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Abstract

We studythe problemof computingthe optimalvaluefunctionfor a Markov decisionprocesswith positive
costs. Computingthis function quickly andaccuratelyis a basicstepin mary schemedgor decidinghow
to actin stochastiernvironments.Thereareef cient algorithmswhich computevaluefunctionsfor special
typesof MDPs: for deterministicMDPs with S statesand A actions, Dijkstra’s algorithmrunsin time
O(AS logS). And, in single-actionMDPs (Markov chains),standardinearalgebraicalgorithms nd the
valuefunctionin time O(S?®), or fasterby takingadvantageof sparsityor goodconditioning.Algorithmsfor
solvinggeneraMDPscantake muchlonger: we arenotawareof ary speedjuaranteebetterthanthosefor
comparably-sizetinear programs We presenta family of algorithmswhich reduceto Dijkstra's algorithm
whenappliedto deterministicMDPs, andto standardechniquedor solvinglinearequationsvhenapplied
to Markov chains. More importantly we demonstratexperimentallythat thesealgorithmsperformwell
whenappliedto MDPswhich “almost” have therequiredspecialstructure.
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1 Intr oduction

We considerttheproblemof nding anoptimalpolicy in aMarkov decisionprocesswith non-negjative costs
andazero-costabsorbinggoalstate.This problemis sometimegalledthestochastishortespathproblem.
LetV betheoptimalstatevaluefunction,andletQ betheoptimalstate-actiorvaluefunction. Thatis, let
V (x) betheexpectedcostto reachthe goalwhenstartingat statex andfollowing the bestpossiblepolicy,
andletQ (x; a) bethesameexceptthatthe rst actionmustbea. At all non-goalstates< andall actionsa,
V andQ satisfyBellmansequations

V(x) = minQ (xa)

X
Q (x;a) o(x; a) + Plyix;a)V (y)

y2succ(x;a)

whereA is the setof legal actions,c(x; a) is the expectedcostof executingactiona from statex, and
P (y j x; a) is the probability of reachingstatey whenexecutingactiona from statex. The setsucc(; a)
containsall possiblepossiblesuccessorsf statex underactiona, exceptthat the goal stateis always
excluded?

Many algorithmsfor planningin Markov decisionprocessesvork by maintainingestimates/ andQ
of V. andQ , andrepeatediyupdatingthe estimatego reducethe differencebetweerthe two sidesof the
Bellmanequationqcalledthe Bellmanerror). For example,valueiteration(VI) repeatedlyloopsthrough
all statesx performingbadkupoperationsateachone:

for all actionsa P

Qx;a) c(x;a)+ y2succ(x;a) P(yixaV(y)
endfor
V(x)  minaza Q(X; a)

Ontheotherhand,Dijkstra’s algorithmusesexpansionoperationsat eachstatex instead:

V(x)  minga Q(X; a)
for all (y;b) 2 pred(x)

QYD) cyiD+  yopsuccryny P(X°T iV (X9
endfor

Herepred(x) is the setof all state-actiorpairs(y; b) suchthattakingactionb from statey hasa positive
chanceof reachingstatex. For goodrecentreference®n valueiterationandDijkstra's algorithm,see[4]
and[7].

Any sequencef backupsor expansionds guaranteedo make V andQ corverge to the optimal V
andQ solongaswe visit eachstatein nitely often. Of coursesomesequencewill corverge muchmore
quickly thanothers. A wide variety of algorithmshave attemptedo nd good state-visitationordersto
ensurefastcorvergence.For example,Dijkstra's algorithmis guaranteedo nd anoptimal orderingfor a
deterministigpositive-costMDP; for generalMDPs, algorithmslik e prioritized sweepind17], generalized

1To simplify notation,we have omittedthe possibility of discounting.A discount canbe simulatedby reducingP (y j x; a)
by afactorof forally 6 goal andincreasingP (goal j x; a) accordingly We assumehatV andQ arewell-de®nedj.e., that
no statehasin®nite V (x).
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Figure 1: A Markov chainfor which backup-basethethodsconvermge slowly. Eachactioncostsl.

prioritized sweeping[1], RTDP [3], LRTDP [6], FocussedynamicProgramming12], andHDP [5] all
attemptto computegoodorderings.

Algorithmsbasedon backupsor expansionave animportantdisadwantagethough:they canbe slow
at policy evaluationin MDPs with evena few stochastidransitions.For example,in the Markov chainof
Figurel (which hasonly onestochastidransition),the bestpossibleorderingfor valueiterationwill only
reduceBellmanerrorby 1% with each vebackupsTo nd theoptimalvaluefunctionquickly for thischain
(or for anMDP which containsgt), we turn insteadto methodswvhich solve systemsf linearequations.

The policy iterationalgorithm alternatesetweenstepsof policy evaluationand policy improvement
If we x anarbitrarypolicy andtemporarilyignoreall off-policy actions,the Bellmanequationsbecome
linear We cansolwe this setof linear equationgo evaluateour policy, andsetV to betheresultingvalue
function. GivenV, we cancomputea greedypolicy underV, givenby (x) = argmina Q(x; a). By
xing agreedypolicy we getanothersetof linear equationswhich we canalsosolve to computeaneven
bettermpolicy. Policy iterationis guaranteetb corvergesolongastheinitial policy hasa nite valuefunction.
Within thepolicy evaluationstepof policy iterationmethodswe canchooseary of severalwaysto solve our
setof linearequationg18]. For example,we canuseGaussiarelimination,sparseGaussiarelimination,or
biconjugategradientswith ary of avariety of preconditionersWe canevenusevalueiteration,althoughas
mentionedabore valueiterationmaybe a slow way to solve the Bellmanequationsvhenwe areevaluating
a x edpolicy.

Of thealgorithmsdiscusse@bove, no singleoneis fastat solvingall typesof Markov decisionprocess.
Backup-base@dnd expansion-basetethodswork well whenthe MDP hasshortor nearly deterministic
pathswithout muchchanceof cycles,but cancorverge slowly in the presencef noiseandcycles. Onthe
otherhand,policy iterationevaluatesachpolicy quickly, but mayspendwork evaluatinga policy evenafter
it hasbecomeobviousthatanothemolicy is better

This paperdescribeghreenew algorithmswhich blendfeaturesof Dijkstra's algorithm,valueiteration,
andpolicy iteration. In Section2, we describelmproved Prioritized Sweeping.IPS reducedo Dijkstra's
algorithmwhengivena deterministidViDP, but alsoworkswell on MDPswith stochastioutcomesin Sec-
tion 3, we develop Prioritized Policy Iteration, by extendinglPS by incorporatingpolicy evaluationsteps.
Section4 describessauss-Dijkstr&limination (GDE), which interleavespolicy evaluationandprioritized
schedulingmoretightly. GDE reducego Dijkstra's algorithm for deterministicMDPs, andto Gaussian
eliminationfor policy evaluation. In Section6, we experimentallydemonstrateéhat thesealgorithmsex-
tendthe adwvantage®f Dijkstra's algorithmto “mostly” deterministicMDPs, andthatthe policy evaluation
performedby PPlandGDE speedsornvergenceon problemswherebackupsalonewould be slow.
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Figure 2: Dijkstra's algorithm,in a notationwhich will allow usto generalizét to stochastidDPs. The variable
agueuels a priority queuewhich returnsthe smallestof its elementseachtime it is popped.The constantM is an
arbitraryvery large positve number

2 Impr oved Prioritized Sweeping

2.1 Dijkstra' s Algorithm

Dijkstra's algorithmis shovn in Figure?2. Its basicideais to keepstateson a priority queue sortedby how
urgentit is to expandthem. Thepriority queuds assumedio supporoperationgueue.pof) , whichremores
andreturnsthe queueelementwith numericallylowestpriority; queue.decreasepriority, p), which putsx
onthequeusdf it wasnt there,or if it wastherewith priority > p setsits priority to p, or if it wastherewith
priority < p doesnothing;andqueue.cled), which emptieshe queue.

In deterministidMarkov decisionprocessesvith positive costs,it is alwayspossibleto nd anew state
X to expandwhosevaluewe cansetto V (x) immediately So,in theseMDPs, Dijkstra's algorithmtouches
eachstateonly oncewhile computingV , andis thereforeby farthefasteswvayto nd acompletepolicy.

In MDPswith stochastioutcomedor someactions,it is in generalimpossibleto ef ciently compute
anoptimalorderfor expandingstates.An optimal orderis onefor which we canalwaysdetermineV (x)
usingonly V (y) for statesy which comebeforex in the ordering. Evenif thereexists suchan ordering
(i.e., if thereis anacgyclic optimalpolicy), we might needto look at non-localpropertiesof statedo nd it:
Figure3 shavs an MDP with four non-goalstategnumberedl—4) andtwo actions(a andb). In this MDP,
the optimal policy is agyclic with orderingG3214 But, after expandingthe goal state,thereis no way to
tell which of statesl and3 to expandnext: bothhave onedeterministicactionwhich reacheshe goal,and
onestochasti@ctionthatreacheshe goal half thetime andan unexploredstatehalf thetime. If we expand
eitheronewe will setits policy to actiona andits valueto 10; if we happerto choosestate3 we will be
correct,but the optimalactionfrom statel isbandV (1) = 13=2 < 10.

Several algorithms,most notably prioritized sweeping[17] and generalizedprioritized sweeping[1],

3



Figure 3: An MDP whosebeststateorderingis impossibleto determinausingonly local propertiesof thestates Arcs
which split correspondo actionswith stochastioutcomesfor example,takingactionb from statel reachess with
probability 0:5 and2 with probability 0:5.

have attemptedo extendthe priority queueideato MDPswith stochastioutcomesThesealgorithmsgive

up the propertyof visiting eachstateonly oncein exchangefor solving a larger classof MDPs. However,

neitherof thesealgorithmsreduceto Dijkstra's algorithmif the input MDP happengo be deterministic.
Therefore they potentiallytake far longerto solve a deterministicor nearly-deterministidDP thanthey

needto. In thenext sectionwe discussvhatpropertiesanexpansion-schedulinglgorithmneeddo have to

reduceto Dijkstra's algorithmon deterministidMDPs.

2.2 Generalizing Dijkstra

We will consideralgorithmswhichreplacetheline () in Figure2 by otherpriority calculationghatmain-

tain the propertythatwhentheinput MDP is deterministicwith positive edgecostsan optimal orderingis

producedIf theinputMDP is stochastica singlepassof ageneralizedijkstraalgorithmgenerallywill not

computeV , sowewill haveto runmultiple passesEachsubsequemnpasscanstartfrom thevaluefunction

computedoy the previouspasqinsteadof fromV (x) = M likethe rst pass)somultiple passesvill cause
V to corvergetoV . (Likewise,we cansave Q valuesfrom pasgo pass.)We now considerseveralpriority

calculationghatsatisfythe desiredproperty

Large Changein Value Thesimpleststatisticwhich allows usto identify completely-determinesdtates,
andthe onemostsimilar in spirit to prioritized sweepingjs how muchthe states valuewill changewhen
we expandit. In line ( ) of Figure2, suppose¢hatwe set

(1) pri d(V(y) Q(y;b)

for somemonotonedecreasindunctiond( ). Any statey with closedy) = false(calledanopenstate)will

haveV (y) = M in the rst passwhile closedstateswill have lower valuesof V (y). So,ary deterministic
actionleadingto a closedstatewill have lower Q(y; b) thanarny actionwhich mightleadto anopenstate.
And, ary openstatey which hasa deterministicactionb leadingto a closedstatewill be on our queue
with priority atmostd(V(y) Q(y;b) = d(M  Q(y;h)). So,if our MDP containsonly deterministic



actionsthestateattheheadof thequeuewill theopenstatewith thesmallesQ(y; b)—identicalto Dijkstra's
algorithm.

Notethatprioritized sweepingandgeneralizegbrioritized sweepingperformbackupsatherthanexpan-
sions,andusea differentestimateof how mucha states valuewill changewhenupdated.Namely they
keeptrack of how mucha states successorsialueshave changedandbasetheir prioritiesonthesechanges
weightedby the correspondingransitionprobabilities.This approachwhile in the spirit of Dijkstra's algo-
rithm, doesnotreduceo Dijkstra'salgorithmwhenappliedto deterministidVDPs. Wiering ([19]) discusses
thepriority function(1), but hedoesnot prescribeheuniform pessimistidnitialization of thevaluefunction
whichis givenin Figure2. This pessimistidnitializationis necessaryo make (1) reduceto Dijkstra's algo-
rithm. Otherauthors(for exampleDietterichandFlann([10])) have discussegbessimistidnitialization for
prioritized sweepingput only in the contet of the original non-Dijkstrapriority schemdor thatalgorithm.

Oneproblemwith thepriority schemeof equation(1) is thatit only reducego Dijkstra's algorithmif we
uniformly initialize V(x) M for all x. If insteadwe passin somenonuniformV(x) V (x) (suchas
onewhichwe computedn a previous passof our algorithm,or onewe got by evaluatinga policy provided
by a domainexpert),we may not expandstatesn the correctorderin a deterministioMDP.2 This property
is somavhat unfortunate:by providing strongernnitial boundswe may causeour algorithmto run longer
So,in thenext few subsectionsve will investigateadditionalpriority schemesvhich canhelpalleviate this
problem.

Low Upper Bound on Value Anotherstatisticwhich allows usto identify completely-determinesdtates
x in Dijkstra's algorithmis anupperboundonV (x). If, inline ( ) of Figure2, we set

(2) pri. - m(Q(y;b)

for somemonotoneincreasingfunction m( ), thenary openstatey which hasa deterministicactionb
leadingto a closedstatewill be on our queuewith priority at mostm(Q(y; b)). (NotethatQ(y;b) is an
upperboundon V' (y) becauseve have initialized V (x) M for all x.) As before,in a deterministic
MDP, the headof the queuewill bethe openstatewith smallestQ(y; b). But, unlike before,this factholds
no matterhow weinitialize V (solongasV (x) > V (x)): in adeterministigositive-costMDP, it is always
safeto expandthe openstatewith thelowestupperboundonits value.

High Probability of ReachingGoal Dijkstra's algorithmcanalsobe viewed asbuilding a setof closed
states,whoseV valuesare completelyknown, by startingfrom the goal stateand expandingoutward.
Accordingto this intuition, we shouldconsidemmaintainingan estimateof how well-known the valuesof
our statesare,andaddingthe best-knevn statedo our closedset rst.

For this purpose we canaddextra variablespgoa(X; @) for all statesx andactionsa, initialized to 0
if x is anon-goalstateandl if x is a goal state. Let us alsoaddvariablespgoa(x) for all statesx, again
initializedto O if x is anon-goalstateandl if x is agoalstate.

To maintainthe pyoq Variablesgachtime We;( updateQ(y; b) we canset

Pgoal(y; b) P (Xoj y; b) pgoal(x(b
x02 succ(y;b)

2\We needto be carefulpassingn arbitraryV (x) vectorsfor initialization: if thereareary optimal but underconsistergtates
(stateswhoseV (x) is alreadyequalto V (x), but whoseV (x) is lessthantheright-handside of the Bellmanequation) thenthe
checkQ(y; b) < V(y) will preventusfrom pushingthemon the queueeventhoughtheir predecessomnay be inconsistent.So,
suchan initialization for V may causeour algorithmto terminateprematurelybeforeV = V everywhere. Fortunately if we
initialize usinga VvV computedrom a previous passof our algorithm,or setV to the value of somepolicy, thentherewill be no
optimalbut underconsistergtatessothis problemwill notarise.
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And, whenwe assignVv (x)  Q(x; a) we canset

Pgoal(X)  Pgoal(X; @)

(in this casewe will call a the selectedactionfrom x). With thesede nitions, pgoal(x) will alwaysremain
equalto the probability of reachingthe goalfrom x by following selectecdhctionsandat eachstepmaving
from a stateexpandedaterto oneexpandedearlier(we call sucha patha deceasingpath). In otherwords,
Pgoal(X) tells uswhatfraction of our currentestimateV (x) is basedon fully-examinedpathswhich reach
thegoal.

In adeterministiocMDP, pgoa Will alwaysbe either0 or 1: it will be 0 for openstatesand1 for closed
states.SinceDijkstra's algorithmnever expandsa closedstate we cancombineary decreasingunction of
Pgoal(X) with ary of the above priority functionswithout losing our equivalenceto Dijkstra. For example,
we coulduse

3) pri. - m(Q(Y;D);1  Pgoal(y))
wherem is atwo-aigumentmonotonegunction 3
In the rst sweepafter we initialize V (x) M, priority scheme(3) is essentiallyequivalent to

schemegl) and(2): thevalueQ(x; a) canbesplitupas

Pgoal(X; @)Qp (X; @) + (1 Pgoal(X; @))M

whereQp (x; @) is the expectedcostto reachthe goal assuminghat we follow a decreasingpath. That
meanghatafractionl pgoa(X; @) of thevalueQ(x; a) will be determinedby the large constantM , so
state-actiorpairswith higherpgoa(x; @) valueswill almostalwayshave lower Q(x; a) values.However, if
we have initialized V (x) in someotherway, thenequation(1) no longerreducedo Dijkstra's algorithm,
while equationg2) and(3) aredifferentbut bothreduceto Dijkstra's algorithmon deterministidMDPs.

All of the Above Insteadof restrictingoursehesto just one of the priority functionsmentionedabove,
we cancombineall of them: sincethe beststatego expandin a deterministicMDP will win on ary oneof
the above criteria, we canuseary monotonefunction of all of the criteriaandstill behae like Dijkstra in
deterministicMDPs. For example,we cantake the sumof two of the priority functions,or the productof
two positive priority functions;or, we canuseone of the priorities asthe primary sortkey andbreakties
accordingo adifferentone.

We have experimentedvith severaldifferentcombination®f priority functions;theexperimentatesults
we reportusethe priority functions

oo Q(xa)  V(x)
(4) priy(x; @) = W
and
(5) prio(x;@) = Ml pgoal(X); priy(X; a)i

The pri, functioncombineshe valuechangecriterion (1) with the upperboundcriterion (2). It is always
negative or zero,since0 < Q(x;a) V(X). It decreasewhenthevaluechangencreasegsincel=Q(x; a)
is positive), andit increasessthe upperboundincreasegsince1=x is a monotonedecreasindgunction
whenx > 0, andsinceQ(x;a) V(x) 0).

Thepri, functionusesyoa asaprimarysortkey andbreaksiesaccordingo pri,. Thatis, pri, returns
avectorin R? which shouldbe comparedaccordingto lexical ordering(e.g., (3;3) < (4;2) < (4;3)).

3A monotonefunction with multiple agumentsis onewhich alwaysincreasesvhenwe increaseone of the aggumentswhile
holdingthe others®xed.



update(x)
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Figure 4: The update functionfor the Improved Prioritized Sweepingalgorithm. The main functionis the sameas
for Dijkstra's algorithm. As before 2queuets a priority min-queueandM is avery large positive number

2.3 Sweepsss. Multiple Updates

The algorithmswe have describedso far in this sectionmustupdateevery stateoncebeforeupdatingany
statetwice. We canalsoconsidera versionof the algorithmwhich doesnot enforcethis restriction; this
multiple-updatealgorithm simply skipsthe check“if not closedy)” which ensureghatwe don't pusha
previously-closedstateonto the priority queue. The multiple-updatealgorithmstill reducego Dijkstra's
algorithm when appliedto a deterministicMDP: ary statewhich is alreadyclosedwill fail the check
Q(y; b) < V(y) for all subsequerattemptgo placeit onthepriority queue.

Experimentally the multiple-updatealgorithmis fasterthanthe algorithmwhich mustsweepthrough
every stateoncebeforerevisiting ary state. Intuitively, the sweepingalgorithmcanwastea lot of work at
statedar from thegoal beforeit determineshe optimalvaluesof statesearthegoal.

In the multiple-updatealgorithmwe are always effectively in our “ rst sweep, andso sincewe ini-
tialize uniformly to a large constantM we canreduceto Dijkstra's algorithmby usingpriority pri; from
equation(4). Theresultingalgorithmis calledimproved Prioritized Sweepingits updatemethodis listed
in Figure4.

We have not mentionedhow oneshouldcheckfor corvergencewhena generalizedijkstra algorithm
is usedon anarbitraryMDP. As is typical for value-functiorbasednethodswe declarecorvergencewhen
the maximumBellmanerror (over all states)dropsbelov somepresetimit . Thisis implementedn IPS
by anextracheckthatensuresll stateson the priority queuehave Bellmanerroratleast ; whenthequeue
is emptyit is easyto shav thatno suchstatesemain.Similar methodsareusedfor our otheralgorithms.
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Figure 5: ThePrioritizedPolicy Iterationalgorithm.As before 2queuets apriority min-queueandM is averylarge
positive number

3 Prioritized Policy Iteration

The Improved Prioritized Sweepingalgorithmworks well on MDPs which are moderatelycloseto being
deterministic. Oncewe startto seelarge groupsof stateswith stronglyinterdependentalues,therewill
be no expansionorderwhich will allow usto nd agoodapproximationto V in a smallnumberof visits
to eachstate. The MDP of Figure 1 is an exampleof this problem: becausdhereis a cycle which has
high probabilityandvisits a signi cant fraction of the statesthe valuesof the statesalongthe cycle depend
stronglyon eachothet

To avoid having to expandstategepeatedlyo incorporateheeffectof cycles,wewill turnto algorithms
that occasionallydo somework to evaluatethe currentpolicy. Whenthey do so, they will temporarily x
the currentactionsto make the value determinatiorproblemlinear. The simplestsuchalgorithmis policy
iteration, which alternatesdbetweencompletepolicy evaluation(which solvesanS S systemof linear
equationsn an S-stateMDP) andgreedypolicy impravement(which picksthe actionwhich achieresthe



minimumon theright-handsideof Bellman's equationat eachstate).

We will describetwo algorithmswhich build on policy iteration. The rst algorithm,calledPrioritized
Policy Iteration,is the subjectof the currentsection. PPl attemptso improve on policy iteration's greedy
policy improvementstep,doinga smallamountof extrawork duringthis stepto try to reducethe numberof
policy evaluationsteps.Sincepolicy evaluationis usuallymuchmoreexpensve thanpolicy improvement,
ary reductionin thenumberof evaluationstepswill usuallyresultin abettertotal planningtime. Thesecond
algorithm,whichwe will describdan the Section4, triesto interleare policy evaluationandpolicy improve-
menton a ner scaleto provide more accurateQ andpgoa estimatedor picking actionsand calculating
prioritiesonthefringe.

Pseudo-codéor PPlis givenin Figure5. Themainloop is identicalto regular policy iteration,except
for acalltosweep() ratherthanto agreedypolicy improvementroutine. Thepolicy evaluationstepcanbe
implementecef ciently by acall to alow-level matrix solver; sucha low-level solver cantake advantageof
sparsityin thetransitiondynamicsby constructinganexplicit LU factorizatiof11], orit cantake advantage
of good conditioningby using an iteratve methodsuchas stabilizedbiconjugate gradientg[2]. In either
casewe canexpectto beableto evaluatepoliciesef ciently evenin large Markov decisionprocesses.

The policy improvementstepis wherewe hopeto beatpolicy iteration. By performinga prioritized
sweepthroughstatespace so thatwe examinestatemearthe goal beforestatedartheraway, we canbase
mary of our policy decisionson multiple stepsof look-ahead. Schedulingthe expansionsin our sweep
accordingto oneof the priority functionspreviously discussednsuresPPlreducego Dijkstra's algorithm:
whenwe runit onadeterministidMDP, the rst sweepwill computeanoptimal policy andvaluefunction,
andwill neverencounteaBellmanerrorin aclosedstate.So  will be0 attheendof thesweepandwewill
passhe convergencetestbeforeevaluatinga singlepolicy. Ontheotherhand,if thereareno actionchoices
thenPPIwill notbe muchmoreexpensve thansolvingasinglesetof linearequationsthe only additional
expensewill be the costof the sweep. If B is a boundon the numberof outcomesof ary action, then
this costis O((B A)2SlogS), typically muchlessexpensve than solving the linear equationgassuming
B; A << S). For PPI,we choseto usethepri, scheduldrom equation(5). Unlike pri, (equation(4)), pri,
forcesusto expandstateswith highpgoear rst, evenwhenwe haveinitializedV to thevalueof anearoptimal
policy.

In orderto guaranteeconvergence,we needto set (x) to a greedyactionwith respectto V before
eachpolicy evaluation. Thusin theupdate(x) methodof PPI,for eachstatey for which thereexists some
actionthatreachex, we re-calculateQ(y; b) valuesfor all actionsb. In IPS,we only calculatedQ(y; b) for
actionsb thatreachx. The extra work is necessaryn PPl becausdhe storedQ valuesmay be unrelated
to the currentV (which was updatedby policy evaluation),and so otherwise (x) might not be setto a
greedyaction. OtherQ-valueupdateschemesrepossible? andwill leadto corvergenceaslongasthey x
agreedypolicy. Notealsothatextrawork is doneif theloopsin update arestructuredasin Figure5; with
aslightreductionin clarity, they canbearrangedothateachpredecessastatey is baclkedup only once.

Oneimportantadditionaltweakto PPIis to performmultiple sweepsetweerpolicy evaluationsteps.
Sincepolicy evaluationtendsto be moreexpensve, this allows a bettertradeof to be madebetweerevalu-
ationandimprovementvia expansions.

In futurework we intendto investigatewhetherwe can nd betterpoliciesmoreef ciently by allowing
ourselesto updatesomestatesnultiple timeswhile visiting othersonly once.Directly pluggingin amulti-
updatealgorithm suchas Improved Prioritized Sweepings unlikely to provide a speedupsincesuchan

“For example we experimentedvith only updatingQ(y; b) whenP (x j y; b) > 0in update andthendoingasinglefull backup
of eachstateafterpoppingit from thequeue ensuringagreedypolicy. Thisapproaclwason averageslowerthantheonepresented
above.



algorithmmay do a lot of work beforeit visits all statesonce;but, it may be advantageouso run a single
sweep,save the list of inconsistenstatesencounteredluring that sweep,andthenstartan algorithmlike
IPSfrom thatlist.

Another possibleoptimizationwhich we hopeto try is to restrictsomepolicy evaluationsto a subset
of the states.By xing areducedsetof stategcalledanervelope[9]) which containsmostly “important”
stateswe canhopeto gain mostof thebene tsof policy evaluationatafractionof the cost. Therearemary
waysto pick anervelope;for example,the LAO* algorithm[14] is onepopularone.

4 Gauss-Dijkstra Elimination

The Gauss-Dijkstra&liminationalgorithmcontinueghe themeof taking advantageof both Dijkstra's algo-
rithm andef cient policy evaluation,but it interleavesthemata deepetevel.

GaussianElimination and MDPs Fixing apolicy for an MDP producesa Markov chainanda vector
of costsc. If our MDP hasS stategnotincludingthe goalstate) let P betheS S matrix with entries
Py = P(yjx (x)) forall x;y 6 goal Findingthevaluesof the MDP underthegivenpolicy reducego
solvingthelinearequations

(I P)=c

To solve theseequationswe canrun Gaussiareliminationand backsubstitutioron the matrix (I P ).
GaussiareliminationcallsrowEliminate(x) (de nedin Figure6, where isinitializedto P andw to c)
for all x from 1to S in order® zeroingout the subdiagonaklementsf (I P ). Backsubstitutiorcalls
backsubstitute(x) for all x from S down to 1 to compute(I P ) c. In Figure6, , denoteghex'th
rowof ,and y denoteghey'th row. We shav updatedo pgoa(X) explicitly, butit is easyto implement

theseupdatesasanextradensecolumnin

To seewhy Gaussiareliminationworks fasterthan Bellman backupsin MDPs with cycles, consider
acpin the Markov chainof Figure 1. While valueiterationreducesBellmanerror by only 1% per sweep
onthis chain,Gaussiareliminationsolvesit exactlyin asinglesweep.Thestarting(l P ) matrixandc

vectorare: 2 323
1 0O O 0:99| 001 1
1 1 0 O 0 0 1
0 1 1 O 0 0 8l
0 O 1 1 0 0 1
0O 0 O 1 1 0 1

(for clarity, we have shovn pgoal(X) asan additionalcolumn separatecby a bar). The rst call to
rowEliminate changesow 2 to:

0100 099 001 ; 100

We caninterpretthis modi ed row 2 asamacro-actionwe startfrom state2 andexecuteour policy until we
reacha stateotherthanl or 2. (In this casewe will endup atthe goalwith probability0.01landin state5
with probability 0.99.) Eachsubsequentall to rowEliminate zerosoutoneof the 1sbelow thediagonal
andde nesanothemacro-actiorof theform “startin statei andexecuteuntil we reacha stateotherthanl

SUsingthe representationauses few minor changeso the Gaussiareliminationcode but it hasthe advantagethat( ; w)
canalwaysbeinterpretedasa Markov chainwhich is hasthe samevaluefunctionasthe original (P ; c). Also, for simplicity we
will notconsidemivoting;if isaproperpolicy then(l ) will awayshave anonzercentryonthediagonal.
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throughi.” After four callswe areleft with
2 323

1 00 O 0:99| 001 1
010 O 0:99| 001 2
001 O 0:99| 001 4;R3
0 00 1 0:99| 0:01 4
000 1 1 0 1

Thelastcall to rowEliminate zerosoutthelastsubdiagonaklement(in line (1)), settingrow 5 to:
(6) 0000 001] 001 ;5

Thenit dividesthewholerow by 0:01 (line (2)) to get:

) 0000 1] 1 ;500

The division accountdor the factthatwe may visit state5 multiple timesbeforeour macro-actiortermi-
nates:equation(6) describesa macro-actionwhich hasa 99% chanceof self-loopingandendingup back
in stateb, while equation(7) describeshe macro-actiorwhich keepsgoing aftera self-loop(anaverageof
100times)andonly stopswhenit reacheshegoal.

At this pointwe have de ned amacro-actiorfor eachstatewhichis guaranteedb reacheitherahigher
numberedstateor thegoal. We canimmediatelydeterminghatV (5) = 500, sinceits macro-actioralways
reacheghe goal directly. Knowing the valueof stateb letsusdetermineV (4), andsoforth: eachcall to
backsubstitutetells usthevalueof atleastoneadditionalstate.

Notethatthereareseveral possiblewaysto arrangethe eliminationcomputationsn Gaussiarelimina-
tion. Our exampleshavs row Gaussiarelimination® in which we eliminatethe rst k 1 elementof row
k by usingrows 1 throughk 1; the adwantageof usingthis orderingfor GDE is thatwe neednot x an
actionfor statex until we popit from the priority queueandeliminateits row.

Gauss-Dijkstra Elimination  Gauss-Dijkstraeliminationcombinesthe above Gaussiareliminationpro-
cesswith aDijkstra-stylepriority queughatdeterminesheorderin which statesareselectedor elimination.
Themainloopis the sameasthe onefor PPI,exceptthatthe policy evaluationcall is remosedandsweeft)
is replacedoy GaussDijkstraSweelf) . Pseudo-codéor GaussDijkstraSweep) is givenin Figure6.

Whenx is poppedfrom the queue,its actionis x edto a greedyaction. The outcomedistribution for
this actionis usedto initialize  , androw eliminationtransforms y andw(x) into a macro-actioras
describedabove. If  y.goar = 1, thenwe fully know the states value;this will alwayshapperfor thejSjth
state,but may alsohappenrearlier We do immediatebacksubstitutiorwhenthis occurs,which eliminates
somenon-zerosabore the diagonaland possiblycauseotherstates'valuesto becomeknown. Immediate
backsubstitutiorensureghat V (x) and pgoa(x) are updatedwith the latestinformation, improving our
priority estimatedor stateson the queueandpossiblysaving uswork later (for example,in the casewhen
our transitionmatrix is block lower triangular we automaticallydiscover that we only needto factorthe
blockson the diagonal).Finally, all predecessorsf the statepoppedandary stateswvhosevaluesbhecame
known areupdatedusingthe update() routinefor PPI(in Figureb).

SinceS canbelarge, will usuallyneedto berepresented@parsely Assuming is storedsparsely
GDE reducesto Dijkstra's algorithmin the deterministiccase;it is easyto verify the additional matrix
updatesequireonly O(S) work. In ageneraMDP, initially it takesno morememoryto represent thanit
doesto storethe dynamicsof the MDP, but the eliminationstepscanintroducemary additionalnon-zeros.

5This sequencés calledthe Doolittle orderingwhenusedto computea LU factorization.
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main()
BX)V(x) M
V(goa) O
while (true)
(8x) (x) undened

backsubstitute(x)

for eachy suchthat yyx > 0do
Pgoal(X)  Pgoal(X) +  yx
wly)  w(y)+ yV(X)

GaussDijkstraSweep() yx O
if ((maxL 1 bellmanerror)< tolerance) if (Pgoal(y) = 1)
declarecorvergence backsubstitute/)
endif F FJ[ fyg
endwhile endif
endfor

GaussDijkstraSweelf)
while (notqueue.empty()) rowEliminate (x)
X  queue.pop() fory from1tox-1do

(x)  argmina Q(x; &) w(X)  W(X)+  xyw(y)

(8y) Xy P(yjx (x)) X x T xy vy (1)

w(x)  c(x; (X)) Pgoal(X) Pgoal(X) +  xy Pgoal(y)

rowEliminate(x) xy O

V(X)) ( x) V+wXx) endfor

F = fxg w(x)  wx)=(1 )

if x;goal = 1) X x =(1 xx) (2
backsubstituteq) x O

endif Pgoal(X)  Pgoal(X)=(1 xx )

(8y 2 F) update(y)

endwhile

Figure 6: Gauss-Dijkstr&limination

Thenumberof suchnewn non-zeross greatlyaffectedby the orderin which the eliminationsareperformed.
Thereis avastliteratureon techniquedor nding suchorderingsagoodintroductioncanbefoundin [11].
Oneof the main advantagef GDE seemdo be thatfor practicalproblemsthe prioritization criteriawe
presenproducegoodeliminationordersaswell aseffective policy improvement.

Our primaryinterestin GDE stemsfrom the wide rangeof possibilitiesfor enhancingts performance;
evenin thenaive form outlinedit is usuallycompetitve with PPI1.We anticipatethatdoing“early” backsub-
stitutionwhenstates'valuesaremostly known (high pgoai(x)) will produceeven betterpoliciesandhence
fewer iterations. Further the interpretationof rows of asmacro-actionsuggestshat cachingtheseac-
tionsmayyield dramaticspeed-upsvhenevaluatingthe MDP with a differentgoal state. The usefulnes®f
macro-actiongor this purposevasdemonstratetly Dean& Lin ([8]). A corvergence-checkingnechanism
suchasthoseusedby LRTDP andHDP [6, 5] couldalsobe usedbetweeriterationsto avoid repeatingvork
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on portionsof the statespacewherean optimal policy andvaluefunction arealreadyknown. The key to
making GDE widely applicable however, probablylies in appropriateghresholdingof valuesin , sothat
transitionprobabilitiesnearzeroarethrown out whentheir contritution to the Bellmanerroris negligible.
Our currentimplementatiordoesnot do this, so while its performanceas goodon mary problemsiit can
performpoorly on problemsthatgeneratdots of lI-in.

5 Incrementalexpansions

In describinglPS, PPI,and GDE we have touchedon a numberof methodsof updatingV andQ values.
In summary:Valueiterationiterationrepeatedlbacksup statesn anarbitraryorder Prioritizedsweeping
backsup statesin an order determinedby a priority queue. PPl and GDE also pop statesfrom a prior-
ity queue,but ratherthanbackingup the poppedstate,they backupup all of its predecessorslPS pops
statesdrom a priority queue but insteadof fully backingup the predecessorsf the poppedstatex, it only
recompute®) valuesfor actionsthatmightreachx.

Herewe provide amorethoroughaccountingpf the expansiormechanisnusedby IPS.Supposeve are
givenaninitial upperboundVyg onV . Then,we cande ne Q by

X
Q(x;a) = c(x;a)+  P(yjx; a)Voud(y)
y

andthenVyey by Vhen(X) = ming Q(X; a). NotethatratherthanstoringVyey We cansimply storeQ and
(x), thegreedypolicy with respecto Vyq. Ourgoalin anexpansioroperationisto setVoig(X)  Vhew(X),

andthenupdateQ soit re ects this changeandthenupdateVygy sothatagain Vaen(X) = ming Q(X; a).

Perhapgheeasiestvay to ensurethis propertyis via a full expansionof the statex:

Voig(X) Q(x; (x))

for all (y; b) 2 pred(X)P
Q(y;b)  cly;b + x92 succ(y;b) P(Xoj Y, b)VoId(X()
if (Q(y;b) < Q(y; (¥))

(y) b
endif

endfor

Doing suchafull expansionrequiresO(B) work perpredecessastate-actiorpair. We canaccomplishthe
sametaskwith O(1) work if we assumavithoutlossof generality(8x; a) P(x j x; a) = 0, andperforman
incrementalexpansion

( x) QX (x)) Vou(x)

for all (y; b) 2 pred(x)
Qly;b)  Qy;:b)+ P(xjy;b( x)
if (Q(y;b) < Q(y; (¥)))

(y) b
endif

endfor

Vod(X) QX (X))
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However, whendoing a full expansionwe have a betteroption for calculatingQ(y; b) thanthe onegiven
above. We canupdateQ(y; b) usingQ(x% (x9) in placeof Vgg(x9, andthis may offer a tighter upper
boundbecaus®(x® (x9)  V(x% whenwe pessimisticallyinitialize. In our experimentsthis method
provedsuperiorto doingincrementakxpansionsandit is the methodusedby ImprovedPrioritizedSweep-
ing (seeFigure4 for the code). However, on certainproblemsincrementakexpansionsmay give superior
performancelPSbasedn incrementakxpansiongendsto do moreupdateqat lower cost)andso priority
gueueoperationsaccountfor a larger fraction of its runningtimes. Thus,fastapproximatepriority queues
might offer asigni cant advantageo incrementalPSimplementations.

One nal implementatiomote. Our pseudocodéor IPS andPPlindicatesthatQ valuesfor all actions
arestored. While this is necessaryf incrementalexpansionsare performedwe do full expansionssothe
extra storages not required. It is sufcient to storea singlevaluefor eachstate which takesthe placeof
Qoig andV in thepseudocodeenly calculated)(y; b) valuescanbereplacedoy atemporaryariable;the
valueis only relevantif it caused/ (y) to changejn which casewe immediatelyassignV (y) the valueof
thetemporaryfor Q(y; b) ratherthanwaiting until y is poppedrom thequeue.

6 Experiments

We implementedPS, PPI, and GDE and comparedhemto VI, Prioritized Sweeping,and LRTDP. All
algorithmswereimplementedn Java 1.5.0andtestedon a 3Ghzlntel machinewith 2GB of mainmemory
underLinux.

Our PPlimplementatiorusesa stabilizedbiconjugate gradientsolver with anincompleteLU precon-
ditionersasimplementedn the Matrix Toolkit for Java [15]. No native or optimizedcodewasused;us-
ing architecture-tunednplementation®f the underlyinglinear algebraicroutinescould give a signi cant
speedup.

For LRTDP we speci ed a few reasonablastartstatesfor eachproblem. Typically LRTDP cornverged
afterlabelingonly a smallfractionof thethe statespaceassolved, up to about25% on someproblems.

6.1 Experimental Domain

We describeexperimentsn a discrete4-dimensionaplanningproblemthatcapturesnary importantissues
in mobile robot path planning. Our domaingeneralizesghe racetrackdomaindescribedoreviously in [3,

6, 5, 14]. A statein this problemis describedby a 4-tuple,s = (x;y; dx; dy), where(x;y) givesthe
locationin a 2D occupang map, and (dx; dy) givesthe robot's currentvelocity in eachdimension. On

eachtime step theagentselectsanacceleratiora = (ax;ay) 2 f 1;0; 1g° andhopesto transitionto state
(x + dx;y + dy;dx + ax; dy + ay). However, noiseandobstaclecanaffect the actualresultstate.If the
line from (X; y) to (x + dx; y + dy) in theoccupang grid crossesnoccupiedcell, thentherobot“crashes,

moving to thecell just prior to the obstacleandlosingall velocity. (Therobotdoesnotresetto thestartstate
asin someracetrackmodels.)Additionally, therobotmaybe affectedby severaltypesof noise:

Action Failure With probabilityf ,, therequestedcceleratiorfails andthe next stateis (x + dx; y +
dy; dx; dy).

Local NoiseTo modelthe factthatsomepartsof theworld aremorestochasticthanotherswe mark
certaincellsin the occupang grid as “noisy,” alongwith a designatedlirection. Whenthe robot
crossesuchacell, it hasa probabilityf - of experiencinganacceleratiorof magnitudel or 2 in the
designatediirection.
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iSj fp f- | %determ| O | notes
59,780| 0.00 | 0.00 | 100.0% | 1.00 | determ
96,736| 0.05| 0.10| 17.2% | 2.17| jAj=1
11,932| 0.20 | 0.00| 25.1% | 4.10| f,, = 0:05
10,072| 0.10 | 0.25| 39.0% | 2.15]| cycle
96,736| 0.00 | 0.20| 90.8% | 2.41
21,559| 0.20 | 0.00| 34.5% | 2.00| large-b
27,482| 0.10| 0.00| 90.4% | 3.00

OTMMmMUOm@>

Figure 7: Testproblemssizesandparameters.

One-waypassage£ellsmarkedas“one-way” have aspeci eddirection(north,south,eastor west),
andcanonly be crossedf the agentis moving in the indicateddirection. Any non-zerovelocity in
anotherdirectionresultsin acrash leaving theagentin the one-way statewith zerovelocity.

High-velocity noiself the robot's velocity surpasseanL ; threshold,it incursa randomaccelera-
tion on eachtime stepwith probabilityf,. This acceleratioris chosenuniformly fromf  1; 0; 1g?,
excludingthe (0; 0) acceleration.

Theseadditionsto the domainsallow usto capturea wider variety of planningproblems. In particulay
kinodynamicpathplanningfor mobile robotsgenerallyhasmorenoise(morepossibleoutcomef a given
actionaswell ashigherprobability of departurefrom the nominalcommand)thanthe original racetrack
domainallows. Action failure and high-velocity noise can be causedby wheelsslipping, delaysin the
controlloop, bumpy terrain,andso on. One-way passagesanbe usedto modellow curbsor othermap
featuresthat canbe passedn only onedirectionby a wheeledrobot. And, local noisecanmodela robot
driving acrossslopedterrain: downhill accelerationareeasiethanuphill ones.

Figure 7 summarizeshe parameter®f the testproblemswe used. The “% determ”columnindicates
the percentagef (s;a) pairswith deterministicoutcomes. The O columngivesthe averagenumberof
outcomedor non-deterministidransitions. All problemshave 9 actionsexceBtfor (B), whichis a policy
evaluationproblem. Problem(C) hashigh velocity noise,with athresholdof = 2+ . Figure8 shavs the
2D world mapsfor mostof the problems.

To constructlarger problemsfor someof our experimentswe considerlinking copiesof an MDP in
seriesby makingthe goalstateof theith copy transitiongo the startstateof the (i + 1)stcopy. We indicate
k serialcopiesof anMDP M by M ¥, sofor example22 copiesof problem(G) is denoted G22).

6.2 Experimental Results

Effects of Local Noise First, we consideredhe effect of increasingthe randomnes$- andf, for the
x edmap(G), asmallerversionof (B). One-way passagegive this comple mapthe possibilityfor cycles.
Figure9 shows therun times(y-axis) of severalalgorithmsplottedagainstf ,. The parametef - wassetto
0:5f , for eachtrial.

Theseresultsdemonstratéhe catastrophieffect increasechoise can have on the performanceof VI.
For low-noiseproblems VI convergesreasonablyuickly, but asnoiseis increasedhe expectedengthof
trajectorieso the goalgrows, andVI' s performancalegradesaccordingly IPS performssomevhat better

"Ourimplementatiorusesa deterministictransitionto apply the collision cost,soall problemshave somedeterministictransi-
tions.
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Figure 8: Somemapsusedfor testexperimentsmapsarenotdravn to thesamescale.Problem(E) usegshesamemap
as(B). Problem(G) usesa smallerversionof map(B). Specialstategone-way passagedocal noise)areindicatedby
light grey symbols;contactthe authorsfor full mapspeci®cations.

overall,but it suffersfrom this sameproblemasthenoiseincreasesHowever, PPI's useof policy evaluation
stepsguickly propagtesvaluesthroughthesecycles,andsoits performances almosttotally unafectedby
theadditionalnoise.PPI-4beatsvI onall trials. It wins by afactorof 2.4with f , = 0:05; andwith f, = 0:4
PPI-4is 29timesfasterthanVI.

Thedip in runtimesfor LRTDP is probablydueto changesn the optimal policy, andthe numberand
orderin which statesarecorverged. Con denceintenalsaregivenfor LRTDP only, asit is a randomized
algorithm.Thedeterministialgorithmswererun multipletimes,anddeviationsin runtimeswerenegligible.

Number of Policy Evaluation Steps Policy iterationis an attractive algorithmfor MDPs wherepolicy
evaluationvia backupsor expansionss likely to be slow. It is well known that policy iterationtypically
convergesin few iterations.However, Figure10 shavs thatour algorithmscangreatlyreducethe numberof
iterationsrequired.In problemswherepolicy evaluationis expensve, this canprovide a signi cant overall
savingsin computatiortime.

The numberof iterationsthat standardoolicy iterationtakesto corverge dependson theinitial policy.
We experimentedwith initializing to the uniform stochastigolicy,® randompoliciesthat at leastgive all

8Thisis a poorinitialization notonly becaussét is anill-advisedpolicy, but alsobecausét oftenproducesa poorly-conditioned
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Figure 9: Effect of local noiseon solutiontime. The leftmostdatapoint is for the deterministicproblem. Note that
PPI-4exhibits almostconstantuntimeevenasnoiseis increased.

statesnite value,andthe optimal policy for the deterministicrelaxationof the problem? The choiceof
initial policy rarely changedhe numberof iterationsby morethan2 or 3 iterations,andin almostall cases
initializing with thepolicy from the deterministiaelaxationgave the bestperformancePolicy iterationwas
initialized in this way for theresultsin Figure10.

We compareolicy iterationto PP1l,wherewe useeitherl,2,or 4 sweep®f Dijkstrapolicy improvement
betweerniterations.We alsoran GDE ontheseproblems Typically it requiredthe samenumberof iterations
asPPI,but we hopeto improve uponthis performancen futurework.

Q-value Computations Our implementatiorare optimizednot for speedout for easeof use,instrumen-
tation,andmodi cation. We expectour algorithmsto bene t muchmorefrom tuning thanvalueiteration.
To show this potential,we comparelPS, PS,andVI on the numberof Q-value computationgQ-comps)
they perform.A singleQ-compmeansteratingover all theoutcomedor agiven(s; a) pairto calculatethe
currentQ value. A backuptakesjAj Q-comps for example.We do notcomparePPI-4,GDE,andLRTDP
basednthis measureasthey alsoperformothertypesof computation.

IPS typically neededsubstantiallyfewer Q-compsthanVI. On the deterministicproblem(A), VI re-
quired 255 timesasmary Q-compsas|PS, dueto IPS's reductionto Dijkstra's algorithm; VI made7.3

linearsystenthatis dif®cult to solve

Thisis thepolicy choserby anagentwho canchoosethe outcomeof eachaction,ratherthanhaving anoutcomesampledrom
the problemdynamics. The valuefunctionfor this policy canbe computedby ary shortespathalgorithmor A if a heuristicis
available.
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Figure 10: Numberof policy evaluationsteps.

timesasmary Q-compsasPS.On problems(B) through(F), VI on averageneededl5.29timesasmary

Q-compsas|IPS, and5.16timesasmary asPS.On (G??) it needed36 timesasmary Q-compsas IPS.
However, theselarge wins in numberof Q-compsare offset by valueiteration's higher throughput: for

example,on problems(B) through(F) VI averaged27,630Q-compsper millisecond,while PSaveraged
4,033andIPS averaged3,393. PSandIPS will alwayshave somavhat more overheadper Q-compthan
VI. However, replacingthe standardbinary heapwe implementedwith a more sophisticatedilgorithmor

with anapproximatequeuingstratay could greatlyreducethis overheadpossiblyleadingto signi cantly

improved performance.

Figure 11 compareghe numberof Q-compsrequiredto solve serially linked copiesof problem(D):
the x-axisindicatesthe numberof copies,from (D?) to (D). VI still hascompetitive run-timesbecauseét
performsQ-compsmuchfaster On (D®) it averagest1,360Q-compsper millisecond,while PSperforms
only 4,453andIPSonly 3,871.

Overall Performance of Solvers Figure 12 shavs a comparisorof the run-timesof our solverson the
varioustestproblems. Problem(G??) has623,964states shaving that our approachesanscaleto large
problemst® On (G??), the stabilizedbiconjugategradientalgorithmfailed to corverge on theinitial linear
systemgproduceddy PPI-4,sowe insteadusedPPlwhere28initial sweepsveremade(sothattherewasa
reasonabl@olicy to be evaluatedinitially), andthen7 sweepsveremadebetweersubsequentvaluations.

19This experimentwasrun on a different(thoughsimilar) machinethanthe otherexperiments a 3.4GHzPentiumunderLinux
with 1GB of memory
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of problem(D).
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We alsofound that addinga passof standardyreedypolicy improvementafter the sweepsmproved per
formance.Thesechangesoughly balancedhetime spenton sweepingandpolicy improvement.In future
work we hopeto developmoreprincipledandautomaticnethodsor determininghow to split computation
time betweersweepsandpolicy evaluation.We did notrun PS,LRTDP, or GDE on this problem.

Generally our algorithmsdo beston problemsthat are sparselystochastiqonly have randomnesst a
few states)andalsoon domainswheretypical trajectoriesarelong relative to the size of the statespace.
Theselong trajectoriescauseseriousdif culties for methodsthat do not usean ef cient form of policy
evaluation. For similar reasonspur algorithmsdo betteron long, narrav domainsratherthanwide open
ones;thekey factoris again the expectedengthof thetrajectoriesrersusthe sizeof the statespace.

Valueiterationbacled up statesn the orderin which statesvereindexedin theinternalrepresentation;
this orderwasgeneratedby a breadth- rstsearchfrom the startstateto nd all reachablestates While this
orderingprovidesbettercacheperformanceghana randomordering,we ran a minimal setof experiments
andobsened that the naturalorderingperformssomevhat worse (up to 20% in our limited experiments)
thanrandomorderings. Despitethis, we obsened betterthan expectedperformancefor value iteration,
especiallyasit comparego LRTDP andPrioritizedSweeping For example,onthelarge-b  problem(F),
[5] reportsaslightwin for LRTDP over VI, but our experimentsshowv VI beingfaster

Also, GDE's performancaés typically closeto or betterthanthatof PPI-4,excepton problem(B), where
GDE fails dueto moderatelyhigh Il in. Theseresultsare encouragingbecausesDE alreadysometimes
performsbetterthanPPI-4,andcurrentlyGDE is basedn a naive implementatiorof Gaussiarelimination
and sparsematrix code. The literaturein the numericalanalysiscommunity shavs that more advanced
techniquesanyield dramaticspeedupgsee,for example,[13]), andwe hopeto take advantageof thisin
futureversionsof GDE.

7 Discussion

Thesucces®sf Dijkstra's algorithmhasinspiredmary algorithmsfor MDP planningto usea priority queue
to try to schedulevhento visit eachstate.However, noneof thesealgorithmsreduceto Dijkstra's algorithm
if theinputhappendo bedeterministic And, moreimportantly they arenotrobustto the presencef noise
andcyclesin the MDP. For MDPswith signi cant randomnesandcycles,no algorithmbasedon backups
or expansionganhopeto remainef cient. Insteadwe turnto algorithmswhich explicitly solve systemof

linearequationgo evaluatepoliciesor piecesof policies.

We have introduceda family of algorithms—Impreed Prioritized Sweeping Prioritized Policy Itera-
tion, andGauss-Dijkstr&limination—whichretainsomeof the bestfeaturesof Dijkstra's algorithmwhile
integrating varying amountsof policy evaluation. We have evaluatedthesealgorithmsin a seriesof ex-
periments,comparingthemto otherwell-knovn MDP planningalgorithmson a variety of MDPs. Our
experimentsshav thatthe new algorithmscanberobustto noiseandcycles,andthatthey areableto solve
mary typesof problemamoreef ciently thanpreviousalgorithmscould.

For problemswhich arefairly closeto deterministicor with only moderatenoiseandcycles,we recom-
mendImproved Prioritized Sweeping.For problemswith fastmixing timesor shortaveragepathlengths,
valueiterationis hardto beatandis probablythe simplestof all of the algorithmsto implement.For gen-
eraluse,we recommendhe PrioritizedPolicy Iterationalgorithm. It is simpleto implement,andcantake
adwantageof fast,vendorsuppliedinearalgebraroutinesto speedoolicy evaluation.
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