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Abstract

In this paper we considerthe problemof reconstructinqiearperfectphylogenetidreesusingbinary char
acters. A perfectphylogery assumeshat every charactemutatesat mostoncein the evolutionarytree.
The algorithmfor reconstructing perfectphylogely for binary characterss computationallyef cient but
impracticalin mostrealsettings.A nearperfectphylogely relaxesthis assumptiorby allowing characters
to mutatea constannhumberof times. We shaw thatif the numberof additionalmutationsrequiredby the
nearperfectphylogely is boundediy , thenwe canreconstructhe optimalnearperfectphylogenetidree
in time where is thenumberof taxaand is the numberof charactersThisis a signi cant
improvementover the previous bestresultof where is the numberof stategpercharacter
(2 for binary). Thisimprovementcouldleadto the rst practicalphylogenetidreereconstructioralgorithm
thatis both computationallyfeasibleandbiologically meaningful.We nally outline a methodto improve
theboundto
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1 Intr oduction

Oneof the classicalproblemsof computationabiology is to reconstructn evolutionarytreefor a setof
taxabasedon charactedata.Parsimoly is oneof thewidely usedmetricsto solve the problem.It hasbeen
known to be particularlyusefulin the casewhenthe evolutionarytreereconstructeds over a shortperiodof
time.
We borrov someof the following de nitions andnotationsfrom [5]. Theinputto the problemis gen-
erally representedby a matrix whererows arestringsof statescorrespondingo taxa. The columns
arereferredto ascharactersThe setof statescorrespondingo ary character is denoted

by , thereforeevery taxon . In aphylogenetidree,eachvertex correspondso a
taxonandhasanassociatethbel . We usethetermsphylogelry, phylogenetidreeor
justtreeinterchangeably
De nition 1: A phylggenyfor asetof taxa isatree with thefollowing properties:

1. if ataxon then

2. for all , where isthehammingdistance

De nition 2: Thelengthofaphylageny
De nition 3: Thepenaltyof aphylogely isde nedas

Minimizing thelengthof aphylogely is theproblemof nding themostparsimoniousree,awell knowvn

NP-completgroblem[6]. A phylogenetidree constructedninput , is calleda perfectphylogely if
. As summarizedy [5], reconstructinga perfectphylogely was proved to be NP-hard

independentlypy Bodlaendeget al. [2] andSteel[10]. This led researchert work on eithersophisticated
heuristics(for e.g[7], [3]) or solve optimally for x ed parametewersionsof the problem(for e.g, [1],
[9]). Gus eld consideredhn importantspecialcaseof the perfectphylogely problem,whenthe number
of statesis boundedby 2. We call suchatreeasa binary perfectphylogely. Gus eld shavedthatbinary
perfectphylogeniecanbereconstructedh lineartime [8]. LagegrenandFernandez-Bacapnsideredhe
problemof reconstructinghearperfectphylogenieg5]. The assumptiorof a 'near'-perfectphylogely is
that is small for the mostparsimonioudree. Their algorithmrunsin time ,
where is thenumberof stategpercharacter isthepenalty isthenumberof taxaand isthenumber
of characters.
Our Results: In our work, we consideranimportantspecialcaseof the problemwhen . The
casewhen is primarily importantbecausesingle NucleotidePolymorphismgSNPs)are bi-allelic.
We canthereforeusethe algorithm for reconstructingreeswherethe taxaare DNA sequencesndthe
character@are SNP markers. We shaw thatif the penaltyof the mostparsimoniougphylogely is bounded
by , thenwe canreconstructhe phylogenetidreein time . In sectiond we brie y describehow
thistime-boundcanbeimprovedto . More detailson theimproved algorithmwill beavailablein
[4]. Ouralgorithmis almostentirely self-containedandits understandingequiresonly somefundamental
theorem9on phylogenetidrees. Although someexistentialproofsare hard,the algorithmitself is not very
complicatedo implement.We alsoexpectthe algorithmto performsigni cantly betterin practicethanthe
worstcasebounds.



1. createaconict graph s.tthereexistsa bijection and iff

2. nd with s.t isasetof columnscorrespondingo thevertex coverof |, return
nil if noneexists

(a) for all trees s.tthereexistsanontofunction

i. for eachvertex
A. nd thesubsebf rows “compatible'to
B. build aperfectphylogery  for theset
C. replace with tree
D. completethetreeby linking all the 's
i, if then
(b) return

Figure 1: Overview of thealgorithm

2 Overview of the Algorithm

We rst sketchthe outline of the algorithmandthenexplain the detailsof eachstepin subsequergections.
Speci cally, givenaninput andapenalty thealgorithm nds mostparsimoniouphylogely with penalty
atmost or nil if noneexists. Thefollowing de nitions areuseful:

De nition 1 Thesetof gametes restrictedto two characters is de ned as:

De nition 2 Twocolumns are saidto contain(all) four gametesvhen

A highlevel pseudo-codef thealgorithmis givenin 1. Thefollowing sectionselaboraten eachof the
stepsof this pseudo-coderhich we will referto asthe mainpseudo-code.

Pre-processing It is well knovn thatthe mostparsimoniougphylogely reconstructeds imperfectif and
only if theinput containsthe four-gameteproperty Beforerunningour algorithm,we pre-processhe
input asfollows. We remove all the columnsthatthathave only singlestate(i.e. they do not mutateat all).

We thenlook for the pairsof input columns  for which . In sucha case,boththe columns
containthe samenformation.We remove oneof thetwo columnsfrom theinput. We shaw in the Appendix
(Theoreml2) thatthis preprocessingtepsdoesnot alterthe overall runningtime or the correctness.

At theendof pre-processingye have theinput thatsatis es for all columns
Conict graph and the vertex cover-columns : A conict graph correspondingo input is
constructedisfollows. Eachvertex of thegraphrepresents character . An edge
is addedif andonly if all four gametesare presentn and . Thefunction maps
mutationeventsto the charactethat mutates. Note thatin ary phylogery if then

To nd the vertex cover, we usethe classical2-approximatioralgorithm. We set  to be the setof
columnscorrespondingo the vertex cover returnedby the algorithm. We asserthatthereexistsno -near
perfectphylogely if



Figure 2: A phylogenetidreeandits associatedkeleton.Thebit vec-
torsof thespeciesareleft out for simplicity.

Lemmal Theeexistsno -nearperfectphylaenyif

Proof. Firstnoticethatfor ary pair of characters s.t thetree shouldcontaineithertwo
edges  suchthat or Af thenthereexistsno vertex cover
of size . Thisimpliesthatthereexists at leastoneedge s.tneither nor mutates

multipletimesin , acontradiction.

For the step2a of the pseudo-codewe enumeratdoy bruteforce all possibletrees that mutatethe
columnsin  atleastonce.

De nition 3 A vertex is bad w.r.t a pair of characters and a setof columns , if and

Fromnow on we adhereto the following namingcorvention. Thetree (usedin step2athatmutates
the columnsin the vertex cover  is referredto asthe skeletontree The verticesof the a skeletontree
arereferredto assuper nodes sinceanentiretreereplacesachof thesenodesn a nal phylogenetidree.
Figure2 shavs anexampleof a phylogenetidreealongwith its skeleton.

3 Details

3.1 Finding a compatible setfor all vertices

This is themostcomplicatedstepof the algorithm. We wantto partitionthe rows of the input matrix such
thateachsupemode is assigned subsebf ‘compatible'rows . By arbitrarily rootingthetree , the
structureof thetreede nesthebits for thecharactersn . We canthink of every supernode in thetree
beingtagged with the states andusethenotation to denotethetag. Notethat is the
sameas restrictedo thecolumnsof . We canthereforepartitionthe setof rows if thetags areall
unique.Theproblemariseswhentwo supemodessay arebothassignedhesameags- andtherefore
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thesamesubsef rows . We needto furtherpartition intotwosets and onefor each and
We needseverallemmaso determinenow to malke this partition.

De nition 4 Weusethenotation to bethepathbetweer{andincluding)vertices(or supemodes)
and ofanytree
Note that if aresupernodesand is the phylogely (not skeleton),thenthe notation

is usedto denotethe pathin thetree thatconnectsupernodes and of the correspondingkeleton

Theprooffor thefollowing theoremis givenin Appendix4.

Theorem 2 If there exists a g-nearperfectphylggeny that has bad vertices(w.r.t ) thenther existsa
g-nearperfectphylagenythat doesnot containanybadvertices(w.r.t ).

For the restof the paperwe x anoptimal phylogely thatdoesnot containary badvertices.We
will imposeadditionalrestrictionson later
Corollary 3 In , if there existstwo edges and sud that thenfor
all columns , is evenandtherefore for all

For ary phylogely , theskeletonof , , With respecto a setof columns  (vertex-cover) is the
tree of supernodeswhereeachsupernodeis attachedo edges s.t . A supernodecan
be viewed asa setof verticesof the nal phylogenetictree andthereforegives us the following obvious
propertiesof containmentFor asupemode , we saythatedge iff ,
and . Similarly, we saythatcolumn if s.t
De nition 5 Twosupernodes and of are tag-adjacentf

1. and

2. there existsno supernode sud that
De nition 6 Two supernodes and  of are paired-tag-adjacen if ther exists no supernode

sud that or

De nition 7 Anedge or column is distinguishingw.r.t a phylageny if for any two tag-
adjacentsupernodes and , is odd.

It is easyto seethatfor the optimal nearperfectphylogely thereexists a distinguishingedgefor

every pair of tag-adjacensupemodes.

3.1.1 Partition

We cande ne equvalenceclasses containingsupernodesbasedon the equalityof tags of super
nodes. It is straightforvard to partitionthe rows  for eachequivalenceclassof supernodes. This is
performedby just examining the tagsof eachequvalenceclass. The pseudo-codén Figure 3 provides
the detailsof the stepsnecessaryo computethe partitions. At ary pointin time, the partition algorithm
maintainsa partition for eachequvalenceclass.Eachrecursve call re nes oneof the partitionsof
oneof theequialenceclassesJustto avoid excessie notationswve will use for all
. It shouldbe obviousfrom the contect asto which equvalenceclass belongsto. We saythata column
partitionsaset if thereexiststwo rows suchthat and . The partitioncan
bewrittenas and :
An overview of theapproachis to rst discover the distinguishingcolumnsthat partitiontwo different
equialenceclassesgut only mutatesoncein . In the secondstepwe guesghe distinguishingcolumns
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thatpartitiontwo differentequialenceclasseandmutategnultiple times. The columnsguesse@readded
to the skeletonsothatthe skeletonexpandsin size.

The value denotesour guessof whetheror not the supernode containsary real vertices
in . Thevalueis setto ‘real' if we guessthat thereexists at leastonereal vertex in  and “steiner'
otherwise A partition is completewhenthenumberof setsin is equalto thenumberof super
nodes in with real,thatis: .

The partitionfunctioninitially nds theset  consistingof columnsthatre nes the partitionin two
differentequivalenceclassesilf , thenthefunctionpicksanarbitrarysetof columnsand
performs recursve callson partitioninducedby eachcolumnin thesetontwo differentequivalence
classeghatthe columnre nes. If , thenthe function guessesll the mutationsof the columnsin

andaddsthemto . Notethateachaddededgesplitsa singlesupemodeinto two new supemodes.

At the endof the function partition, we add mutationsand expandthe skeleton. Beforethe expansion
theset  wasempty Thefollowing Lemmaprovesthatit remainsemptyeven afterthe skeletonexpands.
Moreover, it remainsempty throughoutthe executionof function use-interdce which will be described
shortly

Lemma4 If is emptyat anytime thenit remainsemptywhenexpandingthe skeletonby the addition of
non-vert& cover columng(speci cally in steps3a, 3c of functionpartition describedn Figure 3 andstep5
of functionuse-interfacalescribedn Figure 4).

Proof. For the sale of contradictionassumahat  wasemptyandlaterbecamenon-empty Let bea
columnin .Let and bethetwotagsthataresplitby . Notethatif the and aredifferentonthe
columnsin , thenthe column would have beenfoundin function partition (Figure 3) itself. Therefore
it mustbethecasethat and areidenticaloncolumnsin . Since and areidenticalon columns
in , thealgorithmfoundacolumn thatdistinguisheshem. Now notethat and togethemustform
gametesThisis a contradictiorto thefactthatneither nor belongso

Correctness:

A partition is de ned to begood if it canbere ned by further partitions(no
meiges/unions)nto that of . The setof partitions is goodif every partitionis
good.

The correctnesgan be proved inductively by makingthe claim thatif the algumentsetof partitions
is goodfor a function call of partition thenthe argumentsfor at leastone of the recursve calls is good.
Considerary onefunctioncall to partitionandassumenductiely thatits agumentis good. We recursvely
performpartitionin step4(b)ii. If thenthereexists at leastonecolumn thatmutates
only oncein . A column thatmutatesonly onceinducesa partitionon only whentwo super
nodegof thesameequvalenceclass ) contain with in thepathconnectinghemorif mutates
insidea supernode . We know however that partitionsat leasttwo differentequivalenceclasses

. Since mutatesonce,it canmutateinsidethe supemodeof atmostoneof  or andlie in the
pathconnectingwo supernodesof the otherequialenceclass. We recurseon both the partitioninduced
on and . Moreover, sincetheamgumentsof partitionis good,the partitioninducedby using
on atleastoneof or is good. This completegherecursve case.The othercase
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function partition ( , int list selectedColg
1.if is completethen

(a) guesgheassignmentsf thepartitions to the supemodesof the skeleton

(b) explandtheskeletoninto  stcolumnsin selectedColsnutateonceandtheexpanded
tagsof the supemodesarecompatiblewith therows assigned

(c) return
2. let bethesetof columnsst, , , St partitions
3. if
(a) guesanultiple mutatingcolumnsamongset  andaddto skeleton

(b) guesgheassignmentsf thepartitions to the supemodesof theskeleton

(c) explandthe skeletoninto  suchthat columnsin selectedColsnutateonceandthe
expandedagsof the supemodesarecompatiblewith therows assigned

(d) guess for all supemodes correspondingo the expandedskeleton
(e) use-interhce( )

4. else
(a) considerary s.t
(b) andfor ary two s.t , partitions
i. let
ii. partition( , selectedCols )

Figure 3: Algorithm to partitionandassignrows of theinputto supemodes



function use-interface( skeletonS)
1. let bethesetof columnss.t, , , S.t partitions
2. selectsome thatis incomplete

3. selecta lowest pair of tag-adjacensupernodes,such that
real

4. if , and , for some and suchthat
(a)
(b) partitions
(© and sharea supefrnodein
(d) ( ) and( ) arepaired-tag-adjacetihen

5. guessxtension of skeleton by mutatingcolumn (onceor multiple) times

6. guess for supemodesadjacento mutation(s)of

7. use-interace( )

Figure4: Algorithm to ®nd interfaceedgesandextendthe skeleton

is whenwe guessall multiple mutationsamongcolumns thatpartition at leasttwo differentequivalence
classesn step3a. Sincethe sizeof the setof columnsfrom which we guesds boundedoy |, this stepcan
clearlybeperformedn timeto nd thecolumnsmutatingmultiple timesand to placethe
edgesn the skeletontree. Notethatwe alsoguesghe numberof timesa columnmutates.

Thesteplb expandsheskeletonby addingcolumnsof selectedCols.

As before the edgesf the expandedskeletonde ne thetagsassociatedvith eachsupemode.We now
assigrfor eachsupemodea partition . While makingthis assignmenit couldbethe casethatthenumber
of partitionsis lessthanthe the total numberof supermodes.Speci cally, two supernodesof the sametag
are assignedhe samepartition. However, the numberof distincttagsin the skeletonshouldbe equalto
the numberof partitions. This stepcanbe nawvely implementedoy onceagainenumeratingall skeletons
usingthe columnsof the currentskeletonandselectedColsWe canthendiscardary skeletonthatis not
compatibleto the setof partitions. Therunningtime for extendingthe skeletonandassigninghe rows can
be boundedasfollows. The recursiontree hasheight , andary function call to partition makesat most

recursve calls. Thereforethe numberof leaves of the recursiontreeis boundedby .
Eachleafnodecontainsatmost columnsin its list selectedColsSincethenumberof treeswith  vertices
is boundedby , steplb canbeimplementedn time. This assureghatthe total time
spentby partitionfunctionis boundedoy

3.1.2 Interface

For discoreringdistinguishingedgeswe arejustleft with thelastcase- distinguishingcolumnsthatmutate
onceor morebut partitiononly oneequvalenceclass.We de ne for ary equvalenceclass to
bethesetof rows thatmatchtag . A vertex of phylogely s calledrealif - informally if the
labelof thevertex is presenin theinput (equvalently thevertex is non-steiner).

Considerthe partition de ned by on ary oneequivalenceclass of supernodes.We saythata



column is aninternalcolumnif the partitioninducedby on is not good(similar to the de nition

usedin functionpartition). Informally, thisimpliesthatedge with is preseninsidesomesuper
node andthereexistsreal vertices s.t and . We de ne a columnthatis
notinternalasinterface.Notethataninterfacecolumninducesa goodpartition. Informally a distinguishing
interfaceedgeis presenin the pathbetweertwo connectecomponent®f real verticesof the supemodes

s.tthereexistsrealvertex andrealvertex
De nition 8 A pair of tag adjacentsupernodes and is de nedto bea lowestpair in if there
existsa vertex sud that for all supernodes with , and

. Thevertex is calledthebrand pointof and

Figure 5: Applicationof transform . Notethatthebits of steinerver
tex changestpositions and afterthetransform.

Transform

We now describea very simple transform that operateson ary tree  andis de ned over two
columns  andasteinervertex . To applytransform onsteinervertex , all vertices suchthat
is theonly realvertex in shouldsatisfythe following property Thereexistsedge s.t

or . An exampleof whensucha transformcanbe appliedis shavn in Figure5. For all
suchpathsfrom to ,thetransformreplaceghe rst mutationof with andvice-versa.Theresultafter
applyingthetransformis shavn in Figure5. Clearly, thetransformdoesnot changethe costof thetree.

Lemmabs In , for every lowestpair supernodes with branch point  sud that every
distinguishingcolumnof  and is aninterfacecolumn,ther existsat leastonedistinguishingnterface
column with thefollowing properties:

1. column partitions

2. , s.t and are paired-tag-adjaceb and partitions
and



3. thepaths and shake a supernode

Proof: Firstnotethatthecolumn thatpartitions canonly partitionit into .
Thisis because inducesa partitiononly in oneequvalenceclass and . For the samereason
. Throughouthe proof of thelemma,the distancebetweertwo vertices(or edgespn atreeis simply
thenumberof edgesn the pathconnectinghevertices(or edges).
We know that for an optimal phylogely, therehasto exist at leastone distinguishingedge for
and . Let and betheverticesin and respeciiely, thatlie on eitherendsof

Therefore hasto mutateodd numberof timesin exactly oneof and . Withoutloss
of generalityassumehat it mutatesan odd numberof timesin . Considerthe edge closestto
suchthat . In if thepathfrom to  consistsentirely of degree2 steinervertices,thenthe

mutationof canbeincrementallyswappedwith the mutationof the neighboringedge,until the mutation
of ismovedinsidesupemode . Notethatswappingadjacenedgesf adegree2 steinerverte is justa
trivial applicationof onthevertex. After several applicationsof , column is nolongerdistinguishing
between and inthenew optimalsolution.

If thepathfrom to containsavertex of degreegreatethan2, thenevery branchingpathfrom
leadsto arealvertex (sincesteinerverticescannot be a leaf). Considerary suchrealvertex , the super
nodein which lies cannothave tag sinceit contradictghe assumptiorthat and arealowestpair.
Now considetthe casewhenfor all suchrealvertices , thepath containsaamutationof . Using
transform , themutationof canbeswappedwith neighboringedgeauntil it is adjacento . Onceagain
let betheedgeadjacento |, st . Let beanotheredgeadjacento . Wecan
now applytransform onvertex . Theresultof the transformis thatthe mutationsof and
swap positions.We canthereforekeepapplyingtransform to move themutationof closerto . There
areonly two casesvhenwe cannot applythetransformary further In boththe caseslescribedelav, we
nd supemode thatcontainsarealvertex.

Casel:. |If thepathfrom to  containsa real vertex , thatbelongsto a supernode say then
, sincewe assumedhat and aretag-adjacent.
Case2: If thepathfrom to containsavertex of degreegreateithan2, thatcontainsabranchleading

to arealvertex , Where suchthatthepathfrom to doesnotcontaina mutationof
Notethat since and arealowestpair.
Now considertheedge suchthat andthedistanceof from isthelargest.

Usingaserieof transforms we canmovethemutationof towards . Onceagainwith asimilaragument
we caneitherclaim thatthereexistsarealvertex in asupemode thateitherliesin the pathfrom to

orisin theinducedtreeof whichliesin thepathfrom to . If thisisthecasethen and aretwo
realverticesseparatethy anodd numberof mutationsof . Also, . Thissatis esall the
propertieof thelemma.

Now considerthe casewhenthe mutationof canbe movedsothatit is adjacento . Now consider
ary vertex covercolumn thatmutatesanoddnumberof timesbetween and . Therehasto exist atleast
onesuchedgesince cannotbelongto asupernodeoftag as and aretag-adjacentConsiderthe
edge suchthat andthedistancefrom to is maximum. First assumehatall the vertices
in areof dggree2 andsteiner Clearlynow, usingthetrivial transformthemutationof can
be movedsothatit is adjacento . We cannow performtransform on to obtainanew optimaltree
wherethe mutationsof and adjacento have switchedplaces.Notethatthe conditionof requires
thatevery pathfrom to arealvertex containseitheramutationof oramutationof . Thiscanbeproved
asfollows for the optimaltree . Considerary pathfrom to the rst realvertex thatis in a super
node . If thenthepathfrom to shouldcontainanoddnumberof mutationsof , since
thepathfrom to containsanoddnumberof mutationsof . If , thenthepathfrom to



shouldcontainanoddnumberof mutationsof , otherwise and thatliein and respeciely satisfy
the propertiesof the Lemma. After applying  , we canmove the mutationof inside sinceall the
verticesaredegree2 theresultof whichis that is nolongerdistinguishingoetween and

Thelastcasethatis left to analyzels whenthe pathfrom to containseitherrealverticesor steiner
verticesof degreegreaterthan2. If it containsa realvertex |, then alongwith satisfythe properties
of the Lemma. If thereexistsa vertex  that hasdegreegreaterthan2, thenthe inducedsubtreerooted
at containsrealvertices,andall pathsto real verticesshouldcontaina mutationof  (otherwisewe can
usetherealvertex alongwith  to satisfythe propertiesof thelemma). Therefore with

, sinceotherwisewe canmove the mutationof usinga seriesof transformssothatit is
adjacento . Thisis a contradictionto optimality sincewe alreadyhave adjacento with
Therefore we candirectly apply transform onvertex . We canthenmove the mutationof into
with aseriesof transforms.

Putting everything together we have the fact that if for ary distinguishingcolumn thereexists no
supermnodesthat satisfythe propertiesof the lemma,thenthe edgecorrespondingo the mutationof can
be moved suchthatit is no longerdistinguishing.Furthermoreno nenv columnbecomedlistinguishingin
this processWe cancontinuethis agumentfor every distinguishingcolumn. If nonesatisfythe properties
of thelemma,theneventuallythe rst andlastverticesof the path areidentical,acontradiction
to optimality.

Lemmab provesthatfor every pair of tag-adjacensupemodesthereexists at leastonedistinguishing
interfaceedgethat hasthe propertieghat the pseudo-codesesto identify themin step4 of functionuse-
interface  However the corversethat only distinguishinginterface edgeshave the propertyis not true.
We will however prove that only internal edgesthat mutatemultiple times could satisfy the properties.
Intuitively, this provesthatnot too mary internalcolumnsarefalselyidenti ed asinterfacecolumns.Note
that at step4 of the pseudo-codeolumn partitions andalso partitions . If isan
internalcolumn,thenthereexistsinternaledge in somesupernode s.t . Supernode

becausave assumedhat and are paired-tagadjacent. Assumethat liesin
in where and . Notethatfor to partition it hasto bethecase
thatboth and containatleastonerealvertex. Notethatoneof or couldbe or respectely.

Considerthetwo paths and (shawn in Figure6). If mutategustonce,thenit shouldbe
the casethatthe mutationof , edge , shouldlie in oneof thetwo paths.This is however a contradiction
since now partitionstwo equivalenceclasses andoneof or (since , , and eachcontain
atleastonerealvertex in ). Thereforejt is not possibleto addaninternalcolumnto theset unlessit
mutatesmorethanoncein

At eachrecursve call, we either nd acolumnthatmutateonly oncetherebypartitioningrows into two
supernodesor discorer multiple mutantedges. Thereforethe depthof the recursionis boundedoy
Sincethe degreeof ary nodeof the recursiontreeis boundedby , @ haive analysisgivesa boundof

numberof callsto thefunctionuse-interéce.

At the endof therecursie calls, one of the leaves of the recursiontree correspondgso the expanded
skeletonof . Note: We shavedthatthe depthin therecursiontreeof the leaf that correspondso the
expandedskeletonof is boundedby  for someconstant . Thereforewe cansafelyterminatethe
recursionatdepth

3.2 Linking perfect phylogenies
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Figure 6: Proofthat column hasto mutatemultiple timesto be an
internalcolumnthatalsosatis®eghe propertiesof a distinguishingin-
terfacecolumn.

function link-tr ees( skeletonS)
1. Foreachleafsupernode of do

(a) build perfectphylogely ontheverticesin
(b) let the setof verticesof
(c) for eachmutationin  do

i if containsonly a singlestate(say ) oncolumn ,
thenremoreallin  thatcontain oncolumn

(d) “guess”’avertex from , andlet beobtainedfrom by mutatingthe vertex
cover between and

(e) add to andremovetheleaf from

2. repeatstepl until isempty

Figure 7: Algorithm to build thetreeusingthe skeletonandpartition

We now shav how to completethe the nearperfectphylogely oncethe correctpartition on the super
nodeshave beencomputed(step 2(a)iD of the main pseudo-code).Note: Let the initial skeleton built
usingthe vertex caver columnsin step2a of the main pseudo-codbe . Assumethat is isomorphicto

. Since doesnot containary badverticesandis optimal, all the supernodesontainperfect
phylogenies.
Lemma 6 Everysupernode oftheskeleton containsa perfectphylageny
Proof. Forthesale of contradictionassumenot. Considerdges with . Consider
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thepath connectingedges and . Thereexistsnocolumn thatmutatesanoddnumberof timesin

accordingo Corollary3.1. By thede nition of the supernodesandskeletonwe know thatthereexistsno
edge with if . For optimality, we cannot have two vertices and with
Thereforetherecannotexistsedges and asstated.

Using the partitionsof the expandedskeleton , we can nd the partitionsfor the skeleton . For the
restof the paper we will work with skeleton ratherthan . We losesomeinformationin this step,but
it keepsthe analysissimple. We now shav how to constructa perfectphylogely for the rows assignedo
a supernodeof . For ary pair of columnsthat mutatewithin a supernode,therecanbe at mostthree
gametes.We cannow reconstruct uniqueperfectphylogely within eachsupernodeasfollows. If two
columnsinducetwo gametesthenwe canarbitrarily remove oneof them. If two columnsinducejust one
gametehenwe canremove both the columns. After this step,every pair of columnscontainexactly three
gametes.Thereforea uniqueperfectphylogely canbe built. We cannow addbackcolumns thatwere
removed since inducedonly two gametes.This is doneby addingthe mutationof adjacento the
mutationof . Therelative orderingof and aredeterminedasedonwhich of thethird gametebetween

and is presenin the input (andabsentfrom the rows of this supermnode). Hencewe canbuild a unique
perfectphylogely thatdoesnot containary badvertices.

Thenotation is usedto denotethe parentof avertex in adirectedtree. In thefollowing section
thetermsubtree (sayrootedat ) of therootedtree , Is usedto referto theinducedtree rootedat
vertex obtainedby removing theedge from
Lemma 7 In therootedtree , consideranyinducedsubtee . If containsvertices and
sud that and thenther existsat leastoneedg  s.t in
Proof. Assumenot, thenthe mutationof column occursin . But and areconnectedy a
singleedge.Therefore, containsonly oneof eitherO or 1 in column , contradiction.

Corollary 8 If both and ead containa pair of vertices s.t and for
somecolumn thenthere are at least2 edges s.t .
Note thatin the rooted , the perfectphylogely insideeachsupernode canbe decomposedhto

a minimal connecteccomponenof perfectphylogely on realvertices , calledcoretree. The edgesin

arecalledperipherakdges.Therecouldbesereralconnectedomponent®f peripherakdgesdnside
eachsupernode. Note that all interfaceedgesare peripheraledges. At this point, it is easyto compute
the unique core tree, which is just the perfectphylogely on the rows that have beenpartitionedto ary
supernode. For this lastpart of the proof, we will be consideringhe optimaltree with the following
additionalproperty:nosupemode (excepttheroot) containsa degreetwo vertex thatis adjacento both-
aperipherakdgeandthevertex cover edgeconnecting to supemode

Lemma 9 Thee existsan optimaltree thatcontainsnovertex in supernode with the propertythat
degree() = 2and is adjacentto bothan peripheal edge andthevertex cover edge connecting to super
nodep( ).

Proof. Assumenot, thenconsiderthe optimal tree that containsthe minimum numberof vertices
with the abore property Oneedgeadjacento is thevertex cover edgesay , with say . The
secondedgeconnectdo avertex  insidesupernode andlet . Now we can ip theordering
of mutationsof and suchthat and to obtainanew tree . Notethatthis
is justatrivial operationof transform  onsteinervertex . It is easyto seethatthe only pair of columns
in of that could containa newv gametenot presentin the original tree containsone column of
thevertex cover. Thereforein , all theverticesaregood(assuminghey werein the original tree). The
numberof verticesin the supemode increasedy oneandthe numberof supemodesin  decreased
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by onesince waspreviously partof andnow is partof . Thereforethe numberof verticeswith the
propertygivenin theclaim decreasetly one,a contradictionto theassumption.

In , considera supernode , thathaschildrensupernodes . Thegoalis to discover
all the edgesof bottom-up.Let  bethetreepresentinsidethe supernode in . Notethatwe
areusingthe supemode to referto the supemodeof boththe skeleton andthatof . Let be
the subtreeof rootedonavertex of , obtainedby removing thevertex cover edgeconnecting to
Notethatthetree restrictedto thenodesof s

Assumenductiely thatwe have computedhetreesinsidesupemodes descendantandall theof
In othervwordsthe subtrees of have beenfound. Now we proceedo constructthetreeinsidesuper
node . Notethatthisamountgo building thecoretreeof andconnectingverticesof toverticesin  as
in (whichis equialentto computingthe peripheraledges).Consideroneby oneeachof thetrees
We startby addingall verticesof  into aselectedset . At ary timeif , thenwe have completed
processing . If not,thenfor eachmutationof column in , we checkif containsbothstate) and
lon . If so,weignore . By claim7, thefactthatthereareatmost multiple mutationsfor arny character

andthat is aperfectphylogely, weignoreatmost mutationsof . If not,thenwlog say0 is theonly
statein column thatoccursin . If ary vertexin ~ containsalin column andis presenin |, then
weremoveit from

Claim 10 Onlytheselectedrerticesin  canbeverticesof thatconnects to

Proof. Thereexistsexactly oneedge , S.t in . Theedge partitions into and

basedon the valueon the column andassume and . For the sale of contradiction
assumehatin ,avertex from connectdo viathevertex coveredge.Clearlyevery pathto areal
vertex in from containsanedge with

Considerthe edges thatis the rst mutationof column in every pathfrom to areal vertex in

. Let  bethe setof columnsthat mutatein the pathconnecting and . Sincethereareno

badvertices,all mutationsof columnsexceptvertex cover, between and occureven numberof times.

Thereforespecically and areidenticalin all thecolumnsin . Thereforeconnecting insteadof

to viavertex cover anddeletingall mutationsof ~ thatoccursin the pathbetween and resultsin a
treeof smallercost,a contradictionto optimality.

We continueby nding sets for eachof . Now, usingexhaustve searchwe pick oneby oneevery
possibleway of selectinga vertex from eachof theselectedsets for eachof . Onewould bethecorrect
setof verticesasusedin . Foreach selectedrom , we mutatethe columncorrespondingdo the
vertex cover edgebetweersupernodes and andaddtoset . Wenow add to thesupemode and
re-constructhe perfectphylogely of . It follows from the claim thatwe have now completelyidenti ed
thetreein . It is easyto implementtheabove procedurén time.

Theorem 11 Thenew algorithmsolveghe -nearperfectphylagenyproblemin time

Proof. Theprooffollows from theabore lemmasandTheoren?2.

4 Discussion

We now give a quick summaryof how the runningtime canbeimprovedto . Theonly stepthat
needgo beimprovedis use-interface . Intuitively, insteadof building the skeletontop-dawvn, we can
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constructit bottom-upasfollows. Assumethatwe have a skeleton  andwe completethe use-interace
stepas describedabove to obtain a tree wherethe supernodeshave uniquetags. Let this nal skeleton
be . Wearenow goingto shaw thatwe canarrive attree usinga modi ed routine of use-interéce.
It is easyto guessthe nal topology of the skeleton  in time even beforeexecutingthe function
use-interface since has edges.Let thisunlabeledreebe . We canguesshe labels
for all edges where is eithera vertex cover columnor a columnfoundin function partition.
Thisgivesusapatrtiallylabelledtree , wheretheonly unlabelededgesarethosethatwerefoundusingthe
old use-interface function. Notethatin the currenttree , the connecteccomponent®f unlabeled
edgesareexactly the supemodesof theskeleton . We cannow executethe use-interface function
asdescribedabove, exceptthatwe do not addmutationsof columns into anexisting skeleton(asin step
5). Insteadwe guessall unlabelededges suchthat . If we guessthatcolumn mutates
numberof times,thenthis stepcanbe performedin time  , where is the numberof unlabelededges
currentlyin thetree. As beforewe performuse-interface on eachguessrecursvely. The following
recursionboundsthe numberof callsto use-interface whenthecurrenttreehas unlabelecedges:

This recursioncanbe solved for . Notethatthe new function use-interface , exactly
exploresthe sametreesasthe old function. This is just atighter analysisof the runningtime obtainedby
making surethatwe dont repeatedlyexplore the sametree several times. Sucha bottom-upconstruction
canbeextendedo includethe partitionfunctionaswell. Thealgorithmnowx becomesimpleto implement,
sincewe canguessthe nal skeletons topology up front and just guessthe labelsof the skeletonasthe
algorithmprogresses.
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Appendix A: Proof of Theorem 12

Theorem 12 It is possiblgo constructa -nearperfectphylagenyontheoriginal input(befoe preprocess-
ing) usingthe above algorithm.

Proof. Let betheoriginalinputand bethepre-processethput. If thereis a treewith penalty on
thenthereexistsatreewith penaltyatmost on . Sincetheabove algorithmgoesthroughall treeswith
lessthan penalty we canadd backthe deletedcolumnsand checkif the penaltyis still lessthan . In
orderto shawv thatsuchanalgorithmwill nd anoptimaltree,we needto prove thattherealwaysexistsan
optimaltreewith this structure.

Considerary optimaltree ontheinput . Considertwo identicalcolumns and in . Weclaimthat
we canmodify the optimaltreein suchaway thatonly themutationsof or arechangedndtheresulting
treewill have all the mutationsof and adjacento eachother Supposea mutationof doesnt have a
mutationof adjacento eachother thentheverticesbetweerthemaresteiner Thereforewe canapplythe
transform to the neighborhoof steinervertices.As a resultof the transform we getthe mutationsof

and adjacento eachother Thisalsoshawvs thatthe numberof mutationsof and intree is exactly
same.

Appendix B: Proof of Theorem 2

In this section,we prove Theorem2. Recallthata vertex is badw.r.t a pair of columns if it hasa
gametdor thatpairwhichdoesnt appeatn theinput. Theoren? assertshatthereis anoptimaltreewhich
doesnt have ary badvertices,.e. all its verticeshave gameteshatappeaiin theinput.

Themainideais to take ary optimumsolutionandto transformit into onewhich hastheabove property
Thisis achieved througha seriesof transformationshatreducethe numberof badvertices.We rst prove
somesimplefactsaboutthe OPT solution.

De nition 9 Wecallacolumn cleanin atree ,if all theverticesof aregoodw.r.t for all columns

Fact 13 If thecolumn iscleanin thetree and isanyothercolumnthenthefollowingpropertieshold:
1. Betweeranytwo mutationsof column , there is an evennumberof mutationsof column .

2. Betweeranytwo mutationsof column thereis an evennumberof mutationsof .

De nition 10 Let beabadvertex w.r.t . We de ne thebadneighborhoodf thevertex  w.r.t
to be

is badw.r.t & all verticesonthepath are badw.r.t
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De nition 11 Theboundaryof is the setof edgesthat connectverticesin to therestof the
tree

Fact 14 is theconnected&omponenof badverticesof tree  containing .
Fact 15 Theboundaryof consistof only themutationsof columns and .
Claim 16 Theoptimaltreecontainsequalnumberof mutationsof columns and .

Proof:. If notthenthefollowing transformatiomeduceshe numberof mutationsn thetree. Thiscontradicts
the optimality of thetree.

Transform We now describeour transformthat reduceshe numberof bad verticesin the optimum
tree. Considerall the verticesin the optimumtreethatare badw.r.t . Let denotethe
badneighborhoodsv.r.t . Thetransform (resp. ) changes simultaneoushasfollows:
deletethe mutationsof column (resp. ) from the boundarief the bad componentandreplaceevery
mutationof ontheboundarieby a mutationof followedby a mutationof (resp.replace by ). Let

denotethe treeobtainedby applyingthetransform ontree . Notethatboth and areoptimal
trees.

We prove the following two propertiesaboutthetransform .

Lemma 17 Afterapplyingthetransform (or ), all verticesofthetree are goodw.r.t

Proof. The verticesthatweregoodw.r.t staygoodeven afterthetransform . All thebadvertices
w.r.t werereplacedy goodverticesduringtransform . Sono badverticesareleft.
Fact 18 If thetree doesnot haveany bad verticesw.r.t , thentheresultingtree  after applying

transform  will nothaveanybadverticesw.r.t
Lemma 19 If thecolumn is clean,thenthetransform will not createanybadverticesw.r.t

Proof of Theorem 2: Consideralexicographicorderonthe columns . We startwith anoptimum
tree . We rst make column cleanby consideringbad verticesw.r.t for each andapplying
transform . Notethatthetransform  will only affect pairs . It doesnot createbadverticesw.r.t
. FromLemmal?7,it follows thatattheendof this stepcolumn  will beclean.
Now inductvely assumehat columns areclean. Next we look at all the badverticesw.r.t
(for ) for each andapplytransform . Notethatthetransform doesnt create
ary badverticesw.r.t . Moreover, by Lemmal9, we cansaythat the resultingtree hascolumns
clean. Moreover, it follows from Lemmal7 thatat the endof this stepthe column is also
clean.
Thereforejn theendall thecolumnsareclean.In otherwords,thereareno badverticesin thetree.

We prove the Lemmal9 throughthefollowing seriesof claims.

Claim 20 If thecolumn iscleanin thetree ,thenmutationsof in areall outside or all inside
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Proof. For thesale of contradictionassuméhatthereis amutationof inside andanotheroneoutside
. Considera pathbetweernthesetwo mutations.It is easyto seethateither or mutatesodd number
of timesbetweerthetwo mutationsof . This contradictghefactthat is clean.

Claim 21 Transform doesnot createodd numberof mutationsof betweertwo mutationsof a clean
column .

Proof. Usingtheresultof Claim 20, we considerfollowing two cases.

casel (All 'sareoutsidg Considera pair of mutationsof . If it doesnt have ary mutationof or
betweerthem,thentheir parity will notchangelf therewereanevennumberof mutationsof in between,
thenin transform , anevennumberof mutationgtwice the numberof badneighborhoodsn the path)will
getdeletedandhencethe parity won't changelf therewereanevennumberof 's,thentwo mutationsof
will beaddedfor every badneighborhoodan the path. Overall, parity doesnot change.

case2 (All 'sareinsidg In thiscaseevery getsreplacedoy . Sincetherewereevennumberof 's
and 'sanevennumberof 's getcreatedandanevennumberof 's getdeletedbetweenary pair of 's.
Thustheparitiesdo notchange.

Remark 1 Claim21is requiredonlyif thecolumn mutatesnultipletimesin theoptimaltree

Notethatin transform only 'saredeletedor added.Soasimilarclaimfor holdsautomatically

Claim 22 Thetree resultingfrom transform doesnot leave odd mutationsof a cleancolumn 's
betweertwo mutationsof 's.

Proof. We shaw that betweenevery adjacentpair of mutationsof in tree , thereareeven numberof
mutationsof . For the sale of contradictionassumehata pair of 's hasodd numberof 'sin tree
resultingafterthetransform wasapplied.Let and denotethetwo mutationsof thatsandwichan
odd numberof mutationsof . Notethatboth and cannotbe presetin thetree . Without loss of
generalityassumehat wascreatedn tree . Thereforethereis amutationof column nextto . Call
it

In thetree , thecolumn wasclean. Sincethetransform doesnot changein mutationsof , no
mutationof is sandwichedetweerntwo mutationsof in thenew tree

If isanew mutationaddedotree ,thenlet beamutationofthecolumn whichisnextto in
thetree . In thiscasetheoddnumberof mutationsof aresandwichedetween and whichis not
possible.Therefore is presenin thetree

We useClaim 20 to separatéollowing two cases.

casel (All 'sare outsidg Let denotethe bad neighborhoodvhere wascreated.Let bea
mutationof thatwasdeletedfrom the boundaryof . Thenthepathfrom to intree containsno
mutationsof , while thepathfrom to containsanoddnumberof mutationsof . Thereforejn tree
thereareanodd numberof mutationsof between and , whichcontradictghefactthat wascleanin
tree
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case2 (All 'sareinside Notethat couldnothave beenontheboundaryof abadneighborhoodn the
tree , otherwiseit would have beenremovedin thetree . Sinceall the mutationsof wereinsidebad
neighborhoodsatleastoneof theneighborhoodsnthepathfrom to hadanoddnumberof mutations.
If this badneighborhoods the onewhere wascreatedn thetransform,thenthepath to includes
themutation . In , all theverticesaregoodw.r.t . Hencetheremustbe anothemutationof (call
it ) between and . Notethatthepath and containsanodd numberof mutationsof . Thisis
a contradiction.Therefore the bad neighborhoodtontainingodd numberof mutationsof is notthe one
where wascreated. But in that case,considerthe pathfrom to  in theold tree . It musthave
enteredandexited the badneighborhoodria mutationsof . Thusthe odd numberof mutationsof were
sandwichedbetweerntwo mutationsof intheoldtree . Thisisacontradictiorto thefactthat wasclean.
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