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Abstract
The Pauli channel is a fundamental model of noise in quantum systems, moti-

vating the task of Pauli error estimation. We present an algorithm that builds on
the reduction to Population Recovery introduced in [FO21]. Addressing an open
question from that work, our algorithm has the key advantage of robustness against
even severe state preparation and measurement (SPAM) errors. To tolerate SPAM,
we must analyze Population Recovery on a combined erasure/bit-flip channel, which
necessitates extending the complex analysis techniques from [PSW17, DOS17]. For
𝑛-qubit channels, our Pauli error estimation algorithm requires only exp(𝑛1/3) unen-
tangled state preparations and measurements, improving on previous SPAM-tolerant
algorithms that had 2𝑛-dependence even for restricted families of Pauli channels. We
also give evidence that no SPAM-tolerant method can make asymptotically fewer
than exp(𝑛1/3) uses of the channel.
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Chapter 1

Introduction

Quantum benchmarking, or the task of characterizing the noise of a quantum device, is a fun-
damental challenge in building reliable, scalable quantum systems in the Noisy Intermediate-
Scale Quantum (NISQ) era [EHW+20]. Although full process tomography provides a complete
description of an unknown noise channel, its exponential complexity makes it impractical for
large-scale systems. As a result, there is strong interest in noise models that can be learned
efficiently while accurately capturing noise in experimentally relevant settings.

One of the most widely used theoretical models for noise is the 𝑛-qubit Pauli channel. This
mixed-unitary channel applies 𝑛-qubit Pauli operators to an input 𝑛-qubit quantum state accord-
ing to a fixed probability distribution, referred to as the Pauli error rates. Pauli error estimation
is the task of learning the Pauli error rates of an unknown channel to precision 𝜖 in some metric.
Since there are 4𝑛 Pauli error rates, yet we seek subexponential complexity, a natural choice for
the precision metric is ℓ∞. Under this metric, it suffices to find and estimate the largest 1/𝜖 Pauli
error rates.

Pauli channels arise naturally as effective noise models in a variety of settings. More im-
portantly, the randomized compiling technique introduced in [WE16] converts general quantum
noise to a Pauli channel, reinforcing the central role of Pauli noise in benchmarking protocols.
Beyond characterizing noise in experimental devices, Pauli error estimation has broad applica-
tions in quantum error correction and fault tolerance; its importance for optimizing quantum
codes and decoders, as well as for tailoring fault-tolerant schemes, is discussed in greater detail
in [FW20].

Given the significance of Pauli error estimation in diagnosing and modeling errors in present-
day experimental setups, we are practically motivated to design algorithms that are experimen-
tally simple to implement. In particular, we focus on protocols that do not involve entangling
operations: that is, algorithms that prepare unentangled states, pass them through the channel,
and perform unentangled measurements, followed by classical postprocessing. Moreover, for rel-
evance to real-world quantum implementations, it has long been considered desirable [KLR+08]
to develop algorithms that are robust against state preparation and measurement (SPAM) errors.
See, e.g., [CLO+23] for more on practical aspects of Pauli channel estimation in the presence
of SPAM. Developing an algorithm for Pauli error estimation that is both resource-efficient and
SPAM-robust remains an important challenge and is the focus of this work.
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1.1 Our result

In this work, we give the first entanglement-free Pauli error estimation algorithm that is robust to
arbitrary SPAM errors and achieves subexponential dependence on 𝑛. Here we briefly describe
the setting (see Chapters 2 and 3 for more complete definitions), and then state our main theorem.

Setup: the channel. We assume access to an 𝑛-qubit Pauli channel ℰ with unknown error
rates 𝜋. That is, 𝜋 is a probability distribution on {𝐼,𝑋, 𝑌, 𝑍}𝑛, and ℰ may be modeled as
drawing 𝑃 ∼ 𝜋 and then applying the 𝑛-qubit Pauli unitary 𝑃 .1 In fact, for a completely general
𝑛-qubit channel, there is a natural notion of its “Pauli error rates”, arising from randomized
compiling [WE16]. Our algorithm can easily be extended to learn Pauli error rates in this more
general setting too; see Remark 3.0.5.

Setup: SPAM. We only consider algorithms that employ single-qubit state preparation and
single-qubit measurements. Moreover, we assume these are subject to SPAM errors, governed
by “retention parameters” 𝑟prep, 𝑟meas ∈ [0, 1], known to the algorithm (via prior calibration).
As discussed in Chapter 3, several different natural operational interpretations of SPAM are all
mathematically equivalent to the following model: after a state is prepared, it is passed through
the depolarizing channel 𝜌 ↦→ 𝑟prep ·𝜌; and, before it is measured, it is passed through the channel
𝜌 ↦→ 𝑟meas · 𝜌. In particular, 𝑟prep = 𝑟meas = 1 corresponds to no SPAM.

We may now state our main result:

Theorem 1.1.1. In the above setup, let 𝑟 = 𝑟prep · 𝑟meas be the overall SPAM retention parameter,
and write 𝑟 = 1 − 𝛿, which may be thought of as the overall rate of SPAM. Let a precision
parameter 0 < 𝜖 ≤ 1/2 be given, and assume 𝛿 ≤ .99. Then there is an algorithm with the
following properties:

• For 𝑚 =

{︃
exp

(︁
𝑂
(︁
(𝛿𝑛)1/3 ln2/3(1/𝜖)

)︁)︁
if 𝛿 ≫ ln(1/𝜖)

𝑛

poly(𝑛/𝜖) if 𝛿 ≪ ln(1/𝜖)
𝑛

, it prepares 𝑚 unentangled 𝑛-

qubit states, where each qubit is chosen uniformly at random from {|0⟩ , |𝑖⟩ , |+⟩}.

• After passing these through the channel, it performs unentangled measurements on the
resulting qubits, in only the {|0⟩ , |1⟩}, {|𝑖⟩ , |−𝑖⟩}, and {|+⟩ , |−⟩} bases.

• After efficient classical postprocessing, it returns an estimate of the Pauli error rates 𝜋̃
such that ‖𝜋̃ − 𝜋‖∞ ≤ 𝜖 with high probability.

Notably, even in the presence of low SPAM error, which corresponds to the case where 𝛿 ≪
ln(1/𝜖)

𝑛
, our algorithm achieves sample complexity and runtime poly(𝑛/𝜖). This matches, up to

polynomial factors, the bounds previously established for the SPAM-free setting. The algorithm
presented in [FO21], which assumes no SPAM error, has overall runtime 𝑂(𝑛 log(𝑛/𝜖) · 𝜖−3) and
sample complexity 𝑚 = 𝑂(𝜖−2) log(𝑛/𝜖).

1We use boldface to denote random variables.
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We remark that although 𝑚 is subexponential in 𝑛 our algorithm, a dependence of exp(𝑛1/3)
seems reasonably plausible in real-world settings with 50 ≤ 𝑛 ≤ 1000, whereas prior work’s
dependence of 2Ω(𝑛) is infeasible in such settings. Moreover, as we discuss below, there is strong
evidence that any Pauli error estimation algorithm that tolerates even a tiny amount of SPAM
must use the channel on the order of exp(𝑛1/3) times.

1.2 The connection with Population Recovery, and the diffi-
culty of SPAM

Let us first recall how the Pauli error estimation problem would be solved if: (i) entangling
operations were allowed; (ii) perfect state preparation and measurement is assumed. In this case,
there is a simple algorithm based on superdense coding [BW92]: Prepare 𝑛 Bell pairs in registers
𝐴1𝐵1, . . . , 𝐴𝑛𝐵𝑛, pass 𝐴1 · · ·𝐴𝑛 through the channel, and then measure each 𝐴𝑖𝐵𝑖 pair in the
Bell basis. It is easy to show that if the channel applies 𝑛-bit Pauli operator 𝑃 (which it does with
probability 𝜋(𝑃 )), then 𝑃 ∈ {𝐼,𝑋, 𝑌, 𝑍}𝑛 can be perfectly “read off” from the measurement
outcomes. Thus with entangling operations allowed and no SPAM, the problem reduces to a
classical task: learning an unknown probability distribution on [4]𝑛 to ℓ∞-precision 𝜖, which is
easily done with 𝑂(1/𝜖2) samples [Can20].

Suppose now that we consider a more realistic setting, with a slight amount of state prepa-
ration or measurement noise (or both). In this setting, even if we allow entangling operations,
the problem becomes much more difficult. For example, suppose we are even promised that
the Pauli channel is only supported on {𝐼,𝑋}𝑛 Pauli strings. In this case, the superdense cod-
ing strategy is unnecessary: without SPAM, we could simply repeatedly pass |0⟩⊗𝑛 through the
channel, measure in the {|0⟩ , |1⟩} basis, and be reduced to the classical task of learning an
unknown probability distribution on {0,1}𝑛. But suppose there is some small constant prob-
ability 𝑝 > 0 that each measurement outcome is flipped (with a similar observation being
possible for state preparation error). Then we precisely have an instance of the classical Pop-
ulation Recovery problem [DRWY12, WY16]: learning a probability distribution on {0, 1}𝑛
when the samples are passed through a binary symmetric channel with bit-flip probability 𝑝.
For this task it is known [PSW17, DOS17] that any algorithm that succeeds must use at least
exp(Ω(𝑛1/3 ln2/3(1/𝜖)) samples. Thus even in this essentially classical version of the Pauli error
estimation problem, any slight positive rate of SPAM error means that one cannot asymptotically
improve on the “𝑚” in our Theorem 1.1.1.

1.3 Prior work, and our improvements

A main prior work on SPAM-tolerant Pauli error estimation is by Flammia and Wallman [FW20].
Among other results, they gave a SPAM-tolerant Pauli error estimation algorithm that succeeds
in the harder task of estimating the Fourier spectrum of the Pauli error rates. Its total complexity,
however is 𝑂̃( 1

Δ
· 2𝑛/𝜖2), where ∆ is the “spectral gap”. In addition to having fully exponential
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complexity in 𝑛, the dependence on ∆ may be unfavorable, as this quantity may be arbitrar-
ily small, or even 0 for some simple channels. Some improvements to this result were made
in [CZSJ22], at the cost of adding entanglement with 𝑛 ancilla qubits into the protocol.

By contrast, our approach builds on the subsequent paper by Flammia and O’Donnell [FO21],
which was the first to make a connection between Pauli error estimation and Population Recov-
ery. This work gave a novel method, using no entangling operations, that in the SPAM-free set-
ting reduced Pauli error estimation to another form of Population Recovery: learning a probabil-
ity distribution on {0, 1}𝑛 in which the samples are passed to the learner through a “Z-channel”
with crossover probability 1

3
(see Definition 2.2.2). Z-channels had not previously been stud-

ied in the context of Population Recovery, but it was observed in [FO21] that prior Population
Recovery algorithms for the binary erasure channel apply equally well for the Z-channel. By
using such prior algorithms [DRWY12, MS13], Flammia–O’Donnell obtained the same result
Theorem 1.1.1 but with two differences:

• they used the channel only 𝑚 = 𝑂(log(𝑛/𝜖)/𝜖2) times;
• however, they assumed no SPAM errors.2

In this work, we first show that for the very general SPAM model we allow in Theorem 1.1.1,
the Pauli error estimation problem can be reduced to yet another variant of Population Recovery:
namely, one that combines 1

3
-rate Z-channel noise with 𝛿-rate BSC noise. This kind of channel

is more general than all the ones previously studied for Population Recovery. Then, the main
effort is to give a Population Recovery algorithm for this general channel; for this, we need to
extend the approach from [PSW17, DOS16], which in turn requires generalizing certain complex
analysis theorems from [BE97].

2Actually, [FO21] were able to tolerate a very limited form of “measurement error”; specifically, one where each
measurement is either perfect, or else reports “error” with probability at most 1

4 . They showed that such special
measurement errors had the effect of increasing the Z-channel crossover probability up to 1

2 , the threshold below
which prior BEC Population Recovery algorithms worked just as efficiently.
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Chapter 2

Preliminaries

2.1 Quantum preliminaries

Definition 2.1.1. The four 1-qubit Pauli operators are defined as

𝜎0 =

(︂
1 0
0 1

)︂
, 𝜎1 = 𝜎𝑥 =

(︂
0 1
1 0

)︂
, 𝜎2 = 𝜎𝑦 =

(︂
0 −𝑖
𝑖 0

)︂
, 𝜎3 = 𝜎𝑧 =

(︂
1 0
0 −1

)︂
,

(2.1)
with 𝜎0 being the identity operator, and 𝜎1, 𝜎2, and 𝜎3 corresponding to rotations on the Bloch
sphere by 180∘ degrees about the 𝑥- 𝑦-, and 𝑧-axes, respectively. More generally, an 𝑛-qubit
Pauli operator is defined as 𝜎𝐶 =

⨂︀𝑛
𝑖=1 𝜎𝐶𝑖

, where 𝐶 denotes a string in {0, 1, 2, 3}𝑛.

Definition 2.1.2. We define the operation ⊕ on {0, 1, 2, 3} by 𝑖 ⊕ 𝑗 = 𝑘 iff 𝜎𝑖𝜎𝑗 = 𝜎𝑘 (up to
phase). Equivalently, ⊕ is bitwise xor when {0, 1, 2, 3} are regarded as 2-bit base-2 numbers.
We extend ⊕ to operate coordinatewise on {0, 1, 2, 3}𝑛.

Definition 2.1.3. An n-qubit Pauli channel is defined as

𝜌 ↦→
∑︁

𝐶∈{0,1,2,3}𝑛
𝜋(𝐶) · 𝜎𝐶𝜌𝜎†

𝐶 , (2.2)

where 𝜌 denotes the input 𝑛-qubit quantum state, and 𝜋 is a probability distribution on {0, 1, 2, 3}𝑛.
We refer to the parameters 𝜋(𝐶) as the Pauli error rates.

Definition 2.1.4. The orthonormal eigenbasis for the Pauli operator 𝜎1 = 𝜎𝑥 will be denoted by
|𝜒1

+⟩ , |𝜒1
−⟩. Note that this basis corresponds to the two unit vectors on the Bloch sphere pointing

along the positive/negative 𝑥-axis, denoted by |+⟩ , |−⟩ respectively. Similarly, the eigenbasis for
𝜎2 = 𝜎𝑦 is |𝜒2

+⟩ , |𝜒2
−⟩, aka |𝑖⟩ , |−𝑖⟩; and, the eigenbasis for 𝜎3 = 𝜎𝑧 is |𝜒3

+⟩ , |𝜒3
−⟩, aka |0⟩ , |1⟩

respectively.
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2.2 Population Recovery and classical channels

We first recall communication channels, in the sense of classical information theory:

Definition 2.2.1. Let Σ,Γ be finite alphabets. A classical channel is a stochastic map Λ : Σ → Γ.
We extend to Λ : Σ𝑛 → Γ𝑛 by letting Λ act independently on each symbol.

The most typically studied examples are the following, both with Σ = {0, 1}:
• the Binary Symmetric Channel with crossover probability 𝑝 (abbreviation: BSC𝑝), where
Γ = {0,1} and Λ flips the bit with probability 𝑝;

• the Binary Erasure Channel with erasure probability 𝑝 (abbreviation: BEC𝑝), where Γ =
{0, 1,?} and Λ preserves each bit with probability 1 − 𝑝 and replaces it by ? with proba-
bility 𝑝.

[FO21] also showed the relevance of the following channel for Pauli error estimation:

Definition 2.2.2. The Z-channel with crossover probability 𝑝 (abbreviation: Z𝑝) has Σ = Γ =
{0, 1}; it always maps 0 to 0, and it maps 1 to 0 with probability 𝑝.

Now we recall the classical problem of learning a distribution from noisy data, introduced
in [DRWY12, WY16] under the name “Population Recovery”:

Definition 2.2.3. Let Λ : Σ → Γ be a classical channel. In the associated Population Recovery
problem, the goal is to learn an unknown probability distribution 𝒟 on Σ𝑛 to a given ℓ∞ precision
of 𝜖 > 0 (with high probability). The model is that the learner can get independent samples from
Γ𝑛 distributed as Λ(𝑥), where 𝑥 ∼ 𝒟.

Population Recovery has been well studied for the BSC and BEC channels (see, e.g., [DRWY12,
WY16, BIMP13, MS13, LZ15, LZ17, DST16, PSW17, DOS17]), as well as for the binary dele-
tion channel.

A simplified version of Population Recovery is the following:

Definition 2.2.4. In the Individual Recovery variant of Population Recovery, a particular string
𝑏 ∈ Σ𝑛 is given and the only task is to estimate 𝒟(𝑏) to additive precision 𝜖 (with high probabil-
ity).

It is well known [DRWY12, PSW17] that Population Recovery efficiently reduces to Individ-
ual Recovery via a branch-and-prune strategy; e.g., Section 4.2 in [FO21] shows the following:

Proposition 2.2.5. For a given channel on constant-sized alphabets, there is a reduction from
Population Recovery to Individual Recovery that loses only an 𝑂(𝑛 log(𝑛/𝜖)) factor in terms of
efficiency.

2.3 Recapping [FO21]

We use the algorithmic plan for Pauli error estimation from [FO21]. Following their exposition,
two characters are introduced: Alice the learner, and Charlie the “channel operator”. In par-
ticular, we think of Charlie as implementing the Pauli channel with error rates 𝜋 according to
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the following process: When Alice wants to pass a state |𝜓𝐴⟩ through the channel, she sends it
to Charlie, who picks a random 𝐶 ∼ 𝜋, and then returns 𝜎𝐶 |𝜓𝐴⟩ to Alice. In fact, our algo-
rithm will only have Alice passing random 𝑛-qubit states composed of |+⟩ , |𝑖⟩ , |0⟩ through the
channel. Thus the setup can be summarized as below:

Definition 2.3.1. To learn a Pauli channel defined by error rates 𝜋, Alice repeatedly performs
“random nontrivial probes” as follows:

1. Alice picks a uniformly random string 𝐴 ∈ {1, 2, 3}𝑛.

2. Alice prepares an unentangled 𝑛-qubit state |𝜓𝐴⟩, where the 𝑗th qubit is |𝜒𝐴𝑗

+ ⟩.
3. Alice sends |𝜓𝐴⟩ to Charlie. Charlie draws a string 𝐶 ∈ {0, 1, 2, 3}𝑛 according to 𝜋, and

sends back 𝜎𝐶 |𝜓𝐴⟩.
4. Alice performs an unentangled measurement on 𝜎𝐶 |𝜓𝐴⟩, where the 𝑗th qubit is measured

in the |𝜒𝐴𝑗

± ⟩ basis. She obtains a readout 𝑅 ∈ {+,−}𝑛, which we can relabel to be from
{0, 1}𝑛.

In the description of Definition 2.3.1, Alice picks her random string 𝐴 first, and then Charlie
(independently) draws his random string 𝐶 second. However, it is equivalent and more helpful
to imagine Charlie “secretly” drawing 𝐶 first, and then Alice picking 𝐴 next (without knowl-
edge of 𝐶); thus, we think of the probe based on 𝐴 as acquiring information about Charlie’s
outcome 𝐶 = 𝐶. With this interpretation in mind, it is not hard to see the following fact [FO21,
Fact 17]:

Fact 2.3.2. Fix an outcome 𝐶 ∈ {0, 1, 2, 3}𝑛 for Charlie’s draw. Now when Alice performs
a random nontrivial probe, the coordinates of her readout 𝑅 are independent, and for each
1 ≤ 𝑗 ≤ 𝑛:

1. If 𝐶𝑗 = 0, then 𝑅𝑗 = 0 with probability 1.
2. If 𝐶𝑗 ̸= 0, then with probability 1

3
we have 𝑅𝑗 = 0, and with probability 2

3
we have

𝑅𝑗 = 1.

(Briefly, this is because if Charlie will apply the identity Pauli 𝜎0 to a qubit, it will never flip from
a +1 eigenvector to a −1 eigenvector; but, if Charlie will apply a non-identity Pauli 𝜎 to a qubit,
there is a 2

3
chance that Alice chose its state to be a −1 eigenvector for 𝜎.)

Another way to say Fact 2.3.2 is that given 𝐶, the readout 𝑅 is distributed as Ξ(𝐶), where Ξ
is defined as follows:

Definition 2.3.3. We define the classical channel

Ξ : {0, 1, 2, 3} → {0, 1}, 0 ↦→ 0, 1, 2, 3 ↦→

{︃
0 with probability 1

3
,

1 with probability 2
3
.

(2.3)

Thus Alice’s strategy of random nontrivial probes transforms the Pauli channel estimation task
into the Population Recovery problem with channel Ξ.

We next observe another fact, [FO21, Observation 16]:

Fact 2.3.4. Fix any 𝐵 ∈ {0, 1, 2, 3}𝑛. Let 𝐶 ∈ {0, 1, 2, 3}𝑛 be the outcome of Charlie’s draw.
If Alice does a random nontrivial probe with 𝐴 ∈ {1, 2, 3}𝑛, and then she flips each bit 𝑅𝑗 for
which 𝜎𝐴𝑗

and 𝜎𝐵𝑗
anticommute, then 𝑅 is distributed as Ξ(𝐵 ⊕ 𝐶).
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This means that for any 𝐵 ∈ {0, 1, 2, 3}𝑛 of Alice’s choice, she can simulate the Pop-
ulation Recovery problem (with channel Ξ) under the “𝐵-altered distribution” 𝜋⊕𝐵, defined
by 𝜋⊕𝐵(𝐶) = 𝜋(𝐵 ⊕ 𝐶). Finally, suppose that in this scenario she can efficiently estimate
𝜋⊕𝐵(0𝑛) = 𝜋(𝐵) for 𝐵’s of her choice. This means she can solve the Individual Recovery
problem for 𝜋 under Ξ, hence the general Population Recovery problem (by Proposition 2.2.5).

In summary, [FO21] show that Pauli error estimation efficiently reduces to the following
Individual Recovery task: Given samples from Ξ ∘ 𝜋, estimate 𝜋(0𝑛) to additive precision 𝜖.
Finally, it is easy to observe that in this scenario, there is no harm in merging the Pauli symbols
1, 2, 3 into the bit 1; this does not change 𝜋(0𝑛), and it converts the channel Ξ into Z 1

3
, the

binary Z-channel with crossover probability 1
3
. This completes the recap of how [FO21] reduces

(SPAM-free) Pauli error estimation to Individual Recovery of 𝜋(0𝑛) under noise channel Z 1
3
.
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Chapter 3

Modeling SPAM

Operationally, SPAM errors might occur in a variety of natural ways. To take state preparation
errors for example, when an algorithm tries to prepare a certain state |𝑎⟩, several things might
happen: |𝑎⟩ might be replaced by a random pure state at a fixed angle from |𝑎⟩; or, |𝑎⟩ might
be replaced with a random mixed state 𝜌 having a fixed fidelity with |𝑎⟩; or, |𝑎⟩ might be re-
placed with the maximally mixed state with a certain probability. Mathematically, these are all
equivalent to |𝑎⟩ being passed through a depolarizing channel. We therefore make the following
definition:

Definition 3.0.1. We model single-qubit state preparation error, with “retention parameter” 𝑟prep ∈
[0, 1], by assuming that when |𝑎⟩ is intended, the actual produced state is 𝑟prep · |𝑎⟩⟨𝑎|+(1−𝑟prep) ·
1
2
𝐼 , where 1

2
𝐼 corresponds to the maximally mixed single-qubit state. Equivalently, the produced

state has expected fidelity 1
2
+ 1

2
𝑟prep with the intended state.

Remark 3.0.2. Our model assumes for simplicity that we have the same retention parameter for
every intended state |𝑎⟩. We also assume that the learning algorithm knows the parameter 𝑟prep

from prior calibration. The same remarks hold for Definition 3.0.3 below.

Similarly, for modeling measurement errors, there are several natural operational possibil-
ities: when measuring 𝜌 against an intended outcome |𝑎⟩, one might actually get the result of
measurement against some other random outcome |𝑏⟩ making a certain angle from |𝑎⟩; or, 𝜌
might get perturbed to a random state with a certain expected fidelity before the correct mea-
surement is made, etc. Once again, these possibilities are mathematically equivalent to 𝜌 being
passed through the depolarizing channel. We therefore define:

Definition 3.0.3. We model single-qubit measurement error, with “retention parameter” 𝑟meas ∈
[0, 1], by assuming that when 𝜌 is measured in an intended orthonormal basis {|𝑎⟩ , |𝑎⊥⟩}, the
outcome is as if the state 𝑟meas · 𝜌+ (1− 𝑟meas) · 1

2
𝐼 were measured instead.

The algorithm under SPAM. We may now consider how the combined SPAM error affects
our algorithm. As described in Section 2.3, when learner Alice makes random nontrivial probes
to the Pauli channel defined by error rates 𝜋, we may imagine that Charlie first draws 𝐶 ∼ 𝜋,
obtaining some outcome 𝐶 ∈ {0, 1, 2, 3}𝑛. Given 𝐶, everything else occurs in an unentan-
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gled fashion across qubits: For each 𝑗 ∈ [𝑛], Alice prepares a random |𝜒𝐴𝑗

+ ⟩, state prepa-
ration error replaces this by 𝑟prep · |𝜒𝐴𝑗

+ ⟩⟨𝜒𝐴𝑗

+ | + (1 − 𝑟prep) · 1
2
𝐼 , the channel changes this to

𝑟prep · 𝜎𝐶𝑗
|𝜒𝐴𝑗

+ ⟩⟨𝜒𝐴𝑗

+ | 𝜎†
𝐶𝑗

+ (1 − 𝑟prep) · 1
2
𝐼 , and just before Alice’s measurement in the |𝜒𝐴𝑗

± ⟩
basis, measurement error changes the state to 𝑟prep𝑟meas ·𝜎𝐶𝑗

|𝜒𝐴𝑗

+ ⟩⟨𝜒𝐴𝑗

+ | 𝜎†
𝐶𝑗
+(1−𝑟prep𝑟meas) · 12𝐼 .

This can be viewed as the SPAM-free result — namely, 𝜎𝐶𝑗
applied to |𝜒𝐴𝑗

+ ⟩ — passed through
the depolarizing channel with retention parameter 𝑟 = 𝑟prep · 𝑟meas. In other words:

Given 𝐶, for each 𝑗 ∈ [𝑛] independently, Alice gets the random readout she
normally would (namely Ξ(𝐶)) with probability 𝑟 = 𝑟prep · 𝑟meas, and a uniformly
random bit from {0,1} with probability 𝛿 := 1 − 𝑟. In other words, she receives
BSC 𝛿

2
∘ Ξ(𝐶).

It is easy to show that the reductions described after Definition 2.3.3 in Section 2.3 continue to
hold. Thus we finally obtain:

Theorem 3.0.4. The task of estimating the error rates 𝜋 of an 𝑛-qubit Pauli channel with SPAM
governed by retention rates 𝑟prep, 𝑟meas reduces (with a factor 𝑂(𝑛 log(𝑛/𝜖)) loss of efficiency) to
the task of Individual Recovery of 𝜋(0𝑛) under noise channel BSC 𝛿

2
∘Z 1

3
, where 𝛿 = 1−𝑟prep·𝑟meas.

Remark 3.0.5. As in [FO21], the above Theorem and our main Theorem 1.1.1 extend to the case
of learning the Pauli error rates of a general 𝑛-qubit channel ℰ . These are defined as the error
rates of the Pauli channel formed from ℰ by Pauli twirling, namely 𝜌 ↦→ E𝑇∼{0,1,2,3}𝑛 𝜎

†
𝑇ℰ(𝜎𝑇 𝜌𝜎

†
𝑇 )𝜎𝑇 .

The details are exactly as in [FO21, Section 6.1], with the only change to the statement of Theo-
rem 1.1.1 being that Alice now randomly prepares qubits in one of the six pure states |𝜒𝑗

±⟩, rather
than just the three |𝜒𝑗

+⟩.
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Chapter 4

Individual recovery for combined noise
channels

The Individual Recovery problem is well understood separately for BSC and BEC [PSW17,
DOS17]. As noted in [FO21], the Z-channel behaves similarly to BEC in the context of Popu-
lation Recovery. However, handling the combined channel BSC 𝛿

2
∘ Z 1

3
from Theorem 3.0.4 will

require more work. We will follow the methodology from [DOS17].

4.1 Generating functions

Recall our goal is Individual Recovery of 𝒟(0𝑛), given samples from an unknown probability
distribution 𝒟 on {0, 1}𝑛, masked by a binary noise channel Λ. As described in [DOS17], we
can assume without loss of generality that 𝒟 is symmetric and assigns equal probability mass to
all strings with the same Hamming weight. This is because, given an arbitrary distribution 𝒟, we
can randomly permute each sample’s coordinates, which is equivalent to sampling a symmetric
distribution 𝒟sym, where 𝒟sym(0𝑛) = 𝒟(0𝑛). Therefore, it suffices to be able to estimate in the
symmetric setting.

Given this, let us introduce the row vector 𝑝 = [𝑝0 𝑝1 · · · 𝑝𝑛], where 𝑝𝑖 denotes the total
probability mass 𝒟 has on Hamming weight 𝑖. Thus the learner’s goal is to estimate 𝑝0. Note
also that the learner only needs to observe the Hamming weights of the samples it obtains (this is
true even when Λ is the BEC). Therefore, we can think of the learner as obtaining samples from
{0, 1, . . . , 𝑛} distributed according to the probability row vector 𝑞 = [𝑞0 𝑞1 · · · 𝑞𝑛], where

𝑞 = 𝑝𝐴(Λ), 𝐴
(Λ)
𝑖𝑗 = Pr[a weight 𝑖 string becomes a weight 𝑗 string under Λ noise]. (4.1)

The rows of each matrix 𝐴(Λ) can be nicely expressed using generating functions. For example,
[DOS17, Propositions 2.1, 2.2] are the following:

Proposition 4.1.1. For the 𝐴 matrices associated with the BEC𝜆 and BSC𝑏 channels, and with

11



𝑧 an arbitrary complex number:

𝑛∑︁
𝑗=0

𝐴
(BEC𝜆)
𝑖𝑗 𝑧𝑗 = (𝜆+ (1− 𝜆)𝑧)𝑖 (4.2)

𝑛∑︁
𝑗=0

𝐴
(BSC𝑏)
𝑖𝑗 𝑧𝑗 = (𝑏+ (1− 𝑏)𝑧)𝑖((1− 𝑏) + 𝑏𝑧)𝑛−𝑖 (4.3)

Also, because both the BEC𝜆 and the Z𝜆 channels convert 1’s to non-1’s with the same
probability, 𝜆, it is easy to see:

Fact 4.1.2. The Z-channel and BEC have the same 𝐴-matrices, 𝐴(Z𝜆) = 𝐴(BEC𝜆).

We would now like to derive the generating function for our combined channel, BSC 𝛿
2
∘ Z 1

3
.

Let us make a general definition:

Definition 4.1.3. For parameters 0 ≤ r1, r2 < 1, we define the ZFlip channel ZFlipr1,r2
:

{0, 1} → {0, 1} to be the concatenated channel BSC 1−r2
2

∘ Z1−r1 .

The slightly strange parameterization makes formulas simpler, as r1, r2 may be thought of as
“retention rates”. For the Pauli error estimation problem with overall SPAM retention parameter
𝑟 = 𝑟prep · 𝑟meas, we care about

r1 =
2

3
, r2 = 𝑟. (4.4)

To compute the generating functions for the ZFlip channel, we start with the following simple
fact:

Proposition 4.1.4. Given channels Λ1,Λ2, the “𝐴-matrix” (as in Equation (4.1)) for the con-
catenated channel satisfies 𝐴(Λ2∘Λ1) = 𝐴(Λ1) · 𝐴(Λ2).

Proof. We have

𝐴
(Λ2∘Λ1)
𝑖𝑗 = Pr[a weight 𝑖 string becomes a weight 𝑗 string under Λ2 ∘ Λ1 noise]

=
𝑛∑︁

𝑘=0

Pr[weight 𝑖→ weight 𝑘 under Λ1 noise] ·Pr[weight 𝑘→ weight 𝑗 under Λ2]

=
𝑛∑︁

𝑘=0

𝐴
(Λ1)
𝑖𝑘 𝐴

(Λ2)
𝑘𝑗 = (𝐴(Λ1) · 𝐴(Λ2))𝑖𝑗.

Now we can derive the generating function for the ZFlipr1,r2
channel:

Proposition 4.1.5. Given 0 ≤ r1, r2 ≤ 1, write 𝑏 = 1−r2
2

. Then

𝐺𝑖(𝑧) :=
𝑛∑︁

𝑗=0

𝐴
(ZFlipr1,r2 )
𝑖𝑗 𝑧𝑗 = ((1− 𝑏) + 𝑏𝑧)𝑛 · ((1− r1) + r1𝑤)

𝑖, where 𝑤 :=
𝑏+ (1− 𝑏)𝑧

(1− 𝑏) + 𝑏𝑧
.

(4.5)

12



Proof. For brevity, write 𝐴(1) = 𝐴(Z1−r1 ), which from Fact 4.1.2 and Equation (4.2) we know
has

𝑛∑︁
𝑘=0

𝐴
(1)
𝑖𝑘 𝑧

𝑗 = ((1− r1) + r1𝑧)
𝑖. (4.6)

And for brevity, write 𝐴(2) = 𝐴(BSC𝑏), which from Equation (4.3) we know has

𝑛∑︁
𝑗=0

𝐴
(2)
𝑘𝑗 𝑧

𝑗 = (𝑏+ (1− 𝑏)𝑧)𝑘((1− 𝑏) + 𝑏𝑧)𝑛−𝑘 = ((1− 𝑏) + 𝑏𝑧)𝑛 · 𝑤𝑘. (4.7)

Now Proposition 4.1.4 tells us that
∑︀𝑛

𝑗=0𝐴
(ZFlipr1,r2 )
𝑖𝑗 𝑧𝑗 equals

𝑛∑︁
𝑗=0

𝑛∑︁
𝑘=0

𝐴
(1)
𝑖𝑘 𝐴

(2)
𝑘𝑗 𝑧

𝑗 =
𝑛∑︁

𝑘=0

𝐴
(1)
𝑖𝑘

(︃
𝑛∑︁

𝑗=0

𝐴
(2)
𝑘𝑗 𝑧

𝑗

)︃
= ((1− 𝑏) + 𝑏𝑧)𝑛 ·

𝑛∑︁
𝑘=0

𝐴
(1)
𝑖𝑘 𝑤

𝑘 (4.8)

= ((1− 𝑏) + 𝑏𝑧)𝑛 · ((1− r1) + r1𝑤)
𝑖, (4.9)

as claimed.

Recall now that our task is to (with high probability) estimate 𝑝0 to additive precision 𝜖,
given samples drawn from distribution 𝑞 = 𝑝𝐴(Λ), where Λ is the ZFlip channel of interest from
Definition 4.1.3. The work [DOS17] precisely lower-bounds the sample complexity of this task,
and gives an algorithmic upper bound matching to within polynomial factors:

Theorem 4.1.6. (Combination of [DOS17, Props. 3.1, 3.2, and subsequent, slight notation
change].) For binary noise channel Λ, define

𝜂Λ(𝜖) = min
probability vectors 𝑝,𝑝′

|𝑝0−𝑝′0|>𝜖

‖𝑝𝐴(Λ) − 𝑝′𝐴(Λ)‖1. (4.10)

Then the sample complexity of the Individual Recovery task is Ω( 1
𝜂Λ(2𝜖)

)/
√
𝑛. Moreover, the task

can be solved with poly(𝑛, 1
𝜂Λ(𝜖)

) samples and running time.

Finally, if the generating function
∑︀𝑛

𝑗=0𝐴
(Λ)
𝑖𝑗 𝑧

𝑗 is 𝐺𝑖(𝑧), then

𝜂Λ(𝜖) ≥ min
𝑐∈Δ
𝑐0>𝜖

max
𝑧∈C
|𝑧|=1

⃒⃒⃒⃒
⃒

𝑛∑︁
𝑗=0

𝑐𝑗𝐺𝑗(𝑧)

⃒⃒⃒⃒
⃒ , (4.11)

where ∆ := {𝑐 = (𝑐0, 𝑐1, . . . , 𝑐𝑛) :
∑︀

𝑗 𝑐𝑗 = 0,
∑︀

𝑗 |𝑐𝑗| ≤ 2}.

In the above theorem, we need to understand 𝐺𝑗(𝑧)’s values for 𝑧 on the complex unit circle.
Recall from Proposition 4.1.5 that for our ZFlip channel of interest, with the Möbius transforma-
tion 𝑤 = 𝑏+(1−𝑏)𝑧

(1−𝑏)+𝑏𝑧
, we have

𝐺𝑗(𝑧) = ((1− 𝑏) + 𝑏𝑧)𝑛 · ((1− r1) + r1𝑤)
𝑗 =

(︂
1− 2𝑏

(1− 𝑏)− 𝑏𝑤

)︂𝑛

· ((1− r1) + r1𝑤)
𝑗, (4.12)
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where we solved for 𝑧 in terms of 𝑤. It is easy to see that in the formula for 𝑤, the numerator
and denominator of 𝑤 have the same squared length when |𝑧| = 1; i.e., we have |𝑤|2 = 1. Since
Möbius transformations map circles to circles, we conclude that the locus of 𝑤 for |𝑧| = 1 is also
the unit circle, |𝑤| = 1.1 Now writing 𝑤 = 𝑒𝑖𝜃 for 𝜃 ∈ (−𝜋, 𝜋], we have

𝐺𝑗(𝜃) =

(︂
r2

(1− 𝑏)− 𝑏𝑒𝑖𝜃

)︂𝑛

· ((1− r1) + r1𝑒
𝑖𝜃)𝑗, (4.13)

where recall 𝑏 = 1−r2
2

. Using the notation 𝑄(𝑣) =
∑︀

𝑗=0 𝑐𝑗𝑣
𝑗 , Theorem 4.1.6 tells us that for

Λ = ZFlipr1,r2
,

𝜂Λ(𝜖) ≥ min
𝑄

max
−𝜋<𝜃≤𝜋

⃒⃒⃒⃒
r2

(1− 𝑏)− 𝑏𝑒𝑖𝜃

⃒⃒⃒⃒𝑛
·
⃒⃒
𝑄
(︀
(1− r1) + r1𝑒

𝑖𝜃
)︀⃒⃒
, (4.14)

where the minimum is over real-coefficient polynomials of degree at most 𝑛 satisfying𝑄(0) > 𝜖,
𝑄(1) = 0, and 𝐿(𝑄) :=

∑︀
𝑗 |𝑐𝑗| ≤ 2. Finally, note that

|(1− 𝑏)− 𝑏𝑒𝑖𝜃|2 = (1− 𝑏)2 + 𝑏2 + 2𝑏(1− 𝑏) cos 𝜃

=
1 + r22
2

− 1− r22
2

cos 𝜃 =
1 + r22
2

− 1− r22
2

(1− 2 sin2(𝜃/2)) = r22 + (1− r22) sin
2(𝜃/2).

(4.15)

Thus⃒⃒⃒⃒
r2

(1− 𝑏)− 𝑏𝑒𝑖𝜃

⃒⃒⃒⃒𝑛
=

(︂
r22

r22 + (1− r22) sin
2(𝜃/2)

)︂𝑛/2

=

(︂
1 +

1− r22
r22

sin2(𝜃/2)

)︂−𝑛/2

. (4.16)

Putting everything together, we conclude:

Theorem 4.1.7. Individual Recovery of 𝜋(0𝑛) under the noise channel ZFlipr1,r2
can be accom-

plished with poly(𝑛, 1/𝜂(𝜖)) samples and running time, where the function 𝜂(𝜖) satisfies

𝜂(𝜖) ≥ min
𝑄

max
−𝜋<𝜃≤𝜋

(︂
1 +

1− r22
r22

sin2(𝜃/2)

)︂−𝑛/2

·
⃒⃒
𝑄((1− r1) + r1𝑒

𝑖𝜃)
⃒⃒

(4.17)

and the minimum is over real-coefficient polynomials 𝑄 of degree at most 𝑛 satisfying 𝑄(0) > 𝜖,
𝑄(1) = 0, and 𝐿(𝑄) ≤ 2.

4.2 Lower-bounding 𝜂(𝜖)

In order to prove Theorem 1.1.1, we need to find a lower bound on the two terms specified in
Theorem 4.1.7 above. We will prove the following bound:

1Unless 𝑏 = 1
2 , in which case 𝑤 is constantly 1. This corresponds to the trivial case of maximal SPAM, r2 = 0,

which we henceforth exclude.
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Theorem 4.2.1. For 0 < 𝜖, r1, r2 < 1, and 𝑛 ∈ N, we have

𝜂(𝜖) ≥ max

{︃
𝜖
𝑂
(︁

1
r1

)︁
, exp

(︃
−𝑂

(︃
ln2/3(1/𝜖) · (𝑛(1− r22))

1/3

(r1r2)2/3

)︃)︃}︃
, (4.18)

where 𝜂(𝜖) characterizes the sample complexity and runtime of solving Individual Recovery of
𝜋(0𝑛) under the noise channel ZFlipr1,r2

.

Proof. Note that for −𝜋 < 𝜃 < 𝜋, 𝜃2/16 ≤ sin2(𝜃/2) ≤ 𝜃2/4. Using the fact that 𝑒−𝑥 ≤
(1 + 𝑥)−1 for all 𝑥 ≥ 0, we have that(︂

1 +
1− r22
r22

sin2(𝜃/2)

)︂−1

≥ exp

(︂
−1− r22

4r22
𝜃2
)︂
, (4.19)

and therefore,

𝜂(𝜖) ≥ min
𝑄

max
−𝜋<𝜃≤𝜋

exp

(︂
−1− r22

8r22
𝜃2𝑛

)︂
·
⃒⃒
𝑄((1− r1) + r1𝑒

𝑖𝜃)
⃒⃒
. (4.20)

Next, fix an arbitrary vector 𝑐 = [𝑐0 𝑐1 · · · 𝑐𝑛] ∈ ∆ with 𝑐0 > 𝜖. Let 𝑄𝑐 denote the polynomial 𝑄
with coefficients 𝑐. We now need to establish a lower bound for the modulus of 𝑄𝑐 on the circle
𝜕𝐷r1(1− r1) of radius r1 centered at 1− r1. Actually, we will prove a lower bound for a slightly
modified polynomial ̃︀𝑄𝑐(𝑧) =

1

𝑐0
𝑄𝑐(𝑧) =

𝑛∑︁
𝑖=0

𝑐𝑖𝑧
𝑖, (4.21)

where 𝑐0 = 1, and |𝑐𝑖| ≤ 1
𝑐0

for all 𝑖. In our proof, we will only need ̃︀𝑄𝑐 to satisfy the following
two properties:

For 𝑀 ≥ 1 and 0 < 𝛾 ≤ 1,⃒⃒⃒⃒ ̃︀𝑄𝑐

(︂
1

4𝑀

)︂⃒⃒⃒⃒
≥ 1

2
, and |𝑧| ≤ 1− 𝛾 ⇒ | ̃︀𝑄𝑐(𝑧)| ≤𝑀/𝛾. (4.22)

The first property holds, since, if we set 𝑀 to 1
𝑐0

, and let 𝑧0 = 1
4𝑀

, then

| ̃︀𝑄𝑐(𝑧0)| ≥ 1−
𝑛∑︁

𝑖=1

𝑀(𝑧0)
𝑖 = 1− 𝑀𝑧0(1− 𝑧𝑛0 )

1− 𝑧0
≥ 1− 𝑀𝑧0

1− 𝑧0
≥ 1

2
, (4.23)

as desired. The second property holds, since, for 0 < 𝛾 ≤ 1 and for 𝑧 ∈ C such that |𝑧| ≤ 1− 𝛾,
we have that

| ̃︀𝑄𝑐(𝑧)| ≤
𝑛∑︁

𝑖=0

|𝑐𝑖||𝑧|𝑖 ≤
𝑛∑︁

𝑖=0

1

𝑐0
|𝑧|𝑖 ≤

𝑛∑︁
𝑖=0

𝑀 |𝑧|𝑖 = 𝑀(1− |𝑧|𝑛+1)

1− |𝑧|
≤ 𝑀

𝛾
. (4.24)

Since our proof only requires these two properties, we will prove our lower bound for all
polynomials that satisfy them. We thus define the following set of functions:

15



Definition 4.2.2. Let 0 < 𝜅 ≤ 1 and 𝜆 ≥ 1. 𝒞𝜅,𝜆 is the set of all analytic functions 𝑓 that are
continuous on the closed unit disk and satisfy⃒⃒⃒⃒

𝑓

(︂
1

4𝑀

)︂⃒⃒⃒⃒
≥ 𝜅, and |𝑧| ≤ 1− 𝛾 ⇒ |𝑓(𝑧)| ≤ 𝜆𝑀

1− |𝑧|
, (4.25)

where 0 < 𝛾 ≤ 1.

We will prove our lower bound for all polynomials in the set 𝒞 1
2
,1, on an arc of the circle

𝜕𝐷r1(1− r1) with central angle 𝜃 ∈ (0, 𝜋). This arc has endpoints 𝛼 and 𝛽, where

𝛼 = r1 [cos(𝜃/2) + 𝑖 sin(𝜃/2)] + 1− r1, and 𝛽 = r1 [cos(𝜃/2)− 𝑖 sin(𝜃/2)] + 1− r1. (4.26)

Before delving into the proof, we must establish several lemmas. The first is derived from the
Hadamard three-line theorem. We define

𝐼𝑡 =

{︂
𝑧 ∈ C | arg

(︂
𝛼− 𝑧

𝑧 − 𝛽

)︂
= 𝑡

}︂
, (4.27)

following the notation used in [BE97]. Note that

arg

(︂
𝛼− 𝑧

𝑧 − 𝛽

)︂
= arg(𝛼− 𝑧)− arg(𝑧 − 𝛽). (4.28)

arg(𝛼 − 𝑧) represents the argument of the vector from point 𝑧 to point 𝛼, while arg(𝑧 − 𝛽)
represents the argument of the vector from point 𝛽 to point 𝑧. The difference between these two
arguments is 0 when 𝑧 lies on the chord between 𝛼 and 𝛽. Therefore, 𝐼0 corresponds to this
chord. Furthermore, by the inscribed angle theorem, the difference between these two arguments
is 𝜃

2
when 𝑧 lies on the smaller arc of 𝜕𝐷r1(1 − r1) with endpoints 𝛼 and 𝛽, as shown below.

Therefore, 𝐼𝜃/2 corresponds to this arc.

Figure 4.1: Chord 𝐼0 and arc 𝐼𝜃/2 on circle 𝜕𝐷r1(1− r1).
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We can again apply the inscribed angle theorem on the larger circle with center 1 − 2r1 and
radius 2r1 cos(𝜃/4) to determine the arc that 𝐼𝜃/4 corresponds to, as shown below.

Figure 4.2: Arc 𝐼𝜃/4 on circle 𝜕𝐷2r1 cos(𝜃/4)(1− 2r1).

Therefore, 𝐼𝜃/4 is the arc with endpoints 𝛼, 𝛽 on the circle 𝜕𝐷2r1 cos(𝜃/4)(1− 2r1).

In the following lemma, 𝐼0, 𝐼𝜃/2, and 𝐼𝜃/4 are mapped to three infinite vertical lines on the
complex plane. Then, the Hadamard three-line theorem is applied to upper-bound the maximum
modulus of a function on 𝐼𝜃/4 using the maximum modulus of the same function on 𝐼0 and 𝐼𝜃/2.
This technique can be applied to any complex circle, not just 𝜕𝐷r1(1− r1).

Lemma 4.2.3. (Modified Lemma 4.3 in [BE97]). Consider the complex circle with radius 𝑟 and
center 𝑐. Let 0 < 𝜃 < 𝜋, 𝛼 = 𝑟 [cos(𝜃/2) + 𝑖 sin(𝜃/2)]+𝑐, and 𝛽 = 𝑟 [cos(𝜃/2)− 𝑖 sin(𝜃/2)]+𝑐.
Let 𝐼𝑡 =

{︁
𝑧 ∈ C | arg

(︁
𝛼−𝑧
𝑧−𝛽

)︁
= 𝑡
}︁

.
Suppose 𝑔 is an analytic function in the open region bounded by 𝐼𝜃/4 and 𝐼𝜃/2, and suppose 𝑔 is
continuous on the closed region between 𝐼0 and 𝐼𝜃/2. Then

max
𝑧∈𝐼𝜃/4

|𝑔(𝑧)| ≤
(︂
max
𝑧∈𝐼0

|𝑔(𝑧)|
)︂1/2(︂

max
𝑧∈𝐼𝜃/2

|𝑔(𝑧)|
)︂1/2

. (4.29)

Proof. We can apply Lemma 4.2 in [BE97], which stems from the Hadamard three-line theorem:
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Lemma 4.2.4. (Lemma 4.2 in [BE97]). Let 𝑎 > 0 and

𝐸𝑎 := {𝑧 ∈ C | 0 ≤ Im(𝑧) ≤ 𝑎}. (4.30)

Suppose 𝑔 is an analytic function in the interior of𝐸𝑎/2, and suppose 𝑔 is continuous on𝐸𝑎/2∪∞.
Then

max
{𝑧|Im(𝑧)=𝑡/4}

|𝑔(𝑧)| ≤
(︂

max
{𝑧|Im(𝑧)=0}

|𝑔(𝑧)|
)︂1/2(︂

max
{𝑧|Im(𝑧)=𝑡/2}

|𝑔(𝑧)|
)︂1/2

. (4.31)

Let 𝑤 := log
(︁

𝛼−𝑧
𝑧−𝛽

)︁
. Given 𝑧 ∈ 𝐼𝜃/4, note that

log

(︂
𝛼− 𝑧

𝑧 − 𝛽

)︂
= log

(︂⃒⃒⃒⃒
𝛼− 𝑧

𝑧 − 𝛽

⃒⃒⃒⃒)︂
+ 𝑖 arg

(︂
𝛼− 𝑧

𝑧 − 𝛽

)︂
= log

(︂⃒⃒⃒⃒
𝛼− 𝑧

𝑧 − 𝛽

⃒⃒⃒⃒)︂
+
𝑖𝜃

4
∈ {𝑧 | Im(𝑧) = 𝜃/4}.

(4.32)
Similarly, given 𝑧 ∈ 𝐼0, 𝑤 ∈ {𝑧 | Im(𝑧) = 0}, and given 𝑧 ∈ 𝐼𝜃/2, 𝑤 ∈ {𝑧 | Im(𝑧) = 𝜃/2}.
Now, we define a function ℎ such that ℎ(𝑦) = 𝑔(𝑤−1(𝑦)). We thus have that

max
𝑧∈𝐼𝜃/4

|𝑔(𝑧)| = max
{𝑤|Im(𝑤)=𝜃/4}

|ℎ(𝑤)| (4.33)

≤
(︂

max
{𝑤|Im(𝑤)=0}

|ℎ(𝑤)|
)︂1/2(︂

max
{𝑤|Im(𝑤)=𝜃/2}

|ℎ(𝑤)|
)︂1/2

(by Lemma 4.2.4)

=

(︂
max
𝑧∈𝐼0

|𝑔(𝑧)|
)︂1/2(︂

max
𝑧∈𝐼𝜃/2

|𝑔(𝑧)|
)︂1/2

.

The next theorem we will need is only a slight generalization of [BE97, Lemma 4.1], but we
prefer to give a full proof here, as the one in [BE97] has a significant typo.

Theorem 4.2.5. Let 0 < 𝛿 ≤ 1
4
, 0 < 𝑎 < 𝜋, 𝜆 ≥ 1, and 𝑀 ≥ 1. Let 𝑔 be a continuous function

on the unit disk, analytic on the interior, satisfying the following properties:

|𝑔(𝛿)| ≥ 1, and |𝑧| ≤ 1− 𝛾 ⇒ |𝑔(𝑧)| ≤ 𝜆𝑀

𝛾
(4.34)

for 0 < 𝛾 ≤ 1.
Let Γ be the circle with center 𝛿 and radius 1 − 𝛿. Let 𝐽 be the closed arc of Γ with midpoint 1
and arc length 𝑎. Then

max
𝑧∈𝐽

|𝑔(𝑧)| ≥
(︂

𝛿

𝜆𝑀

)︂𝑂(1/𝑎)

. (4.35)

Proof. Let 2𝑚 be the smallest even integer greater than or equal to 4𝜋
𝑎

. We define 2𝑚 equally
spaced points on Γ such that the arc length between two adjacent points is approximately (but
not larger than) 𝑎

2
:

𝜂𝑘 := 𝛿 + (1− 𝛿) 𝜉𝑘, 𝑘 ∈ Z,−𝑚 ≤ 𝑘 ≤ 𝑚, (4.36)
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where 𝜉 := exp(2𝜋𝑖
2𝑚

) is the first (2𝑚)-th root of unity. Note that the arc with endpoints 𝜂−1 and 𝜂1
that passes through 𝜂0 is entirely contained within arc 𝐽 . Also note that 𝜂−𝑚 and 𝜂𝑚 correspond
to the same point.

First, we will show that there exists a constant 𝑐 > 0 such that for all 𝑘 ∈ {1, ...,𝑚− 1},

|𝑧| ≤ 1− 𝑐𝛿(𝑘𝑎)2 (4.37)

when 𝑧 is on the arc with endpoints 𝜂𝑘 and 𝜂𝑘+1 or 𝜂−𝑘 and 𝜂−(𝑘+1).
This is because WLOG, assume that 𝑧 is on the arc with endpoints 𝜂𝑘 and 𝜂𝑘+1. Then 𝑧 is of the
form

𝛿 + (1− 𝛿) 𝑒𝑖𝜃, 𝜃 ∈
[︂
𝜋𝑘

𝑚
,
𝜋(𝑘 + 1)

𝑚

]︂
. (4.38)

This means that
|𝑧|2 = 1− 2𝛿 (1− 𝛿) (1− cos 𝜃). (4.39)

Since |𝑧| ≤ 1,

|𝑧| ≤ 1 + |𝑧|2

2
= 1− 𝛿 (1− 𝛿) (1− cos 𝜃) ≤ 1− 3

4
𝛿(1− cos 𝜃). (4.40)

Since 𝜃 ∈ [0, 𝜋],

1− cos 𝜃 ≥ 2

𝜋2
𝜃2 ≥ 2𝑘2

𝑚2
. (4.41)

Since 2𝑚 ≤ 𝑐1
4𝜋
𝑎

for some 𝑐1 > 0:

1− cos 𝜃 ≥ 𝑐1
2𝜋2

· (𝑘𝑎)2. (4.42)

Combining Equation (4.40) with Equation (4.42) gives us Equation (4.37).
Now, we define the following function

ℎ(𝑧) :=
𝑚−1∏︁
𝑗=−𝑚

𝑔
(︀
𝛿 + 𝜉𝑗 (𝑧 − 𝛿)

)︀
. (4.43)

Note that when 𝑧 ∈ Γ, the 2𝑚 points plugged into 𝑔 to evaluate ℎ(𝑧) are equally spaced on
Γ. The arc length between two adjacent points is

2𝜋

2𝑚
(1− 𝛿) >

𝑎

3
(1− 𝛿) ≥ 𝑎

4
. (since 2𝑚 < 4𝜋

𝑎
+ 2 ≤ 6𝜋

𝑎
)

Therefore, the arc length between two adjacent points is strictly greater than a fourth of the arc
length of 𝐽 . This means that at most four of these points lie on arc 𝐽 .

Consider the remaining 2𝑚−4 points. Each of these points lie on a distinct arc with endpoints
𝜂𝑗 and 𝜂𝑗+1, or endpoints 𝜂−𝑗 and 𝜂−(𝑗+1), for 𝑗 = {2, ...,𝑚 − 1}. By Equation (4.37) and the
properties of 𝑔, any point 𝑧 on the arc with endpoints 𝜂𝑗 and 𝜂𝑗+1, or endpoints 𝜂−𝑗 and 𝜂−(𝑗+1),
satisfies

|𝑔(𝑧)| ≤ 𝜆𝑀

𝑐𝛿(𝑗𝑎)2
. (4.44)
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Putting this all together,

max
𝑧∈Γ

|ℎ(𝑧)| ≤
(︂
max
𝑧∈𝐽

|𝑔(𝑧)|
)︂4

·
𝑚−1∏︁
𝑘=2

(︂
𝜆𝑀

𝑐𝛿(𝑘𝑎)2

)︂2

=

(︂
max
𝑧∈𝐽

|𝑔(𝑧)|
)︂4(︂

𝜆𝑀

𝛿

)︂2(𝑚−2)(︂
1

𝑐1𝑎

)︂4(𝑚−2)

((𝑚− 1)!)−4

≤
(︂
max
𝑧∈𝐽

|𝑔(𝑧)|
)︂4(︂

𝜆𝑀

𝛿

)︂2(𝑚−2)(︂
𝑚

𝑐1𝜋

)︂4(𝑚−2)(︂
𝑒

𝑚− 1

)︂4(𝑚−1)

(by Stirling’s approximation, and since 𝑎 ≥ 2𝜋
𝑚

)

≤
(︂
max
𝑧∈𝐽

|𝑔(𝑧)|
)︂4(︂

𝜆𝑀𝑒

𝑐1𝛿𝜋

)︂2(𝑚−2)(︂
𝑚

𝑚− 1

)︂4(𝑚−1)

𝑒2𝑚

≤
(︂
max
𝑧∈𝐽

|𝑔(𝑧)|
)︂4(︂

𝜆𝑀𝑒

𝑐1𝛿𝜋

)︂2(𝑚−2)

𝑒2𝑚+4 (since
(︀
1 + 1

𝑛

)︀𝑛 → 𝑒 as 𝑛→ ∞)

=

(︂
max
𝑧∈𝐽

|𝑔(𝑧)|
)︂4 (︂

𝜆𝑀

𝛿

)︂𝑂(1/𝑎)

. (4.45)

Now, by the Maximum Modulus principle,

|𝑔 (𝛿)|2𝑚 = |ℎ (𝛿)| ≤ max
𝑧∈Γ

|ℎ(𝑧)| ≤
(︂
𝜆𝑀

𝛿

)︂𝑂(1/𝑎)(︂
max
𝑧∈𝐽

|𝑔(𝑧)|
)︂4

. (4.46)

So (︂
max
𝑧∈𝐽

|𝑔(𝑧)|
)︂4

≥
(︂

𝛿

𝜆𝑀

)︂𝑂(1/𝑎)

|𝑔 (𝛿)|2𝑚 ≥
(︂

𝛿

𝜆𝑀

)︂𝑂(1/𝑎)

(1) =

(︂
𝛿

𝜆𝑀

)︂𝑂(1/𝑎)

. (4.47)

Therefore

max
𝑧∈𝐽

|𝑔(𝑧)| ≥
(︂

𝛿

𝜆𝑀

)︂𝑂(1/𝑎)

.

Note that if we instead have that 𝑔(𝛿) ≥ 𝜅 for some 0 < 𝜅 ≤ 1, then

max
𝑧∈𝐽

|𝑔(𝑧)| ≥
(︂
𝛿𝜅

𝜆𝑀

)︂𝑂(1/𝑎)

. (4.48)

This follows from replacing 𝑔 with 𝑔/𝜅 and 𝑀 with 𝑀/𝜅 in Theorem 4.2.5.

In our proof, we will use the following corollary, which provides a lower bound for 𝑔 on the
arc of a circle with a slightly smaller radius that has a midpoint less than 1.

Corollary 4.2.6. Let 0 < 𝛿 ≤ 1
4
, 0 < 𝑎 < 𝜋, 𝜆 ≥ 1, 𝑀 ≥ 1, and 0 < 𝜅 ≤ 1. Let 0 ≤ 𝜇 < 1− 𝛿.

Let 𝑔 be a continuous function on the unit disk, analytic on the interior, satisfying the following
properties:

|𝑔(𝛿)| ≥ 𝜅, and |𝑧| ≤ 1− 𝛾 ⇒ |𝑔(𝑧)| ≤ 𝜆𝑀

𝛾
, (4.49)
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where 𝛾 ≤ 1− 𝛿.
Let Γ𝜇 be the circle with center 𝛿 and radius 1 − 𝛿 − 𝜇. Let 𝑃 be the closed arc of Γ𝜇 that is
symmetric with respect to the real axis and has arc length 𝑎. Then

max
𝑧∈𝑃

|𝑔(𝑧)| ≥
(︂
𝛿𝜅

𝜆𝑀

)︂𝑂(1/𝑎)

. (4.50)

Proof. Consider the function

ℎ(𝑧) = 𝑔

(︂(︂
1− 𝛿 − 𝜇

1− 𝛿

)︂
(𝑧 − 𝛿) + 𝛿

)︂
. (4.51)

First, note that ℎ(𝛿) = 𝑔(𝛿). Since |𝑔(𝛿)| ≥ 𝜅, we have that |ℎ(𝛿)| ≥ 𝜅.
Next, assume |𝑧| ≤ 1− 𝛾.⃒⃒⃒⃒(︂

1− 𝛿 − 𝜇

1− 𝛿

)︂
(𝑧 − 𝛿) + 𝛿

⃒⃒⃒⃒
≤
(︂
1− 𝛿 − 𝜇

1− 𝛿

)︂
|𝑧|+ 𝛿

(︂
1− 1− 𝛿 − 𝜇

1− 𝛿

)︂
(by triangle inequality)

≤
(︂
1− 𝜇

1− 𝛿

)︂
(1− 𝛾) + 𝛿

(︂
𝜇

1− 𝛿

)︂
= 1− 𝛾 −

(︂
𝜇

1− 𝛿

)︂
(1− 𝛾 − 𝛿)

≤ 1− 𝛾. (since 1− 𝛾 − 𝛿 ≥ 0)

Therefore,

|ℎ(𝑧)| =
⃒⃒⃒⃒
𝑔

(︂(︂
1− 𝛿 − 𝜇

1− 𝛿

)︂
(𝑧 − 𝛿) + 𝛿

)︂⃒⃒⃒⃒
≤ 𝜆𝑀

𝛾
. (4.52)

So |𝑧| ≤ 1− 𝛾 ⇒ |ℎ(𝑧)| ≤ 𝜆𝑀
𝛾

.

As defined in Theorem 4.2.5, let Γ be the circle with center 𝛿 and radius 1− 𝛿. When 𝑧 ∈ 𝑃 ,(︀
1−𝛿−𝜇
1−𝛿

)︀
(𝑧 − 𝛿) + 𝛿 lies on the arc of Γ with midpoint 1 and the same central angle as 𝑃 . Its arc

length equals 1−𝛿
1−𝛿−𝜇

𝑎 ≥ 𝑎. Therefore, we can apply Theorem 4.2.5 to get

max
𝑧∈𝑃

|𝑔(𝑧)| = max
𝑧∈𝐽

|ℎ(𝑧)| ≥
(︂
𝛿𝜅

𝜆𝑀

)︂𝑂(1/𝑎)

.

We will now prove our main result, which generalizes Theorem 3.1 in [BE97] to complex
circles beyond the unit circle.

Theorem 4.2.7. (Generalized Theorem 3.1 in [BE97]). Let 0 < 𝜃 < 𝜋, 0 < r1 ≤ 1, and 𝑀 ≥ 1.
Let 𝐴 be an arc of 𝜕𝐷r1(1 − r1) with central angle 𝜃 that is symmetric with respect to the real
axis, passing through the point 1. Then

max
𝑧∈𝐴

|𝑓(𝑧)| ≥
(︂

1

𝑀

)︂𝑂
(︁

1
r1𝜃

)︁
(4.53)

for all 𝑓 ∈ 𝒞 1
2
,1.
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Proof. Note that the two endpoints of 𝐴 are 𝛼 and 𝛽, as defined in Equation (4.26).
We define a new function 𝑔, where

𝑔(𝑧) = (𝑧 − 𝛼)(𝑧 − 𝛽)𝑓(𝑧). (4.54)

In this proof, we will derive a lower bound for the maximum modulus of 𝑔 on arc 𝐴, and then
translate that to a lower bound for 𝑓 . Note that since 𝑓 ∈ 𝒞 1

2
,1,

|𝑧| ≤ 1− 𝛾 ⇒ |𝑔(𝑧)| ≤ 𝑀 |(𝑧 − 𝛼)(𝑧 − 𝛽)|
𝛾

≤ 4𝑀

𝛾
for 0 < 𝛾 ≤ 1, (4.55)

and ⃒⃒
𝑔
(︀

1
4𝑀

)︀⃒⃒
≥
(︀

9
32

)︀ ⃒⃒
𝑓
(︀

1
4𝑀

)︀⃒⃒
≥
(︀

9
32

)︀ (︀
1
2

)︀
≥ 1

8
. (4.56)

Therefore, 𝑔 ∈ 𝒞 1
8
,4.

First, we wish to find a lower bound on |𝑔(𝑧)| for 𝑧 ∈ 𝐼0. Recall that 𝐼0 is the chord with
endpoints 𝛼 and 𝛽, as defined in Lemma 4.2.3. We split into two cases: when 0 < r1 ≤ 3

4
, and

when 3
4
< r1 ≤ 1.

Case 1. 0 < r1 ≤ 3
4
. Note that on 𝐼0, |(𝑧 − 𝛼)(𝑧 − 𝛽)| is maximized when 𝑧 is the midpoint of

𝐼0, i.e. 𝑧 = r1 cos(𝜃/2) + 1− r1. With this value of 𝑧,

|(𝑧 − 𝛼)(𝑧 − 𝛽)| = | (−r1 sin(𝜃/2)𝑖) (r1 sin(𝜃/2)𝑖) | = r21 sin
2(𝜃/2). (4.57)

Note that 1− |𝑧| is minimized when 𝑧 is either 𝛼 or 𝛽. WLOG, assume 𝑧 = 𝛼. Then

1− |𝑧| = 1−
√︀
1− 2r1(1− r1)(1− cos(𝜃/2)). (4.58)

Now, the Taylor series of 1 −
√
1− 𝑥 is at least 𝑥

2
if 𝑥 is non-negative. Since 2r1(1 − r1)(1 −

cos(𝜃/2)) ≥ 0 when 0 ≤ 𝜃 ≤ 𝜋, we have that

1− |𝑧| ≥ r1(1− r1)(1− cos(𝜃/2)). (4.59)

So for 𝑧 ∈ 𝐼0,

|𝑔(𝑧)| ≤ 𝑀r21 sin
2(𝜃/2)

r1(1− r1)(1− cos(𝜃/2))

=
𝑀r1 sin

2(𝜃/2)

(1− r1)(1− cos(𝜃/2))

=
𝑀r1 sin

2(𝜃/2)

(1− r1)(2 sin
2(𝜃/4))

=
2𝑀r1 cos

2(𝜃/4)

1− r1

≤ 2𝑀r1
1− r1

(since cos2(𝜃/4) ≤ 1 for 0 ≤ 𝜃 ≤ 𝜋)

≤ 8𝑀r1. (4.60)
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Case 2. 3
4
< r1 ≤ 1.

WLOG, consider a point 𝑧 ∈ 𝐼0 whose distance from 𝛼 is 𝜏 ∈ [0, sin(𝜃/2)].
Note that 𝑧 = r1 cos(𝜃/2) + 1− r1 + (r1 sin(𝜃/2)− 𝜏)𝑖. This means that

|𝑧| =
√︀

(1− r1 + r1 cos(𝜃/2))2 + (r1 sin(𝜃/2)− 𝜏)2

=
√︀
1− 2r1(1− r1)(1− cos(𝜃/2))− 2𝜏r1 sin(𝜃/2) + 𝜏 2. (4.61)

Again, by Taylor series expansion, 1−
√
1− 𝑥 ≥ 𝑥

2
for non-negative 𝑥. Therefore:

1− |𝑧| ≥ r1(1− r1)(1− cos(𝜃/2)) + 𝜏r1 sin(𝜃/2)−
𝜏 2

2

≥ 𝜏r1 sin(𝜃/2)−
𝜏 2

2

≥ 𝜏r1 sin(𝜃/2)−
𝜏 sin(𝜃/2)

2

≥ 𝜏 sin(𝜃/2)

4
. (4.62)

Since |(𝑧 − 𝛼)(𝑧 − 𝛽)| = 𝜏 |(𝑧 − 𝛽)| ≤ 2𝜏, we have that for 𝑧 ∈ 𝐼0,

|𝑔(𝑧)| ≤ 8𝑀

sin(𝜃/2)
. (4.63)

Now, we can apply Lemma 4.2.3 to Equation (4.60) and Equation (4.63). Let𝐿 = max
𝑧∈𝐼𝜃/2

|𝑔(𝑧)| =

max
𝑧∈𝐴

|𝑔(𝑧)|, since 𝐼𝜃/2 and 𝐴 correspond to the same arc. Then:

max
𝑧∈𝐼𝜃/4

|𝑔(𝑧)| ≤

⎧⎨⎩(8𝑀r1𝐿)
1/2 , when 0 < r1 ≤ 3

4(︁
8𝑀𝐿

sin(𝜃/2)

)︁1/2
, when 3

4
< r1 ≤ 1

, (4.64)

Next, we define 𝐺 to be the open region bounded by 𝐼𝜃/4 and 𝐴. By the Maximum Modulus
principle, we have that

max
𝑧∈𝐺

|𝑔(𝑧)| ≤

⎧⎪⎨⎪⎩
max

{︁
𝐿, (8𝑀r1𝐿)

1/2
}︁
, when 0 < r1 ≤ 3

4

max

{︂
𝐿,
(︁

8𝑀𝐿
sin(𝜃/2)

)︁1/2}︂
, when 3

4
< r1 ≤ 1

. (4.65)

Now, we want to define an arc that passes through the region 𝐺, so that we can apply Corol-
lary 4.2.6 and obtain a lower bound for the maximum modulus of 𝑔 on this arc. Note that 𝐼𝜃/4’s
point of intersection with the real axis is

1− 2r1 + 2r1 cos(𝜃/4) ≤ 1− 2r1 + 2r1

(︁
1− 𝜃2

64

)︁
= 1− r1𝜃2

32
. (4.66)

Therefore, we define Γ𝑃 as the circle with center 1
4𝑀

and radius 1 − 1
4𝑀

− r1𝜃2

64
, as its point of

intersection with the real axis is 1− r1𝜃2

64
∈ (1− r1𝜃2

32
, 1). The choice of 64 in the denominator is

arbitrary; any constant exceeding 32 is valid. We will now consider the arc 𝑃 := Γ𝑃 ∩𝐺.
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Before applying Corollary 4.2.6, we first want to show that 𝑃 has arc length at least r1𝜃
𝑐

for
some constant 𝑐 ≥ 1.

Let 𝑎 := r1𝜃. Recall that the length of the chord |𝐼0| = 2r1 sin(𝜃/2). Therefore,

|𝐼0| =
2 sin(𝜃/2)

𝜃
𝑎

≥ 2

𝜋
𝑎 (for 0 < 𝜃 ≤ 𝜋)

≥ 𝑎

𝑐1
. (for some 𝑐1 ≥ 1)

So it suffices to show that 𝑃 ’s length is at least |𝐼0|
𝑐1

for some 𝑐1 ≥ 1.
Note that 𝐼𝜃/4 has radius 2r1 cos(𝜃/4) ≤ 2r1. The radius of 𝑃 is

1− 1
4𝑀

− r1𝜃2

64
≥ 3

4
− r1𝜃2

64
≥ 3

4
− r1

4
. (4.67)

We split into two cases: r1 ≤ 1
3
, and r1 >

1
3
.

Case 1. r1 ≤ 1
3
. In this case, we have that 3

4
− r1

4
≥ 2r1. This means that 𝐼𝜃/4 has a smaller

radius (which corresponds to greater curvature) than 𝑃 , and so the endpoints of arc 𝑃 are on arc
𝐴, and not on arc 𝐼𝜃/4.
In the worst case, 𝑃 appears as a straight chord within 𝐺. Let 1 − 𝑡 be the point at which this
chord intersects the real axis (𝑡 = r1𝜃2

64
based on how we’ve defined 𝑃 ).

Then, by the Pythagorean Theorem, (r1 − 𝑡)2 +
(︀
1
2
|𝑃 |
)︀2

= r21. This means that

|𝑃 | = 2
√︀
𝑡(2r1 − 𝑡) ≥ 2

√︀
𝑡(2r1 − r1) = 2

√
r1𝑡. (4.68)

Note that 𝐼0 intersects with the real axis at the point 1 − r1 + r1 cos(𝜃/2). Since cos(𝜃/2) ≥
1− (𝜃/2)2

2
= 1− 𝜃2

8
, this means that the point of intersection with the real axis is ≥ 1− r1𝜃2

8
= 1−8𝑡.

Therefore,
|𝐼0| ≤ 2

√︀
𝑡(16r1 − 𝑡) ≤ 2

√
16r1𝑡 = 4|𝑃 |. (4.69)

Case 2. r1 > 1
3
. In this case, 𝐼𝜃/4 has a larger radius than arc 𝑃 , and so the endpoints of arc 𝑃

are on arc 𝐼𝜃/4 and not on arc 𝐴.
Note that 𝐼𝜃/4’s radius is 2r1 cos(𝜃/4) ≤ 2, and 𝑃 ’s radius is 1− 1

4
− r1𝜃2

64
≥ 1

2
. In the worst case,

we assume 𝑃 has radius 1
2

and 𝐼𝜃/4 has radius 2. Recall that with 𝑡 = r1𝜃2

64
, 𝑃 intersects the real

axis at point 1− 𝑡, and 𝐼𝜃/4 intersects the real axis at point 1− 2𝑡. Therefore, 𝑃 intersects 𝐼𝜃/4 at
the points

𝑥 =
−3𝑡2 − 5𝑡+ 3

2𝑡+ 3
, 𝑦 = ±

√︀
−𝑡(𝑡− 1)(𝑡+ 3)(𝑡+ 4)

2𝑡+ 3
. (4.70)

Note that we can approximate 1
2
|𝑃 | by calculating the length of the hypotenuse between point

1− 𝑡 and point (𝑥,+𝑦). By the Pythagorean theorem,(︂
1

2
|𝑃 |
)︂2

≥ (1− 𝑡− 𝑥)2 + 𝑦2 =
𝑡(𝑡+ 4)

2𝑡+ 3
≥ 𝑡. (4.71)
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Therefore, |𝑃 | ≥ 2
√
𝑡. Recall that

|𝐼0| ≤ 2
√
16r1𝑡 ≤ 2

√
16𝑡 = 4|𝑃 |. (4.72)

Therefore, in both cases, we’ve established that the arc length of 𝑃 is at least 𝑎
𝑐

for some
𝑐 ≥ 1. We can now apply Corollary 4.2.6 with our function 𝑔 ∈ 𝒞 1

8
,4, and with 𝛿 = 1

4𝑀
and

𝜇 = r1𝜃2

64
, which gives us:

max
𝑧∈𝑃

|𝑔(𝑧)| ≥
(︂

1

𝑀

)︂𝑂
(︁

1
r1𝜃

)︁
. (4.73)

We can now combine Equation (4.65) and Equation (4.73) to derive our lower bound for
𝐿 = max

𝑧∈𝐴
|𝑔(𝑧)|. When r1 ≤ 3

4
, we have that

max
{︁
𝐿, (8𝑀r1𝐿)

1/2
}︁
≥ max

𝑧∈𝑃
|𝑔(𝑧)| ≥

(︂
1

𝑀

)︂𝑂
(︁

1
r1𝜃

)︁
. (4.74)

If 𝐿 ≥ (8𝑀r1𝐿)
1/2, then we have that 𝐿 ≥

(︀
1
𝑀

)︀𝑂(︁
1

r1𝜃

)︁
. Otherwise, we have that

𝐿 ≥
(︂

1

𝑀

)︂𝑂
(︁

1
r1𝜃

)︁(︂
1

r1

)︂
≥
(︂

1

𝑀

)︂𝑂
(︁

1
r1𝜃

)︁
. (4.75)

When r1 >
3
4
, we have that

max

{︃
𝐿,

(︂
8𝑀𝐿

sin(𝜃/2)

)︂1/2
}︃

≥ max
𝑧∈𝑃

|𝑔(𝑧)| ≥
(︂

1

𝑀

)︂𝑂
(︁

1
r1𝜃

)︁
. (4.76)

If 𝐿 ≥
(︁

8𝑀𝐿
sin(𝜃/2)

)︁1/2
, then we have that 𝐿 ≥

(︀
1
𝑀

)︀𝑂(︁
1

r1𝜃

)︁
. Otherwise, we have that

𝐿 ≥
(︂

1

𝑀

)︂𝑂
(︁

1
r1𝜃

)︁
sin(𝜃/2). (4.77)

Note that for 0 < 𝜃 < 𝜋:

sin(𝜃/2) ≥
(︂
1

4

)︂( 1
𝜃 )

≥
(︂

1

𝑀

)︂𝑂
(︁

1
r1𝜃

)︁
. (4.78)

Therefore, in both cases, we have that

𝐿 ≥
(︂

1

𝑀

)︂𝑂
(︁

1
r1𝜃

)︁
. (4.79)

Putting everything together, we have that

max
𝑧∈𝐴

|𝑓(𝑧)| ≥ 1

4
max
𝑧∈𝐴

|𝑔(𝑧)| = 𝐿

4
≥
(︂

1

𝑀

)︂𝑂
(︁

1
r1𝜃

)︁
.
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Note that the following corollary holds for Theorem 4.2.7:

Corollary 4.2.8. (Generalized Corollary 3.2 of [BE97]). Let𝑄(𝑧) be a polynomial with complex
coefficients,

∑︀𝑛
𝑗=0 𝑏𝑗𝑧

𝑗 , such that |𝑏0| = 1 and all coefficients |𝑏𝑗| ≤ 𝑀 . Let 0 < r1 ≤ 1, and let
𝐴 be an arc of 𝜕𝐷r1(1 − r1) with central angle 0 < 𝜃 < 𝜋 that is symmetric with respect to the
real axis and passes through the point 1. Then there is some 𝑤 ∈ 𝐴 such that

|𝑄(𝑤)| ≥
(︂

1

𝑀

)︂𝑂
(︁

1
r1𝜃

)︁
. (4.80)

Proof. Polynomials of this form are part of set 𝒞 1
2
,1, so Theorem 4.2.7 can be applied.

Now, we’re finally ready to prove Theorem 4.2.1. Let

𝜃0 = 𝑐 · r
2/3
2 ln1/3(1/𝜖)

(r1(1− r22)𝑛)
1/3
, for some constant 𝑐 ∈ (0, 1). (4.81)

Note that

𝜂(𝜖) ≥ max
−𝜋<𝜃≤𝜋

exp

(︂
−1− r22

8r22
𝜃2𝑛

)︂
·
⃒⃒
𝑄𝑐(r1𝑒

𝑖𝜃 + 1− r1)
⃒⃒

≥ max
−𝜃0<𝜃≤𝜃0

exp

(︂
−1− r22

8r22
𝜃2𝑛

)︂
·
⃒⃒
𝑄𝑐(r1𝑒

𝑖𝜃 + 1− r1)
⃒⃒

≥ exp

(︂
−1− r22

8r22
𝜃20𝑛

)︂
· max
−𝜃0<𝜃≤𝜃0

⃒⃒
𝑄𝑐(r1𝑒

𝑖𝜃 + 1− r1)
⃒⃒
. (4.82)

If 𝜃0 ≤ 𝜋
2
, we can apply Corollary 4.2.8 to our modified polynomial ̃︀𝑄𝑐, with 𝑀 = 1

𝑐0
. Note

that 𝑄𝑐(𝑧) = 𝑐0 ̃︀𝑄𝑐(𝑧) > 𝜖 ̃︀𝑄𝑐(𝑧), so:

𝜂(𝜖) ≥ exp

(︂
−1− r22

8r22
𝜃20𝑛

)︂
· exp

(︂
−𝑂

(︂
1

r1𝜃0

)︂
ln(1/𝜖)

)︂
≥ exp

(︂
−1− r22

8r22
𝜃20𝑛−𝑂

(︂
1

r1𝜃0

)︂
ln(1/𝜖)

)︂
. (4.83)

Plugging in the value of 𝜃0, we get that

𝜂(𝜖) ≥ exp

(︃
−𝑂

(︃
ln2/3(1/𝜖) · (𝑛(1− r22))

1/3

(r1r2)2/3

)︃)︃
. (4.84)

Otherwise, if 𝜃0 > 𝜋
2
, meaning that 𝑛≪ r22 ln(1/𝜖)

r1(1−r22)
, we plug in 𝜋

2
instead to get

𝜂(𝜖) ≥ exp

(︂
−1− r22

32r22
𝜋2𝑛

)︂
· exp

(︂
−𝑂

(︂
2

r1𝜋

)︂
ln(1/𝜖)

)︂
≥ exp

(︂
−𝑂

(︂
1

r1

)︂
ln(1/𝜖)

)︂
≥ 𝜖

𝑂
(︁

1
r1

)︁
.
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Therefore, we have shown that

𝜂(𝜖) ≥ max

{︃
𝜖
𝑂
(︁

1
r1

)︁
, exp

(︃
−𝑂

(︃
ln2/3(1/𝜖) · (𝑛(1− r22))

1/3

(r1r2)2/3

)︃)︃}︃
.

With our choice of r1, r2 from Definition 4.1.3, It is not hard to see that the 𝜃0 ≤ 𝜋
2

case
corresponds to 𝛿 ≫ ln(1/𝜖)

𝑛
, while 𝜃0 > 𝜋

2
corresponds to 𝛿 ≪ ln(1/𝜖)

𝑛
. Therefore, by plugging in

the parameters from Definition 4.1.3 into Theorem 4.2.1, and by Theorem 3.0.4, we successfully
prove Theorem 1.1.1.

Remark 4.2.9. The poly(𝑛/𝜖) factor in the low-SPAM case in Theorem 1.1.1 arises from the
poly(𝑛, 1

𝜂Λ(𝜖)
) factor in Theorem 4.1.6. We aim to tighten this dependence in the future.
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Chapter 5

Conclusion

In this thesis, we investigate Pauli error estimation in practical quantum learning settings, pre-
senting the first algorithm for this problem that is entanglement-free and robust to state prepara-
tion and measurement errors. To handle SPAM, we extend the reduction to Population Recovery
introduced in [FO21] to the combined erasure and bit-flip channel: a previously unstudied noise
model. We extend complex analysis tools to prove a runtime and sample complexity on the order
of exp(𝑛1/3) for an 𝑛-qubit channel. We also argue that this scaling is essentially optimal: no
SPAM-tolerant algorithm can achieve asymptotically fewer channel uses.

In doing so, this thesis resolves a key open question posed in [FO21]. From a practical stand-
point, it brings Pauli error estimation closer to feasibility in real-world quantum set-ups, where
preparation and measurement errors are unavoidable. We hope that the techniques presented here
can enable SPAM-tolerant approaches to other quantum learning problems.
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