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Abstract

Westudytheproblemof computingtheoptimalvaluefunctionfor aMarkov decisionprocesswith positive
costs. Computingthis function quickly andaccuratelyis a basicstepin many schemesfor decidinghow
to act in stochasticenvironments.Thereareef�cient algorithmswhich computevaluefunctionsfor special
typesof MDPs: for deterministicMDPs with S statesand A actions,Dijkstra's algorithm runs in time
O(AS logS). And, in single-actionMDPs (Markov chains),standardlinear-algebraicalgorithms�nd the
valuefunctionin timeO(S3), or fasterby takingadvantageof sparsityor goodconditioning.Algorithmsfor
solvinggeneralMDPscantakemuchlonger:wearenotawareof any speedguaranteesbetterthanthosefor
comparably-sizedlinearprograms.We presenta family of algorithmswhich reduceto Dijkstra's algorithm
whenappliedto deterministicMDPs,andto standardtechniquesfor solvinglinearequationswhenapplied
to Markov chains. More importantly, we demonstrateexperimentallythat thesealgorithmsperformwell
whenappliedto MDPswhich “almost” have therequiredspecialstructure.
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1 Intr oduction

Weconsidertheproblemof �nding anoptimalpolicy in aMarkov decisionprocesswith non-negativecosts
andazero-cost,absorbinggoalstate.Thisproblemis sometimescalledthestochasticshortestpathproblem.
Let V � betheoptimalstatevaluefunction,andlet Q� betheoptimalstate-actionvaluefunction.Thatis, let
V � (x) betheexpectedcostto reachthegoalwhenstartingat statex andfollowing thebestpossiblepolicy,
andlet Q� (x; a) bethesameexceptthatthe�rst actionmustbea. At all non-goalstatesx andall actionsa,
V � andQ� satisfyBellman'sequations:

V � (x) = min
a2 A

Q� (x; a)

Q� (x; a) = c(x; a) +
X

y2 succ(x;a )

P(y j x; a)V � (y)

whereA is the set of legal actions,c(x; a) is the expectedcost of executingactiona from statex, and
P(y j x; a) is theprobabilityof reachingstatey whenexecutingactiona from statex. Thesetsucc(x; a)
containsall possiblepossiblesuccessorsof statex underaction a, except that the goal stateis always
excluded.1

Many algorithmsfor planningin Markov decisionprocesseswork by maintainingestimatesV andQ
of V � andQ� , andrepeatedlyupdatingtheestimatesto reducethedifferencebetweenthetwo sidesof the
Bellmanequations(calledtheBellmanerror). For example,valueiteration(VI) repeatedlyloopsthrough
all statesx performingbackupoperationsateachone:

for all actionsa

Q(x; a)  c(x; a) +
P

y2 succ(x;a ) P(y j x; a)V (y)

endfor

V (x)  mina2 A Q(x; a)

On theotherhand,Dijkstra'salgorithmusesexpansionoperationsateachstatex instead:

V (x)  mina2 A Q(x; a)

for all (y; b) 2 pred(x)

Q(y; b)  c(y; b) +
P

x02 succ(y;b) P(x0 j y; b)V (x0)

endfor

Herepred(x) is the setof all state-actionpairs(y; b) suchthat takingactionb from statey hasa positive
chanceof reachingstatex. For goodrecentreferenceson valueiterationandDijkstra's algorithm,see[4]
and[7].

Any sequenceof backupsor expansionsis guaranteedto make V andQ converge to the optimal V �

andQ� solong aswe visit eachstatein�nitely often.Of course,somesequenceswill convergemuchmore
quickly thanothers. A wide variety of algorithmshave attemptedto �nd goodstate-visitationordersto
ensurefastconvergence.For example,Dijkstra's algorithmis guaranteedto �nd anoptimalorderingfor a
deterministicpositive-costMDP; for generalMDPs,algorithmslike prioritizedsweeping[17], generalized

1To simplify notation,we have omittedthepossibilityof discounting.A discount
 canbesimulatedby reducingP(y j x; a)
by a factorof 
 for all y 6= goal andincreasingP(goal j x; a) accordingly. We assumethatV � andQ� arewell-de®ned,i.e., that
nostatehasin®nite V� (x).
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Figure 1: A Markov chainfor whichbackup-basedmethodsconvergeslowly. Eachactioncosts1.

prioritized sweeping[1], RTDP [3], LRTDP [6], FocussedDynamicProgramming[12], andHDP [5] all
attemptto computegoodorderings.

Algorithmsbasedon backupsor expansionshave animportantdisadvantage,though:they canbeslow
at policy evaluationin MDPswith evena few stochastictransitions.For example,in theMarkov chainof
Figure1 (which hasonly onestochastictransition),thebestpossibleorderingfor valueiterationwill only
reduceBellmanerrorby 1%with each� vebackups.To �nd theoptimalvaluefunctionquickly for thischain
(or for anMDP whichcontainsit), we turn insteadto methodswhichsolvesystemsof linearequations.

The policy iterationalgorithmalternatesbetweenstepsof policy evaluationandpolicy improvement.
If we �x an arbitrarypolicy andtemporarilyignoreall off-policy actions,the Bellmanequationsbecome
linear. We cansolve this setof linearequationsto evaluateour policy, andsetV to be the resultingvalue
function. Given V , we cancomputea greedypolicy � underV , given by � (x) = argmina Q(x; a). By
�xing a greedypolicy we getanothersetof linearequations,which we canalsosolve to computeaneven
betterpolicy. Policy iterationisguaranteedtoconvergesolongastheinitial policy hasa�nite valuefunction.
Within thepolicy evaluationstepof policy iterationmethods,wecanchooseany of severalwaysto solveour
setof linearequations[18]. For example,wecanuseGaussianelimination,sparseGaussianelimination,or
biconjugategradientswith any of a varietyof preconditioners.We canevenusevalueiteration,althoughas
mentionedabovevalueiterationmaybeaslow way to solve theBellmanequationswhenweareevaluating
a �x edpolicy.

Of thealgorithmsdiscussedabove,nosingleoneis fastatsolvingall typesof Markov decisionprocess.
Backup-basedandexpansion-basedmethodswork well whenthe MDP hasshortor nearlydeterministic
pathswithout muchchanceof cycles,but canconvergeslowly in thepresenceof noiseandcycles. On the
otherhand,policy iterationevaluateseachpolicy quickly, but mayspendwork evaluatingapolicy evenafter
it hasbecomeobviousthatanotherpolicy is better.

This paperdescribesthreenew algorithmswhichblendfeaturesof Dijkstra's algorithm,valueiteration,
andpolicy iteration. In Section2, we describeImproved PrioritizedSweeping.IPS reducesto Dijkstra's
algorithmwhengivenadeterministicMDP, but alsoworkswell onMDPswith stochasticoutcomes.In Sec-
tion 3, we developPrioritizedPolicy Iteration,by extendingIPSby incorporatingpolicy evaluationsteps.
Section4 describesGauss-DijkstraElimination(GDE),which interleavespolicy evaluationandprioritized
schedulingmore tightly. GDE reducesto Dijkstra's algorithmfor deterministicMDPs, and to Gaussian
eliminationfor policy evaluation. In Section6, we experimentallydemonstratethat thesealgorithmsex-
tendtheadvantagesof Dijkstra's algorithmto “mostly” deterministicMDPs,andthatthepolicy evaluation
performedby PPIandGDEspeedsconvergenceonproblemswherebackupsalonewouldbeslow.
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main

queue.clear()

(8x) closed(x)  false

(8x) V (x)  M

(8x; a) Q(x; a)  M

(8a) Q(goal,a)  0

closed(goal)  true

(8x) � (x)  unde�ned

� (goal)= arbitrary

update(goal)

while (notqueue.isempty() )

x  queue.pop()

closed(x)  true

update(x)

endwhile

update(x)

V (x)  Q(x; � (x))

for all (y; b) 2 pred(x)

Qold  Q(y; � (y)) (or M if � (y) unde�ned)
Q(y; b)  c(y; b) +

P
x02 succ(y;b) P(x0 j y; b)V (x0)

if ( (not closed(y)) andQ(y; b) < Qold) )

pri  Q(y; b) (� )

� (y)  b

queue.decreasepriority(y; pri )

endif

endfor

Figure 2: Dijkstra's algorithm,in a notationwhich will allow us to generalizeit to stochasticMDPs. The variable
ªqueueºis a priority queuewhich returnsthesmallestof its elementseachtime it is popped.TheconstantM is an
arbitraryvery largepositivenumber.

2 Impr ovedPrioritized Sweeping

2.1 Dijkstra' sAlgorithm

Dijkstra's algorithmis shown in Figure2. Its basicideais to keepstateson a priority queue,sortedby how
urgentit is to expandthem.Thepriority queueis assumedto supportoperationsqueue.pop() , whichremoves
andreturnsthequeueelementwith numericallylowestpriority; queue.decreasepriority(x; p), which putsx
on thequeueif it wasn't there,or if it wastherewith priority > p setsits priority to p, or if it wastherewith
priority < p doesnothing;andqueue.clear() , whichemptiesthequeue.

In deterministicMarkov decisionprocesseswith positive costs,it is alwayspossibleto �nd a new state
x to expandwhosevaluewecansetto V � (x) immediately. So,in theseMDPs,Dijkstra'salgorithmtouches
eachstateonly oncewhile computingV � , andis thereforeby far thefastestway to �nd acompletepolicy.

In MDPswith stochasticoutcomesfor someactions,it is in generalimpossibleto ef�ciently compute
anoptimalorderfor expandingstates.An optimalorderis onefor which we canalwaysdetermineV � (x)
usingonly V � (y) for statesy which comebeforex in theordering. Even if thereexists suchanordering
(i.e., if thereis anacyclic optimalpolicy), we might needto look at non-localpropertiesof statesto �nd it:
Figure3 shows anMDP with four non-goalstates(numbered1–4)andtwo actions(a andb). In this MDP,
theoptimalpolicy is acyclic with orderingG3214. But, afterexpandingthegoalstate,thereis no way to
tell which of states1 and3 to expandnext: bothhave onedeterministicactionwhich reachesthegoal,and
onestochasticactionthatreachesthegoalhalf thetime andanunexploredstatehalf thetime. If weexpand
eitheronewe will setits policy to actiona andits valueto 10; if we happento choosestate3 we will be
correct,but theoptimalactionfrom state1 is bandV � (1) = 13=2 < 10.

Several algorithms,mostnotablyprioritized sweeping[17] andgeneralizedprioritized sweeping[1],
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Figure3: An MDP whosebeststateorderingis impossibleto determineusingonly localpropertiesof thestates.Arcs
which split correspondto actionswith stochasticoutcomes;for example,takingactionb from state1 reachesG with
probability0:5 and2 with probability0:5.

have attemptedto extendthepriority queueideato MDPswith stochasticoutcomes.Thesealgorithmsgive
up thepropertyof visiting eachstateonly oncein exchangefor solvinga largerclassof MDPs. However,
neitherof thesealgorithmsreduceto Dijkstra's algorithmif the input MDP happensto be deterministic.
Therefore,they potentiallytake far longerto solve a deterministicor nearly-deterministicMDP thanthey
needto. In thenext section,wediscusswhatpropertiesanexpansion-schedulingalgorithmneedsto have to
reduceto Dijkstra'salgorithmondeterministicMDPs.

2.2 GeneralizingDijkstra

We will consideralgorithmswhich replacetheline (� ) in Figure2 by otherpriority calculationsthatmain-
tain thepropertythatwhenthe input MDP is deterministicwith positive edgecostsanoptimalorderingis
produced.If theinputMDP is stochastic,asinglepassof ageneralizedDijkstraalgorithmgenerallywill not
computeV � , sowewill have to runmultiplepasses.Eachsubsequentpasscanstartfrom thevaluefunction
computedby thepreviouspass(insteadof from V(x) = M like the�rst pass),somultiplepasseswill cause
V to convergeto V � . (Likewise,wecansaveQ valuesfrom passto pass.)Wenow considerseveralpriority
calculationsthatsatisfythedesiredproperty.

Lar geChangein Value Thesimpleststatisticwhich allows usto identify completely-determinedstates,
andtheonemostsimilar in spirit to prioritizedsweeping,is how muchthestate's valuewill changewhen
weexpandit. In line (� ) of Figure2, supposethatweset

(1) pri  d(V (y) � Q(y; b))

for somemonotonedecreasingfunctiond(�). Any statey with closed(y) = false(calledanopenstate)will
have V(y) = M in the�rst pass,while closedstateswill have lower valuesof V (y). So,any deterministic
actionleadingto a closedstatewill have lower Q(y; b) thanany actionwhich might leadto anopenstate.
And, any openstatey which hasa deterministicactionb leadingto a closedstatewill be on our queue
with priority at mostd(V (y) � Q(y; b)) = d(M � Q(y; b)) . So, if our MDP containsonly deterministic
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actions,thestateattheheadof thequeuewill theopenstatewith thesmallestQ(y; b)—identicalto Dijkstra's
algorithm.

Notethatprioritizedsweepingandgeneralizedprioritizedsweepingperformbackupsratherthanexpan-
sions,andusea differentestimatesof how mucha state's valuewill changewhenupdated.Namely, they
keeptrackof how muchastate'ssuccessors'valueshavechangedandbasetheirprioritieson thesechanges
weightedby thecorrespondingtransitionprobabilities.Thisapproach,while in thespirit of Dijkstra'salgo-
rithm,doesnotreduceto Dijkstra'salgorithmwhenappliedto deterministicMDPs.Wiering([19]) discusses
thepriority function(1), but hedoesnotprescribetheuniformpessimisticinitializationof thevaluefunction
which is givenin Figure2. Thispessimisticinitialization is necessaryto make(1) reduceto Dijkstra'salgo-
rithm. Otherauthors(for exampleDietterichandFlann([10])) have discussedpessimisticinitialization for
prioritizedsweeping,but only in thecontext of theoriginalnon-Dijkstrapriority schemefor thatalgorithm.

Oneproblemwith thepriority schemeof equation(1) is thatit only reducesto Dijkstra'salgorithmif we
uniformly initialize V (x)  M for all x. If insteadwe passin somenonuniformV(x) � V � (x) (suchas
onewhich we computedin a previouspassof our algorithm,or onewe got by evaluatinga policy provided
by a domainexpert),we maynot expandstatesin thecorrectorderin a deterministicMDP.2 This property
is somewhatunfortunate:by providing strongerinitial bounds,we maycauseour algorithmto run longer.
So,in thenext few subsectionswe will investigateadditionalpriority schemeswhichcanhelpalleviatethis
problem.

Low Upper Bound on Value Anotherstatisticwhich allows usto identify completely-determinedstates
x in Dijkstra'salgorithmis anupperboundonV � (x). If, in line (� ) of Figure2, weset

(2) pri  m(Q(y; b))

for somemonotoneincreasingfunction m(�), then any openstatey which hasa deterministicaction b
leadingto a closedstatewill be on our queuewith priority at mostm(Q(y; b)) . (Note that Q(y; b) is an
upperboundon V � (y) becausewe have initialized V (x)  M for all x.) As before,in a deterministic
MDP, theheadof thequeuewill betheopenstatewith smallestQ(y; b). But, unlike before,this factholds
nomatterhow weinitialize V (solongasV(x) > V � (x)): in adeterministicpositive-costMDP, it is always
safeto expandtheopenstatewith thelowestupperboundon its value.

High Probability of ReachingGoal Dijkstra's algorithmcanalsobeviewedasbuilding a setof closed
states,whoseV � valuesare completelyknown, by startingfrom the goal stateand expandingoutward.
Accordingto this intuition, we shouldconsidermaintainingan estimateof how well-known the valuesof
ourstatesare,andaddingthebest-known statesto ourclosedset�rst.

For this purpose,we canaddextra variablespgoal(x; a) for all statesx andactionsa, initialized to 0
if x is a non-goalstateand1 if x is a goal state.Let us alsoaddvariablespgoal(x) for all statesx, again
initialized to 0 if x is anon-goalstateand1 if x is agoalstate.

To maintainthepgoal variables,eachtimeweupdateQ(y; b) wecanset

pgoal(y; b)  
X

x02 succ(y;b)

P(x0 j y; b)pgoal(x0)

2We needto becarefulpassingin arbitraryV (x) vectorsfor initialization: if thereareany optimalbut underconsistentstates
(stateswhoseV (x) is alreadyequalto V � (x), but whoseV (x) is lessthantheright-handsideof theBellmanequation),thenthe
checkQ(y; b) < V (y) will preventus from pushingthemon thequeueeven thoughtheir predecessorsmaybe inconsistent.So,
suchan initialization for V may causeour algorithmto terminateprematurelybeforeV = V � everywhere. Fortunately, if we
initialize usinga V computedfrom a previouspassof our algorithm,or setV to thevalueof somepolicy, thentherewill be no
optimalbut underconsistentstates,sothisproblemwill notarise.
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And, whenweassignV (x)  Q(x; a) wecanset

pgoal(x)  pgoal(x; a)

(in this case,we will call a theselectedactionfrom x). With thesede�nitions, pgoal(x) will alwaysremain
equalto theprobabilityof reachingthegoal from x by following selectedactionsandat eachstepmoving
from astateexpandedlaterto oneexpandedearlier(wecall suchapathadecreasingpath). In otherwords,
pgoal(x) tells uswhat fractionof our currentestimateV (x) is basedon fully-examinedpathswhich reach
thegoal.

In a deterministicMDP, pgoal will alwaysbeeither0 or 1: it will be0 for openstates,and1 for closed
states.SinceDijkstra's algorithmnever expandsa closedstate,we cancombineany decreasingfunctionof
pgoal(x) with any of theabove priority functionswithout losingour equivalenceto Dijkstra. For example,
wecoulduse

(3) pri  m(Q(y; b); 1 � pgoal(y))

wherem is a two-argumentmonotonefunction.3

In the �rst sweepafter we initialize V (x)  M , priority scheme(3) is essentiallyequivalent to
schemes(1) and(2): thevalueQ(x; a) canbesplit upas

pgoal(x; a)QD (x; a) + (1 � pgoal(x; a))M

whereQD (x; a) is the expectedcost to reachthe goal assumingthat we follow a decreasingpath. That
meansthata fraction1 � pgoal(x; a) of thevalueQ(x; a) will bedeterminedby the largeconstantM , so
state-actionpairswith higherpgoal(x; a) valueswill almostalwayshave lower Q(x; a) values.However, if
we have initialized V (x) in someotherway, thenequation(1) no longerreducesto Dijkstra's algorithm,
while equations(2) and(3) aredifferentbut bothreduceto Dijkstra'salgorithmondeterministicMDPs.

All of the Above Insteadof restrictingourselvesto just oneof the priority functionsmentionedabove,
we cancombineall of them:sincethebeststatesto expandin a deterministicMDP will win on any oneof
theabove criteria,we canuseany monotonefunctionof all of thecriteriaandstill behave like Dijkstra in
deterministicMDPs. For example,we cantake thesumof two of thepriority functions,or theproductof
two positive priority functions;or, we canuseoneof the priorities asthe primary sort key andbreakties
accordingto adifferentone.

Wehaveexperimentedwith severaldifferentcombinationsof priority functions;theexperimentalresults
we reportusethepriority functions

(4) pri1(x; a) =
Q(x; a) � V (x)

Q(x; a) + 1

and

(5) pri2(x; a) = h1 � pgoal(x); pri1(x; a)i

Thepri1 functioncombinesthevaluechangecriterion(1) with theupperboundcriterion(2). It is always
negativeor zero,since0 < Q(x; a) � V (x). It decreaseswhenthevaluechangeincreases(since1=Q(x; a)
is positive), and it increasesas the upperboundincreases(since1=x is a monotonedecreasingfunction
whenx > 0, andsinceQ(x; a) � V (x) � 0).

Thepri2 functionusespgoal asaprimarysortkey andbreakstiesaccordingto pri 1. Thatis, pri2 returns
avectorin R2 whichshouldbecomparedaccordingto lexical ordering(e.g., (3; 3) < (4; 2) < (4; 3)).

3A monotonefunction with multiple argumentsis onewhich alwaysincreaseswhenwe increaseoneof the argumentswhile
holdingtheothers®xed.
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update(x)

V (x)  Q(x; � (x))

for all (y; b) 2 pred(x)

Qold  Q(y; � (y)) (or M if � (y) unde�ned)
Q(y; b)  c(y; b) +

P
x02 succ(y;b) P(x0 j y; b)Q(x0; � (x0))

if (Q(y; b) < Qold)

pri  (Q(y; b) � V (y))=(Q(y; b) + 1)

� (y)  b

if (jV (y) � Q(y; b)j > � )

queue.decreasepriority(y; pri )

endif

endif

endfor

Figure 4: Theupdate functionfor the ImprovedPrioritizedSweepingalgorithm. Themain function is thesameas
for Dijkstra'salgorithm.As before,ªqueueºis apriority min-queueandM is avery largepositivenumber.

2.3 Sweepsvs. Multiple Updates

Thealgorithmswe have describedso far in this sectionmustupdateevery stateoncebeforeupdatingany
statetwice. We canalsoconsidera versionof the algorithmwhich doesnot enforcethis restriction;this
multiple-updatealgorithmsimply skips the check“if not closed(y)” which ensuresthat we don't pusha
previously-closedstateonto the priority queue. The multiple-updatealgorithmstill reducesto Dijkstra's
algorithm when applied to a deterministicMDP: any statewhich is alreadyclosedwill fail the check
Q(y; b) < V (y) for all subsequentattemptsto placeit on thepriority queue.

Experimentally, the multiple-updatealgorithmis fasterthanthe algorithmwhich mustsweepthrough
every stateoncebeforerevisiting any state.Intuitively, thesweepingalgorithmcanwastea lot of work at
statesfar from thegoalbeforeit determinestheoptimalvaluesof statesnearthegoal.

In the multiple-updatealgorithmwe arealwayseffectively in our “�rst sweep,” andso sincewe ini-
tialize uniformly to a large constantM we canreduceto Dijkstra's algorithmby usingpriority pri 1 from
equation(4). Theresultingalgorithmis calledImprovedPrioritizedSweeping;its updatemethodis listed
in Figure4.

We have not mentionedhow oneshouldcheckfor convergencewhena generalizedDijkstra algorithm
is usedon anarbitraryMDP. As is typical for value-functionbasedmethods,we declareconvergencewhen
themaximumBellmanerror (over all states)dropsbelow somepresetlimit � . This is implementedin IPS
by anextra checkthatensuresall stateson thepriority queuehave Bellmanerrorat least� ; whenthequeue
is emptyit is easyto show thatnosuchstatesremain.Similarmethodsareusedfor ourotheralgorithms.
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main()
(8x) V (x)  M , Vold(x)  M
V(goal)  0; Vold(goal)  0
while (true)

(8x) � (x)  unde®ned
�  0
sweep()
if (� < tolerance)

declareconvergence
endif
(8x) Vold(x)  V (x)
V  evaluatepolicy � (x)

endwhile

sweep()
(8x) closed(x)  false
(8x) pgoal (x)  0
closed(goal)  true
update(goal)
while (notqueue.isempty() )

x  queue.pop()
closed(x)  true
update(x)

endwhile

update(x)
for all (y; a) 2 pred(x)

if (closed(y))
Q(y; a)  c(y; a) +

P
x 02 succ(y ;a ) P(x0 j y; a)V (x0)

�  max(� ; V (y) � Q(y; a))
else

for all actionsb
Qold  Q(y; � (y)) (or M if � (y) unde®ned)
Q(y; b)  c(y; b) +

P
x 02 succ(y ;b) P(x0 j y; b)V (x0)

pgoal (y; b)  
P

x 02 succ(y ;b) P(x0 j y; b)pgoal (x0)

+ P(goal j y; b)
if (Q(y; b) < Qold)

V (y)  Q(y; b)
� (y)  b
pgoal (y)  pgoal (y; b)
pri  h1 � pgoal (x); (V (y) � Vold(y))=V(y)i
queue.decreasepriority(y; pri )

endif
endfor

endif
endfor

Figure5: ThePrioritizedPolicy Iterationalgorithm.As before,ªqueueºis apriority min-queueandM is avery large
positivenumber.

3 Prioritized Policy Iteration

The Improved PrioritizedSweepingalgorithmworks well on MDPs which aremoderatelycloseto being
deterministic. Oncewe start to seelarge groupsof stateswith strongly interdependentvalues,therewill
beno expansionorderwhich will allow usto �nd a goodapproximationto V � in a smallnumberof visits
to eachstate. The MDP of Figure1 is an exampleof this problem: becausethereis a cycle which has
highprobabilityandvisitsasigni�cant fractionof thestates,thevaluesof thestatesalongthecycledepend
stronglyoneachother.

To avoid having to expandstatesrepeatedlyto incorporatetheeffectof cycles,wewill turnto algorithms
thatoccasionallydo somework to evaluatethecurrentpolicy. Whenthey do so, they will temporarily�x
thecurrentactionsto make thevaluedeterminationproblemlinear. Thesimplestsuchalgorithmis policy
iteration,which alternatesbetweencompletepolicy evaluation(which solvesan S � S systemof linear
equationsin anS-stateMDP) andgreedypolicy improvement(which picks theactionwhich achievesthe
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minimumon theright-handsideof Bellman'sequationateachstate).
We will describetwo algorithmswhich build on policy iteration.The�rst algorithm,calledPrioritized

Policy Iteration,is thesubjectof thecurrentsection.PPIattemptsto improve on policy iteration's greedy
policy improvementstep,doingasmallamountof extrawork duringthisstepto try to reducethenumberof
policy evaluationsteps.Sincepolicy evaluationis usuallymuchmoreexpensive thanpolicy improvement,
any reductionin thenumberof evaluationstepswill usuallyresultin abettertotalplanningtime. Thesecond
algorithm,whichwewill describein theSection4, triesto interleavepolicy evaluationandpolicy improve-
menton a �ner scaleto provide moreaccurateQ andpgoal estimatesfor picking actionsandcalculating
prioritieson thefringe.

Pseudo-codefor PPI is given in Figure5. Themain loop is identicalto regularpolicy iteration,except
for acall to sweep() ratherthanto agreedypolicy improvementroutine.Thepolicy evaluationstepcanbe
implementedef�ciently by acall to a low-level matrixsolver; sucha low-level solvercantakeadvantageof
sparsityin thetransitiondynamicsby constructinganexplicit LU factorization[11], or it cantakeadvantage
of goodconditioningby usingan iterative methodsuchasstabilizedbiconjugategradients[2]. In either
case,wecanexpectto beableto evaluatepoliciesef�ciently evenin largeMarkov decisionprocesses.

The policy improvementstepis wherewe hopeto beatpolicy iteration. By performinga prioritized
sweepthroughstatespace,sothatwe examinestatesnearthegoalbeforestatesfartheraway, we canbase
many of our policy decisionson multiple stepsof look-ahead.Schedulingthe expansionsin our sweep
accordingto oneof thepriority functionspreviously discussedinsuresPPIreducesto Dijkstra's algorithm:
whenwe run it on a deterministicMDP, the�rst sweepwill computeanoptimalpolicy andvaluefunction,
andwill neverencounteraBellmanerrorin aclosedstate.So� will be0 attheendof thesweep,andwewill
passtheconvergencetestbeforeevaluatingasinglepolicy. On theotherhand,if therearenoactionchoices
thenPPIwill not bemuchmoreexpensive thansolvinga singlesetof linearequations:theonly additional
expensewill be the costof the sweep. If B is a boundon the numberof outcomesof any action, then
this cost is O((B A)2S logS), typically muchlessexpensive thansolving the linear equations(assuming
B ; A << S). For PPI,wechoseto usethepri 2 schedulefrom equation(5). Unlikepri 1 (equation(4)), pri 2
forcesusto expandstateswith highpgoal �rst, evenwhenwehaveinitializedV to thevalueof anear-optimal
policy.

In order to guaranteeconvergence,we needto set � (x) to a greedyactionwith respectto V before
eachpolicy evaluation.Thusin theupdate(x) methodof PPI,for eachstatey for which thereexistssome
actionthatreachesx, were-calculateQ(y; b) valuesfor all actionsb. In IPS,weonly calculatedQ(y; b) for
actionsb that reachx. The extra work is necessaryin PPI becausethe storedQ valuesmay be unrelated
to the currentV (which wasupdatedby policy evaluation),andso otherwise� (x) might not be set to a
greedyaction.OtherQ-valueupdateschemesarepossible,4 andwill leadto convergenceaslongasthey �x
a greedypolicy. Notealsothatextra work is doneif theloopsin update arestructuredasin Figure5; with
aslight reductionin clarity, they canbearrangedsothateachpredecessorstatey is backeduponly once.

Oneimportantadditionaltweakto PPI is to performmultiple sweepsbetweenpolicy evaluationsteps.
Sincepolicy evaluationtendsto bemoreexpensive, this allows a bettertradeoff to bemadebetweenevalu-
ationandimprovementvia expansions.

In futurework we intendto investigatewhetherwe can�nd betterpoliciesmoreef�ciently by allowing
ourselvesto updatesomestatesmultiple timeswhile visiting othersonly once.Directly pluggingin amulti-
updatealgorithmsuchasImproved PrioritizedSweepingis unlikely to provide a speedup,sincesuchan

4For example,weexperimentedwith only updatingQ(y; b) whenP(x j y; b) > 0 in updateandthendoingasinglefull backup
of eachstateafterpoppingit from thequeue,ensuringagreedypolicy. Thisapproachwasonaverageslower thantheonepresented
above.
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algorithmmaydo a lot of work beforeit visits all statesonce;but, it maybeadvantageousto run a single
sweep,save the list of inconsistentstatesencounteredduring that sweep,andthenstartan algorithmlike
IPSfrom thatlist.

Anotherpossibleoptimizationwhich we hopeto try is to restrictsomepolicy evaluationsto a subset
of thestates.By �xing a reducedsetof states(calledanenvelope[9]) which containsmostly “important”
states,wecanhopeto gainmostof thebene�tsof policy evaluationata fractionof thecost.Therearemany
waysto pick anenvelope;for example,theLAO* algorithm[14] is onepopularone.

4 Gauss-Dijkstra Elimination

TheGauss-DijkstraEliminationalgorithmcontinuesthethemeof takingadvantageof bothDijkstra's algo-
rithm andef�cient policy evaluation,but it interleavesthematadeeperlevel.

GaussianElimination and MDPs Fixing a policy � for anMDP producesa Markov chainanda vector
of costsc. If our MDP hasS states(not includingthegoalstate),let P � betheS � S matrix with entries
P �

xy = P(y j x; � (x)) for all x; y 6= goal. Findingthevaluesof theMDP underthegivenpolicy reducesto
solvingthelinearequations

(I � P � )V = c

To solve theseequations,we canrun Gaussianeliminationandbacksubstitutionon the matrix (I � P � ).
GaussianeliminationcallsrowEliminate(x) (de�ned in Figure6, where� is initialized to P � andw to c)
for all x from 1 to S in order,5 zeroingout thesubdiagonalelementsof (I � P � ). Backsubstitutioncalls
backsubstitute(x) for all x from S down to 1 to compute(I � P � ) � 1c. In Figure6, � x� denotesthex' th
row of � , and� y� denotesthey' th row. We show updatesto pgoal(x) explicitly, but it is easyto implement
theseupdatesasanextradensecolumnin � .

To seewhy Gaussianeliminationworks fasterthanBellmanbackupsin MDPs with cycles,consider
again the Markov chainof Figure1. While valueiterationreducesBellmanerror by only 1% per sweep
on this chain,Gaussianeliminationsolvesit exactly in a singlesweep.Thestarting(I � P � ) matrix andc
vectorare: 2

6
6
6
6
4

1 0 0 0 � 0:99 � 0:01
� 1 1 0 0 0 0
0 � 1 1 0 0 0
0 0 � 1 1 0 0
0 0 0 � 1 1 0

3

7
7
7
7
5

;

2

6
6
6
6
4

1
1
1
1
1

3

7
7
7
7
5

(for clarity, we have shown � pgoal(x) as an additionalcolumn separatedby a bar). The �rst call to
rowEliminate changesrow 2 to:

�
0 1 0 0 � 0:99 � 0:01

�
;

�
100

�

Wecaninterpretthismodi�ed row 2 asamacro-action:westartfrom state2 andexecuteourpolicy until we
reacha stateotherthan1 or 2. (In this case,we will endup at thegoalwith probability0.01andin state5
with probability0.99.)Eachsubsequentcall to rowEliminate zerosout oneof the� 1s below thediagonal
andde�nesanothermacro-actionof theform “start in statei andexecuteuntil we reacha stateotherthan1

5Usingthe� representationcausesa few minor changesto theGaussianeliminationcode,but it hastheadvantagethat(� ; w)
canalwaysbeinterpretedasa Markov chainwhich is hasthesamevaluefunctionastheoriginal (P � ; c). Also, for simplicity we
will not considerpivoting; if � is aproperpolicy then(I � �) will alwayshaveanonzeroentryon thediagonal.
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throughi .” After four callsweareleft with
2

6
6
6
6
4

1 0 0 0 � 0:99 � 0:01
0 1 0 0 � 0:99 � 0:01
0 0 1 0 � 0:99 � 0:01
0 0 0 1 � 0:99 � 0:01
0 0 0 � 1 1 0

3

7
7
7
7
5

;

2

6
6
6
6
4

1
2
3
4
1

3

7
7
7
7
5

Thelastcall to rowEliminate zerosout thelastsubdiagonalelement(in line (1)), settingrow 5 to:

(6)
�

0 0 0 0 0:01 � 0:01
�

;
�
5
�

Thenit dividesthewholerow by 0:01 (line (2)) to get:

(7)
�

0 0 0 0 1 � 1
�

;
�
500

�

Thedivision accountsfor the fact thatwe mayvisit state5 multiple timesbeforeour macro-actiontermi-
nates:equation(6) describesa macro-actionwhich hasa 99%chanceof self-loopingandendingup back
in state5, while equation(7) describesthemacro-actionwhich keepsgoingaftera self-loop(anaverageof
100times)andonly stopswhenit reachesthegoal.

At thispointwehavede�ned amacro-actionfor eachstatewhich is guaranteedto reacheitherahigher-
numberedstateor thegoal.WecanimmediatelydeterminethatV � (5) = 500, sinceits macro-actionalways
reachesthegoaldirectly. Knowing thevalueof state5 letsusdetermineV � (4), andso forth: eachcall to
backsubstitutetellsusthevalueof at leastoneadditionalstate.

Notethat thereareseveralpossiblewaysto arrangetheeliminationcomputationsin Gaussianelimina-
tion. Ourexampleshows row Gaussianelimination,6 in whichweeliminatethe�rst k � 1 elementsof row
k by usingrows 1 throughk � 1; theadvantageof usingthis orderingfor GDE is thatwe neednot �x an
actionfor statex until wepopit from thepriority queueandeliminateits row.

Gauss-Dijkstra Elimination Gauss-Dijkstraeliminationcombinesthe above Gaussianeliminationpro-
cesswith aDijkstra-stylepriority queuethatdeterminestheorderin whichstatesareselectedfor elimination.
Themainloop is thesameastheonefor PPI,exceptthatthepolicy evaluationcall is removedandsweep()
is replacedby GaussDijkstraSweep() . Pseudo-codefor GaussDijkstraSweep() is givenin Figure6.

Whenx is poppedfrom thequeue,its actionis �x ed to a greedyaction. Theoutcomedistribution for
this actionis usedto initialize � x�, androw eliminationtransforms� x� andw(x) into a macro-actionas
describedabove. If � x;goal = 1, thenwe fully know thestate's value;this will alwayshappenfor thejSjth
state,but mayalsohappenearlier. We do immediatebacksubstitutionwhenthis occurs,which eliminates
somenon-zerosabove thediagonalandpossiblycausesotherstates'valuesto becomeknown. Immediate
backsubstitutionensuresthat V (x) and pgoal(x) are updatedwith the latest information, improving our
priority estimatesfor stateson thequeueandpossiblysaving uswork later (for example,in thecasewhen
our transitionmatrix is block lower triangular, we automaticallydiscover that we only needto factor the
blockson thediagonal).Finally, all predecessorsof thestatepoppedandany stateswhosevaluesbecame
known areupdatedusingtheupdate() routinefor PPI(in Figure5).

SinceS canbe large, � will usuallyneedto be representedsparsely. Assuming� is storedsparsely,
GDE reducesto Dijkstra's algorithm in the deterministiccase;it is easyto verify the additionalmatrix
updatesrequireonly O(S) work. In ageneralMDP, initially it takesnomorememoryto represent� thanit
doesto storethedynamicsof theMDP, but theeliminationstepscanintroducemany additionalnon-zeros.

6Thissequenceis calledtheDoolittle orderingwhenusedto computeaLU factorization.
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main()

(8x) V (x)  M

V(goal)  0

while (true)

(8x) � (x)  unde�ned

GaussDijkstraSweep()

if ((maxL 1 bellmanerror)< tolerance)

declareconvergence

endif

endwhile

GaussDijkstraSweep()

while (notqueue.empty())

x  queue.pop()

� (x)  argmina Q(x; a)

(8y) � xy  P(y j x; � (x))

w(x)  c(x; � (x))

rowEliminate(x)

V (x)  (� x�) � V + w(x)

F = f xg

if (� x;goal = 1)

backsubstitute(x)

endif

(8y 2 F ) update(y)

endwhile

backsubstitute(x)

for eachy suchthat� yx > 0 do

pgoal(x)  pgoal(x) + � yx

w(y)  w(y) + � yxV(x)

� yx  0

if (pgoal(y) = 1)

backsubstitute(y)

F  F [ f yg

endif

endfor

rowEliminate(x)

for y from 1 to x-1 do

w(x)  w(x) + � xy w(y)

� x�  � x� + � xy � y� (1)

pgoal(x)  pgoal(x) + � xy pgoal(y)

� xy  0

endfor

w(x)  w(x)=(1 � � xx )

� x�  � x�=(1 � � xx ) (2)

� xx  0

pgoal(x)  pgoal(x)=(1 � � xx )

Figure 6: Gauss-DijkstraElimination

Thenumberof suchnew non-zerosis greatlyaffectedby theorderin which theeliminationsareperformed.
Thereis avastliteratureon techniquesfor �nding suchorderings;agoodintroductioncanbefoundin [11].
Oneof themainadvantagesof GDE seemsto be that for practicalproblems,theprioritizationcriteriawe
presentproducegoodeliminationordersaswell aseffectivepolicy improvement.

Our primaryinterestin GDE stemsfrom thewide rangeof possibilitiesfor enhancingits performance;
evenin thenaive form outlinedit is usuallycompetitivewith PPI.Weanticipatethatdoing“early” backsub-
stitutionwhenstates'valuesaremostlyknown (high pgoal(x)) will produceevenbetterpoliciesandhence
fewer iterations.Further, the interpretationof rows of � asmacro-actionssuggeststhat cachingtheseac-
tionsmayyield dramaticspeed-upswhenevaluatingtheMDP with adifferentgoalstate.Theusefulnessof
macro-actionsfor thispurposewasdemonstratedby Dean& Lin ([8]). A convergence-checkingmechanism
suchasthoseusedby LRTDPandHDP[6, 5] couldalsobeusedbetweeniterationsto avoid repeatingwork
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on portionsof the statespacewherean optimal policy andvaluefunctionarealreadyknown. The key to
makingGDE widely applicable,however, probablylies in appropriatethresholdingof valuesin � , so that
transitionprobabilitiesnearzeroarethrown out whentheir contribution to theBellmanerror is negligible.
Our currentimplementationdoesnot do this, so while its performanceis goodon many problems,it can
performpoorlyonproblemsthatgeneratelotsof �ll-in.

5 Incr ementalexpansions

In describingIPS,PPI,andGDE we have touchedon a numberof methodsof updatingV andQ values.
In summary:Valueiterationiterationrepeatedlybacksup statesin anarbitraryorder. Prioritizedsweeping
backsup statesin an orderdeterminedby a priority queue. PPI andGDE alsopop statesfrom a prior-
ity queue,but ratherthanbackingup the poppedstate,they backupup all of its predecessors.IPS pops
statesfrom a priority queue,but insteadof fully backingup thepredecessorsof thepoppedstatex, it only
recomputesQ valuesfor actionsthatmight reachx.

Hereweprovideamorethoroughaccountingof theexpansionmechanismusedby IPS.Supposeweare
givenaninitial upperboundVold onV � . Then,wecande�ne Q by

Q(x; a) = c(x; a) +
X

y

P(y j x; a)Vold(y)

andthenVnew by Vnew(x) = mina Q(x; a). Note that ratherthanstoringVnew we cansimply storeQ and
� (x), thegreedypolicy with respectto Vold. Ourgoalin anexpansionoperationis to setVold(x)  Vnew(x),
andthenupdateQ so it re�ects this change,andthenupdateVnew so thatagain Vnew(x) = mina Q(x; a).
Perhapstheeasiestway to ensurethispropertyis via a full expansionof thestatex:

Vold(x)  Q(x; � (x))

for all (y; b) 2 pred(x)

Q(y; b)  c(y; b) +
P

x02 succ(y;b) P(x0 j y; b)Vold(x0)

if (Q(y; b) < Q(y; � (y)) )

� (y)  b

endif

endfor

Doing sucha full expansionrequiresO(B ) work perpredecessorstate-actionpair. We canaccomplishthe
sametaskwith O(1) work if we assumewithout lossof generality(8x; a) P(x j x; a) = 0, andperforman
incrementalexpansion:

�( x)  Q(x; � (x)) � Vold(x)

for all (y; b) 2 pred(x)

Q(y; b)  Q(y; b) + P(x j y; b)�( x)

if (Q(y; b) < Q(y; � (y)) )

� (y)  b

endif

endfor

Vold(x)  Q(x; � (x))

13



However, whendoinga full expansion,we have a betteroption for calculatingQ(y; b) thantheonegiven
above. We canupdateQ(y; b) usingQ(x0; � (x0)) in placeof Vold(x0), andthis may offer a tighter upper
boundbecauseQ(x0; � (x0)) � V (x0) whenwe pessimisticallyinitialize. In our experiments,this method
provedsuperiorto doingincrementalexpansions,andit is themethodusedby ImprovedPrioritizedSweep-
ing (seeFigure4 for the code). However, on certainproblemsincrementalexpansionsmay give superior
performance.IPSbasedon incrementalexpansionstendsto do moreupdates(at lower cost)andsopriority
queueoperationsaccountfor a larger fractionof its runningtimes. Thus,fastapproximatepriority queues
mightoffer asigni�cant advantageto incrementalIPSimplementations.

One�nal implementationnote.Our pseudocodefor IPSandPPI indicatesthatQ valuesfor all actions
arestored.While this is necessaryif incrementalexpansionsareperformed,we do full expansionsso the
extra storageis not required.It is suf�cient to storea singlevaluefor eachstate,which takestheplaceof
Qold andV in thepseudocode;newly calculatedQ(y; b) valuescanbereplacedby atemporaryvariable;the
valueis only relevant if it causesV (y) to change,in which casewe immediatelyassignV(y) thevalueof
thetemporaryfor Q(y; b) ratherthanwaitinguntil y is poppedfrom thequeue.

6 Experiments

We implementedIPS, PPI, andGDE andcomparedthemto VI, PrioritizedSweeping,andLRTDP. All
algorithmswereimplementedin Java 1.5.0andtestedon a 3GhzIntel machinewith 2GB of mainmemory
underLinux.

Our PPI implementationusesa stabilizedbiconjugategradientsolver with an incompleteLU precon-
ditionersasimplementedin the Matrix Toolkit for Java [15]. No native or optimizedcodewasused;us-
ing architecture-tunedimplementationsof theunderlyinglinearalgebraicroutinescouldgive a signi�cant
speedup.

For LRTDP we speci�ed a few reasonablestartstatesfor eachproblem. Typically LRTDP converged
afterlabelingonly asmallfractionof thethestatespaceassolved,up to about25%onsomeproblems.

6.1 Experimental Domain

Wedescribeexperimentsin adiscrete4-dimensionalplanningproblemthatcapturesmany importantissues
in mobile robot pathplanning. Our domaingeneralizesthe racetrackdomaindescribedpreviously in [3,
6, 5, 14]. A statein this problemis describedby a 4-tuple, s = (x; y; dx; dy), where(x; y) gives the
location in a 2D occupancy map,and(dx; dy) gives the robot's currentvelocity in eachdimension. On
eachtime step,theagentselectsanaccelerationa = (ax; ay) 2 f� 1; 0; 1g2 andhopesto transitionto state
(x + dx; y + dy; dx + ax; dy + ay). However, noiseandobstaclescanaffect theactualresultstate.If the
line from (x; y) to (x + dx; y + dy) in theoccupancy grid crossesanoccupiedcell, thentherobot“crashes,”
moving to thecell justprior to theobstacleandlosingall velocity. (Therobotdoesnot resetto thestartstate
asin someracetrackmodels.)Additionally, therobotmaybeaffectedby severaltypesof noise:

� Action Failur eWith probabilityf p, therequestedaccelerationfailsandthenext stateis (x + dx; y +
dy; dx; dy).

� Local NoiseTo modelthefactthatsomepartsof theworld aremorestochasticthanothers,we mark
certaincells in the occupancy grid as “noisy,” alongwith a designateddirection. When the robot
crossessucha cell, it hasa probability f ` of experiencinganaccelerationof magnitude1 or 2 in the
designateddirection.
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jSj f p f ` % determ O notes
A 59,780 0.00 0.00 100.0% 1.00 determ
B 96,736 0.05 0.10 17.2% 2.17 jAj = 1
C 11,932 0.20 0.00 25.1% 4.10 f h = 0:05
D 10,072 0.10 0.25 39.0% 2.15 cycle
E 96,736 0.00 0.20 90.8% 2.41
F 21,559 0.20 0.00 34.5% 2.00 large-b
G 27,482 0.10 0.00 90.4% 3.00

Figure7: Testproblemssizesandparameters.

� One-waypassagesCellsmarkedas“one-way” haveaspeci�eddirection(north,south,east,or west),
andcanonly be crossedif the agentis moving in the indicateddirection. Any non-zerovelocity in
anotherdirectionresultsin acrash,leaving theagentin theone-waystatewith zerovelocity.

� High-velocity noiseIf the robot's velocity surpassesan L 2 threshold,it incursa randomaccelera-
tion on eachtime stepwith probability f h . This accelerationis chosenuniformly from f� 1; 0; 1g2,
excludingthe(0; 0) acceleration.

Theseadditionsto the domainsallow us to capturea wider variety of planningproblems. In particular,
kinodynamicpathplanningfor mobilerobotsgenerallyhasmorenoise(morepossibleoutcomesof a given
actionaswell ashigherprobability of departurefrom the nominalcommand)thanthe original racetrack
domainallows. Action failure and high-velocity noisecan be causedby wheelsslipping, delaysin the
control loop, bumpy terrain,andso on. One-way passagescanbe usedto model low curbsor othermap
featuresthat canbe passedin only onedirectionby a wheeledrobot. And, local noisecanmodela robot
driving acrossslopedterrain:downhill accelerationsareeasierthanuphill ones.

Figure7 summarizesthe parametersof the testproblemswe used.The “% determ”columnindicates
the percentageof (s;a) pairswith deterministicoutcomes.7 The O columngivesthe averagenumberof
outcomesfor non-deterministictransitions.All problemshave 9 actionsexceptfor (B), which is a policy
evaluationproblem.Problem(C) hashigh velocity noise,with a thresholdof

p
2 + � . Figure8 shows the

2D world mapsfor mostof theproblems.
To constructlarger problemsfor someof our experiments,we considerlinking copiesof an MDP in

seriesby makingthegoalstateof thei th copy transitionsto thestartstateof the(i + 1)st copy. We indicate
k serialcopiesof anMDP M by M k , sofor example22copiesof problem(G) is denoted(G22).

6.2 Experimental Results

Effects of Local Noise First, we consideredthe effect of increasingthe randomnessf ` and f p for the
�x edmap(G), asmallerversionof (B). One-waypassagesgive thiscomplex mapthepossibilityfor cycles.
Figure9 shows therun times(y-axis)of severalalgorithmsplottedagainstf p. Theparameterf ` wassetto
0:5f p for eachtrial.

Theseresultsdemonstratethe catastrophiceffect increasednoisecanhave on the performanceof VI.
For low-noiseproblems,VI convergesreasonablyquickly, but asnoiseis increasedtheexpectedlengthof
trajectoriesto thegoalgrows, andVI' s performancedegradesaccordingly. IPSperformssomewhatbetter

7Our implementationusesa deterministictransitionto applythecollision cost,soall problemshave somedeterministictransi-
tions.
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Figure8: Somemapsusedfor testexperiments;mapsarenotdrawn to thesamescale.Problem(E) usesthesamemap
as(B). Problem(G) usesasmallerversionof map(B). Specialstates(one-waypassages,localnoise)areindicatedby
light grey symbols;contacttheauthorsfor full mapspeci®cations.

overall,but it suffersfrom thissameproblemasthenoiseincreases.However, PPI'suseof policy evaluation
stepsquickly propagatesvaluesthroughthesecycles,andsoits performanceis almosttotally unaffectedby
theadditionalnoise.PPI-4beatsVI onall trials. It winsby afactorof 2.4with f p = 0:05; andwith f p = 0:4
PPI-4is 29 timesfasterthanVI.

Thedip in runtimesfor LRTDP is probablydueto changesin theoptimalpolicy, andthenumberand
orderin which statesareconverged. Con�denceintervalsaregivenfor LRTDP only, asit is a randomized
algorithm.Thedeterministicalgorithmswererunmultipletimes,anddeviationsin runtimeswerenegligible.

Number of Policy Evaluation Steps Policy iterationis an attractive algorithmfor MDPs wherepolicy
evaluationvia backupsor expansionsis likely to be slow. It is well known that policy iterationtypically
convergesin few iterations.However, Figure10showsthatouralgorithmscangreatlyreducethenumberof
iterationsrequired.In problemswherepolicy evaluationis expensive, this canprovide a signi�cant overall
savingsin computationtime.

Thenumberof iterationsthat standardpolicy iterationtakesto convergedependson the initial policy.
We experimentedwith initializing to the uniform stochasticpolicy,8 randompoliciesthat at leastgive all

8This is apoorinitializationnotonly becauseit is anill-advisedpolicy, but alsobecauseit oftenproducesapoorly-conditioned
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Figure 9: Effect of local noiseon solutiontime. The leftmostdatapoint is for thedeterministicproblem.Note that
PPI-4exhibitsalmostconstantruntimeevenasnoiseis increased.

states�nite value,andthe optimal policy for the deterministicrelaxationof the problem.9 The choiceof
initial policy rarelychangedthenumberof iterationsby morethan2 or 3 iterations,andin almostall cases
initializing with thepolicy from thedeterministicrelaxationgavethebestperformance.Policy iterationwas
initialized in thisway for theresultsin Figure10.

Wecomparepolicy iterationto PPI,whereweuseeither1,2,or 4 sweepsof Dijkstrapolicy improvement
betweeniterations.WealsoranGDEontheseproblems.Typically it requiredthesamenumberof iterations
asPPI,but wehopeto improveuponthisperformancein futurework.

Q-value Computations Our implementationareoptimizednot for speedbut for easeof use,instrumen-
tation,andmodi�cation. We expectour algorithmsto bene�t muchmorefrom tuningthanvalueiteration.
To show this potential,we compareIPS,PS,andVI on the numberof Q-valuecomputations(Q-comps)
they perform.A singleQ-compmeansiteratingoverall theoutcomesfor agiven(s;a) pair to calculatethe
currentQ value.A backuptakesjAj Q-comps,for example.We do not comparePPI-4,GDE,andLRTDP
basedon thismeasure,asthey alsoperformothertypesof computation.

IPS typically neededsubstantiallyfewer Q-compsthanVI. On the deterministicproblem(A), VI re-
quired255 timesasmany Q-compsas IPS, dueto IPS's reductionto Dijkstra's algorithm; VI made7.3

linearsystemthatis dif®cult to solve
9This is thepolicy chosenby anagentwhocanchoosetheoutcomeof eachaction,ratherthanhaving anoutcomesampledfrom

theproblemdynamics.Thevaluefunction for this policy canbecomputedby any shortestpathalgorithmor A � if a heuristicis
available.
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Figure 10: Numberof policy evaluationsteps.

timesasmany Q-compsasPS.On problems(B) through(F), VI on averageneeded15.29timesasmany
Q-compsasIPS, and5.16 timesasmany asPS.On (G22) it needed36 timesasmany Q-compsasIPS.
However, theselarge wins in numberof Q-compsare offset by value iteration's higher throughput: for
example,on problems(B) through(F) VI averaged27,630Q-compsper millisecond,while PSaveraged
4,033andIPS averaged3,393. PSandIPS will alwayshave somewhat moreoverheadper Q-compthan
VI. However, replacingthe standardbinary heapwe implementedwith a moresophisticatedalgorithmor
with anapproximatequeuingstrategy couldgreatlyreducethis overhead,possiblyleadingto signi�cantly
improvedperformance.

Figure11 comparesthe numberof Q-compsrequiredto solve serially linked copiesof problem(D):
thex-axis indicatesthenumberof copies,from (D1) to (D8). VI still hascompetitive run-timesbecauseit
performsQ-compsmuchfaster. On (D8) it averages41,360Q-compspermillisecond,while PSperforms
only 4,453andIPSonly 3,871.

Overall Performance of Solvers Figure12 shows a comparisonof the run-timesof our solverson the
varioustestproblems.Problem(G22) has623,964states,showing that our approachescanscaleto large
problems.10 On (G22), thestabilizedbiconjugategradientalgorithmfailedto convergeon the initial linear
systemsproducedby PPI-4,sowe insteadusedPPIwhere28 initial sweepsweremade(sothattherewasa
reasonablepolicy to beevaluatedinitially), andthen7 sweepsweremadebetweensubsequentevaluations.

10This experimentwasrun on a different(thoughsimilar) machinethantheotherexperiments,a 3.4GHzPentiumunderLinux
with 1GBof memory.
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Figure 11: Comparisonof numberof Q-computationsperformedby IPS,PS,andVI to solve serially-linkedcopies
of problem(D).

A  (4.37s) B  (76.00s) C  (5.55s) D  (28.15s) E  (90.75s) F  (3.80s) G22  (675.12s)
0

0.2

0.4

0.6

0.8

1

Problem

F
ra

ct
on

 o
f l

on
ge

st
 ti

m
e

PPI�4
IPS
GDE
VI
LRTDP
PS

Figure 12: Comparisonof a selectionof algorithmson representative problems.Problem(A) is deterministic,and
Problem(B) requiresonly policy evaluation.Resultsarenormalizedto show thefractionof thelongestsolutiontime
takenby eachalgorithm. On problems(B) and(E), theslowestalgorithmswerestoppedbeforethey hadconverged.
LRTDP is not chargedfor timespentcalculatingits heuristic,which is negligible in all problemsexcept(A).
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We alsofound that addinga passof standardgreedypolicy improvementafter the sweepsimproved per-
formance.Thesechangesroughlybalancedthetime spenton sweepingandpolicy improvement.In future
work wehopeto developmoreprincipledandautomaticmethodsfor determininghow to split computation
timebetweensweepsandpolicy evaluation.Wedid not runPS,LRTDP, or GDEon thisproblem.

Generally, our algorithmsdo beston problemsthataresparselystochastic(only have randomnessat a
few states)andalsoon domainswheretypical trajectoriesarelong relative to the sizeof the statespace.
Theselong trajectoriescauseseriousdif�culties for methodsthat do not usean ef�cient form of policy
evaluation. For similar reasons,our algorithmsdo betteron long, narrow domainsratherthanwide open
ones;thekey factoris again theexpectedlengthof thetrajectoriesversusthesizeof thestatespace.

Valueiterationbackedup statesin theorderin whichstateswereindexedin theinternalrepresentation;
this orderwasgeneratedby a breadth-�rstsearchfrom thestartstateto �nd all reachablestates.While this
orderingprovidesbettercacheperformancethana randomordering,we rana minimal setof experiments
andobserved that the naturalorderingperformssomewhat worse(up to 20% in our limited experiments)
than randomorderings. Despitethis, we observed betterthan expectedperformancefor value iteration,
especiallyasit comparesto LRTDPandPrioritizedSweeping.For example,on thelarge-b problem(F),
[5] reportsaslightwin for LRTDPoverVI, but ourexperimentsshow VI beingfaster.

Also, GDE'sperformanceis typically closeto or betterthanthatof PPI-4,exceptonproblem(B), where
GDE fails dueto moderatelyhigh �ll in. TheseresultsareencouragingbecauseGDE alreadysometimes
performsbetterthanPPI-4,andcurrentlyGDE is basedon a naive implementationof Gaussianelimination
and sparsematrix code. The literaturein the numericalanalysiscommunityshows that more advanced
techniquescanyield dramaticspeedups(see,for example,[13]), andwe hopeto take advantageof this in
futureversionsof GDE.

7 Discussion

Thesuccessof Dijkstra'salgorithmhasinspiredmany algorithmsfor MDP planningto useapriority queue
to try to schedulewhento visit eachstate.However, noneof thesealgorithmsreduceto Dijkstra'salgorithm
if theinputhappensto bedeterministic.And, moreimportantly, they arenot robustto thepresenceof noise
andcyclesin theMDP. For MDPswith signi�cant randomnessandcycles,no algorithmbasedon backups
or expansionscanhopeto remainef�cient. Instead,we turn to algorithmswhichexplicitly solvesystemsof
linearequationsto evaluatepoliciesor piecesof policies.

We have introduceda family of algorithms—Improved PrioritizedSweeping,PrioritizedPolicy Itera-
tion, andGauss-DijkstraElimination—whichretainsomeof thebestfeaturesof Dijkstra's algorithmwhile
integratingvarying amountsof policy evaluation. We have evaluatedthesealgorithmsin a seriesof ex-
periments,comparingthem to other well-known MDP planningalgorithmson a variety of MDPs. Our
experimentsshow thatthenew algorithmscanberobustto noiseandcycles,andthatthey areableto solve
many typesof problemsmoreef�ciently thanpreviousalgorithmscould.

For problemswhicharefairly closeto deterministicor with only moderatenoiseandcycles,we recom-
mendImprovedPrioritizedSweeping.For problemswith fastmixing timesor shortaveragepathlengths,
valueiterationis hardto beatandis probablythesimplestof all of thealgorithmsto implement.For gen-
eraluse,we recommendthePrioritizedPolicy Iterationalgorithm. It is simpleto implement,andcantake
advantageof fast,vendor-suppliedlinearalgebraroutinesto speedpolicy evaluation.
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