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Abstract

This research explores the discovery of symmetrical realizations of convex-hexagon-

free point placements on 16 points using satisfiability solving techniques. The cen-
tral focus is on identifying point configurations that exhibit 3-, 4-, and 5-fold rota-
tional symmetry. These 16 point configurations correspond to the maximal num-
ber of points that can be placed in the Euclidean plane in general position without
forming any convex hexagons, a central case in the study of the Erdds—Szekeres
conjecture , a foundational problem in combinatorial geometry.

Building on previous work in combinatorial geometry and SAT-based combina-
torial methods, this research extends existing Boolean satisfiability encodings by in-
corporating symmetry constraints and structural conditions specific to the hexagon-
free problem. Using these ideas, new conjunctive normal form formulas are devel-
oped to represent the search space of symmetric hexagon-free point placements.

To interpret and visualize solutions, satisfying assignments to these CNFs are
passed through a point realization tool that reconstructs geometric configurations
from orientation triple data. This enables the conversion of logical encodings into
concrete point placements that can be analyzed and compared. Structural analysis
of these placements includes examining the frequency and distribution of smaller
convex polygons, such as 4-gons and 5-gons, to better understand the local geometric
implications of hexagon avoidance.

The resulting symmetric configurations, especially those with four-fold and five-
fold symmetry, represent some of the first structured, realizable examples of 16-point
hexagon-free sets. These findings contribute new insight into the Erdés—Szekeres
conjecture and offer a stepping stone toward understanding larger generalizations,
such as the existence of 32-point configurations that avoid convex 7-gons.
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Chapter 1

Introduction

This research concerns the search for symmetrical realizations of hexagon-free point placements
on 16 points using SAT solving techniques. In order to understand the objective, itis rst neces-
sary to introduce the Eo$—Szekeres conjecture as well as motivate the idea of SAT solving, as
the remaining sections will rely heavily on both.

1.1 The Erdos—Szekeres Conjecture

The Erds—Szekeres conjecture is a well-known open problem in the eld of combinatorial ge-
ometry, originally posed in 1935 by Paul EBsland George Szekeres in their seminal paper “A
Combinatorial Problem in Geometry” [2]. The conjecture asserts that for every irkeges,
there exists a minimal number = h(k) such that any set of at leastpoints when placed in
general position in the plane (no three points collinear) must contain a sublsqiowfits that
form the vertices of a convekgon.

Erdos and Szekeres proved that such a nunmbexists for everyk and provided an upper
bound on its size. They also conjectured that the exact bound is given by the following equation:

n=2K2+1 (1.1)

The values oh(3) throughh(6) have been veri ed to match the proposed bound, a simple
case split was used to prove thg@d) = 5 in the original paper. The result fd&r = 6 was
rst shown by a computer proof in the 2006 paper “Computer Solution to the 17-poimtsErd
Szekeres problem” by George Szekeres and Lindsay Peters [6]. Despite extensive work since the
origins of the conjecture, it remains unresolved for genleraind the values di(7) and above
remain unknown.

From the proof that(6) = 17 it follows that every placement of 17 points in general position
in the plane contains at least one convex 6-gon. It also follows that 17 is the minimal number of
points such that this is true. A natural second result that follows from these two facts is that there
must exist at least one way to place 16 points in the plane in general position such that no convex
6-gons are formed. These 16-point solutions are the study of this research.
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1.2 Propositional Logic and SAT Solvers

Propositional logic, also known as Boolean logic, is a formal system in which logical formulas
are constructed from propositional variables using logical connectives such as"™ NDR (),

NOT (: ), IMPLIES (=) ), and EQUIVALENT (() ). Each propositional variable represents

a statement that can be true or false, and the logic of the connectives de nes the overall truth
evaluation of each formula based on its components.

A central problem in propositional logic is the satis ability problem (SAT), which concerns
whether, given a propositional formula, there exists an assignment of true or false to that for-
mula's variables such that the entire formula evaluates to true. It is a well-known fact that SAT
is NP-complete; however, SAT solving has emerged as a highly practical tool for a wide range
of applications.

This emergence is in large part due to the ability of diverse problem domains to be repre-
sented as propositional formulas, allowing SAT solving to have applications for many real-world
problems. SAT solvers are specialized tools that are designed to ef ciently decide the satis-
ability of propositional formulas. Most often, these solvers require that their input formulas
be in conjunctive normal form (CNF), which simply means that the formula is structured as a
conjunction of disjunctions of variables.

There are a great number of modern SAT solvers to choose from, each slightly different and
more specialized for different applications. The solver of choice for this research was CaDiCal,
designed by Armin Biere [1]. CaDiCaLl is a type of con ict driven clause learning solver that
works great for general-purpose applications.

1.3 Objective

The objective of this research was to discover symmetrical realizations of hexagon-free point
placements on 16 points using SAT solving techniques. Speci cally, the study focuses on identi-
fying con gurations exhibiting 3-fold, 4-fold, and 5-fold rotational symmetry, which lend them-
selves naturally to SAT encodings on 16 points. These 16-point con gurations represent the
largest possible point placements that can avoid the formation of convex 6-gons, as implied by
the Erdbs—Szekeres conjecture.

This research builds on previous work in the eld, mainly from two papers. These papers
create the foundation for how to ef ciently encode combinatorial geometry instances like this
problem in propositional logic. Building on the base CNFs provided by these papers and through
the addition of new clauses that encode the desired structure and symmetries, new formulas can
be created that encode symmetric 6-gon free point placements on 16 points.

An analysis of the underlying properties and structure of these solutions would be performed
to gain further insight into the Ea$—Szekeres conjecture as well as the solutions themselves. Fi-
nally, leveraging a point realizer designed by Bernardo Subercaseaux [5], satisfying assignments
to these CNF formulas would be converted into realized images.



Chapter 2

Literature Review

This research builds on a broad body of prior work focused on encoding problems in combinato-
rial geometry, such as the Ers-Szekeres Conjecture, into SAT frameworks. Among these, two
papers had a particularly direct in uence on the present work, “Axioms and Hulls” by Donald
Knuth [4] and “Happy Ending: An Empty Hexagon in Every Set of 30 Points” by Marijn Heule
and Manfred Scheucher [3], as they provide the structural basis for the CNF encodings used in
both the analytical and constructive phases of this thesis.

2.1 CC Systems

In “Axioms and Hulls” [4], Knuth de nes a cc system (short for counterclockwise system) as
a combinatorial abstraction used to encode orientation information among triples of points in
the plane. These systems are foundational in SAT encodings of point con guration problems,
including those addressed in this thesis.

2.1.1 Orientation Triples

In the context of planar geometry, an orientation triple captures the relative orientation of three
distinct points. The orientation is considered positive if the points in the triple are encountered in
a counterclockwise manner, and negative if the points in the triple are encountered in a clockwise
manner. These directional relationships can be abstractly represented as propositional variables.
For example, the orientation variable for the triple of poffashb; 9 would be written as:

c)a;b;c

For these orientation variables, a true value indicates a counterclockwise turn and a false
value indicates a clockwise turn. This relationship is illustrated in Figure 2.1.

In SAT-based geometric reasoning, orientation triples allow point con gurations to be repre-
sented without reference to explicit coordinates. By expressing orientation relationships directly
in Boolean logic, it becomes possible to encode high-level geometric properties, such as convex-
ity, ordering, and certain substructures, into satis ability problems. This abstraction is crucial for
transforming geometric constraints into CNF formulas and was the main method used for this
research.



Figure 2.1: Two examples of orientation triples for poihi®, and3 are illustrated. In the rst
case, the orientation @.,.3 is counterclockwise and therefore evaluates to true. In the second
case, the orientation is clockwise and consequently evaluates to false.

2.1.2 CC Axioms

Although orientation triples provide a compact and expressive way to encode local relationships
between points, not all combinations of orientation assignments correspond to realizable point
sets in the Euclidean plane. To ensure local logical consistency, Knuth introduces a set of axioms
that describe how orientation values must behave to be more consistent with the underlying
planar geometry.

The rst class of axioms enforces cyclic symmetry, ensuring that the orientation of a triple
remains consistent under cyclic permutations. It is encoded as:

Opgr =) Ogirp (2.1)
The second class of axioms enforces antisymmetry, ensuring that reversing the order of the
last two points in a triple negates its orientation. It is encoded as:

Opgr =) © Opirg (2.2)
The third class of axioms enforces nondegeneracy, ensuring that no three distinct points are

collinear. This condition requires that at least one of the two possible orientations for a triple
must hold. It is encoded as:

Op:air — Opirg (2.3)
The fourth class of axioms enforces interiority, a condition that ensures consistency between
the orientation of a triangl§o; g; r) and the position of a poirttlying within it. It is encoded as:

Ouair ™ Optr ™ Opigit =) Opigyr (2.4)

The fth class of axioms enforces transitivity, a condition that ensures the compatibility of
orientation triples across ve distinct points. Speci callygfq, andr all lie to the left ofts (the
directed line formed by ands), g lies to the left oftp, andr lies to the left oftg, then it must
follow thatr lies to the left oftp. It is encoded as:

0t;s;p N ot;s;q A Ot;s;r A ot;p;q N ot:q;r :) Ol;p:r (2'5)
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Together, these ve classes of axioms serve to constrain the orientation variables in a manner
that approximates the behavior of realizable point sets in the Euclidean plane. However, they
do not fully encode the complete set of geometric constraints necessary to ensure that every
satisfying assignment corresponds to an actual geometric realization. This limitation arises from
the fact that the realizability of a point set is fundamentally an algebraic condition, rooted in the
sign of the determinant of certain coordinate matrices, which cannot be easily captured within
the con nes of propositional logic. Despite this, the axioms do enforce local logical consistency
among the orientation variables, thereby signi cantly narrowing the search space and guiding
the solver toward solutions that are more likely to correspond to valid realizations.

2.2 AnO(n* Encoding

In “Happy Ending: An Empty Hexagon in Every Set of 30 Points” [3], Heule and Scheucher
introduce a SAT-based approach to forbidding convex 6-gons among point placements utilizing
a novel encoding that improves upon the ef ciency of earlier formulations. Central to their
method is the assumption of a xed ordering of the points 1 through 16 from left to right. This
assumption enables a rede nition of the cc axioms that reduces the number of required clauses
to O(n*%), where n is the total number of points, an improvement ove ) axioms found

in Knuth's earlier work.

In addition to the optimized axiom encoding, their approach leverages auxiliary variables
to forbid the presence of convéxgons using onlyO(n#) clauses, a substantial improvement
over the naiveD(n*) formulation. Furthermore, preliminary symmetry-breaking constraints are
introduced to reduce redundancies in the search space, further enhancing the ef ciency of the
encoding. Together, these techniques contribute to an ef cient encoding that will form the basis
of the CNF used during the analysis portion of this work.

2.2.1 O(n% Signotope Axioms

The encoding developed by Heule and Scheucher to forbid convex 6-gons among point place-
ments utilizes orientation triples to represent the combinatorial geometry problem as a SAT in-
stance. Consequently, new axioms (referred to as signotope axioms) are required to ensure that
every satisfying assignment maintains local logical consistency.

The following describes the method employed to forbid non-realizable patterns. Consider the
set of 4 pointga; b; c; d. Using the assumption that the points are placed in this order from left
to right, the directed lineab bg andcd partition the region in which poird can be placed into 4
subregions. These subregions are illustrated in Figure 2.2. The corresponding orientation triples
for each subregion are also illustrated in Table 2.1. When the orientationdgiplas positive,
the third orientation variable being true implies that the second is also true. Similarly, the fourth
orientation triple being true implies that the third orientation triple is true. This relationship can
be encoded using the following clauses:

Oab:c ™ Oacid =) Og;b:d (2.6)

5



Figure 2.2: A visual depiction of the four possible subregions in which the jplozan lie with
respect to the points, b, andc. The mirror case in which poirii lies above the lin@c is not
shown.

Oabic ™ Obicd =) Oacd (2.7)

The mirror case in which the triple,.,.c IS negative can be represented using the same logic,
just inverted. This relationship can be encoded using the following clauses:

D Oapic™: Oad =) © Oapd (2.8)

: Ogibic™ i Opcd :) * Oacd (29)

For every four-element subset of the 16 points, the presence of all four sets of these clauses
helps to ensure local logical consistency and makes each satisfying assignment closer to being
a realizable instance in the plane. There greof these subsets, resulting in a total@fn*)
clauses added to the CNF.

2.2.2 Forbidding 6-gons

The method used by Heule and Scheucher to forbid the formation of convex 6-gons relies heavily
on the use of auxiliary variables. Speci cally, two types of auxiliary variables are introduced:
u-variables, which encode convex polygons whose interior points lie entirely above the line
formed by their endpoints, andvariables, which encode those whose interior points lie below
this line. These variables are employed in a case split to systematically eliminate all possible
con gurations that could result in a convex 6-gon.

6



Ozxb;c | Oaibid | Oacid | Obicid
+ + + +
+ + + -

- - - +
- - + +
- + + +

Table 2.1: A table showcasing the corresponding orientation triples for each of the four regions
in Figure 2.2 (the mirror case is shown but not explicitly colored).

U-Variables

As noted above, eaalrvariable represents a convex polygon whose interior points lie entirely
above the line formed by its endpoints. Each variable includes a superscript denoting the size
of the polygon and a subscript consisting of three points: the left endpoint, the rightmost non-
endpoint, and the right endpoint of the polygon. For example, the variable corresponding to a
convex 4-gon with endpoinsandd, andc as the rightmost non-endpoint, is written as:

ug;c;d

In eachu-variable, the remaining interior points of the polygon are not explicitly named;
instead, they are implicitly encoded. As a result, eaalariable represents all possible convex
polygons of the speci ed size that can be formed using the given three de ning points. When
using these variables to forbid the formation of all conkegons, the speci c identities of the
interior points are not relevant; what matters is that the variable collectively encodes all such
formations. An illustration that more clearly conveys the geometric interpretation-ebaiable

is shown in Figure Figure 2.3.

Figure 2.3: A visual representation of the auxiliary variabfe ;. The pointsa, ¢, andd are
explicitly de ned while it is assumed that there exists some pbititat completes the convex
4-gon.

U-variables are encoded using a recursive approach, with the base case corresponding to
convex polygons of size 4. For each four-element subset of the sixteen {mibis; d, the base

7



case is de ned by the following implication: If the orientation triples indicate that the pbints
andc lie above the linead, speci cally, if 0,..c andoy.c.q are both false, then a convex 4-gon is
formed and the correspondingvariableuy.., is set to true:

D Oapic ™ Obicid =) Ui;c;d (2.10)

The recursive case builds upon the base case by extending smafléables to larger ones.
For a given set of point&a; b; c; g, theu-variableuy.., represents a convex polygon of size
with endpointsa andd, andc as the rightmost non-endpoint. This variable is encoded recursively
in terms of the previously constructeevariableu}, . If u}, is true, this indicates the existence
of a convex polygon of size 1 with rightmost non-endpoiriiand endpoint. If the orientation
triple oy.c.q IS false, placing the poird below the linebg then the polygormf,;;b;lC can be extended
to include a new endpoirtsuch that all interior points lie above the liad. This relationship is

encoded by the following implication:
ug;b;J(-:A: Ob;c;d =) u;;c;d (211)

V -Variables

V -variables function analogously tevariables, with the key distinction that they represent con-
vex polygons whose interior points lie entirely below the line formed by their endpoints. As
with u-variables, each-variable includes a superscript indicating the size of the polygon, and a
subscript consisting of three points: the left endpoint, the rightmost non-endpoint, and the right
endpoint.

The recursive encoding scheme ferariables mirrors that of the-variables, with the ex-
ception that the relevant orientation triples must be true rather than false. In the base case, for
a convex 4-gon formed by poin{s,; b; c; d, if the orientation triple,.,.c and oy.c.q are true,
indicating that the pointsandc lie below the linead, then the correspondingvariable is set to
true:

Oa;b;cl\ 0o;c;d :) Vg;c;d (2-12)
In the recursive case, for a given set of poif@sb; c; d, the variablevy., . is de ned in terms
of the previously constructed variabl&, . If vX, ¢ is true, this indicates the existence of a
convex polygon of siz& 1 with rightmost non-endpoirth and endpoint. If the orientation
triple oy.c.q IS true, placing the poird above the lindg then the polygorw‘,fl;,:,;lC can be extended
to include a new endpoirt such that all interior points lie below the lirgel. This relationship
is encoded by the following implication:

V;;b;lcl\ Ob;cid :) V;;c;d (2-13)

Forbidding all 6-gons

To eliminate all possible convex 6-gons from a given point con guration, a case-based approach
is employed. Any convex 6-gon must have two endpoints, with the remaining four points lying
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strictly between them. These interior points may be located above or below the line de ned by
the endpoints. This results in ve distinct cases, based on the distribution of the interior points:
all four above the line, three above and one below, two on each side, one above and three below,
and all four below the line.

Each of these cases is handled using the previously deurexhdv-variables, which rep-
resent convex polygons with interior points strictly above or below the line formed by their
endpoints, respectively. To minimize the number of variables and clauses in the SAT encoding,
only u- andv-variables up to size ve are needed. Then, for each four-element s{gh$et; g
drawn from the sixteen points, ve sets of clauses are added, one for each case, ensuring that no
satisfying assignment corresponds to a con guration containing a convex 6-gon.

In the rst case, all four interior points lie below the line that connects the end points. This
con guration can be ruled out by asserting that there cannot exist a convex 5-gon encoded by
V2., While the orientation tripley,q is false. This would imply that poird lies above linebc
and a convex 6-gon could be created by extending the convex 5-gon withdpdmforbid this,
the following clauses are added:

: (Vg;b;c,\: Ob;c:d) (2.14)

In the second case, three interior points lie below the line that connects the end points and one
interior point lies above. This con guration can be ruled out by asserting that there cannot exist
a convex 5-gon encoded by, .4 while the orientation triple,.cq is true, as well as asserting
that there cannot exist a convex 5-gon encodeu2hy; while the orientation tripl@.y,q is true.

In the rst case, this would imply that a convex 6-gon could be created by extending the convex
5-gon with pointc, and in the second case this would imply that a convex 6-gon could be created
by extending the convex 5-gon with poimtTo forbid both, the following clauses are added:

: (Vg;b;d/\ Oa;c;d) (2-15)

: (Vg;c;d N Oaipia) (2.16)

In the third case, two interior points lie below the line that connects the end points and two
interior points lie above. This con guration can be ruled out by asserting that there cannot exist
a convex 4-gon encoded I}, ., and a convex 4-gon encoded b4, as well as by asserting
that there cannot exist a convex 4-gon encodeghy, and a convex 4-gon encoded b, .

In both cases, this would imply that a convex 6-gon could be created by the extremal points that
result from combining the two convex 4-gons. To forbid both, the following clauses are added:

: (Vg;b;d/\ ug;c;d) (2-17)

: (Vg;c;d " ug;b;d) (2-18)

In the fourth case, one interior point lies below the line that connects the end points and three
interior points lie above. This con guration can be ruled out by asserting that there cannot exist
a convex 5-gon encoded hy,, ; while the orientation tripl®,.,q is false, as well as asserting
that there cannot exist a convex 5-gon encodedg% while the orientation tripl®,.,.q is false.
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In the rst case, this would imply that a convex 6-gon could be created by extending the convex
5-gon with pointc, and in the second case this would imply that a convex 6-gon could be created
by extending the convex 5-gon with poimtTo forbid both, the following clauses are added:

: (ug;b;d N Oa;C;d) (2-19)

: (ug;c;d N Oa;b;d) (2-20)

In the fth and nal case, all four interior points lie above the line that connects the end
points. This con guration can be ruled out by asserting that there cannot exist a convex 5-gon
encoded byu?., . while the orientation triplen,q is true. This would imply that poind lies
below linebcand a convex 6-gon could be created by extending the convex 5-gon withdpoint
To forbid this, the following clauses are added:

: (ug;b;c,\ OO;C;d) (2-21)

Symmetry Breaking

Heule and Scheucher also introduced symmetry-breaking clauses that take advantage of the xed
left-to-right ordering of the points. These clauses help reduce the search space without eliminat-
ing any valid satisfying assignments. Speci cally, a lemma provided in the original paper shows
that the points labeled 2 through 16 can be assumed, without loss of generality, to appear around
point 1 in counterclockwise order, while still preserving the left-to-right ordering. This additional
constraint can be encoded using the following clauses far alb < 16:

Together, the components described above, including the signotope axioms, the recursive
construction of auxiliaryu- andv-variables, the exhaustive case-based constraints to eliminate
all convex 6-gons, and the symmetry-breaking clauses, combine to form a CNF formula that
encodes hexagon-free planar point placemen@(in) clauses. This encoding will serve as a
foundational component in the analysis and experimental investigations presented in the remain-
der of this thesis.
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Chapter 3

Methodology

The core contributions of this thesis can be broadly divided into two main areas: enforcing
structure and enforcing symmetry. The enforcing structure phase aimed to develop a deeper un-
derstanding of the structural properties underlying hexagon-free point placements on 16 points.
This was achieved using a computationally ef cient SAT encoding, which prioritized speed and
allowed for a detailed examination of structural patterns that occur in placements with explicitly
layered convex hull formations through the analysis of millions of candidate point placements.

In contrast, the enforcing symmetry phase focused on the concrete construction of point
sets. This part of the work employed a more exible encoding in combination with a powerful
geometric realization tool. The goal of this phase was to discover explicit coordinate realizations
of hexagon-free symmetric con gurations, thus bridging the gap between abstract combinatorial
encodings and concrete geometric embeddings.

3.1 Enforcing Structure

The structural component of this thesis begins by introducing an ef cient SAT encoding designed
to represent layered convex hulls within hexagon-free planar point sets on sixteen points. Us-
ing this encoding, the full space of candidate point placements consistent with each convex hull
formation was exhaustively explored. In addition to identifying valid hexagon-free con gura-
tions, the internal structure of each candidate was further examined by counting the number of
convex 4- and 5-gons present. This analysis provides insight into the combinatorial geometry
of these con gurations and highlights their inherent tendency to suppress higher-order convex
substructures.

3.1.1 General Structure

Simply forbidding all convex 6-gons over a set of 16 points produces solutions that appear nearly
random and are dif cult to interpret or analyze. For reference, consider the solution currently dis-
played on Wikipedia for the Eas—Szekeres conjecture [7], shown in Figure 3.1. By deliberately
introducing structural constraints into the encoding, the search space is not only substantially re-
duced but also restricted to a well-de ned and geometrically meaningful subset of con gurations.
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To guide this structured exploration, clauses were added to enforce speci c layered convex hull
formations with uniform sizes, such &% 3; 3; 3; 3; 1), (4; 4; 4, 4), and(5; 5; 5; 1). These forma-

tions naturally introduce both radial and rotational symmetry into the solution space. Observe the
parallels between the rotationally symmetric gures and the layered convex hull gures shown
in Figure 3.2. Additional clauses partition the interior of each convex layer into sectors, also
shown in Figure 3.2, with each sector required to contain an equal number of interior points.
To support exhaustive analysis, the encoding systematically accounts for all possibilities of how
points can be distributed between layers and how they can be placed within each shell relative
to the line formed by the shell's endpoints, illustrated in Figure 3.3. Together, these structural
constraints expose the deeper geometric restrictions imposed by the forbidding of convex 6-gons
and provide a more focused foundation for analyzing the structural properties of the resulting
con gurations.

Figure 3.1: A set of 16 points in general position that avoids the formation of any convex 6-gons.

3.1.2 Analysis

Using each of the encodings, the complete space of candidate point placements consistent with
each convex hull structure was exhaustively explored. This process involved evaluating all pos-
sible combinations of point assignments across the designated convex layers, along with every
feasible orientation of points within each hull: speci cally, determining whether each point lies
above or below the central axis of the convex hull.
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Figure 3.2: A visual comparison of point placements exhibiting rotational symmetry and their
corresponding layered structures. The rst row shows realizations of 16-point con gurations
with 3-fold, 4-fold, and 5-fold rotational symmetry, respectively. The second row reinterprets
these con gurations as layered convex hulls, each with layers of equal size corresponding to the
symmetry order. The third row illustrates a sector-based decomposition of each con guration,
where the interior of each layered hull is evenly partitioned into sectors to re ect the imposed

symmetry.

13



Figure 3.3: This gure illustrates the rstlayer con gurations for the 3-fold and 4-fold symmetry
cases. In each case, the endpoints (Points 1 and 16) remain xed due to the sorted ordering of
points, while the interior points are allowed to vary. These interior points can assume any of the
remaining values and may shift in position relative to the central axis, enabling an exhaustive
exploration of structurally distinct con gurations.

For each candidate con guration, a distinct CNF encoding was generated, resulting in poten-
tially millions of unique formulas. These encodings were then fed to the SAT solver CaDiCalL.
Due to the ef ciency of the encoding, CaDiCalL was able to quickly determine the satis ability
of each formula. The total number of satis able encodings was recorded, along with the total
number of candidate con gurations, to calculate a satis ability ratio for each hull structure.

In addition to satis ability testing, each satisfying assignment was subjected to a secondary
analysis to investigate the presence of smaller convex polygon formations. This analysis was
carried out using a specialized tool developed by Marijn Heule, designed speci cally for CNF
formulas of this kind. For each satisfying assignment, the tool reported the number of convex 4-
and 5-gons present. These values were aggregated across all realizations, and the corresponding
minimum, maximum, and average counts were calculated.

3.1.3 Base CNF

The base CNF encoding used for this phase of the investigation wad(tif§ formulation
developed by Heule and Scheucher, as described in detail in Chapter 2. This encoding was
selected for its computational ef ciency, which was critical given the exhaustive nature of the
structural analysis, which required potentially millions of SAT solver instances to be executed
sequentially. Since the focus at this stage was not on producing explicit planar realizations,
the additional ordering constraints imposed by the encoding were not a limitation. In contrast,
these constraints preserved satis ability while substantially reducing the size of the search space,
enabling more tractable large-scale analysis.
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3.1.4 Layered 3-Gons

The rstlayered convex hull formation considered wWas3; 3; 3; 3; 1), comprising of ve nested
convex layers of three points each, arranged around a single central point. To enforce additional
structure, the interior of each convex hull was partitioned into three sectors, with each sector
de ned by two adjacent points on the hull and the central point. The distribution of interior
points within these sectors followed a uniform pattern: four points per sector in the outermost
layer, three in the second layer, two in the third, and one in the fourth. To comprehensively
explore the space of candidate point placements, all combinations of point assignments to each
convex layer were examined. Additionally, for each convex hull, the orientation of its middle
point, whether positioned above or below the line formed by the hull's endpoints, was allowed
to vary.

Convexity

To enforce convexity within each of the three-point convex hull layers, orientation constraints
were encoded based on the relative position of the middle point. Let the convex hull be composed
of three ordered point&; b; 9 with a < b < c. If the middle pointbis intended to lie above

the line formed bya andc, convexity is enforced by adding the following clause, illustrated in
Figure 3.4:

Figure 3.4: An illustration of how convexity in the rst case is enforced by adding claogg..

. Oapic (3-1)

Conversely, ifbis intended to lie below the linac, the opposite orientation clause is added:
Oa;b;c (32)

Containment

To enforce the containment of the remaining points within each sequential convex hull layer,
orientation clauses are added for each ppititat is meant to lie inside a triangular hull formed
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by points(a; b; 9. Since point indices are assumed to be ordered from left to Bghtp < c is
assumed as interior placement is otherwise not possible. Within this range, two distinct orderings
must be considere@ < p <b <c anda <b < p <c. For each order, two geometric cases are
handled depending on whether the middle pbiin¢s above or below the line formed layandc.

If blies above lineac andp < b the following clauses are added to forgéo lie below line
aband above lin@gc, illustrated in Figure 3.5:

Figure 3.5: An illustration of how containment in the rst case is enforced by addipg "
: Oa;p;c.

Oapb ™ : Oapic (3.3)

If blies above lineac andb < p the following clauses are added to forgéo lie below line
bcand above linac:

Oppic ™ I Oapic (3.4)

If blies below lineac andp < b the following clauses are added to forgéo lie below line
acand above linab

Oapic ™ Oapib (3.5

If blies below lineac andb < p the following clauses are added to forgéo lie below line
acand above lindc

Oapic I Opypic (3.6)

Sectors

To ensure that within the same convex hull layer, every sector, de ned by two adjacent points on
the convex hull and a central point, contains an equal number of interior points, a careful case
analysis was required. Consider a convex hull formed by three ordered fajibts) enclosing

a central pointx. This con guration partitions the interior into three sectors, de ned by the
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triangles(a; b; X, (a; c; X), and(b; c; X, which we refer to as sectors 1, 2, and 3, respectively. To
ensure that each sector contains exagctlynterior points, auxiliary variables were introduced.
For example, the variab&p indicates whether a poiptlies within sector 1 of the second convex
hull layer. In this notation, the superscript denotes the convex hull layer and the subscript denotes
the sector index.

Focusing on sector 1 of the rst convex layer, de ned by the trian@lgb; ¥), sip must
determine whether a poiptlies within this triangle. It can be assumed thas the leftmost of
the three convex hull points, resultingar b, a < x, anda < p in the order from left to right.
The relative orders among x, andbyield six distinct permutations:

l.a<p<x<b
.a<p<b<x
.a<x<p<b
.a<x<b<p
.a<b<p<x
.a<b<x<p

O U, WN

Among these, cases 4 and 6 can be eliminated immediately, as they place todiné¢ right
of bothbandx, making it impossible fop to lie within the trianglga; b; x). For the remaining
valid orderings, the orientations of the pomtwith respect to the boundary lines are used to
determine whethgp lies within the sector. Assume rst that the polmlies below the lineac. In
case 1, the inclusion gfin sector 1 can be characterized by the following logic:

S%p 0 (Oapx & Opixb) (3.7)

If insteadb lies above the linec, the orientation conditions are reversed, as illustrated in
Figure 3.6:

Figure 3.6: An illustration of how the auxiliary variable for poiptlying in sector 1 can be
enforced with respect to the lines andbx.

S}p 0 (: Oa;p;x A c)p;x;b) (3.8)
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The expressions for the other valid cases follow similar logic and are not explicitly shown.
To ensure that no more than points are assigned to any sector, a cardinality constraint is
encoded using the auxiliary variables. Speci cally, for each subset ef1 candidate points
fp1;p2;iii Pm+1 O, the following clause is added to prevent all of them from being assigned to
the same sector:

ISP _ SiPa_ & SiPmsa (3.9)

This enforces that at least one of ther 1 points does not lie in sector 1. The same approach
is applied to all sectors in every convex hull layer. For brevity, the full enumeration of all the
case distinctions and clauses is omitted.

Results and Discussion

In total, 14,080 candidate point placements were consistent with this formation. Of these, 4,984
were satis able, resulting in a satis ability ratio of 35%.

Figure 3.7: The number of convex 4-gons plotted on the x axis vs the number of convex 5-gons
plotted on the y axis in thé€3; 3; 3; 3; 3; 1) case. Each single data point represents one of the
4,984 satis able instances.

Among the three layered convex hull formations examined, the layered 3-gon con guration
yielded the fewest total candidate point placements, with 14,080 possibilities. This reduction in
search space is expected, as each convex hull in this formation includes only one central point
whose orientation must be explicitly constrained, resulting in fewer combinations to evaluate.
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Figure 3.8: The number of convex 4-gons (blue) and convex 5-gons (orange) for each satisfying
assignment in thé3; 3; 3; 3; 3; 1) case. The x axis sorts the instances from left to right. The
leftmost possible instance in this case is shell 1 =[1,2,16], shell 2 = [3,4,15], shell 3 = [5,6,14],
shell 4 =[7,8,13], shell 5 =[9,10,12], and center point = 11. The rightmost possible instance in
this case is shell shell 1 =[1,15,16], shell 2 =[2,13,14], shell 3 =[3,11,12], shell 4 = [4,9,10],
shell 5 = [5,7,8], and center point = 6. The y axis represents the counts of each of the different
amounts of the speci ed convex substructures in each satis able instance.

Of these 14,080 candidates, 4,984 were found to be satis able by the SAT solver, corre-
sponding to a satis ability ratio of approximateB6% This relatively high ratio suggests that
a signi cant proportion of the candidate placements are geometrically valid under the imposed
symmetry and convexity constraints. One possible explanation for this observation is that 3-
gon layers, having the smallest size among the three formations, are less likely to form convex
6-gons, which aligns with the goal of identifying 6-gon-free con gurations.

When examining the occurrence of convex 4-gons and 5-gons, Figure 3.7 indicates that there
is no clear trend or correlation between their quantities—points appear relatively evenly scat-
tered throughout the space. In contrast, Figure 3.8 reveals a consistent pattern: the number of
convex 4-gons and 5-gons remains relatively stable across the satis able instances, averaging
approximately 750 4-gons and 300 5-gons. This suggests a structural regularity within the real-
izable con gurations that may be a byproduct of the underlying rotational symmetry and layered
construction.

3.1.5 Layered 4-Gons

The second layered convex hull formation considered a4 4; 4), comprising of four nested
convex layers of four points each. To enforce additional structure, the interior of each convex
hull was partitioned into four sectors, with each sector de ned by the intersecting diagonal lines
of opposite points on the hull. The distribution of interior points within these sectors followed a
uniform pattern: three points per sector in the outermost layer, two in the second layer, and one in
the third. To comprehensively explore the space of candidate point placements, all combinations
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of point assignments to each convex layer were examined. Additionally, for each convex hull,
the orientations of its two middle points, whether positioned above or below the line formed by
the hull's endpoints, were allowed to vary.

Convexity

To enforce convexity for each of the four-point convex hull layers, orientation constraints were
encoded based on the relative position of the two middle points. Let the convex hull be composed
of four ordered pointg$a; b; c;d witha < b < c < d. If the middle pointdandc are intended

to lie above the line formed by andd, convexity is enforced by adding the following clauses:

. Oa;b;cl\: Op;c;d (310)

If bis intended to lie above the lired andc is intended to lie below the linad, convexity is
enforced by adding the following clauses and is depicted in Figure 3.9:

Figure 3.9: An illustration of how convexity is enforced in the case wihdies above the line
ad andc lies below it using the clause,.p.4 * Oa.c.q-

© Ogbyd " Oacid (3.11)

The remaining two cases are just mirror images of the rst two and can be encoded using the
opposite orientation triples.

Containment

To enforce the containment of the remaining points within each sequential convex hull layer,
orientation clauses are added for each ppihiat is meant to lie inside the convex hull formed by

the pointga; b; c; d. Since point indices are assumed to be ordered from left to aghtpy < d

is assumed as interior placement is otherwise not possible. Within this range, three distinct
orderings must be considerepl:< b < ¢, b <p < c, andb < ¢ < p. For each ordering, each
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geometric case is handled depending on whether the middle jp@ntic lie above or below the
line formed bya andd.

The rst three convexity cases are characterized by the intermediate fwoantd c lying
above the line formed by the poingsandd. In these con gurations, to ensure that a pgint
lies within the convex quadrilateral, it must also lie above the dideThis condition is encoded
using the following clause:

: Oa;pid (312)

The speci c segment for which poirmt must lie below to remain within the bounds of the
convex hull depends on its relative ordering with respect to paiatsic:

* If p < b, thenp must lie below the line segmeab This is enforced by the clause:
Oa;p;b (3.13)

* If b <p <c, thenp must lie below the line segmeht This is enforced by the clause:
Ob;pic (3.14)

* If p > c, thenp must lie below the line segmeat. This is enforced by the clause:
Oc:p:d (3.15)

The second group of three convexity cases is characterized by the intermediatelypoigt
above the line formed by the poirsandd, and the point lying below it.

* If p < b, thenp must lie below the line segmeaband above the line segmeant. This is
enforced with the following clauses and depicted in Figure 3.10:

Figure 3.10: An illustration of how containment is enforced in the case whkes above the
line ad, clies below it, and < b using the clausesp., ™ : Oapic.

Oapib ' Oapic (3.16)

* If b < p < c, thenp must lie below the line segmebtand above the line segmeat.
This is enforced with the clauses:

Ob;pid ™ * Oappic (3.17)
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* If ¢ < p, thenp must lie below the line segmehtland above the line segmesd. This is
enforced with the clauses:

Ob;pid ™ * Ogipid (3.18)

The remaining two sets of cases are just mirror images of the rst two sets and can be encoded
using the opposite orientation triples.

Sectors

To ensure that within the same convex hull layer, each sector contains an equal number of interior
points, a careful case analysis was required. Each sector is de ned by its orientation with respect
to the diagonal lines formed by the rst and third vertices versus the second and fourth vertices
of the convex hull. The method used to enforce an equal distribution of points across sectors
mirrors the approach taken in the layered 3-gon construction. As before, this requires a detailed
case split based on the relative ordering and orientation of the underlying points.

Consider a convex hull formed by four ordered poifasb; c; d. The interior of this hull is
partitioned into four sectors, each determined by its position relative to the diagonals de ned by
the linesac andbd As in the 3-gon case, a case split is needed based on whether the central
pointsb andc lie above or below the baselired. Furthermore, the relative ordering of the
interior pointp with respect td andc must be considered. Auxiliary variables of the fosmp
are once again utilized to represent whether the gmiatcontained within sector 1 of the rst
convex hull layer.

Consider the case where poiftandc both lie above the linad. In this scenario, without
loss of generality, we de ne sector 1 as the region above thealirand below the lindod Two
subcases must be considered: the rstis when p < b, and the second is whdn< p < c.

Note that the con gurationp < a andb < ¢ < p are excluded, sinca is assumed to be the
leftmost point of the convex hull, and a poimto the right of bothb andc cannot lie within the
de ned sector 1.

In the rst case, wher@ < b, the following logic is added to equasgp with p lying above

the lineac and below the lindd illustrated in Figure 3.11:

Figure 3.11: An illustration of how the auxiliary variable for pomtying in sector 1 can be
enforced with respect to the linas andbd

sip 0 (: Oayprc ™ : Opibia) (3.19)
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In the second case, whdpe< p < ¢, the de nition becomes:

S%p 0 (: Oa;p;c/\ oo;p;d) (3.20)

For brevity, not all possible case splits are shown explicitly, but each follows the same struc-
ture to determine the sector membership across all convex hull layers. Once all auxiliary vari-
ables have been de ned, the same cardinality constraint used for the 3-gon case is applied to
ensure that no more than points are assigned to any given sector.

Results and Discussion

In total, 561,600 candidate point placements were consistent with this formation. Of these,
112,142 were satis able, resulting in a satis ability ratio of 20%.

Figure 3.12: The number of convex 4-gons plotted on the x axis vs the number of convex 5-gons
plotted on the y axis in th@; 4; 4; 4) case. Each single data point represents one of the 112,142
satis able instances.

The layered 4-gon formation yielded the second-highest number of candidate point place-
ments, totaling 561,600. This increase is expected, as each convex layer now consists of four
points, resulting in two internal points per layer that must be considered during orientation cas-
ing. Despite the larger search space, 112,142 of these candidate con gurations were found to be
satis able, producing a satis ability ratio of approximate2%

While this ratio represents a decline from B&2observed in the 3-gon case, it nonetheless
constitutes a signi cant fraction of the total candidates. This reduction in realizability aligns
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Figure 3.13: The number of convex 4-gons (blue) and convex 5-gons (orange) for each satisfying
assignment in thé4; 4; 4; 4) case. The x axis sorts the instances from left to right. The leftmost
possible instance in this case is shell 1 =[1,2,3,16], shell 2 = [4,5,6,15], shell 3 =[7,8,9,14], and
shell 4 =[10,11,12,13]. The rightmost possible instance in this case is shell 1 = [1,14,15,16],
shell 2 =[2,11,12,13], shell 3 =[3,8,9,10], and shell 4 = [4,5,6,7]. The y axis represents the
counts of each of the different amounts of the speci ed convex substructures in each satis able
instance.

with the increased likelihood of encountering convex 6-gons: layered convex 4-gons are only
two points away from forming a convex 6-gon, making the avoidance of such con gurations
more dif cult under the imposed constraints.

The relationship between convex 4-gons and convex 5-gons becomes more evident in this
formation. Figure 3.12 reveals a roughly linear distribution, beginning with a broad base and
narrowing as the counts of both types of polygons increase. This pattern indicates that con g-
urations with more convex 5-gons tend to also contain proportionally more convex 4-gons—a
natural consequence of the fact that every convex 5-gon contains multiple convex 4-gon subsets.

As in the 3-gon case, Figure 3.13 displays a consistent and well-formed structure, with so-
lutions tending to contain around 850 convex 4-gons and 400 convex 5-gons. These counts are
notably higher than those found in the 3-gon con guration, which is consistent with the lower
satis ability ratio: fewer con gurations can be satis ed, but those that are tend to be denser in
convex substructures.

3.1.6 Layered 5-Gons

The nal layered convex hull formation considered w&s5; 5; 1), comprising of three nested
convex layers of ve points each, arranged around a single central point. To enforce additional
structure, the interior of each convex hull was partitioned into ve sectors, with each sector
de ned by two adjacent points on the hull and the central point. The distribution of interior
points within these sectors followed a uniform pattern: two points per sector in the outermost
layer, and one point per sector in the second layer. To comprehensively explore the space of
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candidate point placements, all combinations of point assignments to each convex layer were
examined. Additionally, for each convex hull, the orientation of its middle three points, whether
positioned above or below the line formed by the hull's endpoints, was allowed to vary.

Convexity

To enforce convexity for each of the ve-point convex hull layers, orientation constraints were
encoded based on the relative position of the three middle points. Let the convex hull be com-
posed of ve ordered pointéa; b;c;d;@ witha < b < c <d < e. If the middle pointsb, c,

andd are intended to lie above the line formeddwande, convexity is enforced by adding the
following clauses:

: oa;b;c N 0o;c;d N oc;d;e (3-21)

If bandc are intended to lie above the lirmem andd is intended to lie below the linae
convexity is enforced by adding the following clauses:

: Oa;b;c/\: Oo;c;e/\ Oa;d;e (3.22)

If bandd are intended to lie above the lirs@ andc is intended to lie below the linae,
convexity is enforced by adding the following clauses and this is illustrated in Figure 3.14:

Figure 3.14: An illustration of how convexity is enforced in the case where pbiatgid lie
above the lineme and pointc lies below it using the clause,.p.g " : Op.ge ™ Oacie-

: Oa;b;dA: Oo;d;eA oa;c;e (3-23)

If c andd are intended to lie above the lirre andb is intended to lie below the linae,
convexity is enforced by adding the following clauses:

: Oa;c;d N oc;d;e/\ Oa;b;e (3-24)
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