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Abstract

This thesis introduces a new logical system, ordered linear logic, which
combines reasoning with unrestricted, linear, and ordered hypotheses. The
logic conservatively extends (intuitionistic) linear logic, which contains
both unrestricted and linear hypotheses, with a notion of ordered hy-
potheses. Ordered hypotheses must be used exactly once, subject to the
order in which they were assumed (i.e., their order cannot be changed
during the course of a derivation). This ordering constraint allows for log-
ical representations of simple data structures such as stacks and queues.
We construct ordered linear logic in the style of Martin-Lof from the ba-
sic notion of a hypothetical judgement. We then show normalization for
the system by constructing a sequent calculus presentation and proving
cut-elimination of the sequent system.

After introducing the basic logical system, we show how to extend tech-
niques from linear logic to achieve an ordered logic programming language,
Olli, and an ordered logical framework, OLF. Olli and OLF allow quite
elegant encodings of situations involving simple data structures which are
not possible without ordered hypotheses. Example Olli programs include
a translator to and from deBruijn notation, and a breadth-first graph
traversal program. The major OLF application presented in this disser-

tation is an analysis of some syntactic properties of the CPS transform.
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Chapter 1
Introduction

Now, it is the contention of the intuitionists ... that the basic mathematical
notions, above all the notion of function, ought to be interpreted in such a way
that the cleavage between mathematics, classical mathematics, that is, and

programming that we are witnessing at present disappears.

— Per Martin-Lof

Constructive Mathematics and Computer Programming [34]

It has long been known that there are strong connections between intuitionis-
tic logic and computation. The Curry-Howard isomorphism [30] between well-typed
functional programs and constructive proofs gives a logical interpretation of pure
functional computation. Thus each expression, of a particular type, represents a
proof of that type viewed as a formula in intuitionistic logic. Having a type system
with a logical intuition gives a computational intuition. For example, pursuing the
Curry-Howard isomorphism a little further, we arrive at the understanding of ex-
pression evaluation as partial proof normalization. Since we know intuitionistic logic
is normalizing, we immediately know any well-typed expression in a pure functional
language will evaluate to a value. Even when considering real functional languages,
which might contain unrestricted recursion or effects, a logically motivated type sys-
tem is useful. Type inference algorithms, for instance, are based on a logical meaning

of types and the proof theory behind that logic.

A further use of the logical intuition behind a type system is in the area of log-

ical frameworks. A logical framework is essentially a formal language in which a
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deductive system can be defined and reasoned about. LF [23] is a particular logi-
cal framework based on dependent types, i.e., the meta-language is dependent type
theory. Examples of systems which have been represented in LF include compiler
verification, Mini-ML with its meta-theory, and the Church-Rosser theorem. Fur-
thermore Twelf [48], a concrete implementation of LF, has been used as a tool to
help in the discovery of new proofs; most notably a new proof of cut-elimination for
classical, intuitionistic and linear logic was discovered with the system’s help [45, 44].
The ability to “reason” within the type system, and the insights necessary for its

implementation come from the logical interpretation of the types.

A different method of connecting intuitionistic logic and computation is found in
the logic programming paradigm. A logic program is simply a collection of predicates
(over some term language) and formulas which specify when predicates are true. A
query, for a program, is a formula constructed from the same set of predicates as
the program. Execution of a logic program corresponds to proving a query, following
a fixed operational semantics, using the program formulas. If a query is provable
then we know that a specific relationship, represented by the logic program, holds
between the terms in the query. Additionally, all existentially quantified variables
in a query must be instantiated by the proof of that query. The “witnesses” for a

query’s existential variable will also be returned when a sucessful proof is found.

In this setting, computation is a by-product of proof search. Thus the proof search
algorithm used in a logic programming language must be relatively simple— the pro-
grammer must understand how a program will execute— and must have a reasonable
computational interpetation, i.e., the operational semantics should allow us to eas-
ily think of a collection of formulas as a program. Although originally conceived
within classical logic, the above mentioned existential property clearly places logic

programming in the realm of intuitionistic logic.

While intuitionistic logic itself is useful as a logic for describing computations,
there are many aspects of computation which fall outside its scope. Knowing a func-
tion has type A — B only conveys that the function expects an argument, of type
A, and produces a result, of type B. It tells us nothing about how, or even if, the
function’s argument is used. For this reason, researchers have been examining the
computational content of richer logics hoping to find logical explanations for known
phenomena as well as new possibilities for language constructs. Along these lines,

linear logic [21] has received considerable attention in the programming language
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community over the past decade.

Unlike intuitionistic logic, linear logic can be used to express some information
about how a function uses its argument. A linear function, of type A—o B, must use its
argument exactly once. This little bit of extra information has been used to describe a
wide range of existing language phenomena from the difference between side-effecting
and non-side-effecting functions [60] to the absence of snapback in Idealized Algol [39].
Additionally, linear logic has been used as the basis for a type system which guarantees
polynomial runtime of well-typed programs [29]. Furthermore, logic programming
systems and logical frameworks based on linear logic can encode state at the logical
level. This is an improvement (at the very least in terms of elegance) over similar

systems based on intuitionistic logic which must encode state at the term level.

The key difference between linear logic and intuitionistic logic is in the notion
of how a hypothesis may be used. Intuitionistic logic places no constraints upon
hypotheses; they may be ignored or repeatedly used. For this reason, we will refer
to intuitionistic logic as unrestricted logic and, from this point on, reserve the de-
scription “intuitionistic” for a more general property as described below. In contrast,
linear logic requires hypotheses to be used exactly once, hence the name linear. This
restriction on hypothesis usage has far reaching consequences which make linear logic
quite different from unrestricted logic. In Section 2.5, we shall treat this topic in some
detail.

Linear logic was originally conceived as a classical logic. It is classical in the sense
that DeMorgan laws hold and implication may be defined in terms of disjunction
and negation. Thus, linear logic can be presented as a single-sided sequent system
without the notion of hypotheses. There is an “intuitionistic” version of linear logic
in which the notion of hypotheses entailing a goal is primitive. From this point on,
all references to linear logic shall refer to the intuitionistic variant. It is this property
of a logic, having a primitive notion of entailment, for which we will use the word
intuitionistic.

This thesis introduces a new intuitionistic logical system, ordered linear logic,
which can express more information about hypotheses than linear logic. Specifically,
we will be able to convey some information about the order of hypotheses in context.
In unrestricted and linear logic, the active hypotheses at any point in a proof have
no order. Thus there is no way to directly encode, at the logical level, that one

hypothesis was assumed before another. Ordered linear logic imposes an order on the
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active hypotheses which can be used to formulate such encodings.

Other logical systems with an inherent notion of ordering exist [61, 56, 1]. How-
ever, none of these logics are intuitionistic. While intuitionistic versions for some of
these systems exist, current research seems to be focussed primarily on the classical
presentations. We feel that an ordered logical system fundamentally based on the
notion of hypothetical reasoning, in the same manner as other intuitionistic logics,
will be of use to the programming language community. It might also take another

step towards removing the cleavage lamented by the intuitionists.

This thesis shows that an intuitionistic logic with a notion of order on hypotheses is
a useful tool for programming language applications. Towards this end, in addition to
introducing ordered linear logic, we will also show several applications of the system
to logic programming and logical frameworks. To further bolster the decision to
explore an intuitionistic logic, we point out that analogous applications for classical
ordered logics are complicated by the complexity of the systems and the lack of a

clear computational interpretation.

This thesis is divided into three parts. The first part formally introduces ordered
linear logic and demonstrates that the system makes sense as a logical system. The
logic is motivated by a review and analysis of the reasoning systems for the three
types of hypotheses (unrestricted, linear, ordered) previously mentioned. Ordered
linear logic itself integrates the use of the different kinds of hypotheses into one logical
system. The logic is developed in the style of Martin-Lof from the basic notion of a
hypothetical judgement. In addition to a natural deduction system, we also develop
a sequent system, through which we show normalization, and which will be the basis

of our investigation of proof search in ordered linear logic.

The second part of the thesis demonstrates how we may base a logic programming
language on ordered linear logic. The language we build, christened Olli, follows in
the footsteps of AProlog [36] and its linear extension Lolli [27]!. A logic programming
interpreter may be intuitively thought of as a specialized theorem prover for which

proof search is both efficient and amenable to a direct computational interpretation.

We first identify a fragment of the logic, the uniform fragment, with particularly
strong proof theoretic properties. Basing Olli on the uniform fragment provides the

computational interpretation, see [37]; additionally, the uniform fragment will be the

1Lolli is not quite an extension of AProlog since it lacks some higher-order features, e.g., higher-

order predicates.
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basis of a logical framework based on ordered linear logic, which is discussed in the
third part of the dissertation. Thereafter, we concentrate on extending techniques
developed for efficient linear logic proof search to the ordered case. We also include a
chapter with a collection of Olli example programs which show how to use ordered hy-
potheses as a logical data structure. Example programs include a translation between
lambda terms (represented via higher-order abstract syntax) and deBruijn notation
terms, a merge sort, a breadth-first graph traversal, and a small natural language

parser which handles unbounded dependencies.

The third part of the thesis shows how we may use ordered linear logic to con-
struct a LF-style logical framework. We begin by formalizing the ordered type system
implicit within the logic which gives us an ordered lambda calculus. We show that
canonical forms (necessary for a logical framework) exist for the fragment of the calcu-
lus corresponding to the uniform fragment of the logic. We next add dependent types
to the system, in a similar fashion as LLF [11], to get an ordered logical framework.
We show that type checking remains decidable and that a suitable notion of canonical
forms still exist. We show how the deBruijn translation Olli program may be viewed
as a formal, LF-style, representation of the (informal) translation between lambda
terms and deBruijn terms. We also show how the ordered logical framework provides

an elegant means of analysing some syntactic properties of the CPS transform.

Finally, this thesis concludes with a broad summary and some thoughts on future

work.

Preliminary parts of this dissertation were previously published as [51, 52, 53, 49].
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Ordered Linear Logic
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Chapter 2

Ordered Linear Logic

2.1 Overview

Ordered linear logic is a logic which combines reasoning with unrestricted, linear
and ordered hypotheses. Unrestricted hypotheses may be used arbitrarily often, or
not at all regardless of the order in which they were assumed. Linear hypotheses
must be used exactly once, also without regard to the order of their assumption.
Ordered hypotheses must be used exactly once subject to the order in which they
were assumed. All of these modes of reasoning independently lead to coherent logical
systems which have been (and continue to be) studied in their own right— intuitionistic

logic, purely linear logic, and Lambek calculus.

However, these modes of reasoning are not mutually exclusive. For instance, in-
tuitionistic linear logic can be construed as a logic combining linear and unrestricted
reasoning. This combination results in a coherent logical system which allows one
to use both styles of reasoning side-by-side. Thus intuitionistic linear logic is a con-
servative extension of intuitionistic logic since intuitionistic linear logic encompasses
unrestricted reasoning. In the same manner, ordered linear logic is a conservative

extension of intuitionistic linear logic.

This chapter reviews unrestricted, linear, and ordered reasoning before combining
them to get ordered linear logic. After (re)constructing a formal system for each style
of reasoning, we shall turn to the question of how to combine them into a coherent

logical system. Finally, we give a complete presentation of ordered linear logic.
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2.2 Judgements

We treat the hypothetical judgement, with an associated substitution principle, as
the fundamental concept from which a (intuitionistic) logic, or reasoning system, is
built. Therefore we shall take as basic three kinds of hypothetical judgement for the

three reasoning styles we will review.

We view logical connectives as internalizations of the informal reasoning which
makes sense for the hypothetical judgement. Thus we will describe logical connec-
tives by means of introduction and elimination rules as usual for natural deduction
systems. The introduction rules explain how to construct a proof of a formula, while
the elimination rules tell us how to use a formula. From another viewpoint, intro-
duction rules describe what information is stored in a connective while elimination
rules describe what information may be obtained from a connective. Thus we have a
litmus test for possible connectives— can we get out as much information as we put
in?

This condition can be formalized in two different ways. If we construct a proof of
a formula and then deconstruct it (i.e., apply one of its elimination rules) , we should
get back the information we started with. This property is captured by the notion
of local reduction and corresponds to (-reduction under the Curry-Howard isomor-
phism. We also note that we want this property to hold for all possible construc-
tion/deconstruction combinations. Additionally, a formula should contain enough
information to reconstruct a proof of itself; that is to say its proof should be con-
structable solely from its constituent parts. This property is captured by the concept
of local expansions and corresponds to n-expansion under the Curry-Howard isomor-
phism. We shall only consider using logical connectives which satisfy both of these

properties.

2.3 Notation

This section summarizes the notation we shall use in this chapter. All syntactic classes

(i.e. z, B, €, etc.) can also be subscripted or primed.

For the sake of simplicity, we shall restrict ourselves to presenting first order logical
systems. Thus we shall syntactically distinguish formulas from terms. We allow

atomic formulas to depend upon terms and only allow quantification over terms.
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We use z, y, z to denote hypothesis labels and term variables.
We use t, s for terms and a, b for term parameters!.
We use A, B, C, etc... to denote formulas.

We use (z1:41) ... (z,:A,) to denote a context, or list of labelled formula occur-
rences. If n is 0 then the context is empty. Note that we use juxtaposition, rather than
an explicit constructor, to form contexts. In order to have unambiguous proofs, we
require that all labels are unique in a given context. We tacitly assume this condition

holds for all contexts in the remainder of this thesis.
We use - to explicitly denote an empty context, or list.

We also use I', A, Q to denote contexts. We also use juxtapostion to denote

context concatenation.

We use D, £ to denote derivations.

We shall use the notation A< A’ to denote the non-deterministic merging of two
contexts. We define the < relation as follows:

xe=-  A(pA) <A = (A AN (y:A) AxA(y:A) = (A A (y:A)

Note that < is commutative and associative.

2.4 Unrestricted Hypothetical Judgements

We begin by reviewing a logic with unrestricted hypotheses, or familiar old intuition-
istic logic. There are many informal semantics, or intuitions, which people use to
think about intuitionistic logic. However, for our purposes intuitionistic logic is a
way to reason about the ability to derive rather than the actual act of derivation
itself. Thus we will informally treat an intuitionistic logic derivation of A as meaning

we have the ability to derive A.
We start with a hypothetical judgement:

(.’L‘llAl) e (.’L‘nAn) FA

We shall interpret the judgement as: If we have the ability to derive each of the A;
then we have the ability to derive A.

!The eigenvariables “generated” by V; and Jg rules— see the end of section 2.4.
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We shall use I' to denote unrestricted contexts.

We want our unrestricted judgements to satisfy several structural properties?.
Namely, we do not want the derivability of judgements to depend upon the order of
the hypotheses, nor upon the presence of extra (unused) hypotheses, nor upon the

presence of redundant hypotheses. We formalize these properties as follows.

Structural Properties:

Exchange: I'p(z1:A)(z9:B)['g - C implies I'r(z9:B)(x1:A)Tr - C.
Weakening: I'H A implies I'(z:B) - A.

Contraction: I'(z1:A)(z2:A) F B implies I'(z1:A) F B.

We will keep these properties in mind when designing the inference rules we will use.

After we have a full system, we will prove as a lemma that these properties hold.

Now that we have formally introduced the notation for our hypothetical judgement
and stated the structural properties it should satisfy, we must describe how to reason
with such judgements. The basic intuition behind a hypothetical judgement is that
we may assume we can derive the given hypotheses. We may then use hypotheses
instead of actual derivations while deriving the conclusion. Thus if we are given an
actual derivation of one of our hypotheses, we should be able to substitute this actual
derivation for the use of the hypothesis. We formalize this intuition with the following

substitution principle.

Substitution principle:
'y A and T'p(z:A)Tg = C implies I'yT'gr FC

Note that requiring the context for A to match part of the context for C' will always be
achievable as long as the expected structural properties hold for the system.? As with
the structural rules, we will keep this substitution principle in mind when designing
the inference rules and then formally prove that the substitution principle holds after
we have described the full system.

2Properties of hypotheses have historically been called structural.

3We structure the substitution principle in this manner in anticipation of Chapter 13 where we
shall allow dependencies among the hypotheses.
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The first inference rule we will want to form is the basic rule explaining how
hypotheses are used. As this rule comes from the nature of hypothetical judgements
and does not pertain to any logical connective, it is neither an introduction rule nor

an elimination rule.

Unrestricted hypothesis rule:

i
FL(.’IJZA)FR HA

The formulation of this rule ensures that exchange and weakening will hold for the

logic since neither the location of x nor the presence of unused hypotheses matters.

We now consider implication, which may be thought of as a reflection of the
hypothetical judgement into the logic itself since it allows us to express hypothetical

statements as formulas.

Unrestricted Implication:

[(@:A)FB | r'FA—B TFA
I

T —E
'-rA—B I'-B

Note that we require the hypotheses of the premises to match those of the conclusion
in the elimination rule. This, when mirrored by all rules with multiple premises,

allows contraction to hold for the system without any explicit structural rules.

We now show that —, as characterized by its introduction and elimination rules,
satisfies our two criteria from Section 2.2 for logical connectives. We first show that
information is neither gained nor lost by constructing and then deconstructing a

derivation of —. This property is formalized by the following local reduction rule:

£
I'(z:A)+ B 7 €[D/x
— = — T+B
T'HA—B THA
—E
T'+B

The notation £[D/x] denotes the derivation £ (which is a tree) with all occurrences
of the hypothesis rule z (which will all be leaves) replaced by the derivation D. Note

that this reduction is just an application of the substitution principle.
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We now show that a derivation of — contains sufficient information to reconstruct

itself. We formalize this property with the following local expansion rule:

/
D P L 4l
['(z:A)F-A—B [(z:A)F A
'-A—B — —E
['(z:A)F B
—1I
'+HA—B

where D’ is obtained from D by weakening.

We now turn to conjunction. We should be able to express in the logic the ability
to derive two conclusions. If we can derive both A and B, we shall use A & B to
reflect this fact in the logic. Furthermore, given that we know A & B, we should be

able to retrieve derivations of both A and B. Thus we will have two elimination rules.

Conjunction:

A I'+B I'FA& B I'FA& B
& —&m —— &2

T-A&B T A T B

Again note the contraction of hypotheses in the introduction rule.

Since there are two eliminations, there are two local reductions for & depending

on which elimination was used.

D, D,
THA '+ B D,
&[ — '-A
I'A&B
TEA 7
D, D,
THA '+ B D,
&[ — I'-B
I'A&B
E2
T+ B
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Here is the local expansion:

D D
D I'-A&B I'A&B
TFA&B & — — &y = —— &
T-A T+ B
&
'+ A& B

We now consider truth, T, which can be thought of as the unit of &— we have
A&T = A= T&A where C = D denotes that both C'+ D and D F C are derivable.
Truth is always derivable and thus carries no information. Consequently, there will

be no elimination rule since there is nothing to get out of a derivation of truth.

Truth:

=T ! no elimination rule for T.

Although there is no reduction (since there is no elimination rule) we do have
a notion of expansion. Any derivation of T can be “expanded” to an immediate
derivation of truth from the same hypotheses. While this is not actually an expansion
of the given proof, it is an expansion in the sense of reconstructing a proof of T from

its constituent parts (i.e., none).

D
— T
We now consider disjunction, the dual concept to conjunction. If we can derive A
or we can derive B, we will express this in the logic as A @ B.* Furthermore, in order
to make use of a derivation of A & B, we must specify what to do in each case since

we do not know which of the disjuncts we actually have the ability to derive.

Note that there will be two different introduction rules for disjunction depending
on which conclusion we can actually derive. While these introduction rules are syn-
tactically dual to the conjunction elimination rules, our disjunction elimination rule

will have to break this syntactic duality.

4We use the notation @ to be compatible with notation we will introduce later.
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Disjunction:

T A T A I'-Ae B I(z1:A)F C T(z2:B)FC

N Y i | — @ oY)
I'-Ae B I'-Ae B r=-c

Since there are two introductions, there will be two corresponding reductions which

rely upon the substitution principle.

D
A < c & [D/xi]
1 2
—®n — r=-c
'-Ae B [(z:A) FC [(z9:B) F C
Dr
r=cC
D
T'+B e c &[D/x]
1 2
— @ — r=-c
'-Ae B [(z:A) FC [(ze:B) F C
Dr
r=cC
Here is the local expansion:
1 — X2
D D ['(z1:A) A I'(z9:B)F B
Sn Dro
''-rAeB = 'HAe B [(z1:A)F A® B ['(ze:B) - A® B
Dr
'-Aé& B

Finally we come to falsehood, 0, which may be thought of as the unit of ®. Just as
disjunction and conjunction are dual, 0 and T are dual. Since we want our logic to be
sound, there will be no introduction rule for 0. However, we will have an elimination

rule since there is no reason to prevent someone from assuming a derivation of 0.

Falsehood:
'O

no introduction rule for 0. '=C

Og

Note that C' is unconstrained; we can derive anything from a derivation of 0.

% Again we choose this notation to be forward compatible.
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Since there is no introduction rule, there is no local reduction. However, there is

an expansion:

D D

r-0 — I'-0
Og

-0

For the sake of expressivity and completeness, we now consider quantification.
We will assume the standard two quantifiers, V and 3, and show that they are locally

sound and complete.

Universal quantification:

I'+Ala/a] T'HVa. A
_ Ty 2DV Ay
I'hVz. A T+ Alt/z]

Note that a must not appear free in the conclusion of the introduction rule. This
can also be construed as another kind of judgement, usually called a parametric
judgement where a is the parameter. The key idea behind a parametric judgement is
that the parameter may be substituted by any term without affecting derivability of
the judgement.

We have the following reduction:

D
T+ Ala/z] D[t/a]
— V9 — TI'F Aft/x]
F'EVe. A
I'F Alt/z
And the following expansion:
D
D Tk V. A
Ve A - ——— Vg
I'F Ala/x] va
THve. A

Existential quantification:

I'F Alt/z . '3z, A I(wAla/z]) - C _
AT THC ?
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Note that a must not appear free in A nor in the conclusion of the elimination rule.

We have the following reduction:

D
I+ Alt/x) < Elt/a][D/u]
— 4 — r=c
M'F3dz. A F(uw:Ala/z]) - C
I
r=cC
And the following expansion:
u

D D F(uw:Ala/z)) F Ala/x]

'Fdz. A = 'F3dz. A I'(u:Ala/z]) F3x. A
3(1
T+ 3z A "

2.5 Linear Hypothetical Judgements

We now examine a logic based on linear hypotheses. Our basic hypothetical judgement
will be:

(y1:A1) ... (yn:An) H A

We use hypothesis tags y; to emphasize that these hypotheses are linear rather than
unrestricted. We shall interpret linear hypotheses as resources which must be used
exactly once. We can then interpret the judgement as: If we have all the resources

A, (in any order) then we can derive A.
We use A to denote linear contexts.

Since these hypotheses are linear, we do not want linear contexts to satisfy con-
traction or weakening. Therefore the only structural property which we want to build

into linear contexts is exchange.

Structural Properties:
Exchange: Ap(zi:A)(xe:B)Ar - C implies Ap(ze:B)(x1:A)Ar - C.

We now state the appropriate substitution principle for linear hypothetical judge-
ments which relates a derivation of A to a hypothesis A.
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Substitution principle:
AsF A and Ap(y:A)ArFE C implies (Ap<tA4)AgFC

Note that we re-emphasize, in this substitution principle, the irrelevance of hypothesis
ordering by combining the context needed for A and the context in which hypothesis

y appears with the non-deterministic merge, <.

The hypothesis rule will look quite different from the previous one since weakening
should not hold for linear hypotheses. Actually, the absence of weakening forces the

rule to only allow one hypothesis— the one being used.
Linear hypothesis rule:
—Y
yAFA

Because there can only be one hypothesis in this rule, we cannot concisely capture
the exchange property as we did in the previous system. Therefore we will have to
structure the other rules to allow for exchange. This will be accomplished through

the use of the non-deterministic merge operator, .

We come next to linear implication.

Linear Implication:

A(y:A) - B AFA—oB AsFA

—Or —OF

AFA—oB AxAys+ B

Note the absence of contraction in the elimination rule and instead the (non-deterministic)
merging of the two contexts used in the premises. By merging contexts, we insure
that each hypothesis is used only once (we restrict contraction). By allowing the con-
texts to be non-deterministically merged, we ensure that the order of the hypotheses
is irrelevant (we allow exchange). Logical connectives whose inference rules require
merging together, rather than contracting, premise contexts to form the conclusion

context are called multiplicative.

The reduction for linear implication is, like its unrestricted counterpart, just an
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application of the substitution principle.

E
A(y:A) - B D E[D/y]
— o AxtiA4 - B
AFA—oB | AL-A — Ao
—OF
ADQAA F B

Here is the local expansion:

D

D —Y
AFA—oB  yAFA
A(y:A) - B

AFA—oB

All of the previously shown unrestricted connectives, &, T, @, 0, and the quanti-
fiers, also make sense for linear hypothetical judgements and correspond to reasoning
about the ability to derive with given resources. Thus we can interpret a derivation
of the judgement A = A & B as: Given the resources in A, we have the ability to
derive A; and given the resources in A, we have the ability to derive B. Note that
this differs from saying we can derive both A and B at the same time. Similarly a
derivation of A F A @ B can be interpreted as being able to derive either A or B.
These unrestricted connectives, which require that the premises and conclusion all

depend upon the same linear hypotheses, are called additive.

Another notion of conjunction exists for linear hypotheses which can be interpreted
as actually deriving both conjuncts, at the same time. If we have derived A using the
hypotheses in A4 and we have derived B using the hypotheses in A g, then we reflect
this fact in the logic as A ® B. Of course the introduction rule for ® must have in its

conclusion a context created by combining A 4 and Ap since both are needed.

In order to use a derivation of A ® B, we cannot directly recover a derivation of
A nor of B since we don’t know which hypotheses were used by each derivation. An
attempt to form such an elimination rule (along the lines of those in the previous
section) would result in ® not having both a local reduction and a local expansion.
Instead, we can only use a derivation of A ® B when we know that hypotheses y;:A
and y9:B are needed in another derivtion. Then, we can replace the two hypotheses
y1:A and ys: B with the hypotheses needed to derive A and B.
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Multiplicative Conjunction:

AAstAwB AAF-C g

We use A4 <1 Ap to combine contexts since we do not care about the order of the

hypotheses; i.e., we want the exchange property to hold.

We have the following reduction:

D, D,

Ak A Apt B c ED1/y][D2/ya]
®r — AxA;xAgEC
AixApF A® B A (y1:A)(y2:B) - C AR
QF
A’ > AA > AB HC
We have the following expansion:
—U — Y
D D yr: Ak A y2:B+F B
Q7
AFA®B = A+HA®B (y1:A)(y2:B) - A® B
&
AFA®B ?

Just as in the unrestricted case, we can consider the unit of this conjunction. The
multiplicative unit, 1, must in essence be an empty derivation— a derivation requiring
no hypotheses and thus a derivation of nothing. However, unlike the additive unit,

T, we can formulate both an introduction and elimination rule for 1.

Multiplicative unit:

A'F1 AFA
1; 1
-F1 A'xAF A

Note that these rules are the 0-ary versions of the rules for ®.
We have the following reduction:
€ £
—1
1g
AFC
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We have the following expansion:

D D
A1

1;

1g

While researchers have considered a multiplicative disjunction for intuitionistic
linear logic [7], there seems to be no way to fit such a construction into the judgemental
framework we have been developing. The notion of multiplicative disjunction seems
to require allowing more than one conclusion for each judgement and thus falls outside

the scope of a Martin-Lof-style natural deduction system.

2.6 Ordered Hypothetical Judgements

We finally consider a logic of ordered hypotheses. This logic is essentially the Lambek
calculus [32], reconstructed from a judgemental point of view. Once again we will start

with a hypothetical judgement:
(leAl) Ce (Zn:An) HA

where we use hypothesis tags z; to distinguish ordered hypotheses from linear and
unrestricted ones. Our interpretation of this basic judgement shall be: We can derive

A when given all the resources A; in order.
The ordered context, €2, shall not enjoy any of the three structural properties.

We have the following substitution principle for ordered hypothetical judgements.

Ordered substitution:
QFA and Qp(2:A)QpF C implies Q Q0 - C

Note that the hypotheses needed for A must be placed, in order, in the same location

which the hypothesis A occupied in the context for C.

Since all the ordered hypotheses must be used, our ordered hypothesis rule is

forced and is identical to the linear version.
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Ordered hypothesis rule:

z

AR A

The treatment of ordered implication (i.e., how to reflect ordered hypothetical
reasoning into the logic) is more complicated than for linear implication. Since ordered
contexts will not admit the exchange rule, we have to think about where to put the
new hypothesis in the ordered context. As it turns out, there are only two feasible

choices for placing a new hypothesis into the ordered context.

The first possibility is to place the new hypothesis on the right of the all the other
hypotheses.

Right ordered implication:
Q(z:A) - B QFA—»B Qak A
— ]
QFA—-B QO+ B

—E

Note that the combination of hypotheses €224, the concatenation of €2 and €24, in the

elimination rule is forced in order for there to be a local reduction rule.

£
QzAFEB D E[D/~]
— . QOuF B
QOFA-—»B QA A
—F
QO+ B

Here is the local expansion:

D P z
OFA—-B AR A
QzA)FB
>y
QOFA—»B

The other possibility for an ordered implication is to place the hypothesis on the
left of the ordered context.

Left ordered implication:
(z:A)QF B QFA— B Qak A
- @ )—)I
QFA— B QA0+ B

—E
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Note the reverse combination, 242, from the — g rule is needed in this elimination

rule.

We have the following local reduction:

£
(z:A)Q+ B 7 €[D/y
L — Q.OFB
QF A— B QuF A A
—F
Q0+ B

We have the following expansion:

D

D 1
OFA— B zAF A
QOFA— B — —E
(2:A)Q+ B

QFA— B

Note that our choice of notation for the ordered implications has nothing to do
with monics or epics from category theory and that Lambek used a slightly differ-
ent notation for the two ordered implications. Specifically, A — B was written as
B/A, and A»— B was written as A\B. We feel that the arrow notation is easier to
read; furthermore, it allows us to use the familiar backwards arrow notation for logic

programming in Chapter 10.

We do not have any other ordered implications because there is no way to formulate
complementary introduction and elimination rules when hypotheses are added to any
other location in the ordered context. Suppose we tried to place the new hypothesis
somewhere in the middle of the ordered context. In order to have a general rule, we
could not require an exact number of other hypotheses to already be in the ordered
context, e.g., placing a hypothesis two formulas from the right is not a good rule.
The only other choice is to non-deterministically place the hypothesis somewhere in
the ordered context. When we try to do this, we do not have enough information, in
the elimination rule, to ensure that we get back a derivation of the same judgement

we started with after applying a local reduction.

At this point we give several examples of derivable and non-derivable ordered
hypothetical judgements which give a feel for the ordered implications. We assume

implications are left-associative. First, the judgement - - A — (A - B) — B is not
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derivable because the A will be on the wrong side of the A— B in the ordered context.
However, - - (A — B) - A — B is derivable. Similarly, - - A - (A — B) — B is

derivable.

Like the linear hypothetical judgement, all of the additive connectives, and quanti-
fiers, make sense for the ordered hypothetical judgement. However, the multiplicative
connectives must be modified to ensure that exchange will not hold. Similarly to the
implications, there will be two multiplicative conjunctions since the order in which
the conjuncts were derived matters.

Right multiplicative conjunction:

QAI—A QB I—B. O+ AeB QL(leA)(ZQZB)QRI—C.

I
QAQBI—AOB QLQQRI—C

E

The reduction rule for this conjunction is similar to the rule for linear multiplica-

tive conjunction.

D D,
Qi F A Qp - B c E[D1/21][D2/ 2]
o — Q.00 C
QuQp - AeB Qp(21:4)(22:B)Qg F C PR
°r

QrOA00z - C

We have the following expansion:

1 — 22
D D leAl_A Zngl_B
o
QFAeB — QFAeB (21:A)(22:B) - Ae B
°r
O AeB

Note that (Ae B) »C = A— B — C which effectively states that e is left-adjunct to
—» as might be expected. We also point out the equivalence breaks if we replace — by
—; however if we switch the order of A and B we find that (Be A)—C = A—B—(C
does hold.

Here is the other multiplicative conjunction which can be thought of as reversing
the orders of the conjuncts when used.
Left multiplicative conjunction:

QAI—A QB I—Bo QOFBoA QL(leA)(ZQZB)QRI—CO

I
QAQBI—BOA QLQQRI—C

E
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Note the reversal of A and B between the premises in the elimination rule.

Now we can formulate the following reduction:

D, D,
Qi F A Qp - B c E[D1/21][D2/ 2]
or — Q080 FC
QuQp - BoA Qp(21:4)(22:B)Qg F C LA
OFE
Qr40p0r FC
We have the following expansion:
B A | —_— 29
D D 21 AF A z0:B+ B
o1
QFBoA = QFBoA (21:A)(22:B) - Bo A
OFE

QOFBoA

Note that (Ao B) — C = A — B »— C which effectively states that o is left-adjunct

to »— as might also be expected. Furthermore, A o B is equivalent to B e A.

Since it involves no resources, the multiplicative unit is the same as in the linear

case.

2.7 Combined Reasoning

We would like to combine the three modes of reasoning into one coherent logical sys-
tem which allows us to use unrestricted, linear, and ordered hypotheses side-by-side.
For this purpose we shall begin with a compound hypothetical judgement containing

three contexts, one for each kind of hypothesis.

A QF A

We will now need to formulate three substitution principles, one explaining how
to use each kind of hypothesis. First consider how to relate ordered hypotheses to

derivations. Suppose we know

& D
Oy A QL(z:A)Qr FC and DAL QFA

We would like to be able to substitute occurrences of z in £ with D to get a new

derivation of C' which doesn’t depend upon z. However, what about the linear and
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ordered hypotheses used in D? Since z is an ordered hypthesis, it only occurs once in
& and this occurrence respects z’s place in the ordered context. Therefore, we may
just throw in A4 with A and replace z with 24 without anything going wrong (see

lemma 2). Then we get the following derivation:

€[D/
F;ADQAA;QLQQR HC

What happens when we try to substitute derivations for linear hypotheses? Sup-

pose we know

& D
[ A(y:A); Q- C and DAL QuF A

We can proceed as before except for the placement of {24. Since y is not an ordered
variable, its usage in £ is not constrained by the order of the variables in 2. This
leaves us with no safe place to put €24 since we have no way of knowing which parts

of 2 will have been used at the time y is used. Consider the following example:
5 /!
— 2
sy A;z2BEC w2t AFA =D
Note that C' may be either Ae B or B e A.
There are only two possible ways to substitute D for y:

€D/y] E€[D/y]
5 (2HA)(=:B) F C or 5 (zB)(2:A) FC

However neither resulting judgement is derivable for both of the previously mentioned
choices for C.

The only way we can safely substitute a derivation D for y is if D does not
require ordered hypotheses. Similar reasoning shows us that we may only substitute
a derivation for an unrestricted hypothesis if that derivation doesn’t depend upon

ordered or linear hypotheses.

We now state the substitution principles we have arrived at:

Substitution principles:
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Ca(x: AT A;QF C and Ty; ;- F A implies Tl A; Q - C.
Oy AL(y:A)AR; QF C and T Ay; - = A implies T (A <t A ) Ag; Q = C.

F; A; QL(ZZA)QR F C and F; AA; QA HA implies F;ADQAA; QLQAQR FC.

The same considerations used to formulate the substitution principles must also
guide the formulation of the inference rules. Thus we have the following rules for

unrestricted implication:

F'A;A;QF B AQFA—B ;- FHA

—] —E
A QFA— B A QFB

where the linear and ordered contexts in the minor premise of the elimination rule

must be empty.

For a presentation, using the three context hypothetical judgement, of the all the

connectives previously considered see Section 2.10.

2.8 Modalities

While motivating the substitution principles, we concluded that we can only substi-
tute linear hypotheses with derivations which require empty ordered contexts; and
likewise we can only substitute unrestricted hypotheses with derivations which require
empty linear and empty ordered contexts. These properties can be reflected into the
logic with the use of unary connectives, which we sometimes call modalities. Thus
we will introduce two modalities, i and !, to respectively express independence from
ordered hypotheses, and from both ordered and linear hypotheses. Their introduction

rules are as follows:
A A F;-;-I—A'

—_— —_—
F;A;-l—iAI F;-;-I—!AI

The elimination rules for these modalities will reflect our intuition that they cap-

ture exactly what is needed to be substitutable for linear and unrestricted hypotheses.

A QFIA Uy AL(y:A) Ar; QQp EC AQFTA Dz AT Ac; QLQr EC |
g !

T; (AL d A)Ag; QQ0g - C TT: Ag od A: Q005 F C v

6This is the same ! as in linear logic.
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These elimination rules are simply the substitution principles for linear and unre-
stricted hypotheses without constraints on the contexts. These constraints have been

captured by the modalities.

Both these connectives also satisfy our local soundness and completeness criteria

as shown by the following local reductions and expansions:

Reduction for i:

D
A4 -FHA . £ €[D/yl
Tidg FiA | DAL pAARQFC = DAemAafmare
T (An s A ) AR Q- C "
Expansion for i:
D D [y:A;- A ’ .
T A QF A — T'A:QFIiA Toydi b iA | |
T:A:QF A "
Reduction for !
D
ry,-FA £ €[D/x]
m " Lz A A QFC — I ARFC
T'A:QFC -
Expansion for !
x
D D [(xz:A);-FHA |
DAQFIA — DA QFIA D(wA)5-F1A
T A:QF 14 g

Note that both of these modalities are idempotent (!!A =!A and iiA = iA) and
that ! subsumes i (liA =!A and i!A =!A)". Therefore, we do not get new modalities

"We now use C' = D to denote that both -;-;C F D and -;-; D+ C are derivable.
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from combinations of these two. We also point out that the unrestricted and linear
implications are definable using these modalities: A — B = (l14) » B = (l1A) — B
and A—o B = (iA) » B = (iA) — B.

The equivalences for —o are established from the following substitution:

S
y:A;-F A i £ E[D/7]
D= Tyyd-Fid + and DA Q(zA)QRFC = [ Am(y:A); QQr - C

and the following derivation:

D
-
[ ziiAF A [y A(y:A); Qg H C
Oy A Qp(z:0A)Qp F C

iE

which show that “mobilized” ordered hypotheses, i.e., ordered hypotheses of the form
iA, are essentially (when considering derivability) the same as linear hypotheses. Sim-
ilar results hold for “banged” ordered hypotheses (!A) and unrestricted hypotheses.

The modalities, ! and i, only partially distribute across the binary connectives. In

particular the following are all derivable judgements
5 (A»B)F1A»IB ;- 1AelBF 1(AeB) - 1(A&B)F1A&!B - 1A®!B F |(A®B)
while none of their converses are derivable. Furthermore, replacing ! with i, e with o

or — with ~— does not affect derivability.

At this point our development of ordered linear logic is complete. Note that the
unordered fragment of this logic is identical to intuitionistic linear logic®. Before
giving a full description of the system, we would like to point out that there are other

possibilities for combining these various modes of reasoning.

2.9 Other Approaches to Combined Reasoning

Our system, following the tradition of linear logic, combines unrestricted, linear and
ordered reasoning about hypotheses; it is the hypotheses which have constraints

placed upon their usage. Another possibility is to place constraints at the context

8 A ® B, in linear logic, is equivalent to iA e iB in ordered linear logic.
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level and have “mixed” contexts. This is the approach espoused by the logic of
bunched implications (BI) [40] which combines unrestricted and linear reasoning (but

not ordered reasoning).

In BI, contexts are not flat lists but trees. It is the tree nodes which are either
unrestricted or linear. This system has two implications, — for unrestricted reasoning
and — for linear reasoning. The two implications correspond to two different context
constructors, one of which allows either of its arguments to be copied and erased.
Thus the judgement -+ A —% B — B is derivable (where - denotes either empty
context) while - = B— A— B is not derivable. It seems likely that one could extend
BI with an ordered implication and an ordered context constructor and thus have
an entirely different system from ordered linear logic which combines unrestricted,

linear, and ordered reasoning.

A further possibility is to combine the formula level approach with the context
level approach. That is to have a system like BI which also has modalities. This is
essentially how Non-commutative Logic (NL) [1, 57] was constructed. NL combines
all three types of reasoning, however unrestricted reasoning is limited to the formula
level, by the use of a modality, while linear and ordered reasoning take place at the
context level. Thus NL’s context is a tree-like hierarchical structure (more specifically
a generalization of strict partial orders called order varieties) where all nodes are linear

and some nodes are ordered. This forces the mobility of formulas to be scoped.

NL is presented as a classical logic. It is thus presented as a single-sided sequent
system. Furthermore its context is circular in order to have a single negation. How-
ever, there is an intuitionistic version of NL [58, 16] which does not have a circular

context.

Finally, we note that ordered linear logic can be thought of as an intuitionistic
version of cyclic linear logic [61], which was an early attempt to combine ordered rea-
soning with linear logic. However, ordered linear logic was developed independently
of cyclic linear logic and has a solid basis in the tradition Martin-Lof style logic. Be-
cause of this intuitionistic grounding, ordered linear logic gives rise to a term calculus

and is a suitable basis for an LF style logical framework [23].
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2.10 Derivation Rules for Ordered Linear Logic

In this section we summarize the derivation rules for ordered linear logic.

x Yy z
I'p(x:A)Tg;-FA Ty:4;-F A I 2zAFA

I(z:A); A;QF B ;A QFA— B r;s-FA
—I —FE
;A QFA— B A QF B
I A(y:A); Q- B IA;QFA—oB A4 FHA
—O7 —OF
A QFA—oB I'AA4QFB
I A;Q(2:A) - B I AQFA—»B DAL QA
—>T e
A QFA—- B A AL QU4 F B

;A5 (22A)Q - B IAQFHA— B DAL QA
1T
A QFA— B A AL Q40 B

—E

T A.QFHA I';Ag;Qr+ B I''A;QF AeB Iy Ac; Qr(z1:A)(22:B)Qr F C
o L]
F;AAIXIAB;QLQR}—AOB F;ANAc;QLQQR}—C

E

AL QrFA I'Ap; QB INA;QFBo A [ Ac; Qr(z1:A)(22:B)Qr F C
or °F
F;AAIXIAB;QLQR}—BOA F;ANAc;QLQQR}—C

A QF1 F;AC;QLQR}—C’l

1; E
Ig-F1 DA Ae; Q QQr HC
A QA ;A QF B A QF A& B A QF A& B
&1 &g &p2
A QF A& B A QFA I'A;QF B
A QA A QB

@n Dr2
A QFA®B A QFADB

IAQFAD B [ A0 Qr(z1:4)Qr F C [ Ac; Qr(z0:B)Qr F C
T A Ac; QQOr FC

>0 )
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;A QR0

Tr Or
A QT DA A Q QQr HC

F;A;Q}—[a/x]Ava A QF Ve, A

I VE
TA;QF V. A A QF [t/z] A

A QR [t/x]A3

A QF Jz. A I Ac; Qp(z:Ala/z])Qr = C -

A QFdz. A

;A A

T; Asa Ag; QOO F C g

A QFIA [y AL(y:A)Ap; QL HC

Ir
A -FiA

F;-;-f—A'

IE
F; (AL > A)AR; QLQQR HC

A QHA I(z:A); Ac; QLR F C"

'r
I;-FH1A

E
T A Ac; QrQQr = C

where a must not appear free in the conclusion the V¢ rule; similarly, a must not

appear free in the first premise nor the conclusion of the 3% rule.

2.11 Properties of Ordered Linear Logic

We now formally state and prove that the expected structural properties and substi-

tution principles hold for ordered linear logic.

Lemma 1 (Structural Properties) The following all hold:

1. Tp(z1:A) (22 A)Tr; A; Q F C implies T (x:A)Lr; A;Q F C.

2. T'Tr; A;QF C implies T'p(x:A)Tr; A;Q F C.

3. I'p(z1:A)(x2:B)r; A; Q = C implies ' (x2:B) (z1:A)Tr; A; Q= C.

4. Ty Ap(y1:A)(y2:B)Ag; Q F C implies T'; Ap(y2:B) (y1:A)Ag; Q = C.
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Proof: By structural induction on the given derivation. Note that this induction
defines a structure preserving translation—only the hypotheses change for each judg-

ment in a derivation. O

Lemma 2 (Substitution) The following hold:

1. Ta(z:A)T; A QF C and Ty -5 - = A implies Tal; A; Q- C.
2. T AL(y:A)Ar; QF C and T; Ag; - = A implies T (AL <t Aa)Ap; Q F C.

3. F; A; QL(ZZA)QR FC and F; AA; QA HA z'mplz'es F; A DQAA; QLQAQR FC.

Proof: By structural induction over the given derivation for C'. Again we have a
structure preserving translation where every use of A in the deduction of C' is replaced
by the given deduction of A. O

We have already shown that each connective in the logic is locally sound and
complete for a single context logic. Given the introduction and elimination rules of
Section 2.10, it is a simple task to extend the previous local reductions and expansions

to ordered linear logic.

Now that we have a complete logical system we would like to show that it is a
“good” logic. The standard test for a natural deduction system is normalization. The
local reductions for each connective provide a local normalization result, but this is
not enough to guarantee a global result. Thus, we will prove a normalization result

for ordered linear logic.

Although it is possible, using a Kripke-style logical-relations argument, we will not
directly prove a normalization result on the natural deduction system presented in this
chapter. Instead, we will follow Gentzen’s path and prove a cut-elimination result
for a sequent calculus which is equivalent (in terms of derivability) to the natural
deduction system. In addition to helping us prove normalization of ordered linear

logic, the sequent calculus system is of interest in its own right.

Specifically, we will prove normalization as follows:

1. Introduce a normal natural deduction system for ordered linear logic.

(a) This system will only allow normal derivations.
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(b) Normal derivations are trivially converted to arbitrary derivations.
2. Introduce a cut-free sequent calculus for ordered linear logic.
3. Show admissibility of cut for sequent system.

4. Show equivalence of arbitrary natural deductions and a sequent system with
cut.

5. Show equivalence of normal natural deduction system and cut-free sequent cal-
culus.

The subsequent three chapters will be occupied with executing this plan.
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Chapter 3
Normal Deductions

A normal deduction is one in which no unnecesary paths are taken when proceeding
from hypotheses to conclusions— in other words, a derivation in which no formula is de-
rived and then later eliminated. The intuition behind this property is the same which
underlies the local reductions (and expansions) examined in the previous chapter: the
conservation of information by the introduction/elimination rule pairs. However, the
local reductions for each connective only cover introductions immediately followed by
eliminations. They are not directly applicable to situations where a formula, A, is
introduced and other formulas are eliminated (possibly modifying contexts) before

eliminating A.

As noted by Prawitz [55], normal deductions correspond very well to natural
human reasoning. Specifically, a normal derivation can be separated into two parts.
One part consists of breaking down the given hypotheses, using the elimination rules,
until all the parts needed to assemble the desired conclusion are obtained. The other
part consists of producing the conclusion using the introduction rules. A further
nice fact about normal derivations is that they enjoy the subformula property— every
formula in a derivation is a subformula of the conclusion, or of some hypothesis in
the last judgement. This property is absolutely necessary if there is to be any hope
of automating proof search, which we wish to do in order to have an ordered linear

logic programming language.

In this chapter, we present a refined system of natural deduction for ordered
linear logic which only admits normal deductions. This system is based on separating

normal deductions, characterized by bottom-up reasoning with introduction rules,
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from atomic deductions, characterized by top-down reasoning with elimination rules.
These two can meet at any point with a coercion which allows us to view any atomic

deduction as normal.

3.1 Normal Deductions for Ordered Linear Logic

We characterize normal deductions with two judgements:

A QF AT A has a normal derivation
AQF AL A has an atomic derivation

The arrow indicates the direction of reasoning allowed.

Below are the judgements for the normal natural deduction system. To improve

readability, we leave hypothesis labels implicit and use generic names for the hypoth-

esis rules.
. A QR AL
ihyp ——lhyp ——ohyp ——coercion
I'tAlg;-F A INA;-F AL Iy AF AL A QAT
TA;AQF B1 I'A;QFA— B Iy FHA®T
—I —E
A QFA—- BT ;A QF B
I"AAQF B I'A;QFA—oB] IAx-FAT
—Or —OF
I'A;QFA—oB?T A AL QF B
A AQF B A QFA— B AL QAT
T —E
A QFA—B?T A AL Q0B
I'A; QA B I'AQFA—- B AL QAT
T —FE
A QFA—-» BT DA AL QU B

TALQFAT I Ag; Qr - B 1 I'A;QFAe B | A QLABQr - C T
o ]
F;AAIXIAB;QLQR}—AOBT F;ANAc;QLQQR}—CT

E

AL QrE AT A, Q- B7T I'A;QF Ao B I Ae; QL BAQr H C 1
or o
F;AAIXIAB;QLQR}—AOBT F;ANAc;QLQQR}—CT

E

20



LAQFA& B
A QB

LAQFA& B
& E2

A QR AL

A QAT F;A;QI—BT&
T A:QF A& BT !

A QF BT
D12
LA QFA® BT

A0 QrBQrEC 1 ©

A QAT
Dn
LA QF AP BT
A QLAQr EC T
F;ANAc;QLQQR}—CT

LA QA B
E

IAQF1 F;AC;QLQR}—CTl

— 1 E
Iie-H11 DA AG QLQOQr FC T
A QR0
S 5
A;QFT?T A A QLQQr EC T

F;A;Q}—[a/x]ATva F;A;QFV&:.AiV

DA QF Ve AT | TiAQF [t/z]AL -
A QF [t/a:]AT3 TA;QF3z. A F;AC;QL[a/x]AQR}—CTHQ
T Asa Ac; Q. Q0 F C 1 b

LA QFdz. A

L, A-FAT AQFIAL I AcA;QLQrHC T
| |
TA:-Fidf T: A A Q00 F C 1

E

F;-;-}—AT' LAQFIA L FA;AC;QLQR}—CT'
‘E

54
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It is easy to see that this system only allows normal proofs. Since there is no

way to turn a normal (1) derivation into an atomic (J) one, it is indeed impossible to

introduce and then eliminate a formula.
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3.2 Properties of Normal Deductions

We remark that this system enjoys structural properties analogous to the previous

system.

Lemma 3 (Normal Structural Properties) The following all hold:

1. FLAAFR; A; QFC T z'mplz'es FLAFR; A; QFC T
2. FLFR; A; Q- C T z'mplz'es FLAFR; A; QFC T
3. TLABTr: A;QF C 4 implies T, BATr: A;QF C 1.

4. F; ALABAR;Q HC T z'mplz'es F; ALBAAR;Q HC T

5. FLAAFR; A; Q- C i z'mplz'es FLAFR; A; QrFC i
0. FLFR; A; QFC i z'mplz'es FLAFR; A; QFC i
7. TLABTR: A;QF C | implies T BATg; A:QF C L.

8. F; ALABAR; QrFC i z'mplz'es F; ALBAAR; QrFC i
Proof: By structural induction over the given derivation. 0

Furthermore we have the following substitution principles. Notice that only an
atomic derivation may be substituted for a hypothesis since the uses of assumptions

are considered atomic deductions (the ohyp, lhyp, and ihyp rules).

Lemma 4 (Normal Substitution) The following all hold:
1. TJAT; A QFEC T and Ty - B AL implies TA A QF C 1.
2. F; ALAAR; QFC T and F; AA; -HA i z'mplz'es F; (AL NAA)AR; QFC T
3. F;A;QLAQR =C T and F; AA;QA A i z'mplz'es F;ANAA;QLQAQR =C T
4. TQJAT; AQFEC L and Tyay - B AL implies TAT A QFC .
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5. F,ALAAR,QI—Ci and F,AA,I—Ai z'mplz'es F; (ALDQAA)AR,QI—Ci

0. F; A; QLAQR =C i and F; AA; QaF A i z'mplz'es F; ADQAA; QLQAQR FC i
Proof: By structural induction over the given derivation for C. OJ

Since the structure of the rules in the normal system follows that of the previous
system, we can easily see that the normal system simply rules out some valid deduc-

tions of the previous system. Therefore we have the following soundness theorem.
Theorem 5 The following hold:

1. T5AQF AT implies T; A;QF A

2. T, 0,QF AL implies T;A;,QF A
Proof: By simple structural induction. Coercions are simply eliminated. 0

The converse, that every provable proposition has a normal deduction, does indeed
hold and could be proved by a Kripke logical relations argument [19]. The proof for
a fragment of the system above is a minor modification of the proof of the existence
of canonical forms given in [51]. Instead, we will prove it indirectly by going through
a sequent calculus presentation of ordered linear logic, taking advantage of the cut
elimination theorem. This will also give further validation to our sequent system,
which we are interested in for its own sake, by showing that it exactly proves the

propositions which have natural deductions.

3.3 Directed Deductions

Before introducing the sequent system, we introduce a third natural deduction system
for ordered linear logic which is obviously equivalent to the original. This system is
based on the preceding normal system and has two judgements standing for normal
and atomic derivations. However, in order to recover arbitrary deductions, it also
allows an additional coercion from normal to atomic derivations. We write I'; A; Q FF
A1 and T'; A; Q 1 A | which is defined by exactly the same rules as the normal and

atomic judgments above, plus the rule
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DA QR A
A QF A

lemma

Theorem 6 The following hold:

1. T AQF At iff T AQF A

2. T QF AL iff T; A QF A

Proof: In each direction, by simple structural induction on the given derivation. In
the forward direction coercions are simply eliminated by the translation. In the back-
wards direction they are introduced if the last inference is not of the right kind. Note

that these translations do not form a bijection since redundant coercions collapse. [
We also point out that Lemma 4 can be trivially extended to the directed deduction

system. In succeeding chapters, we will use Lemma 4 for both normal and directed

deductions.
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Chapter 4
Sequent Calculus

While natural deduction systems provide an elegant formalization of intuitionistic
reasoning, they are not ideally suited for analyzing properties of proof search. The
main difficulty stems from the inability to directly manipulate hypotheses in a natural
deduction system. A formalism better suited for analyzing proof search is the sequent

calculus.

In a sequent calculus, the logical connectives are characterized by right rules and
left rules which, as we shall see, correspond to the introduction and elimination rules
of natural deduction. In addition we have initial sequents which play the role of
coercions in the normal natural deduction system. Furthermore, the sequent calculus
is usually formulated with an explicit rule for reasoning with lemmas, called cut,
which will correspond to the lemma rule in the directed natural deduction system
(the system introduced at the end of Chapter 3).

In the sequent calculus proof search proceeds in one direction, from conclusion
to hypotheses (bottom-up). This in contrast to a natural deduction system which
requires two separate phases of proof search, one driven by the hypotheses (using
elimination rules) and another analyzing the conclusion (using introduction rules).
Proof search can proceed in one direction from beginning to end because the sequent
calculus gives us, via the left rules, direct access to hypotheses. This also allows dual

connectives (e.g., & and @) to have syntactically dual inference rules.

In this chapter we present a sequent calculus for ordered linear logic. This sequent
calculus is a conservative extension of both associative Lambek calculus [32] and the

sequent system for non-commutative intuitionistic linear logic given in [8]. We will
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present a sequent system without an explicit cut rule. This system will correspond
exactly to normal natural deductions. We will then prove that cut is an admissible
rule in the system. This lets us form a sequent system with explicit cut rules which
will correspond to the directed natural deduction system described at the end of
Chapter 3.

4.1 Sequent Calculus for Ordered Linear Logic

Similar to natural deduction judgements, our sequents have the form:
AQ=— A

where I', A,  are lists of formulas, and A is a proposition. Again, I'; A, €2 are meant to
denote an intuitionistic, linear, and ordered context respectively. We sometimes refer
to the formulas on the left of the sequent arrow, the hypotheses, as the antecedent,
and to those on the right of the sequent arrow as the succedent. As their names
suggest, left rules will operate on formulas in the antecedent, while right rules will
operate on the succedent formula.

In the sequent setting, one may logically think of the three antecedent contexts
as one big context where the ordered hypotheses are in a fixed relative order while
the other linear and unrestricted propositions may “float”. The intuitionistic propo-
sitions may also be copied or ignored. Traditionally the basic structural properties
of the hypotheses— exchange, weakening, and cotraction— are explicitly formulated as
inference rules in the sequent calculus. However, in keeping with the style of our nat-
ural deduction system, we will build these structural properties into the formulation

of the left, right and init rules.

We start with initial sequents, which encode that all linear and ordered hypotheses

must be used, while those in I' need not be used.

———init
I A= A

We have two explicit structural rules: place, which commits a linear hypothesis to
a particular place among the ordered hypotheses; and copy, which duplicates and
places an unrestricted hypothesis.

I AlR; A QL AQRr = B 5 ALAR; QLAQr = B
copy
I AlR; A; Qi Qr = B I AL AAR; Q Qr = B

place
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The following four rules describing the intuitionistic and linear implications trans-
late the standard sequent rules for intuitionistic linear logic into our setting. Note
the restrictions on the linear and ordered contexts in the two left rules which are

necessary to preserve linearity and order, respectively.

TA;AQ = B o A QBQr — C I‘;.;.:>A_>
R L
IA;Q = A— B I;A;QL(A— B)Qg = C
[AAQ = B [;A; QBQUr = C  Ti;Au = A
—OR —0y,
IA;Q = A—oB A< A4 QL(A—oB)Qr = C

The right rule for ordered right implication A — B adds A at the right end of
the ordered context. In order to allow an admissible cut rule, the left rule must then
take hypotheses immediately to the right of the right implication for deriving the
antecedent A. The remaining hypotheses are joined with B (in order) to derive C.
We must also be careful that each linear hypothesis comes from exactly one premise,
although their order does not matter (hence the merge operation Ag < Ay).

A QA = B AR QrBQr = C TA4Q0 = A

—» —>

A Q = A—»B F;ABIXIAA;QL(A—»B)QAQR = C

The rules for left implication are symmetric.

A AQ = B AR QrBQr = C TA4Q40 = A

— —

A Q = A— B F;ABIXIAA;QLQA(AHB)QR = C

The rules for the remaining connectives do not introduce any new ideas and are
essentially the rules for a sequent presentation of intuitionistic linear logic extended
to include ordered contexts.

A4 Q= A I';Ap;Qpr = B A QABQRr = C
op ey
TAA AR QL Qlp = AeB F;A;QL(AOB)QR:C
A4 Qr=— A I A Q= B A QBAQRr = C
oR or,
TAA AR QL Qlp = Ao B F;A;QL(AOB)QR:C
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A Q0 = C
- _ 1R
I'iy-—1 A Q10 = C

A=A A Q= B

— IR &R
LAQ=T A Q= A& B

F;A;QLAQR:C F;A;QLBQR:C
&r1 &2

[ A QA& B)r — C ' T;AQu(A& B)2g — C

A=A A Q= B

Dr1 Dr2
A Q= (A® B) A Q= (A® B)

A QAQr = C F;A;QLBQR:C@ 0
L L
F;A;QL(A@B)QR:C A Q00p = C

I A Q = Ala/x] va I A Qp(Aft/z])Qr = CV
DAQ=—Ve. A ' T;AQ(Ve. AQp — C

A Q= [t/x]AEl I A;Qn(Ala/z])Qp = CH“
DA Q— T2, A & A Q.(r A)Qr — C

F;-;-:>A' TA;A;Q Qpr = C |
— IR L
;. =14 LA QL(14A)Qr = C

;A= A IAA QL Qr = C
—— iR IL
A, — A I A;Q0(14A)Qr = C

As usual we require that a not appear free in the conclusions of the v}, and 3 rules.

It is clear that this system has the subformula property: only instances of subfor-
mulas of propositions present in the conclusion can appear in the derivation. Since
proof search based on this form of sequent calculus proceeds bottom-up, this is a

critical property. It is due, of course, to the absence of any explicit cut rule.
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To give a feel for how the sequent system works, we show a sample derivation which
sketches how ordered linear logic can be used for natural language parsing. Suppose
I' = [(np — vp — snt) (tv—np — vp) (loves — tv) (mary —np) (bob—» np)| where all
the words and grammatical abbreviations® are atomic formulas. We may think of the
formulas in I" as a grammar for simple English sentences. For example, np— vp—» snt
specifies that a sentence is a verb phrase to the right of a noun phrase. The phrase
to be parsed with the grammar is in the ordered context. The succedent contains the
grammatical pattern with which we are trying to classify the input. Thus to parse

the sentence: mary loves bob, we would prove: I'; -;mary loves bob = snt.

©
init
I';;np tv np = snt I';:;bob= bob
L init
I';;np tv (bob — np) bob = snt I'; -; loves = loves
L init
I'; ;np (Loves — tv) loves (bob — np) bob = snt [; -;mary = mary
—L
I'; -; (mary — np) mary (loves — tv) loves (bob — np) bob => snt
copy * 3
I'; -;mary loves bob = snt
where © =
init —— init
I';-;snt = snt I vp=vp
> ——————init
I';; (vp — snt) vp = snt I';-;np = np
L init
I';; (np — vp — snt) np vp = snt I';;np=np o
L init
I';-; (np — vp — snt) np (np — vp) np = snt [5tv=tv
—L
I'; -; (np — vp — snt) np (tv — np —» vp) tv np = snt
copy * 2

I';;np tv np = snt

Note that this is not the only way to derive the end-sequent. For instance, we could
have moved all instances of copy and place to the beginning of the derivation; or we

could have applied —, to the formulas in a different order.

4.2 Admissibility of Cut

We shall now validate our version of the sequent calculus by showing the admissibility

of cut in the system. Towards this end, we have the following lemma.

lsnt = sentence, np = noun phrase, vp = verb phrase, tv = transitive verb
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Lemma 7 (Weakening, Contraction, and Exchange) The following all hold:

1. FLFR;A;Q = C implies FLAFR;A;Q = C.
2. FLAAFR;A;Q = C z'mplz'es FLAFR;A;Q — C.
3. FLABFR;A;Q — C z'mplz'es FLBAFR;A;Q — C.

4. T ALABAR;Q = C implies T’; ALBAAR;Q = C.

Proof: By structural induction on the given derivation. Note that the structure of

the derivation remains the same. [l

Our sequent system combines the ideas of a multi-zone presentation due to An-
dreoli [2] with implicit structural rules to permit a proof of the admissibility of cut

(and thus cut elimination) by structural induction as in [44].

Theorem 8 (Admissibility of Cut)
The following three statements hold:

Cutq: I'; Ac; Qe = C and I'; A; Q. CQr = A implies I'; Ac<A; QQcQr = A.
Cutpa: T; Ag;- = C and T'; ALCAR; QQ = A implies T'; (AL <1 Ag)Ag; 2 = A.

Cutr: I'p; ;- = C and T',CTR; A;Q = A implies ' T'r; A; Q — A.

Proof: By induction on the structure of the cut formula C, the type of cut where
Cutr > Cuta > Cutg, and the derivations of the premises. Therefore we may apply
the induction hypothesis in the following cases: 1) the cut formula gets smaller; 2) the
same cut formula but we move from Cutr to Cuta or Cutg; 3) the same cut formula
but we move from Cuta to Cutg; 4) the cut formula and type of cut stay the same
but one of the derivations gets smaller.

There are 5 basic cases to consider: init cases where one of the premises is an
init rule, structural cases where the cut formula is the subject of a structural rule,
essential cases where the principal formula of both premises is cut, commutative cases
where the cut formula is a side formula on the first or second premise. Note that these

cases are not mutually exclusive.

We show some representative cases.
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case 1: init cases.
———  init
case: [:C = C and T;A;Q,CQr = A is trivial.

——— init
case: [NA;Q — C and T;C = C is trivial.

init init
case: I'p;;-=C and T'[CTg;A = A then I' ;A — A

case 2: Structural cases.
FLCFR; A; QLCQR — A

copy
case: I'y;;- = C and T CIp;A;QQ0r=— A
Then
FLFR; A; QLCQR = A ind. hyp.(Cutp)
I'y)Tr;-=C weakening
I'yg; A; O Qr = A ind. hyp.(Cutp > Cth)
case 3: Essential cases.
Irc;A;QQ = B [A4,QBOr = A ;. = C
—R —L
case: ["A;Q — C—B and A4 QL(C—B)Qr = A
Then
A Q = B ind. hyp.(Cutr)
F; AANA;QLQQR — A ind. hyp.(Cth)

case 4: Commutative cases where cut formula is not principal in first hypothesis (i.e.

end-sequent of first given derivation can’t end in a right rule).
F; AB;QLBQR = C F; AD;QD — D
—1L
case: F; ABNAD;QLQD(DHB)QR — C and F;A;QLCCQRC — A

Then
;A< A; Qe BQrQre — A ind. hyp.
Ly A<t A Ap; QreQLQp(D — B)QrQre — A —
' DTRr; Ac; Qe DQpe =— C
copy
case: [ DI'r;Ac;QrcQrc — C and I'yDIg; A;Q.COr — A
Then
DR Ac < A; Qr Qe DQrclp — A ind. hyp.(Cutg)
DR Ac < A; Q. Q1cQrclr — A copy
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case 5: commutative cases where cut formula is not principal in end-sequent of sec-

ond given derivation.
F;A;AQLCQR — B
case: [Ac;Qc =— C and T5A;,0Q,CQr — A— B

>—>R

Then
A< A; AQ Qg = B ind. hyp.
DA< A QL QcQr = A— B —R
;AR QpCQLrBQlr — A I;Ap; Qp = D)_>
case: T:AQo— C and T ApodAp: O CnQn(D o B)On — A
Then
A< A QrQeQrBQlr — A ind. hyp.
Iy A <A< Ap; QL QeQrp(D — B)Qr =— A —
AL CAR; AQY — B
R
case: [Ag;- = C and T ALCAR; Q) — A— B
Then
A< A<t Ag; AQ) = B ind. hyp.
AL A< A = A— B —R
I A CABr; Q. BQr — A I;Ap; Qp = D)_>
L

case: F; Ac;' = C and F; (ABLCABR)NAD;QLQD(DHB)QR — A

Then
F; AcN(ABLABR);QLBQR — A ind. hyp.
F;AcN(ABLABR)NAD;QLQD(D>—>B)QR — A —7,

4.3 Sequent Calculus With Cut

Theorem 8 lets us define a second sequent system with cut which is equivalent to the
previous system. We write I'; A; Q) 5 A to denote a sequent derivation of A which
may contain all of the previous sequent rules in addition to the three types of cut:

T AC Qo == C  TyA; Q.00 = A
Cth

F; AC > A; QLgch :+> A
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FL;-;-:+>C FLCFR;A;Q:+>A F;AC;-:+>C F;ALCAR;Q:+>A
Cutr Cuta

FLFR;A;Q:+>A F; (ALNAc)AR,QéA

Then cut elimination follows directly.
Theorem 9 (Cut Elimination) IfI'; A;Q =5 A then T; A Q = A.
Proof: By structural induction on the given derivation. In the case of a cut we

appeal to the induction hypothesis on both premises and then to admissibility of cut

on the resulting cut-free derivations. 0
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Chapter 5

Normalization for Ordered Linear

Logic

At this point, we have introduced four® different logical systems— two natural deduc-
tion systems and two sequent calculi. Additionally two of the systems are restricted
versions of their respective counterparts. We have been referring (at times tacitly) to
all the systems as presentations of ordered linear logic. It is now time to justify this
claim. In this chapter we will formally show the correspondences between the systems
of natural deduction and sequent calculus. Our methods extend [20] to cover ordered

linear logic. Figure 5.1 provides a map of the relationships between the systems.

We first show how the cut-free sequent system corresponds to the normal nat-
ural deduction system. We have already remarked that normal natural deductions
are those where the top-down use of elimination rules meets the bottom-up use of
introduction rules in the middle:

|elim .
Tintro coercion
In a sequent system we reason entirely bottom up: the top-down uses of elimination
rules are turned around and become bottom-up uses of the left rules. The right rules
correspond directly to the introduction rules. They meet, not in the middle, but at

the initial sequents:
it

Mleft — Tright

'five if the directed natural deduction system, =, is considered different from the original natural

deduction system
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Directed ND SC w/ Cut

=
=
=

—_
w

FAQFA = T'AQF A MAQ = A

Normalization l/l\injection Cut elim.lll\ injection

[

=
=
=

—_
[}

Thm 11
SN
A QF AT A= A
S —
Thm 10
normal ND cut-free SC

Figure 5.1: Correspondences
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5.1 Normal Deductions and Cut-Free Sequents

We now formally state the soundness of cut-free sequents with respect to normal

natural deductions.
Theorem 10 T'; A; Q) = A implies T;A;QF AT

Proof: By structural induction on the given derivation. init rules are mapped to
instances of coercion; place and copy rules are mapped to instances of the sub-
stitution principles; right rules are mapped to introduction rules; and left rules are
mapped to elimination rules using the substitution principles when necessary. Note
that the resulting derivation is normal, despite the use of the substitution principles,

since we use it in the form of Lemma 4.

We show some representative cases.

— init
case: I A=— A
Then
I AFAL ohyp
I AFAT coercion
F; ALAR; QLAQR — B
place
case: F; ALAAR; QLQR — B
Then
F; ALAR; QLAQR FB T ind. hyp.
A, - HA| lhyp
F; ALAAR; QLQR I—BT lemma 4
A QA = B
R
case: INA;Q=— A— B
Then
A QA BT ind. hyp.
A QFA—»B —»7
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F;A;QLBQR:>C F;AA;QA:>A

case: LA AL QL(A— B)QaAQr — C

Then
F; A; QLBQR HC T

F;AA;QAI—AT
I;:A—»BrFA—»B]
F,AA,(A—»B)QAI—Bi

F;ADQAA;QL(A—»B)QAQR F CT

L

ind. hyp.
ind. hyp.
ohyp
—>E

lemma 4

O

In the opposite direction we first need to generalize the induction hypothesis to

make the proper statement about the atomic deduction—otherwise our induction

would break down at the first coercion.

Theorem 11 The following hold:

1. T;A;QF A1 implies T;A;Q = A

2. T, A; QFA] and T Ac; O AQr = C implies T Ac D<]A; Q00 = C.

Proof: By structural induction on the given derivations. Instances of coercion

translate to uses of the init rule from the result of the induction hypothesis. In-

troduction rules are mapped to right rules. Elimination rules are mapped to sequent

derivations constructed from the corresponding left rule and the result of an appeal

to the induction hypothesis.

We show some representative cases.

——  ohyp
case: I AFA]

F; Ac; O AQr — C

——Thyp
case: I A;-FA]

Then
F; Ac; O AQr — C

[ Acp AAcr; Q.Qr = C
where AC = ACLACR
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A QFA—» B DAL QuF AT
_»

E
case: DA ALQQ - B
Then
I Ac; Q. BOQr — C assumption
DA Qy = A ind. hyp.
F;AADQAC;QL(A—»B)QAQR:>C >
F;ADQAADQAc;QLQQAQR = C ind. hyp.
LA QAL
———————coercion
case: [A;QF A1
Then
A=A init
AQ=— A ind. hyp.
A QAF BT
ﬁ)
case: ITA;QFA—- B7
Then
A QA= B ind. hyp.
A Q=—A—->B —»R

O

We remark that the mapping just shown takes init sequents to coercion rules.
This gives further credence to our intuition on the relation between normal deductions
and cut-free proofs. The coercion rule represents the end of a normal proof from an

operational viewpoint just as the init sequents represent the end of a sequent proof.

The proofs above are constructive and inherently contain a method for translation
between sequent derivations in ordered linear logic and natural deductions. Although
the correspondence is very close, it is not a bijection, because the order in which left
rules are applied in a sequent derivation may be irrelevant to the resulting natural
deduction. If one wants to establish a bijection, one has to further restrict the sequent

rules. This has been investigated by Herbelin [25] for intuitionistic logic.
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5.2 Directed Deductions and Sequents with Cut

We now show that this correspondence extends to directed natural deductions (using
the F" judgements) and sequents with explicit cut rules (using the Y sequents).
Specifically, coercing a normal derivation into an atomic derivation will correspond

to using cut in the sequent calculus.
Theorem 12 T A; Q == A implies [; A; Q F+ A4

Proof: By induction on structure of the given derivation. The proof is exactly the
same as the proof of theorem 10 with three additional cases. The cut rules are

translated into a lemma rule followed by an appeal to the substitution principles.

We show the new cases.

T;AA Qs = A  T;A QL AQR = C

th
case: F;ANAA;QLQAQR :+> C
Then
A QL AQR HH C ind. hyp.
A4 QAT ind. hyp.
AL QA rule lemma
F; A< AA; QLQAQR = C T lemma 4
F;AA;-:+>A F;ALAAR;Q:+>C .
u
case: F;ALNAANAA;Q:+>C :
Then
[ ALAAR QFF C ind. hyp.
[y AL -F A ind. hyp.
AL -F AL rule lemma
DAL A4 AR QO lemma 4
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F;-;-:+>A FLAFR;A;Q:+>C

Cutr
case: [ ITR; A;Q = C
Then
AT A QT C 7 ind. hyp.
L TATR; A; QF C 1 lemma 3
;- AT ind. hyp.
;- F AL rule lemma
Tl A lemma 3
L ITRr AQFE C lemma 4

Theorem 13 The following hold:

1. Ty A QFF A1 implies T; A Q0 == A

2. T;A;QF AL and T;Ac; QLAQR == C implies T; Ao A; Q.00 == C
Proof: By induction on structure of the given derivations. The proof is exactly the

same as the proof of theorem 11 with one additional case: from the lemma coercion

we construct a use of the Cutg rule.

DA QR A
lemma
case: ;A QA
Then
I Ac; QL AQR = C assumption
;A Q £ A ind. hyp.
T A Ac; QL0 = C Cutg

5.3 Normalization

The previous observations give a syntactic proof of normalization of the natural de-

duction system.
Theorem 14 (Normalization) I'; A;Q - A iff I A Q- AT,
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Proof: GivenIT'; A;QF A, weknow I'; A; Q F+ A 1 from Theorem 6. Then I'; A; Q £ A
from Theorem 13. Then I'; A; 2 = A from Theorem 9 (Cut Elimination). Then
[A;Q F A 1 from Theorem 10. The other direction is the contents of Theorem 5.

O

This concludes the basic development of ordered linear logic. We have constructed
the logic from the basic notion of a hypothetical judgement and an analysis of the
structural properties of hypotheses. We exhibited a natural deduction system for the
logic and argued that the system is coherent by proving a normalization result. We
also presented a sequent calculus for the logic, corresponding to the natural deduction

system, and a cut-elimination result.
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Part 11

Ordered Linear Logic

Programming
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Chapter 6

Uniform Derivations

We now turn our attention to proof search in ordered linear logic (OLL). All of the
analysis in this chapter will use the sequent calculus of Chapter 4 which is better
suited, by allowing direct manipulation of hypotheses, to examining proof search

than the natural deduction system.

Our analysis aims at achieving a logic programming language, where we view
computation as the bottom-up construction of a derivation. The difficulty with the
sequent system, as given, is that in any situation many left or right rules can be ap-
plied, leading to unacceptable non-determinism. To solve this problem, we design an
alternative, more restricted system with the following properties (which are enforced

syntactically):

e Derivations are goal-directed in that a derivation of a sequent with a non-atomic
goal! always ends in a right rule. This allows us to view logical connectives in

goals as search instructions.

e Derivations are focussed in that when deriving a sequent with an atomic goal
we single out a particular hypothesis and apply a sequence of left rules until it
is also atomic and immediately implies the goal. This allows us to view atomic

goals as procedure calls.

In a minor departure from [37] we call derivations which are both goal-directed and

focussed uniform.

'We refer to the succedent of a given sequent as the goal.
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This chapter identifies the uniform fragment of ordered linear logic, the fragment
of the logic for which uniform proofs are complete, and proves that this fragment
may be thought of as an abstract logic programming language [37], i.e., goal-directed
and focussed proof search is complete for the fragment. In subsequent chapters we
will further analyse the uniform fragment to obtain a concrete logic programming
language. Furthermore, the uniform fragment is of additional interest since it exactly
corresponds to the canonical fragment of an ordered lambda calculus which serves as

the basis for a logical framework?,

6.1 Uniform Fragment

In this section we identify the goal-directed fragment of ordered linear logic. As
one can write a focussing derivation system for the entire logic®, goal-directedness
characterizes the uniform fragment. Clearly the entire logic is not goal-directed,
consider the sequent

w3 AeB — AeB

whose derivation is either an init rule (which is not goal-directed since the goal is

non-atomic) or requires applying the e, rule below the ey rule.

As it turns out, the uniform fragment of OLL is:

Uniform Formulas A = P atomic propositions
A — B unrestricted implication
A —o B linear implication

A — B ordered right implication

A& B additive conjunction
T additive unit

|
|
|
| A»>—> B ordered left implication
|
|
| Vz. A  universal quantifier

which is the uniform fragment of linear logic extended with ordered implications.
That no other connectives are goal-directed may be seen from examining derivations
of the form -;-;C' — C similarly to the previous example.

We now formally state and prove the goal-directedness property.

2see chapters 12 and 13
3The techniques in [3] for full linear logic are easily extended to OLL.
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Lemma 15 (Goal-Directedness) The following all hold:

1. I A; Q= A— B implies TA; A;Q = B

2. 50,0 = A —o B implies T';AA;QQ=— B

3. I5A;Q=— A—» B implies T'; A\;QA — B

4. T;A,Q = A— B implies T;A; AQ — B

5 I A Q= A& B implies T;A;Q0=—= A and I'; A;Q=— B
6. I;A;Q = Va. A implies T'; A;Q = Ala/x] where a is fresh.

Proof: By using Theorem 8 (admissibility of the cut rules) we can use the given

derivation to directly construct the result. We show a representative case.

D
case: ;A Q=—A—»B
Then
—init ———init
D A=A I'hyB=— B
L
Cth
A QA= B
0

6.2 Uniform Derivation System

Uniform derivations may now be conceived as a focussing system for the uniform
fragment which forces right rules to appear below left rules along the major branch
of a proof.

We formalize our system with two judgements:

AQ — A goal A is uniformly derivable
[y A; (Qr;Q2r) — A > P hypothesis A immediately entails atomic goal P
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where I, A and 2 are unrestricted, linear, and ordered hypotheses, respectively. In
the latter judgment the ordered hypotheses are syntactically divided into a left part
Q and a right part Qz. It corresponds to the sequent

F;A; (QLAQR) — P

so that the split in the ordered context tracks the location of the hypothesis we have
focused on. This correspondence is stated formally in the soundness and completeness

theorems for uniform derivations below.

All of the right rules are exactly the same as in the sequent calculus. Since no left
rules apply when the goal is non-atomic, the derivation is completely determined by

the structure of the goal, as desired.

TA;A;Q — B I'AA; Q) — B
—R —OR
AQ — A B I'A;Q — A—oB
A QA — B ;A AQ — B
— —R
AQ — A B AQ — A—B
AQ — A A Q — B
&R ——— IR
A Q — A&B LAQ — T

AQ — A[a/w]v
A Q — V. A

When the goal has become atomic, we need to single out a hypothesis and deter-
mine if it immediately entails the goal. This is achieved by the three choice rules
which apply to unrestricted, linear, or ordered hypotheses.

L ATR; A (Qr; Qr) — A> P IALAR (U Qr) — A>P

choicer choicep
FLAFR;A;QLQR — P F;ALAAR;QLQR — P

;0 (Q;Qr) — A>P
F;A;QLAQR — P

choiceq

choicer is justified by copy in the sequent calculus, and choicean by place.
The premise and conclusion of choiceq correspond to identical sequents. An initial

sequent corresponds to an immediate entailment between identical atomic formulas.

init
Ly(5) — P>P
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The remaining left rules for immediate entailment directly correspond to the left
sequent rules, keeping in mind that we have to consider the focussing formula as being

between the left and right parts of the ordered context.

;A0 (Q; Q) — B> P ry;,. — A
A (Q; Q) — A—-B>P

—L

;A (2;Qr) — B> P A4 — A
F;AAIXIAB;(QL;QR) — A—-oB>P

—-rL

A (Q;Qr) — B>P ;A0 — A
[AA AR (Qr;Q40QR) — A—» B> P

L

[5A;(2;Qr) — B>P T A4 — A
F;AAIXIAB;(QLQA;QR) — A—B>»P

—L

;A (Qr;Qr) — A>P IA;(Q;Qr) — B> P
L
[0 (QnQr) — A&B>P ' ;0 (Qu0%) — A&B> P

[ A;(Qr; Qr) — Alt/z] > P
;A (Qr; Qr) — Y. A> P

In the uniform system, we rewrite our sample parsing proof from Chapter 4 as

follows:

I' = [(np - vp — snt) (tv — np — vp) (loves — tv) (mary — np) (bob — np)]

S}
. init L1 bob
;4 (+;+) — snt > snt ;3 Loves bob — vp oy Omary
I'; 5 (-; loves bob) — (vp —» snt) > snt I mary — np

L
I';+; (-;mary loves bob) — np —» vp —» snt > snt

choicer
I'; -;mary loves bob — snt
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where © =

©
init bob
L (5) — vp>vp I';-;bob — np o
—7 loves
I'; -5 (+; bob) — np — vp >> vp I';-;loves — tv
—>L
I';+; (-; Loves bob) — tv —np —» vp > vp
choicer
I';-;loves bob — vp
where Oy oy =
init
T;-;(-;-) — bob > bob
init choiceq
I+ (5-) —np>np I';-;bob — bob
L

I';+; (-;bob) — bob — np >> np

choicer
I';-;bob — np
and @mary, ©1oyeg are similar.

Unlike the example given in Chapter 4, this is the only proof of the end-sequent.
The first choice is forced since np — vp — snt is the only formula in I' whose head,

snt, matches the goal. The same is true for all the other choices made.

We now show that uniform derivations are sound and complete with respect to

the sequent calculus. The soundness result is easy to show.

Theorem 16 (Soundness of Uniform Derivations)

1. If T A;Q — A then ' A;Q = A.
2. If T A; (21, Qr) — A> P then I'; A;QLAQr = P.

Proof: By mutual structural induction on the derivations of the given judgements

using the correspondences mentioned throughout this section. 0

The completeness result is harder, but largely follows techniques of [3] and [37],
adapted to the ordered case. The main difficulty arises from the mismatch between
the left rules of the uniform system and the original sequent system. Therefore we will

need to show how to construct a uniform derivation whose premises and conclusion
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match those of the sequent system’s left rules. To be concrete, suppose we have

derivations of
[A;QBQr — C and T A4Q4 — A
then we need to show that we can construct a derivation of
A A QLA — B)QaQr — C

in order to show completeness of the uniform derivation system.

We will have to form so called “inversion” principles for each connective in the
uniform system. The proofs for these inversion principles are non-trivial. Lemma 17,
and its proof, presents a detailed proof of the inversion principle for . Lemma 18
then states all of the necessary inversion principles, each of which may be proven

similarly to Lemma 17.

Lemma 17

1. T5A;Q.BOr — C and T;A4;,Q4 — A
z'mplz'es F;ADQAA;QLQA(AHB)QR — P.

2. F;A; (QLLBQLR;QR) — C> P and F;AA;QA — A
z'mplz'es F;ADQAA; (QLLQA(AHB)QLR; QR) — C > P.

3. T;A;(Qu; QrrBQrgr) — C>P and T;A4;,Q4 — A
implies T'; A< Ay (QL;QRLQA(A — B)QRR) — > P.

Proof: By mutual induction on the structure of the given derivations.
Assume I'; Ay Q4 — A

part 1:

Cases when C' is atomic (i.e. C' = P).
I1
Assume I';A;Q;BQr — P . Then there are 7 possibilities for II:

case 1: II ends with choiceq and I'; A; (Q; Q) — B> P
Then

F;ADQAA;(QLQA;QR) — A—B>»P —L
F;ADQAA;QLQA(AHB)QR — P ChOiCEQ
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case 2: Il ends with choiceq and I'; A; (Q; Qg BQr) — C > P
where QL = QLLCQLR-

Then
F;ADQAA; (QLL;QLRQA(AHB)QR) — C>P ind. hyp.
F;ADQAA;QLLCQLRQA(AHB)QR — P ChOiCEQ

case 3: II ends with choiceq and I'; A; (. BQgr; Qrg) — C > P
where QR = QRLCQRR-

Then
F;ADQAA; (QLQA(AHB)QRL; QRR) — C>P ind. hyp.
QLQA(A —> B)QRLCQRR — P ChOiCEQ

cases 4,5,6,7 : II ends with choicen (2 cases) or choicer (2 cases).

Similar to previous two cases.

Cases when C' is non-atomic.
F;A;QLBQRCl — 02
case: I';A;QBQr — Cp—» Cy

R

Then
F;ADQAA;QLQA(AHB)QRcl — Cg ind. hyp.
F;ANAA;QLQA(AHB)QR — Cl—»Cg —>R

cases for other connectives are similar.

part 2: Assume I'; A; (Qp BQrgr; Q2r) — C > P. Note that C cannot be atomic

since the ordered context is not empty.

case: C = Cl —> 02 and A = AQ > Al and QLR = QLRLQLRR and
F; Ag; (QLLBQLRL; QR) — Oy > P and F; Al; QLRR — (.
Then

F; Aq AA; (QLLQA(A — B)QLRL; QR) — Oy > P ind. hyp.
Iy Apa Ay (QnQ4a(A— B)Qrrilirr; Q) — C1—Cy > P —

case: C = Cl —> 02 and A = AQ > Al and QLL = QLLLQLLR and
5 Ao; (Qnrn; Qr) — Co> Pand I A1 QrrrBQrr — Ch.
Then
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F; A1D<]AA;QLLRQA(A>—>B)QLR — Cl ind. hyp.
F; A AA; (QLLLQLLRQA(A — B)QLR; QR) — Cl — 02 > P L

case: C = Cl —» 02 and A = AQ > Al and QR = QRLQRR and
F; Ag;(QLLBQLR; QRR) — Oy > P and F; Al;QRL — (.

Then
F; AQDQAA; (QLLQA(AHB)QLR; QRR) — Oy > P ind. hyp.
Iy Aa Ay (QnQ4(A — B)Qrr; QrrQrr) — C1—» Cy > P —,

cases: C=C1—o0C,,C=C1 —C,C=C1&Csy, C=Vz.

Similar to previous cases.

part 3: Assume I'; A; (Qp; Qrr BQrr) — C > P.

Then can be proven with reasoning symmetric to part 2.

We now state all the inversion principles needed to prove completeness.
Lemma 18 (Inversion) The following all hold:

1. T5A;Q.,BQr — C and T'; Ax;Qq — A implies
F;ADQAA;QLQA(AHB)QR — C.

2. A0, BQr — C and T;A4;,Q4 — A implies
F;ADQAA;QLQA(A—»B)QR — C.

3. ;A Q. BOQr — C and T'; Ay - — A implies
F;ADQAA;QL(A—OB)QR — C.

4. Ty A;QBQr — C and T+ — A implies
F;A;QL(A%B)QR — C.

5 Ty A QLAQr — C implies T;A;Q (A& B)Qr — C

6. I;A;QBQr — C implies T;A;Q(A& B)Qp — C
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7. Ty A QLA /2)Qr — C implies T A;Qp(Vx. A)Qr — C
8. F; ALAR; QO AQr — C z'mplz'es F; ALAAR; O Qr — C.

9. FLAFR; ALAAR; Q—C z'mplz'es FLAFR; ALAR; QO —C.

Proof: Part 1 is immediate from the previous lemma. The other parts are similarly

proved.
We may now easily prove the completeness result.

Theorem 19 (Completeness of Uniform Derivations) :
A Q = A implies T;A;Q — A.

Proof: By induction on the structure of the given derivation:

init
Ly5(5) — P>P )
——— 1nit choiceq
case: [P — P Then P — P

A AQ = B
case: [A;Q — A— B
Then

>—>R

A AQ — B ind. hyp.
A;Q — A— B —R

cases: —»g,—Op,—Rr, &g, Vg all similar to previous case.
F;AB;QLBQR = C F;AA;QA — A

case: F;ABNAA;QLQA(AHB)QR = C
Then

7,

F; AB;QLBQR — C and F; AA;QA — A ind. hyp.
F; ABNAA;QLQA(AHB)QR — C lemma 18

cases: —»r,—or,—r,& 1,V ,copy,place all similar to previous case.
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We have now shown that ordered linear logic qualifies as an abstract logic pro-
gramming language in the sense of [37]. However, directly coding up the uniform
derivation system will result in hopelessly slow code due to the non-determinism still
present in the inference rules. Even though the derivation system is goal-directed,

many unspecified choices will be encountered during a bottom-up proof search.

A major source of non-determinism involves choosing which formula to focus on,
and occurs in rules: choice,, and &,. It is impossible to completely eliminate this
type of non-determinism (at least while staying within the bounds of logic program-
ming). Most of the remaining non-determinism can be effectively removed from the
system using standard techniques from logic programming. We can fix an order for
proving each premise of of a multi-premise rule. We can remove existential choices,

the need to pick a term in the V rule, by introducing logic variables and unification.

After taking the above measures, the only non-determinism yet to consider comes
from the need to split* the linear and ordered contexts, and occurs in rules: choicer,
choicen, — 1, —, and —oy. The non-determinism of the —, ~— and —oy, rules can
be handled with a non-trivial extension of the input-ouput model used by Lolli and
LLF for linear logic; Chapter 8 provides the details. However, the non-deterministic
context splits in the choicer and choicea rules are not amenable to the same
treatment. Therefore, we first explain, in Chapter 7, how to transform this non-

determinism into a form which can be treated with the techniques of Chapter 8.

4Remember we are considering bottom-up proof search.
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Chapter 7
Residuation

As mentioned in the previous chapter, the non-deterministic context splits in the
choicer and choicepx rules is different than that in the —», >~ and —oy, rules. The
former rules simply pick an arbitrary point at which the ordered context is to be
split; while the latter rules actually divide the ordered (and linear) context between
two premises. Note that the former context splitting arises from the need to fix the

position of a non-ordered hypothesis in the ordered context.

It turns out that the sub-goals of a non-ordered formula place constraints upon
where the formula must be located in the ordered context. Consider the following

derivable sequent:
wA—-»B—C;BA — C

The — requires that A be to the right of A — B »— C'; similarly B must be to its
left. Thus a derivation of this sequent requires A — B »— C' to be placed in between
the A and B in the ordered context. Using these observations, we may constrain the

position of a non-ordered focus formula while solving its subgoals.

This chapter shows exactly how this process works. We first expand the formula
language to allow restricted occurrences of the non-uniform connectives which main-
tain goal-directedness. We then use this expanded formula language to remove the

non-deterministic context splits in the choicer and choicex rules.
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7.1 Extended Uniform Derivations

As mentioned in section 6.1, the connectives outside the uniform fragment are not
goal-directed. However, we can allow restricted occurrences of non-uniform connec-
tives, without compromising uniformity. Specifically, we can separate formulas into
goal formulas, which may appear on the right of a sequent (i.e., positively), and
clause formulas which may appear to the left of a sequent (i.e., negatively). It turns
out that allowing positive occurrences, and forbidding negative occurences, of non-
uniform connectives does not affect goal-directedness.

Clause Formulas D := P atomic propositions
G — D  unrestricted implication
G — D linear implication
G — D  ordered right implication

|

|

|

| G»— D ordered left implication
| Dy & Dy additive conjunction

|
|

T additive unit
Vx. D universal quantifier
Goal Formulas G == P atomic propositions

D — G unrestricted implication
G unrestricted modality

D — G unrestricted implication
iG linear modality

D —» G ordered right implication
D »— G ordered left implication

G e G right multiplicative conjuction

1 multiplicative unit
G1 & G5 additive conjunction
T additive unit

|

|

|

|

|

|

|

|  G10Gy left multiplicative conjuction
|

|

|

|  G1® Gy multiplicative disjunction
|

|

|

0 multiplicative falsehood
Ve. G universal quantifier
Jx. G existential quantifier



For the rest of this chapter, and the subsequent ones dealing with logic program-
ming, we shall take care to maintain the distinction between clause formulas, G, and

goal formulas, D. We now explicitly show the complete extended uniform derivation
rules.

We have two types of mutually dependent sequents to capture uniform (i.e. fo-
cussing and goal-directed) derivations:

MLAQ — G uniform derivability
LA (Q; Qg) — D> P immediate entailment

where I',A,Q.€Q);, and Qg are lists of clause formulas.

Here are the inference rules for extended uniform derivations:

ryy. — G A — G
—1p — g —— g
iy — 1 ry;. —1G A — G
I'D;A;Q — G o IAD;Q — G

—OR

R
AQ — DG INA;Q — D—oG

;A QD — G ;A D — G
— —
AQ — D»G IAQ — D—G
A — G T892 — G A — G T340 — G
op OR
F;AlbdAg;Qng — G10G2 F;AlbdAg;QQQl — G10G2
AQ — Gy A Q — Go

DPr1 DPRr2
A Q — G1®Ge A Q — G1®Ge no Og rule

AQ — Gy A Q — Go

&R ——— IR
A Q — G &Go LAQ — T
LA Q — G[g/w]va LA Q — G[t/a:]3
R
TAQ — V.G A Q — 32. G

(a not free in conclusion)
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I'LDUR; A; (Qr; Q) — D> P IALAR; (;Qr) — D> P
choicer choicep
FLDFR;A;QLQR — P F;ALDAR;QLQR — P

I;0;(Q;Qr) — D> P
F;A;QLDQR — P

choiceq

init
r;s(5) — P>P

I A; (QL;QR) — D1 > P & I A; (QL;QR) —> Dy > P
L1
I A; (QL;QR) — D1& Dy > P I A; (QL;QR) — D1& Dy > P

;A5 (Qr; Qr) — Dit/z] > PV
;A (Qr; Qr) — Y. D> P

A (Q;Qr) — D> P ryy. — G
A (Q; Q) — G—D>P

—L

;0 (Q;Qr) — D> P IAg;- — G
A AG (2;Q) — G—oD>P

—L

;0;(Q;Qr) — D> P I Aq; Q¢ — G
I A Ags (QL;QGQR) — G—>»D>P

L

;0 (Q;Qr) — D> P I Aq Qe — G
A Ag (2106 Qr) — G—D>P

—L

We can now state the correctness of this system.
Theorem 20 (Soundness of Extended Uniform Derivations)
1. I A;Q — G implies T; A0 = G.
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2. F; A; (QL; QR) — G>P z'mplz'es F; A; QLGQR — P.
where only clause formulas occur in each context.

Proof: By mutual structural induction on the derivations of the given judgements.
O

Theorem 21 (Completeness of Uniform Derivations)

A Q = G implies T;0,Q0 — G

where only clause formulas occur in each context.

Proof: We may use the proof of theorem 19. We need only add cases for the non-
uniform connectives; each of which is simply an appeal to the induction hypothesis

since non-uniform connectives only appear positively. 0]

From this point forward, we will assume that all contexts only contain clause

formulas.

7.2 Residuation of Mobile Hypotheses

Recall from chapter 6 our interpretation of goals as search instructions. Following
this lead, we may interpret clause formulas as compound search instructions, since
all of the subgoals must be solved in order to successfully use a hypothesis. To better
illustrate, consider:

P —» Py— P, PP, — P

whose derivation is:

init '
55(5) — P>P 5P — P

7,

i (Py) — Ppb—P>P 5P — P

L

5 (PyP) — P> Py—P>P
,Pl_»PQ)—)P,PQPl — P

choicep

Both P, and P, must be derived in order to successfully use P, - P, — P. Further

more, we know, from the —» and »— that the ordered hypotheses used to prove P,
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must be to the left of those used to solve P;. But this is exactly what the connective
o requires. Thus we could think about changing the above derivation into something

like the following:

Py — B P — P
OR

5 PP — PioPy
,P1—>'>P2>—>P,P2P1 — P

choice/y

where we have transformed the two subgoals, P, and P», into a new compound sub-

goal, P; o P,. We call this sort of transformation residuation.

It turns out that mobile hypotheses, hypotheses in the unrestricted and linear
contexts, can be residuated (logically compiled) into goal formulas (with some minor
extensions) following the general development in [9]. This observation will allow us to
focus on unrestricted formulas without having to split the ordered context. Rather,
the splitting will be delayed and taken care of by the multiplicative conjunction rules,
which can be handled similarly to the —, -, and —oy rules as explained in chap-
ter 8.

First we extend goal formulas with an atomic equality:
Goal Formulas G == ... | PL =P, Equality

then add a new inference rule:

T iR
rys,. — P=P

We need only add a right rule for this new connective since it is a goal formula.

We now present a residuation derivation system, which is sound and complete wrt
uniform derivations, in which the ordered context need not be split when focusing on

an unrestricted formula. This derivation system will consist of two types of sequent

AQ 5 G
;A (Q;Qr) — D> P
which exactly match their uniform counterparts, except as noted below, plus the new

judgement
G;D>P\G
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which shall be used to residuate clause formulas into goal formulas. In this new judge-
ment, G', D, and P are considered input and G is considered the output; specifically,
G’ is an accumulating result (goal formula), D is the formula being residuated, P is

the atom which must match the head! of D, and G is the resulting goal formula.

We use the following inference rules for the new judgements:

G;P'> P\ (P'=P)eG G;T>P\O
G';D; > P\ Gy G';Dy > P\ Go
G/,Dl&D2>>P\G1€BG2

(!G1)eG';D> P\ G (iG1)eG';D> P\ G
G;Gi—>D>P\G G;Gi—-oD>P\G

GioG;D>P\G GieG;D>P\G
G;Gi—»D>P\G G;Gi—D>P\G

Note that these inference rules will not fail when the input/output conventions
mentioned above are respected; thus every clause formula can be successfully residu-
ated.

Lemma 22

For every D,G',P there ezists a unique, non-atomic G such that G'; D> P\ G

The example from the beginning of this section, P, - P, »— P, can now be resid-
uated as follows:

P,e(P,ol);P>P\(P=P)e(P,e (P ol))
Pol;b—P>P\ (P=P)e(P,e(Pol))
1P —»P—P>P\(P=P)e(P,e(Pol))

where we use 1 to initialize the accumulated result.

We will remove the non-determinism from choicer and choicea by replacing them

with the following rules:
1,D>P\G I'.DTR: A Q 5 G
'/ DI'r:A;Q — P

choiceRr

!Head in the sense of Prolog or AProlog.
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1,D>P\G IALAR Q —— @
IALDAR;Q — P

choiceRA

All of the other inference rules remained unchanged from Section 7.1.

We now prove the following theorems which justifies such a change.

Theorem 23 (Soundness of Residuation)

1. T; A Q 5 G implies T; A Q — G.

2. T;A; (Q; Qr) — D> P implies T;A;(Q; Qr) — D> P.

3. GD>P\G and T;A;Q — G implies
there exists A', Ap, Qp, ', and Qg such that
Q=Q V0 and A= Ap=<xtA’ and
;A — G and T;Ap; (Qn; Q) — D> P.

Proof:

Parts 1 and 2: by structural induction on the given residuation derivation.
We show a representative case.

1,D>P\G I'ALAR Q — G

choiceR A
case: AL DAR:Q — P

[;ALAR; (Qn;Qr) — D> P and T;AQ 5 1

where Q =Q Qr and A=A Appa A’ ind. hyp. (Pt. 3)
AN =.=Q inversion
F; ALDAR; QLQR — P ChOiCEQ

Part 3: by structural induction on given residual derivation using inversion on the
residuation derivation rules for multiplicative conjunctions. Note that G cannot be

atomic. We give a representative case for part 3.
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CioG:D>P\G
case: G';G1—-D>P\G and T;A;Q 5 G

QrVOr =0 and A = Ap>< A’ and

A QY — GioG and T Ap; (Qr;Qr) — D> P ind. hyp.
' =050 and A’ = A} < Af and

;AL 5 Grand Ty AL Q) = & inversion on op
Oy Ap < A (Q; Qr) — Gr—> D> P by rule —,

Theorem 24 (Completeness of Residuation)

1. T;A;Q — G implies T;A;Q 5 G.
2. T;A; (Q; Qr) — D> P implies T;A;(Qrn; Qr) — D> P.

3 T;0;(0;Qr) — D>P and G';D> P\ G and T;A;Q —— G
implies T; ApaA; Q0 — G.

Proof: Structural induction on given uniform derivation. We give a representative
case for part 1, and for part 3.
I ALAR; (QL; QR) — D> P
case (for Part 1): [ ALDAR; Q1 Qr — P

choicep

r;- — 1 rule 1
1,D>P\G Lemma 22
D'ALAR QLQr — G ind. hyp. (Pt. 3)
I ALDAR; QU QR — P choiceRg
LA (Q; Qg) — D> P A — Gy
case (for Part 3): Oy A Ag; (Qr; Q) — Gr—>D > P o
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G';Gi—»D>P\Gand ;A Q = & assumptions

GioG:;D>»P\G inversion

[AG O — Gy ind. hyp. (Pt. 1)
DA A: Q0 —— GioG by rule og
DA A A QL Q008 — G ind. hyp. (Pt. 3)

O

Note that only mobile formulas can be residuated into goal formulas. The fact
that these formulas can be placed anywhere in the ordered context is crucial for the
correctness of the residuation transformation. There seems to be no way to logically
compile ordered clause formulas into goal formulas because it would require recording
the location of the clause formula in the resulting goal formula.
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Chapter 8
Lazy Context Splitting

We now deal with the non-deterministic context splitting required of the —, »—p,
—oy, ep, and op rules. For linear logic, it is well known that this non-determinism
can be removed by using an input/output resource management system [27]. This
approach, which “lazily” splits contexts by passing all formulas, or resources, to one
premise and then giving the left-overs to the other premise, operationally requires

fixing an order for proving the premises of an inference rule.

More general constraint based approaches, which do not require a fixed order for
proving premises, are also possible for linear logic [22, 4]. It seems quite likely that
similar constraint based systems can be developed for ordered linear logic. However
these approaches, while of interest for general theorem proving, are not necessarily
suited for a logic programming interpreter whose operational semantics must have a
strong computational interpretation. Since we are presently aiming at developing a
logic programming system, we will not pursue general constraint-based approaches to

ordered resource management in this thesis.

As shown in [49] the input/output (IO) model can be extended to ordered linear
logic. In this chapter, we present those results applied to the residuation derivation

system of chapter 7.

8.1 An Ordered IO System

Linear hypotheses can be treated as in the so-called 10 system of Hodas and Miller [27].

The rules eg, or, —or, —»1, and - propagate all linear hypotheses to the first
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premise which returns the list of unused hypotheses when it has been solved success-
fully. These are then passed on to the second premise. The hypotheses used in neither

premise are then returned as unused in the conclusion.

This model of deterministic resource consumption is intuitively attractive and
easy to reason about for the programmer, but its extension to the ordered context is

complicated by the need to preserve the order of the hypotheses:
5 PoPy (P — Py — P) — P

is a derivable sequent while
5y PLPy(Py— Py — P) — P

is not. For the main judgement of uniform derivability, adding input and output

contexts is straightforward.
F; A[\Ao; Q[\QO — G

During the search, the input contexts I', Ay, and 7 and the goal G are given, while
the output conterts Ao and Qo are returned. In the interest of economy (both for the
presentation of the rules and the implementation) we do not actually delete formulas
from A; and ; but replace them with a placeholder 1.

The right rules for the ordered resource management judgement are constructed by
expanding the contexts from the uniform derivation system into pairs of input/output
contexts. Thus the —»x rule is just:

r ; A[\AO ; Q[D\Qom — G
F; A[\AO ; Q[\QO — D—>G

R

We require the [ in the output context to ensure the hypothesis has actually been
used. The other right rules (excluding those for e and o), as well as the choicer and
choice,x rules, are constructed similarly. Section 8.2 contains the complete resource
management system for ordered linear logic. Note that this lazy splitting of resources
actually introduces non-determinism, the construction of linear and ordered output

contexts, into the T g rule.

Next we come to the choiceq rule, that is, we choose to focus on an ordered

assumption. This determines the division of the remaining ordered hypotheses. We
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therefore divide the input contexts and join the output contexts at the chosen as-

sumption. The new judgement reads
[ AN\A0; (201\Qro 5 Qri\Qr0) — D> P

where €277 and Qg; are the parts to the left and right of the focussed formula D,
and Qo and Qo are the corresponding output contexts. The choiceq rule for this

system then looks as follows:
' AN\Ao; (Qr\Qro 5 Qri\Qro) — D> P

choiceq
I's A\NAo; QriDQr\QoQro — P

Replacing D from the input context with [J in the output context indicates that D

was consumed.

The init rule does not consume any resources except for the focus formula. There-

fore all input resources are passed on.
it

in
F; A\A, (QL\QL; QR\QR) — P>P

This effectively states that the linear and ordered contexts of the initial sequent should
be empty.

The — 1, —or, &1, and YV, rules for this judgement introduce no new ideas.

We now consider the left rule for right implication. We are trying to derive a

judgement of the form
r ; A[\? ; (QL[\? ; QR[\?) —G—>D>»P

where the output contexts denoted by ? have yet to be computed. The linear out-
put context can be threaded through each of the premises without further analysis.
However for the ordered output contexts, we need to do a bit more work. Because
G — D is a right implication situated between 27; and (g;, the derivation of G must
consume some initial segment of Q2z;. Before that, we need to see if D immediately

entails P (the left premise of the — rule)! which we obtain from
I's AN\Ap; (0\Qro 5 Qr1\Q) — D> P

Then we need to take the unconsumed parts at the left end of €2, denoted by Qgqr,

and allow them as the ordered input context for the solution to G.

I';s Av\Ao; Qer\Qeo — G

'In Prolog terminology: we need to unify the clause head with P before solving any subgoals.
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Now we can fill the holes in the conclusion with ;o and Qgo{ro, respectively. In
summary, the rule reads

Ty AN\AM; (Q1\Qo ;s Qri\Q6rr0) — D> P T Am\Ao0;Qar\Qso — G
[ A\Ao; (1\QrLo 5 Qrr\QcoQr0) — G—D > P

L1

where gy is the longest leftmost segment of (2¢;Q2zo not containing [, and Qzo

the remainder. We will denote this with the following notation:
[ ¢ QG[ and QRO = D_ or -

Note that Q2ro = [_or - really stands for 3. Qro = LN or Qo = -. We will use

the symmetric notation, ;0 = [ or - to form the - and ey rules.

Further note that the context split appearing in the — rule, Qg 2ro, is deter-
ministic.

In order to demonstrate the intended operational use of the input/output system,
we now walk through a short example derivation (where we elide the always empty

unrestricted and linear contexts); figure 8.1 contains the complete formal derivation

(still with elided contexts). Consider trying to prove the closed formula:
(PL > Py, P)—» P, — P,—»P
Since we want a self-contained proof, we begin with the sequent:
N — (PA>»>P,—>»P)>»P —»P,—»P

where we specify that the ordered output context is empty. After three uses of the

—» g rule we arrive at the following situation:
(Pl—»Pg—»P)PlPQ\? — P

where we have not yet computed the ordered output context. We must now choose a

formula to focus on. Of course we will choose the only one which works:

We now start applying —, rules. We will always try the major premise first and put

the minor premise on a stack of things to do. Thus we arrive at the sequent:
\, P1P2\P1P2 — P>P
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init

P\Pi; \« — P> P,

init choiceg init
\7 P1P2\P1P2 — P>P P1P2\P1D — P . \'; \ — P> P
L choiceg
A\ PAIR\PIO — P, > P> P P\O — P,
—L
\7 Plpg\DD — Pl—»Pg—»P>>P
choiceg
(Pl —» Pg —» P)Plpg\DDD — P
R
(Pp—» P, —»P)P\OO — P, —» P
R
(Pl—»Pg—»P)\D — Pl—»Pg—»P
R

-\ — (PL—»P,—»P)—»P, —-»P,—»P

Figure 8.1: Sample derivation

Because this sequent is initial, we know that the input and output ordered contexts

are equal. We can now move on to the proof of P;:
P1P2\? — P2

We will prove this by focussing on P,. After a choiceq rule, we get to the initial
sequent:
P\P ;-\« — P> P

We know then, from the form of the choiceq rule that the output context for the
proof of P,, the immediately preceding ?, is P,[]. We may now move on to proving

P,. Note that the input context for the proof of P, will only consist of P;:
Pl\? — P1

We will focus on P;, which will give us an initial sequent. Then, coming out of the
choiceq, rule, we will be able to compute that the output context above is just [l.
At this point, we have no presmises left to prove, however we are not done. We must
continue back “down” the proof tree, filling in output contexts and checking to make

sure the conditions on the output contexts required by the —x rules are met.

The right rule for e is handled similarly. The left rule for — and the right rule

for o are symmetrically fashioned.
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8.2 Resource Management System for OLL

We now present the complete resource management system (RMS) for ordered linear

logic. We have two types of sequent for our RMS derivations

F; A[\Ao;Q[\QO — G
I AN\A0; (201\Qro 3 Qri\Qr0) — D> P

corresponding to the two types of sequents in the previous sections. are the output
contexts. The unrestricted and ordered input contexts, I', 7, Qr7, and Qg;y, are lists
of clauses which do not contain placeholders, (1. The linear input context, Ay, is a
list which may contain both formulas and [J. Likewise, all of the output contexts,

Ao, Qo, Qro, and Qro, may contain both formulas and .

We define the following “superset” relation on input/output contexts, where we
use U to stand for any kind of context (unrestricted, linear, or ordered):
v J v v v vy
- vD JV'D vD 390 v Jv'O

It will be an invariant of our derivation rules that input contexts will always be
supersets of their associated output contexts, i.e., anytime W;\Wy appears in a valid
derivation, ¥; J Wy holds.

We use the notation ||| to denote the length of list U. Note that ¥ J ¥’ implies
that [|W[| = [[¥’]].

Here are the RMS derivation rules:

1r

DAAQQ — P=P © TAAND — 1

DA\ — G IANAo; -\ — G

! i
DAAQQ —1G T TANAGOND — G

I'D; A[\Ao; Q[\QO — G N T A[D\Aom; Q[\QO — G
R —OR

F;A[\Ao;Q[\QO — D—>G F;A[\Ao;Q[\QO — D —oG

T A[\Ao; Q[D\Qom — G T A[\Ao; DQ[\DQO — G
R ™R

F;A[\Ao;Q[\QO — D—>»G F;A[\Ao;Q[\QO — D— G
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Ly AN\NAN; Q\QLQ2 — Gy T Av\Ao; \Qr — Ga
[

F;A[\Ao;Q[\QLQR — GloGg
(O¢Qand (2, =_DOor-))

R

Ty AN\AM; Q\Q02Qr — Gy T A\ Ao; 02\Qp, — Go
(o]
F; A[\Ao; Q[\QLQR — G1 o G2
(O¢ Qg and (Qr =0_or +))

R

Qr 3Qp and A; JAp - IANA0; QU \Qo — G T5AN\A0;Q1\Qo — G
R R

ANA0; QU \Qo — T IANA0; Q\Qo — G1 &Gy

[ AN\A0; \Qo — G [ AN\A0; Q\Qo — Ga

®Rr1 Dr2
[ AN\A0; Q\Qo — G1 @ Ga [ AN\A0; Q\Qo — G1 @ Ga
F;A[\Ao;Q[\QO — G[a/w] \a F; A[\Ao;Q[\QO — G[t/w]ﬂ
T ANAG N\ — Vo G I ANAG; QN\Q0 — 3z. G

(a not free in conclusion)

1,D>P \ G FLDFR;A[\Ao;Q[\QO — G

choicer
FLDFR;A[\Ao;Q[\QO — P

1,D>P \ G F;AL[DAR[\Ao;Q[\QO — G
F;AL[DAR[\Ao;Q[\QO — P

choicep

[ ANA0; (r\Qr0 3 Qr1\QRO) — D> P

choiceq
[ AN\A0; QriDQr\Qro0Qro — P

init
F;A\A; (QL\QL; QR\QR) — P>P

T A\Ao; (1\Qro s Qri\Qro) — D1 > P

&1
s AN\Ao; (Q\Qro ;s Qrr\Qro) — D1 & Dy > P
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T A\Ao; (r\Qro s Qrr\Qro) — D2 > P
Iy AN\Ao0; (QL\Qro ;s Qrr\Qro) — D1 & Dy > P

&ro

[ A10\A0; (221\Qro 5 Qr1\QR0) — Dlt/xz] > P
T A[\Ao; (QLI\QLO ; QRI\QRO) — V. D > P

F;A[\Ao;(QL[\QLo; QRI\QRO) — D> P F;'\';-\' — G_>L
F;A[\Ao; (QL[\QLo; QRI\QRO) — G—>D>»P

F; A[\AM; (QLI\QLO ; QRI\QRO) — D> P F; AM\Ao; \ — G
T A[\Ao; (QLI\QLO ; QRI\QRO) — G—oD>P

—-rL

Ty AN\AM; (Q01\Qo s Qri\Qerr0) — D> P T Aun\Ao0;Qar\Qso — G

-
T A\Ao; (1\Qro 5 Qrr\QcoQr0) — G—D > P
(O ¢ Qar and (Qro =0_or ))
Ty AN\AM; (Q01\QoQcr ; Qri\Qro) — D> P T An\A0;Qar\Qso — G -
L

[ AN\A0; (201\22000 5 Qr1\QR0) — G- D > P
(O ¢ Qar and (Qo =_Oor +))

Note that the choicea rule only allows an actual formula, and not a [, to be
focussed upon.

The RMS system satisfies the following basic properties which we shall rely upon

to prove its correctness.
Lemma 25

1. F; A[\Ao;Q[\QO — G z'mplz'es Q[;QO and A[;Ao.

2. F; A[\Ao; (QLI\QLO ; QRI\QRO) — D> P z'mplz'es
Qrr 3 Qo and Qpr I Qo and Ar J Ao.
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3. FSAI\AOQQILQ[R\QOLQOR — G and DQQ,A and Qp 3J Qor
z'mplz'es F; A[MA\AowA;Q[LQQ[R\QOLQQOR — G.

4. Ty AN\AG; (QrnQrir\QrorQror ; Qri\2ro) — D> P
and & Q and Qprp 3 Qo implies
I A\A0; (o Qe \ QLo 2%or 5 Qri\Qro) — D > P.

5. T ANA0; (201\Qro 5 QrirQrir\QrorLrRor) —> D > P
and & Q and Qrrp I Qror tmplies
[ AN\A0; (Q01\Qro 5 QrirQQr1r\Qror¥280r) — D > P.

Proof: By structural induction on given derivation. 0

8.3 Correctness of RMS

In order to prove that RMS derivations are sound and complete with respect to resid-
uation derivations, we define the difference of an input context, and output context,
U, — WUy, as follows:

;D —UoD = (¥ — Up)
0,0 — o = (¥; — Up)
;D — Wod = (¥, — Vo) D

where input patterns not covered are undefined. Thus ||¥;| # ||Vo|| implies ¥; —
Vo is undefined. Also note that ¥; J Wy, implies ¥; — Uy is defined; and
conversely, U; — Uy is defined implies ¥; 3 Up.

We begin by showing soundness.
Theorem 26 (Soundess of RMS)
1. T;AN\A0; U \Qo — G implies T; A7 — Ao; QU — Qo0 — G.
2. F; A[\Ao; (QLI\QLO ; QRI\QRO) — D> P z'mplz'es
DA — Ao; (Qrr — Qo; Qrr — Qro) — D> P.
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Proof: By structural induction on given RMS derivation. We give representative

cases.

nit

i
case: I A\A; (QL\QL ; QR\QR) — P> P
Then

I;5(5) — P>P init

1;D>>P\G F;A[LDA[R\Ao;Q[\QO — G

choicep
case: s A DAR\Ao; Q\Qo — P
Then
DA OAR — Ao — Qo — G ind. hyp.
Ao = AordApr where A 3 Aoy ArrOArR 3 Ao
ArLOAr — Ao = (A1 — Aor)(Arr — Aog)
L5 (A — Aon) D(Arr — Aor); Q2 — Qo - P choicep

Note (Arr — Aorn)D(Arr — Aor) = A DA — Aor0AoR

[ AN\A0; (01\Q2r0 5 Qr1\QR0) — D> P

choiceq
case: F;A[\Ao;QL[DQR[\QLomQRO — P
Then
T A7 — Ao; (11 — Q10; Qrr — Qro) — D> P ind. hyp.
F; A[ — Ao; (QL[ — QLo)D(QR[ — QRO) L> P ChOiCEQ

Note (Qrr — Qro)D(Qrr — Qro) = QrrDQrr — Qro0Qro

Ty AN\AM; (Q01\Qo s Qri\Qerr0) — D> P T Am\A0;Qar\Qso — G

case: I ANA0; (Q\Qro 5 Qri\Qc0RR0) — G- D> P ot
(O ¢ Qgr and (Qgo =0_or +))
Then
Qrr = Qarflrr lemma 25
Qrr — QarQro = Qrr — Qro O ¢ Qgr and defn. of -
Qrr — QaoQlro = (Qar — Qeo)(Qrr — Qro) defn. of -
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LAy — Ao Qar — Qeo — G ind. hyp.
T; A — Ay (s — Q0o; Qrr — Qro) — D> P ind. hyp.
Note: (A; — An) 5 (Anr — Ao) = A — Ag

T Ar — Ao; (Qr — Qo; (a1 — Q60)(Qrr — Qro)) — G—»D>P -

O

We immediately get the following corollary:
Corollary 27
1. T;-\;-\- — G implies T;-;- — G.
2. T\ (\-; -\) — G > P implies T;+ () — G> P.
We now move on to showing completeness.
Theorem 28 (Completeness of RMS)
1. ;A1 —Ao: QU — Qo — G and O Z Qg

implies T'; Af\Ao; QU \Qo — G.

2. ;A1 — Ao; (s — Qros Qrr — Qro) — D> P
and OO & Qpr and O & Qrp implies
I AN\A0; (207\Qro 3 Qri\Qro) — D> P.

Proof: By structural induction on given residuation derivation. We give representa-

tive cases.

init

case: TI;-(3) — P>P

Then

Ar—Ao=-and Qrr —Qro=- and Qrr — Qo = - assumptions
A[ = AO and QL[ = QLO and QR[ = QRO defn. of -
F; A[\A[; (QL[\QL[; QRI\QRI) — P> P init
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1;,D>P\G T;ALARQ 5 G

case: I';ALDAR;Q — P
Then

choicep

A[—AO = ALDAR and Q[ —QO =0

A[ = A[LDA[R and AO = AOLDAOR and A[L — AOL = AL

ArfOAR — AortAor = ALAR
F; A[LDA[R\Ao;Q[\QO — G
F; A[LDA[R\Ao;Q[\QO — P

I A5 (Qr; QR) s D>P

case: ;A Q. DQr — P
Then

choiceq

A[ —AO = A and Q[ - QO = QLDQR
Q[ = Q[LDQ[R and QO = QOLDQOR

where Q[L — QOL = QL and Q[R — QOR = QR
I AN\Ao0; (2\Qor 5 Qr\Qor) — D> P

F; A[\Ao; Q[LDQ[R\QOLDQOR — P

[;A; (Qp; Qr) — D> P

F; AG;QG L> G

case: I A NAG; (QL; QGQR) - G—-»D > P

Then

Let A — Ap=Ax1Ag and O & Qpy and O € Qg

and Qpr — Qo = Qp and Qrr — Uy = QR
Let Ay be a context s.t. Ar — Ay = A and Ay — Ao = Ag
Let QcrQrr = Qgrr and QeoQro = Qo where

Qar — Qoo = Q¢ and Qgr — Qro = Qg and (Qgo =0_or +)
I AN\AM; (01\Q20 5 Qri\Qa1r0) — D> P

I Av\Ao; Qar\Qeco — G

I AN\A0; (201\Q220 5 Qri\Q0r0) — G—D > P
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ind. hyp.

choicep

assumptions

defn. of -
ind. hyp.

choiceq

assumptions

ind. hyp.
ind. hyp.

by rule —»,
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The RMS derivation succeeds in removing all non-deterministic context-splits.
However, this comes at the cost of introducing non-determinism into the T g rule.
This new non-determinism must also be eradicated in order to have a feasible basis

for a logic programming language.

109



110



Chapter 9
Lazy Erasure

As noted in Chapter 8, we removed the non-deterministic context splits at the expense
of making the Tpg rule highly non-deterministic. A similar situation occurs in the
development of Lolli [26] and is simply dealt with by adding a binary flag to each
sequent denoting whether, or not, a T capable of consuming the linear hypotheses
occurs in the derivation; if such a T does occur, then linearity can be relaxed. In
that system the T g rule does nothing except set this flag. Thus we may think of T
consuming, or erasing, formulas in a lazy fashion just as the RMS system of Chapter 8

lazily splits contexts.

Unfortunately, such a simple solution is not possible for ordered linear logic. The
fact that ordered contexts are split apart and later recombined prevents a solution
with a single binary flag— consider that the immediate entailment sequents maintain
two separate ordered context input/output pairs. However, there is a way to extend
the idea of a T flag which allows us to remove the non-determinism from the Tz rule.

This chapter explains how we accomplish that task.

9.1 Making T Deterministic

In this section we remove the non-determinism from the T g rule by making it lazy—
it will simply pass on its input context— and adding some new information to the
sequents to keep track of which parts of the ordered context could have been consumed
by a T.

Rather than use a single T-flag, we will use a list, 7, containing both 0 and 1
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which serves as an abstraction of the output context. The Os in 7 will correspond
to the Us in 2. The 1s in 7 will corresponds to regions of {2 which could have been

consumed by a T. For example consider the following:
Q = 00, 00,0 7= 0100

where [ & 1€). The 1 in 7 states that €2; passed through a T g rule and thus need
not be explicitly consumed. However, {25 must be explicitly consumed since there is no
1 in 7 matching it. Thus the 7s may also be thought of as abstractions of the output
contexts which express strictness (whether formulas must be explicitly consumed)
constraints. In analogy to output contexts, we will use the notation 7 =0_or -,

and its symmetric variation, to stand for 3I7'. 7 =07" or 7 = -.

In order to simplify our presentation, we shall restrict 7 to never have two consecu-
tive 1s. To cut down the number of explicit cases we must examine in our subsequent
development, we define the following concatenation operators for 7 which contract

adjacent 1s:

7 =7
<k . —
0+7 = 707
1x. =
714+ = 71 1
.k —
71407 = 7107
1«1 =1
1+ 17 = 717

We will use the “disjunctive” concatenation, +, to form output contexts in the infer-
ence rules developed in this section. We will only use the “conjunctive” concatenation,

*, in the definition of mrg, a helper function defined below.
Note that the constraint 0 ¢ 7 implies that 7 = - or 7 = 1.

As a result of making T g lazy, two different, yet compatible, output contexts
might be computed for the two premises of the &g rule. In order to give a correct
version of the rule, we need to be able to merge compatible contexts into a form
which preserves the constraints on both contexts. With this in mind, we define a
helper relation, mrg(€, 71, s, 72,2, 7), to merge two compatible pairs of ordered
output contexts and their abstractions. Note that mrg is a function where the first

four arguments are input and the last two are output.

07 and 0¢ 7y mrg(Qy, 7, Qa, 72, Q,7)

mrg(') T1,°, T2y, T1 % Tg) mrg(DQl, 71, DQQ, T2, DQ, T)
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mrg(Ql, 17—1) QQ7 T2, Q? T)
mrg(DQl, 17, I, 7'507'2’ 09, 7'507')

(0 ¢ )

mrg(Q, 71,8, 17,Q, 7)
mrg (00N, 707, DQs, 175, 0Q, 7107)

(0 &)

mrg (2, 11, Q2, 72,2, 7)
mrg (00, 7,071, 00, 75072, OQ, (7] * 75)07)

(0 ¢7)

mrg satisfies the following properties which we will rely upon in the subsequent
correctness proofs.
Lemma 29

1. mrg(Qy, 71,9, 70, Q, 17) implies 7 = 17 and 1 = 175.

2. mrg(Qy, 11,0, 72,0, 7) and O & Q implies Q; = Qs = Q.

3. mrg(Ql, T1, Qg, T2, Q, T) zmplzes mrg(Ql, 1+ T1, Qg, 1+ T2, Q, 1+ T).
Proof: By structural induction on the given derivation. 0

We also define mrgL(Aq, v1, Ag, v2, A, v), where v; € {T, F'}, to merge two com-
patible linear contexts. We use the standard notations V and A for boolean disjunction
and conjunction. mrgL is also a function where the first four arguments are input

and the last two are output.

mrgL(-, V1, ", V2, ", U1 N ’02)

mrgL(AbUl)AQ)UQ)A?U) mrgL(AbUl)AQ)UQ)A?U)
mrgL(DA;,v1, DAg, ve, DA, v) mrgL(0A, vy, OA,, vy, OA, v)

mrgL(Ay, T, Ag, v, A, v) mrgL(Aq,v1, Ag, T, A, v)
mrgL(DA;, T, 0As, v, A, v) mrgL(0A, vy, DAy, T, 0A, v)

We state a few properties of mrgL: which will be helpful in subsequent proofs.
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Lemma 30
Assume T 3T and T I F and FIF and FAT.

1. mrgL(Aq, v, Ag,ve, Ajv) implies v=v1 Avy and A; JA.
2. mrgL(Aq1,v1,Ag,v9, Ajv) and v; = F implies A; = A.

3. A1 J As and vy J vy implies
there exist A and v such that mrgL(Aq,vi, Ao, ve, A, v).

4. Ay T Ay and vy J vy tmplies
there exist A and v such that mrgL(Aq,vi, Ao, va, A, v).

Proof: By structural induction on given derivation in parts 1 and 2. By structural

induction on A; in part 3. By structural induction on A, in part 4. 0

We now have enough machinery to write down our T-flag derivation system. We
have two types of sequent for our T-flag derivations:
F; A[\Ao;Q[\QO — G
[ ANA0; (Qr\ Q2o 3 Qri\Qr0) — D >P

v (7L ; TR)

which correspond exactly to their RMS counterparts with the addition of the previ-

ously described output context abstractions, 7, 7, 7, and a linear T-flag, v € {T', F'}.

Here are the T-flags derivation rules:

- 1
DAVAQ\Q — PP BT A0\ — 1
L\ \» — G IANAo; -\ — G

! i
DAL — G B ANAGO\Q — G

FD;A[\Ao;Q[\QO — G
v T N

F; A[\Ao; Q[\QO — D—>G

F;A[D\Aom;Q[\QO — G F;A[D\AoD;Q[\QO T—> G
RF

RT

—0 —0
F;A[\Ao;Q[\QO — D oG F;A[\Ao;Q[\QO T—> D —oG
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F;A[\Ao;Q[D\Qom —0>/ G F;A[\Ao;Q[D\QoD —; G

v 70T o (0 ¢ T/) v T -
F;A[\Ao;Q[\QO — D —>» G F;A[\Ao;Q[\QO —; D —G
F; A[\Ao; DQ[\DQO —/0> G F; A[\Ao; DQ[\DQO 1—C>TY

v 70T - (0 ¢ T/) T — 1
IANA0; Q\Qo — D— G LANA0 N\ | —>

s ANAN; QN\QLQ — Gy
V1 TL

[ Aum\Ao; Q\Qr — Ga
V2 TR

I A\Ao; Q\QLQR

(O ¢ Q9 and (O, =_Oor))

Ly ANAN; Q\Q2Qr — G
V1 TR

R
—
(viVve) (Tp+7R)

GlOGQ

[ Av\Ao; 0\, — Go
v2 TL

[ A\Ao; Q\QLQR

(O & Q9 and (Qr =0_or +))

OR
—
(viVve) (Tp+7R)

G10G2

TR

I A\A; Q\Q P T

CANAGQN\ — G T AN\AQ1\Qy — Go
v1 T1 v2 T2

mrg(Qla 71, QQa T2, QOa T)
mrgL(Ala V1, AQ; V2, AOa ’U)

F;A[\Ao;Q[\QO — Gl&GQ

[ AN\A0; Q\Qo — Gy

®Rr1
I Ar\Ao; Q1\Qo — G1 @ Gy

F;A[\Ao;Q[\QO — G[a/w]
v T va

F; A[\Ao; Q[\QO — V. G

(a not free in conclusion)

&R

[5AN\A0; Q\Qo — Ga

DOr2
I Ar\Ao; Q1\Qo — G1® Go

F; A[\Ao; Q[\QO — G[t/.’l?]

Jr
F; A[\Ao; Q[\QO — dz. G
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1,D>»P \ G 'y DGR; A[\Ao;Q[\QO — G

choicer
FLDFR;A[\Ao;Q[\QO — P
v T

1;D>>P\G F;AL[DAR[\Ao;Q[\QO — G

choicep
v T

[ AN\A0; (1\Q220 5 Qri\Qr0) — D >P

v (7L ; TR)

[y AN\A0; QuiDQr\QoOQr0 —> P

v 17,0TR

choiceq

init
[ A\A; (2L\Qr 5 Qr\OQR) F(—>) P>P

)

[5AN\A0; (Qr\Qro0 s Qri\%0) — D1 > P

v (7L ; TR)

[y AN\A0; (Qr\Qro s Qrr\Qro0) — D1 & Dy> P

v (7L ; TR)

&1

[5AN\A0; (Qr\Qro s Qri\R0) — D2 > P

v (T ; TR)

[y AN\A0; (Qr\Qro s Qrr\Qro) — D1 & Dy> P

v (7L ; TR)

&1

AN\ A0; (221\Qro 5 Qr1\QR0) —  Dlt/z] > P

v (7L ; TR)

Vi
T A[\Ao; (QLI\QLO ; QRI\QRO) — Ve. D > P

v (7L ; TR)

I A\Ao; (221\Qro 5 Qr1\Q2r0) (—> ) D> F L5\ e\ - G
v (TL ;TR v
—L

T A[\Ao; (QLI\QLO ; QRI\QRO) — G—=D>P

v (7L ; TR)

T A[\AM; (QLI\QLO ; QRI\QRO) — D>P T AM\Ao; \ 1:>r G

v1 (71 ; TR)

T A[\Ao; (QLI\QLO ; QRI\QRO) — G—oD>P

(viVoz) (115 TR)

—L
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Oy AN\AM; (Q\Qro ;s Qri\QcrQr0) —  D>P T Au\Ao0;Qcer\Qco — G

v1 (70 ; TR) vo T
>
s A\Ao; (Qnr\Qro ; Qrr\Qcoro) — G—»D>P
(viVve) (T ; T+7R)
(O & Q¢grand (Qro =0_or ))
Ty AN\AM; (Q1\Q2LoQcr 5 Qr1\QRO) (—> : D>P T;Au\Ao;Qar\Qco — G
vi (TL; TR vL T
—1
[ AN\A0; (201\220Qc0 5 Qr1\QRO) — G—-»D>P

(viVoa) (7047 5 TR)
(O Qqgrand (Qo =_Oor )
We introduce the following notation:

#(2) = the number of placeholders in (2

the number of Os in 7

SIS
Ny
|

T-flags derivations satisfy the following basic properties.
Lemma 31

1. T AN\Ae; Q\Qo — G implies Qp Qo and #(Qo) = #(71).

2. Arp 3 Aoy implies
I At OAR\AordAor; 21\ Qo — G iff
F; A[LDA[R\AOLDAOR; Q[\QO ﬁ G.

3. Qrp A Qor and O & Q implies
I A\Ao; Q. QQr\ Qo 20r — G iff
I A\A0; QrQr\QorQor — G.

4. Ty AN\A0; (Q21\Qro 5 Qri\Qro) — D> P implies

v (7L ; TR)

Qrr 3 Qro and Qrr 3 Qro and

#(Qro) = #(1) and #(Qro) = #(r).

5. Arp 3 Ao implies
I At OArR\ Ao OAoR; (201\Qro ;5 Qri\Qro) — D> P iff

v (T ; TR)

Uy A DAR\AorDAor; (20\Qo 5 Qri\Qro) — D> P.

v (7L ; TR)
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6. Qrrr A Qror and O & Q implies
I AN\A0; (e \ Qo2 0r 5 Qri\Qro0) — D> P iff

v (T ; TR)

I AN\A0; (Qnrroir\QrorQror ; Qri\Qr0) — D> P.

v (7L ; TR)

7. Qrir 3 Qror and O & Q) implies
[ AN\A0; (Q21\Qro 5 QrirQQr1r\QroL ¥ 2208) — D> P iff

v (7L ; TR)

I AN\A0; (Qnr\Qo 5 QrinQrir\Qror2ror) —> D> P.

v (T ; TR)

Proof: Each part is proved by straightforward structural induction on the given

derivation. m

9.2 Correctness of T-flags System

In order to prove the correctness of the T-flags derivation system with respect to the
resource management system of Chapter 8, we need to relate T-flags output contexts,
and their associated flag lists, to RMS output contexts. Due to the lazy treatment of
T, one T-flags context can be related to many RMS contexts. We define the following

relation between T-flags output contexts and RMS output contexts:
0&T o0, 7, Q) o0, 17, Q') o(Q,7,Q)
o(-,7,-) o(DQ, 7, DY) o(DQ, 17,0) o(0Q, 707, 0Q")

(0 ¢7')

® satisfies the following properties which we rely upon to prove correctness of the

T-flags derivations.
Lemma 32

1. (Q,7,8) implies QI
2. ®(Qp,7,Q,) and ®(Qg, TR, Vy) implies P(QLQg, 71 + T, QL Q).

3. ©(QQr, To7R, ) and #(Qr) = #(71)
and (Qp=0_or-) and (TR =0_ or-) implies
there exist Q) and QY such that
Q= Q/LQ/R and (I)(QL,TL,Q/L) and (I)(QR,TR,QIR).
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4. (g, 7o7R, ) and #(Qr) = #(7r)
and (= _O or-) and (rp = _0 or-) implies
there exist Q2 and Vy such that
Q= Q/LQ/R and (I)(QL,TL,Q/L) and (I)(QR,TR,QIR).

5. 0,7, Q. 0%) and O & Q implies
there exist Q0 and Qr such that
0= QLQR and (I)(QL,T, Q/L) and (I)(QR,T, QIR)

Proof: Each part is proved by induction on the given derivation. 0]

Additionally, ® and mrg interact in the following manner which allows our &g
rule to correctly match the corresponding RMS rule.

Lemma 33

1. o(Q,7,) and mrg(Qy, 71,0, 70, Q,7) implies
(I)(Ql,Tl,Q/) (an (I)(QQ,TQ,Q/).

2. ®(Qy,711,8) and P(Qa,72,Y) implies
there exist ) and T such that
(I)(Q, T, Q/) (an mrg(Ql, T1, Qg, T2, Q, T).

Proof:

Part 1: By induction on ®(Q,7,€)') examining cases for mrg(y, 71, Qo, 72,Q, 7)
making use of lemma 29.

Part 2: By induction on ®(Q4,71,Q') examining cases for ®(Qg, 172, Q).
0]

We now prove the soundness of T-flags derivations wrt to RMS derivations. This
proof is complicated by the fact that formulas in a T-flags context can be translated
to Os and the deterministic context splits (in the —,, — 1, eg, and o rules) depend
upon [Is. Consider the rule

Iy AN\AM; (Q\Qo0 5 Qri\QeiQr0) —> D >P I Av\Ao; Qar\Qeo — G

v1 (71 ; TR)

L

F; AI\AOS (QLI\QLO ; QRI\QGOQRO) - )(—> re) G—»D>P
v1 VU TL ; T+TR
(D ¢ QG[ and (QRO = D_ or ))
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The output context, Qgr{go will be translated to some context (%,. We will then
deterministically split €2, into (%, where O & Q. and Qf, = O_ or -. However,
if 7r begins with a 1, Qg; might be longer than f; since any formula in Qg could
have been translated to a [J. In such a situation, we will have cut out of 2g;, in the
second premise, the formulas which were consumed by the T, corresponding to the
opening 1 in 7g, in order to construct the matching RMS rule instantiation. It turns

out this is always possible to do, although the analysis is quite tedious.

We will consider four cases, two for each type of sequent depending on the value

of the linear T flag.
Theorem 34 (Soundness of T-flags)

1. F; A[\Ao;Q[\QO F—> G and (I)(Qo,T,Q/O)
implies T'; Af\Ao; Q/\Qp, — G.

2. F; A[\Ao;Q[\QO T—> G and (I)(Qo,T,Q/O) and AO;A/O
implies T'; AP\AL; Q/\Qp, — G.
3. Iy AN\A0; (\Qro 5 Qri\Qr0) — D>P

F (70 ;7R)

and ®(Qro, 11,2 0) and P(Qro, Tr, Vo)
z'mplz'es F; A[\Ao; (QLI\Q/LO ; QR[\QIRO) — D> P.

4. Ty AN\A0; (Qr\Qro ; Qri\Qro) o D> P

TL ; TR)

and Ao J AL and D(Qro, 7, Vo) and D(Qro, Tr, Vro)
z'mplz'es F; A[\A/O, (QLI\Q/LO ; QR[\QIRO) — D> P.

Proof: By structural induction on given derivation. We give representative cases.

TR
case: I A\A; Q\Q = T
Then
O(Q,1,Q) and A J A assumptions
Q3 Lemma 32.1
O A\AOQ\Q — T Tr
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case:

mrg(Q, 71, Qo, 72,2, 7)
mrgL(Al, T, Ag, T, Ao, T)

I A\A1; Q\ g G T;AN\A2 Q\Qy = G

case:

case:

F; A[\Ao;Q[\QO T—> Gl &GQ

Then
O(Qo, 7,8) and Ap J Ay assumption
(I)(Ql,Tl,Q/O) and (I)(QQ,TQ,Q/O) Lemma 33
A1 O3 Ap and Ay O Ap Lemma 30

Note A; J A}, and Ay J Ay,
I AN\AL; Q\Qy — Ghand Iy AN\AL; Q\Qp — Ge ind. hyp.

Ly ANAL; Q\Qp — G & G rule &g
init
F; A\A, (QL\QL ; QR\QR) F(—>) P>P

Then

O(Qp, -, Q) and ®(Qg, -, Q) assumptions
Qp=Q) and Qp=Q} inspection of ®
F; A\A, (QL\QL; QR\QR) — P>P init

[ AN\A0; (201\Qro 5 Qri\Qr0)  — : D> P
TL 3 TR
choiceq
F; A[\Ao; QLIDQRI\QLODQRO F—O> P
TLYTR

Then

Q(QLo0Nro, T.0TR, Q) assumption
#(TL) = #(QLO) and #(TR) = #(QRO) Lemma 31
Qp = Qo and ®(Qro, 7, Qn) and &(0Qgo, 07r, V%) Lemma 32.3
VY =00%, and ®(Qgo, Tr, Vro) inversion on @
F; A[\Ao; (QLI\QLO ; QRI\QRO) — D> P ind. hyp.
F; A[\Ao; QLIDQRI\QLODQRO — P ChOiCEQ
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case:

Ly AN\AM; (0\ Qo 5 Qri\Q61802%0) — D >P I Ay \Ao; Qar\Qco - G

F (105 7R)
[ A\Ao; (2\ Q2o 5 Qrr\Q6coQro) . (TL—>;TTR) G—»>D>P ot
(O & Q¢gr and (Qro =0O_or ) and 7 # 177)
®(Qro, 11, o) and ©(Qeoro, TTR, 1) assumptions
Note TR =0 _or -
#(1r) = #(Qciro) = #(Qro) and #(7) = #(Qco) Lemma 31
Q) = Qoo and (Qeo, 7, Q) and (Qro, Tr, Vro)
for some €, and Qf, Lemma 32.3
I Av\Ao; Qer\Qo — G ind. hyp.(1)
®(QcrQr0, Tr, Qarro) O & Qar
I AN\AM; (Q\ Qo 5 Qri\QerQyp) — D> P ind. hyp.(3)
Qpo=0_or - inversion on
I AN\A0; (Qr\ Qo 5 Qri\Qolr0) — G—-D > P rule —»,
case:
L AN\AM; (Q1\ Q2o 5 Qri\Q61Qr0) . TL—>;1¢R) D>P  T;Au\A0;Q1\Qco P G
—

I AN\A0; (201\Qro 5 Qri\QcoS2r0) — G—>»D>P

F (7p; 74+17R)

(O & Qgr and (Qro = O_or -))

Then
®(Qro, 71, Qo) and @(Q6oQro, T + 178, 2p) assumptions
#(Qco) = #(7) and #(Qcrro) = #(Qro) = #(17r) lemma 31

Q) = Qoo and (Qeo, 7+ 1, Qo) and D(Qgo, Tr, Vro) Lemma 32.3
Let QcorQarr = Qco where (Qgor = _Hor +) and O & Qarr

Let 7¢.7gr = 7 where (7g, = _0 or -) and 0 & Tgr

#(Qco) = #(Qcor) = #(7+ 1) O & Qarr
Note Tqr +1 =1
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Q6o = Qeorir and 2(Qcor, Tar, Ugor) and Y(Qarr, 1, Qgrz)
for some U, and Q;p Lemma 32.4
Let Q6rpe1rr = Qarr where O & Qg and (Qg e = 0 or )

Qarr = QarrcQarrr and @(Qerrr, 1, Usrpr) and @(Qerrr, 1, Uarrr)

for some Qgrrr and Qgrrr Lemma 32.5
®(Qcrre, Tar, Qgrrr) and Qarre = Qgppy, O & Qerre, 0 € Tar
Note Tqr + Tar =T
®(QcorQarre, T, Qz0raIRL) Lemma 32.2
Qcr = QarrQerriQarrr and Qg 3 Qcor for some Qgrr, Qar 2 Qco

Note we may rewrite the second premise of the given derivation as

I Av\Ao; Qe QerrQarre \Qeorerrr Qcirr P G

[ A \Ao; QarrQarre \QcorQarre P G Lemma 31

I Av\Ao; QarnQerri \ Qoo Qerre. — G ind. hyp.(1)
®(QarrQarre, - QarLQaerre) O & Qcrrfrre
Note 1 + 7 = 173

Q(QarLQerrrcirr2 R0, 1R, QarrQerrr s 21 VR0) Lemma 32.2

I AN\AM; (Q\ o 5 Qri\Qer.Q61rL Y155 %0) — D> P ind. hyp.(3)

F; A[\Ao; (QLI\Q/LO ; QRI\Q/GOLQGIRLQ/GIRRQIRO) — G—>D>»>P rule —

O
We now prove completeness of T-flags derivations wrt RMS derivations.

Theorem 35 (Completeness of T-flags)

1. Ty N\AL; U\Qy — G implies
there exist Ao, Qo, and T such that
Ao I A, and ®(Qo,7,,) and
(s AT\AL; 9\ Qo = G or I AM\Ap; 2\Qo P G).

2. I3 ANAG; (U \ Qo 5 Qpr\ Qo) — D> P implies
there exist Ao, Qro, Qro, 71, and T such that
AO;AIO and (I)(QLo,TL,Q/LO) and (I)(QRo,TR,QIRO) and
(L3 ANAG; (22,\ 210 5 Qpr\2ro) - — : D> P or
TL 3 TR

[ AN\A0; (27, \Qo 5 Qrr\Qro) o D> P).

(T 5 TR)
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Proof: By structural induction on the given derivation. We give representative cases.

e T ANAL QN — Gy T ANAL U\ — Gy
s ANAL; YN — Gy & G "
I APN\A L QA — G1 and ®(,7,Q,) and A; J A
and (if v, = }’ 1then Ay =Ap) ind. hyp.
[ AP\ Ag; 0\ Qo o Gy and ®(,7,Q,) and Ay, J A
and (if vy = F then A, = Ap) ind. hyp.
mrg(Q, 71, Q2, 72, Qo,7) and D(Qo, 1, 2))
for some Qp and T Lemma 33
mrgL(Ay,v1, Ag,v3, Ap,v) for some Ap and v Lemma 30
[y AN\ Ao; U \Qo — G1 & G rule &g
Note if v =F the111] TAO = Ay Lemma 30
e init
L ANAS (QUN\QL 5 Qp\QR) — P> P
Then
I ANA (Q\Q] 5 QR\Q%) F(—>) P>P init
case:
I ANAG; (Qp\ Qo 5 Qpr\ Qo) — D> P choiceq
I ANAG; QU DR \Qp o0 —> P
Then
I A0\ A0s (,\ 05 Y\ o) | — D> P
and ®(Qro, 7L, Qo) and (Qro,Tr, Vi) and Ap J AL
and (if v =F then Ap = A}) ind. hyp.
Q(QLoNRo, T.07R, 21, 0o0%0) Lemma 32.2
I AN\Ao; Q) D \QodQro — P choiceq

v 17,0TR
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case:

[ ANAY (0 \ Qo 5 Qrr\ Q1 Q%0) — D>P [ AYVA\AG; Q6 \ Qo — G

D ANAD (%\ V0 s U\ VUoSno) —> G D > P o
(O ¢ Qp; and (R, =0 or +))
LA\ A (2\ o B\O) | — D> P
and ®(Qro, 71, o) and (Qr, T, s Vo)
and Ay J Ay and (if v = F then Ay = AYy) ind. hyp.
Let QarQro = Qg where O € Qgr and (3IQ. Qro = 0N or -)
Qr 2 Qe Q%0 Lemma 32.1
Q61%0 = QarQroLPror and Qro J Qgop and Qer J Q6 QoL
and Qagr = QQerr and Qarr J Upor properties of 1
I Ay \Ao; Q6 \Qco - G and ®(Qc0, T, Q0)
and Ap J Ap and (if o' = F then Ap = Ap) ind. hyp.
Suppose Ay = D" and A, =0
Ao =0 Ay, J Ao
I A \D'; Q¢ \Qco — G Lemma 31.1
Thus we can generalize the above argument to show iterating
I Avi\Ao1; Q6 \Qco v/—T> G and Ap1 2 Ap for some Aoy Lemma 31.1
I AN\ Ao1; (2\ Q2o 5 R\ Qco2ro) — D> P =

(vWv') (7L 5 TR)

Note if v Vo' = F then Ap; = Ay,.

O

We now have a derivation system for extended uniform ordered linear logic which
does not require any non-deterministic splitting of resources. The non-determinism
left in this system resides in the choice of formula to focus upon, the @g rules, and
the choice of term t in the Vi and dg rules. All of this non-determinism can be
handled in the standard ways— choosing an arbitrary order to choose clauses and try
goals; and using unification to delay picking an actually term— to give us a derivation
system whose direct implementation is reasonably efficient. Thus we can base a logic
programming interpreter on the T-flags system.

However, there are still inefficiencies in the T-flags system which can greatly slow

down proof search. Specifically, the techniques reported in [10] and [33] for improving
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linear logic proof search can be extended to ordered linear logic and incorporated into
the T-flags system. We will delay this extension until Chapter 11, and first discuss

logic programming in ordered linear logic.
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Chapter 10

Ordered Linear Logic

Programming

Before linear logic programming languages, any state associated with logic programs
had to be represented as a term (typically a list) and threaded through the program
in much the same manner as state must be simulated in a purely functional language'.
With the addition of linear hypotheses to logic programs, state could be implicitly
represented by the linear context and thus moved from the term-level to the formula-
level. While this situation certainly allows for more elegant programs, it also allows
for more efficient programs as compiler technology matures. For example, Hodas and
Tamura [28] describe a theorem prover, originally in Prolog, which becomes both
more elegant and more efficient when rewritten in Lolli. Similarly, adding ordered
hypotheses to a logic programming language allows some kinds of data structures

(e.g., stacks) to be moved from the term-level to the formula-level.

In this chapter, we introduce Olli, an ordered extension of Lolli, which is based on
the T-flags derivation system of chapter 9. After attending to the few details needed
to turn the T-flags system into a logic programming interpreter, we will present a
series of example Olli programs.

One could also resort to extra-logical features such as assert and retract; however, these con-

structs destroy the logical interpretation of a logic program, in addition to being extremely difficult

to correctly use.
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10.1 Ol

As mentioned at the end of chapter 9, the T-flags derivation system is deterministic
enough to allow a reasonable direct implementation which gives us an ordered linear
logic programming interpreter. We will call the resulting ordered linear logic pro-
gramming language Olli. Just as ordered linear logic is a conservative extension of
intuitionistic linear logic, Olli is a conservative extension of (pure) Lolli- the formula

language of Lolli is a subset of that for Olli.

In order to turn the T-flag system into a logic programming interpreter, we need
to deal with the two remaining sources of non-determinism in the system— the choice
of a term for instantiating quantified variables; and the choices of a formula to focus
on when the goal is atomic, and a sub-goal to pursue when the goal is a disjunction.
We employ the standard treatment for both choices. We first alter the V;, and dg rules
to substitute new logic variables, rather than terms, and alter the =g rule to unify the
two terms rather than just check for equality. We then assume that disjunctive goals
and clause formulas are tried in some arbitrary and fixed order, where backtracking

allows the system to try the next choice when the current one results in failure.

At this point in time, the ideal order for trying clause formulas is not clear. The
standard solution (used by AProlog and Lolli) is to try the dynamically assumed
clauses in the reverse order of their assumption, and then try the static program
clauses from first to last. However, this “temporal” ordering is not always optimal.
For applications using the ordered context as a queue (e.g., Section 10.5), it is prefer-
able to try the ordered formulas from right to left, even though formulas are added
to the left side of the ordered context. Therefore, we have chosen, for simplicity, to
try dynamic clauses from right to left starting with the ordered context, then moving
to the linear context, then to the unrestricted context, and finally trying the static

program clauses from first to last?. Thus given the goal

D1—OD2—>D3—>~>D4>—>P
After assuming all the new clause formulas, the order in which the clauses will be
focussed on is: D3, D4, Dy, Ds.

After the initial release of Lolli, more analysis of linear logic proof search yielded

2This operational semantics is actually different from that of Lolli, however there is no reason
(other than simplicity) for not using a more complicated search which matches Lolli for Lolli programs

and still tries the ordered context from right to left.
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techniques for improving the efficiency of Lolli proof search. As it turns out, these
techniques can be extended to Olli, but we delay our treatment of them until chap-
ter 11.

We assume a typed, higher-order term language® and implicit universal quantifi-
cation over free variables (tokens beginning with an uppercase letter). We also write
B« A for A— B and B «< A for A>— B in the manner of Prolog where backwards ar-
rows are left-associative, and bind looser than forwards arrows and &. We use italics
for meta-variables which stand for ground terms and typewriter for program code,

including logic variables.

The following sections contain example logic programs which may be written in
Olli. We note that all three of our system’s contexts are important for logic pro-
gramming. The program clauses will typically reside in the unrestricted context since
their use should be unrestricted. The linear context is used to hold information which
can be accessed in any order— the final examples in this chapter show how the linear
context can be put to use. The ordered context can act as a logical data structure

and hold information which must be accessed in a constrained fashion.

Section 10.2 contains a simple example which we will use to illustrate Olli’s opera-
tional behavior in detail. In later sections, we assume familiarity with the operational
semantics of Olli and concentrate mostly on the declarative interpretations of the

example programs.

10.2 Simple Examples

We begin by considering various simple programs concerned with lists. :: is the infix

list constructor and nil is the empty list.
The following program, which does not make use of the ordered fragment of the

3We will assume for the sake of simplicity that the terms are dynamically within the L) frag-

ment [35] which makes unification deterministic.
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logic (and is therefore a Lolli program), can be used to permute a list.

perm (X::L) K

o— (elem X —operm L K).

perm nil (X::K)
o—elem X

o—perm nil K.
perm nil nil.

The program works on a query perm [ K by first assuming elem x for every ele-
ment x of [. This is achieved by the first clause. Then the assumptions are consumed
one by one through uses of the second clause and added to the output list. The tail
of the output list is instantiated to nil when there are no further linear assumptions,
and the last clause can therefore succeed. Because the linear context is unordered,
every possible order of linear resource consumption constitutes a valid proof where
the result variable, K, becomes instantiated to a different permutation of the input list
[. Thus, by interactively asking for solutions (or by explicitly failing), this program

can be made to enumerate all possible permutations of a list.

If we replace the linear implications by right ordered implications, only one order
remains possible: the one that reverses the list.

rev (X::L) K

« (elem X —»rev L K).

rev nil (X::K)
«—elem X
«rev nil K.

rev nil nil.

After assuming elem z for every element x of [, we will be in the following situation,
where we have elided the unrestricted context (which only contains the program

clauses), the always empty linear context, and all T flags
elem x;...elem z,\{) — rev nil K

where () has yet to be computed. At this point we must use the second rev clause;

choosing the final clause would lead to failure, even though the head matches, since
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the ordered hypotheses have not been consumed. Upon choosing the second clause
we are in the following situation (remember the choicer rule residuates the chosen

formula)
elem z;...elem z,\{2 — (rev nil K=rev nil (X::K’))e(elem Xo(rev nil K’ol))

The first part of the goal succeeds, setting K = (X::K’), without consuming any
resources and leaving us in the following situation

elem z;...elem z,\{2 — elem Xo(rev nil K’ o1)

We now proceed to solve the first subgoal, note that output context ' for the first
subgoal is different than the output context €2 of the entire goal, and leave the second
subgoal pending

elem z;...elem z,\Q? — elem X

At this point we must choose one of the elem x; to match the elem X in the goal.
Following our operational semantics, we start with the rightmost ordered hypothesis,
elem z,. This choice will succeed, setting X = x,,, and cause ) = elem z;...elem x, 1[].
Thus we know that K = z,,: :K’.

We next restore the pending goal and arrive, via the og rule, at the following
situation

elem z;...elem x, 1\Q" — rev nil K’ o1

where we know that Q = Q”[0. The execution will proceed in the same manner,
at each step consuming the rightmost ordered hypothesis, until the input ordered
context is empty at which point, using the third program clause, the computation
will end with K = z,::...::27::nil. Note that the goal 1 is always immediately
successful and thus we may ignore all such subgoals which build up over the course

of an execution.

When introducing this example, we mentioned that only one solution existed for
a given input list. Not choosing the rightmost ordered hypothesis, when solving goals
of the form elem X, always results in some ordered hypotheses (those to the right
of the chosen hypothesis) not being consumed and thus a failed proof attempt. We
delay a detailed explanation and analysis of this behavior until Chapter 11 where we

improve the failure mechanism for our proof search.

Note that changing the outer — in the second clause will only result in changing
the o in the compiled version to a e. Furthermore, this change does not affect prov-

ability since 1 is the unit for both conjunctions. In general the outermost ordered
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arrow of an unrestricted (or linear) program clause may be either — or »— without

affecting the semantics of a program.

We could also “uncurry” this example in the following way

rev (X::L) K

« (elem X »rev L K).

rev nil (X::K)

«—elem Xorev nil K.

rev nil nil.

and maintain the exact same operational behavior. This is evident from the residua-

tion of the second clause (supposing a goal of the form rev nil K?)
(rev nil K’ =rev nil (X::K))e ((elem Xorev nil K’)o1)

which is equivalent to the residuation of the “curried” form shown earlier.

We could also change the second clause to

rev nil (X::K)

«rev nil Keelem X.

and maintain the same declarative meaning as the previous versions, i.e., this ver-
sion will admit the same solutions as the other versions. However, the operational
behaviour will now be quite different. In particular, the “recursive” subgoal of this
clause, rev nil K, will be solved first. This will create a stack of pending goals of
he form elem X each of which will need to consume the leftmost ordered hypothesis
for the entire proof to succeed. Thus, due to the need to try ordered hypotheses from
right to left, each of the pending goals, elem X will have to try all of the ordered

hypotheses, and fail for each choice but the last, before succeeding.

We point out one further permutation. If we replace the nested — in the first
program clause with »—, the program will add elements to the left of the ordered
context. Then, since the rest of the program is unchanged and requires consuming

ordered hypotheses from right to left, this modified program represents the identity
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relation.
id (X::L) K
« (elem X»—id L K).

id nil (X::K)

«—elem X

«1id nil K.

id nil nil.
10.3 Translating to deBruijn Notation

Our first serious example is a translation between lambda terms and deBruijn style
terms. More details on this presentation of deBruijn terms and their connection to
regular terms can be found in [47]. We use the following grammars for regular terms

and deBruijn terms:
Lambda Terms e == x|ejes| Az. €
deBruijn Terms €' == 1]|ée T|ejeh | A€
Given a lambda term, we can construct a deBruijn term by recursively descending
through the given term’s structure and maintaining a stack of lambda-bound vari-

ables. Upon reaching a variable, its depth in the stack corresponds to the index in a

deBruijn term.

We can translate deBruijn terms to regular lambda terms with the following judge-

ment:
KlFew e

where K is a list of regular variables, i.e., K = z1...x,.

Here are the derivation rules for the translation:

KrFe <ef Kley<reé Krlke« e
— tr_app S tr lam”
Kleies<>ejey KEFMe.e+ Ae
/
1 KFre+<e tr 1
Kbzl Kazbtes et

where = does not occur free in the conclusion of the tr_lam” rule. Note that the con-
text, K, is a stack; and that the translation is non-deterministic, e.g., Az. A\y. y (z x)
can be translated to both AA1((11)(11)) and AAL((11) 1).
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We can directly transcribe the previous derivation rules to an Olli program which

uses the ordered context as a stack.

We assume the following term constants (where exp and exp’ are arbitrary base

types for terms):

lam’ : exp’ —-> exp’.
lam : (exp —-> exp) —> exp. app’ : exp’ -> exp’ —> exp’.
app : exp —> exp —> exp. shift : exp’ -> exp’.

one : exp’.

lam, and app represent regular lambda terms (variables will be implicitly represented

by meta-variables); while 1lam’, app’, shift, and one represent deBruijn terms.
PP

We use the following predicates:
tr : exp -> exp’ -> o. var : exp -> o.

where tr is the translation program and var is a helper predicate to store named
variables in the ordered context. We follow the A-Prolog convention and use o to
stand for the type of propositions. tr e E’ expects a lambda term, e, and computes

an equivalent deBruijn style term, E’.

We can now transcribe each rule as a program clause. We will use the following

general scheme to encode the translation judgements as ordered linear logic sequents:
Ti...xp e e D I';;var z;...var z, = tr "e’ "¢’

where the unrestricted context I' contains the translation program (which we develop
below). e is the obvious representation of regular term e using the constructors
for exp and "€’ is the representation of deBruijn term e’ using the constructors for
exp’. We will delay a formal presentation of the correctness of this encoding, and
the ensuing representation of the derivation rules, until the end of Chapter 15 where

we reformulate this example in an ordered logical framework.

We start with the tr_app rule. To translate app E1 E2, we simply translate both
subterms using the current stack. Thus, eliding the unrestriced and linear contexts,

we need to reduce proving
var z;...var z, =—> tr (app E1 E2) (app’ E1’ E2’)

to proving
var x;...var x, — tr E1 E1’
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and

var xi...var r, — tr E2 E2’

where we have omitted the unrestricted and linear contexts. The x; are term-level
variables already encountered during the translation. This is achieved with the fol-

lowing clause:
tr (app E1 E2) (app’ E1’ E27)
«tr E1 E1’ & tr E2 E2°.

Notice the & gives a copy of the stack (the ordered context) to each subterm trans-

lation. Here is the compiled version of the clause which will actually be used:
(tr (app e1 e2) E’ =tr (app E1 E2) (app’ E1’ E2’))e((tr E1 E1’&tr E2 E2’)ol)

where tr (app e; e3) E’ is the goal at the time the clause is chosen.
We next consider the tr_lam rule. To translate a 1am E, we add a variable to the
stack and translate the body of the lambda. Thus we must reduce solving
var ri...var r, — tr (lam E) (lam’ E’)
to
var zj...(var z,) (var z) = tr (E z) E’

This is accomplished by the following clause:

tr (lam E) (lam’ E’)

« (Vx.var x> tr (E x) E’).

The inner — forces the variable to be added to the top of the stack (the right side of

the ordered context?). Here is the compiled version of the clause:

(tr (lam e) E’ =tr (lam E) (lam’ E’))e (Vx.var x »tr (E x) E’)o1)

To translate a variable, which e must be if it is not an application or lambda,
we search through the stack, keeping track of how far we’ve gone, until we find the
variable. If the target variable is at the top of the stack (the rightmost var in the

context), which corresponds to the tr_1 rule, we have the following situation:

var z...(var z,) (var ) = tr z one

4This is an arbitrary choice. We could rewrite the whole program to use the left side of the
context as the top. However this would require changing the program clauses that read variables off
the stack.
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where we are done and can throw away the rest of the stack. This is accomplished
by:
tr E one

«—var E
« 1.

For this clause to be successfully used, the var E must come from the top of the stack
(the right of the ordered context) since the T can only consume data to the left of
var E. This situation is identical to that of the rev program in Section 10.2. For

reference we show the compiled version of this clause:

(tr = one =tr E one)e (var Eo (T o1))

We could alternatively write the previous program clause as:

tr E one
— T

«—var E.

Using this alternate formulation does not change the declarative meaning of the pro-
gram; furthermore, it does not really change the operational semantics in any essential

way. Consider the compiled version of the clause:
(tr = one =tr E one)e (T o (var Ee 1))

Upon using this clause, after the unifying F and z, we arrive at the following situation:
var xp...var z,\Q :> Te(var ze1)

We first solve the subgoal T, which always succeeds. Operationally T simply passes
its input context to output, and sets the T-flags. We will then be in the following
situation:

var zj...var z,\f — var zel
v T

where v' and 7' have yet to be computed. At this point, the proof search proceeds
in the same manner as before, with the rightmost ordered hypothesis always being
successfully chosen. Furthermore, it is still the case that only the rightmost resource
can be successfully used. After the preceding sequent is solved, we know 7 = 17/ as
mandated by the ep rule. Thus the T can only consume formulas occurring to the
left of all [ in €.
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Finally, if the target variable is not at the top of the stack, we must reduce
var xi,...,var x,, var * =—> tr y (shift E’)
to
var Zj,...,var , — tr y E’
which corresponds to the tr_ 1 rule. We accomplish this by the following clause:
tr E (shift E’)

«—var F
«—tr E E’.

Finally, we note that the deBruijn translation program can also be used to trans-
late the other direction, from deBruijn terms to regular terms, by using a query of

the form tr E e’ where €’ is a deBruijn term.

10.4 Mini-ML Abstract Machine

Our next example shows how a continuation-based abstract machine for evaluating
Mini-ML can be directly encoded in Olli. The basic idea is to use the ordered context
as a stack of continuations to be evaluated. We assume a standard version of Mini-
ML constructed using higher-order abstract syntax [47]. Values are distinguished

from terms by an asterisk; so z is a term while z* is a value.
Expressions e = z|se|lamz.e|ejes |
(casee;of z = es|sz = e3) |V

Values v == z*|s*v|lamz.e|x

We define the continuation machine as follows:

Instructions i = e]|returnv |

(case; v10f z = es|sx = e3) |
app,viez | app,v1vs
Continuations K == init| K;)\z. i

Machine States s = K o i|answerv
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We use the following transition rules for machine states:

st_init :: init ¢ returnv — answerv
streturn @ K;Az.i o returnv — K ¢ ifv/z]
stvl © K ov —= K ¢ returnv
stz @ Koz — K oreturnz®
sts = K ose — K;\.return(s*z) ¢ e
st.case @ K o casee;ofz = ey|szr=e5 —

K;\zy.case;z10fz = es|sz = e5 ¢ €1

st.caselz :: K o caselz'ofz = ey|sz=e3 — K © ey
st_.casels :: K o casel(s*v)ofz= es|sz =e3 — K ¢ eslv/z]
stlam : K o lamz.e — K ¢ return(lam®z. e)
st.app @ K ¢ ejes — K;A\xri. app;Ties ¢ €
st.appl @ K ¢ app;vies — K;Axs. app,vi T2 © €
st.app2 = K © app, (lam*z. e)vy — K © ef[ve/z]

We now show how the continuation machine can be written as an Olli program.
Rather than building an explicit stack-like structure to represent the continuation
K, we will simply store instructions in the ordered context. Thus we will use the

following representation to encode the machine:
K o1 D "K'="1¢"

where " K is the representation, described below, of the continuation (stack) K and

similarly for "¢
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We use the following signature to encode the abstract machine as an Olli program:

z : exp.

s . exp — exp.

case : exp— exp— (val — exp) — exp.
lam : (val — exp) — exp.

app : eXp — exp — exp.

vl : exp—val.

z* : val.

s* : val — val.

lam* : (val — exp) — val.

eval : exp—val —o.

ev : exp—o.

return : val —o.

casel : val — exp— (val — exp) — o.
appml : val — exp — o.

appm2 : val —val —o.

Given the goal: return V — eve, our program will evaluate the expression e and
instantiate V with the resulting value. The intended reading of this query is: evaluate
e with the identity continuation (the continuation which just returns its value). A
goal of eve is intended to mean: evaluate e. A goal of return V is intended to mean:
pass V to the top continuation on the stack (i.e. the rightmost element in the ordered

context).

We could use term-level lambdas to represent abstractions over instructions, Az. i,
and explicitly encode the substitutions in the transition rules (in st_return, st_casel_s,
and st_app2) as applications. However, we will instead make use of the left implica-
tion, »—, and let unification implicitly achieve the required substitutions. To do this,
we will represent Ax. i as VV.return V«< "7 ' where "7 is the representation of the

instruction ¢. Thus the continuation (stack) built by an evaluation of (s (s z))
init; Az. return (s* z); \z. return (s* z)

is represented as the ordered context

(return V) (VV. return V= return (s* V)) (VV.return V<< return (s* V))

We will then use subgoals of the form return v to explicitly pass a value to the top

continuation on the stack. With this encoding, we will not need to explcitly represent
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the st_init and st_return transition rules. We have the following representations:
init ¢ returnv ~D return V —> return v

where the logic variable V is the final answer;

K;Az.i ¢ returnv D TK7(VYV. return V«="i') = return v

where the ordering constraints force the proof of return v to focus on the rightmost
ordered formula.

We now show the clauses of the program. We begin with a wrapper to put queries

into the correct form:
eval E V

« (return V—ev E).

The rest of the program clauses directly mirror the machine transition rules:

ev (v1 V)

«—return V.

ev z
«-return z*.
ev (s E)
« ((YV. return V«=return (s* V)) —»ev E).
ev (case E1 E2 E3)
« ((VV. return V<< casel V E2 E3) »ev E1).
casel z" E2 E3

«— ev E2.

casel (s* V) E2 E3
«ev (E3 V).

ev (lam E)

«return (lam" E).
ev (app E1 E2)

« ((VV1. return V1 «~appl V1 E2) »ev E1).
appl V1 E2

« (VV2. return V2 «<app2 V1 V2) - ev E2).
app2 (lam® E1’) V2

«ev (E1’ V2).
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The intended reading of the ev (s E) clause (the second program clause) is this:
to evaluate (s E) evaluate E under the continuation which takes its value, V, and
passes the value s* V to the next continuation on the stack. Note the use of —
nested inside —. This forces the continuations put into the ordered context to be
evaluated in stack fashion. When the goal is return V the only choice of formula to

focus on will be the rightmost formula in the ordered context.

To better illustrate this point, consider the evaluation of (s (s z)). The initial
goal will be return V—» ev (s (s z)) after which return V will be immediately
added to the previously empty ordered context. Next the ev (s E) clause will be
chosen to focus on and will result in VV. return V+«<return (s* V) being added to
the right end (because of —) of the ordered context. The new goal will be ev (s z)
and the previous step will be repeated. At this point, the goal will be ev z which will
cause the appropriate progam clause (the second in the preceding program listing) to

be focused on and give rise to a new goal of return z*.

The ordered context now consists of:
(return V) (VV.return V<= return (s* V)) (VV.return V<< return (s”

Since there is no program clause whose head matches the goal, one of the clauses
in the ordered context must be focused on. Although all the ordered clauses match
the goal, only the rightmost one can be successfully chosen. The leftmost clause
obviously cannot work since it is atomic and the other clauses are also in the ordered
context. The middle clause also does not work because the > requires that the body
of the clause be solved with resources to the left of the clause which would prevent

the rightmost clause from being consumed.

10.5 Mergesort

Our next example, a merge sort, shows how the ordered context can be used as a
queue. The merge sort algorithm takes an input list, breaks it up into singleton lists
and merges pairs of adjacent lists into larger sorted lists. This process repeats until
one sorted list is left. The algorithm can be implemented with a queue. After the
initial setup— enqueing the singleton lists— we can repeatedly dequeue two lists and

enqueue their merge until only one list is in the queue.
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We use the following predicates:

mergeSort : list int — list int — o.
msort : list int —o.
srt : list int —o.

where mergeSort is the main program, whose first argument is the input list and
whose second argument is the output; msort is a helper predicate which does the
actual work; and srt is a wrapper which allows lists to be stored in the ordered

context (the queue).

The computation proceeds in two phases. Assuming an input list xy::--- ::2,::nil

we want to reduce solving
- => mergeSort (zy::---::xy::nil)L
to solving
srt(x; ::nil)...srt(z, :: nil) = msort L
We achieve this with the two clauses

mergeSort (H::T) L
« (srt (H::nil) —» mergeSort T L).

mergeSort nil L «-msort L.

In the first clause, the embedded — causes the new srt hypothesis to be added to
the right of all the other ordered hypotheses (the top of our queue).

In the second phase we assume a general situation of the form
(srtl,)...(srtly)(srtly) = msort L

where the [; are already sorted and L is still to be computed. Starting from the right,
we merge [; and l; and add the result to the left end of the ordered context, in effect

using it as a work queue. The resulting situation will be
(srtlis)(srtly,)...(srtly)(srtls) = msort L

which is then treated the same way, merging I3 and l,. We finish when there is only

one element srtk in the ordered context and unify L with k. This is expressed by
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the following two clauses.

msort L
«srt L1
«srt L2
<merge L1 L2 L12
« (srt L12>—msort L).

msort L« srt L.

In the first clause, similar to the previous example, the three «— require that the two
srt hypotheses be taken from the right of the ordered clauses used to solve the rest
of the body. The unrestricted implication, <—, is used for the call to merge since the
merge operation does not make use of the ordered (or linear) context. The embedded
— causes the new srt clause to be inserted at the left end of the ordered consequences
available to the recursive computation of msort. Since all ordered assumptions must
be used, the final clause above can succeed only if the complete list has indeed been

sorted, that is, there is only one ordered hypothesis srt!.

The standard Prolog-style merge predicate which, given two sorted lists [; and [,

returns a sorted merge [y, is as follows

merge (H1::T1) (H2::T2) (H2::T3)
< H1 > H2
< merge (H1::T1) T2 T3.

merge (H1::T1) (H2::T2) (H1::T3)
< H1 =< H2
< merge T1 (H2::T2) T3.

merge L nil L.
merge nil L L.

If we change the first msort clause to assume L12 on the right, by writing (srt L12—»
msort L) instead of (srt L12>—msort L), then we obtain an insertion sort because

after one step we arrive at
(srtly,)...(srtlis)(srtlis)

which will next merge l5 into [y, etc.
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10.6 Breadth-First Tree Numbering

Our next example also employs the ordered context as a queue. We show a program
for computing the breadth-first numbering of a given tree. Given a tree as input,
this program will compute a tree with the same structure whose nodes are labeled
with integers corresponding to their order in a breadth-first traversal. This example

directly encodes the algorithm proposed by Okasaki in [41].

The program essentially executes a breadth-first traversal of the given tree by
using the ordered context as a work queue. The right end of the context will be the
top of the queue; thus we will always use — to enqueue data. The root of the tree at
the top of the work queue is always the next node to visit in the traversal. Thus, upon
dequeing a tree, we enqueue its children and continue on. We build up the answer tree
while “traversing” the input tree. This aspect of the computation requires the use of
a double queue in the (eager) functional setting. However, we may entirely sidestep

this issue with Olli by using logic variables to implicitly reconstruct our answer tree.

We assume the following tree constructors
node : @« — tree o — tree o — tree a. empty : tree a.

for a parameterized type tree.

We make use of the following predicates in our program:

nd . (treea)— (tree int) — o.
bf num : (treea)— (tree int) — o.
bf : int —o.

where int is the type of Peano numbers with the usual constructors z and s. nd stores
an input (sub)tree and the equivalent breadth-first numbered (sub)tree. bf _num is our
main predicate and bf is a helper predicate which simply cycles through the work

queue implicitly represented by the ordered context.

We begin by enqueuing the whole tree and setting the counter to 0.

bf num T T’
4« (nd T T’ » bf z).

We will now be in the following (generalized) situation:

(nd t; T1)...(nd ¢, Tn) = Dbf n
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If the queue is empty, we are done.
bf N.

No further computation is required since unification will have already reconstructed
the complete answer tree. Note that this clause will only succeed if the ordered

context is empty.

If there is an empty tree at the top of the queue
(nd ¢; T1)...(nd empty T’) = bf n

then we just ignore it since there are no leaves to include in the breadth-first num-
bering.
bf N
«-nd empty empty
«Dbf N.
Note that this clause, like similar clauses in the previous examples, can only succeed

when the first subgoal matches the rightmost ordered clause.

If there is a non-empty tree at the top of the queue
(nd ¢t; T1)...(nd (node v t; t,) T’) = Dbf n

mark the answer subtree’s root node with the current node number (accomplished by
unification), enqueue the two children and continue on with the current node number

incremented.
bf N

«-nd (node _ L R) (node N L’ R’)
«(nd L L’ —nd R R’ —bf (s N)).

Note that the two children must be enqueued in the order written above to achieve

the correct ordering

(nd t, R’)(nd ¢; L’)(nd ¢; T1)... == bf (s n)

10.7 Breadth-First Search Graph Numbering

Our next example continues the theme of breadth-first search. However, we will

now show a more involved program which computes the shortest distance from a
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given start node to every other node in a graph (assuming equal length edges). This

example will make use of all three contexts.

This program will be given a graph® and a start node as input. It will return a list
of distances from the start node to each other graph node. The computation proceeds
by executing a breadth-first traversal of the graph during which each node is marked
with the its distance from the start node. The shortest distance is guaranteed since
the traversal is breadth-first.

This program will assume graphs are lists of nodes with their associated edge lists.

We make the following type definition:

graph o = (list (a x (list «)))

Thus we have the following representation:
a
b c

d «— e and the result of running our program on this graph with a given

= [ <a,[b,c]>, <b,[d]>, <c,[e]l>, <d,[]>, <e,[d]> ]

as the start node would be:
[ <a,0>, <b,1>, <c,1>, <d,2>, <e,2> ]
We will use the following predicates for our program (where opt is the standard
parametrized option type):

bfsmain : (graph a) - a — (list (a x (optint))) — o.

bfs : (graph a) — a —o.

bfs’ : a—int —o.

bfs’’ : (list a) — int — o.
finish : (graph a)— (list(a x (optint))) — o.
nodes (graph a) — (list (a X (optint))) — o.
node : (ax(list a))—o
used (o x int) — o.
next (o x int) — o.

SWe assume that each node is uniquely labelled in the graph.
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where the arguments to bfs_main are the input graph, start node and result list
respectively; bfs, bfs’ and bfs’’ are helper predicates; finish is a predicate to
package up the results of the computation into the output list; and the final four

predicates allow various terms to be stored in the various contexts.

The program begins by placing a copy of the entire input graph into the context
for later use. We will need this at the end of the computation to gracefully deal with

disconnected graphs.
bfsmain G S R

< (nodes G R—bfs G S).

After storing away a copy of the input graph, we begin by placing each node of
the graph, with its edge list, into the linear context. When done placing the entire
graph into the linear context, we call bfs’ to begin the traversal at the specified start

node, S, with current distance 0.

bfs (N::G) S
o— (node N —obfs G S).
bfs nil S

o—bfs’ S z.

We are now ready to begin the breadth-first traversal, each step of which is broken

into two stages. In the first stage, we will be in the following situation:
['(nodes g R); A; (next <vy,di>)...(next <v,,d,>) = bfs’ v d

where I' contains the program clauses, g is the original input graph, A contains either
node <v;,e;> or used <v;, d;> for each node label v; in ¢, and v = v; for some 1.

First we take the node we are going to start with, v, out of the linear context. We
then mark v as used, also recording the current distance, and pass v’s edge list to the
second stage of the search process. If v was already encountered earlier in the search,

we continue to the second stage without passing it’s edge list.

bfs’ VD

o—node <V,E>

« (used <V,D>-—obfs’’ E D).
bfs’ VD

o—used <V,D’>

« (used <V,D’> —obfs’’ nil D).
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At the beginning of the second stage, we will be in the following situation:
['(nodes g R); A; (next <vy,di>)...(next <v,,d,>) = bfs’’ e d

We now add new edges to the work queue and then pick a node off the top of the
queue to continue the search from (return to the first stage with). If there are no
nodes left in the queue, the computation is finished and we just need to package up
the results. We accomplish this by passing our copy of the input graph and the final
result list to finish.
bfs’’ (V::Vs) D
«— (next <V,D>»—Dbfs’’ Vs D).
bfs’’ nil D
«—next <V,D’>
«bfs’ V (s D?).
bfs’’ nil D
<—nodes G R
o— finish G R.

Once the computation is finished, the ordered context will be empty and the linear

context will contain each node’s distance from start node (if the node was reachable).
['(nodes g R); A; - = finish ¢ R

The program finishes by placing all of the graph nodes and their distances into the
output list. Unreachable nodes, left in the context from the initialization process, will
be marked with none.
finish nil nil.
finish (KV,E>::G) (<V,some D>::R)
o—used <V,D>
o—finish G R.
finish (KV,E>::G) (<V,none>::R)
o—node <V,E>
o—finish G R.

10.8 Parsing

The following example is a fragment of a parsing program from [50]. This exam-

ple shows how Olli can be used to directly parse grammatical constructions with
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unbounded dependencies such as relative clauses.

snt « vp « np.
VP «— np «— tv.
rel «~ whom « (np —o snt).

np « jill.

T W N

tv «— married.

We may intuitively read the formulas in the following manner: snt «- vp « np
states that a sentence is a verb phrase to the right of a noun phrase. We can use
these formulas to parse a phrase by putting each word of the sentence into the ordered
context and trying to derive the atomic formula corresponding to the phrase type.
This method of parsing was used by Lambek in his paper introducing the Lambek

calculus [32].

We may interpret clause 3 as: a relative clause is whom to the left of a sentence
missing a noun phrase. As explained in [26] this is a standard interpretation of relative
clauses. By putting a np into the linear context, the sentence after whom will only be

successfully parsed if it is indeed missing a noun phrase.

We now show a trace of the above formulas parsing a relative clause, showing at
each step the resource sequent (including the current goal), the pending goals, and

the the rule applied. The unrestricted context containing the above program is left

implicit.

Action Active hypotheses and goal Goals pending
-; whom jill married — rel none

reduce by 3 -; whom jill married — whom np —o snt
solved, restore pending goal -; jill married — np —osnt none
assume np; jill married — snt none
reduce by 1 np; jill married — vp np
reduce by 2 np; jill married — np tv, np
solved, restore pending goal -; jill married — tv np
reduce by 5 -; jill married — married np
solved, restore pending goal -; jill — np none
reduce by 4 -3 jill — jill none
solved

Using the linear context in manner described above has some limitations which
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should be pointed out. The correct parsing of dependent clauses typically constrains
where the relative pronoun may fill in for a missing noun phrase. Most relative
clauses, rather than being sentences missing noun phrases are really sentences whose

verb phrase is missing a noun phrase.

If we changed the relative clause to be whom married jill we would not have
a grammatically correct relative noun. However the parser given above will be able
to parse the modified phrase since the location of the missing noun phrase is not
constrained. There are a variety of simple ways to fix this problem for the small
parser given above. For instance, we could define a new type of sentence in which the
verb phrase is missing a noun phrase. This basically amounts to using gap-locator
rules as described in [42] [26].

The parsers given in [26], which logically handle some constraints on the place-
ment of dependencies, are constructed quite differently from the Olli parser we have
presented. Rather than placing the input to be parsed into the context, they pass
it around as a list. They do however use the linear context to store fillers— empty
noun phrase predicates which can be used when an actual noun phrase is missing in
the sentence— in the same manner as the above parser does. We point out that all

of the (pure) Lolli parsers are also valid Olli programs since (pure) Lolli is a subset
of Olli.

In fact with this threaded style of parser, Olli is able to correctly handle at least
one natural language phenomenom which could not be done in pure Lolli. When a
relative clause occurs inside a relative clause, correct parses of the sentence should
associate the inner relative pronoun with the first missing noun phrase in the clause
and the second with the second. In other words, dependencies should not cross inside
a nested relative clause. Consider the phrase: the book that the man whom
Jane likes GAP wrote GAP where GAP denotes a missing noun phrase. The
first GAP should correspond to the man and not to the book.

Since the Lolli parser (as well as the Olli parser given above) introduces fillers into
the linear context, there is no way to force the parser to use one or the other of two
suitable fillers. Thus the Lolli parser would parse the preceding sentence in two ways,
only one of which would be correct. Hodas’ solution was to rely on a non-logical
control construct and the operational semantics of Lolli to prevent the bad parse.
One can easily see (as Hodas remarked) that such a situation can be directly handled

in Olli by putting the fillers into the ordered context.
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Chapter 11
Eager Failure

While the T-flags derivation system of chapter 9 provides a reasonably efficient proof
search procedure for Olli, it does not take full advantage of the ordering constraints
to fail as soon as possible. Since the Olli’s operational semantics specify a depth first
search, it is advantageous to fail as early as possible in order to minimize program
execution time. A T-flags derivation can only fail when an atom does not match the
head of the focus formula in the init rule, or when an ordered, or linear, hypothesis
is not consumed. This second condition is only tested after the output context of the
—» g, g, and —og rules are computed. However, by adding a little bit of information
to the sequents, it is possible to eagerly detect such a failure much earlier during proof

search.

In [10], Cervesato et al. introduced RM3, a derivation system for Lolli which
better utilized the linearity constraints and failed earlier than previous systems. Lopez
and Pimentel then refined this approach in [33], taking advantage of the operational
semantics of derivation search, and produced an equivalent system, the frame system,
better suited to implementation than RM3. In this chapter, we extend Lopez and
Pimentel’s approach to OLL and produce a derivation system which fails much sooner

than the T-flags system.

11.1 Failing Earlier in Linear Logic

In order to fail earlier, we keep track of which parts of the linear context must be

consumed and which parts need not be consumed in a derivation. Then, at the end of
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a derivation branch (in the init rule), we require that the whole linear context need
not be consumed. For this reason we will call our new derivation system strict— we do
not allow hypotheses into output contexts if we know they will never be consumed.
We determine a formula will never be consumed if there is no possibility of it being
passed into a future derivation branch (assuming bottom-up, left-to-right derivation

construction).

Consider the following example of a failed derivation (for a purely linear system):

init
PQ\PQ — P1 > P1

PPPE PP ppan o o
PP\OPy — Pl o P> P
PPy (P, — P)\ORO —» P
PP\OP, — (P, o P) o P
P \failure — P, o (P, o P) o P
\—— P, —oP,—o(PL—-oP)—oP

—L

choicep

—o

—OR

—OR

This derivation fails because of the unused hypothesis P». As written, the failure is
not detected until the output of the —og rule is checked. However, it is possible to
tell that the derivation must fail at the P,\P» — P > P; sequent, the rightmost
leaf of the tree. At that point, all the proof branches have been completed, yet there
is still an unused hypothesis. Therefore the proof must fail since this hypothesis will

never be consumed.

To fail earlier, we must simply collect enough information to let the init rules
determine whether there are any pending branches in the search tree into which
the ordered and linear hypotheses will be passed. The RM3 system achieves this
by maintaining separate contexts to distinguish hypotheses which will get passed on
from those which will not. The frame system achieves the same end without separate
contexts by taking advantage of the fact that hypotheses are always added to the
right side of the linear context. Thus the linear context forms a stack-like structure
where the top stack frame contains the strict formulas, i.e., the ones which will not

be passed on.

Rather than forming explicit stacks, one may achieve the same result as the frame
system by allowing a special symbol in the context which essentially starts a new

stack frame. We will use the symbol < and call it a frame pointer. A strict derivation
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system!, for linear logic, using frame pointers can be characterized by the following

inference rules:

5()  8(AQ)  S(AD)

3(A) ,
mn
A\A— P>P

Ar<\Ay<— D> P Ay\Ap — G
A[\Ao—>G—OD>>P

_OL

A[\Ao—>G—OD>>P

L

where all the other inference rules are unchanged. The check in the init rule causes
eager failures. The new frame pointer is added in the —oy rule because all linear
hypotheses in the output of the first premise will be passed into the second premise.
However, in the —, rule we do not add a frame pointer because no linear hypotheses

will be passed into the second premise.

We rewrite the previous example, using frame pointers as follows:

failure L.
S — init
(5(P1P2<1) PQ\— — P> P
init choicep
PP« \P1P2<1 —P>P Plpg\— — P
—OL

PiP\—— P oP>P
P, Py(P, o P)\— — P
P P,\— — (P —oP)—oP
P\— — P, o (Pp—-oP)—oP
‘\—— P, —oP,—o(PL—oP)—oP

choicep

—o

—o

—o

where the proof search fails in the init rule since §(F,) does not hold.

'We ignore the lazy treatment of T which is an orthogonal issue.
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11.2 Extension to Ordered Contexts

Although the frame pointer machinery works well for linear contexts, it is not directly
applicable to ordered contexts. There are two basic differences between linear and
ordered contexts which stand in our way. Firstly, formulas are added to both sides of
the ordered context, unlike the linear context in which formulas are always added on
one side. Secondly, the ordered context is split between premises in the multiplicative
rules, this stands in contrast to the linear context which is never syntactically split

apart.

The main idea behind the extension of frames to ordered contexts is simply to
add another type of frame pointer, >, which points to the right. The ability to start
a frame from either end of the context is exactly what is needed for dealing with the
deterministic ordered context splitting in our resource management system (and its
extension by T-flags). To see this more clearly, consider the left rules for the ordered

implications (ignoring the unrestricted and linear contexts, and ignoring T-flags).
Qr\Qro; Qrr\QarQlro — D> P Qar\Qco — G

QLI\QLOS QRI\QGOQRO —G—>»>D>P
(D ¢ Qqr and (QRO =0 or ))

In the rule for —, only the formulas (Q2g;) on the left-hand side of the right output
context will get passed into the pending proof branch for G.
However, in the rule for —
Qr\QrLoQcr; Qri\Qro — D > P Qer\Qeo — G
Qi\QLoQco; Qri\Qro — G — D > P
(D ¢ QG[ and (QLO = _D or ))

only formulas on the right-hand side of the left output context (2¢r) get passed on.
Thus we need the ability to start frames on the left-hand side of the ordered context

to correctly deal with —, and on the right-hand side to deal with »—.
Following this reasoning, we will end up with rules of the form:
Q=00 or QL =Q< or Qp =-) and (Qr=>Q" or Q=< or Qp=")
Q\QL; Qp\Qr — P> P
Qrr A\QLoQer<; Qri\Qro — D > P Qer\Qeo — G

Qi\QLoQco; Qri\Qro — G — D > P
(D ¢ QG[ and (QLO = _D or ))
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Qri\QLoQer; >Qri\ > Qro — D > P Qer\Qeo — G

Qrr\QoQco; Qrr\Qro — G— D > P
(D Q/ QG[ and (QRO = D_ or ))

The frame pointers are simply stating that some the portions of the ordered context
will get passed on to some pending proof branch. That is why the init rule will accept
a context as long as there is at least one pointer on the whole context. When we add
a < to the left context in the rule for —, we are stating that the rightmost portion,
which does not contain [, of the left output context will be passed on to the proof
branch for G.

The last detail to consider is that formulas are added on both the left and right
side of the context. The system outlined above does not fully account for this as

shown by the following example:

init
‘\sBD<\BD<x— A> A

ABD<\OBDa A Choieen
o BD <\BD1— A— A
D<1<1\D<1<1;-\-—>C>>Clmt D < \failure — B— A — A
D<a\—;\— — (B— A A)»C>C o not done
D\—;\——D—(B—A—A)—C>C
D(D— (B—A—A)—C)\-—C

)—)R

)—)R

—

choiceq

The failure does not occur until the ~— g rule explicitly checks that the B was con-
sumed. We can allow the the failure occur in the init rule by constraining the scope
of the frame pointer to not include hypotheses added to the context after the frame
pointer. We will achieve this scoping by tagging hypotheses and frame pointers with

an integer, or “level”, and carrying around the current level on the sequent arrow.

We make the following definition:
Q = max{n|D" € Q}

and define the following relation which plays a similar role for ordered contexts as &

plays for linear contexts:




With the above considerations and definitions, our rules take the following form:

o(€)  o(Qg)
QL\QL; QR\QR - P > P

Qrr A\QLoQ6r< Qrr\Qro — D> P Qer\Qeco UAE TS

Qr1\oQ%0; Qrr\Qro —> G— D > P
(D Q/ QG[ and (QLO = _D or ))

Qri\QLoQar; QQRI\ > Qro — D> P Qar\Qco UAE S

Q\QoQ0; Qrr\Qro — G — D > P
(D Q/ QG[ and (QRO = D_ or ))

QD"\Qo0 - G D A\OQ — G
R 7R
Q\Q — DG Q\Qo — D—G

Note that the derivation rules maintain the following invariant. Every unconsumed
portion of an output context will be flanked by a frame pointer, whose tag is at least
as big as all the formula tags in the portion, explicitly denoting that the portion will
be passed into a pending proof branch. This invariant will also hold for the full strict

derivation system presented in Section 11.3.

11.3 Strict Derivation System

This section presents the complete strict derivation system which extends the T-flags
system of Chapter 9.

As usual we will have two types of sequents

[ ANAGQ\Qo — G
[;AN\AG; (Q01\ 0 5 Qr1\QRO) — D>P

v (7L ; TR)

where n is a natural number; input contexts, )., are lists of tagged clause formulas,
G™, and pointers, < and &; and output contexts, (.0, are lists of tagged clause
formulas, placeholders and pointers; I', A, and 7, are unchanged from the T-flags
system.
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Before showing the strict inference rules, we need to extend all of the machinery

used in T-fags derivations to work on strict contexts. We begin by extending I to

work on strict linear and ordered contexts:

v U AR R
.3 D™ W' D" D™ 390 R 2 Ue J U

We next consider mrg for strict ordered contexts:

mrg(Qy, 71, Qa, 72, Q, 7)

mrg(-, T, -, o, ", T1 * T2) mrg(D™Qy, 11, D" Qy, 70, DQ, T)

mrg(Ql, 17—1) QQ7 T2, Q? T)
mrg(DmQ1, 17—17 DQQ) T50T27 DQ? TQOT)

(0 ¢ )

mrg(Q, 71,8, 17,Q, 7)
mrg (0, 7,071, D™Qy, 175, 0Q, 7,07)

0 ¢ )

mrg(Q, 71, Qa, 72, Q, 7)

(0 ¢7)
mrg (00, 7,071, 00, 75072, OQ, (7] * 75)07)
mI‘g(Ql,Tl,QQ,TQ,Q,T) mrg(Ql)Tl)QQ?TQ?Qﬂ—)
mrg(gﬁl,ﬁ,gﬁg,ﬁ,gﬁ,r) mI‘g(ZlQl,Tl,ZIQQ,TQ,ZIQ,T)

Finally we extend mrgL to strict linear contexts.

mrgL(Ab (% %) A27 V2, A? /U)

mrgL(-, vy, -, v2, -, v1 A v2) mrgL(<Ay, vy, <Ag, vg, <A, v)

mrgL(Ab/Ul)AQ)/UQ)A?/U) mrgL(Ab/Ul)AQ)/UQ)A?/U)

mrgL(DA;,v1, DAg, ve, DA, v) mrgL(0A, vy, OA,, vy, OA, v)

mrgL(Ay, T, Ag, v, A, v) mrgL(Aq,v1, Ag, T, A, v)
mrgL(DA;, T, 0As, v, A, v) mrgL(0A, vy, DAy, T, 0A, v)

We state the following lemma which we will use in the proof of Lemma 42.
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Lemma 36 mrgL(A;, v, As,ve, A v) and 6(A1) and 6(As) implies 6(A).
Proof: By structural induction on the given derivation. 0

We may now write the inference rules for strict derivations:

o(A) o)

=R
[; A\A; Q\Q FL> P=P

5(A) o) Ti\y\ - G

'r

I A\A; Q\Q FL> G

o)  T;A1\A0;-\- — G
iR

[ AN\A0; Q\Q 25 1@

ID; A\Ao; \Qo — G
v T _>R

[;AN\A0;Q2\Q0 - D—G

T ArD\AOLE Q\Qo 722 @ Iy ArD\AoX; Q21\Qo TL> G
- —ORF i
F; AI\Ao; Q[\QO ﬁ D—G F; AI\AO§ QI\QO T_”; D—QG

(X=0or X =D,)

—ORT

I;A7\Ao; Q; D"\ QD" = G

T; A\Ap; Qr D™\ Qo0 LO> G AN,
———— gy (0¢7) T;AN\A0; 1\ = DG

F;A[\Ao;Q[\QO — D—>G v

I;A7\Ao; D"Q\D"Qp — G

Iy A\Ao; D"\ i/g G R,
—————ro (0¢7) [ ANA0; Q1\Qo — DG

F;A[\Ao;Q[\QO — D— G vaT
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A7 a\Aya Q 908 " @ TANAG 2\ D Gy
V1 TL v

2 TR .RO
I AN\A0; Q\QLOR SN G0 Gy
(viVug) (To+7R)
(O¢Q and (2, = _Oor-)and 7, # 71)
n n (n+1) n n (n+1)
[y Ar a\Ap<; Qr < \QrQe< —>1 Gy [ Ay \Ao; D\ > Qr — Go
v T V2 TR
1 L .Rl
[ AN\A0; Q\QLQR RLLEY Gy e Gy

(viVug) (To+7R)

(O0¢ Qg and (Q, =_Oor+))

DA a\AnsEQNE Qe 5 6 a\Aei 2\ B Gy
V2 TL

o OR0
I AN\A0; Q\QLOR ELLEN G10Gy
(viVoa) (Tp+7R)
(O¢Q and (Vg =0_or -) and 7 # 17)
n n (n+1) n n (n+1)
[ Ar <\ Ap<;pQr\ > Q2Qp —1> Gy [ A \Ao; Q2<9\Qpa — Go
v T v2 TL,
1 R ORl
;A7\ Ao; Q\QLOR — G10 Gy
(’Ul\/’Ug) (’T‘L+1’TR)
(O & Q9 and (g =0_or +))
0(A o(£)
@ oo -
I A\A; Q\Q FL> 1 I A\A; Q\Q TL1> T

mrg(Qla 71, QQa T2, QOa T)
D;ANALQN\DT T G T;ANA%Q/\Qe 5 Go mrgL(Ay,vi, Ag, ve, Ap,v)
V1 T1 v2 T2

&R
[;AN\A0; Q1\Q0 = G1 &Gy

5 AN\A0; \Qo —= Gy [;ANA; Q1\Qo — Ga
- DPr1 - D r2
I Ar\Ao; Q1\Qo o G1 @ Gs I Ar\Ao; Q1\Qo o G1 @ Gy
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;D> P\G TrDGr;A\AG;Q\Q0 = G
choicer

I DTR; AN\AO; Q\Qo — P

;D> P\G ;AL 0AR\A0;Q\Qo —— G

choicea
I ALrDARN\AG; Q\Q0 — P
I AN\A0; (201\Qr0 5 Qr1\QRO) (i> | D> P
choiceq

[;AN\A0; QD™ Qp\QoONRo —= P

v 17,0TR

(S(A) O(QL) O(QR)
[ A\A; (2L\Qr 5 Qr\OQR) F(L>) P>P

init

[;ANA0; (\Qro ;s QrI\QrO) —= D1 >P

v (7L ; TR)

&1
s AN\Ao; (Qr\Qro ;s Qrr\Qro) (L> : Dy & Dy > P
v TL y TR
s AN\A0; (Qnr\Qro ;s Qrr\Qro) (L> : Dy > P
v TL y TR
&1

[;ANA0; (Q\ro0 ;s QrI\QRO)  —= D1 & Dy>> P

v (7L ; TR)

Iy AN\A0; (201\2ro 5 Qr1\RO) (L> ) D>»P TI;\5\- = G
V \TL ;TR v T
—L

T A[\Ao; (QLI\QLO ; QRI\QRO) SLLEN G—=D>P

v (7L ; TR)

F;AIQ\AMQ; (QL[\QLo; QRI\QRO) (L> ) D >>P F;AM\Ao;-\' L> G
v1 (TL ;TR v2 T
—OL

T A[\Ao; (QLI\QLO ; QRI\QRO) SLLEN G—oD>P

(viVoz) (115 TR)
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L; Ar<a\Ay<; (Q0\Qro ; 5Qr1\ B QarQr0) (—>” | D> P
v1 (TL ;TR
(n+1)

I Ay \Ao; Qar\Qco - G
" —L0
T A[\Ao; (QLI\QLO ; QRI\QGOQRO) — G—-D>P
(viVue) (71 ; T+7R)
(D 9_1 QG[ and (QRO = D_ or ) and TR 75 17‘)
T Ar« \AM<1; (QLI\QLO ; QQR[\ g QGIQRO) (L>1 ) D>P
v1 (7L ; 1TR
T; A\ Ao; Qar 4\Qeo4 " @
vy T
" —L1
I A\Ao; (201\Qro 5 Qr1\QcoR0) — G—-D>P
(viVua) (71 ; 7+17R)
(O ¢ Q¢gr and (Qro =0_ or +))
F;AIQ\AMQ; (QLIZ\QLoQG[Z; QRI\QRO) (L> ) D>P
V1 \TL ;TR
n+1
I Ay \Ao; Qar\Qeo (7:;) G
" ~—L0
T A[\Ao; (QLI\QLO ; QRI\QGOQRO) — G—D>P
(viVva) (Tp+7 ;5 TR)
(O Qqgrand (o =_Oor ) and 71, # 71)
F;AIQ\AMQ; (QLIZ\QLOQGIQU QRI\QRO) (L1> ) D>P
v1 (7Ll TR
T; A\ Ao 261\ B Qco ™Y @
vy T
" —L1
[ ANA0; (201\Q210 5 Qr1\Q602R0) — G—D>P

(viVuz) (rp147; 7R)

(O ¢ Q¢r and (o = _Dor )

11.4 Correctness of Strict Derivations

Proving the soundness of strict derivations wrt T-flags derivations is trivial since each

strict derivation, when stripped of tags and pointers, is a T-flags derivation.
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Theorem 37

1. F; A[\Ao; Q[\QO L> G z'mplz'es HA},A/O,Q},Q/O
D ANAG: G\ — G
2. T AN\A0; (Qr\ Qo 5 Qrr\Qro) (L> | D> P implies
V \TL ;TR
ElA}? AlO? Q/LI7 QILO7 QIRD QIRO
05 ANAG: (e \ Q205 Qrr\ Qo) — D> P

v (T ; TR)

Proof: Structural induction on given derivation. OJ

In order to prove the other direction, we introduce some machinery to relate T-

flags contexts to strict contexts.

We start with © which relates a T-flags context, not containing [J, to a strict

context.
e (Q, ¢ en(Q, QY n(O O

( m)(mgn) ( )(m<n) on(Q, ) o
e"(,:) e"(Q,>) e"(Q, 4Y) eM(DQ, DY)

We will make use of the following properties of ©.
Lemma 38

1. O"(QLQR, Q)  implies
3, . QY =@ and 07(Q, ) and O"(Q, Q).

2. ©"(QL, Q) and O"(Qg, V%) implies O"(QLQg, QA Q%R).
3. O, Q%) and m <n implies O"(Q,Q, Q) and O™(Q,Q, 9 Q).
4. O™, Q) and m <n implies O™(,Q) .

5.0"(Q, Q) implies O <n.

Proof: By structural induction on given derivation. 0
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We now relate T-flags input/output context pairs to strict input/output context
pairs.

MO\, OND) B2\ Qo, 21\Dp)

E"(-\,-\) E"(QDQ\QOQ0, Q' D™N\Q'TQ)
O ¢Qm<n)
o™ (0, ) O™ (0, )
Z(O\Q, Q' 9\Q'9) ZMO\Q, B\ B Q)
(O ¢ Q,m<n) (O ¢Qm<n)

Since we will only translate successful T-flags derivations to strict derivations, we
must ensure that the translated output contexts satisfy the invariant on strictness
derivations stated at the end of Section 11.2.

We make use of the following properties of =.
Lemma 39

1. ZM(Q\Q, Q\Qp) implies Q) = Q.

2. ZM(Q\Qo, Q\Qp) implies ©"(Qy, Q).

3. E"( QDU \QLoOQgo, V\Qp) and Qpr I Qo and m<n
implies 3 1, Vpr, oy Qro-
O =Q D"y and Q= Qo 00, and
E"(Qw\Qro, 1\ Qo) and Z"(Qrr\Qro, Vp\Qpo)-
4. Z"(Qr\Qro, Q. \Qo) and EM(Qri\Qro, Ve \Qro) and m < n implies
=(Qr D\ QroD0Qk0, ¥ D™\ o Ok

5. ZM(Q\Qo, QL Ve \QLoQRo) implies
En(Q[\Qo, Q/LI > QRI\Q/LO > QIRO) and En(Q[\Qo, Q/LI > QRI\Q/LO < QIRO)

6. =™(Q\Qo, U\Qy) and m < n implies ="(Q\Qo, U \Qp).
7. ZM(Q\Qo, U\Q) implies Oy <n and Q, <n.
Proof: By induction on the given derivation with appeals to Lemma 38.

For part 4, induct on the derivation for ="(Qr\Qro, 27\ ) and consider cases
for En(QR[\QRo, QIRI\QIRO) [
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We now turn our attention to linear contexts.
e(Ar\Ao, AT\AD)
e\ -\") e(A7\Aop, <A\ < Ap)

(Ar\Ao, AT\Ap) «(Ar\Ao, AT\AD) «(Ar\Ao, AT\AD)

Lemma 40

1. €(A\A, A\AL) implies A, = AL

2. E(A[\Ao,A}\A/O) and A[\AM and AM ; AO
implies there exists Ay, such that
(ANAY AP\AY) and d(Aar\Do, Ay \AD).

Proof: By induction on the structure of the given e derivation. 0

We can now show the completeness of strict derivations wrt to T-flags derivations.
Theorem 41

1. F; A[\Ao;Q[\QO ﬁ G and 6(A/O) and E(A[\Ao,A}\A/O) and En(Q[\Qo,Qo\Q/O)
implies T; APN\AL; Q\Q, — G
2. F; A[\Ao; (QLI\QLO;QRI\QRO) (—> ) D > P and 6(A/O) and E(A[\Ao,A}\A/O)
V \TL TR
and Z"(Qrr\Qro, U\ Qo) and E™(Qrr\Qro, Qpr\Qpo)
implies T A\AG; (\ Qo3 Qpf\ Qo)  —+  D>P

v (T ; TR)

Proof: Structural induction on given strict derivation making use of lemmas 38

and 39. We give representative cases.

case:

init

F;A\A; (QL\QL; QR\QR) F(—>) P>P

Then
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case:

EM(Q\QL, Q1 \ Qo) and EM(Qr\Qr, U\ o) assumptions
I(Ap) and e(A\A, AT\Ap) assumptions
A=A, Lemma 40
O =Q o and Q= Qo Lemma 39.1
o(QY;) and o(Qg;) defn. of =
I ANAY (QA\Q 5 Qe \ Q) F%) P> P init
Iy AN\A0; (201\Qro 5 Qr1\RO) e D>Pp
V \TL ;TR
choiceq
IS ANAG; QurDUrr\Qroro — P
vV TLUTR

Then
EM( Qi DQri\QLoONro, Q\Q) assumptions
I(A}) and e(Ar\Ap, ATAY) assumptions

E(QL[\QLo, Q/LI\Q/LO) and E(QR[\QRo, QIRI\QIRO) Lemma 39.3
I ATN\AG; (U \ Qo 5 QR \Ro) ) TLL?TR) D> P ind. hyp.
I ATN\AG; Q) D™ A\ Q) 0%, i} ?noiR P choiceq

case:

T AN\AM; (Q21\QLo 5 Qri\QarQro0) — D>P T;An\A0;Q1\Qc0 - G

v (7 ; 17R)

Iy AN\A0; (QLr\2ro 5 Qr1\coR0) — G—»D>P
(viVe) (715 7+17R)
(O ¢ Q¢gr and (Qro =0OQ or +))

Then
EMQi\Qro, U \Qo) and Z™(Qrr\Qcoro, Qg \%) assumptions
I(Ay) and e(A\Ao, AN\AY) assumptions
There exists A}, such that

e(AN\AM, AT\AY,) and €(Ap\Ao, A)\A)) Lemma 40
I(A<) defn. of 6.
Suppose Qro = Qo for some Qo (case for Qpo = - is similar)
Qpr = QarDSQ; where Qgr 2 Qgo and Qp J Qo Qrr 3 Qcoflro
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Note that ="(QarDQ\QcoQ0, Vg \QR)
O = QD™ and Qf = Q00 and

=7(Qar\Qgo, Yy \ ) and E7(Q\Qo, U\L) Lemma 39.3
0" (Qer, Qar) Lemma 39.2
E"(Qar\Qar, P\ B Q)

E(Qar DU\ Qe 000, 5O, D™\ & QL 00) Lemma 39.4
T A7 9\ Ay (0 \ Qo 5 B D™\ & Q4,00 ) (%:R) D>P
2 (Qar\Qao, Uy <\ Q) Lemmas 39.5 and 39.6

I A/M\A/oi Q/GI 2‘ \Q/GOZI (n—HQ G

v T

defn. of =

[ AN\AG: (U \ Vo or D" U\ YeoD%) | = D> P byrule

v (1L ; T+TR)

11.5 Strictness Properties

We show that the system will never fail at the —og rule.
Lemma 42 (Linear Strictness)
1. F; A[\Ao; Q[\QO FL> G z'mplz'es 5(Ao)

2. T; AI\Ao; (i\Qo ; Qrr\Qro)  —= G > P implies §(Ao).

F (70 ;7R)

Proof: Induction on given derivation using Lemma 36.

Thus we may collapse the two —op rules into one rule:

F; A[D\AoX; Q[\QO L> G

_OR

F;A[\Ao;Q[\QO L> D—-oG

where X is either O or D.
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Additionally, the strict system will never fail at the - or —px rules. To show

this, we introduce the following notation:
p(Q) = max{n|<eQorbe}

w2, Q) = U 3Q and Qo < p(Qr) and V1, Qr, D™, Qor, Qor.
(Q[LDmQ[R = Q[ and QOLDQOR = QO and HQ[LH = HQOLH)
implies QOL S p(Q[L) and QOR S p(QjR)

Lemma 43 (Ordered Strictness)

1. T;AN\A0; U \Qo — G implies u(Q,Q0)

2. T; AN\A0; (% \Qro ; Qri\Qro) —= D> P implies

v (7L ; TR)

w(Qr, Qo) and p(Qrr, Qro)

Proof: Structural induction on given derivation. We show a representative case.

case:
Ty A7 a\Aw< Q52005 " G a\Ao 2\0r ™Y Gy
vl TL V2 TR
® R0
I AN\Ao; Q\QLQ RLLEY GieG
1\Ao; Q\QLR (orvos) Gty O ° Gy
(O ¢ Q2 and (2 =00 or -) and 77, # 71)
Then
,u(QIQI, QLQQZ‘) and 1(Qs, Qg) ind. hyp.
Q[ = Q[LQQ and Q[L ; QL Q[ZI ; QLQQZI
Qr Qg
p(Q) > p(Qrz) and p(Qr) > p(Qs) Qr = Q1.0
Q; < p(Qrr) < p(Q) Qr =Q0or - and ,u(QIQI, QLQQZ‘)
Qr < p() < p(Q) (€22, g)

QLOr < p(Qr)

Let QrrD™Agrr = A; and Qo00Qgro = Q.Qr where ||Qzz]| = [|Qro|

D™ e Qr or D™ € Qo

In either case Q.0 < p(Qar) ind. hyp.

167



O

We will call a sequent T'; Aj\Ao; Q\Qo —— G validif Q; <n and p(Qr) < n.
We will call a sequent F; A[\Ao; (QLI\QLO ; QRI\QRO) L> D > P valid

v (7L ; TR)

if QpQrr <n and p(QrQgrr) < n. Note that the derivation rules preserve this
validity. It is a corollary of Lemma 43 that bottom-up, left-to-right derivations of

valid sequents will never fail at the — g or ~—p rules.

11.6 Implementation Issues

After choosing a formula D, computation of its residual formula, G'; D > P\ G, is
parametric in P. Thus, we can compile program clauses once, abstracting over P,
and then use them in their compiled form by giving them the P we are trying to

solve.

The strict system has the nice property that the ordered context checks in the init,
=g, lg, and — rules may be done in constant time. One need only check each end
of the ordered context to determine if < m. One can easily see that this is indeed
the case by noticing that the tags only increase from conclusion to premise(s) and
that no inference rules change the tags on any ordered hypotheses or frame pointers.
Then, since everything is added to the right or left side of the ordered context, the

highest tag in a context must occur at either end of the context.

The linear context checks, i.e., §(A), are possibly linear in the length of A. How-
ever, we can further optimize the linear context management as follows. Since we
know the strictness property holds, we may actually remove linear hypotheses from
the linear context once they are consumed. We may then change the definition of ¢
as follows:

4() 6(A<)
We then change the choicea, Tz and —op rules as follow:
1,D>P \ G I ALAR\Ao; Q[\Qo e

choiceg
F; ALDAR\Ao; Q[\QO L> P
ag A
z —— Tha ——Tr
F;AQA/\A;Q[\QO ﬁ T F;-\-;Q[\QO ﬁ T
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F; A[D\Ao;Q[\QO L> G

_OR

F;A[\Ao;Q[\QO L> D—oG

While failing much sooner than previous versions, the system is still not quite
equivalent to RM3. In the & rule, no attempt is made to restrict the second premise
to only using formulas consumed by the first premise. Thus a strict derivation can fail
in the &g rule. We could of course adapt the scheme used in the frame system [33],
which is linear in the size of the linear context, to prevent failures due to linear
hypotheses. However the extension of this scheme to the ordered case is not very
satisfying— it seems to prohibit constant time ordered context strictness checks at the
proof leaves. Thus, it is not clear if “fixing” this is worth the trouble since it would

seem to require scanning through the ordered context at every terminal rule.

There is a prototype implementation of Olli using the strict derivation system, with
the just-mentioned modifications. It is written in the Teyjus [38] implementation of
AProlog and is available at:

http://www.cs.cmu.edu/” jpolakow.
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Part 111

Ordered Logical Framework
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Chapter 12
Ordered Types

In this chapter we add proof terms to ordered linear logic. This essentially turns the
logic into a type system for an ordered lambda calculus following the Curry-Howard
isomorphism. Furthermore, as hinted at in Chapter 2, the local reductions and expan-

sions become [(-reductions and n-expansions for the ordered lambda calculus terms.

After re-introducing the logic as a type theory, we will show that there is a canon-
ical fragment of the type theory, i.e., a fragment for which canonical (or long (Bn-
normal) forms exist, which corresponds to the uniform fragment of the logic exam-
ined in Chapter 6. The existence of canonical forms is critical in logical framework
applications of our calculus, since it is the canonical forms which are in bijective cor-
respondence with the objects to be represented. This property is inherited both from
the logical framework LF [23] and its linear refinement LLF [11].

In Chapter 13 we will show that we can add dependent types to the theory to
produce a LF style logical framework. We will then proceed to show that type-
checking remains decidable and that canonical forms still exist!. Finally, in Chapter 16
we will show how such an ordered logical framework can be used to analyze some
syntactic properties of the CPS transform.

'We will not show actual canonical forms, rather we will show that a slightly weaker notion exists

which is still suitable for logical framework representations— see Section 15.3.
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12.1 Proof Terms

In this section we present the basic natural deduction system for ordered linear logic

(Chapter 2.10) annotated with proof terms. The proof terms will form an ordered

lambda calculus.

We start with the types we shall use:

a

A — A
A; —0 Ay
A; —» Ao
A — Ao
AL & A,y
T

A e A,
1

AL @Ay
0

1A

iA

Types A

atomic types
unrestricted implication
linear implication
ordered right implication
ordered left implication
additive conjunction
additive truth
multiplicative conjunction
multiplicative truth
additive disjunction
additive falsehood
unrestricted modality

linear modality

We do not consider the quantifiers here. Instead we will consider a generalization of

the universal quantifier (dependent types) in Chapter 13. We will not treat the exis-

tential quantifier at all, since it is not necessary for the applications of ordered lambda

terms considered in this thesis. Furthermore, we only include one multiplicative pair

type (e) since the other one (o) is trivially definable, A; 0 Ay = As e A;.
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We will use the following proof terms:

inl® M | inr®* M
case M of inlz = Nljinr 2/ = N’ additive disjunction (@)

Terms M == xz|y|z variables
| Az:A. M | My M, unrestricted functions (—)
| My AL M | My M, linear functions (—o)
| Xz A M| M, M, right ordered functions (—)
| Xz A M| M, M, left ordered functions (—)
| (M, M) | fst M | snd M additive pairs (&)
| () additive unit (T)
| [Mi, My |let[z, 2] =M in N multiplicative pairs (o)
| x|letx=Min N multiplicative unit (1)
|
|
| abort® M additive falsehood (0)
| M |letlr = Min N unrestricted modality (!)
| iM|letiy=Min N linear modality (i)

We use the following judgement to type our terms:
O;AQFM:A

where I'; A, and €2 have the same form as in the natural deduction system in Chap-

ter 22.

We can now state all of the typing rules. These are the same rules given in
Chapter 2.10, annotated with proof terms. We also restate the local reductions and

expansions for each term as (-reductions and n-expansions.

Variable Rules.

uvar

Ii(z:A) ;- Fa: A

lvar

LyA-Fy: A

ovar

[2AFz: A

2However, we now interpret the labels on hypotheses as variables.
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Unrestricted Functions A—B.
[(x:A); A;QF M : B
—1
DA QF Ae:A. M A— B

AQFM:A— B I-FN:A
A QF MN: B

We have the following reduction rule:
(Az:A. M)N =3 [N/z|M
We have the following expansion for terms M of type A — B:
M =, MA Mzx
where z is not free in M.

Linear Functions A — B.
[ A(y:A); Q- M- B
D;A;QF \y:A. M :A—-B

—ol

A QFM:A—oB A FEN: A
A <Ay QM N:B

—oF

We have the following reduction rule:

(Ay:A. M) N =5 [N/y|M

We have the following expansion for terms M of type A —o B:
M =, S\y:A. M Ay

where y is not free in M.
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Right Ordered Functions A—B.
LA Qz2A)FM: B
D;A;QF XzA.M: A B

-

LA, FM:A—» B A QN A
LA <Ay 1O M N: B

—F

We have the following reduction rule:

(Xz:A. M)"N =5 [N/z]M

We have the following expansion for terms M of type A — B:
M =, XzA M z
where z is not free in M.

Left Ordered Functions A—B.
[A; (22A)QF M : B
D;A;QF Xz:A.M: A— B

— 1

A QFM:A— B A ENCA
DA < Ag; Qe M- N: B

— B

We have the following reduction rule:

(Xz:A. M)"N =5 [N/z]M

We have the following expansion for terms M of type A — B:
M =, XzA Mz

where z is not free in M.

177



Multiplicative Conjunction AeB.

AL Q0 F M:A I Ay; Qs - N:B
F;AlDQAQ;QlQQF [M, N]AOB

;A0 M:AeB [y A15;Q(2:A)(2:B)Qs N : C
F, AlAg; 919293 F let [Z, Z/] =MinN:C

oF

We have the following reduction rule:
let [z, 2| =[M, M']in N =3 N[M/z, M'/?’]
We have the following expansion for terms M of type A e B:
M =, let[z,2]=Min]|z, 7]

We will not bother with assigning a term to the other ordered conjunction, o,

since it simply reverses z and 2z’ in the term displayed above.

Multiplicative Unit 1.

A0 QFM: 1 F;Al;Qlﬁgl—NzclE
F;AlDQAQ;QlQQQgl_let*:MiIlNZC

We have the following reduction rule:

letx =xin N =3 N

We have the following expansion for terms M of type 1:

M =, letx=Minx

178



Additive Conjunction A& B.
O;AQFM:A A QFN:B
OAQF (M, N): A& B

&I

F;A;QI—M:A&B&E F;A;QI—M:A&B&
DA QFfst M- A [A;QFsnd M : B

We have the following reduction rules:

fst (M, N) =5 M
snd(M,N) =3 N

We have the following expansion for terms M of type A & B:

M =, (fstM,sndM)

Additive Unit T.

TI
OyAQF ()T

Since there is no elimination rule, there are no reductions for the additive unit. How-

ever we do the following expansion for terms M of type T:

M =,
Additive Disjunction ®.
O;AQFM:A A QFM: B
@Il EBIQ
A QFinl?P M: A® B A QFinr*M: A9 B

A FM:Ae B DA (22A)Q N C Ty AL (2:B)Qs N - C
[ A< Ag; Q190503 - case M of inlz = Ninrz’ = N': C

&Y

We have the following reduction rules:

caseinl® M of inlz = Ninrz’ = N' =5 [M/2]N
caseinr® M’ of inlz = Nlinrz’ = N’ =5 [M'/Z|N’

We have the following expansion for terms M of type A & B:

M =, caseM of inlz = inlz|jinr 2’ = inr 2’
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Additive Falsehood 0.
[ A0 FM:0

F, Al > Ag, 919293 F abOI'tC M:C

0F

Since there is no introduction rule for 0, there are no new reductions. We do have

the following expansion for terms M of type O:

M =, abortOM

Unrestricted Modality !A.
r,-FM:A
"7

r;-=IM:1A

[ A FM: 1A D(x:A); A; Q3 N C
F, Al NAQ;QlQQQg Fletlt =Min N :C

'E

We have the following reduction rule:

letlx =M in N =3 [M/z]N

We have the following expansion for terms M of type !A:

M =, letlr=Minlz

Linear Modality iA.
A FM:A T
|
A -FIM - iA

[ A0 M:iA Ly A1 (y:A); Qs N C
iE
F, Al NAQ;QlQQQg F let ly =MinN:C

We have the following reduction rule:
letiy=iMin N =3 [M/y]|N
We have the following expansion for terms M of type iA:
M =, letiy=Minliy

In order to prove subject reduction we proceed to establish the expected structural

properties for contexts and substitution lemmas.
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Lemma 44 (Structural Properties)
1. I'y(x:A) (2 Ay; A;Q = M : B implies T'y(2":A")(x:A)ly; A;Q = M : B.
2. Iy A;QF M 2 B implies Ty (x:A)Ty; A;QF M : B.
3. I1(x:A) (" A)Lo; Ay Q= M B implies T'y(2:A)Ty; A;QF [x/2'|M - B.

4. Ty A1 (y:A) (YA Ag; Q= M - B implies T A1 (y":A")(y:A)Ag; QF M: B.
Proof: By induction on the structure of the given derivations. 0

Lemma 45 (Substitution Properties)

1. T1(z:A)Ty; A QM : B and Ty;+-F N: A
implies T1T9; A;Q F [N/z|M : B.

2. T A1 (y:A)Ag; QM2 B and T;A';-F N A
implies T'; (A1 > A")Ag; Q F [N/y|M : B.

3. Ty A; (22 A) Q%M B and T A FN: A
implies T'; A A" Q1 QYQy = [N/2]M : B.

Proof: By induction over the structure of the given typing derivation for M in each

case, using Lemma 44. O]
Subject reduction now follows immediately.

Theorem 46 (Subject Reduction)
DA QFM:A and M =3 M' implies T'; A; Q= M - A.

Proof: For each reduction, we apply inversion to the given typing derivation and then

use the substitution lemma 45 to obtain the typing derivation for the conclusion. [J
Subject expansion also holds.

Theorem 47 (Subject Expansion)
DA QFM:A and M =, M’ implies T'; A; Q= M : A.
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Proof: By a direct derivation in each case®, using weakening (Lemma 44.(2)) for

unrestricted functions. [l

Finally, we state one further property of ordered typing derivations which is crucial

for our logical-relations applications in Chapter 16.

Theorem 48 (Demotion)

1. Ty Ay (y:A)Ag; Q F M - B implies T'(x:A); A1 Ag; Q = [x/y|M - B.

2. T5A; 1 (2:A)Q B M = B implies T'; A(y:A); Q1Q0 F [y/2] M : B.

Proof: In both cases by induction on the structure of the given derivation. U

12.2 Canonical Forms

In this section, we show that canonical (or long #n-normal) forms exists for a fragment
of the ordered lambda calculus. This fragment consists of the types which correspond
to the uniform fragment of ordered linear logic. We give a proof by logical relations
which foreshadows some of the techniques we will use in Chapters 13, 14, and 15
to prove decidability of type-checking in an ordered logical framework*. We further
speculate that this proof could likely be adapted to a direct proof of normalization

for ordered linear logic (without using the sequent calculus).

For the remainder of this chapter, we only consider types, A, within the canonical

fragment:
Canonical Types A == a atomic types
A — A, unrestricted implication
A —o A, linear implication

A; — As ordered right implication

|
|
|
| A1 — Ay ordered left implication
|
|

A & Ay additive conjunction
T additive truth

3In fact the expansions shown in Chapter 2.
4The type system of this chapter extended with dependent types.
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In order to show the existence of canonical forms, we will give a canonicalization
procedure, and then show that this procedure always succeeds on terms in the canon-
ical fragment of the calculus (i.e., terms whose types are in the uniform fragment
of ordered linear logic). In order to simplify our argument, and to show a more re-
alistic canonicalization procedure, we ignore linearity and ordering constraints when
transforming a term into canonical form. This omission is sound as long as we know

beforehand that the term being transformed is well-typed.

Our proof proceeds as follows. We first formalize the property that a term can
be converted to canonical form via a deductive system which can easily be related to
the usual notion of long #n-normal form. This deductive system can also be read as

an algorithm for converting a term to canonical form.

We then prove that any well-typed term (within the canonical fragment) can
indeed be converted to canonical form. Our proof will be an argument by Kripke
logical relations (also called Tait’s method) consisting of two parts: (1) If M is a
well-typed term of type A then M is in the logical relation represented by A, and (2)
if M is in the logical relation represented by A then there is some canonical term N

convertible to M. Our reduction strategy is based on weak head reduction defined

below.
M =5
N B " whr_,
(\z:A. M)N =5 M[N/z] MN 25 M'N
whr /
_—_—_
Qy:A. M) N 25 M[N/y] M N ™5 M'N
whr /
< < h /BH <M T M< WhrH
(Xz:A. M)" N =5 M[N/2] M"N ™5 M°N
whr /
> > h /6_» >M T M > Whr_»
(Xz:A. M)” N =5 M[N/2] M°N ™5 M'°N
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M =5

whr /8& 1 whr Whr & 1
fst (M, N) 25 M (M, Ny =5 (M, N)
N whr N /
whr /8&2 z Whr&Q
snd (M, N) 25 N (M, Ny =5 (M, N')

Intuitively, canonical terms are atomic terms of atomic type, or A-abstractions
of canonical terms, or pairs of canonical terms. Atomic terms are variables, or fst
applied to atomic terms, or snd applied to atomic terms, or applications of atomic
terms to canonical terms. This is formalized in the judgments ¥ + M f M’ : A,
which denotes that M has canonical form M’ at type A, and ¥ = M | M’ : A, which
denotes that M has atomic form M’ at type A. ¥ stands for a context composed
of unrestricted, linear and ordered variables. Note that these inference rules are
essentially the normal derivation rules of Chapter 3 without the linearity and ordering

constraints on hypotheses.

Variables
uvar
Uy (z:A) Uy bz lx: A
lvar
Uy (y: AW Fyly: A
ovar
Uy (z2 Aok 22z A
Atomic Types.
UVEM{|{M:a
coercion
UVEMAM:a

MESM UEMAM :a
UHMAM :a

reduction
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Unrestricted Functions.
V(z:A)F Mzt M : B

—T
UEMAMMA M :A— B

UFM|{M:A—>B VUFNAHN:A
U-MN|MN :B

—F

Linear Functions.
U(y: AV My M :B
M4 A M:A—-oB

—o]

UFM|{M:A—-oB VUFEN{N:A
UM N|M N :B

—oF

Right Ordered Functions.
U(zA) M 2 M :B
UHMAX2A M :A— B

—»

UFM|IM:A»B U-FNA{AN:A
UM N|M N :B

—»

Left Ordered Functions.
U(zA)FM 2z M : B
U+MANXzA M :A— B

— 1

UFM|M:A—B UENAN:A
UFM"N|M N :B

Vg

Additive Pairs.
UHfst M M]:A UksndM 1y M):B
UHEMAY (M, My): A& B

&I

UMM :A&B UMM :A&B

&FE1 p &FE
Ufst M | fst M : A UkEsndM | sndM : B
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Additive Unit.

TI
UEMA(O):T

We first state the following soundness lemma for the transformation process. Note
that since the transformation judgements ignore linearity and ordering constraints, it
is only meant to be applied to well-typed terms.

Lemma 49
DA QFEM:A and TAQE M A M' 2 A implies
A QM 2 A and M is in long Bn-normal form.

Proof: By structural inductions on the given derivations. 0

We use the notation ¥ > U to denote that ¥’ contains all declarations in ¥ and

possibly more. We then have the following weakening lemma.
Lemma 50

1.VEFEMAYM A and V' >V implies V' My M': A.

2.UFEM|IM :A and V' >V implies V' M | M : A.
Proof: By structural induction on the given derivation. 0

The following unary Kripke logical relation is the crux of our argument. It is
defined by induction on the type A.

UHMel[a]if UF M N :a for some N.

Uk Me[A — As] iff for all N and ¥ > U,
V' N € [A] implies '+ M N € [A].

Uk Me[A — Ay iff for all N and ¥ > U,
Uk N € [Ay] implies ¥ F M N € [Ay].

Uk Me[A — As] iff for all N and ¥ > U,
U N € [A;] implies W' F M~ N € [AJ].

Uk Me[A — Ay iff for all N and ¥ > U,
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V' N € [A)] implies ¥'F M~ N € [A,].
U Me[A & A iff U fst M € [Ay] and ¥ - snd M € [A,].
Uk-Mel[T].
We can now formally state and prove the second part of our proof— that well-

typed terms in the logical relation at all types have canonical forms. We can prove

this only simultaneously with the reverse statement for terms with an atomic form.

Lemma 51 (Logical Relations and Canonical Forms)

1. W F M € [A] implies Y+ Mt N : A for some N.

2. WEMJ]N:A implies ¥ F M e [A].

Proof: By induction on A using structural properties of contexts. We show the case

for ordered right implication. All other cases are similar or simpler.

Case: A= A;— A,. For each of the two properties (1) and (2) we need two appeals

to the induction hypothesis, one on part (1) and one on part (2). First we consider

property (1).

Uk Me[A — A by assumption
U(r:Ay) > T defn. of >
U(z:A))Fzlz: A by rule ovar
U(z:A1) 2z € [A4] by ind. hyp. (2) on A;
U(z:A) F M~z € [A)] by defn. of [A; — Aj]
U(z:A)F M 24 My : Ay by ind. hyp. (1) on A
U M Xz:Ay My Ay — A by rule —»I

Next we show property (2).

UkEM|M:A - A by assumption
U' >0 and ¥'F N € [4] new assumptions
U'ENAN A by ind. hyp. (1) on A;
V=M M:A — A Lemma 50
UFM"N|]M N :A, by rule -»F
U M~ N € [Ag] by ind. hyp. (2) on A,
Uk Me [A — As by defn. of [A; — Aj]
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To prove that every well-typed term is in the logical relation

head expansion.

Lemma 52 (Closure Under Head Expansion)
M 25 M and U+ M e [A] implies U M e [A].

Proof: By induction on A. We show two representative cases.

Case: A =a. Then

Uk M € [d]
UM 4 M :a
M ¥
UMAHM :a

U+ M e [d]

Case: A= A; —+ A,. Then

\Ijl_Mle[[Al_»AQ]]
V' >V and UF N € [A]
V' = M'N € [Ag]

whr

M — M’

M N Mo N
V' M™N € [Ag]
\I/FME[[Al—»AQ]]

In order to show I'; A; Q = M : A implies TAQ F M € [A]

O

we need closure under

by assumption
by defn. of [a]
by assumption
by rule reduction
by defn. of [a]

by assumption

new assumptions

by defn. of [A; - A,
by assumption

by rule whr_,

by ind. hyp. on A,
by defn. of [A; - A,

O

, we need to explicitly

manipulate substitutions. We shall define a substitution in the usual way as a list of

variable assignments:

o = -|lo,M/x|o,M/y|o,M/z
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where there is at most one assignment for any variable. Substitutions compose in
the obvious way. We write idg for the identity substitution on the variables declared
in U. We define logical relations on substitutions by induction on the structure of

contexts.
Vikoe[] if o=-

V' (o,M/x) € [¥(x:A)] iff
UV'ikoe[¥] and ¥'F M e [A]

V't (0, M/y) € [Y(y:A)] iff
UV'koe[¥] and ¥'FM e [A]

V' (0,M/z) € [¥(z:A)] iff
UV'koe[¥] and ¥'F M e [A]

Lemma 53 (Weakening for [—])

1. UM e [A] and V' >V implies V' = M € [A].

2. VEkoelV] and V" >V implies V" - o € [V].
Proof: By induction on the structure of the given derivation. 0
Lemma 54 (Identity) V¥ I-idy € [¥]

Proof: Immediate by definition and lemma 51. 0

Lemma 55 (Typing and Logical Relations)

A QFM A and ¥ >TAQ and Vo e [V]
implies ¥ F Mlo| € [A]

where M|o] is the result of applying substitution o to M.

Proof: By induction on the structure of the given typing derivation D using Lemma 52

and elementary inversion properties of the logical relations for substitutions. We show

three representative cases.
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Case:

D = ——ovar

[52AF 22A

This case follows directly from the assumption that the substitution is in the logical

relation.
V' >T(z2:A) and U Fo € [V] assumptions
U M € [A] where M'/z € o by inversion properties of [—]
U+ z[o] € [A] by defn. of substitution
Case:
D,
D — [y A Q(2: A1) F Myt Ay

T

A QF Nz: Ay My Ay — Ay

In this case the critical step uses closure under head expansion (Lemma 52).

U >TAQ and Vo e [¥V] assumptions
U”">¥ and V' F N € [4] new assumptions
V"o e [¥V] Lemma 53
U+ (0,N/z) € [V'(2:A1)] by defn. of [—]
V" = Mo, N/z| € [Ag] by ind. hyp. on D,
U = (Xz: Ay Mylo, 2/2]) "N € [Aj] by Lemma 52
U - A2 AL Mo, z/2] € [A) — Aj] by defn. of [A; — Ay]
U - (Xz2:4;. My)[o] € [A; — A by defn. of substitution
Case:
D, D,
D — DIiAGOQ EM A — A [ Ag; Qo B M,y 2 Ag
—»E

F, Al > Ag, 9192 (o M1>M2 : Al

In this case the result follows by elementary inversion properties for the logical relation

on substitutions.
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U >T(A1>x1A2):Q and ¥ F o e [V] by assumption

U Mifo] € [Ay - A4] by ind. hyp. on D,
U = Mslo] € [Ag] by ind. hyp. on D,
U - (My]o]) " (Mso]) € [A4] by defn. of [Ay — Aj]
U - (M, M,)[o] € [Al] by defn. of substitution

U

Theorem 56 (Canonical Forms)
;A QR M : A implies for some N, TAQF M N : A.

Proof: Immediate from lemmas 55, 51, and 54. 0

Now that we know the ordered type system has a canonical fragment, it is nat-
ural to start thinking about basing a logical framework on the system. However,
most interesting logical framework applications require the ability to quantify over
terms. Towards this end, we shall extend the type system with dependent types in
Chapter 13, and then proceed to show, in Chapters 14 and 15 that type-checking
remains decidable and canonical forms still exist. The proof techniques we use, which
are essentially generalizations of the method employed in this chapter, follow the
development in [24] and [59] extended to the ordered case. We show an extended
application, concerning syntactic properties of the CPS transform, of the resulting

ordered logical framework in Chapter 16.
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Chapter 13
Ordered Logical Framework

Logical frameworks are formal systems (meta-languages) suitable for encoding and
reasoning about deductive systems (object languages). For a general overview of
logical frameworks and some of their uses, see [46]. The Edinburgh logical framework
(LF), introduced in [23], is a particular logical framework based on dependent types;

it may be intuitively thought of as AP in the lambda cube [6]".

LF representations typically follow the slogan judgements as types, with a new type
declared for each judgement to be represented; derivations then become LF terms.
Dependent types allow for a smooth encoding of higher-level properties of the object
system in the same manner. For example, we can encode Mini-ML, evaluation for
Mini-ML, and a proof of value soundness all with the judgements-as-types methodol-
ogy by using dependent types— see [47] for details. This technique essentially reduces
checking the validity of object-level deductions to meta-level type-checking.

In order for such encodings to really be useful, LF must satisfy two key properties.
Every LF term, of a type representing an object-level judgement, should correspond
to some object-level derivation of that judgement. In order to establish a bijection,
we require that LF have a notion of canonical forms to represent all LF terms for any
particular type. Furthermore, we should be able to decide whether a given object-
level deduction is valid. Thus, since type-checking a term corresponds to proving a
deduction valid, LF type-checking should be decidable.

An additional aspect of LF representations is the use of higher-order abstract

syntax, an idea going back to Church [12], which employs meta-level variables to

IThis intuition is not exact since LF is actually a proper subset of AP as noted in [31].
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represent object-level variables. With this technique, we can often avoid explicitly
encoding the machinery of object-level substitution; instead, we may rely upon the
underlying LF substitution mechanism. Thus, higher-order abstract syntax allows for

particularly elegant encodings of systems with variable bindings.

However, higher-order abstract syntax only works when the object-level variables
behave in the same manner as the meta-level variables. Thus one could not use
the technique to accurately represent linear functions, since LF variables are unre-
stricted. In order to allow the use of LF-style representation techniques on a wider
class of systems, Cervesato and Pfenning investigated the extension of LF with lin-
ear types [11]. The resulting linear logical framework (LLF), which conservatively
extends LF, permits LF-style representation of linear systems such as those involving
state. For technical reasons, only non-dependent linear types were considered and

additive conjunctions including the additive unit were added to the framework.

In this chapter, we add dependent types to the basic ordered type system of Chap-
ter 12 with the intention of forming an LF-style logical framework. Following LLF,
we only allow unrestricted dependencies— types can only depend upon unrestricted
variables. We will prove the decidability of type-checking for the system, in Chap-
ter 15, with a simple extension of the techniques of [24] and [59] to the ordered case.
This proof can be thought of as a generalization of the basic techniques used to prove
the existence of canonical forms in the non-dependent type-theory (Section 12.2).
The existence of canonical forms for the dependent system will be a by-product of a

type-checking algorithm.
Our development precisely follows that of [24] and [59]. The addition of ordered

types does not affect the development in any significant manner (except to add more
cases) since, for the purposes of the equality checking, ordered types are identical to
linear types. The details of all proofs in this and the subsequent two chapters, may
be found in [24] and [59].

13.1 Ordered Logical Framework

We introduce the type system which we will refer to as the ordered logical framework
(OLF). It is essentially the ordered type system of Chapter 12 augmented with depen-
dent types, i.e., types which may depend upon terms. In order to facilitate a clear

exposition, we will shift our nomenclature to objects, families, and kinds. Objects
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correspond to terms, families correspond to types, while kinds are new constructs

which classify families (i.e., kinds are “types” for families). Here is the syntax for

OLF.
Syntax
Kinds
Families
Objects
Signatures

Unrestricted Contexts
Linear Contexts
Ordered Contexts

ol F s BN
I

type | [Iz:A. K

a| AM |

[Mx:Ay. Ay | Ap —0 Ay |
Ay — Ay | Ay — Ao
A& Ay | T

clz|ylz]

Az A. M | My M, |

Ay:A. M | My M |

Nz A. M| My M, |

Xz:A. M | My~ M, |

(My, My) | fst M | snd M | ()

| S(a:K) | 2(c:A)
S| D(x:A)
| Ay:A4)
] Q(2:4)

We also use N for objects and B for families. We continue our convention of syntac-

tically distinguishing unrestricted, linear and ordered assumptions. Thus, like LLF,

only unrestricted assumptions may appear in families and kinds since IIs only bind

unrestricted variables, z.

We will employ the following judgements to define the OLF type theory.

Judgements

FX sig

Fsv I'uctx
'y Alctx
'y Q octx

Y} is a valid signature

I' is a valid unrestricted context

A is a valid linear context

) is a valid ordered context
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'ty K : kind K is a valid kind

'k A: K A has kind K
A QFs M2 A M has type A
'ty K1 = K5 : kind K; equals K,
I'ks A=Ay K Ajp equals Ay at kind K

DA Qs My =DM,y : A M; equals M at type A

We assume X is a valid signature in the judgement -y I' uctx. We assume X is a

valid signature and I is valid in ¥ for judgements of the form I" -5 J.

13.2 Typing Rules

Signatures
- sig -y K :kind FX sig s A:type
- sig FY(a:K) sig FX(c:A) sig

From this point on, we assume a valid signature, >, implicit in all judgements.

Contexts
FTI' uctx I'-A:type
F - uctx FT'(z:A) uctx

I'-Alctx I'-A:type
I'F-1lctx I' - A(y:A) letx

I't-Qoctx I'-A: type
'k octx I'FQ(2:A) octx

From this point on, we presuppose the validity of all contexts in judgements, rather

than explicitly checking this property.

Kinds
I'HA: type I'(z:A) F K : kind
I' - type : kind I'=1Iz:A. K : kind
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Families
aK ey '-A:Ille:A K Ly M: A
'Fa: K 'FAM: K[M/x]

I'F A :type [(xz:A1) F As @ type
' HLL'ZAl. Ag . type

'-A: K ' K =K':kind
'HA: K

Objects
cAely zAel
I-Fce: A r-Fx: A y:A-Fy: A I 2z2AFz: A

' A’ : type L(xA); A QM- A CAQF M TIz:A'L A Ly M A
DA QR Mo A M Tl AL A LA QF MM : AIM' /]

' A’ : type Oy A(y:A); QM@ A DA QFM:A oA DA =M A
DA QF AyA. M: A —o A TA=AQFM M A

I'-A": type CA;QzAYEM: A CAQFM:A - A A =M A
D;A;QFXzA M: A —» A DAA QY M M A

I'=A": type LA (2AN)QFM: A CAQFM:A — A ALY M A
DiA:QF XA M: A — A DA A QQFM M A

;A QF M 2 Ay LA QF M,y : A
CyAQF ()T Oy A QF (M, M) @ Ay & A

DA QM Ay & As DA QM : Ay & As
A QFfst M - Ay A QFsnd M : Ay

O;AQFM:A '-A=A":type
DA QM A
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13.3 Definitional Equality

In this section we define the equality judgement used in the kind conversion rule for
families and the type conversion rule for objects; the last typing rules for families
and objects respectively. Following [24], this equality is based on a notion of parallel
conversion plus extensionality, rather than directly on (n-conversion. We do not

include explicit reflexivity rules since they are admissible (Lemma 58).

Simultaneous Congruence

cAely zAel
Ii,-Fe=c: A I -Fr=x:A

DiyAy-Fy=y: A IozAFz=2:A

I'H Al =A":type I'- A, =A":type D(xA); A QF M =N: A
DA Q F AeAl M = Ax: Ay N TIe: Al A

A QFM=N:1Ilx:A. A ;- FM =N A
A QF MM =NN': A[M'/x]

'+ Al =A":type '~ A,=A'":type Ay A); QF M =N: A
DA QF My Ay M= yp:A),. N: A" A

DAQFM=N:A—oA A FM =N A
TAA QFM M =N N : A

I'- A=A :type ' A, =A": type CAQzAYFM=N:A

DA QF Xz AL M =Xz2:4,, N: A — A

AQFM=N:A—»A A Q M =N A
:AA QY M M =N N : A
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I'HA)=A":type I'HA,=A":type A (zA)QFM=N:A
DA QF Xz A M =X z:A, N: A — A

AQFM=N:A— A A QM =N A
DAxA;QQFM M =N"N': A

F,A,Ql_MlleAl F,A,QFMQZNQAQ
F;A;Ql‘<M1,M2>:<N1,N2>1A1&A2

A QFEM=N: A & A, A QM =N: A & A,
DA QFfst M =fst N : Ay [A;QFsnd M =snd N : A,

Extensionality
LA QF M :TIx:A' A
'+ A" : type A;QF N TIx:A A DA, A;QF Mz=Nx: A
CA;QF M =N :Ilz:A A

OAQFM:A —oA
I+ A :type DA QFN:A oA D A(yA);QF M y=Ny: A

DA QFM=N:A oA

OAQFM:A - A
'+ A" : type A QFENA - A DA QzAYFM 2=N z:A

DA QFM=N:A A

OAQFM:A— A
'+ A’ : type AQFENA — A DA (2A)QFM 2=N"z2: A

DA QFM=N:A"— A
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DA QM : Ay & As

A QFN A & Ay A QFfst M =1fst N : A A QFsnd M =snd N :

DA QFM=N: A & A,

L;AQFM:T OAQFN:T
AQFM=N:T

Parallel Conversion
'+ A" : type D(xA); A;QF M =N: A ;oM =N A
[0, QF (Az:A'. M) M' = N[N'/z] : A[N'/x]

'+ A" : type DAy A); QFM=N: A DA M =N A

DA A Q- (S\y:A'. M)AM/ = N[N'/fy]: A

'+ A" : type CAQzAYFM=N:A DAY =M =N A
;A A QO - (Xz: A M) M' = N[N'/z] - A

'+ A" : type A (z2A)QFM=N:A DAY M =N - A
DA A QUQF (X2 A M)" M = N[N'/z] : A

F,A,Ql‘MlleAl F,A,QFMQZNQAQ
F,A,Q"fSt(Ml,M2>:N1A1

F,A,Ql‘MlleAl F,A,QFMQZNQAQ
F;A;Q"SHd(Ml,M2>:N21A2

Equivalence
AQFM=N:A LAQFM=M:A A QFM =N: A
AQFN=M:A AQFM=N:A
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Type Conversion
AQFM=N:A '-A=A"":type
DA QFM=N:A

Family Congruence

aK e
I'Fa=a: K

I'A; = Ay : IIe:A K Ly M =M, : A
Fl‘AlMleQMQZK[Nl/J}]

' Al : type 't Al = Al : type [(x:A)) F Ay = Ay : type

I'FIz:Al Ay =Tl A A, - type

' Al = AL : type I'-A; = A, : type
'k Al oA =A, oA, : type

' Al = AL : type I'-A; = A, : type
'k Al —» A = A, - Ay : type

I'- Al = AL : type ' Ay = As: type
'k Al»— Ay = Ay — Ay : type

' Al = AL : type I'-A; = A, : type
I'E A & A = A, & Ay : type

I'ET=T:type
Family Equivalence
FI—A1:A2K F"Ale/lK Fl_AllegK

Fl_AQZAl:K Fl‘AleglK
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Kind Conversion
I'FA =A4,: K 'K =K':kind
' Al = Ag . K/

Kind Congruence

I' - type = type : kind

I'-A;: type I'-A; = A,: type F(.’L‘Al) F Ky =K, :kind
'k H.’L'ZAl. Kl = H.’L‘ZAQ. K2 :kind

Kind Equivalence
' K; = K, : kind ' Ky = K] : kind ' K] = K, :kind
FI—ngKlzkind Fl—Klngzkind

13.4 Properties of Typing and Equality

We show some basic properties of definitional equality. We use J to stand for any
judgement of the type theory to avoid some repetitive statements. Substitution
is extended to J in the obvious way; for example if J is N : B, then J[M/z] is
N[M/z] : B[M/x].

Lemma 57 (Weakening)
1. IT" = J implies T'(x: A)I" = J.
2. TT; A, Q= J implies T(x: A)T"; A; Q.
Proof: By induction on the structure of the given derivation. 0

Lemma 58 (Reflexivity)
1. ;A QF M A implies T; A;QF M =M - A.
2.TFA:K implies THFA=A:K.
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3. '+ K :kind wmplies '+ K = K : kind.
Proof: By induction on the structure of the given derivation.

Lemma 59 (Substitution Property)

Assume all contexts are valid.

1.y -FM: A and T(x:A)T' = J implies T'(I'[M/z]) = J[M/z].

2.0, FM:A and T(z:A)T; A;QF J implies
D([M/a]); A2 QM /2] - J[M/a].

3. ;A - M: A and T5A:1(y:A)Ag; Q= J implies

4. DA Q FEM:A and Ty A;Q1(2:A)Q = T implies
F, A A/, 919/92 F J[M/Z]

Proof: By induction on the structure of the given derivation.

Lemma 60 (Context Conversion)

Assume FT'(z:A)uctx and I'F A’ : type and'F A= A’ : type.

1. T(z:A) - J implies T(x:A") - J.

2. T(z:A); A;QF J implies T(x:A"); A; QF J.

Proof: By Lemmas 57 and 59.

O

A stronger version of the next lemma which includes equality judgements is re-

quired. However, that must be postponed until after Lemma 63. For now we state

the following weaker version which we use in the proof of Lemma 63.

Lemma 61 (Functionality for Typing)

Assume + I'(z:A)IY uctx and Ty F M =M :A and T;;-F M: A and

;M :A.
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1. Dz A)I; A;Q = N - B implies
IF(IM[M/x]); A[M/x]; QM /x| = N[M/z| = N[M'/x] : B[]M/z].

2. T(x:A)I"+ B : K implies I'(I"[M/z]) - B[M/z| = B[]M'/x] : K[M/z].

3. D(x:A)I"+ K : kind implies I'(I'[M/x]) - K[M/z] = K[M'/x] : kind.
Proof: By induction on the structure of the given derivation. 0

Again we postpone a stronger version of the next lemma until after Lemma 63.
Lemma 62 (Inversion on Simple Types and Kinds)

1. TF1z:Ay. Ay 0 K implies T'F Ay : type and ['(x:A;) F As : type.
2.TFHA —0Ay: K implies T'H Ay : type and I' - Ay : type.
3. I'FA — Ay : K implies I' = Ay : type and T'F As : type.
4. 'H A1 — Ay K implies T' Ay : type and ' Ay : type.
5. ' A & Ayt K implies T'- Ay - type and T'F Ay : type.

6. I' - 1lz:A. K : kind implies I'+ A: type and I'(z:A) - K : kind.

Proof: Parts 1 through 5 by induction on the structure of the given derivation. Part
6 is immediate. O

Lemma 63 (Validity)
Assume F T uctx and T'F A lctx and T'F Q octx.
1. ;0 QF M : A implies T+ A : type.

2. T A;QF M= N: A implies
'-A:type and IA; QM : A and T;A;QF N @ A,

3. I'HA: K implies I' - K : kind.
4. 'FA=B:K implies ' K :kind and 'FA: K and '+ B: K.

5. ' K =K' :kind implies '+ K : kind and I'+ K’ : kind.
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Proof: By induction on the structure of the given derivation making use of Lem-
mas 61 and 62. O

Lemma 64 (Functionality for Equality)

Assume F I'(x:A) uctx and D(z:A) F A lctx and T'(z:A) F Q octx and
L;-EM=M:A.

1. I(x:A); A;QF N = N': B implies
I A[M/z); QM /x) = N[M/x]) = N'[M'/x] : B[]M/z].

2. T(x:A)F A= B: K implies I' - A[M/z| = B]M'/x] : K[M/z].

3. INx:A) F K = K’ : kind implies T'+ K[M/x] = K'[M'/x] : kind.
Proof: By Lemmas 63, 59 and 61. OJ

Lemma 65 (Typing Inversion)
Assume FT uctx and ' A lctx and T'F Q octx.
1. T; A QF A implies A=-=Q and c:Be€ X and ' A= B : type.
2. A QFx: A implies A=-=8Q and xv:Be€l and I' - A= B : type.
3. IyA;QFy: A implies A=y:B and QQ=- and ' - A= B : type.
4. Ty A QF 2z A implies A=+ and Q=y:B and ' A= B : type.

5 T A QF My My 0 A implies
DA Q4 My - lx:As. Ay and T;+- = My 2 Ay and
'k Al[Mg/.’L'] =A: type.

6. I;A;QF Nz:A. M : B implies
I'-B=1Ilz:A. A’ : type and I' - A: type and I'(z:A); A; Q- M : A

7. Ty A QF M, M, : A implies
A=A1xAy and ' A; = A: type and
DAL QF M, : Ay o Ay and T'; Ag; - My 2 As.

8 I;A;QF Ay:A. M : B implies
'FB=A-—oA":type and I'+ A:type and I'; A(y:A); Q- M : A'.
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10.

11.

12.

15.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

T:A:QF M, "M, : A implies

A=A1xAy and Q=N and ' A; = A:type and
F;Al;Qll_MllAg—»Al and F,Ag,Qg"MgAg

;A QF Xz:A. M : B implies

I'FB=A—»A":type and ' - A:type and I'; A;Q(z:A) - M : A'.

T:AQF M" M, : A implies

A=A1xAy and Q=000 and ' A; = A:type and
F;Al;Qll_MllAgHAl and F,AQ,QQ"MQAQ

;A QF Xz2:A. M : B implies

I'FB=A— A":type and ' A:type and I';A;(z:A)Q+ M : A
DA QFfst M 2 A implies T; A, QF M : A1 & Ay and TH A= A; : type.

A QFsnd M : A implies T;0;QF M : A1 & Ay and T'H A= Ay : type.

Oy A QF (My, M) @ A implies

F'-A=A& A :type and T;A;QF My : Ay and T;A;QF My @ As.

I'ka:K implies a:K' €% and T'H K = K’ : kind.

I'EAM: K implies

I'FA:Tlx:Ay. K and T;--FM: Ay and T'F K = K'[M/z] : kind.

I'-1Iz:A. B: K implies
' K =type:kind and I'+ A : type

I'FA—oB:K implies
' K =type :kind and I'+ A : type

I'FA— B: K implies
' K =type :kind and I'+ A : type

I'FA— B: K mplies
' K =type :kind and I'+ A : type

I'A& B : K implies
I'- K =type :kind and I'+ A : type

I'=T:K implies I' - K = type : kind.
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and I'+ B : type.

and I'F B : type.

and I'F B : type.

and I'F B : type.



24. I'+1x:A. K : kind implies I' - A : type and I'(x:A)F K : kind.
Proof: By induction on structure of given derivation using Lemma 63. 0

Lemma 66 (Equality Inversion)

Assume = I" uctx.

1. ' K =type : kind or I' - type = K : kind
implies K = type.

2. T K =1Ilz:A;. Ky : kind or ' 1Iz:A;. K; = K : kind
implies K =1lx:Ay. Ky and I'F Ay = Ay @ type and
F(.’L‘ZAl) F Kl = K2 : kind.

3. 'FA=1Ilx:B;. By : type or I' -1lx:B;. By = A : type
implies A =1lx:A;. Ay and T'H Ay = By : type and
F(.’L‘ZAl) F Ay = By type.

4. 'HFA=DB; —oBy:type or ' By —0 By = A: type
implies A =A; oAy and 'H Ay = By :type and I'+ Ay = B, : type.

5 'HFA=DB; —»By:type or ' By — By = A: type
implies A =A; - Ay and ' Ay = By : type and ' Ay = By : type.

6. ' A=DB;» By:type or ' By »— By = A: type
implies A=A — Ay and T'H Ay = By : type and I'+ Ay = B, : type.

7. THFA=B & By:type or ' By & By = A : type
implies A= A1 & Ay and ' A; = By : type and I' - Ay = By : type.

Proof: By induction on structure of given derivation using Lemma 60. 0

Lemma 67 (Injectivity)

1. THIz:A K =1lz:A’". K' : kind implies
I'FA=A":type and I'(x:A) F K = K’ : kind.

2. T'FIlx:Ay. Ay =1lx:B;. By : type implies
' A; = B;:type and I'(z:A;) F Ay = By : type.

207



3. 'HAy —0 Ay = By —o By : type implies

FI—AlzBlztype and F"AQZBQZ

4. ' Ay - Ay = By — By : type implies

FI—AlzBlztype and F"AQZBQZ

5 T'HAy— Ay = By — By : type implies

FI—AlzBlztype and F"AQZBQZ

6. I'H A & Ay = By & By : type implies

FI—AlzBlztype and F"AQZBQZ

Proof: Immediate from Lemma 66.

At this point, we have stated all the properties we shall need to carry out our
proof. The next chapter introduces a different notion for equality which is obviously

decidable. We shall show that the two equalities coincide and thus prove decidablity

of type-checking in general for OLF.
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Chapter 14
Algorithmic Equality

In this chapter we present an equality algorithm which is sound and complete with
respect to definitional equality of Section 13.3. We further show the decidability of
this equality procedure in Chapter 15. The algorithm is identical to that given in [59]
with a trivial extension to cover ordered types (which are treated identically to linear
types). As explained in [24] the algorithm consists of two stages. To compare two
objects at some arbitrary type, we first reduce the comparison to objects of base type
by applying extensionality rules. Then, to compare objects at base type, we reduce
each object to weak head normal form and compare heads. If the heads are equal we

continue on to compare the corresponding arguments.

The algorithm is type-directed and thus requires types to be carried along. How-
ever, this complicates the treatment of dependent types. The solution proposed in [24]
avoids such complications by using a simplified type structure which only contains
information about the shape of the object (e.g., it is a function, it is a pair); which is
really all that is necessary to parametrically apply extensionality rules and transform
a comparison at arbitrary type to one at base type. In practice this simply means
changing II families into (non-dependent) — types and erasing the object (family)

dependencies from II families (kinds).

The context splittings required by the definitional equality judgements further
complicate the correctness of the algorithm. However, as noted in [59], the linearity
constraints upon objects may be ignored for the purposes of equality checking (assum-
ing we know beforehand that the objects being compared are well-typed). The same

holds for the ordering constraints upon objects. Therefore our simplified type struc-

209



ture will treat all assumptions as unrestricted. However, in order to not complicate

substitution, we maintain the syntactical distinctions among variable names.

Here is the formal specification of the simplified type system:

Simple Kinds K = type | T—kK
Simple Types T = a
T =T | T —oT |
T1 — T2 |7'1>—>7'2 |
n&n|T
Simple Contexts U o= - | U(zr) | U(y:T) | Y(2:7)

Note that the simplified types are exactly the canonical types in Chapter 12.

We sometimes use © for simple contexts. Note that simplified contexts may con-
tain variables of all three syntactic forms— however, as we shall see, simplified contexts
treat all variables as unrestricted. We assume a simple base type a~ for each constant

family a.

We now state an erasure function which simplifies OLF constructs.

(kind)~ = kind~
(Mz:A. K)- = A~ - K~
(type)” = type~
(@)” = a”

(AM)~ = A”
(Ilz:A;. Ay)~ AT — Ay
(A 0 Ay)~ = A] o A
(A1 Az)” = A7 » Ay
(A1 — Ag)” = A7 — Ay
(A1 & Ag)™ = AT & Ay
(T~ =T
() =

(D(x:A))” = I'(x:A-
(A(y:4))” = A7 (y: A~
(Qz:A)” = Q (2:A7)

Erasure remains invariant under equality and substitution.

Lemma 68 (Erasure Preservation)
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1.TF A =Ay: K implies A] = A;.

2. ' K1 = Ky : kind implies K| = K, .

3. I'(z:A)F B : K implies B~ =

B~[M/z].

4. I'(z:A) - K : kind implies K~ = K~ [M/x].

Proof: By structural induction on the given derivation.

Here are the judgements for the equality algorithm:

M 25 0
UVHFM+—N:T1

UVH-M<«—= N:T1

\Ifl_A1<—>A21
UHA < Ay:

N

N

M weak head reduces to M’
M is structurally equal to N.
M equals N at simple type 7.

Ay is structurally equal to As.

Ajq equals Ay at simple kind k.

U K] <— Ky :kind™ Kind K; equals kind K.

For weak head reduction, M 5 M’ we assume M is given and compute M’ or
fail. For structural equality, ¥ - M <— N : 7 we assume ¥, M, and N are given and
compute 7 or fail. Algorithmic equality, V - M <= N : 7, simply checks for equality

and succeeds or fails. The same interpretations hold for the analogous judgements on

families and kinds.

Weak Head Reduction

M 25

(Az:A. MYN =5 M[N/x] MN 25 M'N
M 25 0

Qy:A. M) N 5 M[N/y] M N5 M'N
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M5 M

< <

(Xz:A. M)™ N =5 M[N/z M"N 25 M°N
M5 M
(Xz:A. M) N 25 M[N/z M N 25 M°N
M5 M

fst (M, N) =5 M (M, Ny 25 (M, N)

N 25 N
snd (M, N) =5 N (M, Ny =5 (M, N')

Structural Object Equality We use u to stand for any syntactic variable class,

.., T Or Yy O 2.
wr €V cT €N

UVhu+—u:T Uhkce—c: A

UVEM<+—N :m—T UM< Ny:m
QFM1M2<—>N1N21T1

UM+ N, :»—on UEM,<= Ny: 7
U M, My Ny Ny : 7

UM+ N :m—>1n UEM,<= Ny:7
UM M+ N Ny:m

UM+ N :m—7n Uk M,<= Ny: 7
UM "M+ N "Ny:m

UMM . n&n UMM . n&n
Ukfst M« fst M : 7y Uhsnd M +—sndM :n
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Type-Directed Object Equality

MESAM  UFM < N:a N2 N UFMe N:a
UM< N:« UM< N:«

UM<+ N:«
UM<+« N:«

V(xm)FMz<= Nz :m \Il(y:ﬁ)l—MAy<:>NAy:7'2

UV-M<«—=N:171—>7 UVH-M<«—= N:171 o7

\Il(z:ﬁ)l—M>z<:>N>z:7'2 \Il(z:Tl)l—M<z<:>N<z:Tg
UM< N:11 > UVEM<«—= N:1—mn

UHfstM <= fstN:7m UhsndM < sndN :ny

UM< N:T UM N: &

Structural Family Equality

aKeX UVH-FA+—> B: 71—k UM<« N:T
Uhagé+—a: K~ UVHAM<+— BN : k

Kind-Directed Family Equality
UHA<+— B:type~ VU(rz:t)F Az <= Bz :k

UH A<= B:type VHEFA<= B: 7=k

VA < B;:type” U(z:A]) F Ay <= By : type”
U+ HLL'ZAl. Ag < Ilx:B;. By : type_

UHF A < B;:type” U Ay <= By :type~

UH A —0Ay <= By — By :type

VA < B;:type” U Ay <= By :type~

\Ill—Al—»A2<:>Bl—»Bgztype_
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U A < B;:type” UHF Ay <= By :type~

\III—A1>—>A2<:>Bl>—>BQ:type_

UHF A < B;:type” Uk Ay <= By : type~
UET<«=T:type UHA & Ay <= B; & By : type™

Algorithmic Kind Equality

U |- type” <= type :kind~

Ut A<= B:type” U(r:A™)F K <= K':kind~
UFIx:A. K < [lz:B. K’ : kind~

We now state some basic properties of our equality derivations.

Lemma 69 (Weakening for Algorithmic Equality)

For each algorithmic equality judgement J,
VU = J implies V(x:m)¥ F J.

Proof: By structural induction on the given derivation. 0

Lemma 70 (Determinacy of Algorithmic Equality)

whr

1. M5 M and M 25 MY implies M' = M".

2. Wk M <+— N :7 implies there is no M’ s.t. M =5 M
3. WE M +— N : 7 implies there is no N’ s.t. N 25 N

4. VEM<+—N:7 and VM <+— N : 7" implies 7 =1".

5 VFA«— B:k and VF A<+— B: K implies k=K.

Proof: By structural induction on the given derivation. Parts 2 and 3 may be proved

by contradiction using inversion on the structural equality inference rules. U
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Lemma 71 (Symmetry of Algorithmic Equality)

1. V-M< N:17 implies UV N<—= M :T.
2. WEM<+— N:7 implies VN <+— M:T.
3. VA<= B:k impliesVU I+ B<+<= A :k.
4. VFA+— B:k impliesVFB<+— A:k.

5 VF K <= K':kind~ implies V+ K' <= K : kind ™.
Proof: By structural induction on the given derivations. 0

Lemma 72 (Transitivity of Algorithmic Equality)

1. VF-M<— M :7 and VM <= N :7 implies VM <= N :T.
2.UVFEM<+— M :17 and VM <— N :7 implies VM <+— N :T.
3 VFA<—= A :k and V- A < B :k impliecsV+F A<= B : k.
4. VFA«— A :k and VA" +— B:k implies VFH A+— B: k.

5 UVF K <= K':kind™ and VF K' <= K" :kind~ implies

Uk K<<= K":kind".

Proof: By structural induction on the given derivations using Lemma 70. U

14.1 Completeness of Algorithmic Equality

In this section we show that algorithmic equality is complete with respect to defini-
tional equality. The formal theorem we will show is:

A QFM=N:A implies TA™ QO FM<«< N: A"

This is proved via logical relations defined on the simplified type of an object. Thus

we will show:
1L A QF M =N: A impliess I"TA Q" FM =N € [A]
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22 UFM=Ne€[A] implies VM <= N: A"
We use o (and sometimes 6) to stand for substitutions.
Substitutions o = -|loM/x|o,M/y|o,M/z

We assume as usual that no variable occurs more than once in a substitution. We
further assume tacit variable renaming takes place when necessary to maintain this
constraint. We denote the application of a substitution, o, to a term, M, with o(M).

We also assume parameterized identity substitutions, id,, on any context x.

We use the notation ¥ > U to denote that ¥’ contains all declarations in ¥ and

possibly more.

We define a Kripke logical relation inductively on simple types. As usual, we
require that the property we wish to prove holds at base type. At higher types the

property is inductively maintained.

A Kripke Logical Relation

L. UFM=Nec[o] iff ¥+M < N:a.

2. Uk M=Nel[r—7] iff VI, M, N,
V' >V and V' M <= N’ €[] implies ¥' - M M' <= N N’ € [1].

3. UF M =N €[ —o7] iff Y&, M N
U >V and W'+ M < N €[] implies W'+ M M' < NN’ € [r].

4. UM =N € [t — 7] iff V¥ M N
¥ >V and ¥+ M' <= N’ €[] implies ¥ - M M' <= N N’ € [7].

5. UM =N € [r'— 7] iff V& M N
U >V and ¥+ M' <= N’ €[] implies ¥ - M M' <= NN’ € [7].

6. \IJI—M:NE[[Tl&TQ]] i
UHfst M =fst N € [n] and UFsndM =snd N € [r].

7.0 M=Ne[T]

8. VFA=Bc¢c|[type | iff VF A<= B:type .
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0. U A=Be[r—x] iff YU, M,N.
V' >V and ¥'F M < N € [r] implies V' AM <= BN € [x].

10 Vo=0¢] iff o=-=6.

11. Vo =0 € [0,wr] iff
o= (0',M/u) and 6 = (¢, N/u) and
UVEM=NE¢c][r] and ¥+ o' =0 € [O].

Lemma 73 (Weakening for Logical Relations)
For each logical relation R, VW' = R implies V(x:7)¥' - R.

Proof: By induction on the type or kind.

We may now show the second part of our proof.
Theorem 74 (Logically Related Terms are Algorithmically Equal)

1. WM =N €[] implies ¥+ M <= N :T.
2. UV A=B e [r] implies V- A<= B: k.
3. Wk M<+— N:7 implies VM =N € [r].

4. UV A+— B:k implies ¥+ A= B € [x].
Proof: By induction on the structure of 7 or k.
The first part of our proof requires a few extra lemmas.

Lemma 75 (Closure Under Head Expansion)

1. ME5 M and W+ M =N € [r] implies W+ M =N € [r].

whr

2. N — N and U+ M = N'¢€ [r] implies ¥+ M = N € [1].
Proof: By induction on the structure of 7.

Lemma 76 (Symmetry of Logical Relation)
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1. V=M =N € [r] implies V- N =M € [r].
2. VA= B e [k] implies ¥+ B =A € [x].

3. UFo=0¢c[0] implies ¥+ 60 =0 € [O].
Proof: By induction on the structure of 7, x, and © using Lemma 71. O

Lemma 77 (Transitivity of Logical Relation)

1. VEM=M €c[r] and Y E M =N € [r] implies ¥+ M = N € [r].
2.0 FA=A"€[k] and Y+ A" = B € [k] implies Y+ A= B € [x].

3. VkFo=0"€[0] and Vo' =6 ¢€ O] implies VFo=86¢c][O].
Proof: By induction on the structure of 7, x, and © using Lemmas 72. O]

We may now prove a generalization of the first part of our proof.

Lemma 78

(Definitionally Equal Terms are Logically Related Under Substitutions)

1. T5AQFM=N:A and YFo=0¢c V] and ¥ >T"A"Q" implies
Uko(M)=6(N)e[AT].

2THFA=B:K and YFo=60¢c V] and V' >T" implies
Uko(A)=6(B)e[KT].

Proof: By induction on the given derivation of definitional equality using the prior

results in this section. 0]
It is now easy to finish off the proof of completeness of algorithmic equality.

Lemma 79 (Identity Substitutions are Logically Related)
Ut idg = idy € [[\I/]]

Proof: By definition of [¥] and Theorem 74 O

218



Theorem 80 (Definitionally Equal Terms are Logically Related)

1. T QF M =N: A implies T"TA~ Q- F M =N € [A7].

2.TFA=B:K implies " FA=Bec[K].
Proof: By Lemmas 78 and 79. 0

Theorem 81 (Completeness of Algorithmic Equality)

1. ;A QM =N : A implies T"TA Q" FM <= N:A".

2.THFA=B:K implies I"FA<— B: K.

Proof: By Theorems 80 and 74. 0

14.2 Soundness of Algorithmic Equality

In this section we show the soundness of algorithmic equality with respect to defi-
nitional equality. In general this does not hold since the algorithmic equality does
not force the objects being compared to be well-typed, or even have the same types.
However, if we restrict attention to well-typed objects of the same type, then we get

a soundness result.

A further difficulty lies in the simplified type structure, used by the algorithmic
equality, which ignores linearity and ordering constraints. We must therefore rely
upon the objects’ typing derivations to recover hypothesis management, required by
definitional equality derivations, satisfying linearity and ordering constraints. How-
ever, due to the presence of T, two typing derivations for equal objects can disagree
about which linear and ordered hypotheses are consumed in a derivation branch. The
solution adopted in [59] gets around this problem by constructing a mediating object,

for algorithmically equal objects, which is definitionally equal to both given objects.

Before proceeding to the main lemma, we need to show the following result.

Lemma 82 (Subject Reduction)
M E5 M and T;A:QF M : A implies T;A;QF M = M : A.
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Proof: By induction on the given weak head reduction derivation making use of
Lemmas 62, 67 and 59. UJ

We may now prove the following lemma which directly implies the result we want.

Lemma 83 (Algorithmically Equal Well-Formed Terms Have Mediating Terms)

Assume FT uctx and T'F A; 1lctx and T'F Asg 1ctx and T'F Qp lctx and
' Q, octx.

1. A9 M A and T500;Q FN:A and VM < N: A™ and
U>T"A7Q] and ¥ >TA;Q; implies
dP. I A1, FP=M:A and T;0:;Q P =N : A.

2. T M A and T;A0; Q9 FN:B and VEM+— N: 71
U>T"A7Q] and ¥ >TA,Q; implies
JC,P. THC =A:type and ' C = B : type
and T;A1; 0 P=M:C and T';A2;Q0FP=N:C
and A—=B  =(C" =T1.

3 THA:K and THFB:K and I'"F A<= B: K~ implies 'FA=B: K.

4. THA Ky and TH Ay : Ky and T™ F Ay +— Ay - & implies
F|_A1:A21K1 and Fl—Klngzkind and K;:KQ_:FL

5 'K :kind and ' K’ : kind and ' - K «+— K’ :kind™
implies ' - K = K’ : kind.

Proof: By induction on the given algorithmic equality derivation using inversion and

injectivity properties. 0]

Theorem 84 (Soundness of Algorithmic Equality)

Assume FT uctx and T'F A lctx and '+ Q octx.

1. ;A QM A and T 0 QFN: A and T"A Q" F M < N: A-
implies T; A;QF M =N : A.

22THFA:K and THFB:K and " FA<«~—= B: K~ implies'HFA=B:K.
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Proof: By Lemma 83, symmetry and transitivity. 0

Now that we have shown the correctness of algorithmic equality, with respect to

definitional equality, we are ready to show decidability of OLF type-checking.
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Chapter 15

Decidability and Canonical Forms

In this chapter we show that the type checking for OLF is decidable and that there ex-
ists a notion of canonical form in OLF suitable for logical framework representations.
We first show that algorithmic equality is decidable. We then use the correctness of

algorithmic equality, Theorems 81 and 84, to show decidability of type-checking.

The notion of canonical form we will define will come from the algorithmic equal-
ity derivations. Specifically, we will make use of the fact that the mediating terms
mentioned in Lemma 83 are unique up to the type labels on bound variables. We will
define a canonical representation for each equivalence class of mediating terms which

will serve as a representative for a given type.

15.1 Decidability of Equality

An object is normalizing if it is algorithmically equal to some other object.

Lemma 85 (Decidability of Normalizing Terms)

1. VEM< M':7 and Y+ N <= N': 7 implies
it 1is decidable whether W M <— N : 1.

20V FM<+— M :1m and Y N <«— N : 1o implies
it 1s decidable whether ¥ M <— N : 13 for some 3.

3 VFA<—= A :k and VYV + B <= B':k implies
1t 1s decidable whether W+ A <= B : k.
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4. VEFA+— A k1 and Y+ B <+— B': ky implies
it is decidable whether V' A <+— B : k3 for some Kg.

5 VF Ky <= Kj :kind™ and VI Ky <= K/} :kind~ implies
it 1s decidable whether ¥t K; <— K, : kind™.

Proof: By induction on the structure of the given derivation using Lemma 70. [J

Lemma 86 (Decidability of Algorithmic Equality)

1. ;A QFM A and T;0;QF N @ A implies
it is decidable whether "TA Q" F M < N : A™.

2.T'FA:K and ' B : K implies
it 1s decidable whether " F A+« B : K.

3. 't K :kind™ and ' K’ :kind™ implies
it is decidable whether I'" F K <= K’ : kind™.

Proof: By Lemma 58 and Theorem 81 both M and N are normalizing. Then, by

Lemma 85 we are done. [

Theorem 87 (Decidability of Definitional Equality)

DAQFEM:A and T;0;QF N @ A implies
it is decidable whether T'; A;QF M = N : A.

I'FA:K and T'F B: K implies
1t 18 decidable whether ' A=B : K.

'K :kind and T'+ K’ :kind implies
it is decidable whether T'+ K = K’ : kind.

Proof: By Theorems 81, 84 and Lemma 86. 0
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15.2 Decidability of OLF Type-Checking

We now present a decidable version of the typing rules from Section 13.2 which is
essentially a trivial extension of the algorithmic type-checking rules given in [24].
These rules use algorithmic equality, rather than definitional equality, and should be

used in a bottom-up fashion.

We introduce the following new judgements for algorithmic type-checking:

' K = kind K is a valid kind
I'FA= K A has kind K
AQFM= A M has type A

We may operationally think of everything to the left of = as input and the family,
or kind, to the right of = as output.

Kinds
I'- A= type ['(z:A) F K = kind
I' - type = kind I' -1Iz:A. K = kind

Families

aK ey I'FA=Ilx:B. K I'-M = B I'"FB<«= B':type

'Fa= K I'FAM = K[M/x]
' A = type  TI'(z:4;) F Ay = type
' Ilz:Ay. Ay = type

Objects

cAeX rAel

Iy Fe= A - Fe= A DiyAy-Fy= A IozAFz= A

' A" = type [(z:A); A QF M= A
DA QF A M = 1Mo A A

A QM= 1lx:B. A ;M =B "+ B <= B’ :type
A QF MM = A[M'/z]
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'~ A" = type O A(y:A); QF M= A

DA QF A y:A. M= A oA

A QFM=B-—-oA T;A;-FM =B I FB<+= B :type
TAA QM M = A

' A" = type A QzAY M= A
DiAQFXzA M= A —» A

A QFM=B—»A ;A - M = B "+ B<= B :type
DAA QY M M= A

I'E A" = type A (zA)QF M= A

DA QR zA M= A — A

AQFM=B— A ;A M = B "+ B<= B :type
DAA;YQFM M = A

A QFfst M = Ay A QFsnd M = A,

A QM= A '-A=A" = type
CA QM= A

Note that these typing rules are completely syntax-directed; each form of object ap-

pears in the conclusion of only one rule, whose premises contain only subcomponents

of the object; and similarly for families and kinds.

We also assume new algorithmic type-checking based judgements to check validity

for signatures and contexts.
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Lemma 88 (Correctness of Algorithmic Type-Checking)

1. A QF M = A implies T;A;QF M : A.
2. A QF M : A implies
JA. T 0 QF A=A":type and T;A;QF M = A'.

Proof: Part 1 is proved by induction on the structure of the given derivation using

Lemma 63, Theorem 84, and the type conversion rule.

Part 2 is proved by induction on the structure of the given derivation using tran-

sitivity definitional equality rules, Lemma 66 and Theorem 81. 0]

Theorem 89 (Decidability of Type-Checking)

1. F T uctx s decidable.
2. F T uctx implies T'F Alctx and T'F Q octx are decidable.

3. FTuctx and ' A lctx and ' Q octx
implies T; A;QF M : A is decidable.

4. F T uctx implies I' - A: K 1is decidable.

5. F T uctx implies I' = K : kind is decidable.

Proof: There exists at most one A" such that T'; A;Q + M = A’ since the algo-
rithmic typing rules are syntax-directed and algorithmic equality is decidable. Then
by Lemma 88, I';A;QF M : A iff ' A= A’ : type which can be decided by
checking ' F A <= A’ : type™. O

15.3 Canonical Forms

We now turn our attention to identifying canonical forms for OLF.

We will start off by instrumenting the algorithmic equality judgements to produce
the mediating object for two equal objects. These mediating objects will be unique.

However, since algorithmic equality uses simplified types, we will not be able to
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construct an actual OLF object (we can recover the type-labels later from the actual

type of the terms).

Rather we will construct an OLF object without the type labels on bound vari-
ables. This object will be unique. We will call such objects quasi objects and define

them as follows:

Quasi objects Q =xly]|z|
A Q| Qi Qs |
M. Q| Q1 Q|
Xz. Q | Q1 Q2 |
Xz Q | Q1" Q2 |
(Q1, Q2) [ fstQ [snd Q| ()

We can now define the notions of quasi-canonical and quasi-atomic form, with the

usual two mutually recursive judgments:

[A;QF QN A Q is quasi-canonical at type A
[A;QFQ LA Q is quasi-atomic at type A

The derivation rules for these judgements are as follows:

Variables

uvar

Fi(x:A)y; - Fax L A

lvar

LiyA;-Fyl A

ovar
[o2zAF2z A
Atomic Types.

AQFQ | o 'Fd =a:type
[AQFQ N a

coercion
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Unrestricted Functions.
(xA);AQFQ 1 B
DA QF Az Q' IIz:A. B

AQFQ | Tx:A. B F;-;-I—Q’ﬂAH
A QFQQ' L Bl(Q)/a]

E

Linear Functions.
[A(y:A); Q- Q 1 B
DA QF M. Q 1 A—-oB

—0

AQFQLA—oB A-FQ A
MAxA:QFQ Q' | B

—0

Right Ordered Functions.
CAQzA)FQ v B
D;A:QF X2 QM A—> B

—»

LAQFQLA— B DAY EQ A
DAA QY FQ Q' | B

—»

Left Ordered Functions.
A (z2A)QFQ ft B
DA QF X2 Q t A— B

i

AQFQLA— B A EQ T A

DAxAQYOFQ Q' | B
Additive Pairs.
LAQFQI M A F;A;QI—QQTTB&I
AQFQLA&B AQFQLA&B

&FE1
AQFfstQ | A [A;QFsndQ@ | B
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Additive Unit.
T

CAQFE(O T

Given a derivation of I'; A; Q2 + @Q 1} A, one may produce an actual OLF object by
adding type labels to (). We use the notation (Q)Iﬁ4 to denote this operation. Note
that this operation is compositional, i.e., (Q[Q'/xz]) = (Q)4[(@)" /] where A is the
(given) type of the whole term, and A’ is the type of variable z in context.

We make use of the following properties of quasi-canonical forms.

Lemma 90
2. T A0 (22 AN F QN A implies T'(2:A"); A; 100 - Qlz/2] ft A.

3. i A (y:AN) Ay Q= Q A implies T'(x:A"); AAg; Q F Qlz /2] 1 A.
Proof: By structural induction on the given derivation. 0

Note that quasi-canonical objects are simply objects in On-long form which are

missing type labels on bound variables.

Theorem 91
Assume I' = A : type.

1L TN QF Q1 A implies T; A Q F (Q)Y : A.

2. T;AQF QLA implies T; A;QF (Q), : A.
Proof: By structural induction on the given derivation. 0

We use the notation M for the result of erasing type labels from an OLF object M
to get a quasi object. Note that this operation is compositional, i.e., (M[M'/x])’* =
(M) [(M') [].

We now restate Lemma 83 to explicitly characterize the form of the mediating

terms using the quasi canonical judgements.
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Lemma 92 (Almost Canonical Forms)

Assume FT uctx and '+ A 1lctx and T'F Asg 1ctx and T'F Qp lctx and
I' - Q, octx.

1. A9 M A and T;A9;Q FN:A and VM < N: A" and
U>T"A7Q7 and ¥ >T7A,Q; implies
there exists a P such that
DA FEP=M:A and T;00;Q0FP=N:A and
DAL F (P A and
P is unique up definitional equality of type labels.

2. 5019 M A and T80, FN:B and VEM<+— N: 71
and UV >T"ATQ] and ¥ >T"A;Q, implies
there exists C' and P such that
'-C=A:type and I'-C = B : type and
DA FP=M:C and T';A9;QFP=N:C and
A-=B " =C" =71 and I;A;; 1 F (P) | C and
P is unique up to definitional equality of type labels.

3 THA:K and THFB:K and " A<= B: K~ implies 'FA=B: K.

4. THFA Ky and T'H Ay : Ky and T F Ay +— As . k implies
F|_A1:A21K1 and Fl—Klngzkind and K;:KQ_:K}

5. TH K :kind and ' K' : kind and " F K <—— K’ :kind™
implies '+ K = K’ : kind.

Proof: By induction on the given algorithmic equality derivation using inversion and

injectivity properties. 0]

Define acnf(M) to be the P resulting from an application of Lemma 92 to two
derivations of I'; A; Q F M : A.

Theorem 93 (Quasi-Canonical Forms)
D;A;QF M : A implies T;A;QF (acnf(M))*  A.

Proof: Direct from Lemma 92. [l
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As stated in Lemma 92, for a given well-typed OLF term M, its almost-canonical
b

Y

form, acnf (M), is unique up to typing labels. Therefore, the quasi-canonical, (acnf(M))
is unique. Thus we can use quasi-canonical forms for logical framework representa-

tions.

Lemma 94
1. T;AQF M : A implies ((acnf(M))")’, = acnf(M).

2. T A QF QA A implies ((Q)4) =Q and acnf((Q)) = ().
Proof: By structural induction on given derivation. U

We have the following special substitution properties for quasi-canonical forms.
Note that the type being substituted into must be constant.

Lemma 95

1.T;-FQ La and T(z:a)l"; A;QF Q + A implies
D(I'[(Q"E/2]); Al(@):/2]; Q@) /2] - Q[Q' /2] 1 A.

2. A FQ La and T5A1(y:a)Ag; QF QA A implies

3. A Y EQ a and T A A Q(2:a)Q FQ ft A implies
;A Y - Q[Q)2] 1 A.

4. 055 FQ La and T(z:a)l";0;QF Q L A implies
DI'[(Q"E/2]); A(@):/]; QUQNE/2] - Q[Q'/x] | A.

5 A -FQ La and T A1(y:a)Ay;QFQ L A implies

6. ;AU EQ a and T A A, Q(2:a)Q - Q | A implies
;A Y - Q[Q/2] | A.
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Proof: Direct from Lemma 59, Lemma 94, Theorem 93, Theorem 91, the compo-
sitionality of (—)* and (—)°, and the fact that the substitution of a constant type

introduces no new redices. [l

The next section shows an example of how OLF may be used to represent deductive
systems. The adequacy proofs for the example will illustrate how quasi-canonical
forms really are strong enough for OLF representations. Chapter 16 shows how OLF

can be used to analyze syntactic properties of the CPS transform.
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15.4 DeBruijn Terms in OLF

In this section we show a small example application of OLF. In Chapter 10 we gave
an Olli program for translating regular lambda terms to deBruijn terms (or vice-
versa). We will now recast that example in OLF and prove the correctness of our
OLF representation. We begin by reviewing the formal definition of regular terms,

deBruijn terms, and the translation between the two.
Regular Terms e == x|ejex|Ax. €
deBruijn Terms e == 1]|ée T|eje, | Ae
We use A for regular terms to distinguish them from unrestricted OLF functions

written with .

We use the judgement

T1... 2, Fe €

to translate between regular and deBruijn terms. We use K to stand for z;...x,.

Here are the derivation rules for our translation judgement.

Kle el Klrey<reé) KrzkFew ¢
tr_app tr_lam”
Kl ejes e eg KEMAx.e< Ae
/
e KlFewe tr 1
Kaxbze1 Kxkew e

where x does not occur in K in the tr_lam® rule.

We can now write down an OLF signature with constants for representing all of
the above judgements and rules. We start with the abstract syntax for regular and

deBruijn terms:

exp : type. exp : type.
lam : (exp — exp) — exp. lam’ : exp’ — exp’.
app : exp — exp — exp. app’ : exp’ — exp’ — exp'.

shift : exp’ — exp’.

one : exp'.

Note that these constants are the same as the signature used by the Olli translation

program.
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We define the following representation function ("—7), and its inverse (_—_), which

form a bijection between regular terms and quasi-canonical objects:

27 =z LTy = T
"Az. el = lam (Az. "e?) Llam (A\z. E)s = Az, LE
l_61 62—| = app '_61_' l_eg—l LappEl EQJ = I_ElJ I_EQJ

Note that Teley/z]"="e["e1 /).

Lemma 96 For every reqular term e
[ -FTe'frexp

where I' = x1:exp...x,:exp for each x; free in e.
Proof: By structural induction on e.
Note that I'; ;- - ("e")ﬁexp : exp.

Lemma 97

[ FQ N exp implies LQJ is a well-formed regqular term.
Proof: Immediate from fact that L—_. is a function.
Note that I';-;- (Q)ﬁexp : exp.

Theorem 98

2. ;- M :exp implies ('_L(acnf(M))bf')ﬁeXp = acnf(M).

Proof: Direct from previous definitions, Lemma 94 and Theorem 93.

O

We define the following function ("—7), and its inverse (L—.), which form a bi-

jection between deBruijn terms and quasi-canonical objects:

17 = one Lones = 1
e/ 17 = shift™e Lshift B/, = LE'J 1
"Ae'7 = lam' "¢ Llam'E'S = ALE'
Teleym = app' Tej e, Lapp' E1 Eyy = (B L FE)

Note that the quasi-canonical objects do not contain variable binders and thus are

also actual OLF objects.
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Lemma 99 For every deBruijn term e’
5T exp!

Proof: By structural induction on €. O

Lemma 100
QA exp’ implies LQJ is a well-formed deBruijn term.

Proof: Immediate from fact that . —_ is a function. O

Theorem 101

1oL((TeE L Ppa=¢.

exp’
2. ;- M :exp' implies ('_L(acnf(M))bf')ﬁeXp, = acnf(M).
Proof: Direct from previous definitions, Lemma 94 and Theorem 93. 0

We now move on to the translation judgements. Because we will use the ordered
context to implicitly represent the environments (K from the translation judgements
given at the beginning of this section) we also need to define a helper constant which

allows us to store terms of type exp in the ordered context.

tr : exp — exp’ — type.
var : exp — type.
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We can now define constructors to represent the derivation rules.

trapp’ : IIEl:exp. [IE1 :exp'. IIE2:exp. IIE2 :exp’.
trE1E1 & tr E2 E2'—
tr (app E'1 E2) (app’ E1' E2).
trlam’ : IIFE:exp — exp. IIE :exp’.
(IIz:exp. varz — tr (Ex) E')—
tr (lam E) (lam" E).
troone : IIE:exp.
T
var £F—
tr E/ one.
trshift : IIF:exp. [IE:exp. IIE :exp’.
trE B —

var F'—
tr E (shift E').

Note that these declarations are the clauses of the Olli translation program.
We define [—] and |—] on variable lists and ordered contexts as follows:
] =- |[K z] = [K] (vivarz)  (for fresh v)
] =" |Q (vivarz)| = Q] z

Lemma 102
K F e« e implies there exists a Q such that

s [KTE QA tr (re—')ﬁexp (re/—')ﬁexp'
where I' = x1:exp...x,:exp for each x; in K.

Proof: By structural induction on the given derivation.

Note that I';-; [K] F (Q),ﬁcr(r@)u o (Fer ! : tr('_"3_|)Iiexp (re/—')ﬁexp"
€eX| exp'

Lemma 103
[ vpvarzy .. ovarz, EQ Y tr EE implies
|vivarxy ... vpvara, | FL(acnf(E))’ L < L(acnf(E')) L.

Proof: By structural induction on the given derivation.
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Note that I'; -;vy:varzy ... v,:varx, - (Q)’ﬁcrEE/ trEE.

The representation function implicit in Lemma 102 and its inverse in Lemma 103
form a bijection between equivalence classes (up to definitional equality of type labels)
of “almost” canonical forms for type family tr and informal translations. This is easily

proved by using inversion properties of the quasi-canonical judgements.
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Chapter 16

CPS Analysis in OLF

In this chapter we show how an ordered logical framework supports the representation
of CPS terms and a machine for their evaluation. The ordering properties of CPS
terms which at first appear somewhat ad hoc are directly captured as typing prop-
erties in the representation that are preserved during evaluation. Complicated stack
invariants can be recognized as uniform substitution properties, providing an example
of how the organizing principles of a logical framework can contribute conceptually

to our understanding of object languages.

The rest of this chapter is organized as follows. In section 16.1 we review CPS
terms and their occurrence invariants. In section 16.2 we give a representation of CPS
terms in an ordered logical framework in which the occurrence invariants are implicit
in the ordered types. In sections 16.3, 16.4 and 16.5, we give representations of the
CPS transformation and different evaluation models for CPS terms. In section 16.6
we show how the relationship between the bare evaluation and stack evaluation of
a term can be formalized in OLF. We then use this formalization to give a proof
that the machines produce the same result. Finally we give some conclusions and

directions for further work in section 16.7.

16.1 CPS terms

In this section we review CPS terms and their ordering properties as investigated
in [15, 14].
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We use the following syntax for direct style (DS) terms:

DS Roots r on= e
DS Expressions e = ere|t
DS Trivial Ezpressions t = dx.r|x

and for CPS terms:

Root Terms r = Mk.e
Serious Terms e = titac|ct
Trivial Terms t = dM.r|zxz|v
Continuation Terms c = Mv.elk

Note that in the CPS syntax, we are distinguishing trivial variables x which are

parameters of functions from trivial variables v which are parameters to continuations.

We formulate the left-to-right call-by-value CPS transform as three mutually re-
cursive judgements. A direct-style term 7 is transformed into a CPS term ' whenever

the judgment

DR
Fr =

is satisfied. Given a CPS continuation ¢, a direct-style expression e is transformed
into a CPS expression e’ whenever the judgment

DE
Fe;c— ¢

is satisfied. Finally, a direct-style trivial expression ¢ is transformed into a CPS trivial

expression ¢’ whenever the judgment
-t 2y
is satisfied.

l—e;k‘%e' Ftﬂt'

Fe 2B ke it 2B oy

DE DE
Feq; Mg, v1 v — € Fep; Avp. e, — €

(v1 not free in conclusion)
DE_
Feley; c—e
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DR
(S ——

DT DT
Fe ==z Flx.r = )z.r

Terms resulting from a left-to-right call-by-value CPS translation of direct-style
terms satisfy properties in addition to the CPS syntax, both on occurrences of con-
tinuation identifiers k£ and the parameters v of continuations. In [15] the occurrence
properties on continuation identifiers and parameters are separately specified with
two judgment families. However these occurrences are tightly coupled and may be
naturally captured with just one family of judgments as follows. We shall use four

mutually recursive judgments
':Root r P ':Exp e P ':Triv t P ':Cont c
where @ is a stack of both continuation identifiers and parameters:
S:=.-|D,k|D,v

We have the following inference rules for these judgements:

k EExP ¢

':Root Ak e

(I)t ':Triv t (I)c ':Cont c (I)l ':Triv tl (I)O ':Triv tO (I)c ':Cont c

. P, EBXP ¢t DD, Dy EP*P 14t ¢
':Root r
D, v EEXP ¢

ke ECON | ® O M. e

Our presentation is general enough to serve as a target for both Plotkin’s origi-
nal call-by-value CPS transform and a one-pass version which avoids administrative

redices.

It is easy to see that continuation identifiers, k, are used linearly in each root
term and that continuation parameters, v, form a stack during the processing of

each serious term. Furthermore, each k is used in a serious term only after all local
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parameters to continuations are used. These properties can be precisely captured

with ordered types.

We next show how to prove that + r DR implies ER?°t ¢/ with the aid of an

ordered logical framework.

16.2 Ordered Logical Framework Representation

We will now show how the OLL type theory presented in Chapter 13 provides exactly
what is needed to capture and reason about the ordering properties of CPS terms.
For the sake of readability, we will elide an explicit type argument, A, for the labeling
operation, (—)%; this should not cause any ambiguity since the necessary type will be
apparent from the context. Furthermore, we will use the notation A’ — A to stand
for IIz:A’. A when x does not appear free in A. Finally, since our representation will

not use linear hypotheses, we elide the linear context in all of our judgements.

16.2.1 DS Terms

Our representation of DS terms will use three basic types corresponding to the three
kinds of DS terms.

droot : type. dexp : type. dtriv : type.

We will then build our representations from term constructors corresponding to
DS terms. Note that representation uses higher-order abstract syntax, so object level

functions are represented by meta-level functions.

e2r : dexp — droot.

dapp : dexp — dexp — dexp.
t2e : dtriv— dexp.

dlam : (dtriv— droot) — dtriv.

Given the previous signature, there is an obvious compositional bijection between
DS terms and quasi-canonical objects in the above signature. This bijection is estab-
lished by the following mutually recursive representation functions, "— "%~ 7T

and their inverses L — %, —_F  — T,

'_e_'R = e2r'_e_'E I_GQFEJR = I_EJE
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'_eoel_'E = dapp '_eo_'E'_el_'E I_dappE()ElJE = I_E()JEI_ElJE

TE — et T vd2eTap = Tor
"Ar.r T = dlam (\z. TrE) cdlam (Az. R)or = Az. . Rig
re T = g LZap = X
Lemma 104

For every DS term e where I' = z:dtriv. .. x,:dtriv for each x; free in e:

1. T;-;- = Te ' 4 droot
2. T - Te | dexp

3. Ty - = Te™ 14 dtriv
Proof: By structural induction on e. 0

Lemma 105

1. T - B Q 1) droot implies LQ g is a well-formed DS root.
2. - F QN dexp tmplies LQ g is a well-formed DS expression.

3. T - F Q1 dexp implies LQr is a well-formed DS trivial term.

Proof: Immediate from fact that _—_ is a function. O

16.2.2 CPS Terms

Our representation of CPS terms will use four basic types corresponding to the four
kinds of CPS terms.

root : type. exp : type. triv : type. cont : type.

We will then build our representations from term constructors corresponding to

CPS terms. The use of ordered types forces the CPS term representations to have
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the linearity and ordering constraints noted at the end of section 16.1.

klam : (cont — exp) — root.
kapp : cont —» triv— exp.

app : cont —» triv — triv — exp.
lam : (triv — root) — triv.
vlam : (triv — exp) — cont.

The intuition behind these type declarations may best be gleaned from the repre-
sentation function and its adequacy theorem below. Note that a positive occurrence
of an unrestricted function — as in the type of klam imposes a restriction on the
corresponding argument: it may not depend on the continuation k or parameters v.
On the other hand, a negative occurrence of — as in the type of lam licenses the un-
restricted use of the corresponding bound variable . The right ordered functions —
impose the stack-like discipline on parameters of continuations and the continuations

themselves explained in the previous section.

Given the previous signature, there is a compositional bijection between CPS
terms satisfying the occurrence conditions and quasi-canonical objects in the above
signature. This bijection is established by the following representation function, "—

and its inverse L —_.

Ak e? = klam (Xk"eT) Lklam (Xk. E), = Ak.LE_
I_lf() t1 ¢! = app>'_c_'>'_t0_'>'_t1_' Lapp>C>T0>T14 = I_T()J LT LC'
et = kapp>'_c_'>'_t_' Lkapp>C>TJ = LCuLT,
"Az.r7 = lam(Az. Tr7) Llam (Az. R)y = Az. LR,
z7 = x LTy = X
v = v LUl = v
"hv.e? = vlam (Xv. TeT) wlam” (Xv. E)s = M. LE
"k = k Lky = k
ro= Lea =
o v = Td ' vuitriv LD, vitriva = LPv
"® k7' = T®' k:cont LD, kiconty = LDk

Note that and L."u "4 = u for any term u. Additionally, since variables are mapped to
variables, the representation function and its inverse are compositional (i.e., commute

with substitution).
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We formally prove the correspondence in two parts.

Theorem 106 (Representations are Canonical Forms)
Consider terms r, e, and t with free ordinary variables among x1,...,x, and let

I' = zq:triv. ..z, triv.

1. IfER®t 1 then T';- F Tr7 1) root.
2. If ® EE*P ¢ then I;T®7 - Te™ 1) exp.
3. If ® ETWV ¢ then I';7 @7 - Tt ) triv.

4. If ® EC°t ¢ then T;"®7 F "¢ {) cont.

Proof: By induction on the structure of the given derivations. We give a represen-
tative case.
k EExP ¢

case: ERO \k. e

['; k:cpair = Te ™ ) exp ind. hyp.
;- Xk. Te™ 1} cpair — exp >
['; - + klam | (cpair — exp) — root const
I; -+ klam (Xk. "e7) 4 root —p, coercion

Theorem 107 (Canonical Forms are Representations)

Let I' = zy:triv, ..., x,:triv be given.

1. For any @ such that T';- F @ 1) root,
LQ is defined and ER°°t Q.

2. For any ) = vy:triv. .. v, triv and Q with I'; k:cont, Q F Q 1) exp, LQ is defined
and k, QL EE*P Q.

3. For any €2 = vy:triv. .. v,:triv and Q such that T'; QQ = Q 1) triv,
LQ_ is defined and QL ETY Q.
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4. For any Q = vy:triv. .. v,:triv and Q with I'; k:cont, Q = @Q 1 cont, Q) is defined
and k, Q4 ECnt L Q.

Proof: By induction on the structure of the given canonical derivations. We give a

representative case.

case: T';-F klam (Xk. e) 1) root

T;- - klam (XE. e) | root inversion on coercion
;- F Xk. e ff cpair — exp inversion on —g
I'; k:cpair - e 1) exp inversion on —»;
Le. is defined, and k EFXP e ind. hyp.
ERoot Ak Lel by definition

16.3 CPS Transform

We represent CPS transform with three basic types corresponding to the three judge-

ments of the transform.

cps_r : droot—root—rtype. cps_e : dexp—cont—exp—type. cps_t : dtriv—triv—type.

We then use the following terms to construct representations of the CPS transform.

cps_root : IIFE:dexp. IIE’:cont — exp.
(ITk:cont. cps.e Bk (E' " k)) — cps_r (e2r E) (klam E').

cps_app : I1Ey:dexp. [1E;:dexp. IIC:cont. I1E}:triv — exp. ILE":exp.
cps_e Ey (vlam~ E}) E'—
(TTwg:triv. cps_e By (vlam ™~ Xovy:triv. app~ C vy v1) (B} vg))—
cps-e (dapp Ey F1) C E'.

cps_triv : IIT:dtriv. IIC:cont. IIT":triv.
cpst T'T" — cps_e (t2e T) C (kapp C~T").

cps_lam : IIR:dtriv — droot. IIR':triv — root.
(ILz:dtriv. TIa":triv. cpstx 2’ — cps_r (Rzx) (R z'))—
cps_t (dlam R) (lam R').

246



We may now show the adequacy of above representation in two parts. In the infor-
mal translation we map variables x to themselves; in the formalization we map each
variable x from the direct-style term to a corresponding variable 2" in the continuation-

passing term. These variables and their relationship are captured in contexts

I' = xydtriv...x,:dtriv
IV = Zitriv... 2] triv
'y = macpstzyal...mycpsta, x),

which always occur together in this manner.

Theorem 108 (Representations are Canonical Forms) Let I'" = I, 1", T, be
a context of the form explained above that contains all free variables occurring in the
relevant judgment. Then

1. b 28 implies 3Q. T*;- = Q 1) cps_r (Tr ' E)* (Tr/7)F and EReot o/,

2. Fe;c 2B ¢ and ®ECM ¢ implies
3Q. T*,7@7 - = Q frepse (Te ) (TeT)E (T and @ EPP €

3. Ht 2Ly implies 3Q. T*;+;-FQ fhcpst (Tt 1) (T and - ETV ¢/,

Proof: By structural induction on the given derivation. We show a representative

case.
l—eg;Avg.vlvgc%e’Q l—el;Avl.egge’
(v1 not free in conclusion)
case: Feiey; c DE o

Then
P =Cont ¢ assumption
v1 FTY 9 and vy ETFY g defn.
O, v, ECOt Ny, v vsc defn.
(T*,7®7, vp:triv); - = Qo t cps_e (Tex "P)E (viam ™ Xvy. app ("¢ ) vy vy) (TehT)E

and @, v, FEXP ¢l ind. hyp.
I (@7, vy:triv) = Tel, T 1 exp Theorem 106, Lemma 90
I 7O F Xvy. Tel,? ) triv — exp —»g
(T*,7®7); - - Aoy Tel, 7 triv — exp Lemma 90

(F*, l_(I)_'); -+ )\’01. QQ 'ﬂ‘
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ITv;:triv. cps_e (Tey F)t (viam ™ Xvy. app (Te )t vy vy) (Tey ) I1;

P ECont Ny, €l defn.
(T, 7@7); - = Qu f cps-e (Tex ™7)* (vlam ™ Xuy. (Tey)F) (T )
and & EExP ¢/ ind. hyp.
(T*,7®7); - - cps_app"er ey e (Xur. Teb 1) T 7 Q1 (Avr. Q)
cps_e (dapp (Te; "E) (Tex 7E)4) (TeM)* (T M) I, coercion
0]

Theorem 109 (Canonical Forms are Representations) Assume I' only con-
tains variables of the following types: dtriv, triv, cpstx ' (for z, ' in T'), and cont.

Further assume the types below are canonical.

1. ;- M frcpsor RR' implies = LR.R PR R
2. T;-F MA cps.e ECE' implies L E.p; .Ca 25 (B
3. Tio b M Ay cpstTT' implies - Top 25 (T,

Proof: By structural induction on the given canonical derivation. We give a repre-

sentative case.

case: I';-+ cps_app E1 E5 C ()\>z;1. El) E' Dy (Avy. Do) 1y cps-e(dapp E1 Ey) C E'
Then

;- Dy f cps_e By (vlam ™ (Xvy:triv. Eb)) E inversion on Ilg
Note T+t (Xvp:triv. Eb) vy = EY : exp
(D, vy:triv); - = Dy

cps_e By (vlam ™~ (Xva:triv. app  C vy vy)) B inversion on Ilg, II;
LEs 1g; Avg. v1 09 LC % LES ind. hyp.
LE a5 Avy. B % LE ind. hyp.
Note vy cannot be in I
LEs g Eyag; L P % LE defn.

[
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The adequacy of our representation implies that the terms resulting from a CPS

transformation satisfy the occurrence conditions of section 16.1.
DR ;. .
Fr = 7’ implies Rt ¢/,

It is also possible to represent a one-pass CPS transformation directly using third-
order constructors and still guarantee ordering properties for the results. A further

examination of this optimized translation is left as future work.

16.4 Bare Abstract Machine

We now begin extending our representation to include evaluation of CPS terms. We
will begin by showing a representation of a naive evaluator which makes no use of the

ordering invariants. The following is a bare abstract machine for CPS evaluation.

"EXP

Bl e<—a
RO \k. e < a BTkt t
FEXP e[t /v] < a FaP elt/z][c/k] = a
RO (\v.e)t <= a RO (\z. Mk.e)tc—a

Notice that this machine describes a regular big-step operational semantics for a

A-calculus—every redex is reduced by a substitution.

We introduce two type constructors to represent bare evaluations:
evalrg : root — triv — type. evalep : exp — triv — type.
Additionally, we introduce a new object to our signature for CPS terms:
ret : cont

ret! will be substituted for the continuation identifiers, k, in bare evaluations. In order

to make the inverse representation function on objects well-defined, we augment it

IWe chose the term ret for continuation identifiers since a continuation is not invoked until the

end of the current computation, thus it is like a return statement.
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with a continuation identifier £ when applied to a continuation term or a serious term:

Lklam (Xk. E)s = Mk LE
|_app>C>T0>T14k = I_T()J |_T14 I_CJk
l_kapp>C>TJk = I_CJk LT
Llam ()\x. R)J = Al’ LR

Lrd4 = X
L1 = v
wvlam ™ (Xv. BE), = Mv. LE
Lk, = k
Lrety, = k

We use the following object constructors to represent bare evaluations:

evrg . ITA:triv. [IE:cont — exp.
evalep (E “ret) A — evalrp (klam E) A.

eveg 0 . TIA:triv. evalep (kapp ret” A) A.

evep_1 . IA:triv. IIT triv. IIE:triv — exp.
evaleg (E”T) A — evaleg (kapp ~(vlam ™ E)"T) A.

eveg_app : IIA:triv. IIT triv. IIC:cont. I E:triv — cont — exp.
evaleg (ET) C) A—
evalep (app~ C~ (lam (Az:triv. klam (E z))) " T) A.

We prove that our representation of bare evaluations is in bijective correspondence

with actual bare evaluations in two parts as follows.

Theorem 110 (Bare evaluations are canonical forms)

Assume r and e have no free x.

1. ERoot v and FBeOt s g dmplies  3Q. -+ Q fevalrg (Tr7)F (TaT)E.

2. kEP® ¢ and FE® e < a  implies  3Q. -;-F Q 4 evaleg (Te [ret/E])! (Ta ).
Proof: By structural induction on the given canonical derivation.

I—EXP elt/x][c/k] — a

case: o (Az. M. e)tc—a and K EEXP (Ax. M. e)tc
Then
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BTV ¢ and kEEXP e and K ECORt ¢ inversion

BTt triv and x:triv; k:cont F Te ' exp and

- k:cont = "¢ ) cont Theorem 106
- Tt | triv and x:triv; k:cont - "e' | exp and

< k:cont "¢ | cont inversion
5 kcont = Te [Tt/ x] [TV k] Ay exp Lemma 95
k' EExP e[t /z][c/k]| Theorem 107
5 Q 1 evaleg (Te[t/z][c/k] [ret/K'])* (Ta™)* for some Q ind. hyp.
- eveg_app Ta Tt (Tcret/E]) (Az. XEk. Te ) Q 1 g

evalep (app ~ (Tc7[ret/k']))!” (lam Az:triv. klam Xk:cont. (Te™)#) ™ (Tt T)F) (Ta7)E.
U
Theorem 111 (Canonical forms are bare evaluations)
1. - FQfevalrg RA implies FR° R, and FBe° LR, LA,

2. ;- F Q1 evaleg E A implies Fo® LE_;, — LA for any k.

Proof: By induction on the given canonical typing derivation making use of a-

conversion to allow choice of any k.

case: -;-Fevrg AE D 1 evalr (klam E) A

Then

-+ E{ cont»exp and E = Xk. E’ inversion
5+ D 1 evalep (E'[ret/k])* A inversion
k EBxP | E'[ret/k]L, and F2® LE'[ret/k]o < LAL ind. hyp.
Note I_E/[I’et/k]Jk = I_E/Jk[l_reth/k] = LFE 4.

F%O(’t Ak LE ), — LA defn

O

In addition to proving that we really have represented bare evaluations, we have
also proved that bare evaluation preserves the ordering invariants of CPS terms. This

comes for free as a result of theorem 107.
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16.5 Stack Abstract Machine

We now consider a more sophisticated evaluation model which makes use of the
ordering constraints on CPS terms. Rather than substituting for continuations and
continuation parameters, we can evaluate terms by keeping a stack of continuations
and their parameters and then effectively treating k£ and v as pop instructions.

We need stacks, ¢, of both trivial terms and continuation terms for our stack

evaluator.

¢:::' | ¢7t | ¢7C
We give a big step operational semantics for stack evaluation as follows:

Ex Tri :
ebg P e—a gVt —a;e

FRoot \ke < a PSPkt —a

PRIVt ti¢ e ¢t rgPe—a dFEVt iy ¢t gPe—a

PFEP kt < a P FE® (M. e)t < a

PrEv i st ¢ RNt An M. e3¢ ¢ Pt elt/a] — a
St St St

¢|_g;<p tot1k —a

PRIV e ¢ FEY o M Ak € ¢ ¢ M. ebg T elt/z] = a
St St St

P toty (Av. e) = a

PEGY Ar.r = Az 15 ¢ P tEGY vt

Notice that this machine only performs substitution to reduce redices between trivial

terms. Arguments to continuations are instead pushed onto the stack.

We show an OLF representation of the stack machine which uses the ordered
context to represent the stack. We introduce the following new type constructors for

representing stack evaluations:
evalrg; : root — triv— type. evaleg; : exp — triv— type. evalt : triv— triv— type.
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Since we use the ordered context as a stack, we also need constructors which allow

us to put continuation terms and trivial terms into the ordered context:
cnt : cont — type. var : triv — type.

cnt and var will be used to represent continuation terms and trivial terms stored in

the stack. We also introduce a new object:
pop : triv

which will be substituted for the continuation parameters, v during stack evaluation.

As before we need to augment the inverse representation function with ® as follows:

Lklam (\k. E)s = Mk LE
Lapp >C>T0 >T14q>q>0q>1 = LT()J(I)O |_T14q>1 LCJ(I)
l_kapp>C>TJq>q>t = LCJ(I) LTJ(I)t
Llam ()\x. R)J. = Ax LR

L4 = X

LUy = U

LPOPdy = v
vlam ™ (M. E)ug = M. LE g,

ko, = k

Lretuy, = k

The inverse representation function is stated non-deterministically— the splittings for
® must be guessed. However, it is easy to see that the constraints on ® in the
variable cases ensure there will be at most one correct splitting of ® at any point in

the execution of the function.
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We use the following term constructors to represent stack evaluations:

evrg; . ITA:triv. IIE:cont — exp.
evales; (£~ ret) A — evalrg, (klam E) A.

eveg; 0 : IIA:triv. IIT :triv.
evalt T A — evaleg; (kapp “ret T) A.

eveg;_1 : ITA:triv. IIT :triv. IIT" :triv. ITE:triv — exp.
(varT" —» evaleg, (E~pop) A)—»
cnt (vlam ” E)—»
evalt T'T"—
evales; (kapp ret” T) A.

eves; 2 : ITA:triv. IIT :triv. IIT":triv. ILE:triv — exp.
(varT" — evaleg, (E~pop) A)—»
evalt T'T"—
evales; (kapp ~ (vlam ™ E)"T) A.

eveg;_app0 : ITA:triv. IITg:triv. IITY:triv. IIT triv. I1E:triv — cont — exp.
evales; (ET) “ret) A—
evalt Tg (lam Az:triv. klam (E z))—
evalt Ty T—
evaleg; (app> ret” Th >T1) A.

eveg;_app_l : IIA:triv. IITy:triv. IIT :triv. [TE :triv — exp. 1T :triv.
[TE:triv — cont — exp.
(cnt (vlam ™ E') — evales; (ET) “ret) A)—»
evalt Tg (lam Az:triv. klam (E z))—
evalt Ty T—
evales; (app ~ (vlam ™ E') Ty Ty) A.

evt_lam : IIR:triv — root. evalt (lam R) (lam R).

evt_vp : IIT:triv. varT — evalt pop T

Note that this representation does not contain an explicit stack. Instead, the
ordered context of the type theory implicitly provides the representation of the eval-

uation machine’s stack. In order to prove our representations are in bijective corre-
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spondence to stack evaluations, we need the following auxiliary definitions.

For any term w, |"u'| denotes "u' with all free k replaced by ret and all free v
replaced by pop.

We define validity for evaluation stacks, ¢, with respect to ® (as defined in sec-
tion 16.1) as follows:

ETriv 4 Efg:d EPo¢: (0K, 0,) (K, ®,) Eoont ¢
EF Lk ¥ (¢,1) : (@, 0) ¥ (¢, ¢) : (DK, D, k)

BTV ET g
':T R ':T (¢7t) : ((I)7U)

Finally we need a representation function, and its inverse, for evaluation stacks.

r.7 — L —
(o, 1) = "¢ vvvarTtT LQ,ovvarTL = Qo T
"(p,c)7 = "¢ cvient| ¢ LQ,cvientCL = L., LClas

where we can construct ® from the form of €2 as follows:
either Q = ', cv:ent C7, Q¢ and we construct ® such that EF QoL @ ®;
or cv:ent C' ¢ © and we construct ® such that ¥ (O : ®.

Theorem 112 (Stack evaluations are canonical forms) Assume all r, e, and t
have no free x.

1. FBoot v s q and ERO r implies AM. -;-+ M f evalrg,"r7"a™.

2. 9 Fe® e a and EF ¢ : (D,k,®,) (where o ¢ ®,) and (k, ®.) FE*P ¢
implies
dM. "¢ 'F M {evaleg: |"e|"a™.
8. ¢, FEV it —a;¢ and FT ¢y : &, and &, E™V ¢ implies
dM. "¢ ' M frevalt |t Ta™.

Proof: By structural induction on the given derivations. In pt. 2, derivations of

ET ¢ : @ needed to apply the induction hypthesis are constructed by case analysis
on the relevant trivial term.

O
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Theorem 113 (Canonical forms are stack evaluations)

1.+ -+ M 1 evalrs; R A implies FB°t LR, — LA
2. QF MAevaless EA and EF LQL: & implies Q1 FG® LE g — LA

3. - QF Mfevaltg TA and ET LQL: ® implies ¢/, QL For® LT g — LA ¢
for any ¢'.

Proof: By structural induction on the given canonical derivations. 0

16.6 Bare and Stack Equivalence

In this section we show that the two evaluation models produce the same result. We
will carry out our proof inside OLF. Note that this is different from formally rep-
resenting a proof in OLF; instead we give an informal proof which happens to use
OLF. Danvy and Pfenning give a similar proof in [15] which acts directly on the bare
and stack machines. We note that carrying out this analysis on OLF representations
does not simplify the proof. However, it does show that OLF is expressive enough to
represent the main relation of Danvy and Pfenning’s proof as a type family. Further-
more, this representation has a direct computational interpretation as a logic program

following the operational interpretation of LF type families as logic programs [43].

We first define a relation which holds when a term evaluated by the stack machine
and a term evaluated by the bare machine will both evaluate to the same answer. We

define this relation as four OLF type families.

trans_r : root — root — type. trans_e : exp — exp — type.
trans_t : triv — triv — type. trans_c : cont — cont — type.

The first argument to each type family will be a term partially evaluated by the
stack machine, and the second argument will be a term partially evaluated by the bare
machine. The term constructors for these families specify when partially evaluated
terms are related. Partially evaluated terms are related if they are the same; pop is
related to a trivial term ¢ if vart’ is the rightmost ordered hypothesis and ¢’ is related
to t; similarly, ret is related to a continuation term c if cnt ¢’ is the rightmost ordered

hypothesis and ¢ is related to c.
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trans_klam : IIF:cont — exp. I[IE":cont — exp.
(ITk:cont. trans.ck k — trans_e (E " k) (E' " k))—
trans_r (klam E) (klam E")

trans_app : IIC:cont. IIC":cont. IITy:triv. [IE:triv — cont — exp. IIT7:triv. 1177 triv.
trans.cC C'—
trans_t Ty (lam Az:triv. klam Xk:cont. E x~ k)—»
trans_t 1y 17—
trans_e (app C To T1) (app~ C'~ (lam Az:triv. klam Xk:cont. Bz k)~ T})

trans_kapp : IIC:cont. IIC":cont. IIT :triv. ITT":triv.
trans_.cC' C'—
transt T T'—
trans_e (kapp C~T) (kapp C' " T")

trans_lam : IIR:triv— root. IIR":triv — root.
(ILz:triv. trans_tx  — trans_r (Rx) (R' z))—
trans_t (lam R) (lam R)

trans_pop : IIT":triv.
transtT'T—
var T'—
trans_t pop T’

trans.vlam : IIE:triv — exp. [IE":triv — exp.
(ITv:triv. trans_tv v — trans_e (B~ v) (E' " v))—»
trans_c (vlam ~ E) (vlam " E)

trans_ret : IIE:triv — exp. IIE :triv — exp.
trans_c (vlam ~ E') (vlam ~ E)—»
cnt (vlam ~ E')—»

trans_cret (vlam ~ E).

trans_init : trans_cretret

In the rest of this section, all the outermost arguments explicit in the preceding

constructors are left implicit.
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We next prove some elementary properties of this relation, or set of type families,
which are necessary to prove the main result, Theorem 119, which states that two

related terms evaluate, using their respective machines, to the same answer.
For any OLF quasi canonical term () whose free variables of type triv range over
Z1...2, and vy ... v, we have the following definitions:
Fg = xy:triv, ..., xytriv ngg = trans_tx; x1,...,trans tx, x,

Fff = wvy:triv, ..., Uyctriv Qf? = trans_tvy vy, ... ,transt v, v,

Our first lemma states that if two terms are related in a context which does not
contain variables of type vart nor of type cntc, then the two terms are syntactically

equal.
Lemma 114

1. TETE .. Q { transr RR' implies R = R'.

xx)?

2. TETE 'k:cont,I'F;transck k,QF - Q {) trans_e E E' implies E = E'.

xT)

8. T TT T QT - Q 1 trans t T T" implies T = T".

xT)

4. TY . TC k:cont, T trans ck k, QY - Q 1 trans.c C C’ implies C = C'.

xT)

Proof: By induction on the given derivation. 0

We now need a lemma which shows that terms are related to themselves.
Lemma 115

1. TE:. = R {) root implies 3Q.TE TE:. - Q 1 transrRR.

xx?

2. TE: k:cont,TE - E frexp implies 3Q. T2 TE k:cont,TE:trans ck k, QF - Q 1
trans e K F.

8. TL:TE B T Ay triv implies 3Q. TZ, TL . TT QI = Q {r transt T T

xT)

4. TS k:cont, TS = C 4 cont implies 3Q. TS, TC  k:cont,I'C;trans ckk, QY +
Q 1 transcC C.
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Proof: By induction on the given derivation. 0

The next lemma contains two technical results. Trivial terms partially evaluated
by the bare machine are always related to themselves in an empty ordered context
since they contain no pop and only one ret (for the initial continuation). It also shows
that the information in the evaluation stack can be used to further evaluate a partially
stack evaluated trivial term to a bare evaluated trivial term, provided the two terms

are related.
Lemma 116

1. T;QF QA transt T'T" implies Q. T;- F Q' fr transtT" T’

2. QF QN transtTT" implies Q. -;QF Q' 1) evalts; T T’
Proof: By induction on the given derivation. 0

The next two lemmas are essentially substitution lemmas for stack “variables”.
In the constructors for deciding if two partially evaluated terms are related, recursive
descent into functional terms (the trans_klam, trans_lam, and trans_vlam) is achieved,
by generating a new parameter and applying it to both terms under the assumption
that the parameter is related to itself. The next lemmas state that we may substitute

actual terms into such parameters.

Lemma 117 In the following assume

' = xy:triv, my:trans_t xq x4, . . . , xp:triv, my:trans_t z,, x,, k:cont, vy:triv, . .. | vp,:triv;
and that Qg only contains identifiers of types var X and at most one identifier of type
trans_tv; v; for each v; inT.

1. T v:triv; Qp, m:transtvv, Qp E Q ff transe EE" and -;-+ R transtT T
implies Q. I Qp, m'var T, Qp = Q' ) trans_e (E[pop/v]) (E'[T/v])

2. T, v:itriv; Qp, m:transtv v, Qr - Q { trans.cC C' and -;-+ RA transtT T
implies  3Q". T'; Qp,m":varT, Q¥ = Q' f trans_c (Cpop/v]) (C'[T/v])

Proof: By induction on the major given derivation.
Assume ;- R 1 trans_t A A.
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e case:
T, v:triv; Qp, m:trans_t v v, Qg b trans_kapp R¢ Ry 1) trans_e (kapp C'T) (kapp C"'T")

Note that m must be consumed by either Ro or Rp.

— subcase:

[, v:triv; Qp, m:trans_tv v, Qg F Ro ) trans.cC' C’ and Qr = QrrQkr

Note v cannot occur free in 7" or T” trans_tvv € I', Qrp
I';Qp,m''var A, Qg F R A trans_c (C[pop/v]) (C'[A/v])
for some R ind. hyp.
T;Qp,m'ivar A, Qg F trans_kapp R~ R f)
trans_e (kapp~ (C[pop/v]) "T) (kapp”~ (C'[A/v]) "T") Iy
— subcase:

[, v:triv; Qrr, mitranstv v, Qr - Ry ) transt T T and Qp = Qr1Q1r

Qrr=-=Qrpand Rr=mand T =v="T inversion
T':m':var A - trans_pop R~ m/ 1} trans_t pop A g
Note we can remove v:triv since v no longer occurs free in goal.
[;Qpr, m'ivar A & trans_kapp~ Re (trans_pop R~ m/) {

trans_e (kapp~ C'~pop) (kapp C'~ A) Iy

e case: trans_app is similar.

® Case:

T, vitriv; Qp, m:trans_tvv, Qp F trans.vlam ~ (\o':triv. Xm/:trans_tv' v'. Rg) 1
trans_c (vlam = Xv':triv. E) (vlam ™ Xv':triv. E')

[, v:triv, v':triv; Qp, m:trans_tv v, Qr, m':trans tv'v' = Rg

trans.e K E' inversion
I, v'":triv; Qp, m"wvar A, Qr, m/:trans_tv' o' = Ry

trans_e (E[pop/v]) (E'[A/v]) for some R, ind. hyp.
[;Qp,m"var A, Qg F trans.vlam ~ (\':triv. Xm/:trans_tv' v'. R};) 1

trans_c (vlam ~ Xv':triv. E[pop/v]) (vlam ™ Xv':triv. E'[A/v]) g

e No other cases.
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Lemma 118 In the following assume

' = xy:triv, my:trans_t oy x1, . . ., xyitriv, my:trans_t x,, x,, vi:triv, ... vy,ctriv;

and that € only contains identifiers of types var X and at most one identifier of type
trans_tv; v; for each v; inT.

1. T, k:cont;m:trans ckk,QF Q ft transe EE" and Q'+ R trans.cCy Cy
implies Q. T; Y, m"ent Cs, Q F Q' 1) trans_e (Elret/k]) (E'[Cy/k)).

2. T, k:cont;m:transck k,QF Q 1 trans.cC' C’ and -; Q'+ R4 trans.cC, Cy
implies Q. T; Y, m"ent Cs, Q - Q' 1 trans_c (Clret/k]) (C'[Cy/E)).

Proof: Similar to previous proof. 0

We can now prove the main theorem, that related terms evaluate to the same

result in both machines.

Theorem 119

1. dR. ;- R transr Rt Rt’  implies
Q. ;- Q frevalrgg Rt A  iff 3Q'. -+ Q' 1 evalrg Rt' A.

2. dR. ;QF R trans.e EE'  implies
3Q. QFQfevaless EA  aff  3Q'. -+ Q' 1 evaleg B A.

Proof: By induction on the given evaluation derivation.

Note that R determines which evaluation is being considered.

e case:
;- - trans_klam (\k:cont. Xm:trans_ck k. Rg) f
trans_r (klam Xk:cont. E) (klam Xk:cont. E)
k:cont;m:trans.ck k + Rg 1) trans.e £ I’ inversion
;- = Rplret/k|[trans_init/m] 1} trans_e (E[ret/k]) (E'[ret/k]) Lemma 95
Suppose -; - - evrs; Qg 1 evalrg, (klam Xk:cont. E) A.
- Qg 1 evales; (Efret/k]) A inversion
Q. ;- Qg 1 evalep (E'[ret/k]) A ind. hyp.
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.- Fevrg Q' 1 evalrg (klam Xk:cont. E) A Ig

Other direction is similar.

e case:
- QeQy F trans_kapp” R. Ry 1 trans_c (kapp C~T) (kapp C'~T")
< Qr F Ry f transt T T inversion
HQT, Rr. . Qr + QT ’ﬂ‘ evaItStTT’ and

o Ry Ay transt 77T Lemma 116

— subcase: C' = ret and Q¢ = -

C' = ret and Rc = trans.init inversion
5 Qp - eveOg,~ Qr 1 evaleg, (kapp ret T)T" and
;- eve Op 1} evalep (kapp ret T")T" Iy

— subcase: C' =ret and ¢ # -

C’ = vlam~ Xv:triv. E/ and
Qc = Qp, ment (viam~ Xv:triv. E) and

Rc = trans_ret” (trans_vlam ~\v:triv. Xm,:trans_ tvv. Rg) m and

vitriv; Qg, my:transtvv - Rg ) trans_e B E’ inversion
s Qg, m:ent (vlam ~ Xv:triv. E)F eve_lg,~ ()\>mT/:var T'. Q) “mTQr A
evaleg; (kapp ret T) A new assumption
5 Qg,mpevarT' = Qg 1 evales; (E[pop/v]) A inversion
ARy, -+ Qp,mpevarT' = Ry A trans_e(E[pop/v]) (E'[T"/v)  Lemma 117
Q. ;- Qg 1 evaleg (E'[T"/v]) A ind. hyp.
.- Feve_lp Q% 1 evalep (kapp ™ (vlam ™ Xu:triv. E') "T") A Ig

Similar reasoning for the other direction.
— subcase: C' = vlam ™ Xv:triv. E

> \> .
C' = vlam ™~ Xv:triv. E' and
> . > . .
Rc = trans_vlam ~ Av:triv. Xmy,:trans_tvv. Rg inversion

Then similar reasoning to previous applies.

262



® Case:

90, Qq, Qr, Ftransapp” Re” Ry, Ry
trans_e (app C Ty T1) (app C'~ (lam Az:triv. klam Xk:cont. E) " TY)

Qe F Re ) trans.cC C' and
5 Qp F Ry, ftranst T T} and

Qg F Ry, 1 trans_t Ty (lam Az:triv. klam Xk:cont. E) inversion
e b R’T1 1 trans_t 77 7] and

5o Ry

trans_t(lam Az:triv. klam Xk:cont. E) (lam Az:triv. klam Xk:cont. E)

for some R7, and R7, Lemma 116
Ry, = inversion

trans_lam (Az:triv. Am,:trans_t  x. trans_klam Ak:cont. Xmy.:trans ck k. Rp)
x:triv, mg:trans_tx x, k:cont; my:trans ck k- Rg |} transe B E inversion
k:cont; my:transck k = Rp[T7/x][ Ry, /me]

trans_e (E[T}/z]) E(|T]/x]) Lemma 95

Then similar reasoning to previous case,
using both lemma 117 and lemma 118, can be employed to complete the proof.

Note there are 2 subcases, C' = ret and C' = vlam~ Xv:triv. E,,.

O
Theorem 120 (Equivalence of Machine Representations)
dM. -+ M fevalrgg RA iff AM'. ;- M' {evalrg RA
Proof: Immediate from previous lemmas and theorems 0]

We may now use Theorem 111 and Theorem 113 to transfer the result of Theo-

rem 120 back to the informal bare and stack evaluation machines.

16.7 Conclusion

We have shown that an ordered logical framework provides the necessary machinery

for a natural encoding of CPS terms satisfying the given occurrence invariants. We
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have further shown that the framework is rich enough to allow a natural representa-
tion of stack-based evaluation. Furthermore we have seen that preservation of CPS
invariants under evaluation is then trivial to prove. We feel this in itself is significant
considering the difficulty involved in carrying out such representations in a framework
with no inherent notion of order. Dzafic [17] has shown how to represent system and
properties closely related to ours in LF, with considerable overhead since stacks and

the necessary substitution properties all have to be represented explicitly.

Finally, we mention that these techniques are easily extended to represent and rea-
son about other systems which rely upon an ordering of resources. For instance, [54]
extends the analysis, and results, of this chapter to a CPS transform which removes
explicit exceptions. We also strongly conjecture that both the analysis of evaluation
with first class continuations, carried out in [13], and the analysis of information flow

using ordered continuations in [62] can be naturally re-formulated in OLF.
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Chapter 17

Conclusions and Future Work

Ordered linear logic is a new logical formalism which conservatively extends (intuition-
istic) linear logic with ordered hypotheses— hypotheses which must be used exactly
once subject to the order in which they were assumed. The logic is constructed, in the
style of Martin-Lof, from the basic notion of a hypothetical judgement and its asso-
ciated substitution principle. Specifically, ordered linear logic results from combining

three different kinds of hypothetical judgements— unrestricted, linear, and ordered.

Ordered linear logic seems to have several advantages over other logical systems
which combine unrestricted, linear and ordered reasoning such as Non-Commutative
Logic [1, 57|, cyclic linear logic [61], and pomset logic [56]. Since ordered linear
logic is intuitionistic and associates structural properties with formulas, rather than
contexts!, it is a simpler system than its counterparts. In fact, most of the proofs
of basic results (e.g., cut elimination, normalization, focussing, etc...) in this thesis
are straightforward extensions of those for linear logic. Proving similar properties for
Non-Commutative Logic has not turned out to be so easy, as evidenced by [5, 18].
Furthermore, since ordered linear logic is intuitionistic, it gives rise to a typed term

calculus which can be used as the basis of a logical framework.

While we have presented the basic system of ordered linear logic, there is much
room for further exploration. As mentioned in Section 2.7, there are other ways to
combine the three modes of reasoning present in the system. It seems quite likely that
a logical system which incorporates both formula-level and context-level structural

properties exists. This logic could be formulated as a sequent system with three

Las described in Section 2.7
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context constructors and two modalities.

Another possibility for exploration involves making the ordered context circular.
Investigations of intuitionistic logics have typically only considered non-cyclic con-
texts, however it seems likely that a coherent intuitionistic logical system with a
circular context exists. Such a system would be quite different from ordered linear
logic, and probably would not be useful for the same applications; however a circular
context might also remove certain unsatisfactory situations such as the inability to

residuate ordered formulas.

Some other directions for exploration include the addition of a (multiplicative)
negation, i.e., L; and the definition of a formal mathematical semantics for ordered

linear logic.

After presenting the basic system of ordered linear logic, we showed that proof
search in the logic behaves similarly to proof search in linear logic. In particular,
there is a readily identifiable uniform fragment of ordered linear logic which can
serve as the basis for a logic programming language, as well as a logical framework.
Ordered versions of these linear logic applications afford considerably more elegant
solutions than their linear counterparts. Specifically, the ordered context can be used
to implicitly represent simple data structures (e.g., stacks, queues), eliminating the

need to explicitly construct such structures at the term level.

For logic programming, this expressivity results in more elegant code than is pos-
sible using just unrestricted and/or linear hypotheses. Furthermore, shifting some
data structures to the logical level (as opposed to the term level) opens up the pos-
sibility of more efficient executions as compiler technology for ordered/linear logic
programming languages improves. For logical frameworks, it allows representations
using higher-order abstract syntax which would not be possible without ordered hy-
potheses; this in turn makes representation of meta-theoretic properties tractable.
For example, using LF (or linear LF), it is not feasible to completely represent the
equivalence between lambda terms represented via higher-order abstract syntax and
DeBruijn terms. However, the ordered logical framework permits a natural encoding
of DeBruijn terms which allows a straightforward encoding of the proof of equivalence

using the standard LF methodology.

There are, of course, limitations to what can be represented with the ordered
context. So far, we have only really used the ordered context as a stack, or a queue.

Furthermore, it only seems possible to have one logical queue or stack in a representa-
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tion. Thus, an Olli program implementing an algorithm requiring two separate work
queues would need to represent one of the queues in the term level. On a slightly
different (though probably related) note, writing a meta-circular interpreter in Olli is
surprisingly difficult. The very natural approach which works for both (pure) AProlog
and Lolli breaks down for Olli. The problem lies in the inability to store informa-
tion in a formula about its position in the ordered context, which is necessary for
the meta-circular interpreter to correctly match the operational behavior of Olli and
maintain the ordering constraints. Writing a correct meta-circular interpreter seems
to require explicitly creating machinery to maintain the ordering constraints. A sim-
ilar difficulty arises when trying to formalize a proof of cut-elimination for ordered
linear logic in the ordered logical framework. In addition to investigating possible
solutions to the above mentioned problems, we would like to expand the range of

applications for ordered linear logic, which we feel is largely unexplored.

Finally, we note that a largely ignored aspect of this work is in applications of
the ordered lambda calculus. This dissertation has only employed ordered terms in
the logical framework setting. It would be interesting to explore direct applications

of the ordered lambda calculus.
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