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Abstract

In this paper, we considertheproblemof reconstructingnear-perfectphylogenetictreesusingbinarychar-
acters. A perfectphylogeny assumesthat every charactermutatesat mostoncein the evolutionary tree.
Thealgorithmfor reconstructinga perfectphylogeny for binarycharactersis computationallyef�cient but
impracticalin mostrealsettings.A near-perfectphylogeny relaxesthis assumptionby allowing characters
to mutatea constantnumberof times. We show that if thenumberof additionalmutationsrequiredby the
near-perfectphylogeny is boundedby � , thenwecanreconstructtheoptimalnear-perfectphylogenetictree
in time �

	�

���������

�

where
�

is thenumberof taxaand
�

is thenumberof characters.This is a signi�cant
improvementover thepreviousbestresultof

���
	�
����

�

	�

�
�����

�

where � is thenumberof statespercharacter
(2 for binary).This improvementcouldleadto the�rst practicalphylogenetictreereconstructionalgorithm
that is bothcomputationallyfeasibleandbiologically meaningful.We �nally outlinea methodto improve
theboundto �

	�

���
���

�

.
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1 Intr oduction

Oneof the classicalproblemsof computationalbiology is to reconstructan evolutionarytreefor a setof
taxabasedon characterdata.Parsimony is oneof thewidely usedmetricsto solve theproblem.It hasbeen
known to beparticularlyusefulin thecasewhentheevolutionarytreereconstructedis overashortperiodof
time.

We borrow someof the following de�nitions andnotationsfrom [5]. Theinput to theproblemis gen-
erally representedby a matrix � whererows � arestringsof statescorrespondingto taxa. The columns

�������
	������
	

���

arereferredto ascharacters.Thesetof statescorrespondingto any character� is denoted
by ��� , thereforeevery taxon �����

���

�����

�

��� . In a phylogenetictree,eachvertex � correspondsto a
taxonandhasanassociatedlabel ��� �"!#�$�

�%�

�����

�

�&� . Weusethetermsphylogeny, phylogenetictreeor
just treeinterchangeably.
De�nition 1: A phylogenyfor asetof

�

taxa � is a tree '&�)(

	+*

! with thefollowing properties:

1. if a taxon �,�-� then �.�-���)(/�0'�!�!

2. for all � 1

	

�"!2�

*

�0'3! , 4��5�6� 17!

	

��� �"!�!

���

where4 is thehammingdistance

De�nition 2: Thelengthof a phylogeny ' , �98
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De�nition 3: Thepenaltyof a phylogeny ' is de�ned as
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Minimizing thelengthof aphylogeny is theproblemof �nding themostparsimonioustree,awell known
NP-completeproblem[6]. A phylogenetictree ' constructedon input � , is calleda perfectphylogeny if

@

8

�BA

�

<DC

�0'3!

�ML

. As summarizedby [5], reconstructinga perfectphylogeny wasproved to be NP-hard
independentlyby Bodlaenderet al. [2] andSteel[10]. This led researchersto work on eithersophisticated
heuristics(for e.g [7], [3]) or solve optimally for �x ed parameterversionsof the problem(for e.g, [1],
[9]). Gus�eld consideredan importantspecialcaseof the perfectphylogeny problem,whenthe number
of statesis boundedby 2. We call sucha treeasa binaryperfectphylogeny. Gus�eld showed thatbinary
perfectphylogeniescanbereconstructedin lineartime [8]. LagergrenandFernandez-Baca,consideredthe
problemof reconstructingnear-perfectphylogenies[5]. The assumptionof a 'near'-perfectphylogeny is
that @
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�0'3! is small for the mostparsimonioustree. Their algorithmruns in time
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,
where� is thenumberof statespercharacter, � is thepenalty,

�

is thenumberof taxaand
�

is thenumber
of characters.
Our Results: In our work, we consideranimportantspecialcaseof theproblemwhen �

�?>

�
�

>N�

� . The
casewhen �

�

� is primarily importantbecauseSingleNucleotidePolymorphisms(SNPs)arebi-allelic.
We can thereforeusethe algorithm for reconstructingtreeswherethe taxa are DNA sequencesand the
charactersareSNPmarkers. We show that if thepenaltyof themostparsimoniousphylogeny is bounded
by � , thenwecanreconstructthephylogenetictreein time �

	�
��
�

�
���

�

. In section4 webrie�y describehow
this time-boundcanbeimprovedto �

	�

���
���

�

. Moredetailson theimprovedalgorithmwill beavailablein
[4]. Our algorithmis almostentirelyself-containedandits understandingrequiresonly somefundamental
theoremson phylogenetictrees.Althoughsomeexistentialproofsarehard,thealgorithmitself is not very
complicatedto implement.Wealsoexpectthealgorithmto performsigni�cantly betterin practicethanthe
worstcasebounds.
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1. createa con�ict graph � s.t thereexistsa bijection ���;( ���.!�� �

�

and � 1

	

�"!.�

*

���.! if f
>

�

�


�� �

�

�


�	 �

>J��


2. �nd � with
>

�

>�


� � s.t � is asetof columnscorrespondingto thevertex coverof � , return
nil if noneexists

(a) for all trees' s.t thereexistsanontofunction ���

*

�0'3!�� ���

i. for eachvertex �/� ( �0'3!

A. �nd thesubsetof rows � � � ! `compatible'to �

B. build aperfectphylogeny '

	 for theset �
� �"!

C. replace� with tree '

	

D. completethetreeby linking all the '

	 's

ii. if ���J�

<

�0'3!��

��� �

then '��

�

'

	

�����

�

���J�

<

�0'���!

(b) return '��

Figure1: Overview of thealgorithm

2 Overview of the Algorithm

We�rst sketchtheoutlineof thealgorithmandthenexplain thedetailsof eachstepin subsequentsections.
Speci�cally, givenaninput � andapenalty� thealgorithm�nds mostparsimoniousphylogeny with penalty
atmost � or nil if noneexists.Thefollowing de�nitions areuseful:

De�nition 1 Thesetof gametes���

� � restrictedto two characters
�

	! 

is de�ned as: �"�

� �

� �

�$#

	

�)!

>&%

���

�

	

�('

�$)

�

#

	

�('

 

)

�

�

�

.

De�nition 2 Twocolumns
�

	! 

�

�

aresaidto contain(all) four gameteswhen
>

�*�

� �

>J��


.

A high level pseudo-codeof thealgorithmis givenin 1. Thefollowing sectionselaborateoneachof the
stepsof thispseudo-codewhichwe will referto asthemainpseudo-code.

Pre-processing It is well known that themostparsimoniousphylogeny reconstructedis imperfectif and
only if the input � containsthe four-gameteproperty. Beforerunningour algorithm,we pre-processthe
input asfollows. We remove all thecolumnsthatthathave only singlestate(i.e. they do not mutateat all).
We thenlook for the pairsof input columns

�

	! 

for which
>

�+�

� �

> �

� . In sucha case,both the columns
containthesameinformation.Weremoveoneof thetwo columnsfrom theinput. Weshow in theAppendix
(Theorem12) thatthispreprocessingstepsdoesnotaltertheoverall runningtimeor thecorrectness.

At theendof pre-processing,wehave theinput � thatsatis�es
>

�,�

� �

>.-�/

for all columns
�

	! 

.
Con�ict graph � and the vertex cover-columns � : A con�ict graph � correspondingto input � is
constructedasfollows. Eachvertex � ��( ���.! of thegraphrepresentsacharacter�
� � ! � � . An edge � 1

	

�"!

is addedif andonly if all four gametesarepresentin �J� 1;! and �J� � ! . The function �0�

*

�0'�!1� �

�

maps
mutationeventsto the characterthat mutates.Note that in any phylogeny if � � 1

	

�"!

�

� then ��� 1;!�' �

)�2

�

��� �"!�' �

)

.
To �nd the vertex cover, we usethe classical2-approximationalgorithm. We set � to be the setof

columnscorrespondingto thevertex cover returnedby thealgorithm.We assertthatthereexistsno � -near
perfectphylogeny if

>

�

>.3

� � .
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Figure2: A phylogenetictreeandits associatedskeleton.Thebit vec-
torsof thespeciesareleft out for simplicity.

Lemma 1 Thereexistsno � -near-perfectphylogenyif
>

�

>�3

� � .

Proof: First noticethat for any pair of characters�

�

	! 

! s.t
>

�,�

� �

> � 


the tree ' shouldcontaineithertwo
edges8

	

8

�

suchthat � �98 !

�

� �98

�

!

�

�

or � �98 !

�

� �98

�

!

�0 

. If
>

�

> 3

� � thenthereexistsno vertex cover
of size � . This implies that thereexists at leastoneedge � 1

	

� !&�

*

����! s.t neither �J� 17! nor �J� �"! mutates
multiple timesin ' , acontradiction.

�

For the step2a of the pseudo-code,we enumerateby bruteforce all possibletrees ' that mutatethe
columnsin � at leastonce.

De�nition 3 A vertex � is bad w.r.t a pair of characters �

�

	! 

! and a setof columns� , if
�

	! ��

� � and
�5��� �"!�'

�$)

	

��� � !�'

 

)

!

�

� � �

� � .

Fromnow on we adhereto thefollowing namingconvention. Thetree ' (usedin step2athatmutates
thecolumnsin thevertex cover � is referredto astheskeletontree. Theverticesof thea skeletontree '

arereferredto assupernodes, sinceanentiretreereplaceseachof thesenodesin a �nal phylogenetictree.
Figure2 shows anexampleof aphylogenetictreealongwith its skeleton.

3 Details

3.1 Finding a compatiblesetfor all vertices

This is themostcomplicatedstepof thealgorithm. We want to partitiontherows of the input matrix such
thateachsupernode � is assigneda subsetof `compatible'rows � � � ! . By arbitrarily rootingthetree ' , the
structureof thetreede�nes thebits for thecharactersin � . We canthink of every supernode � in thetree
beingtaggedwith thestates�

�

	

�

�

	������ 	

��� ��� andusethenotation
<

� �"! to denotethetag.Notethat
<

� �"! is the
sameas �6� � ! restrictedto thecolumnsof � . Wecanthereforepartitionthesetof rows if thetags

<

� � ! areall
unique.Theproblemariseswhentwo supernodessay �

�

	

�

� arebothassignedthesametags- andtherefore

3



thesamesubsetof rows � . We needto furtherpartition � into two sets�

� and �

� onefor each�

� and �

� .
Weneedseveral lemmasto determinehow to make thispartition.

De�nition 4 Weusethenotation �

	��

�

	

� �0'3! to bethepathbetween(andincluding)vertices(or supernodes)
�

� and �

� of anytree ' .
Note that if �

�

	

�

� aresupernodesand ' is the phylogeny (not skeleton),thenthenotation �

	��

�

	

�
�0'3!

is usedto denotethepathin the tree ' thatconnectssupernodes�

� and �

� of thecorrespondingskeleton
� �0'3! .

Theproof for thefollowing theoremis givenin Appendix4.

Theorem 2 If there exists a q-near-perfectphylogeny that has bad vertices(w.r.t � ) then there exists a
q-near-perfectphylogenythatdoesnotcontainanybadvertices(w.r.t � ).

For therestof thepaper, we �x anoptimalphylogeny '����	� thatdoesnot containany badvertices.We
will imposeadditionalrestrictionson ' ���	� later.

Corollary 3 In ' ���	� , if thereexiststwoedges 8

�

� �

�

	

�

�

! and 8

�

�

� �

�

	

�

�

! such that � �98 !

�

� �98

�

! thenfor
all columns

 �

� � ,
> �

8.�
�

	

�

�

	��

�0'
�
���

!

>

� �98 !

�  

�

>

is evenandtherefore �6� �

�

!�'

�$)

�

��� �

�

!�'

��)

for all
�

�

� � .
For any phylogeny ' , theskeletonof ' , � �0'3! , with respectto a setof columns� (vertex-cover) is the

treeof super-nodeswhereeachsupernodeis attachedto edges8 � ' s.t � �98 ! � � . A supernodecan
be viewed asa setof verticesof the �nal phylogenetictreeandthereforegivesus the following obvious
propertiesof containment.For asupernode�

�

� � �0'3! , wesaythatedge8

�

� 1

	

�"! �-�

� if f 1 ���

� , � ���

�

and � 1

	

�"!#�

*

�9� �0'3!�! . Similarly, wesaythatcolumn
 

���

� if
%

8,���

� s.t � �98 !

�  

.

De�nition 5 Twosupernodes�

� and �

� of �N�0'�! are tag-adjacentif

1.
<

� �

�

!

�

<

� �

�

! and

2. there existsno supernode�

�

�
�

	
�

�

	

�
�9�N�0'�!�! such that

<

� �

�

!

�

<

� �

�

!

De�nition 6 Two supernodes �

� and �

� of � �0'3! are paired-tag-adjacent if there exists no supernode
�

�

�
�

	
�

�

	

�
�9� �0'3!�! such that

<

� �

�

!

�

<

� �

�

! or
<

� �

�

!

�

<

� �

�

!

De�nition 7 An edge 8 �

*

�0'3! or column � �98 ! is distinguishingw.r.t a phylogeny ' if for any two tag-
adjacentsupernodes�

� and �

� ,
> �

8

�

�
�

	
�

�

	

�
�0'�!

>

� �98

�

!

�

� �98 !

�

>

is odd.
It is easyto seethat for theoptimalnear-perfectphylogeny '

���	�
thereexists a distinguishingedgefor

everypairof tag-adjacentsupernodes.

3.1.1 Partition

We cande�ne equivalenceclasses(

�


 	 � containingsupernodesbasedon theequalityof tags
<

� �"! of super
nodes. It is straightforward to partition the rows � for eachequivalenceclassof supernodes. This is
performedby just examining the tagsof eachequivalenceclass. The pseudo-codein Figure 3 provides
the detailsof the stepsnecessaryto computethe partitions. At any point in time, the partition algorithm
maintainsa partition �/�)(����D! for eachequivalenceclass.Eachrecursive call re�nes oneof thepartitionsof
oneof theequivalenceclasses.Justto avoid excessive notationswewill use �/�)(

���
!

� �

�

�

	������
	

���

�

for all
�

. It shouldbeobviousfrom thecontext asto which equivalenceclass�
� belongsto. We saythata column

�

partitionsa set �

� if thereexiststwo rows �

�

	

�

�

���

� suchthat �

�

'

�$)

� L

and �

�

'

�$)

�?�

. Thepartitioncan
bewrittenas �

���

� �

�

�

���

�

>

�

�

'

�$)

� L

�

and �

�

�

� �

�

�

���

�

>

�

�

'

�$)

���

�

.
An overview of theapproachis to �rst discover thedistinguishingcolumnsthatpartitiontwo different

equivalenceclassesbut only mutatesoncein '
�
���

. In thesecondstepwe guessthedistinguishingcolumns
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thatpartitiontwo differentequivalenceclassesandmutatesmultiple times.Thecolumnsguessedareadded
to theskeletonsothattheskeletonexpandsin size.

The value �����

�

���F! denotesour guessof whetheror not the supernode � containsany real vertices
in ' ���	� . The value is set to `real' if we guessthat thereexists at leastone real vertex in � and`steiner'
otherwise.A partition � �)( ���6! is completewhenthenumberof setsin �/�)( ��� ! is equalto thenumberof super
nodes� in ( ��� with

��A

� #7� �"!

�

real,thatis:
>

�/�)( ��� !

> � > �

� � ( ���

>

��A

� #7� �"!

�	��

���

�

>

.
The partition function initially �nds the set �

� consistingof columnsthat re�nes the partition in two
differentequivalenceclasses.If

>

�

�

>.3

���

�

, thenthefunctionpicksanarbitrarysetof ���

�

columnsand
performs� � ���

�

! recursivecallsonpartitioninducedby eachcolumnin thesetontwo differentequivalence
classesthat thecolumnre�nes. If

>

�

�

> 


� , thenthe functionguessesall themutationsof thecolumnsin
�

� andaddsthemto � �0'3! . Notethateachaddededgesplitsa singlesupernodeinto two new supernodes.
At theendof the functionpartition,we addmutationsandexpandtheskeleton. Beforetheexpansion

theset �

� wasempty. Thefollowing Lemmaprovesthatit remainsemptyevenaftertheskeletonexpands.
Moreover, it remainsempty throughoutthe executionof function use-interfacewhich will be described
shortly.

Lemma 4 If �

� is emptyat anytime, thenit remainsemptywhenexpandingtheskeletonby theadditionof
non-vertex cover columns(speci�cally in steps3a,3c of functionpartition describedin Figure 3 andstep5
of functionuse-interfacedescribedin Figure 4).

Proof: For thesake of contradiction,assumethat �

� wasemptyandlater becamenon-empty. Let � be a
columnin �

� . Let
<

� and
<

� bethetwo tagsthataresplit by � . Notethatif the
<

� and
<

� aredifferenton the
columnsin � , thenthecolumn � would have beenfound in functionpartition(Figure3) itself. Therefore
it mustbe thecasethat

<

� and
<

� areidenticalon columnsin � . Since
<

� and
<

� areidenticalon columns
in � , thealgorithmfounda column � thatdistinguishesthem.Now notethat � and � togethermustform




gametes.This is acontradictionto thefactthatneither� nor � belongsto � .
�

Correctness:
A partition �/�)(

���
!

� �

�

�

	������
	

���

�

is de�ned to begood, if it canbere�ned by furtherpartitions(no
merges/unions)into that of '

�
���
. The setof partitions

�

� �)(
�

�

!

	������
	

�/�)(
���

!

�

is goodif every partition is
good.

The correctnesscanbe proved inductively by makingthe claim that if the argumentsetof partitions
is goodfor a function call of partition thenthe argumentsfor at leastoneof the recursive calls is good.
Considerany onefunctioncall to partitionandassumeinductively thatits argumentis good.Werecursively
performpartition in step4(b)ii. If

>

�

�

> -

���

�

thenthereexistsat leastonecolumn
�

���

� thatmutates
only oncein ' ���	� . A column

�

thatmutatesonly onceinducesa partitionon �/�)(���� ! only whentwo super
nodes(of thesameequivalenceclass(

���
) contain8 with � �98 !

�

�

in thepathconnectingthemor if
�

mutates
insidea supernode � � ( ��� . We know however that

�

partitionsat leasttwo differentequivalenceclasses
(

���

	

(
�

���

. Since
�

mutatesonce,it canmutateinsidethesupernodeof atmostoneof (
��� or (

�

���

andlie in the
pathconnectingtwo supernodesof theotherequivalenceclass.We recurseon both thepartition induced
on �/�)(

���
! and �/�)(

�

���

! . Moreover, sincetheargumentsof partitionis good,thepartitioninducedby using
�

on at leastoneof �

�

���/�)(
���

! or �

�

� �/�)(
�

���

! is good.This completestherecursive case.Theothercase
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function partition ( �/�)( �

�

!

	������
	

�/�)( � �

! , int list selectedCols)

1. if �

�

, �/�)( ��� ! is completethen

(a) guesstheassignmentsof thepartitions ��� to thesupernodesof theskeleton

(b) explandtheskeletoninto �

�

stcolumnsin selectedColsmutateonceandtheexpanded
tagsof thesupernodesarecompatiblewith therows assigned

(c) return �

�

2. let �

� bethesetof columnsst, �

�

� �

� ,
%��

�

 

,
%

# st
�

partitions � ���
�/�)(
���

!

3. if
>

�

�

>�


� �

�

(a) guessmultiplemutatingcolumnsamongset �

� andaddto skeleton

(b) guesstheassignmentsof thepartitions ��� to thesupernodesof theskeleton

(c) explandthe skeletoninto �

�

suchthat columnsin selectedColsmutateonceandthe
expandedtagsof thesupernodesarecompatiblewith therows assigned

(d) guess
��A

� #7� �"! for all supernodes� ���

�

correspondingto theexpandedskeleton

(e) use-interface( �

�

)

4. else

(a) considerany �

�

���

�

� s.t
>

�

�

�

> �

� �

�

(b) �

�

� �

�

� andfor any two
 

s.t
%

� �.� �/�)( ��� ! ,
�

partitions � �

i. let �/�)(
���

!

�

��� �)(
���

!��

�

���

�

!��

�

���

�

�

�

�

���

�

�

ii. partition( � �)(
�

�

!

	������ 	

�/�)(
���

! , selectedCols�

�

���

)

Figure3: Algorithm to partitionandassignrowsof theinput to supernodes
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function use-interface( skeletonS)

1. let �

� bethesetof columnss.t, �

�

� �

� ,
%

�

 

, s.t
�

partitions� �)(

�

! .

2. selectsome(

� thatis incomplete

3. selecta lowest pair �

�

	

�

�

� (

� of tag-adjacentsupernodes,such that
��A

� #7� �

�

!

�

��A

� #7� �

�

!

�

real

4. if
%

=

� �

� , �

�

��(

�

� and �

�

� (

�

� � , for some
<

�

2

�

<

� �

and
< 2

�

<

�

	

<

� �

suchthat

(a)
��A

� #7� �

�

!

�

��A

� #7� �

�

!

�

� 8

A

�

(b)
=

partitions� �)(

�

�

! � � �)(

�

� �

!

(c) �

	��

�

	

�
� � ! and �

	��

�

	

�

� � ! shareasuper-nodein �

(d) ( �

�

	

�

� ) and( �

�

	

�

� ) arepaired-tag-adjacentthen

5. guessextension�

�

of skeleton � by mutatingcolumn
=

(onceor multiple) times

6. guess
��A

� #7� �"! for supernodesadjacentto mutation(s)of
=

7. use-interface( �

�

)

Figure4: Algorithm to ®nd interfaceedgesandextendtheskeleton

is whenwe guessall multiple mutationsamongcolumns
�

thatpartitionat leasttwo differentequivalence
classesin step3a. Sincethesizeof thesetof columnsfrom which we guessis boundedby � , this stepcan
clearlybeperformedin

�

� �

�

! time to �nd thecolumnsmutatingmultiple timesand �

	 
����

�

	�

���

to placethe
edgesin theskeletontree.Notethatwealsoguessthenumberof timesacolumnmutates.

Thestep1b expandstheskeletonby addingcolumnsof selectedCols.
As before,theedgesof theexpandedskeletonde�ne thetagsassociatedwith eachsupernode.Wenow

assignfor eachsupernodeapartition ��� . While makingthisassignmentit couldbethecasethatthenumber
of partitionsis lessthanthethetotal numberof supernodes.Speci�cally, two supernodesof thesametag
areassignedthe samepartition. However, the numberof distinct tagsin the skeletonshouldbe equalto
the numberof partitions. This stepcanbe naively implementedby onceagainenumeratingall skeletons
usingthe columnsof the currentskeletonandselectedCols.We canthendiscardany skeletonthat is not
compatibleto thesetof partitions.Therunningtime for extendingtheskeletonandassigningtherows can
be boundedasfollows. The recursiontreehasheight � , andany function call to partition makesat most

� � � �

�

! recursive calls. Thereforethe numberof leavesof the recursiontreeis boundedby �

�

� � �

�

!

�

.
Eachleafnodecontainsatmost � columnsin its list selectedCols. Sincethenumberof treeswith � � vertices
is boundedby �

	�
����

�

	 
����

, step1b canbe implementedin �

	�

���

�

	�
����

time. This assuresthat the total time
spentby partitionfunctionis boundedby �

	�
����

�

	�

���

.

3.1.2 Interface

For discoveringdistinguishingedges,wearejust left with thelastcase- distinguishingcolumnsthatmutate
onceor morebut partitiononly oneequivalenceclass.Wede�ne � �)(

�
!

�

� for any equivalenceclass(
� to

bethesetof rows thatmatchtag
<

. A vertex � of phylogeny ' is calledreal if ��� �"! � � - informally if the
labelof thevertex is presentin theinput (equivalently, thevertex is non-steiner).

Considerthe partition de�ned by '
���	�

on any oneequivalenceclass (
�

of supernodes.We saythat a

7



column
�

is an internalcolumnif thepartition inducedby
�

on � �)( � ! is not good(similar to thede�nition
usedin functionpartition). Informally, this impliesthatedge8 with � �98 !

�

�

is presentinsidesomesuper
node � � ( � andthereexists realvertices�

	

�

�

� � s.t �('

�$)

�?L

and �

�

'

�$)

� �

. We de�ne a columnthat is
not internalasinterface.Notethataninterfacecolumninducesagoodpartition. Informally adistinguishing
interfaceedgeis presentin thepathbetweentwo connectedcomponentsof realverticesof thesupernodes

1

	

� � ( � s.t thereexistsrealvertex �&�-1

	

�('

�$)

� L

andrealvertex �

�

�$�

	

�

�

'

�$)

���

.

De�nition 8 A pair of tag adjacentsupernodes�

� and �

� is de�nedto bea lowestpair in �N�0' �
��� ! if there
exists a vertex � such that for all supernodes�

�

� � �0' �
��� ! with
<

� �

�

!

�

<

� �

�

! , � � �

	 � �

	 �

�0' ���	� ! and
�-� �

	

�

�

	 �

�0'����	� ! . Thevertex � is calledthebranch pointof �

� and �

� .

Figure 5: Applicationof transform� . Notethatthebits of steinerver-
tex � changesat positions� and ��� afterthetransform.

Transform �
�

�

�

�

We now describea very simple transform �
�

�

�

� that operateson any tree ' and is de�ned over two
columns�

	

�

�

anda steinervertex � . To applytransform�
�

�

�

� on steinervertex � , all vertices�

�

suchthat �

�

is theonly realvertex in �

	

�

	

�

�0'3! shouldsatisfythefollowing property. Thereexistsedge8&� �

	

�

	

�

�0'3! s.t
� �98 !

�

� or � �98 !

�

�

�

. An exampleof whensucha transformcanbeappliedis shown in Figure5. For all
suchpathsfrom � to �

�

, thetransformreplacesthe�rst mutationof � with �

�

andvice-versa.Theresultafter
applyingthetransformis shown in Figure5. Clearly, thetransformdoesnotchangethecostof thetree.

Lemma 5 In '
���	� , for every lowestpair supernodes �

�

	

�

�

� (
� with branch point � such that every

distinguishingcolumnof �

� and �

� is an interfacecolumn,there existsat leastonedistinguishinginterface
column

=

with thefollowingproperties:

1. column
=

partitions � �)( � !

2.
%

�

�

� (

�

�

	

�

�

� (

�

� � ,
< 2

�

<

�

	

<

� �

s.t �

�

	

�

� and �

�

	

�

� are paired-tag-adjacent and
=

partitions � �)(

�

�

!��

� �)(

�

� �

! and

8



3. thepaths�

	 � �

	

� �9� �0' ���	� !�! and �

	 � �

	

�

�9�N�0' ���	� !�! share a super-node

Proof: Firstnotethatthecolumn
=

thatpartitions� �)(

�

�

!�� � �)(

�

� �

! canonlypartitionit into
�

� �)(

�

�

!

	

� �)(

�

� �

!

�

.
This is because

=

inducesa partitiononly in oneequivalenceclass ( � and
<�2

�

<

�

	

<

� �

. For thesamereason
<

�

2

�

<

� �

. Throughouttheproofof thelemma,thedistancebetweentwo vertices(or edges)onatreeis simply
thenumberof edgesin thepathconnectingthevertices(or edges).

We know that for an optimal phylogeny, therehasto exist at leastone distinguishingedge
=

for �

�

and �

� . Let 1

� and 1

� be the verticesin �

� and �

� respectively, that lie on eitherendsof �

	 � �

	

�
�0'����	� ! .
Therefore

=

hasto mutateoddnumberof timesin exactlyoneof �

� � � �

�0' ���	� ! and �

� �

�

� �0' ���	� ! . Without loss
of generalityassumethat it mutatesan odd numberof timesin �

� �

� � . Considerthe edge 8 closestto 1

�

suchthat � �98 !

�

=

. In ' ���	� if thepathfrom 8 to 1

� consistsentirelyof degree2 steinervertices,thenthe
mutationof 8 canbe incrementallyswappedwith themutationof theneighboringedge,until themutation
of

=

is movedinsidesupernode�

� . Notethatswappingadjacentedgesof adegree2 steinervertex is just a
trivial applicationof � on thevertex. After severalapplicationsof � , column

=

is no longerdistinguishing
between�

� and �

� in thenew optimalsolution.
If thepathfrom 8 to 1

� containsa vertex � of degreegreaterthan2, thenevery branchingpathfrom �

leadsto a real vertex (sincesteinerverticescannot be a leaf). Considerany suchreal vertex � , thesuper
nodein which � lies cannothave tag

<

sinceit contradictstheassumptionthat �

� and �

� area lowestpair.
Now considerthecasewhenfor all suchrealvertices� , thepath ���

�
�

�0'
���	�

! containsamutationof
=

. Using
transform� , themutationof

=

canbeswappedwith neighboringedgesuntil it is adjacentto � . Onceagain
let 8 betheedgeadjacentto � , st � �98 !

�

=

. Let 8

�

� �

�
�

� �

	

8

2

�

8

�

beanotheredgeadjacentto � . We can
now apply transform���


��

�

�

� � on vertex � . Theresultof the transformis that themutationsof
=

and � �98

�

!

swappositions.We canthereforekeepapplyingtransform� to move themutationof
=

closerto 1

� . There
areonly two caseswhenwe cannot applythetransformany further. In boththecasesdescribedbelow, we
�nd supernode�

� thatcontainsa realvertex.
Case1: If the path from 8 to 1

� containsa real vertex � , that belongsto a supernode �

� say, then
<

� �

�

!

2

�

<

� �

�

! , sincewe assumedthat �

� and �

� aretag-adjacent.
Case2: If thepathfrom 8 to 1

� containsavertex � of degreegreaterthan2, thatcontainsabranchleading
to arealvertex �&���

� , where
<

� �

�

!

2

�

<

� �

�

! suchthatthepathfrom � to � doesnotcontainamutationof
=

.
Notethat

<

� �

�

!

2

�

<

� �

�

! since�

� and �

� area lowestpair.
Now considertheedge8&���

�
�

� �

�0'
���	�

! suchthat � �98 !

�

=

andthedistanceof 8 from �

� is thelargest.
Usingaseriesof transforms� wecanmovethemutationof

=

towards� . Onceagainwith asimilarargument
we caneitherclaim that thereexistsa realvertex �

�

in a supernode�

� thateitherlies in thepathfrom 8 to
� or is in theinducedtreeof � which lies in thepathfrom 8 to � . If this is thecase,then � and �

�

aretwo
realverticesseparatedby anoddnumberof mutationsof

=

. Also,
<

� �

�

!

2

�

<

� �

�

!

	

<

� �

�

! . Thissatis�esall the
propertiesof thelemma.

Now considerthecasewhenthemutationof
=

canbemovedsothat it is adjacentto � . Now consider
any vertex covercolumn � thatmutatesanoddnumberof timesbetween� and �

� . Therehasto exist at least
onesuchedgesince � cannot belongto a supernodeof tag

<

as �

� and �

� aretag-adjacent.Considerthe
edge 8

�

suchthat � �98

�

!

�

� andthedistancefrom 8

�

to �

� is maximum. First assumethatall thevertices
in �

�

�

� �

�0'
���	�

! areof degree2 andsteiner. Clearlynow, usingthetrivial � transform,themutationof � can
bemovedsothat it is adjacentto � . We cannow performtransform�

�

� � on � to obtaina new optimal tree
wherethemutationsof

=

and � adjacentto � have switchedplaces.Notethattheconditionof �
�

� � requires
thateverypathfrom � to a realvertex containseitheramutationof

=

or amutationof � . Thiscanbeproved
asfollows for the optimal tree '

���	� . Considerany pathfrom � to the �rst real vertex �

�

that is in a super
node�

� . If
<

� �

�

!

�

<

� �

�

! thenthepathfrom � to �

� shouldcontainanoddnumberof mutationsof � , since
thepathfrom � to �

� containsanoddnumberof mutationsof � . If
<

� �

�

!

2

�

<

� �

�

! , thenthepathfrom � to �

�

9



shouldcontainanoddnumberof mutationsof
=

, otherwise�

�

and � thatlie in �

� and �

� respectively satisfy
the propertiesof the Lemma. After applying � �

� � , we canmove the mutationof
=

inside �

� sinceall the
verticesaredegree2 theresultof which is that

=

is no longerdistinguishingbetween�

� and �

� .
Thelastcasethat is left to analyzeis whenthepathfrom � to 8

�

containseitherrealverticesor steiner
verticesof degreegreaterthan2. If it containsa real vertex �

�

, then �

�

alongwith � satisfytheproperties
of the Lemma. If thereexists a vertex � that hasdegreegreaterthan2, thenthe inducedsubtreerooted
at � containsrealvertices,andall pathsto realverticesshouldcontaina mutationof

=

(otherwisewe can
usetherealvertex alongwith � to satisfythepropertiesof thelemma).Therefore

2

�

�

�

�

<

� 8

� � �

���

� �

�

� with
� �98

� � �

!

�

=

, sinceotherwisewe canmove the mutationof
=

usinga seriesof � transformsso that it is
adjacentto � . This is a contradictionto optimality sincewe alreadyhave 8 adjacentto � with � �98 !

�

=

.
Therefore,we candirectly apply transform�

� �

� on vertex � . We canthenmove themutationof
=

into 1

�

with aseriesof � transforms.
Puttingeverything together, we have the fact that if for any distinguishingcolumn

=

thereexists no
supernodesthatsatisfythepropertiesof the lemma,thentheedgecorrespondingto themutationof

=

can
bemovedsuchthat it is no longerdistinguishing.Furthermore,no new columnbecomesdistinguishingin
this process.We cancontinuethis argumentfor every distinguishingcolumn.If nonesatisfytheproperties
of thelemma,theneventuallythe�rst andlastverticesof thepath �

	
�

�

	

�
�0' �
���)! areidentical,acontradiction
to optimality.

�

Lemma5 provesthatfor every pair of tag-adjacentsupernodes,thereexistsat leastonedistinguishing
interfaceedgethathasthepropertiesthat thepseudo-codeusesto identify themin step4 of functionuse-
interface. However the conversethat only distinguishinginterfaceedgeshave the property is not true.
We will however prove that only internal edgesthat mutatemultiple times could satisfy the properties.
Intuitively, this provesthatnot too many internalcolumnsarefalselyidenti�ed asinterfacecolumns.Note
that at step4 of the pseudo-codecolumn

=

partitions (
� andalsopartitions � �)(

�

�

! � � �)(

�

� �

! . If
=

is an
internalcolumn,thenthereexists internaledge 8

� �

in somesupernode � � (
�

s.t � �98

� �

!

�

=

. Supernode
�

�

� �

	
�

�

	

� becausewe assumedthat � �

�

	

�

�

! and � �

�

	

�

�

! arepaired-tagadjacent.Assumethat
=

lies in
�

�
�

�

�

� in '
���	�

where1

�

� (

�

� and 1

�

� (

�

� � . Notethatfor
=

to partition � �)(

�

�

! �,� �)(

�

� �

! it hasto bethecase
thatboth 1

� and 1

� containat leastonerealvertex. Notethatoneof 1

� or 1

� couldbe �

� or �

� respectively.
Considerthetwo paths�

	
�

�

�
� and �

	

�

�

�

� (shown in Figure6). If
=

mutatesjust once,thenit shouldbe
thecasethatthemutationof

=

, edge8

� �

, shouldlie in oneof thetwo paths.This is however a contradiction
since

=

now partitionstwo equivalenceclasses(
� andoneof (

�

� or (

�

� � (since�

� , 1

� , �

� and 1

� eachcontain
at leastonerealvertex in '

���	�
). Therefore,it is not possibleto addaninternalcolumnto theset � unlessit

mutatesmorethanoncein '
���	� .

At eachrecursivecall, weeither�nd acolumnthatmutatesonly oncetherebypartitioningrows into two
supernodesor discover multiple mutantedges.Thereforethedepthof therecursionis boundedby

�

� �J! .
Sincethe degreeof any nodeof the recursiontreeis boundedby �

�

�

�

, a naive analysisgivesa boundof
�

	�

�
�

�

�

	 
��
�

�

numberof callsto thefunctionuse-interface.
At the endof the recursive calls, oneof the leavesof the recursiontreecorrespondsto the expanded

skeletonof '
�
���

. Note: We showed that thedepthin therecursiontreeof the leaf thatcorrespondsto the
expandedskeletonof ' ���	� is boundedby � � for someconstant� . Thereforewe cansafely terminatethe
recursionatdepth� � .

3.2 Linking perfect phylogenies
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Figure 6: Proof that column � hasto mutatemultiple timesto be an
internalcolumnthatalsosatis®esthepropertiesof a distinguishingin-
terfacecolumn.

function link-tr ees( skeletonS)

1. For eachleafsuper-node � � of � do

(a) build perfectphylogeny on theverticesin �
�

(b) let � ��� thesetof verticesof � �

(c) for eachmutationin ��� do

i. if � � � � containsonly a singlestate(say
L

) on column � ,
thenremove all in � � thatcontain

�

oncolumn �

(d) “guess”a vertex � from � � , and let �

�

be obtainedfrom � by mutatingthe vertex
cover between�

� and@

� �
�

! .

(e) add �

�

to @

� � � andremove theleaf � � from �

2. repeatstep1 until � is empty

Figure7: Algorithm to build thetreeusingtheskeletonandpartition

We now show how to completethe the near-perfectphylogeny oncethecorrectpartitionon thesuper
nodeshave beencomputed(step2(a)iD of the main pseudo-code).Note: Let the initial skeletonbuilt
usingthevertex cover columnsin step2aof themainpseudo-codebe � . Assumethat � is isomorphicto

� �0'
���	�

! . Since � �0'
���	�

! doesnot containany badverticesandis optimal,all thesupernodescontainperfect
phylogenies.

Lemma 6 Everysupernode1 of theskeleton �N�0'��
��� ! containsa perfectphylogeny.
Proof: For thesakeof contradiction,assumenot. Consideredges8

	

8

�

�-1 with � �98 !

�

� �98

�

!

�

� . Consider

11



thepath � connectingedges8 and 8

�

. Thereexistsnocolumn �

�

�

� � thatmutatesanoddnumberof timesin
� accordingto Corollary3.1.By thede�nition of thesuper-nodesandskeletonweknow thatthereexistsno
edge8.��1 with � �98 !

�

� if �3� � . For optimality, wecannothave two vertices� and �

�

with ��� � !

�

��� �

�

! .
Thereforetherecannotexistsedges8 and 8

�

asstated.
�

Using thepartitionsof theexpandedskeleton ' , we can�nd thepartitionsfor theskeleton � . For the
restof thepaper, we will work with skeleton � ratherthan ' . We losesomeinformationin this step,but
it keepstheanalysissimple. We now show how to constructa perfectphylogeny for therows assignedto
a supernodeof � . For any pair of columnsthat mutatewithin a supernode,therecanbe at most three
gametes.We cannow reconstructa uniqueperfectphylogeny within eachsupernodeasfollows. If two
columnsinducetwo gametes,thenwe canarbitrarily remove oneof them. If two columnsinducejust one
gametethenwe canremove both thecolumns.After this step,every pair of columnscontainexactly three
gametes.Thereforea uniqueperfectphylogeny canbe built. We cannow addbackcolumns

�

that were
removed since �

�

	! 

! inducedonly two gametes.This is doneby addingthe mutationof
�

adjacentto the
mutationof

 

. Therelative orderingof
�

and
 

aredeterminedbasedon which of thethird gametebetween
�

and
 

is presentin the input (andabsentfrom therows of this supernode).Hencewe canbuild a unique
perfectphylogeny thatdoesnotcontainany badvertices.

Thenotation@

� � ! is usedto denotetheparentof a vertex � in a directedtree. In thefollowing section
thetermsubtree' (sayrootedat � ) of therootedtree '

�
���
, is usedto refer to the inducedtree ' rootedat

vertex � obtainedby removing theedge � �

	

@

� � !�! from '
���	� .

Lemma 7 In the rootedtree ' �
��� , considerany inducedsubtree '

�

. If ' �
��� � '

�

containsvertices� and �

�

such that �6� � !�' �

)

� L

and ��� �

�

!�' �

)

���

thenthere existsat leastoneedge 8 s.t � �98 !

�

� in '
���	�

� '

�

Proof: Assumenot, thenthe mutationof column � occursin '

�

. But '

�

and '
���	�

� '

�

areconnectedby a
singleedge.Therefore,'

���	�
� '

�

containsonly oneof either0 or 1 in column � , contradiction.

Corollary 8 If both '

�

and ' ���	� � '

�

each containa pair of vertices�

	

�

�

s.t �6� � !�' �

)

� L

and ��� �

�

!�' �

)

���

for
somecolumn� thenthere are at least2 edges 8

	

8

�

�$'
���	� s.t � �98 !

�

� �98

�

!

�

� .
Note that in the rooted '

���	�
, the perfectphylogeny insideeachsupernode 1 canbe decomposedinto

a minimal connectedcomponentof perfectphylogeny on real vertices'

�

� , calledcoretree. The edgesin
'

�

� '

�

� arecalledperipheraledges.Therecouldbeseveralconnectedcomponentsof peripheraledgesinside
eachsupernode. Note that all interfaceedgesareperipheraledges.At this point, it is easyto compute
the uniquecore tree, which is just the perfectphylogeny on the rows that have beenpartitionedto any
supernode.For this lastpartof theproof, we will beconsideringtheoptimal tree '

�
���
with the following

additionalproperty:nosupernode1 (excepttheroot)containsadegreetwo vertex thatis adjacentto both-
aperipheraledgeandthevertex cover edgeconnecting1 to supernode@

� 1;! .

Lemma 9 Thereexistsanoptimaltree '
���	� thatcontainsnovertex � in supernode1 with thepropertythat

degree(� ) = 2 and � is adjacentto bothan peripheral edge andthevertex coveredge connecting1 to super
nodep(1 ).
Proof: Assumenot, thenconsiderthe optimal tree '

���	�
that containsthe minimum numberof vertices �

with theabove property. Oneedgeadjacentto � is thevertex cover edgesay 8

	 , with say � �98

	

!

�

# . The
secondedgeconnectsto a vertex �

�

insidesupernode1 andlet � � �

	

�

�

!

�

� . Now we can�ip theordering
of mutationsof 8

	 and � �

	

�

�

! suchthat � �98

	

!

�

� and � � �

	

�

�

!

�

# to obtaina new tree '

�

���	�

. Notethatthis
is just a trivial operationof transform� �

� � on steinervertex � . It is easyto seethattheonly pair of columns
in � of '

�

���	�

that could containa new gametenot presentin the original tree '
���	�

containsonecolumnof
thevertex cover. Thereforein '

�

�
���

, all theverticesaregood(assumingthey werein theoriginal tree).The
numberof verticesin thesupernode@

� 17! increasedby oneandthenumberof supernodesin 1 decreased
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by onesince� waspreviously partof 1 andnow is partof @

� 1;! . Thereforethenumberof verticeswith the
propertygivenin theclaimdecreasedby one,acontradictionto theassumption.

�

In �N�0' ���	� ! , considera supernode 1 , that haschildrensupernodes�

�

	������
	

��� . Thegoal is to discover
all theedgesof ' ���	� bottom-up.Let � � be the treepresentinsidethe supernode � � in ' �
��� . Note that we
areusingthesupernode � � to refer to thesupernodeof boththeskeleton � andthatof �N�0' ���	� ! . Let �

�

�

be
thesubtreeof ' ���	� rootedon a vertex of � � , obtainedby removing thevertex cover edgeconnecting� � to 1 .
Notethatthetree �

�

�

restrictedto thenodesof � � is ' � .
Assumeinductively thatwehavecomputedthetreesinsidesupernodes� � descendantsandall theof � � .

In otherwordsthesubtrees�

�

�

of ' ���	� have beenfound. Now we proceedto constructthetreeinsidesuper
node1 . Notethatthisamountsto building thecoretreeof 1 andconnectingverticesof 1 to verticesin � � as
in ' ���	� (which is equivalentto computingtheperipheraledges).Consideroneby oneeachof thetrees��� .
We startby addingall verticesof ��� into a selectedset � . At any time if

>

�

>

� � , thenwe have completed
processing� � . If not, thenfor eachmutationof column � in � � , wecheckif � � �

�

�

containsbothstates0 and
1 on � . If so,we ignore � . By claim 7, thefactthatthereareat most � multiple mutationsfor any character

� andthat �
� is aperfectphylogeny, we ignoreatmost � mutationsof �

� . If not, thenwlog say0 is theonly
statein column � thatoccursin � � '

�

�

. If any vertex in ' � containsa 1 in column � andis presentin � , then
we remove it from � .

Claim 10 Only theselectedverticesin � canbeverticesof '
���	� that connects� � to 1 .

Proof: Thereexistsexactly oneedge8

�

� ���

	

�

�

! , s.t � �98 !

�

� in � � . Theedge8 partitions � � into �

�

�

and
�

�

�

basedon the valueon the column � andassume����� �

�

�

and �

�

� �

�

�

. For the sake of contradiction
assumethatin '

���	�
, avertex � from �

�

�

connectsto 1 via thevertex cover edge.Clearlyeverypathto a real
vertex in ' ���	� � �

�

�

from � containsanedge8

�

�

� �

�

�

	

�

�

�

! with � �98

�

!

�

� .
Considerthe edges8

�

that is the �rst mutationof column � in every path from 8 to a real vertex in
'

�
���
� �

�

�

. Let
�

be the setof columnsthat mutatein the pathconnecting��� and � . Sincethereareno
badvertices,all mutationsof columnsexceptvertex cover, between8 and 8

�

occurevennumberof times.
Therefore,speci�cally ��� and �

�

�

areidenticalin all thecolumnsin
�

. Therefore,connecting��� insteadof
� to 1 via vertex cover anddeletingall mutationsof

�

thatoccursin thepathbetween8 and 8

�

resultsin a
treeof smallercost,acontradictionto optimality.

�

We continueby �nding sets� for eachof ��� . Now, usingexhaustive search,we pick oneby oneevery
possiblewayof selectingavertex from eachof theselectedsets� for eachof � � . Onewouldbethecorrect
setof verticesasusedin '

���	� . For each � selectedfrom � � , we mutatethe columncorrespondingto the
vertex cover edgebetweensupernodes� � and 1 andaddto set

K

. We now add
K

to thesupernode 1 and
re-constructtheperfectphylogeny of 1 . It follows from theclaim thatwe have now completelyidenti�ed
thetreein 1 . It is easyto implementtheabove procedurein �

	�

���

time.

Theorem 11 Thenew algorithmsolvesthe � -near-perfectphylogenyproblemin
�

� �

	�

��� �

�

���

�

�
�

!�! time.

Proof: Theproof follows from theabove lemmasandTheorem2.
�

4 Discussion

We now give a quick summaryof how therunningtime canbeimproved to �

	�
���� ���

�

. Theonly stepthat
needsto beimprovedis use-interface . Intuitively, insteadof building theskeletontop-down, we can

13



constructit bottom-upasfollows. Assumethat we have a skeleton '

� andwe completetheuse-interface
stepasdescribedabove to obtaina treewherethe supernodeshave uniquetags. Let this �nal skeleton
be '

� . We arenow going to show that we canarrive at tree ' usinga modi�ed routineof use-interface.
It is easyto guessthe �nal topologyof the skeleton '

� in time �

	�
����

even beforeexecutingthe function
use-interface since '

� has
�

� � ! edges.Let this unlabeledtreebe '

�

. We canguessthe labels � �98 !

for all edges8 � ' where � �98 ! is eithera vertex cover columnor a columnfound in function partition.
Thisgivesusapartially labelledtree '

�

, wheretheonly unlabelededgesarethosethatwerefoundusingthe
old use-interface function. Note that in thecurrenttree '

�

, theconnectedcomponentsof unlabeled
edgesareexactly thesupernodesof theskeleton '

� . We cannow executetheuse-interface function
asdescribedabove, exceptthatwe do not addmutationsof columns

=

into anexisting skeleton(asin step
5). Insteadwe guessall unlabelededges8-� '

�

suchthat � �98 !

�

=

. If we guessthatcolumn
=

mutates
�

numberof times,thenthis stepcanbeperformedin time �

�

���

, where@ is thenumberof unlabelededges
currentlyin the tree. As beforewe performuse-interface on eachguessrecursively. The following
recursionboundsthenumberof callsto use-interface whenthecurrenttreehas@ unlabelededges:

'&�

@

!




�

G

���

�

@

�

'&�

@

E

�

!

This recursioncanbesolved for '&�

@

!

�

�

�

�

. Note that thenew functionuse-interface , exactly
exploresthesametreesastheold function. This is just a tighteranalysisof the runningtime obtainedby
makingsurethatwe don't repeatedlyexplore thesametreeseveral times. Sucha bottom-upconstruction
canbeextendedto includethepartitionfunctionaswell. Thealgorithmnow becomessimpleto implement,
sincewe canguessthe �nal skeleton's topologyup front and just guessthe labelsof the skeletonasthe
algorithmprogresses.
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Appendix A: Proof of Theorem12

Theorem 12 It is possibleto constructa � -near-perfectphylogenyontheoriginal input(beforepreprocess-
ing) usingtheabovealgorithm.

Proof: Let � betheoriginal input and �

�

bethepre-processedinput. If thereis a treewith penalty � on � ,
thenthereexistsa treewith penaltyat most � on �

�

. Sincetheabove algorithmgoesthroughall treeswith
lessthan � penalty, we canaddbackthe deletedcolumnsandcheckif the penaltyis still lessthan � . In
orderto show thatsuchanalgorithmwill �nd anoptimaltree,we needto prove thattherealwaysexistsan
optimaltreewith thisstructure.

Considerany optimaltree ' on theinput � . Considertwo identicalcolumns
A

and � in � . Weclaim that
wecanmodify theoptimaltreein suchawaythatonly themutationsof

A

or � arechangedandtheresulting
treewill have all themutationsof

A

and � adjacentto eachother. Supposea mutationof
A

doesn't have a
mutationof � adjacentto eachother, thentheverticesbetweenthemaresteiner. Therefore,wecanapplythe
transform��� to theneighborhoodof steinervertices.As a resultof the transform,we get themutationsof

A

and � adjacentto eachother. This alsoshows thatthenumberof mutationsof
A

and � in tree ' is exactly
same.

�

Appendix B: Proof of Theorem 2

In this section,we prove Theorem2. Recallthata vertex � is badw.r.t a pair of columns �$�

	

��! if it hasa
gametefor thatpairwhichdoesn't appearin theinput. Theorem2 assertsthatthereis anoptimaltreewhich
doesn't have any badvertices,i.e. all its verticeshave gametesthatappearin theinput.

Themainideais to takeany optimumsolutionandto transformit into onewhichhastheaboveproperty.
This is achievedthrougha seriesof transformationsthatreducethenumberof badvertices.We �rst prove
somesimplefactsabouttheOPTsolution.

De�nition 9 Wecall a column� cleanin a tree ' , if all theverticesof ' aregoodw.r.t �5�

	

�7! for all columns
� .

Fact 13 If thecolumn� is cleanin thetree ' and
C

is anyothercolumn,thenthefollowingpropertieshold:

1. Betweenanytwomutationsof column� , there is an evennumberof mutationsof column
C

.

2. Betweenanytwomutationsof column
C

there is an evennumberof mutationsof � .

De�nition 10 Let 1 bea badvertex w.r.t �$�

	

� ! . We de�ne thebadneighborhoodof thevertex 1 w.r.t �$�

	

� !

to be

���

�

�
� 17!

� �

�

>

� is badw.r.t �$�

	

��! & all verticeson thepath 1�� � arebadw.r.t �$�

	

� !

���

15



De�nition 11 Theboundaryof
� �

�

� � 17! is thesetof edgesthat connectverticesin
� �

�

� � 1;! to therestof the
tree ' .

Fact 14
� �

�

� � 17! is theconnectedcomponentof badverticesof tree ' containing1 .

Fact 15 Theboundaryof
� �

�

� � 1;! consistsof only themutationsof columns� and � .

Claim 16 Theoptimaltreecontainsequalnumberof mutationsof columns� and � .

Proof: If not thenthefollowing transformationreducesthenumberof mutationsin thetree.Thiscontradicts
theoptimalityof thetree.

�

Transform � We now describeour transformthat reducesthe numberof badverticesin the optimum
tree. Considerall the verticesin the optimumtreethat arebadw.r.t �$�

	

� ! . Let (

�

	

(

�

	

� � �

	

( � denotethe
badneighborhoodsw.r.t �$�

	

� ! . Thetransform�

� (resp. ��� ) changes(

�

	

� � �

	

( � simultaneouslyasfollows:
deletethe mutationsof column � (resp. � ) from the boundariesof the badcomponentsandreplaceevery
mutationof � on theboundariesby a mutationof � followedby a mutationof � (resp.replace� by � � ). Let

'

�

denotethe treeobtainedby applyingthe transform�

�

on tree ' . Note that both ' and '

�

areoptimal
trees.

Weprove thefollowing two propertiesaboutthetransform� .

Lemma 17 Afterapplyingthetransform�

�

(or ��� ), all verticesof thetree '

�

are goodw.r.t �$�

	

� ! .

Proof: Theverticesthatweregoodw.r.t �$�

	

� ! staygoodeven after the transform�

�

. All thebadvertices
w.r.t �$�

	

� ! werereplacedby goodverticesduringtransform�

�

. Sono badverticesareleft.
�

Fact 18 If the tree ' doesnot haveany bad verticesw.r.t �5�

	

�7! , thenthe resultingtree '

�

after applying
transform�

�

will nothaveanybadverticesw.r.t �5�

	

�;! .

Lemma 19 If thecolumn� is clean,thenthetransform�

�

will not createanybadverticesw.r.t �$�

	

�;! .

Proof of Theorem 2: Considera lexicographicorderon thecolumns�

�

	

�

�

	

� � �

. Westartwith anoptimum
tree ' . We �rst make column �

� cleanby consideringbadverticesw.r.t �5�

�

	

� � ! for each
�

andapplying
transform� �

�
. Notethatthetransform� �

�
will only affect pairs �5� �

	

�
�

�

! . It doesnot createbadverticesw.r.t
�5�

�

	

�
�

�

! . FromLemma17, it follows thatat theendof thisstepcolumn �

� will beclean.
Now inductively assumethat columns �

�

	

� � �

	

�

� areclean. Next we look at all the badverticesw.r.t
�5�

��� �

	

� � ! (for
�

3  

�

�

) for each
�

andapply transform � �
� . Note that the transform � �

� doesn't create
any badverticesw.r.t �5�

�

	

�

�

�

! . Moreover, by Lemma19, we cansay that the resultingtreehascolumns
�

�

	

� � �

	

�

� clean.Moreover, it follows from Lemma17 thatat theendof this stepthecolumn �

��� � is also
clean.

Therefore,in theendall thecolumnsareclean.In otherwords,therearenobadverticesin thetree.
�

Weprove theLemma19 throughthefollowing seriesof claims.

Claim 20 If thecolumn� is cleanin thetree ' , thenmutationsof � in ' are all outside� �)((� or all inside.
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Proof: For thesake of contradiction,assumethatthereis amutationof � inside (

� andanotheroneoutside
� �)( � . Considera pathbetweenthesetwo mutations.It is easyto seethateither � or � mutatesoddnumber
of timesbetweenthetwo mutationsof � . This contradictsthefactthat � is clean.

�

Claim 21 Transform �

�

doesnot createodd numberof mutationsof � betweentwo mutationsof a clean
column� .

Proof: Usingtheresultof Claim20,we considerfollowing two cases.

case1 (All � 's are outside) Considera pair of mutationsof � . If it doesn't have any mutationof � or �

betweenthem,thentheirparitywill notchange.If therewereanevennumberof mutationsof � in between,
thenin transform�

�

, anevennumberof mutations(twicethenumberof badneighborhoodsonthepath)will
getdeletedandhencetheparitywon't change.If therewereanevennumberof � 's, thentwo mutationsof �

will beaddedfor everybadneighborhoodon thepath.Overall,paritydoesnotchange.

case2 (All � 's are inside) In this case,every � getsreplacedby � � . Sincetherewereevennumberof � 's
and � 's an even numberof � 's get createdandaneven numberof � 's getdeletedbetweenany pair of � 's.
Thustheparitiesdonotchange.

�

Remark 1 Claim21 is requiredonly if thecolumn� mutatesmultipletimesin theoptimaltree.

Notethatin transform�

�

only � 's aredeletedor added.Soasimilarclaim for � holdsautomatically.

Claim 22 The tree '

�

resultingfrom transform �

�

doesnot leaveodd mutationsof a clean column � 's
betweentwomutationsof � 's.

Proof: We show that betweenevery adjacentpair of mutationsof � in tree '

�

, thereareeven numberof
mutationsof � . For the sake of contradictionassumethat a pair of � 's hasodd numberof � 's in tree '

�

resultingafter thetransform�

�

wasapplied.Let �

� and �

� denotethetwo mutationsof � thatsandwichan
odd numberof mutationsof � . Note that both �

� and �

� cannotbe presetin the tree ' . Without lossof
generality, assumethat �

� wascreatedin tree '

�

. Therefore,thereis amutationof column � next to �

� . Call
it �

� .
In the tree ' , the column � wasclean. Sincethe transform �

�

doesnot changein mutationsof � , no
mutationof � is sandwichedbetweentwo mutationsof � in thenew tree '

�

.
If �

� is a new mutationaddedto tree '

�

, thenlet �

� bea mutationof thecolumn � which is next to �

� in
thetree '

�

. In this case,theoddnumberof mutationsof � aresandwichedbetween�

� and �

� which is not
possible.Therefore�

� is presentin thetree ' .
WeuseClaim20 to separatefollowing two cases.

case1 (All � 's are outside) Let
� �

�

� denotethe bad neighborhoodwhere �

� was created. Let
�

�

� be a
mutationof � thatwasdeletedfrom theboundaryof

� �

�

�
. Thenthepathfrom

�

�

� to �

� in tree ' containsno
mutationsof � , while thepathfrom �

� to �

� containsanoddnumberof mutationsof � . Therefore,in tree '

thereareanoddnumberof mutationsof � between
�

�

� and �

� , whichcontradictsthefactthat � wascleanin
tree ' .
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case2 (All � 's are inside) Notethat �

� couldnothave beenon theboundaryof abadneighborhoodin the
tree ' , otherwiseit would have beenremoved in thetree '

�

. Sinceall themutationsof � wereinsidebad
neighborhoods,at leastoneof theneighborhoodsonthepathfrom �

� to �

� hadanoddnumberof mutations.
If this badneighborhoodis theonewhere �

� wascreatedin the transform,thenthepath �

� to �

� includes
themutation�

� . In '

�

, all theverticesaregoodw.r.t �$�

	

� ! . Hencetheremustbeanothermutationof � (call
it �

� ) between�

� and �

� . Note that thepath �

� and �

� containsan odd numberof mutationsof � . This is
a contradiction.Therefore,thebadneighborhoodcontainingoddnumberof mutationsof � is not theone
where �

� wascreated.But in that case,considerthe path from �

� to �

� in the old tree ' . It musthave
enteredandexited thebadneighborhoodvia mutationsof � . Thustheoddnumberof mutationsof � were
sandwichedbetweentwo mutationsof � in theold tree' . This is acontradictionto thefactthat � wasclean.

�
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