w):e(y))
Ha,b,c:AHv:R(a,b)Hw:R(b,c) (p(C(U> w)) - p(’U) - p(w))>

Definition 190. For an algebra X GQAIguj (A, G)withG := (R, —,r,i,c,...), define the type
of fibered groupoid quotient algebras on a universe U, by

GQFibAlgy, (D, = d. p,m) = Sp.pas, (TypisGra(E(y)) ) X (Seqmanpic)
Eq;(na,b:A)(Hz:R(a,b))(p(z)f e(a):e(b))Haab7C:AHU:R(avb) I R(b,c)
(a(c(v,w)) = "E" (ap_ = (pre(v, w)), e(a)) -C(q(v),q(w))))

Definition 191. For algebras X : GQAlg, (A, G) and Y : GQAlgy, (A, G), with G == (R, ...),
we define the type of groupoid quotient morphisms from X to ) by

GQMor (D, —,d,p,—) (E,—,e,q,—) = TQMor (D,d, q) (E,e,q)

Definition 192. For algebras X : GQAIguj (A, G) with Y : GQFibAlg,, X, with G = (R,...),
we define the type of fibered groupoid quotient morphisms from X to ) by

GQFibMor (D, —,d,p,—) (E,—,e,q,—) = TQFibMor (D, d,q) (E,e,q)

Definition 193. An algebra X : GQAlg,, (A, G) satisfies the recursion principle on a universe
Uy if for any algebra Y : GQAlgy, (A, G) there exists a morphism from X to Y:

hasGQRecy, (X)) = (Hy : GQAIguj(A, G)) GQMor X Y

Definition 194. An algebra X : GQAlg, (A, G) satisfies the induction principle on a universe
Uy, if for any fibered algebra Y : GQFibAlg,, X there exists a fibered morphism from X to Y:

hasGQIndy, () = (Hy . GQFibAlg,,, X) GQFibMor X' Y
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Definition 195. An algebra X : GQAlg,, (A, G) is homotopy-initial on a universe Uy, if for any
other algebra ) : SQAlg,, (A, G) the type of morphisms from X to Y is contractible:

isGQHInity, (X) = (Hy : GQAIlgy, (A, G)) isContr(GQMor X' ))
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4.3.2 Homotopy-initiality for Groupoid Quotients

We aim to show the following analogue to our main theorem for W-quotients:
Theorem 196. (H + W) For A : U;,, G : Grp(A), the following conditions on an algebra
X : GQAlgy, (A, G) are equivalent:

e X satisfies the induction principle on the universe Uy,

o X is homotopy-initial on the universe Uj,

for k > j. In other words, we have
hasGQIndy, (X) =~ isGQHInity, (X)

provided k > j. Moreover, the two types above are mere propositions.

Fix k > j, type A : U;, and groupoid G := (R, —,r,1i,c,...). We aim to establish the above
theorem by encoding each X" as a 1-truncation of a suitable W-quotient algebra and invoking
theorem We first need to fix the parameters for the W-quotient, which already requires
some work. Let us fix an algebra (S5, b, Ip) : S-Alg,, which satisfies the induction principle on
Unnax(i,ky and an algebra (T, pr, cr) : TQAlg,, (A, R) which satisfies the induction principle on
U,. Let D = Ea7b7C:AR(CL, b) X R(b, C).

Define amap f : D — S — T by recursion on the second argument, with b — pr(c) and
Ip = (cr(v) " cr(w))  *er(c(v,w)) for any d == (a,b,c,v,w) : D. Hence we have a family
of paths G¢(d) : f(d,b) = pr(c) and a family of higher paths 0¢(d) witnessing the following
commuting diagram:

|
£(d, b) an(d)( p) £(d,b)
Be(d) B (d)
pr(c) ) pr(c)

(cr(v) = cr(w))

The intuition behind this definition is to help us construct the “pres.” component of a groupoid
quotient algebra, as we will see shortly.

»cr(c(v, w))

The parameters for our W-quotient will be as follows. For the “A” parameter, which encodes
the type of labels for points, we will use 7" + D. The left component serves to embed the type
quotient 7" into our W-quotient and the right component introduces a “hub” point for each d : D,
which will be used to ensure that f composed with the embedding of 7" into the W-quotient is
homotopy-constant. This will imply that (c7(v) * e (w)) . cr(c(v,w)) when mapped into the
W-quotient becomes the identity path, which is what we want for the construction of pres..

Since all of labels described above are nullary, the “B” parameter, which encodes the arity of
each point label, will always return 0. For the “C” parameter, which encodes the type of labels
for paths, we will use D x S. A term (d, ) will stand for the “spoke” going from the embedding
of f(d, x) to the hub point. The maps 1,r : D x S — T+ D encode this intuition: we define the
map 1 by (d, z) — inl(f(d, z)) and the map r by (d, —) — inr(d).
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Fix an algebra (W, pw,cw) : WQAIg,, (T +D,_.— 0,D x S,1, r) which satisfies the in-
duction principle on U.. Finally, define a function h : 7" — W, which will be the aforementioned
embedding of T" into W, by y — pw (inl(y), fo), where fo is the canonical function out of O to
w.

We are now ready to prove that the groupoid quotient algebras are really the same thing as
1-truncation algebras over the W-quotient V. We note that we need to use the parameter n == 3
to obtain a 1-truncation.

Lemma 197. (H + W) We have a function
TrToGQAIlg : TrAlg, (3,W) — GQAlg, (A, G)
which is an equivalence.

Proof. We first introduce some notation that will be used throughout:

e Foranyt: 0 — W, we have a path o, (t) : fo = t witnessing the fact that f, is the unique
function out of the empty type.

e Forany u:a =y band c: Z, we have a path
apc(c,u) :ap ., (u) =1,
defined by induction on w.
e Forany f,g:Y — Z,and u,v :a =y a,and vy : f = g, § : u = v, we have a function
ide(7,0) = (apy(v) = L) = (a4 (u) = L))
defined by induction on y and 9.

e For any u,v : a =y b, we have equivalences
Z:(lyru=v) = (u="0)
Z:(u=v+1) = (u=w)

e Forafunction f : Y — Zandpathsu : a =y a,v:a=y bw:d=y b, w :d=y c,
ws : ¢ =y b, as in the diagram

we have a map
He: (v- ((wy = wy) ™" w) :u-v> —

(b (1) = Ly(a)) = (ap; (1) = ap, () - apy (02)

defined by induction on v, w;, wy, and subsequently mapping any 6 : 1, (1, w) = u+1,
to the term idc (1, Z;(Z;(Z,(6)))).
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e For d : D, let f,(d) = pw(inr(d), fo). Then the composition hof(d) is equal to the
constant map on f,(d), as evidenced by the path

ne(d) = HE= (f — cw((d, x), fo, fo))

This implies that the term apy, , ¢(4)(Ip) is equal to reflexivity, as witnessed by the path

ve(d) = idc (nf(d), 1ip, apc(f.(d), Ip))

Of course, the term apy,(apg(q)(Ip)) is then also equal to reflexivity, as witnessed by the
obvious path J¢(d) =

ve(d
apn(apg(q)(IP)) ————— aPno£(a)(IP) R

Finally, it follows that the term ap, |, ,, (ap¢(4(Ip)) is equal to reflexivity, as evidenced by
the path e¢(d) ==
via V¢(d)
aP|7|Xoh(3Pf(d)(|P)) AP x (3Ph(apf<d)(|P))) - ap|_|X(1)
Furthermore, we will use the following observation:

* Observation: Given a type family Y : W — U, and function ¢ : II,.7Y (h(¢)), if each
fiber of Y is a set then there is a function f : I, Y (w) such that f(h(y)) = ¢g(y) for any
y:T.

To prove this claim, we construct the desired function f by induction. For this we first
need to define a map

€ H:E:T+DHt:0~>W (Hb:OY(t b)) — Y(PW(% t))

We define e(x,t, —) == e(z,t, a,(t)), where forany x : T+ D, t: 0 — W, : t = fo, the
term
e(x,t,a) : E(pw(z,t))

is defined by one-sided path induction on « and the subsequent mapping

inl(y) +— g(y)
inr(d) — cw((d,b), fo, fo)f g(f(d,b))

To complete the inductive definition we need to construct a map

q : He.pxsIli.oswllsow Il o)y b) o (me:0)E(s )

(cw(c,t, s)f e(1(c),t,u) = e(x(c), s, v))
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We define ¢(c,t,s,—, —) = qlc,t,a,(t),s,a,(s)), where forc : D x S, ¢t : 0 — W,
ap:t= fo,s:0—=>W, a,:s= fo, the term

ale,t,on, s,05) t el t,s) e(1(c), t,ay) = e(x(c), s, o)

is defined by one-sided path induction on «y, o, and the subsequent mapping (d, z) +—
q'(d, x). Here for any d : D, z : S, the path family

d(d.2) s cw((d,2), fo. fo), 9(E(d,2)) = cw((d,b). fo, fo): 9(£(d,b))

is defined by induction on = (we can do this since k£ < max(i, k)), mapping b — 1. We do
not have to supply a mapping for the path constructor Ip since by assumption, each fiber of
Y is a set and this makes the type of q'(d, ) a mere proposition.

We now proceed in four steps:

Step 1  First we define TrToGQAIg; for this, take an algebra (X, tx, | - [x) : TrAlg, (3, W). To
construct a group quotient algebra, we can use the same underlying type X, with ¢y showing it
is a 1-type as desired. For the third component, we need a function px : A — X. The only
real possibility we have is to define px(a) := |h(pr(a))|x. To obtain the fourth component, we
need a function cx mapping each a,b : A, z : R(a,b) to a path from |h(pr(a))|x to |h(pr(b))|x.
Again, the only obvious choice we have (up to homotopy) is to define cx(2) = ap|_ .o n(cr(2))-
To obtain the final component, we need to exhibit a path

mx (v, w) : cx (c(v,w)) = cx(v) * cx(w)

forany a,b,c: A,and v : R(a,b), w : R(b,c). For this, we define mx (v, w) = H(0s(d), ce(d)),
where d = (a,b, ¢, v, w).

Step 2 We define the intended quasi-inverse GQToTrAlg; fix an algebra (X, tx, px,cx, mx) :
GQAIguj(A, G). To construct a truncation algebra, we can use the same underlying type X,
with tx showing it is a 1-type as desired. To obtain the last component, we need a function
W-to-X : W — X. For this we will first need a function 7-to-X : T" — X. We proceed by
recursion (we can do this since j < k), mapping pr(a) — px(a) for any a : A and cp(z) —
cx(z) forany a,b : A, z : R(a,b). The first computation rule then gives us a family of paths
Br-to-x(a) : T-to-X (pr(a)) = px(a) for a : A, and the second computation rule implies the
commutativity of the following diagram for any a,b : A, z : R(a, b):

ap7-to-x (c7(2))

T-to-X (pr(a)) T-to-X(pr(b))
/BT-to-X(a) /BT-to-X(b)
px(a) () px(b)
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To obtain IW-to-X we again proceed by recursion. For this we first need to define a function
e:T+D — (0 — X)— X; we do so by mapping inl(y), . +— T-to-X(y) and inr(d), - —
T-to-X (f(d,b)). It remains to construct a ¢ : I..pxsIl,.0oxIv0ox(e(1(c),u) = e(x(c),v)).
For this, it suffices to prove the following:

e Goal: For any d : D, z : S, there exists a path family

ce(d, z) : T-to-X (£(d, ) = T-to-X (£(d, b))

We can then define ¢((d, ), —, —) = c¢(d, ). To prove the existence of the function c¢, we will
make use of the following easy claim:

* Claim: For atype Z : Uy and map f : S — Z, if ap;(Ip) = 1 then there is a type family
c(x) : f(x) = f(b).

By the above claim it suffices to show that ap;_,-y o) (Ip) = 1 forany d : D. Fix d =
(a, b, c,v,w) : D. It now suffices to establish the following generalization: given terms

e 1 :Tandy,: X fork € {1,2,3},

i+ T-to-X (xy) =y for k € {1,2,3},

® p:xy =x3zand g : 1 = Ty for k € {1,2},
g :f(d,b) = w3,

® Si:yr = ypr fork € {1,2},
0:8-((n-q) " "p) = apg(q)(Ip) * 5,

we have ap;_-y o £(g)(Ip) = 1 provided the diagrams below commute for k € {1, 2}:

ap7-to-x (P) ap7r-to-x (qk)
Tto-X (1)) — X" Tto-X(23)  T-to-X(23) ——2"" Tto-X (24.1)
71 3 Yk V41
A Y3 Yk Yk+1
81 * 89 Sk

We instantiate this generalization by v, = fr-to-x(a), Y2 = Br-to-x(0), 73 = Br-t0-x(C),
p = cr(c(v,w)), ¢1 = cr(v), @2 = cr(w), B = Be(d), s1 = cx(v), s2 = cx(w), 6 = O¢(d).
The commutativity of the diagrams in the hypotheses is implied by the second computation rule
for T-to-X and mx (v, w).

Finally, to prove this generalization we perform one-sided path induction on (3, v1, V2, V3, q1,
¢2. The commutativity of the diagrams in the hypothesis becomes equivalent to the conditions
aPp-io-x (P) = s1 = $o for the first diagram and s; = 1, sy = 1 for the remaining two. Performing
one-sided path induction on these last two conditions then replaces s; and s, with reflexivities,
and the first condition thus reduces to ap;_,,-x(p) = 1.

Moreover, we now have an assumption 6 : 1 *p = apg, (Ip) * 1, which is equivalent to as-
suming p = apg(y) (Ip). Performing a one-sided path induction on this latter assumption replaces
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p with apg(g)(Ip), giving us apy_¢o-x (apg(q)(Ip)) = 1. This implies apy_io-x gy (IP) = 1 as
desired.

Although we are done with this step, it will be useful to note that since I/-to-X was defined
by recursion, the first computation rule gives us a family of paths

Bw-to-x (1) : W-to-X (h(y)) = T-to-X (y)

forany y : T'.

Step 3 We now want to show that for any groupoid quotient algebra X : GQAIguj (A, G), we
have TrToGQAIg(GQToTrAlg(X')) = X. Let such an algebra (X,x, px,cx, mx) be given.
The first and second components of TrToGQAIg(GQToTrAIg(X ,tx,px,Cx,m X)) are X and
tx themselves. The third and fourth components are the maps a — W-to-X (h(pr(a))) and
a,b, 2 — apy_to-xo n(Cr(2)) respectively.

The type of the final component is a mere proposition, so all we need to show is that there
is a path «y equating the third component with px, such that the fourth component transported
along v among the fibers of the type family f +— 1o pall..rp (f(a) =x f(b)) is equal to cx.
An easy generalization and path induction, with an appeal to function extensionality, shows that
the latter condition is equivalent to the assertion that the diagram below commutes for all a, b, 2:

APy —to-Xo h(CT(2))

W-to-X (h(pr(a))) W-to-X (h(pr(b)))

- EM (A/ CL) - Eu (A/? b)

px(a) " px(b)

To construct -y, we put
7 i="E7 (0 B-tonx (pr(@)) * Bro-x (o))
It now suffices to show that the outer rectangle in the diagram below commutes:

APW-to-Xo h(CT(Z))

W-to-X (h(pr(a))) W-to-X (h(pr(b)))

Bw-to-x (Pr(@)) A Bw-to-x (Pr (b))
T-to-X (pr(a)) T-to-X (pr(b))
apr-to-x (€1(2))

Br-to-x (a) B Br-to-x (b)
px(a) ) Px(b)

But rectangle A commutes by an easy path induction and rectangle B commutes by the second
computation rule for 7-to- X, so we are done.
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Step 4 Finally, we want to show that for any truncation algebra X : TrAIgMJ_(?)7 W), we
have GQToTrAlg(TrToGQAIg(X)) = X. Let such an algebra (X,tx,| - |x) be given. The
first and second components of GQToTrAlg(TrToGQAIg(X,tx,| - |x)) are X and ¢y them-
selves. The third component is the map W-to-X. We need to show that for any w : W we
have W-to-X (w) = |w|x. Since the type W-to-X(w) = |w|x is a set for any w : W, by
an earlier observation at the beginning of the proof of lemma [197] it suffices to show that for
any y : T we have W-to-X (h(y)) = |h(y)|x. However, we recall that we have the path
Bw-to-x (y) : W-to-X (h(y)) = T-to-X (y). Hence it suffices to show that 7-to-X (y) = |h(y)|x
forany y : 7'

We proceed by induction, mapping pr(a) — Pr-to-x(a) for any a : A. To map cy(z) for
a,b: A, z: R(a,b), we need to show that Sr_,-x(a) transported along cr(z) among the fibers
of the type family x +— T-to-X (z) = |h(x)|x is equal to Sr-1o-x (b). An easy generalization and
path induction shows that this is equivalent to the assertion that the diagram below commutes:

apr-to-x (7 (2))

T-to-X (pr(a)) T-to-X (pr(b))
‘81‘-to-X ((1) gT—to-X (b)
[h(pr(a))|x (h(pr(b))]x

ap|—|xon(cr(2))

But this is implied by the second computation rule for 7-to- X, as observed earlier. [

Lemma 198. (H + W) For an algebra X : TrAlg, (3, W) we have a function

TrToGQFibAlg : TrFibAlg, X — GQFibAlg, <TrToGQAIg X)

which is an equivalence.

Proof. Fix an algebra X == (X, tx, | [x) : TrAlg, (3, W). We recall that TrToGQAIlg X is the
algebra (X, tx, px, cx, mx ), where

px(a) = |h(pr(a))|x fora: A
cx(2) = ap_|,onlcr(2)) fora,b: A, z: R(a,b)
mx (v, w) = Hc(0¢(d),e¢(d)) fora,b,c: A, v: R(a,b), w: R(b,c) withd = (a,b, c,v,w)

We will also make use of the following notation:

e Foramap f : U — Z, type family Y : V' — U,,, terms y; : Y (f(z1)) and y2 : Y (f(22)),
and paths p : 1 =y x5 and ¢ : pY°/ y; = y» we have an equivalence

Dy(q) : (p?f’f Yy = yz) ~ ((apf(p))f Yy = yz)

defined simply by mapping ¢ to the path
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(ap;(0)). 01 T Y2

We note that we will only be interested in the specific case when f := | - |x oh and will thus
omit the subscript to Df(q). We now proceed in four steps:

Step 1  First we define TrToGQFibAlg; for this, take an algebra (E,tg, | - |) : TrFibAlg, X.
To construct a fibered group quotient algebra, we can use the same underlying type £, with
tp showing it is fiberwise a 1-type as desired. For the third component, we need a function
pr : o aE(/h(pr(a))|x). The only possibility we have is to define pg(a) = |h(pr(a))|g. To
obtain the fourth component, we need a function cx mapping each a,b : A, z : R(a,b) to a path
from (apHX oh(cT(z)))iE |h(pr(a))|g to |h(pr(b))|g. Using the notation from above, we define

cg(z) = D(dap_|,.n(cr(z))), which makes sense since the term dap|_|, on(cr(2)) provides

us with a path from cp(z)7° =R b (pr(a))|g to |h(pr(b))|g. To obtain the final component

of our desired fibered groupoid quotient algebra, we need to show that for any a,b,c : A and
v: R(a,b), w : R(b, c), the following diagram commutes:

via mx (v, w)

(cx(c(v, u)))*E pe(a) (ex(v) CX(U’))*E pe(a)

cp(e(v,w))

(]

To show this, fix a, b, ¢, v, w with d := (a, b, c¢,v,w), and consider the following generalization:
given terms

® DIT=7X,q:T=7Y3, T Y =7 Y3, "1 Y1 =T Y2, T2 : Yo =7 Y3, as in the diagram

o 93Q'((T1'7"2)71'7”) =p*q
* v:ap,(p) =1,

the following diagram commutes
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via H(0, )
(ap\—|x0h(r))*E [h(y1)|e (ap\*\XOh(Tl) ) ap\flxoh(TQ))E [h(y1)|e

*

D(dap|_,on(r))
C(D(dapHEoh(h)),D(dap|_|th(T1)))
'h(ys)|e

where € denotes the path

via vy

3P|_\Xoh(p) 3P|_\X(3Ph(1’)) aP\_|X(1)

To show that the above generalization implies our original goal, we instantiate p = apg d)(lp),
q = Pe(d), 7 = cr(c(v,w)), r1 = cp(v), 19 == cr(w), 0 == 0¢(d), v = J¢(d).

To prove our new goal, we perform path induction on 7y and 7. This reduces the above
diagram to

E via H(0, e 5
(a1 on(r), (y1)le S (1); [h(y1)|e

D(dap|_|,on(r))

|h(yl)|E

To show that this simplified diagram commutes, we first note that for a general ' : y; = | we
can express the path D(dapHE on(r’ )) is an equivalent way, as justified by the diagram below
which commutes by an obvious path induction:

(b o) Ty ]e ——————— ()7 " () e
(ap‘,‘X(aph('r’)))*E h(y1)|e dap|_|, on(")
(@pu ()27 () e Ih(y))|e

dap|_, (apn (1))

Specializing this situation to 7’ := r, it suffices to show that the outer rectangle in the diagram
below commutes:
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via H(0,¢)

(ap_( on(m)” (g1 (1) h(y)|e
A
(31 (@pn (), Ialan)le —— o (apix (1), Rl
B
(apu()) 27 [h(y) Ih(y1)

dap|_, (apn(r))

It suffices to show that the rectangles A and B commute. The commutativity of B follows
by generalizing H.(0,y) together with its left endpoint ap,,(r) and performing a one-sided path
induction. To show the commutativity of A, we first perform a path induction on q. This reduces
the terms H(6, ) and Hc(0,7) to ide(1-| on, Zi(L(Z,(9))), €) and idc(1n, Z(Zi(Z,(6))), 7)
respectively. Since 6 now has type 1+ (1 +7) = p+ 1, Z)(Z;,(Z,(0))) has type r = p. Thus,
generalizing Z;(Z;(Z,(9))) and performing a one-sided path induction on it replaces r with p and
reduces the terms idc(1)_| on, Zi(Zi(Z,(9))), €) and idc(1n, Z;(Zy(Z,(9))), ) to & and ~ them-
selves. Hence we are down to showing that the diagram below commutes:

(ap 1y on(®)” [(2)]z ()% ()]s
(app_1 (2P (1)) I(2)] s o (ap_1x (1)) ()]s

But this follows immediately from the definition of € and we are done.

Step 2 We define the intended quasi-inverse GQToTrFibAlg; fix algebra (F,tg, pp,Cg, mg) :
GQFibAlg,,, (TrToGQAIg X ) To construct a fibered truncation algebra, we can use the same
underlying type family £, with ¢ showing it is fiberwise a 1-type as desired. To obtain the last
component, we need a function W-to-FE : 11,1 E(|w|x). For this we will first need a function
T-to-E : 11,7 E(|h(y)|x). We proceed by induction, mapping pr(a) — pg(a) for any a : A
and cr(z) — D (cg(z)) for any a,b : A, z : R(a,b). This definition makes sense as cg(z)

provides us with a path from (ap;_, Oh(cT(z)))E pe(a) to pg(b); this means that applying D~

to it produces a path from cp(2)7°17¥°® p (@) to pp(b) as desired.

The first computation rule gives us a family of paths Sr-to-g(a) : T-to-E(pr(a)) = pr(a)
for a : A, and the second computation rule implies the commutativity of the following diagram
forany a,b: A, z : R(a,b):
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dapy_io-g(cr(2))

cr(2)) 17" Toto-E(pr(a)) T-to-E(pr(b))
via Br-to-g(a) Br-to-5(b)
CT(Z)*Eol_‘X oh PE(G) D71<CE(2)) pE(b)

To obtain W-to-E we again proceed by induction. For this we first need to define a function

e : Wy ppomw (Huo E([E blx)) = E(lpw (z,t)]x)

We define e(z,t, —) = e(x,t,a.(t)), where forany x : T+ D, t: 0 — W, o : t = fo, the term

e(a;, t, a) : E<|pW(:C, t)‘X>
is defined by one-sided path induction on « and the subsequent mapping

inl(y) — T-to-E(y)
inr(d) — cw((d,b), fo, fo)Z°I71X T-to-E(£(d, b))

To complete the inductive definition we need to construct a function

q : Ie.pxsposwllsoswllu: o) B¢t o)) Ho: (m0:0)E(s 5] x)
(ewlet, )77 e(1(e),tu) = e(x(c), s,0))

For this it suffices to prove the following:

e Goal: Forany d : D, z : S, there exists a path family

ce(d, z) : ew((d, 2), fo, fo)POTX Toto-E(£(d, x)) =
cw((d, b), fo, fo)*EO IIx T-to-E(f(d,b))

We can then define ¢(c,t,s, —, —) = q(c, t, a.(t), s,a(s)), where forc : D x S, ¢t : 0 — W,

ap:t= fo,s:0—=>W, as:s= fo, the term

ale, t, oy, s, a,) e (e, t, s)f()'*lx e(1(c),t, ay) = e(r(c), s, ay)

is defined by one-sided path induction on «;, s, and the subsequent mapping (d, x) — c¢(d, x).
To prove the existence of the function c¢ as specified above, we will make use of the following

claim:
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e Claim: For a type Z : U;, type family Y : Z — Uy, mapsr : S — Z, f : Il,.sY (r(x)),
term z, : Z, and path o : 7 = A(.5) 2, if dap;(Ip) is equal to the path

(Ip).°" f(b)

then there is a path family

o) : ((E"a) f@) = (“EM(a, b)) f(b)

*

To prove this claim, we proceed by induction on . The term idc(a, Lp, apc(2y, Ip)) then
becomes just apc(z,, Ip). Furthermore, it reduces the problem to that of finding a path
family c(x) : f(x) = f(z). As observed before, for this it suffices to show that ap(Ip) =
1, which is well-typed since r is now a constant function on z,, which makes f a non-
dependent function from S to Y'(z,). We now generalize this situation by considering an
arbitrary p : 11 = x5 instead of Ip. By an obvious path induction, dap;(p) is equal to the
path below:

P*Yo " f(!El)

(ap,(n). flar)

via apc(zy, p)
(1)) f(1)

ap(p)

f(%)

Performing the instantiation p := Ip, we see that by assumption, the term dap(Ip) is in
fact equal to the composition of the first two equalities in the above path, which means we
must necessarily have ap;(Ip) = 1 as desired.
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Having proved the claim, we now return to our original goal of constructing cs. We fix
d = (a,b,c,v,w) : D and instantiate the above claim by putting Z = W, Y = Fo |- |x,
r:=hof(d), f = T-to-E o f(d), z, = f.(d), a = n¢(d). Recalling the definition of 7¢(d) and
noting that “E™ and "E= are quasi-inverses, we see that the conclusion of the claim guarantees
the existence of our desired c¢. It therefore remains to establish the hypothesis of the claim, that
is, show that dap;_y,_p  ¢(4)(IP) has the form specified in (x). This is precisely the conclusion of
the following generalization: given terms

® 1, :Tandy, : E(|h(x)|x) fork € {1,2,3},
Ve : T-to-E(xy,) =y for k € {1,2,3},

® p:xy =wx3and g : T = Ty for k € {1,2},
g :f(d,b) = x3,

B
® Sy <3P|7\X0h(C]k)> Yr = Yrs1 for k € {1,2},

®0:[0" ((Q1 “qp) ! 'P) = an(d)('P) ' B,
the term dapy_ -0 £(a) (IP) is €qual to the path

(Ip)2 " e Tto-B(£(d, b))

(3P o 0 (10)) " T-to-E(f(a, b))

via ve(d)

()27 7X T-to-B(f(d, b))
provided the diagrams below commute for k& € {1,2}:

dapy.to-g(P)

pZe Xt o B(ay) T-to-E(z3)
via yi V3
F o |7|XO h / y‘
* 1 3
! . D i(r)
dapy-to-£(ak)
(Qk)*EO [“lxeh T-to-E(xy) © T-to-E (k1)
via vy, Vie+1
FE o |7‘XO h y
Yk k41
(qx). Yk D (sp)



Here  denotes the following path:

(ap\f\xoh(p))f Y1

via Hc(0,e¢(d))
E

<ap\—\xoh(q1) ’ aP\f\Xoh((D))* Y1

C(Sl, 82)

Ys

We instantiate this generalization by 71 = Sr-t0-g(a), Y2 = Pr-t0-£(b), V3 = Br-to-£(c),
p = cr(c(v,w)), 1 = cr(v), @2 = cp(w), B = Be(d), 51 = cp(v), s2 = cp(w), 0 = O¢(d).
The commutativity of the diagrams in the hypotheses is implied by the second computation rule
for T-to-E and mg (v, w).

Finally, to prove this generalization we perform one-sided path induction on 3, 7y, 7,
Y3, q1, g2 This reduces the term Hc(6,e¢(d)) to ide(1)— on, Zi(Zi(Z:(F))), e¢(d)), and the
commutativity of the first diagram in the hypothesis then becomes equivalent to the condition
dapy.o-p(p) = D71(k), where & is the path

(aPHX oh(p))f T-to-E(f(d, b))
via idC(l‘,‘X Oh,Il(Il(I,,(G))L 5f(d)>
(1) T-to-E(f(d, b))

C(s1,s2)

T-to-E(£(d, b))

Furthermore, the commutativity of the remaining two diagrams in the hypothesis becomes
equivalent to the conditions s; = 1, s, = 1. Performing one-sided path induction on these last
two conditions then replaces s; and s, with reflexivities, which in turn reduces the term C(sy, s2)
to reflexivity.

Also, ¢ now has type 1+ (1 * p) = apgq)(Ip) * 1, which means that the term Z;(Z;(Z,(0)))
has type p = apg(q)(Ip). Thus, generalizing Z;(Z;(Z,(¢))) and performing a one-sided path in-
duction on it replaces p with apg 4 (Ip) and reduces the term idc(1|_|, on, Zi(Zi(Z,(9))), £¢(d))
to e¢(d). Hence it suffices to establish the conclusion of the generalization under the hypothesis
that dap_,-(apeq)(Ip)) equals the path
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(apyiay(1p) 7" Teto-E(£(d, b))

(3P on(3prco () ) Tto-E(E(d, b))

*

via e¢(d)

(1)" T-to-E(f(d, b))

To do so, we first relate the two terms dapy_io- o £() (IP) @and dapy_-(apg(q) (Ip)) by observing
that the former is equal to the path below by an easy path induction:

(Ip)Zelxe ot po B(£(d, b))

(3P (1)) " Tto-E(£(d, b))

*

dapr-to- (aPe(a) (IP))

T-to-E(f(d, b))

Hence it only remains to show that the following diagram commutes:

o|—|xoho FEol|—-|xoh
(IP)*E [“lxe et (apf(d)(lp))* i
Eol-|x E
(aPn o 10 (IP)), (ap\—\xoh(apf(d)(lp)))*
via ve(d) via e¢(d)
(1)7 o1 (1))

Expanding the definition of ¢(d), we see that it remains to show that the outer rectangle in the
diagram below commutes:
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) Hivener (apro )"
E
(apon h(apf(d)(lp))>*
A
E
<3P|7\X (aph(apf(d)(lp))))*
Eol|-|x E
(aphof(d)(lp))* <3P|_\X (aphof(d)(lp))>*
via ve(d) B via ve(d)
(1) (api (1))

But both of the inner rectangles A and B commute by an easy generalization and subsequent path
induction, so we are done.

Although this step is finished, it will be useful to note that since IW-to-E was defined by
induction, the first computation rule gives us a family of paths

Bw-to-£(y) : W-to-E(h(y)) = e(inl(y), fo,a*(fo))

for any y : 7. But of course we have «.(fo) = 1y, so in fact we have a family of paths

Bw-to-5(y) : W-to-E(h(y)) = T-to-E(y)

forany y : 7'

Step3  We show that for a fibered groupoid quotient algebra ) : GQFibAlg,, (TrToGQAIg X),
we have TrToGQFibAlg(GQToTrFibAlg())) = ). Let such an algebra (F,tg, pg,cg, mg) be
given. The first and second components of TrToGQAIg(GQToTrAIg(E, te,pPE, CE, mE)) are B
and ¢z themselves. The third and fourth components are the maps a — W-to-E(h(pr(a))) and
a,b,z +— D(dapyto-gon(cr(2))) respectively.

The type of the final component is a mere proposition, so all we need to show is that there is
a path v equating the third component with pg, such that the fourth component transported along

~ among the fibers of the type family f +— I, . AIL.. g(ap) ((apHx oh(cT(z)))f fla) = f(b)) is
equal to cp. An easy generalization and path induction, with function extensionality, shows that
the latter condition is equivalent to the assertion that the diagram below commutes for all a, b, 2:

126



D1 (D(dapW_to_E o h(CT(Z))))

cr(z)7° =lxeb o x (h(pr(a))) W-to-E (h(pr(b)))
via “EY(v,a) =E(y,b)
CT(Z)*EO‘ilX oh PE((l) D—l(CE(z)) pb(b)

To construct -y, we put

7= "B (1 Blyme-p(pr(a)) * Brao-i(a))

It thus remains to show that the outer rectangle in the diagram below commutes:

dapy_to- o n(c7(2))

cr(2)Z° xR Woto-E (h(pr(a))) W-to-E (h(pr (b))

via By o-x (Pr(a)) A Biy-to-x (PT (D))
cr(2)EelTx R Tto- B(pr(a)) oo (7] T-to-E(pr(b))
via Br-to-(a) B Br-t0-E(D)
er(2)PeIx R 0 TS p(b)

But rectangle A commutes by an easy path induction and rectangle B commutes by the second
computation rule for 7-to-E, so we are done.

Step 4 Finally, we want to show that for any fibered truncation algebra ) : TrAIng X, we
have GQToTrFibAlg(TrToGQFibAlg())) = Y. Let such an algebra (E,tg,| - |g) be given.
The first and second components of GQToTrFibAlg(TrToGQFibAlg(E, tg, | - |r)) are E and tp
themselves. The third component is the map W-to-E. We thus need to show that for any w : I,
we have W-to-E(w) = |w|g. Since the type W-to-X(w) = |w|g is a set for any w : W,
by an earlier observation at the beginning of the proof of lemma it suffices to show that
for any y : T we have W-to-F(h(y)) = |h(y)|z. However, we recall that we have the path
Biv-to-p(y) : W-to-E(h(y)) = T-to-E(y). Hence it suffices to show that T-to-E(y) = |h(y)|g
forany y : 7'

We proceed by induction, mapping pr(a) — Br-to-g(a) for any a : A. To map cr(z) for
a,b: A, z: R(a,b), we need to show that S7-,-g(a) transported along cr(z) among the fibers
of the type family x — T-to-E(z) = |h(x)|g is equal to Sr-t0-z(b). An easy generalization and
path induction shows that this is equivalent to the assertion that the diagram below commutes:
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dapy_io-g(cr(2))

cr(2)Z°1X R Tto-B(pr(a)) T-to-E(pr(b))
via Br-to-r(a) Br-to-£(b)
cr(2)2 XM |h(pr(a))|p Ih(pr(b))]

dap_|, o nl(cr(2))

But this is implied by the second computation rule for 7'-to-E. [

Lemma 199. (H + W) For algebras X : TrAlg, (3, W) and ) : TrFibAlg,, X we have
TrFibMor X ¥ ~ GQFibMor <TrToGQAIg X) (TrToGQFibAIg(X) y)

Proof. Fix an algebra X' = (X, tx, | [x) : TrAlg, (3, W). We recall that TrToGQAlg X is the
algebra (X, tx, px,Cx, mx), where

px(a) = |[h(pr(a))|x fora: A
cx(2) = ap_|, onlcr(2)) fora,b: A, z: R(a,b)

Fix an algebra )V == (E,tp, [ - [p) : TrFibAlg,, A&. Then TrToGQFibAlg(X) ) is the algebra
(E,tp,pe,cp, mg), where

pe(a) = |h(pr(a))|e fora: A
cp(z) = D(dap|_|th(cT(z))) fora,b: A, z: R(a,b)

We now proceed in four steps:

Step 1 First we define a function TrToGQFibMor going from left to right. For this, take a
morphism (f, ) : TrFibMor X ). To construct the desired fibered group quotient morphism,
we can use the same underlying map f. For the second component, we need a function f3.,. :
a:a(f(Jh(pr(a))|x) = |h(pr(a))|g). The obvious choice is to define 3.,. = B(h(pr(a))).
To obtain the final component, we need to show that the following diagram commutes for all
a,b: A, z: R(a,b):

) dap(ap . oncr(2)
(b om(er (=) F(B(pr(a))]x) — £ (In(pr () )

via 3(h(pr(a))) B(h(pr(b)))
(3p1_ on(cr()))” [h(pr(a))] h(pr(5))]

D(dapHE oh(CT(z)))
But this follows by a straightforward generalization and path induction.
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Step 2 We define the intended quasi-inverse GQToTrFibMor going from right to left. For this,
take a morphism (f, 3, 6) : GQFibMor (TrToGQAIg X) (TrToGQFibAIg(X) y). To construct
a truncation morphism, we can use the same underlying map f. For the second component,
we need a function .| : IL,.w(f(Jw|x) = |w|g). As the type f(|w|x) = |w|g is a set for
any w : W, by an earlier observation at the beginning of the proof of lemma it suffices to
construct a function 7| : II,7(f(/h(y)|x) = [h(y)|£).

We construct .| by induction, mapping pr(a) — [(a) for any a : A. To map cp(z) for
a,b : A, z : R(a,b), we need to show that $(a) transported along cr(z) among the fibers of
the type family y — f(|h(y)|x) = |h(y)|g is equal to 5(b). An easy generalization and path
induction shows that this is equivalent to the assertion that the diagram below commutes:

dap;(ap|_|y on(cr(2)))

(3P onler(2))); f(In(pr(a))]x) £ (In(pr(b))lx)

via B(a) B(b)

d nlCr(% Eh 7\Q))\E thE
(P yon(er(2))), [h(pr(a))l D{dap, | on(cr(2) (h(pz(b))]

But this is implied right away by 6.

Although we are done with this step, it will be useful to note that by our definition of ;.| and
7.1, we have 3. (h(y)) = 7/./(y) forany y : T and ~|.|(pr(a)) = B(a) for any a : A.

Step3  We show that for a morphism z : GQFibMor (TrToGQAIg X) (TrToGQFibAlg(X) V),
we have TrToGQFibMor(GQToTrFibMor(y)) = p. Let such a morphism (f, 3, §) be given. Then
f itself is the first component of TrToGQFibMor(GQToTrFibMor(f7 B, 9)) The second compo-
nent is the map a — [.|(h(pr(a))). The type of the final component is a mere proposition, so
all we need to show is that there is a path equating the third component with 5. Using function
extensionality, we only need to show that for any a : A we have . (h(pr(a))) = B(a). But as
we noted at the end of the previous step, by construction we have

8. (h(pr(a))) = . |(pr(a)) = B(a)

so we are done.

Step 4 We show that we have GQToTrFibMor(TrToGQFibMor(x)) = p for any morphism
i = TrFibMor X ). Let such morphism (f, 3) be given. Then f itself is the first component of
GQToTrFibMor(TrToGQFibMor(f, 3)). The second component is the map f3;.|. Using function
extensionality, we only need to show that for any w : W we have f5|.| = B(w). Since the type
B).|(w) = B(w) is a mere proposition for any w : W, and hence a set, by an earlier observation
at the beginning of the proof of lemma it suffices to show that for any y : 7" we have
B.1(h(y)) = B(h(y)). However, we recall that we have f|.|(h(y)) = v.|(y). Hence it suffices
to show that v|.|(y) = B(h(y)) for any y : T But since the type 7|./(y) = S(h(y)) is a mere
proposition for any y : T it suffices to show that it is inhabited for y := pr(a), i.e., that for any
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a : A wehave 7. |(pr(a)) = B(h(pr(a))). But this follows right away from the construction of
Y- O

Lemma 200. (H + W) For algebras X : TrAlg,, (3, W) and Y : TrAlg,, (3, W) we have

TrMor X Y~ GQFibMor (TrToGQAIg )c) (TrToGQAIg y)
Proof. Exactly as in the fibered case. [

Corollary 201. (H + W) For an algebra X : GQAlgy, (A, G) we have

hasGQRecy, (X) =~ hasTrRecy, (TrToGQAIg_l(X)>
hasGQIndy, (X) =~ hasTrindy, ( TrToGQAIg™" X))

isGQHInity, () ~ isTrHInituk(TrToGQAIg X))

Corollary 202. (H + W) For A : U;, G : Grp(A), the following conditions on an algebra
X : GQAlgy, (A, G) are equivalent:

o X satisfies the induction principle on the universe Uy,
e X is homotopy-initial on the universe Uy,

for k > j. In other words, we have
hasGQIndy, (X) =~ isGQHInity, (X)

provided k > j. Moreover, the two types above are mere propositions.

Corollary 203. (H +W +-/1-) For A : U;, G : Grp(A), the algebra
(A/lG, point, ce||1> : GQAIg,, (A, G)

is homotopy-initial on any universe U,.

Analogously to set quotients, homotopy-initial groupoid quotient algebras enjoy the property
of effectiveness, in the sense that the path structure on the groupoid quotient is “the same” as the
structure specified by G:

Lemma 204. (H) For A : U;, G : Grp(A), and algebra X = (D,tp,p,c,m) : GQAlg,, (A, G),
where G := (R, tg,1,1,c,...), if X is homotopy-initial on the universe U; 1, then for any a,b : A
we have

(p(a) = p(b)) =~ R(a,b)

Proof. As in the case of set quotients, we employ the “encode-decode” method by Licata. We
define a function C : D — D — Yy 4,isSet(X), where C(z, y) is intended to explicitly describe
the path type = = y, and then show that we indeed have (z = y) ~ m(C(x,y)). Since C will be
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defined in such a way that m; (C(p(a), p(b))) is equivalent to R(a, b), this will finish the proof.
To obtain the desired equivalence, we construct maps

e(z,y) : (x =y) = m(C(z,y))
d(z,y) : m(C(z,y)) = (x =)

and show that they compose to identities. We will also make use of a couple observations and
notations:

e For any a,by,bs : Aand z : R(by, by), we have the equivalence
R(a,by) ~ R(a,bs)

given by post-composition with z. Let postceq(a, z) denote the witness that this map is
indeed an equivalence.

e Forany aj,as,b: Aand z : R(ay,as), we have the equivalence
R(ay,b) ~ R(as,b)

given by pre-composition with the inverse of z. Let preceq(b, z) denote the witness that
this map is indeed an equivalence.

e Forany a,b: A, welet R(a,b) = (R(a,b),tr(a,b)) : ¥x.isSet(X).
e Forany X,Y : Xx,isSet(X), we have the equivalence

ap,, (X =Y) = (m(X) @7m(Y))

since the type isSet(.X) is a mere proposition for any X . By the univalence axiom, we also
have the equivalence

B (m(X) = m(Y)) = (m(X) = m(Y))
The composition thus yields an equivalence
K:X=Y)—> (mX)~m(Y))

WeletK1 = ’7TlOK.
e Forany X,Y : Xy,isSet(X) and oy, a0 : X =Y, we have

(1 = ag) ~ (Ki(an) = Ki(az))

This follows as K is an equivalence and the type isEq(f) is a mere proposition for any f.
e Forany X, Y ,Z: XyyisSet(X)and a; : X =Y, ap : Y = Z, we have

Kl(ozl . CYQ) = Kl(a/g) e} Kl(al)
We now proceed in five steps:
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Step 1 To define C, we proceed by recursion on the first argument. We are allowed to do this
since the type D — Y x,isSet(X) indeed belongs to U1 and is a 1-type (the latter follows
since X x4,,isSet(X) is itself a 1-type, as a simple exercise or an appeal to theorem 7.1.11 in [33]
shows).

Now we need to define a function F' : A — D — Y x,,.isSet(X). We do this by recursion
on the second argument. So we fix a : A and map p(b) — R(a,b). To map c(z) for by, by : A,
z : R(by,by), we need to construct a path yp(a, z) : R(a,b;) = R(a,bs). Using the notation
from above, we define
’YF(C% Z) — K_l (C(_7 Z)7 postceq(a, Z))
To finish the definition of F, we need to show that for any by, by, b3 : A and z; : R(by, by),
29 : R(bg, b3), we have
vr(a; c(z1, 22)) = vr(a, z1) = yr(a, 22)

As observed above, for this it suffices to show that
K1 (yp(a,c(z1,22))) = Ki(vr(a, 21) *yr(a, 22))
By yet another observation from above, it suffices to show that
K (vr(a, (21, 22))) = Ki(yr(a, 22)) o Ki(vr(a, 21))
Unfolding the definition of v we see that this is equivalent to showing that
c(—,c(z1,29)) =c(—,29) 0oc(—,21)

But this is obvious from function extensionality and the groupoid properties.

Although the definition of F'(a) is finished, we note that the computation rules give us a fam-
ily of paths Sr(a,b) : F(a,p(b)) = R(a,b) for a,b : A such that the diagram below commutes
for any a, by, by : Aand z : R(by,by):

app(a)(c(2))
F‘((J/7 p(bl)) F((Jﬁ p(l)z))

“SF((L, bl) ‘BF(a, bg)

R((I, l)]) FYF(a Z) R((I, bQ)

We now continue with our definition of C. For any a1,as : A and w : R(ay,ay), we must
construct a path from F'(a;) to F'(az). By function extensionality, it suffices to construct a
homotopy dc(w) : F(a;) ~ F(ay). Our desired path between F'(a;) and F'(az) will then be
TE=(2 + dc(w)). To construct 6c(w), we proceed by induction on its argument. It is clear that
for any x : D, the type F(a,x) = F(as, z) belongs to ;1. We also need to show that it is a
1-type, which is true since it is in fact a set. To map p(b) for b : A, we need to construct a path
equating F'(a1, p(b)) with F'(aq, p(b)). Appealing to Sr(aq,b) and Br(az, b), we see that for this
it suffices to construct a path v¢(w, b) : R(a;,b) = R(aq,b). We define

Ye(w,b) = K~ (c(i(w), —), preceq(b, w))
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Putting the above together, we map

p(b) = Br(a1,b) *yc(w,b) * Bp(az, b)~™"

To map c(z) for by, by : A, z : R(by, by), we must show that Sx(ay,by) * vc(w, by) * Br(ag, by) ™
transported along c(z) among the fibers of the type family x — F'(a;,x) = F(az, z) is equal to
the path Sr(a1, by) * yc(w, by) * Br(as, b2) 1. An easy generalization and path induction shows
that this is equivalent to the assertion that the outer rectangle in the diagram below commutes:

apPp(ay)(c(2))

Fas.p(0) Flar.p(b))
Br(at,by) A Br(ar,br)
R((I,l,bl) ’YF(al’Z) R(al,bg)

Ye(w, br) B ~ve(w, bs)
R((lg, bl) R(GQ, bz)
’YF(CLQ,Z)

“3]:‘(&2,8)1)71 C ﬁF(a27b2)71
F(az, p(b1)) F(az, p(b2))
aPF(ay) (c(2))

Rectangles A and C commute by the construction of F', as observed earlier. It thus remains to
show that rectangle B commutes, i.e., that we have

Ye(w,br) = yr(az, 2) = yr(a, 2) * yc(w, by)

For this it suffices to show that

Ki(vr(az, 2)) o Ki(vc(w, b1)) = Ki(yc(w, bi)) o Ki(vr(as, 2))

Using the definition of v and vc, we see that this is equivalent to showing that

c(=,2) oc(i(w), =) = e(i(w), =) o c(=, 2)

But this is obvious from function extensionality and the groupoid properties, which means that
we are done with the mapping of c(z). To finish the definition of dc(w), we should provide the
appropriate mapping corresponding to m. But there is a propositionally unique way to do this
since as noted before, the type F'(ay,x) = F/(aq, ) is a set for each x. Hence the definition of
dc(w) is complete, and by the first computation rule we get

6C(w7 p(b)) = 51’(@17 b) - fYC(UJ? b) ' BF(G% b)_l
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To finish the definition of C, we need to show that for any a4, as, a3 : A and wy : R(ay,as),
wy @ R(ag, ag), we have

ME= (Sc(e(wr, ws))) = "E=(bc(wn)) - "E=(Bc(u))
This is equivalent to showing that for any = : D, we have
5C(C<w17 'Z,UQ), ‘T) = 5C(U}1, .T) - (SC(U)Q, x)

We once again proceed by induction on x : D. However, the type above is a mere proposition so
we only need to show that it is inhabited for the case x := p(b), i.e., that for any b : D we have

dc(c(wr, ws), p(b)) = dc(wr, p(b)) * dc(wa, p(b))
By the construction of dc, this is equivalent to showing that

Br(a,b) * ve(c(w, ws),b) * Br(az,b) ™" =
<BF(G1’ b) * yc(w1,b) * Br(az, b)_1> . (ﬂF(am b) * yc(wa, b) * Br(as, b)_1>

Clearly, it suffices to show that

Ye(e(wy, ws), b) = vc(wy, b) * vc (w2, b)

This is equivalent to showing that

K (ve(e(wr, we), b)) = Ki(yc(wsz, b)) o Ki(vc(wi, b))

This is in turn equivalent to showing that

c(i(c(wy, ws)), —) = c(i(ws), —) o c(i(wy), —)

But this is obvious from function extensionality and the groupoid properties.

Although we are done with the definition of C, we note that the computation rules give us a
family of paths Sc(a) : C(p(a)) = F'(a) for a : A such that the following diagram commutes for
each aj,as : A, w: R(ay, as):

Flay Flas
i TE=(0c(w)) -

Putting together what we have so far, we see that for any a,a’,b,b' : A and w : R(a,d’), z :
R(b, 1), all rectangles in the following diagram commute:
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C(p(a), p(b)) C(p(a'),p C(p(a’), p(b'))
=gl (%3C((1/)7 p(b)) A =gl (ﬁc(a’), p(b)) C = (/3(;((1,’), p(b’))
Fla,p(t F(a', p(b F(a', p(t
(P = o8 ) — ) (@, ()
Br(a,b) B Br(a’,b) D Br(d, V)
Ro(a,b R(d’, b R(d,V
(&) rc(w,b) 0 el 2) )

Rectangle A commutes by the construction of C; B by the construction of dc(w); C by path
induction; and D by the construction of F'(a’).

It will also be useful to give names to some of the edges in this diagram. We let £(a, b) be the
path

Fla.p(b))
Br(a,b)
R(a,b)
and n(w, z) the path
~E1 (ape (c(w)). p(b) 3P p(any (€(2))
Clpla).p) "O) ot o)) Clp(a), p(b)))

Step 2 To define e(z, y, u), we perform path induction on u. To construct G(z) : m;(C(x, z)),
we proceed by induction on x, mapping p(a) — K;(g(a,a)™") r(a) for a : A. To map c(w) for
ai,az : Aand w : R(ay,az), we must show that K;((a1,a;)™") r(a;) transported along c(w)
among the fibers of the type family = — 1 (C(z, 7)) is equal to K (g(az, az)™?) r(as). An easy
generalization and path induction shows that this is equivalent to the assertion that

Ky (n(c(w), c(w))) (Ki(e(ar,ar)™") r(ar)) = Ki(e(az, az)™") r(az)
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The function K (n(c(w),c(w))) goes from 7 (C(p(a1), p(a1))) to w1 (C(p(az), p(az))), so the
above makes sense. By definition of vz, 7c, and the groupoid properties, it is equivalent to
showing that

Ky (n(c(w), c(w))) (Ki(e(ar,a)™) r(ar)) =
K1(€(a2,a2)—1) ([&'1(’\/}~(a2./u1)) (K1(7c(w,a1)) I‘(al))>

This in turn is equivalent to showing that

K (5(611, ar) "t (c(w), c(w))) r(a) = K (WC(U% a1) *yc(w, a1) * e(az, a2>_1> r(a1)
For this it clearly suffices to show that

elay, ay)t n(c(w), c(w)) = vc(w, a1) *ye(w, ay) * e(ag, ag) ™

But this is obvious from the commuting diagram noted at the end of the first step. The mapping
of c(w) is finished, and since the type 71 (C(x, x)) is a set for any x : D, it is not necessary to
construct a mapping corresponding to m. The definition of e is thus complete. It will be useful
to note that for any a : A, we have G(p(a)) = Ki(g(a,a)™") r(a).

Step 3 We now show that for any = : D, the type X, pm1(C(x,y)) is contractible. We proceed
by induction on z. Since the property of being contractible is a mere proposition, it suffices to
prove it in the case z = p(a), i.e., that for any a : A, the type X,.p71(C(p(a),y)) is contractible.
So fix a : A. The type in question is clearly inhabited by (p(a), G(p(a))), so it suffices to show
that for any y : D and u : m1(C(p(a), y)), we have (p(a), G(p(a))) = (y,w). Butitis easy to see
that for any y and u we have

~~

p(a), G(p(a))) = (y,u)
p:p(a)=y< me(C(p(a)’x)) G(p(a)) = U)

pip(a)=y (Kl(apc:(p(a))@)) G(pla)) = “)

12
M M

Hence we aim to show that for any y and u, the last type in the above chain of equivalences
is inhabited. We proceed by induction on y. We can do this since for any v, u, the type p(a) = y
is a set and, furthermore, for any p : p(a) = y the type K1(apc(yq) (r)) G(p(a)) = uis evena
mere proposition (a fact we will use later). To map p(b) for b : A, we construct a function

H(D) : Wy, ((p(a),p(b))) Zp:p(a)=p(b) <K1(3PC(p(a))(P)) G(p(a)) = U)

To define H (b), fix u : m(C(p(a), p(b))). The first component of our desired pair will be the
path c(K(g(a, b)) u). To obtain the second component, we need to show that

K (ape(pgan (€K (2(a,0)) ) ) G(p(a)) = u
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By construction of G, the left-hand side is equal to

K <apc(p(a))(c(Kl(5(a, b)) u>)) (Ki(z(a,a)™") x(a))

This in turn is equal to

K (2(a,0) ™ Py (UK (2(a, b)) w) ) r(a)
From the right part of the commuting diagram noted at the end of the first step we see that

e(a,a)t aPC(p(a)) (c(Ki(e(a,b)) w)) = vr(a, Ki(e(a, b)) u) *e(a,b)~"

Hence the above is equal to

K, <7F (a, K1 (e(a, b)) u) - =(a, b)—1> r(a)

This in turn is equal to

Ki(e(a,0)™) (K (yr(a, Ki(e(a,b)) u)) x(a)
By definition of v and the groupoid properties, this is equal to
Ki(g(a,b)™") (Ki(s(a,b)) u)

But this is clearly equal to u so we are done. This finishes the definition of // and hence the
mapping of p(b). We note that by the definition of H, we have 7 (H (b, u)) = c(Ki(e(a,b)) u)
forany b: Aand u : m(C(p(a), p(b))).

To map c(z) for by, by : A, z : R(by, by), we must show that the map H (b,) transported along
c(z) among the fibers of the type family b — oiry (C(p(a),p(6))) 2pip(a)=p(b) - - - 18 €qual to the map
H (by). Here we left out the body of the 3 -type because as noticed earlier, it is a mere proposition
forany b : A, u : m(C(p(a),p(b))), and p : p(a) = p(b). This observation together with path
induction and function extensionality shows that in order to map c(z), it suffices to show that for
any u : m1 (C(p(a), p(b1))) we have

T (H (by, ) * c(2) = w1 (H (ba, K1 (ape(piay (c(2))) )

This makes sense because K1 (apcp(ay (c(2))) u gives us a term of type 7 (C(p(a), p(b2))). To
show the above, we note that by our definition of H, it is equivalent to showing that

¢(Ki(e(a, b)) w) » (=) = c(Ka(ela,ba)) (K (apep (c())) u) )

By the groupoid properties, the left-hand side is equal to c(c(Ki(c(a, b)) u, z)), so it suffices
to show that

c(Ki(e(a,br)) u, 2) = K1(e(a, b)) (K1<apC(p(a))(C(2))) U)
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This is in turn equivalent to

c(Ky(e(a, b)) u, 2) = K, (apc(p(a))(c(z))  e(a, bg)) u
As the right side of the commuting diagram at the end of the first step shows, we have

aPC(p(a))(C(Z)) re(a,be) = e(a, b1) *yr(a, 2)

Hence it suffices to show that
C(Kl(g(aa bl)) u, Z) = Kl (5(a7 bl) ' P)/F(C% Z)) u

This is equivalent to showing that
C(K1(€<a, b)) u, z) = Ki(yr(a,2)) (Kl(e(a,bl)) u)
By definition of v, this is equivalent to showing
C(Kl(s(a,bl)) u, z) = C(Kl(e(&, b1)) u,z)

and we are done. This finishes the mapping of c(z), and as before, there is no need to supply a
mapping corresponding to m. Hence, we have completed the proof that the type 3. p71 (C(z, y))
is contractible for any x : D. In particular, this gives us a path family «(z, q) : ¢ = (z, G(x)) for
any z : D and g : ¥, pm (C(z,y)).

Step 4 We define d by d(z,y,u) = d(z, a(z, (y,u))), where for z : D, q : £,.pm1(C(z,y)),
aq: q=(z,G(x)), the term
d(z,aq) : x = m(q)

is defined by a one-sided path induction on «y, and the subsequent mapping = +— 1. This finishes
the definition of d.

It now remains to show that e(x, y) and d(z, y) are indeed quasi-inverse to each other for any
x, y. In one direction, take =,y : D, u : © = y. To show that d(z, y,e(z,y,u)) = u, we proceed
by path induction on w. This reduces the goal to showing that d(z, a(z, (z, G(x)))) = 1 for any
x : D. But this follows at once from the fact that o(z, (z, G(x))) = 1(z,¢(x)) by contractibility.

For the other direction, take =,y : D, u : m(C(z,y)). The goal e(z,y,d(z,y,u)) = u
follows immediately from the generalization e(z, m(q), d(z, o)) = m2(q) forany z : D, q :
Y, 0m(C(z,y)), og : ¢ = (x,G(z)). The generalization itself follows right away by one-sided
path induction on «,. O
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5

Conclusion

We have investigated a class of higher inductive types with propositional computational behav-
ior and shown that they can be equivalently characterized as homotopy-initial algebras. We have
stated and proved this result for propositional truncations and for the so-called W-quotients,
which subsume a number of other interesting cases - ordinary W-types, the unit circle S!, the
interval type I, all the higher spheres S™, all suspensions, and all type quotients. The character-
ization of these specific types as homotopy-initial algebras can be easily obtained as a corollary
to our main theorem.

We have also established a characterization of truncations, set quotients, and groupoid quo-
tients as homotopy-initial algebras. For set and groupoid quotients, we have shown that they can
be recovered from W-quotients and truncations, the same way natural numbers or lists can be re-
covered from W-types. Furthermore, recent work by E. Rijke and F. van Doorn [36] shows that
truncations can be reduced to type quotients (and hence to W-quotients). Thus, we conjecture
that W-quotients play the same role in the higher dimensional setting as Martin-Lof’s W-types
do for ordinary inductive types: that of a simple, well-studied class of (higher) inductive types,
which subsumes most of the other (higher) inductive types of interest as special cases.

This result would provide one possible answer to the earlier question of what a higher in-
ductive type should be, and the characterization of higher inductive types as homotopy-initial
algebras would follow from our main theorem. In this respect, the results in this thesis are re-
lated to the work of van Doorn, Rijke, and others, on reducing general higher inductive types to a
combination of W-types and type quotients. We conjecture that W-quotients themselves arise as
such a combination. While this decomposition of W-quotients into W-types and type quotients
would not significantly simplify the development we presented here — establishing the character-
ization of type quotients as homotopy-initial algebras directly is almost as much work as doing
it for the full W-quotients — it would provide further evidence for W-types and type quotients,
either individually or combined into a W-quotient, as being the main building blocks for most
(or even all?) other higher inductive types of interest.
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