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Abstract

Several decisionproceduresthat werepublishedin the last few yearsfor sub-theoriesof propositionallinear
inequalities,i.e. a Booleancombinationof predicatesthat belongto the theory, arebasedon a graph-based
analysisof theformula’spredicates.Theanalysisis alwaysbasedon thepredicateswhile ignoringtheBoolean
connectives betweenthem.In this note we show how taking this information into accountcan significantly
reducethe(practical)complexity of thedecisionprocedure.
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1 Intr oduction

Severaldecisionproceduresthatwerepublishedin thelastfew years[GSZ
�

98], [PRSS99], [BGV99],
[BV00], [BGV01], [SSB02]for equalitylogic (Booleancombinationsof equalities)andfor a logic
of separationpredicates(Booleancombinationsof predicatesof theform �������	� where ��
�� are
variablesand � is a constant)follow similar guidelines1. First, they representthe predicatesof the
examinedformula 
 in a graph.Second,they analyzethis graphin order to apply the transitivity
of thepredicates.This canresultin a list of explicit constraints[BV00,SSB02]or a finite rangeof
valuesto eachvariable[PRSS99,BGV99]. In [GSZ

�
98] thestructureof theformulais notanalyzed

explicitly, but, aswewill show in theappendix,our methodis applicableto it aswell.
We illustratethis approachwith thework of Bryantet al. [BV00] on equalitylogic. Eachpredi-

cate���	� is encodedwith anew Booleanvariable����� � . Let 
�� denotetheencodedformula.In order
to retainthe transitivity of equality, they constructan undirectedgraph ������
 ��! , wherethe nodes
in � represent
 ’s variables,andthereis an edgein � betweentwo nodes� and � if andonly if
thereis a predicate�"�#� (or �%$�	� ) in 
 . Transitivity of equalityforbidsanassignmentin which all
edgesof a cycle exceptoneareassignedTRUE. Thus,it is sufficient to addsucha constraintto 
��
for each(simple)cycle in thegraph.This constructionguaranteesthat 
�� is satisfiableif andonly if
 is satisfiable.

Theaddedconstraintsreflectthetransitivity constraintsof equality, which implicitly exist in the
original formula.But sinceeachconstraintaddsto the complexity of the decisionprocedure,it is
interestingto checkwhetherall of theseconstraintsareneededin orderto preserve the soundness
of the procedure.More specifically, it is possiblethat with a morecarefulanalysisof the formula
structure,thenumberof constraintscanbereduced.This improvementis thesubjectof this note.

In all of theseprocedures,thegraphanalysisstageis basedonly on thepredicatesin 
 , andig-
norestheBooleanconnectives(i.e.conjunctionsanddisjunctions)betweenthem.Thustheformulas
'&�()�*�+�-,.�/�+01,20��+� and 
435()�6�7�-8.�9�:0;820<�7� resultin thesamesetof constraints
(in this casepreventinganassignmentin which exactly two of thesepredicatesareassignedTRUE).
But aswe will show in the next section,sucha constraintis not neededfor 
�3 . Furthermore,it is
possibleto identify this factin polynomialtime.

While our methodreducesthenumberof constraints,it hasadrawbackwhenit comesto recon-
structinga satisfyingassignment(ratherthanonly decidingtheformula).We will elaborateon this
point in section4.

2 A decisionprocedure

Wedemonstrateoursuggestedprocedurefor thecaseof equalitypredicates[BV00]. It canbeapplied
in averysimilarmannerto [SSB02].In theappendixwedescribehow it canalsobeappliedto some
of theotherproceduresthatwe referredto earlier.

Let 
 beanequalityformula in Disjunctive NormalForm (DNF), i.e., 
7(>=#?*@BA where@BA is
an equalitypredicateof the form �1�C� or �<$�C� for somevariables� and � (we laterabandonthe
requirementfor having theformulain DNF. We only needit herefor clarity of theexplanation).

Proposition1. 
 is unsatisfiableif andonly if each of its clausescontaina sub-formulaof theformD (E� & $�F� 3 ,9� 3 �F�HG�IJIJI�,K�HL���� & for MONQP . We call
D

an unsatisfiablecycle.
1 Weassumein thisnotethatthereaderis familiar at leastwith [BV00] and[SSB02]
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Thefollowing procedurerelieson proposition1:

1. Encodeeachpredicateof theform �R�F� in 
 with a new Booleanvariable � ��� � . Let 
 � � denote
theencodedformula.

2. Constructagraph������
 �5! s.t.thenodesarethevariablesin 
 andthereis anedge�S�T
U�)! in � if
andonly if thereis apredicate���	� in 
 .

3. For eachcycle V of predicatesthatbelongto thesameclause,addaconstraintto 
�� � thatforbids
anassignmentin which exactly W V�WEX	Y edgesareassignedTRUE.

The formula 
 � � is a conjunctionof two subformulas,which we denoteby 
 � �Z and 
 � �[ . 
 � �Z is the
Booleanencodingof 
 resultingfrom step1. 
4� �[ is a conjunctionof theconstraintsthatwe addin
step3.

Thedifferencebetween
�� � , asderivedin this procedure,and 
�� , theformuladerivedin [BV00],
is that in the latter transitivity constraintsareaddedregardlessof theBooleanconnectivesof 
 . In
otherwords,a constraintis addedto 
�� for eachcycle of predicates,evenif thesepredicatesdo not
sharea clause.Thefollowing propositionjustifiesthis reduction:

Proposition2. 
�� � is satisfiableif andonly if 
�� is satisfiable.

Proof. ( \ ) 
�� � has,by construction,only asubsetof theconstraintsof 
�� . Thereforeit is trivial that
if 
�� is satisfiablethensois 
4� � . ( ] ) Assume
 , andconsequently
�� , is unsatisfiable.In this case,
accordingto proposition1,eachof theclausesof 
 hasanunsatisfiablecycle V . Sincethepredicates
of V areconjuncted,in orderto satisfythecorrespondingencodedcyclein 
�� � ( ^�� �`_a� �cb ,d� �ebJ� �cf ,gIJIhI�,� �ci)� �j_ ) thefirst variable( � �`_a� �cb ) hasto be FALSE andthe resthave to be TRUE, i.e. exactly W V�W)XFY
edgesareassignedTRUE. But this contradictstheconstraintsthatareaddedto 
�� � in step3. Hence,
the encodedcycle cannot be satisfied,andtherefore
�� � is unsatisfiable.Thus,if 
�� � is satisfiable,
thensois 
 � . kl
The above decisionprocedureis computationallyexpensive, becauseit requires
 to be in DNF,
which may imposean exponentialgrowth in the sizeof the formula.Fortunatelythis is not really
required.We canpredict,in polynomialtime, which predicateswould sharea clauseif theformula
wastransformedto DNF. This canbedonewith a syntacticanalysisof 
�� �Z , asexplainedin thenext
subsection.

2.1 Conjunctions matrices

Assume
 is given in NegationNormal Form (all negationsarepushedto the atomicpredicates).
Consequentlyall theinternalnodesof theparsetreeof 
 � �Z , exceptthosethatareimmediatelyadjacent
to the leafs,correspondto eitherdisjunctionsor conjunctions(recall that 
4� �Z representsa Boolean
encodingof 
 ’s predicates). For eachpair of leafs, there is a single internal nodefrom which
thesetwo leafs canbe reachedvia non overlappingdirectedpaths.We call the Booleanoperand
representedby this nodethe joining operandof thesetwo leafs.

Example1. Considertheformula:


m(n��� & �F� 3 !o,O�S�pG�$���pqr,O�S�nqs�Q�ptr89�ut1�F�pvh! !
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TheBooleanencodingof 
 is givenby


 � �Z (w�yx _ � x b ,O��^���x f � xhz",O���yxhz{� xy|"8.�yxy|}� xy~{!
Thejoining operandof � xhf}� x z and � x | � x ~ is ‘ , ’. Thejoining operandof � x z � x | and � x | � x ~ is ‘ 8 ’.kl

For simplicity, we first assumethat no predicatesappearin 
 morethanonce.Denoteby 
�� the
formula 
 after it is transformedto DNF. The following propositionis the basisfor the prediction
technique:

Proposition3. Two predicatesshare a clausein 
�� if andonly if their joining operand is a con-
junction.

We constructamatrix thatholdsthis informationfor all pairsof predicates:

Definition 1. Let � denotethenumberof predicatesin 
 . Theconjunctionsmatrix �m� of 
 is an���/� binary, symmetricmatrix,where � �o� � ��� �{�H� ��A � �`� ��Y if andonly if thejoining operandof the
two predicates���	� and ����� is a conjunction.

In thegraph � , theentriesof � � canbethoughtof as‘edgesthatconnectedges’.
For a givenpair of predicates,it is a linearoperation(in theheight � of theparsetree)to check

whethertheir joining operandis a conjunctionor disjunction.Thereforeconstructing� � hasthe
complexity of �<�S� 3 �u! .

Theinformationin �m� is sufficient for concludingwhethera setof predicatessharea clausein
 � :

Proposition4. A setof predicatesshare a DNF clausein 
4� if andonly if their associatedentries
in theconjunctionsmatrix form a clique.

Notethatthe’clique’ refersto theedgesbetweentheedgesof � , andnot to theedgesof � itself.
Givena setof predicates,finding whetherthey form a clique in � � is quadraticin the sizeof

theset.Thus,we do not requireanymorethat 
 is givenin DNF, andpaya quadraticpricefor this
in step3 of theprocedure.

Example2. Considerthe formula 
7(p�����g,m���*��0s8*����0)! . Thecorrespondingconjunctions
matrix is

� � �
���
�

��xE� �;����� ����xE� �� xE� � � Y Y� ��� � Y � �� x�� � Y � �
�J��
�

(Notethat � � is symmetricby definition).
The graph � includesthe cycle �6XQ�2X�0 . But since �m� � ����� � ��� ��xE� � � � � , thereis no clique

betweenits edges,andwecanthereforeconcludethatthesethreepredicatesdonotshareaclausein
�� . Consequentlynoconstraintis addedto 
�� � . kl
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2.2 Handling repeatingpredicates

Practicallymost formulascontainpredicatesthat appearmore thanonce,in differentpartsof the
formula.We will denoteby � A��� � , ��N�Y the � instanceof thepredicate� ��� � in 
�� �Z . It is possiblethat
thesamepair of predicateswill have differentjoining operands.Therearetwo possiblesolutionsto
this problem:

1. Representeachpredicateinstanceasaseparateedge.Thiswill make � a multigraph,wherethe
numberof edgesbetweentwo nodes�a
�� is equalto the numberof instancesof the predicate�"��� in 
 . Thesizeof thematrix � � will grow accordingly.

2. Assign � �o� � x�� �h��� � �h� �j� ��Y if thereexists an instanceof �7��� andof 0#��� with a joining
operand‘ , ’.

For comparisonbetweenthe two options,denotethe matrix constructedin option � by � �� . Then� 3� � �yx�� � ��� ���h� � � �:Y if andonly if thereexists �)&�
T��3 s.t. � &� � � A _xE� � �H� � A b�h� � � �:Y .
Thesecondoptionhasamoreconciserepresentation,but mayresultin redundantconstraints,as

theexamplebelow demonstrates.

Example3. Considerthe formula 
 ('�S�	�¡�5,	�S�O�¢0g8*�	�¡0)!�!�8	�S�O�£0-,����£0¤! . The two
optionsaredepictedin Fig. 1.

¥

¦

§ ¥

¦

§
(a) (b)

Fig.1. Handlingmultiple instancesof predicatesthrough(a) separateedgesand(b) joint edges.

Following option2 (Fig. 1(b))will yield a redundantconstraint,becausetheinformationthatthe
threepredicatesnever appeartogetherin the sameclauseis lost. On the otherhandthis is a more
conciserepresentationthanthefirst option. kl

Redundantconstraintscannot make themethodincomplete.Recallthatall of theseconstraints
arepartof 
 � , which,accordingto [BV00], is satisfiableif andonly if 
 is satisfiable.

3 Chordal graphs

Sincetherecanbeanexponentialnumberof cyclesin � , both [BV00] and[SSB02] first make the
graphchordal by addingedgesto thegraph.An undirectedgraphis chordalif f every cycle of size
4 or morehasan internalchord.In thecaseof directedandweightedgraphsthedefinition is more
complicated:it refersto directedcyclesof size4 or more,andeachchord from node � to � is a
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projectionof thepathbetweenthesetwo nodeson thecycle. In bothof thesereferences,it is proven
thatin a chordalgraph,if a transitivity constraintis violated,thena transitivity constraintof a cycle
of size3 is violatedaswell. This allows themto addconstraintsonly for cyclesof size3 or less.
Consequentlythenumberof constraintsreducesto apolynomialin [BV00] andhaveasimilareffect
in somecasesconsideredby [SSB02]. Wenow examinethequestionof how to integrateconjunctions
matriceswith chordalgraphs.Again, we concentrateon [BV00]. A known procedurefor makinga
graphchordalis thefollowing:

While thereareverticesin thegraph ¨
i) selecta variable© .
ii) addchordsbetweenall immediateneighborsof © .
iii) remove © andits adjacentedgesfrom thegraph.ª

In the caseof [SSB02] the procedureis slightly more complicatedin line ii), becausethe graph
is directedandweighted.Onemay think of this asan iterative procedureof eliminatingvariables
andprojectingtheirassociatedconstraintsto theremainingvariables(similar to theFourier-Motzkin
technique).

Integratingconjunctionsmatricesinto thisprocessis simple:weonly needto projectinformation
from pairsof constraints(edges)thathave a conjunctionastheir joining operand.Thus,we change
line ii) asfollows:

ii) adda chord �S��
��«! if andonly if ���¬
�©­!¯®2� and ��©p
 �«!R®2� and �m� � ��xE� ° �H� ��°y� � � �CY .
We demonstratetheeffectivenessof this methodin thecaseof thedirectedweightedgraphsof

[SSB02].Themainproblemin applying[SSB02] is thattheprocessof makingthegraphchordalmay
addanexponentialnumberof edges.Conjunctionsmatricescansignificantlyreducethisnumber, as
demonstratedby theexamplebelow.

Example4. Considerthediamondshapedtopologyof Fig. 2. Assumethatall edgesareconjoined
with oneanother(they all appearin the sameclause)except the edgebetween©�± and © & , which
appearsin a separateclause.Also assumesomearbitrarydistribution of weightsover theseedges.
We now analyzewhatdifferentproceduresdo with sucha formula:

1. In methodsbasedon casesplitting, suchasPratt’s method[Pra77] (which performsa graph
analysissimilar to [SSB02] but assumesthatall edgesareconjoined),theformulais first trans-
formedto DNF, andtheneachclauseis analyzedseparately. In thiscaseanexponentialnumber
of graphswill beconstructed,only to discover thatnonof themcontainsacycle.

2. In [SSB02], in the worst casean exponentialnumberof chordsis addedto the graph,andan
exponentialnumberof constraintsis addedto theformula.

3. Whenusinga combinationof [SSB02]andconjunctionmatrices,no chordsareaddedto the
graph,no constraintsare addedto the formula, and the procedureterminatesin linear time.
This meansthat this combinationof methodsis ableto capture,efficiently, the fact that there
areno conjoinedcycles in this graph.Note that constraintsarealwaysassociatedwith cycles
and thereforea sub-graphwithout cyclesshouldn’t imposeany constraints.With the help of
conjunctionsmatriceswecantake this ruleonestepfurther, andsaythatonly conjoinedcycles,
i.e., cyclesof predicatesthatsharethesameclause,shouldimposea constraint.In thegraphof
Fig. 2 therearenosuchcyclesandthereforeanoptimalprocedurewill notaddconstraintsatall.
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Yet, theprocessof makingthegraphchordal,evenif it doesn’t containacycle,mayaddchords
(assumingwe do not explicitly look for suchsub-graphsanddiscardthem).Chordalgraphs
arenot unique,i.e., for a givengraph � , therearemany possiblecompletionsof � thatmake it
chordal.Theorderin whichnodesarechosenin stepi) determinestheexactchordalcompletion,
andthereforevariousheuristicscanbeusedin orderto minimizethenumberof addedchords.
The implementationof [SSB02]usesa simplegreedycriterion: at eachiteration it picks the
nodethat imposesthe minimal numberof addedchords.For the graphof Fig. 2 this criterion
is sufficient for identifying thatno additionalchordsareneeded:dueto theconjunctionsmatrix
analysisno chordis addedif ©�± is removed,andthereforeit is removedfirst. Now theremoval
of © & will notaddany edges(becauseit doesn’t haveincomingedges),andsoforth.Thus,nodes
areremovedfrom right to left withoutaddingchordsor constraints. kl

.  .  .  .  .
²y³ ²�´ ²Jµ

Fig.2. An ¶ diamondstopology, wheretheedge·`¸h¹yºH¸E» ¼ is disjointedfrom therestof theformula.

4 Reconstructionof a satisfyingassignments

In many applicationsknowing whethera formula is satisfiableor not is not enough.The actual
satisfyingassignmentto ½ hasto be reconstructed.The satisfyingassignmentto ½�¾ (recall that ½�¾
denotestheencodedformulaof [BV00] without conjunctionsmatrices)indicatestheBooleanvalue
that eachpredicateshouldevaluateto in order to satisfy ½ . It is not hard to derive the valuesfor½ ’s variablesfrom this information.Let ¿ be a satisfyingassignmentto ½�¾ andlet À-ÁrÂUÃ'ÄaÅdÁ�Æ be
a graphs.t. Ã correspondto ½ ’s variables,and ÅdÁCÇÉÈyÊ­Ë ÊÍÌ7Å:ÎO¿RÂ�Ê�Æ<ÇÐÏ-Ñ , i.e., the edgesinÅdÁ correspondto the edgesin À�Â�Ã�Ä Å�Æ that wereassignedTRUE by ¿ . To constructa satisfying
assignmentto ½ , decideon a uniquevalueto eachmaximalconnectedcomponenton À-Á , andthen
assignthisvalueto eachof thenodes(variables)in thecomponent.By constructionthis assignment
will evaluateall predicatesin ½ thesameway astheir encodingwasevaluatedin ½�¾ .

This becomesmorecomplicatedwith conjunctionsmatrices,becausethe assignmentsto ½ ¾ ¾ ’s
predicatescannot alwaysbe reconstructedin ½ simultaneously. For examplein the formula ½�¾ ¾1ÒÊ�Ó�Ô Õ«Ö�Ê�Õ�Ô ×­Ö�Ê�ÓEÔ × apossiblesatisfyingassignmentis onein whichthefirst two predicatesareassigned
TRUE andthethirdpredicateisassignedFALSE. Sincethereis adisjunctionbetweenthesepredicates,
noconstraintis addedto ½�¾ ¾ thatwill preventsuchanassignment.Clearlynovaluescanbeassigned
to Ø¬Ä ÙuÄaÚ in theoriginal formula ½ s.t. Ø.ÇQÙ ,Ù�Ç�Ú will betrueand Ø/ÇFÚ is false.With conjunctions
matrices,we areableto reconstructa satisfyingassignmentof oneor moreclausesof ½4Û , but not
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necessarilyall of themat thesametime.Clearlyoneclauseis sufficient to satisfy 
 , but theproblem
is thatwedo not know which oneit is.

We couldnot find apolynomialsolutionto thisproblemin eachof theproceduresthatarebased
on Booleanencoding[GSZ

�
98,BV00,SSB02],andwe leave it asan openproblem.If thereis no

suchsolutionandthesatisfyingassignmentis needed,thenconjunctionsmatricescannot beused.
Proceduresthatarenot basedon encoding,but ratheron allocationof a finite domainto eachvari-
able[PRSS99,BGV99] do not have this problem,becausethesatisfyingassignmentassignsvalues
directly to 
 ’s variables.

The relevanceof conjunctionsmatricesto [PRSS99,BGV99] aswell asto [GSZ
�

98] is briefly
describedin theappendix.

References

[BGV99] R. Bryant,S.German,andM. Velev. Exploitingpositive equalityin a logic of equalitywith uninter-
pretedfunctions.In Proc. ÜyÜ}ÝjÞ Intl. Conferenceon ComputerAidedVerification(CAV’99), 1999.

[BGV01] R. Bryant,S.German,andM. Velev. Processorverificationusingefficient reductionsof thelogic of
uninterpretedfunctionsto propositionallogic. ACM Transactionson ComputationalLogic, 2(1):1–
41,2001.

[BV00] R. Bryant andM. Velev. Booleansatisfiabilitywith transitivity constraints.In E.A. Emersonand
A.P. Sistla,editors,Proc. Ü}ß Ý`Þ Intl. Conferenceon ComputerAidedVerification(CAV’00), volume
1855of Lect.Notesin Comp.Sci.Springer-Verlag,2000.

[GSZà 98] A. Goel,K. Sajid,H. Zhou,A. Aziz, andV. Singhal.BDD basedproceduresfor atheoryof equality
with uninterpretedfunctions. In A.J. Hu andM.Y. Vardi, editors,CAV98, volume1427of LNCS.
Springer-Verlag,1998.

[Pra77] V. Pratt.Two easytheorieswhosecombinationis hard.Technicalreport,MassachusettsInstituteof
Technology, 1977.Cambridge,Mass.

[PRSS99] A. Pnueli,Y. Rodeh,O. Shtrichman,andM. Siegel. Decidingequalityformulasby small-domains
instantiations.In Proc. ÜyÜ}ÝjÞ Intl. ConferenceonComputerAidedVerification(CAV’99), Lect.Notes
in Comp.Sci.Springer-Verlag,1999.

[SSB02] O. Strichman,S.A. Seshia,and R.E. Bryant. Deciding separationformulaswith SAT. In Proc.Üaá Ý`Þ Intl. Conferenceon ComputerAided Verification (CAV’02), LNCS, Copenhagen,Denmark,
July2002.Springer-Verlag.(To appear).

A Conjunctions matricesapplied to other procedures

We shortly describehow conjunctionsmatricescanbe combinedwith the methodsof Goel et al.
[GSZ

�
98], Bryantetal [BGV99] andPnuelietal. [PRSS99]. All threemethodsdecidethesametype

of formulasas[BV00], i.e.a propositionalcombinationof equalities.In thefollowing descriptionit
is assumedthatthereaderis familiarwith thesemethods.

Goelet al. [GSZ
�

98]: Themethodis basedon ���â� encodingof theformula,similarto [BV00]. After
encoding,the resultingformula is representedasa BDD. Thenthe procedurelooks for consistent
pathsin the BDD that lead to ’1’. A consistentpath is an assignmentto the Booleanvariables
that do not contradictthe transitivity of equality. For example,a path in which � �ã� and � � A are
TRUE but � � A is FALSE is inconsistent,becauseit contradictsthe implicit transitivity constraint����;,<�<�7�Käå���+� . With conjunctionsmatrices,aninconsistentpathis onethatincludestheabove
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assignmentandall threepredicatessharethesameclausein 
4� . For example,considertheformula
¡("�æ�Ð�<8Í�#�ç0�8O07$�Ð� . An assignmentTRUE to all threepredicatesis a valid assignment
althoughit cannot bereconstructedin 
 . Theonly informationthatthis assignmentgivesusis that
it is possibleto satisfyseparatelyeachof theseclauses.

Bryant et al. [BV00]: Themethodis basedon assigninguniqueconstantvaluesto positive terms
(@ -terms),while assigningan increasingrangeof valuesto otherterms( è -terms).For a connected
componentof size M of è -terms,the resultingrangeimposesa state-spaceof M"é . The definition of
a ‘connectedcomponent’canbechangedto incorporatethe informationgivenby theconjunctions
matrix.A connectedcomponentis asetof è -termsthat,in additionto thefactthatthey areconnected
on thegraph� , they alsoshareaclausein 
4� .

Pnueli et al. [PRSS99]:Themethodis basedonfindingasmalldomain(a rangeof values)for each
variablewhich is sufficient for preservingsatisfiability. This is alsoa graph-basedalgorithm,but
therearetwo typesof edgesin thisgraph,�gê and �Këê , correspondingto equalitiesanddisequalities
in 
 respectively ( � is thus a union of thesetwo graphs,and someof the nodesare sharedby
both sub-graphs).In eachstep,a sharednode © is given a new uniquevaluechar �S©­! (called the
characteristicvalueof © ). Then,char �S©­! is addedto therangeof all othernodesthathavea �gê path
to © . Finally, © is removedfrom thegraph,andtheprocessis repeateduntil therearenomoreshared
nodes.With conjunctionsmatrices,thiscanbealtered:thevalueneedsto begivento everynodethat
hasa conjoined � ê pathto © , i.e. the edgesin the pathsharea clausein 
�� . Otherstagesin this
algorithmcanbealteredin a similar way, althoughtheabove stephasthe largesteffect on thesize
of thecomputeddomains.
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