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Abstract
In this thesis, I develop, test, and understand neural network models of recurrent

circuits for V1 and early visual areas in general in a series of three studies. In the �rst
study, I trained a Boltzmann machine using 3D natural scene data and established
the consistency of the learned connections of such a recurrent network to the func-
tional connectivity of neurons measured in neurophysiological experiments, and thus
showing that the recurrent connectivity of the brain re�ects statistical priors of the
natural scenes. In the second study, I compared feed-forward convolutional neural
networks (CNNs) with other popular models for predicting V1 neural responses and
isolated the key components underlying the superior performance of CNN models.
In the third study, I introduced recurrent circuits to the CNN and showed that re-
current models provided better predictive performance and were more data ef�cient
compared to feed-forward models of comparable con�gurations. The learned re-
current models could reproduce a variety of contextual modulation effects observed
in the visual cortex. To understand the computational advantage of the recurrent
models, I proposed a new conceptualization of the recurrent network as a multi-path
ensemble model and I established that compared to feed-forward models, multi-path
ensembles as implemented by recurrent models can be more �exible and data ef�-
cient in learning and approximating complex computations as those in the brain.
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Chapter 1

Introduction

1.1 Motivation

The early visual cortex [97, 118, 170], which consists of primary visual cortex (V1), secondary
visual cortex (V2), and sometimes V3 as well, participates in the �rst stages of visual processing
in the brain.

Receiving visual sensory input ultimately from the retina, V1 neurons are sensitive to various
stimulus attributes such as orientation, spatial frequency, and direction; they are traditionally
classi�ed as simple and complex cells based on their responses to drifting visual gratings [63,
64, 65]. Traditionally, simple and complex V1 neurons are modeled by linear-nonlinear (LN)
models [52] and energy models [1], respectively. By construction, these standard V1 models
(LN models and energy models) only respond to stimulus change with in neurons' classical
receptive �elds or CRFs [49], which are classically de�ned as regions in the visual space where
the presence or absence of small, impulse like stimuli (bright or dark dots) can cause change in
neural response.

Anatomically adjacent to V1, V2 receives strong feed-forward inputs from V1 neurons [165]
and contains many orientation selective neurons, resembling its V1 input [37, 66]. On the other
hand, many V2 neurons respond well to complex stimuli such as angles and curves [4, 53, 68].
Existing V2 computational studies mostly model V2 neurons as linear combinations of V1 neu-
rons [96, 120, 176], based on existing V1 models.

The standard V1 models described above have been successful in explaining V1 response
to relatively simple stimuli, such as bars, edges and gratings [142]. However, they cannot ex-
plain satisfactorily neural responses to more complex stimuli such as complex shapes and natural
images [13, 25, 54, 87, 160, 171], under which V1 neurons exhibit complex nonlinear response
properties; these properties not predicted by standard models are collectively callednon-classical
receptive �eld (nCRF) effects[185] in this document. When natural stimuli are used, V1's nCRF
effects result in a signi�cant portion (no less than50 %) of variance in neural responses left un-
explained by most existing models, including those state-of-the-art ones based on feed-forward
neural networks for predicting V1 data [13, 25, 81, 87]. Given the inadequacy of its component
V1 models, existing V2 models leave a higher portion of neural responses unexplained compared
to V1 models [176].
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One possible reason for the failure of existing models in terms of explaining neural responses
to natural stimuli is the lack of recurrent connections in these models. In the brain, it is well
known that there are local horizontal recurrent connections between neurons in the same area
[73] and long-range feedback recurrent connections between neurons in different areas [32]. By
some count [27], more than90%of the excitatory synapses and virtually all of the inhibitory ones
in V1 come from recurrent connections. These connections greatly contribute to the complexity
of the visual system, and may be essential for the success of the visual systems in reality; for
example, there are evidences that recurrent connections are crucial for object recognition under
noise, clutter, and occlusion [121, 133, 154].

One possible way to study the potential role of recurrent connections in nCRF effects and
other phenomena in V1 is to model them using neural networks. In recent years, neural network
models have been used to study various visual areas with great success [13, 78, 81, 89, 179, 184].
As a consequence of their current success and biological realism relative to other computational
models, neural network models provide a viable tool for exploring computational (and, to a lesser
extent, mechanistic) mechanisms of V1 and early visual areas in general. Furthermore, as neural
network models in general allow end-to-end training more easily than other computational mod-
els, V1 models based on neural networks can be trained on data sets containing large numbers
of neurons and complex, natural stimuli to test the validity of these models in a more realistic
setting. Recent studies have begun to explore the bene�ts of recurrent connections in many ma-
chine learning settings [23, 106, 108, 116]; however, the role recurrent connections play in the
primary visual cortex and early visual areas in general remains unexplained. While there have
been many studies on modeling various neural response properties (surround suppression, end-
stopping, etc.) thought to related to recurrent circuits [18, 19, 20, 134, 156, 157, 158, 180, 185],
these models' predictive power on arbitrary input stimuli are either unknown or worse compared
to deep feed-forward networks that have recently become popular in the visual neuroscience
community for predicting neural responses to arbitrary stimuli [13, 78, 81, 89, 105, 179].

1.2 Summary of the work

This thesis tries to develop, test, and understand neural network models of recurrent circuits
for V1 and early visual areas in general. To achieve the goal, I've conducted three studies as
summarized as follows.

1.2.1 Relating recurrent connections to natural scene statistics

In the �rst study (Chapter 2) [182], I have demonstrated that the Boltzmann machine, which is
inspired by neuroscience but often dismissed to be too abstract and different from the real brain,
is in fact a useful and viable model for conceptualizing certain recurrent computations in the pri-
mary visual cortex. In particular, I attempted to learn horizontal recurrent connections between
V1 disparity-tuned neurons by learning from 3D natural scene data using a Boltzmann machine;
the learned connectivity patterns were consistent with connectivity constraints in stereopsis mod-
els [110, 147], and simulated neurophysiological experiments on the model were consistent with
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neurophysiological data in terms of functional connectivities among disparity-tuned neurons in
V1 [145].

1.2.2 Feed-forward circuit characterization of V1 neurons using convolu-
tional neural networks

In the second study (Chapter 3) [184], I systematically evaluated the relative merits of different
(feedforward) CNN components in the context of modeling V1 neurons. The study demon-
strated that key components of the CNN (convolution, thresholding nonlinearity, and pooling)
contributed to its superior performance in explaining V1 responses to complex stimuli [160]
and these key components are consistent with previous V1 modeling and neurophysiology stud-
ies. While not directly related to recurrent circuits, it has demonstrated that predicting neural
responses to natural and complex stimuli accurately is a useful objective metric for identify-
ing neural network models with high correspondence with biological reality; in addition, it has
shown the usefulness of various ablation, dissection, and visualization methods for comparing
and understanding neural network models of different architectures. The infrastructure and anal-
ysis tools developed in the study to train and analyze tens of thousands of models with different
parameters will be heavily used in the third and �nal study.

1.2.3 Modeling neural responses of early visual areas using recurrent con-
volutional neural networks

In the third study (Chapter 4), I tried to answer two questions regarding recurrent network models
in modeling early visual areas. Experimentally, I wanted to know whether deep neural networks
with recurrent circuits can provide a better model for predicting neural responses in the early
visual areas; theoretically, I wanted to know why recurrent models perform better from either a
computational or a biological perspective, if the answer to the �rst question is positive.

To answer the �rst question, I trained tens of thousands of recurrent models with different
hyperparameters and under different amounts of training data using different data sets. I found
that recurrent models could explain neural responses of early visual areas better than typical
feed-forward models with matched hyperparameters and model sizes, especially when there was
less training data.

To answer the second question, I developed a novel method to reformulate a recurrent model
as an ensemble of feed-forward models. Our novel method is based on the hypothesis that the
advantage of the recurrent model rests on the ensemble of multiple feed-forward paths embedded
in the recurrent computation and such multitude of paths makes the recurrent model more �exible
compared to the feed-forward model. By studying recurrent models and feed-forward models
via their corresponding multi-path ensembles, we found that the recurrent model outperformed
the feed-forward one due to the former's compact and implicit multi-path ensemble that allows
approximating the complex function underlying recurrent biological circuits with ef�ciency. In
addition, we found that the performance differences among the recurrent models we explored
were highly correlated with the differences in their multi-path ensembles; in particular, models
with more relative weights on shorter paths tended to perform better than models with more
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relative weights on longer paths.
This study establishes that the recurrent model performs better than the purely feed-forward

model for predicting neural responses in the early visual areas, complementing previous studies
on feed-forward models [13, 78, 81, 179] and consistent with very recent studies on recurrent
ones [77, 155]. The most interesting contribution of this study is to establish that the superiority
of the recurrent model for neural prediction can be attributed to the implicit and compact multi-
path ensemble inside the model, and that a balance of different paths in the ensemble is necessary
for the model to achieve the best performance. This work provides new understanding on the
computational rationales and advantages of recurrent circuits that are ubiquitous in biological
systems [32].
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Chapter 2

Relating functional connectivity in V1
neural circuits and 3D natural scenes using
Boltzmann machines

Bayesian theory has provided a compelling conceptualization for perceptual inference in the
brain. Central to Bayesian inference is the notion of statistical priors. To understand the neural
mechanisms of Bayesian inference, we need to understand the neural representation of statistical
regularities in the natural environment. In this study, we investigated empirically how statistical
regularities in natural 3D scenes are represented in the functional connectivity of disparity-tuned
neurons in the primary visual cortex of primates. We applied a Boltzmann machine model to
learn from 3D natural scenes, and found that the units in the model exhibited cooperative and
competitive interactions, forming a “disparity association �eld”, analogous to the contour asso-
ciation �eld. The cooperative and competitive interactions in the disparity association �eld are
consistent with constraints of computational models for stereo matching. In addition, we simu-
lated neurophysiological experiments on the model, and found the results to be consistent with
neurophysiological data in terms of the functional connectivity measurements between disparity-
tuned neurons in the macaque primary visual cortex. These �ndings demonstrate that there is a
relationship between the functional connectivity observed in the visual cortex and the statistics
of natural scenes. They also suggest that the Boltzmann machine can be a viable model for con-
ceptualizing computations in the visual cortex and, as such, can be used to predict neural circuits
in the visual cortex from natural scene statistics.

2.1 Introduction

Natural scenes contain signi�cant ambiguity. To resolve ambiguities and obtain a stable 3D
percept of the world, the visual system (as well as the whole brain) must perform inference,
integrating current sensory data with prior knowledge of the world formulated from past experi-
ence. Therefore, (Bayesian) inference has long been proposed as a fundamental computational
principle of the brain [82, 173]. In this work, we attempt to address one of the key questions for
understanding Bayesian inference in the brain, in the context of the primary visual cortex (V1):
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how might an internal model of natural scenes—the Bayesian prior—be encoded in the brain?
To support visual inference, an internal representation of the visual scenes requires encoding

both the statistical regularities of the boundaries and of the surfaces themselves. There have been
studies suggesting that the neural circuits in the primary visual cortex (V1) encode contour priors
in the form of the contour association �eld [8, 31, 33, 42, 71, 103, 114, 145, 147]. Recent neuro-
physiological evidence suggests that disparity-tuned neurons in the primary visual cortex might
form a recurrent network for stereo processing [145, 147]. This network encodes the statistical
correlation of disparity signals in natural scenes, complementing the contour association �eld,
and is referred to as the disparity association �eld. However, the neural mechanisms by which
statistical priors of boundaries and surfaces from the environment can be learned are not well
understood.

We hypothesize that the empirically observed neural connectivity between disparity-tuned
neurons in V1 can be predicted from 3D natural scenes using a Boltzmann machine. To test
this hypothesis, we �tted a Boltzmann machine neural network model [56] to disparity signals
derived from 3D natural scene data, and found that 1) learned parameters in the model were con-
sistent with connectivity constraints in stereopsis models [110, 147]; 2) the model was consistent
with neurophysiological data in terms of functional connectivities among disparity-tuned neu-
rons in V1 [145]. The results provide further evidence in support of the notion of the disparity
association �eld, and demonstrate that the Boltzmann machine is a viable model for describing
cortical computation in the sense that they can be used to predict functional neural circuitry in
the visual cortex.

The study is organized as follows. In Section 2.2, we describe the 3D natural scene data
and the Boltzmann machine model, as well as the neurophysiological experiments for measur-
ing functional connectivities between pairs of neurons. In Section 2.3, we compare the trained
Boltzmann machine with computational models and neurophysiological data. In Section 2.4, we
discuss the potential implications of this model and its limitations.

2.2 Methods

2.2.1 3D scene data

We trained a Boltzmann machine to model the disparity signals over a small visual �eld. These
signals were derived from the Brown Range Image Database [62]. A total of 200K disparity
image patches with a2° half-width were extracted from 172 images (54 forest, 49 interior, 69
residential). The images in the Brown data set were captured by a scanner with range at2 m to
200 m, and image resolutions were approximately 5 pixels per degree of visual angle.

Disparity image patches were generated from each range image as follows (Figure 2.1b). A
random point in the range image was chosen as the �xation point. Given the �xation point, the
disparities at its surrounding pixels were computed using the method in Liu et al. [107] (see
Section 2.2.1.1 for detail). Finally, a disparity image patch with a2° half-width was extracted3°
away from the �xation point. This eccentricity was chosen to roughly match the typical receptive
�eld locations of recorded V1 neurons in our earlier neurophysiological experiments.
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(a) (b)

Figure 2.1:(a) Diagram for calculating disparity. Adapted from Liu et al. [107]. See Eqs. (2.1)-
(2.3) for detail. (b) One sample range image from the Brown data set (upper) with disparity
values along one line in it (lower left), and two extracted disparity patches (lower right). In the
upper image: red crosses, �xations points for two patches; yellow crosses, center of patches;
red long rectangle, the row shown disparities. Patches were3° away from �xation and had a
half-width of2°.

2.2.1.1 Disparity computation

We used an optical model of the primate eye following Liu et al. [107] to compute disparity.
In this model (Figure 2.1a), each eye is approximated as a perfect sphere centered at its nodal
point, and inter-pupillary distance is assumed to be0:038 mwith nodal points at(� 0:019; 0; 0)
and(0:019; 0; 0) as in monkey physiology.

Consider some �xation pointF = ( x f ; yf ; zf ). Let Oc = (0 ; 0; 0) be the midpoint between
the two eyes. We assume all observations are directed along the� z axis, orx f = yf = 0.
The distance fromOc to F is then justzf . The horizontal disparity,d, of an arbitrary point
P = ( xp; yp; zp), is given by

d = � r � � l = � � �; (2.1)

� = 2 atan( � 0:019=zf ); (2.2)

� = atan
�

� xp � 0:019
zp

�
� atan

�
� xp + 0:019

zp

�
: (2.3)

We made the simplifying assumption that �xations occur at any point in the scene with uniform
probability. This assumption is supported by Liu et al. [107], which shows that random �xations
roughly emulate the statistics of �xation, at least in natural scenes. This assumption should not
affect the basic conclusion of our results.
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2.2.2 Boltzmann machines

2.2.2.1 Interaction among neurons modeled by Boltzmann machines

The extracted disparity image patches re�ect the prior of disparity signals in the natural scene,
and we modeled this prior by �tting a Boltzmann machine to the patches. Boltzmann machines
[56] are a class of stochastic recurrent neural network models that can learn internal represen-
tations to explain or generate the distribution of the input data, using pairwise connectivity be-
tween units to encode the structures of the input data. Boltzmann machines are also a type of
Markov random �elds, which are widely used in computer vision for solving a variety of early
vision problems such as surface interpolation and stereo inference [6, 43, 85, 162]. We hypoth-
esize that Boltzmann machines are a viable computational model for understanding the circuitry
of the visual cortex, and we will examine if they can explain interactions among neurons in
other computational and neurophysiological studies [110, 145, 147]. Speci�cally, the interaction
terms ~� (Eq. (2.4)) in our Boltzmann machine model were compared with existing computa-
tional models in Section 2.3.2, and neurophysiological experiments were simulated on the model
(Section 2.2.2.2) to compare it with neural data in Section 2.3.3.

The units in our Boltzmann machine model (Figure 2.2a) are organized into a hidden layer
and a visible layer, arranged in a spatial 5 by 5 grid of “hypercolumns” (in totalC = 25 columns).
Each hypercolumn has a bank ofM = 16 visible units that encode the disparity input, and a bank
of 16 corresponding hidden units~h, all sharing the same spatial receptive �eld location. The
N = MC = 400 hidden units are fully connected, each of them driven by its corresponding input
visible unit. The collective spiking activity at each bank of visible units encodes the disparity
signal at the corresponding hypercolumn.

This model is formally expressed as a probability distribution over hidden and visible units:

P(~h; ~v; ~� ; ~� ; ~
 ; ~� ) =
1
Z

exp

 
NX

i =1

� i hi +
X

i<j

� i;j hi hj +
NX

i =1

� i hi vi +
NX

i =1


 i vi

!

: (2.4)

In Eq. (2.4),~h and~v are binary vectors whose distributions are to be captured by the model, rep-
resenting spiking activities of hidden and visible units. The other model parameters capture the
distributions of~h and~v, as well as their interactions. Speci�cally,~� and~
 capture the baseline
�ring rates of hidden and visible units,~� models the pairwise lateral interactions among hid-
den units, and~� models the interactions between hidden and visible units.Z is a normalization
constant.

This Boltzmann machine was �tted by �nding parameters~� , ~� , ~
 , and~� that maximize
the probability of the model for generating the spike patterns~v, corresponding to the disparity
signals in the extracted patches. Formally, the following log likelihood was maximized:

L(~� ; ~� ; ~
 ; ~� ) =
TX

i =1

logP(~v (i ) ; ~� ; ~� ; ~
 ; ~� ) =
TX

i =1

log
2NX

j =1

P(~h (j ) ; ~v (i ) ; ~� ; ~� ; ~
 ; ~� ): (2.5)

In Eq. (2.5),~v (i ) 's areT binary spike patterns of the visible units converted from the disparity
signals based on the tuning curves of the visible units (see Figure 2.3 and Section 2.2.2.1.1). The
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likelihood of observing~v (i ) is computed as the sum ofP(~h (j ) ; ~v (i )) over all possible2N hidden
unit patterns, which is the marginal probability for the model to generate~v (i ) , regardless of the
hidden units. Finally, the log probability for the model to generate all the input spike patterns due
to the disparity signals is computed as the sum of log probabilities for generating each particular
spike pattern~v (i ) . The model was trained using contrastive divergence mean �eld learning [175].
See Section 2.2.2.3 and Welling and Hinton [175] for more detail.

2.2.2.1.1 Conversion of disparity signals into binary spike patterns From each disparity
image patchi , disparity valuessi

1; si
2; : : : ; si

C=25 corresponding to the locations of the 25 hy-
percolumns were extracted, and the model was �tted to explain these disparity values across
all patches. Disparity signals are real-valued, and must be converted into binary spike patterns,
which can be considered as the spiking activities of the bottom-up input to V1 neurons. Follow-
ing the approach of Ganguli and Simoncelli [41], we derived a set ofM = 16 tuning curves for
visible units (same for all the hypercolumns, Figure 2.2c) according to the distributionP(s) of
extracted disparity values from all patches (Figure 2.2b). Each disparity value was converted to
the mean �ring rates ofM = 16 visible units based on their tuning curves.

Given the above derived tuning curves, for each patch, we �rst converted theC = 25 dis-
parity values into the mean �ring rates of theN = 400 visible units. Then for each of theseN
units, a spike train of200 mswas generated based on its mean �ring rate using an independent
homogeneous Poisson process, and the whole spike train was partitioned into 20 bins of10 ms1.
A “1” was assigned to a bin of a unit if there were one or more spikes for that unit within that
time bin; otherwise, a “0” was assigned. The whole generation process (for one disparity value)
is schematically shown in Figure 2.3.

2.2.2.2 Simulation of neurophysiological experiments on the model

With the trained Boltzmann machine, we can simulate the neurophysiological experiments by
providing the visible units~v with speci�c experimental stimuli (Section 2.2.3.1), and collecting
the model response as binary spiking patterns of hidden units~h. Because a Boltzmann machine
models the joint distribution of all hidden and visible units, we can compute the model response
by sampling from the conditional distribution of hidden units given the visible units:

P(~h j ~v; ~� ; ~� ; ~
 ; ~� ) =
1
Z

exp

 
NX

i =1

(� i + � i vi )hi +
X

i<j

� i;j hi hj

!

: (2.6)

After generating hidden unit activities~h by drawing samples from Eq. (2.6) (see Section 2.2.2.2.1
for detail), we compared~h with neural data (Section 2.3.3), in terms of functional connectivity
using methods described in Section 2.2.3.2.

1Our implementation was written in terms of bins, with no notion of the physical duration of each bin. We
arbitrarily assumed each bin to be of10 ms, for easier comparison with neurophysiological data and other studies
based on Ising models (a type of Boltzmann machines).
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2.2.2.2.1 Sampling of hidden unit activities given disparity stimulus Given the (real-valued)
disparity values of the stimulus atC = 25 hypercolumns, we �rst converted them into mean �r-
ing rates for all input visible units according to the tuning curves. Then we obtained each sample
of ~h (aN -dimensional binary vector) in the following MCMC fashion [86].

1. generate a~v from the Poisson process described in Section 2.2.2.1.1, based on mean �ring
rates of visible units.

2. initialize~h randomly, run Gibbs sampling for one step2 based on Eq. (2.6).

3. collect the current~h as a sample.

4. start over from 1), but when in 2), initialize~h with the previous sample.

20 000samples were generated for each stimulus, and every contiguous 100 samples were re-
garded as the model response in a trial, with 100 samples between trials, resulting in 100 trials
of 100 samples per stimulus3. In addition, before collecting the �rst sample, we performed an
additional 100 Gibbs sampling steps, as “burn-in”.

2.2.2.3 More implementation details

For results shown in Section 2.3,48 960disparity patches4 were extracted from the Brown data
set to train the Boltzmann machine model, with distance between nearby hypercolumns set to1°
(Figure 2.2a). Data was taken in mini-batches of size 1000, and training took1000epochs. A
learning rate of1 � 10� 2 was used for learning bias terms~� and~
 , and half of that for learning
lateral connections~� . Multiplicative weight decay of1 � 10� 2 for ~� multiplied by the learning
rate was used, and a momentum factor of 0.5 for �rst �ve epochs and one of 0.9 for the rest were
employed. Five iterations of mean �eld updates were used per iteration, with damping parameter
set to 0.2. Because~� , ~
 , and~� offer too many degrees of freedom for the model �tting, we �xed
~� to be positive, all elements equal to 0.5 during training. This encouraged the resulting~� and~

to be negative, and the hidden units to share the same preferred disparities as their visible input
units. If we did not constrain~� , we found that the learned~� and~
 were positive, and the tuning
curves of hidden units would be inverted from those of visible units, both counter-intuitive.

2Here one step of Gibbs sampling is de�ned as in Koller and Friedman [86], that is, given the initial state of all
hidden unitsh1; h2; : : : ; hN , we randomly choose one unithi , update it based onP(hi j ~h � i ) (where� i means all
but i ), and do this update sequentially for allN units. TheseN updates are collectively referred to as one step.

3Given all20 000samples, samples1–100, 201–300, 401–500, . . . , 19 801–19 900were collected as trials, and
samples between them (samples101–200, 301–400, 501–600, . . . ) were discarded. This yielded 100 samples per
trial, and 100 trials per stimulus.

4These patches were from 49 interior images in the Brown data set, with1000patches per image. A total of40
patches were dropped because they had missing range data (thus disparity signals) for some hypercolumns. Other
patches from different parts of the data set such as forest scenes were also tried, with empirically similar results,
also shown in the Results section.
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2.2.3 Neurophysiological experiments

2.2.3.1 Neurophysiological data

We compared the predictions from the trained Boltzmann machine with observations about the
neural circuitry that we have reported in previous studies, based on direct pairwise measurements
of neuronal spiking activities [145], and a recurrent neural circuit model that predicts neural
responses better than the feed-forward energy model [147].

In these earlier experiments, we analyzed neural data recorded using multi-electrode record-
ing techniques from neurons in the primary visual cortex of three awake behaving macaque
monkeys. For monkeys D and F, we used 4-8 tungsten in epoxy or glass microelectrodes [145],
while for monkey I we recorded from neurons using a chronically implanted multielectrode array
with 96 channels [146, 147]. The experimental protocols for these studies were approved by the
Institutional Animal Care and Use Committee of Carnegie Mellon University and in accordance
with Public Health Service guidelines for the care and use of laboratory animals.

Stimuli were dynamic random dot stereograms (DRDS) presented for one second per trial
while the monkey performed a �xation task. Each DRDS de�nes a uniform fronto-parallel depth
plane (i.e. uniform disparity) inside a3:5° visual angle aperture window over the receptive �elds
of the neurons being recorded. These stimuli were standard stimuli used to assess disparity
tuning of the neurons and were effective in driving disparity-tuned neurons. The dynamic ran-
dom dot stereogram (DRDS) was composed of 25-percent black and white dots on a mean gray
background with a refresh rate of12 Hzfor dot patterns (monitor refresh rate was120 Hz) at 11
disparities (� 0:94°; � 0:658°; � 282°; � 0:188°; � 0:094°; 0°). Further details about the neuro-
physiological experimental procedures are described in our previous works [145, 146, 147].

2.2.3.2 Neurophysiological measures of interaction

We measured the functional connectivity between pairs of neurons using a cross-correlation his-
togram (CCH) measure based on standard methods [2, 145]. The probabilities of joint spike
occurrences beyond chance at all possible lag times and all times from stimulus onset were com-
puted by measuring the observed probability of joint occurrences and subtracting the expected
joint occurrences, which was the outer product of the peristimulus time histograms:

Cxy (t1; t2) = hx(t1); y(t2)i � h x(t1)ihy(t2)i ; (2.7)

wherex(t); y(t) were the spike trains of the two neurons respectively.
The expected joint occurrenceshx(t1)ihy(t2)i account for the stimulus-related response cor-

relation assuming neurons are independent. They were corrected for trial-to-trial changes in the
�ring rate to remove potential slow sources of correlation that can lead to apparent fast sources
of correlation sometimes referred to as an excitability correction [10, 44, 145, 169]. This two-
dimensional cross covariance histogram was then normalized by the square root of the product
of the auto-covariance histograms for the two neurons:

Dxy (t1; t2) =
Cxy (t1; t2)

p
Cxx (t1; t1)Cyy(t2; t2)

: (2.8)
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This produced a two-dimensional histogram of Pearson's correlation coef�cients referred
to as the normalized cross-covariance histogram or the normalized joint poststimulus histogram.
We average this histogram across diagonals to produce a cross-correlation histogram with respect
to lag times between pairs of neurons. We then computed the variance of our estimates by
bootstrapping with respect to trials [30, 145, 168]. The correlation measurements were the areas
under the half-height of the peaks of these cross-correlation histograms for pairs of neurons
with a central peak (within10 msof 0 lag time) more than three standard deviations above or
below the cross-correlation histogram from175 msto 375 mslag time and for pairs of neurons
where both neurons had signi�cant disparity tuning (1-way ANOVA,p < 0:01) [145]. For the
neurophysiological results shown in this work (Figures 2.8b,d,f), the input stimulus for each pair
of neurons was set to the the disparity at which the point-wise product of two neurons' tuning
curves was at its maximum [145].

We also computed CCH measures for hidden unit activities generated from the simulation of
the trained Boltzmann machine model (Section 2.2.2.2). To compute CCH for each pair of hidden
units in the model, we set the input stimulus (equi-disparity stimulus, with the same disparity
value at all hypercolumns) to be at the mean of the preferred disparities of their corresponding
visible units5. After collecting the samples (see Section 2.2.2.2.1 for detail), we computed the
CCH measure following the method described above6, but using only the peak of CCH as the
CCH measure of this pair of units, since there was no synaptic delay issue in our Boltzmann
machine model, given our simulation method.

5We did this because the preferred disparities of hidden units were actually those of their input visible units. See
Figure 2.4a for detail.

6Since our model hadN = 400 hidden units, we initially computed the CCH for all400� 399=2 = 79 800
pairs. Then we kept pairs whose CCH's peak within50 ms(� 5 bins) of 0 lag time was more than 1.5 standard
deviations above or below the CCH from300 msto 600 ms(� 30 to � 60 bins). We further removed pairs where
at least one unit responded to the input stimulus with �ring rate less than half of its peak response relative to its
minimum response over all tested stimuli, resulting in23 048pairs shown in Figure 2.8.
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Figure 2.2: Schematic of our Boltzmann machine model (a), distribution of extracted disparity
valuesP(s) (b), and derived tuning curves of input visible units, with one curve highlighted (c).
(a) 25 “hypercolumns” laid in a 5 by 5 grid covering a4° by 4° patch, with hidden units (~h,
black outline) in the same column grouped in dashed box. Each hidden unit has connections
(black) to all other ones, and one connection (red) to its own visible unit (~v, white outline). At
most two hidden units and one visible unit drawn per column, with many connections missing
for clarity. Columns are numbered for reference in Section 2.3.(b) The distribution of extracted
disparity values was sharp, and peaked at zero.(c) Tuning curves of~v were derived based on
Ganguli and Simoncelli [41] with the following details: “baseline” curve was at distribution
with d.o.f. � = 2, total expected �ring rate (R in Ganguli and Simoncelli [41]) was unity, and
“infomax” optimization criterion was used. Only tuning curves between� 1° and1° are shown
for clarity. Given the sharp distribution of disparity values, the theory in Ganguli and Simoncelli
[41] made the tuning curves at large disparities different from those close to zero. Instead of
Gaussian-like (see Figure 2.3a for a zoom-in view of tuning curves close to zero), the tuning
curves at the two ends of the input distribution were relatively �at at large (positive/negative)
disparities, and dropped to zero near zero disparity. Interestingly, these were very similar to the
near-tuned and far-tuned neurons in Poggio and Fischer [129] and Poggio et al. [130]. We also
tried Gaussian distribution as the “baseline” curve, but that gave much sharper tuning curves and
less co-activation between dissimilar units, which resulted in a less biologically realistic training
result.
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Figure 2.3: Generation of training data for one disparity value. Given one disparity value(a)
(in this cases = 0), we transformed it intoM = 16 mean �ring rates (b) using tuning curves
(between(a) and(b)), generated spike trains(c), and binned it into a binary matrix(d) as training
data to the Boltzmann machine.
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2.3 Results

We mainly compared the model with existing computational models in terms of connectivity
constraints (Section 2.3.2), and neurophysiological data in terms of functional connectivities
(Section 2.3.3). The model showed qualitative agreement in both aspects. In the following com-
parisons, the hidden units correspond to the disparity-tuned V1 neurons, likely realized in terms
of the complex cells in the super�cial layer of V1 where there are extensive horizontal axonal
collaterals forming a recurrent network. The visible units provide the bottom-up input to these
V1 complex cells, and they encode disparity signals which in the brain are computed by combin-
ing monocular left and right eye simple cells based on phase-shift or position-shift mechanisms
[36]. The input from visible units, or the corresponding signals in the brain, are assumed to be
“decorrelated” across space when stimulus correlation is factored out [28]. The prior of natural
scenes is assumed to be captured by the lateral connectivity among hidden units in the model or
among disparity-tuned V1 neurons in the brain. These intrinsic horizontal connections can give
rise to noise correlation and other correlated activities among neurons [21, 76, 153].

2.3.1 First order properties of learned hidden units

Figure 2.4 shows typical tuning curves of the hidden units obtained from the model simulation
of neurophysiological experiments (Section 2.2.2.2), and the distribution of bias terms~� ; ~
 .
Hidden units shared the same preferred disparity and the general shape as their corresponding
input visible units. The bias terms are negative, indicating that the hidden units tend to �re
sparsely.

2.3.2 Comparison with computational models in terms of connectivity con-
straints

The learned lateral connections~� among hidden units form what we call thedisparity associ-
ation �eld , analogous to the well-known contour association �eld for orientation-tuned neurons
[33]. The lateral connectivity, or the disparity association �eld, observed in the trained Boltz-
mann machine model is qualitatively in agreement with the cooperative and competitive circuits
predicted by Marr and Poggio [110], and with the recent model of Samonds et al. [147] which
has been successful in more accurately accounting for neurophysiological data of disparity-tuned
neurons in V1.

We de�ne the disparity association �eld of a hidden unit as the set of lateral connections
between it and other hidden units. Figure 2.5a illustrates the disparity association �eld of one unit
tuned near zero disparity in the center column of the5 � 5 grid, showing its lateral connections
~� to all other units in the network along a particular direction in the grid. Thex-axis indicates
different hypercolumns or spatial locations, and they-axis indicates units with different disparity
tunings.

The disparity association �eld learned by the Boltzmann machine has a number of notewor-
thy features. First, in terms ofinter-columnar connections, i.e. connections between a unit
with units in other hypercolumns, units with the same or similar disparity tunings tended to form
positive connections across hypercolumns (spatial receptive �eld locations) and units with very
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Figure 2.4: Some �rst order properties of the trained Boltzmann machine model.(a) tuning
curves of hidden units 4, 8, 12 in column 1 of the model (inset on top right), shown as solid
curves, with corresponding tuning curves of their input units shown as dashed curves. Tuning
curves for hidden units were computed using the mean �ring rates during simulation at different
testing stimuli (dots on curves).(b) Histogram of bias terms for hidden units.(c) Histogram of
bias terms for visible units. The cluster of values around -0.8 for hidden units and that around
-3.6 for visible units mostly came from units tuned to two ends of the disparity distribution (large
negative / positive disparities), which was due to a border effect of the theory in Ganguli and
Simoncelli [41].

different disparity tunings formed negative connections. Figures 2.5b and 2.5c show in greater
detail how each unit in one hypercolumn was connected to units of various disparity tunings in
other hypercolumns. The dark bold line highlights that unit 8 in one hypercolumn formed posi-
tive (excitatory) connections to similarly tuned units (units 6, 7, 8, 9) in the other hypercolumns,
and negative (inhibitory) connections to units tuned to very different disparities. Second, in terms
of intra-columnar connections, i.e. connections between units in the same hypercolumn, units
exhibited excitation for very similarly tuned units in the same hypercolumn, but exerted a sup-
pressive effect on units of dissimilar tuning properties, as shown in Figure 2.5d. These properties
of inter- and intra-columnar connections are roughly consistent with the cooperation between
neurons of similar disparities across space (the so-called continuity constraint), and the competi-
tion among neurons of different disparities at the same spatial location (the so-called uniqueness
constraint) in Marr and Poggio [110]'s classical stereopsis model for solving the correspondence
problem.

However, the lateral connectivity exhibited by the Boltzmann machine model was richer than
that in Marr and Poggio [110]'s model. First, in terms of intra-columnar connections, in addi-
tion to the negative (competitive) intra-columnar connections in Marr and Poggio [110]'s model
(Figure 2.7a, blue), our model also learned positive intra-columnar connections among units of
similar tunings (Figure 2.7b). In this aspect, our model is more consistent with the model in
Samonds et al. [147], which assumes that the intra-columnar interaction has a center excitatory
(cooperation between similar neurons) surround inhibitory (competition between dissimilar neu-
rons) pro�le. This pro�le is more biologically realistic than that of Marr and Poggio [110], taking
into account the overlapping nature of tuning curves within a hypercolumn, and the model in Sa-
monds et al. [147] has been shown to explain well the temporal evolution of a number of tuning
properties of V1 disparity-tuned neurons.
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Second, in terms of inter-columnar connections, Marr and Poggio [110]'s model only speci-
�es positive inter-columnar connections between neurons of the same tuning (Figure 2.7a, red),
implicitly making the strong assumption that the surfaces of the world are all fronto-parallel.
However, surfaces in natural scenes are more diverse, characterized with a variety of surfaces
such as slants and tilts, convexities and concavities. This richness in natural scene surface struc-
tures likely induced the greater variety of inter-columnar connectivity observed in our model
(Figure 2.7c) that captures the 3D surface priors to a higher degree than connectivity constraints
made in the works of Marr and Poggio [110] and Samonds et al. [147]. Our model is likely more
consistent with more advanced computational models for stereopsis that take into account slant,
tilt, and curvature [6, 101, 131].

The learned disparity association �elds obviously depend on training natural scene data. Fig-
ure 2.6 shows the association �eld obtained by training with data from forest scenes in the Brown
data set, with all other parameters unchanged. While the association �eld along the horizontal
direction was symmetrical (Figure 2.6a), the one along the the vertical direction (Figure 2.6b)
was skewed, which was not the case for the model trained with interior scenes discussed above
(data not shown). This was because the lower parts of forest images are nearer to the viewer
than the upper parts, due to the receding ground plane toward the horizon in the forest depth
images. This asymmetry along different directions is an interesting prediction that can be tested
experimentally.

2.3.3 Comparison with neurophysiological data in terms of functional con-
nectivity

We also compared our model with neurophysiological data in terms of functional connectivities
derived from CCH measures (Sections 2.2.2.2 and 2.2.3.2), and they match qualitatively in three
aspects.

First, neurophysiological data in our earlier studies [145] suggested that functional connec-
tivity between a pair of disparity-tuned neurons varied as a function of tuning similarity and the
distance between the neuronal pair. Functional connectivity is often measured in terms of the
peak of the cross-correlogram (CCH peak) and alternatively the area under the CCH peak within
a certain (e.g.� 10 ms) window (CCH measure). CCH peak tends to re�ect mono-synaptic con-
nections, and CCH measure tends to re�ect effective connectivity between a pair of neurons
via many possible direct monosynaptic and indirect polysynaptic horizontal or even recurrent
feedback connections. Samonds et al. [145] found that CCH peak and CCH measure were both
positively correlated with tuning similarity (measured as the Pearson correlation between the
tuning curves), with CCH measure data shown in Figure 2.8b. On the other hand, the CCH
peak was found to drop with the distance between the centers of the receptive �elds, i.e. neg-
atively correlated with RF distance within a visual angle of1:5°. However, the CCH measure
remained relatively constant, i.e. uncorrelated with RF distance within1:5° (Figure 2.8d). This
suggested that while the monosynaptic connections between neurons might be fairly local, the
effective connections between disparity-tuned neurons are relatively extensive. Last, while func-
tional connectivities existed between neurons of a variety of tuning similarities at close proximity,
signi�cant CCH measures could be observed mostly between similarly tuned neurons with RF
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distance> 1°, shown in Figure 2.8f.
For comparison, Figures 2.8a,c,e show the corresponding results from the Boltzmann ma-

chine model. Since there was no synaptic delay in our simulation method, the correlation mea-
sures (labeled as CCH measure in Figures 2.8a,c,e for consistency) we obtained from the model
were more comparable to the CCH measure, rather than the temporally precise CCH peak in the
physiological data. Indeed, we found that the CCH measure positively correlated with tuning
similarity (Figure 2.8a) but did not change with RF distance within1:5° though it did drop grad-
ually over a larger distance (Figure 2.8c, pairs with positive CCH measures). This is consistent
with the lack of drop in the CCH measure with RF distance in the neural data within1:5° as
shown in Figure 2.8d. The model predicted a drop in the CCH measure over a larger RF distance
but currently data on long-range CCH measures between disparity-tuned neurons are not avail-
able. However, similar studies by Smith and Kohn [153] on orientation-tuned neurons did show
that the CCH measure dropped only beyond2 mm in cortical distance between neurons while
the CCH peak dropped even at0:5 mm. Thus, we anticipate that the CCH measure between
disparity-tuned neurons will drop beyond1:5° as our model predicted, but this remains to be
tested experimentally. For RF distance vs. tuning similarity (Figure 2.8e), units of similar tuning
properties exhibited stronger positive functional connectivities than units of dissimilar tunings
when the distance between units became larger.

While all these are in general agreement with the neurophysiological data, there were some
differences. Most notably, the model exhibited negative functional connectivities between pairs
of units of all distances and similarities (Figure 2.8a,c), whereas the neural data only showed
positive connectivities. These differences were largely due to the limitation of the more abstract
Boltzmann machine in approximating real neural circuits in both architecture and dynamics as
discussed in Section 2.4.2.
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Figure 2.5: Disparity association �eld.(a) disparity association �eld from unit 8 in the central
hypercolumn (column 1) to all other units in 5 hypercolumns (inset on top right; black for column
1, and gray for all 5 but column 1), shown in a contour map of lateral connections. The shapes
of contour lines resemble those in the contour association �eld [33]. The horizontal axis has two
rows, �rst column index, and second distance to column 1; the vertical axis has two columns,
from left to right being the preferred disparity of units, and index of the unit in its hypercolumn
(1 to 16). (b) Inter-columnar connections from column 1 to 8 nearby columns. Each curve
shows the average connections between one unit in column 1 to unit of a certain index in other
8 columns (inset on right; black for column 1, and gray for other 8). The curve for unit 8
in the central column is highlighted for clarity. Its value at, say, index= 9 is the average of
connections from unit 8 in the central column to every unit 9 in surrounding 8 columns, and so
on. (c) Inter-columnar connections from column 1 to 16 columns further away (inset on right).
The connections were generally weaker than those in the panel above, due to longer distances
between columns.(d) Intra-columnar connections within column 1 (inset on right), with the
curve for unit 8 highlighted for clarity. Units of very similar tunings tended to facilitate and help
each other, but units of different tunings would inhibit each other.
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Figure 2.6: Disparity association �elds trained using forest images in the Brown data set.(a)
the association �eld along 5 hypercolumns horizontally.(b) the association �eld along 5 hyper-
columns vetically.

Figure 2.7: Comparison of connectivity in Marr and Poggio [110]'s model and in our Boltzmann
machine model, in terms of scatter plot of connection vs. tuning similarity between neurons.
(a) Schematic of Marr and Poggio [110]'s model, with negative intra-columnar connections
between all neurons of different tunings (blue), and positive inter-columnar connections only
between neurons of the same tuning (red).(b) Intra-columnar connections of our model.(c)
Inter-columnar connections of our model. The tuning similarity between pairs of hidden units is
de�ned as the Pearson's correlation coef�cient between their tuning curves measured from the
model simulation (Section 2.2.2.2).
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