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Abstract

Several decisionprocedureshat were publishedin the lastfew yearsfor sub-theorieof propositionallinear
inequalities,i.e. a Booleancombinationof predicateghat belongto the theory are basedon a graph-based
analysisof theformula’s predicatesThe analysiss alwaysbasedn thepredicatesvhile ignoringthe Boolean
connectves betweenthem. In this note we shav how taking this informationinto accountcan significantly
reducethe (practical)compleity of the decisionprocedure.
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1 Intr oduction

Severaldecisiorprocedureshatwerepublishedn thelastfew yeardGSZ98], [PRSS99, [BGV99],
[BVOO], [BGVO01], [SSBO2]for equalitylogic (Booleancombinationsof equalities)andfor alogic

of separatiorpredicategBooleancombinationf predicateof theform z > y + ¢ wherezx, y are
variablesandc is a constantyollow similar guidelines. First, they representhe predicatesof the
examinedformula ¢ in a graph.Secondthey analyzethis graphin orderto apply the transitiity

of the predicatesThis canresultin alist of explicit constraint{BV00,SSB02]or a finite rangeof

valuesto eachvariable[PRSS9BGV9Y]. In [GSZT 98] thestructureof theformulais notanalyzed
explicitly, but, aswe will shaw in theappendixpour methodis applicableto it aswell.

We illustratethis approachwith thework of Bryantetal. [BVO0Q] on equalitylogic. Eachpredi-
catei = j is encodedvith anew Booleanvariablee; ;. Let ¢’ denotetheencodedormula.ln order
to retainthe transitvity of equality they constructan undirectedgraphG(V, E), wherethe nodes
in V representy’s variables,andthereis an edgein E betweentwo nodesi andj if andonly if
thereis apredicatel = j (ori # j) in ¢. Transitvity of equalityforbidsanassignmenin which all
edgesof a cycle exceptoneareassignedrRUE. Thus,it is sufficient to addsucha constraintto ¢
for each(simple)cycle in thegraph.This constructiorguaranteethaty’ is satisfiablaf andonly if
 is satisfiable.

Theaddedconstraintgeflectthetransitivity constraintof equality whichimplicitly existin the
original formula. But sinceeachconstraintaddsto the complexity of the decisionprocedureijt is
interestingto checkwhetherall of theseconstraintsare neededn orderto presere the soundness
of the procedureMore specifically it is possiblethat with a more carefulanalysisof the formula
structure the numberof constraintcanbereducedThisimprovements the subjectof this note.

In all of theseproceduresthe graphanalysisstageis basedonly on the predicatesn ¢, andig-
noresthe Booleanconnectves(i.e. conjunctionsaanddisjunctionshetweerthem.Thustheformulas
pr:rx=yAy=zAz=zandypy : z =yVy =2V z=zresultin thesamesetof constraints
(in this casepreventinganassignmenin which exactly two of thesepredicatesreassigned RUE).
But aswe will show in the next section,sucha constraintis not neededor ¢». Furthermoreijt is
possibleto identify this factin polynomialtime.

While our methodreduceghe numberof constraintsit hasa dravbackwhenit comesto recon-
structinga satisfyingassignmengratherthanonly decidingthe formula). We will elaborateon this
pointin section4.

2 A decisionprocedure

Wedemonstrateursuggestegrocedurdor thecaseof equalitypredicate$BV00]. It canbeapplied
in avery similarmannetto [SSB02].In theappendixwe describehow it canalsobeappliedto some
of theotherprocedureshatwe referredto earlier

Let ¢ be anequalityformulain Disjunctive Normal Form (DNF), i.e., ¢ : \/ A pr Wherepy, is
an equality predicateof theform i = j ori # j for somevariablesi andj (we laterabandorthe
requirementor having theformulain DNF. We only needit herefor clarity of theexplanation).

Proposition 1. ¢ is unsatisfiablef andonlyif ead of its clausescontaina sub-formulaof theform
Y i1 £ i2 Nie =i3... Nip, =11 forn > 2. We call ¢ anunsatisfiablecycle

1 We assumen this notethatthe readeris familiar atleastwith [BV00] and[SSB02]



Thefollowing procedureaelieson propositionl:

1. Encodeeachpredicateof theform ¢ = j in ¢ with anew Booleanvariablee; ;. Let ¢ denote
theencodedormula.

2. ConstruciagraphG(V, E) s.t.thenodesarethevariablesn ¢ andthereis anedge(s, ) in E if
andonly if thereis apredicate = j in .

3. Foreachcycle C of predicateshatbelongto the sameclause adda constrainto ¢” thatforbids
anassignmenin which exactly |C'| — 1 edgesareassigned RUE.

The formula " is a conjunctionof two subformulaswhich we denoteby ¢ andgy. ¢ is the
Booleanencodingof ¢ resultingfrom stepl. ¢! is a conjunctionof the constraintghatwe addin
step3.

Thedifferencebetweeny’, asderivedin this procedureandy’, theformuladerivedin [BV0OQ],
is thatin the latter transitvity constraintsareaddedregardlesof the Booleanconnectvesof ¢. In
otherwords,a constraintis addedto ¢’ for eachcycle of predicatesgvenif thesepredicateslo not
sharea clause Thefollowing propositionjustifiesthis reduction:

Proposition2. ¢ is satisfiablef andonlyif ¢’ is satisfiable

Proof. (<) ¢" has,by constructionpnly asubsebf theconstraintof ¢'. Thereforeit is trivial that
if ¢' is satisfiablethensois ¢". (=-) Assumeyp, andconsequently’, is unsatisfiableln this case,
accordingo propositionl, eachof theclause®f ¢ hasanunsatisfiableycle C. Sincethepredicates
of C areconjunctedin orderto satisfythecorrespondingncodedayclein ¢ (—e;, i, A€iyig A. . A
ei, i;) thefirst variable(e;, ;,) hasto be FALSE andtheresthave to be TRUE, i.e. exactly |C| — 1
edgesareassigned RUE. But this contradictshe constraintshatareaddedto ¢" in step3. Hence,
the encodedcycle cannot be satisfied,andthereforep” is unsatisfiableThus,if " is satisfiable,
thensois ¢'. O

The above decisionprocedureis computationallyexpensve, becauseét requiresy to be in DNF,
which may imposean exponentialgrowth in the size of the formula. Fortunatelythis is not really
required.We canpredict,in polynomialtime, which predicatesvould sharea clauseif theformula
wastransformedo DNF. This canbe donewith a syntacticanalysisof @’Jl, asexplainedin the next
subsection.

2.1 Conjunctions matrices

Assumey is givenin NegationNormal Form (all negationsare pushedto the atomic predicates).
Consequentlgll theinternalnodesof theparsereeof go’]l , exceptthosethatareimmediatelyadjacent
to the leafs, correspondo eitherdisjunctionsor conjunctions(recall thatga'f' represents Boolean
encodingof ¢'s predicates). For eachpair of leafs, thereis a single internal node from which
thesetwo leafs canbe reachedvia non overlappingdirectedpaths.We call the Booleanoperand
representeddy this nodethejoining operandof thesetwo leafs.

Examplel. Considettheformula:

p:(xr =22) A (23 # T4 AN (T4 =25 V T5 = T6))



The Booleanencodingof ¢ is givenby

",
Py Cxy,zo A (_'ews,h A (em4,m5 v ewsﬂs)

Thejoining operandf e, ,, ande,, ., is‘A’. Thejoining operandf e,, ,, andeg; , is'V'.
O

For simplicity, we first assumethat no predicatesappearin ¢ morethanonce.Denoteby ¢ the
formulap afterit is transformedo DNF. The following propositionis the basisfor the prediction
technique:

Proposition 3. Two predicatesshae a clausein ¢? if andonly if their joining operandis a con-
junction.

We constructa matrix thatholdsthis informationfor all pairsof predicates:

Definition 1. Letm denotethe numberof predicatesin ¢. Theconjunctionsmatrix M, of ¢ is an
m x m binary, symmetrianatrix, whewe M,|e; ;][ex,:] = 1 if andonlyif thejoining operand of the
two predicates = j andk = [ is a conjunction.

In thegraphG, theentriesof M, canbethoughtof as‘edgesthatconneciedges’.

For a givenpair of predicatesit is alinearoperation(in the heighth of the parsetree)to check
whethertheir joining operandis a conjunctionor disjunction. ThereforeconstructingM,, hasthe
compleity of O(m?h).

Theinformationin M, is sufficientfor concludingwhethera setof predicatesharea clausein
PP
Proposition4. A setof predicatesshae a DNF clausein ¢ if andonlyif their associatedntries
in the conjunctiongmatrix forma clique

Notethatthe’clique’ refersto theedgeshetweertheedgesf GG, andnotto theedgesof G itself.

Givena setof predicatesfinding whetherthey form a cliquein M, is quadraticin the size of
the set. Thus,we do not requirearymorethat ¢ is givenin DNF, andpay a quadraticprice for this
in step3 of the procedure.

Example2. Considertheformulay : © = y A (y = 2z V & = z). The correspondingonjunctions
matrix is

|ez,y €y €

_|ezyl 0 1
M, = eyz| 1 0
1 0

€x,z

z

O O I8

(Notethat M, is symmetricby definition).

The graphG includesthe cycle z — y — z. But since M, e, .][e.,.] = 0, thereis no clique
betweerits edgesandwe canthereforeconcludethatthesethreepredicateslo notsharea clausen
P . Consequentlyio constraints addecto . O



2.2 Handling repeatingpredicates

Practicallymostformulascontainpredicateghat appeamore than once,in differentpartsof the
formula. We will denoteby ef’j, k > 1 thek instanceof the predicatee; ; in ;. It is possiblethat
the samepair of predicatewill have differentjoining operandsTherearetwo possiblesolutionsto

this problem:

1. Represeneachpredicatenstanceasaseparatedge.Thiswill make G amultigraph,wherethe
numberof edgesbetweentwo nodesi, j is equalto the numberof instancef the predicate
i = j in ¢. Thesizeof thematrix M, will grow accordingly

2. Assign My [eq yl[e.4] = 1 if thereexists aninstanceof = y andof z = [ with a joining
operand A’.

For comparisorbetweenthe two options,denotethe matrix constructedn option: by M;',. Then
MZ2[es ylle=,4] = 1if andonly if thereexistsky , kp s.t. M [ek1 J[e¥2] = 1.

Thesecondptionhasa moreconciserepresentatiorhut mayresultin redundantonstraintsas
theexamplebelow demonstrates.

Example3. Considertheformulay : (x = yA(y =2Vz =2))V(y = zAzx = z). Thetwo
optionsaredepictedn Fig. 1.

(@ (b)

Fig. 1. Handlingmultiple instance®f predicateshrough(a) separate@dgesand(b) joint edges.

Following option2 (Fig. 1(b)) will yield aredundantonstraintpecause¢heinformationthatthe
threepredicateever appeartogetherin the sameclauseis lost. On the otherhandthis is a more
conciserepresentatiothanthefirst option. O

Redundantonstraintscannot make the methodincomplete Recallthatall of theseconstraints
arepartof ', which, accordingto [BV00], is satisfiablef andonly if ¢ is satisfiable.

3 Chordal graphs

Sincetherecanbe an exponentialnumberof cyclesin G, both[BV00] and[SSBO03 first make the
graphchordal by addingedgesto the graph.An undirectedgraphis chordaliff every cycle of size
4 or morehasaninternalchord.In the caseof directedandweightedgraphsthe definitionis more
complicated:it refersto directedcyclesof size4 or more,and eachchordfrom nodei to j is a



projectionof the pathbetweerthesetwo nodeson thecycle. In bothof thesereferencesit is proven
thatin a chordalgraph,if atransitvity constraintis violated,thenatransitvity constraintof a cycle
of size 3 is violatedaswell. This allows themto add constraintsonly for cyclesof size3 or less.
Consequentlyhe numberof constraintseducego a polynomialin [BV00] andhave asimilar effect
in somecasegonsideredby [SSB0J. We now examinethequestiorof how to integrateconjunctions
matriceswith chordalgraphs.Again, we concentraten [BV00]. A known procedurdor makinga
graphchordalis the following:

While thereareverticesin thegraph{
i) selectavariablev.
i) addchordsbetweerall immediateneighbor=of v.
iii) removewv andits adjacentedgesrom thegraph.

}

In the caseof [SSB0J the procedures slightly more complicatedin line ii), becausahe graph
is directedandweighted.One may think of this asan iterative procedureof eliminating variables
andprojectingtheir associatedonstrainto theremainingvariablegsimilar to the Fourie-Motzkin
technique).

Integratingconjunctionsnatricesinto this processs simple:we only needto projectinformation
from pairsof constraintgedges}thathave a conjunctionastheir joining operand Thus,we change
line ii) asfollows:

i) addachord(z,y) if andonlyif (z,v) € E and(v,y) € E andM[e; ,][€v,y] = 1.

We demonstratehe effectivenessf this methodin the caseof the directedweightedgraphsof
[SSB02].Themainproblemin applying[SSB0] is thatthe proces®f makingthegraphchordaimay
addanexponentialnumberof edgesConjunctionsnatricescansignificantlyreducethisnumberas
demonstratetly the examplebelow.

Example4. Considerthe diamondshapedopologyof Fig. 2. Assumethatall edgesare conjoined
with one another(they all appearin the sameclause)exceptthe edgebetweeny, andwv;, which
appearsn a separatelause Also assumesomearbitrary distribution of weightsover theseedges.
We now analyzewhatdifferentprocedureslo with suchaformula:

1. In methodsbasedon casesplitting, suchas Pratts method[Pra77 (which performsa graph
analysissimilarto [SSB0Z but assumeshatall edgesareconjoined) theformulais first trans-
formedto DNF, andtheneachclauseis analyzedseparatelyin this caseanexponentialnumber
of graphswill be constructedonly to discoverthatnonof themcontainsacycle.

2. In [SSBO03, in the worst casean exponentialnumberof chordsis addedto the graph,andan
exponentialnumberof constraintss addedo the formula.

3. Whenusinga combinationof [SSB02] and conjunctionmatrices,no chordsare addedto the
graph,no constraintsare addedto the formula, and the procedureterminatesin linear time.
This meansthat this combinationof methodsis ableto capture efficiently, the factthatthere
are no conjoinedcyclesin this graph.Note that constraintsare always associateavith cycles
andthereforea sub-graphwithout cycles shouldnt imposeary constraintsWith the help of
conjunctiongmatriceswe cantake this rule onestepfurther, andsaythatonly conjoinedcycles,
i.e., cyclesof predicateghat sharethe sameclause shouldimposea constraintin the graphof
Fig. 2 thereareno suchcyclesandthereforeanoptimalprocedurewill notaddconstraintsatall.



Yet, the procesf makingthe graphchordal,evenif it doesnt containa cycle, mayaddchords
(assumingwe do not explicitly look for suchsub-graphsand discardthem). Chordalgraphs
arenotunique,i.e.,for agivengraphG, therearemary possiblecompletionsof G thatmale it
chordal.Theorderin which nodesarechoserin stepi) determinesheexactchordalcompletion,
andthereforevariousheuristicscanbe usedin orderto minimize the numberof addedchords.
The implementationof [SSB02] usesa simple greedycriterion: at eachiterationit picks the
nodethatimposesthe minimal numberof addedchords.For the graphof Fig. 2 this criterion
is sufficient for identifying thatno additionalchordsareneededdueto the conjunctionamatrix
analysisno chordis addedif vg is removed,andthereforeit is removedfirst. Now theremoval
of v; will notaddarny edgegbecausé doesnt haveincomingedges)andsoforth. Thus,nodes
areremovedfrom right to left withoutaddingchordsor constraints.

O

Fig. 2. An n diamondsopology wherethe edge(vo, v1) is disjointedfrom the restof theformula.

4 Reconstructionof a satisfying assignments

In mary applicationsknowing whethera formula is satisfiableor not is not enough.The actual
satisfyingassignmento ¢ hasto be reconstructedThe satisfyingassignmento ¢’ (recall that ¢’
denotegheencodedormulaof [BV0O0] without conjunctiongmatrices)indicatesthe Booleanvalue
that eachpredicateshouldevaluateto in orderto satisfy ¢. It is not hardto derive the valuesfor
¢'s variablesfrom this information.Let a be a satisfyingassignmento ¢’ andlet Gr(V, Er) be
agraphs.t. V correspondo ¢'s variablesand Er = {ele € E A a(e) = T}, i.e., theedgesin
E7r correspondo the edgesin G(V, E) thatwere assignedrRUE by «. To constructa satisfying
assignmento ¢, decideon a uniquevalueto eachmaximalconnecteccomponenbon G, andthen
assignthis valueto eachof the nodeg(variables)n the componentBy constructiorthis assignment
will evaluateall predicatesn ¢ the sameway astheir encodingwasevaluatedn .

This becomeamore complicatedwith conjunctionsmatrices,becausehe assignmentso ¢"’s
predicatescan not always be reconstructedn ¢ simultaneouslyFor examplein the formula ¢” :
ey Vey . Ve, . apossiblesatisfyingassignmenis onein whichthefirst two predicatesreassigned
TRUE andthethird predicatas assignedAL SE. Sincethereis adisjunctionbetweernthesepredicates,
no constraints addedo " thatwill preventsuchanassignmentClearlyno valuescanbeassigned
toz,y, z in theoriginalformulay s.t.z = y,y = z will betrueandz = z is false With conjunctions
matriceswe areableto reconstruct satisfyingassignmenof oneor moreclausesof ¢, but not



necessarilall of thematthesametime. Clearlyoneclauses sufficientto satisfyy, but theproblem
is thatwe do notknow which oneit is.

We couldnotfind a polynomialsolutionto this problemin eachof the procedureshatarebased
on Booleanencoding[GSZ+98,BV00,SSB02],andwe leave it asan openproblem.If thereis no
suchsolutionandthe satisfyingassignmenis neededthenconjunctionamatricescannot be used.
Procedureshatarenot basedon encoding but ratheron allocationof afinite domainto eachvari-
able[PRSS99,BGV9Pdo not have this problem,becausghe satisfyingassignmenassignssalues
directly to ¢’s variables.

Therelevanceof conjunctionsmatricesto [PRSS99,BGV9Paswell asto [GSZ+9§] is briefly
describedn theappendix.
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A Conjunctions matrices applied to other procedures

We shortly describehow conjunctionsmatricescan be combinedwith the methodsof Goel et al.
[GSZ+9§], Bryantetal [BGV99] andPnuelietal. [PRSS99. All threemethodslecidethesametype
of formulasas[BV00], i.e. a propositionacombinationof equalitiesIn the following descriptionit
is assumedhatthereaderis familiar with thesemethods.

Goeletal. [GSZ+98]: Themethodis basedne;; encodingof theformula,similarto [BVOO]. After
encoding.the resultingformulais representeéisa BDD. Thenthe procedurdooks for consistent
pathsin the BDD thatleadto '1’. A consistentpathis an assignmento the Booleanvariables
that do not contradictthe transitvity of equality For example,a pathin which e;; ande;; are
TRUE but e;;, is FALSE is inconsistentbecauset contradictsheimplicit transitivity constraint =
Jj AN j =k — i = k. With conjunctionamatricesaninconsistenpathis onethatincludesthe above



assignmenandall threepredicatesharethe sameclausein . For example,considerthe formula
p:x=yVy=2zVz # z AnassignmentRUE to all threepredicateds a valid assignment
althoughit cannotbereconstructedh . The only informationthatthis assignmengivesusis that
it is possibleto satisfyseparatelyachof theseclauses.

Bryant et al. [BV0O]: The methodis basedon assigninguniqueconstantvaluesto positive terms
(p-terms),while assigninganincreasingrangeof valuesto otherterms(g-terms).For a connected
componenbf sizen of g-terms,the resultingrangeimposesa state-spacef n!. The definition of
a ‘connectedcomponent’canbe changedo incorporatethe informationgiven by the conjunctions
matrix. A connectedtomponents a setof g-termsthat,in additionto thefactthatthey areconnected
onthegraphG, they alsosharea clausein ¢P.

Pnuelietal. [PRSS99]Themethodis basednfinding asmalldomain(arangeof values)for each
variablewhich is sufficient for preservingsatisfiability This is also a graph-basedlgorithm, but

therearetwo typesof edgesn thisgraph,G_ andG_, correspondingo equalitiesanddisequalities
in ¢ respectiely (G is thus a union of thesetwo graphs,and someof the nodesare sharedby

both sub-graphs)In eachstep,a sharednodew is given a new uniguevalue char(v) (calledthe

characteristicvalueof v). Then,char(v) is addedo therangeof all othernodeshathaveaG_ path

towv. Finally, v is removedfrom thegraph,andthe processs repeatedintil thereareno moreshared
nodesWith conjunctionsnatricesthis canbealteredthevalueneedgo begivento every nodethat

hasa conjoinedG_ pathto v, i.e. the edgesin the pathsharea clausein . Otherstagesn this

algorithmcanbe alteredin a similar way, althoughthe above stephasthe largesteffect on the size

of thecomputeddomains.



