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Abstract

Theproblemof space-timeclusterdetectionarisesin a varietyof applications,includingdisease
surveillanceandbrain imaging. In this work, we brie�y review thestateof theart in space-time
clusterdetection,focusingon space-timescanstatistics,andwe derive a numberof new statistics.
First, we distinguishbetweentestsfor clusterswith higherdiseaseratesinside the clusterthan
outside(as in the traditionalspatialscanstatisticsframework) andtestsfor clusterswith higher
countsthanexpected(asis appropriatewheninferring the expectedcountsin a region from the
time seriesof pastcounts).Second,we distinguishbetweentestsfor “persistent”clusters(where
the diseaserateremainsconstantthroughoutthe durationof a cluster)andtestsfor “emerging”
clusters(wherethediseaserateincreasesmonotonicallythroughthedurationof a cluster).These
new statisticsfor spatio-temporalclusterdetectionwill serve asthe basisfor our future work in
detectionof emergingspace-timeclusters.
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1 Intr oduction

Theproblemof detectingspace-timeclustersarisesin a varietyof applications,includingdisease
surveillanceand brain imaging. In general,spatio-temporalmethodscan be divided into three
classes:spatialmodelingtechniquessuchas“diseasemapping,” whereobserved valuesarespa-
tially smoothedto infer the distribution of valuesin space-time(e.g. ClaytonandKaldor, 1987;
Besaget al., 1991); testsfor a generaltendency of thedatato cluster(e.g. Knox, 1964;Mantel,
1967);andtestswhich attemptto infer the locationof clusters(e.g. Kulldorff et al., 1998;Kull-
dorff, 2001;Kulldorff etal.,2004).Wefocusonthelatterclassof methods,sincethesearetheonly
methodswhich allow us to bothanswerwhetherany signi�cant clustersexist, andif so, identify
theseclusters.

Let usassumethatwe have a setof datacollectedat a setof discretetime stepsk = 1: : :kbase,
andat a setof discretespatiallocationssi . For eachsi at eachtime stepk, we aregivena count
ck

i and(optionally) a baselinebk
i . For example,in epidemiology, the countsmay be the number

of diseasecasesin a given spatialregion over a given time interval, or somerelatedobservable
quantitysuchasthe numberof Emergency Departmentvisits or OTC drug sales.The baselines
maybegiven(basedon resultsfrom a controlgroup,or anat-riskpopulationderivedfrom census
data),or maybe inferred basedon the time seriesof counts.In all cases,we assumethatcounts
ck

i aregeneratedby somedistribution with meanproportionalto bk
i q

k
i , whereqk

i is the rate (or
expectedratio of countto baseline).Our goal, then,is to �nd whetherthereis any region (setof
locationssi) andtime interval (k = kmin: : :kmax) for which the ratesaresigni�cantly higherthan
expected;in epidemiology, this may correspondto a diseaseoutbreak.Within this very general
framework, thereareanumberof questionswecanask:

1. Whichspatialregionsto searchover?Wetypically searchover thesetof all regionsof some
given shapeandvariablesize. For simplicity, we assumeherethat the spatiallocationssi
areaggregatedto a d-dimensionalgrid, andsearchover thesetof all d-dimensionalhyper-
rectangularregionson thegrid.

2. Which temporalintervals to searchover? For prospectiveanalysis,we searchonly over in-
tervalsendingatthepresenttime,while for retrospectiveanalysiswesearchoverall intervals
includingthoseendingbeforethepresenttime.

3. Whatdistributionsareassumed?For simplicity, we assumethatck
i aregeneratedindepen-

dently from Poissondistributionswith meanqk
i b

k
i . We could also take other factorssuch

asextra-Poissonvariation(overdispersion)andspatialcorrelationinto account;we do this
somewhatin theCATSandRATSmethodsdiscussedbelow, sincetheseperformaggregation
of countsat the level of grid cellsandregionsrespectively. In theBATS methoddiscussed
below, whichconsidersaseparatetimeseriesfor eachbuilding, wedonotaccountfor corre-
lation. We canalsouseNormaldistributionsinsteadof Poissonto modeldistributionswith
dispersiondifferentfrom themeanandspatiallyvarying.

4. Do we want to infer baselinesfrom the time seriesof previouscounts,or arethebaselines
given? For the time being, we assumethat baselinesare given; we discussmethodsof
inferringbaselinesfrom previouscountsin Section3.
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In any case,the valueof the space-timestatisticDmax is taken to be the maximumover all
spatialregionsS� G of D(S), whereD(S) is the maximumDkmax

kmin
(S) for all temporalintervals

k = kmin: : :kmax. For retrospective analysis,we have 1 � kmin � kmax � kbase; for prospective
analysis,wehave1 � kmin � kmax= kbase.

Now, in orderto decidewhichstatisticDkmax
kmin

(S) to use,wemust�rst decidewhatsortof regions
wearelooking for. In particular:

1. Do we want to detectregionssuchthat the ratesck
i =bk

i aresigni�cantly higher thansome
prior expectationq0, or suchthatthey aresigni�cantly higherinsidetheregionthanoutside?
We call the former “globally sensitive” tests,sincethey aresensitive to global increasesin
rate. For the latter, we mustdecidewhetherto adjustfor theoverall global rate(“globally
adaptive” tests)or to adjustseparatelyfor eachday's rate(“daily adaptive” tests).

2. Do we expect the rateto be constantover the time durationof a cluster, or do we expect
the rate to be increasingover the time durationof a cluster? In the �rst case,we have a
testfor persistentclusters,while in the secondcase,we have a testfor emerging clusters.
We canalsomake several otherassumptions,suchasa rateincreasingaccordingto some
parametrizeddistribution (ex. linearincrease,exponentialincrease).

Basedonouranswersto thesetwo questions,wemayde�ne anumberof differentstatistics,as
de�ned in Section2.

2 Space-timestatistics

We �rst considerthe caseof a simple prospective space-timescanstatistic,wherewe want to
detectonly if thereareany space-timeclusterson thepresentdayk = kbase. In this case,we have
thesamestatisticswhetherweassumethattheclusteris persistent,emerging,etc.;theonly relevant
questionis whetherour testis globally sensitive, globally adaptive, or daily adaptive. After that,
we presentthe moregeneralspace-timescanstatisticsfor persistentclusters,emerging clusters,
andparametrizedclustersin turn.

2.1 1-dayclusters

2.1.1 Globally sensitive

In this case,we comparethenull hypothesisH0: therateequalsq0 over all locationsandtimes,to
thealternative hypothesisH1(S): the rateis higherthanq0 at thepresenttime k in region S, and
equalsq0 overall otherlocationsandtimes.Thelikelihoodratio is:

D(S) =
maxqin� q0 Õsi2SPr(ck

i � Po(bk
i qin))

Õsi2SPr(ck
i � Po(bk

i q0))

=
maxqin� q0 Õsi2Se� bk

i qinqin
ck

i

Õsi2Se� bk
i q0q0

ck
i
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=
maxqin� q0 e� Binqinqin

Cin

e� Binq0q0
Cin

where“in” aresumsoverregionSat timek. Thisquantityis maximizedatqin = Cin
Bin

, assumingthis
quantityis greaterthanq0; otherwisewehaveD(S) = 1. In theformercase,wehave:

D(S) =
e� Cin

�
Cin
Bin

� Cin

e� Binq0q0
Cin

=
�

Cin

q0Bin

� Cin

eq0Bin� Cin

Notethatprior daysarenotaccountedfor, exceptpossiblyin computingthebaselines;thisstatistic
is exactly identicalto thegloballysensitive,purelyspatialscanstatistic.

To computethe p-value,we compareDmax of the original grid to Dmax of a large numberof
replicagrids,wherea replicagrid hasall countsck

i generatedfrom Po(q0bk
i ). Notethatprior days

neednotberegenerated,sincethesedonot impactthescore.

2.1.2 Globally adaptive

In this case,we comparethenull hypothesisH0: therateequalsqall over all locationsandtimes,
to thealternativehypothesisH1(S): therateequalsqin at thepresenttimek in regionS, andequals
qout overall otherlocationsandtimes,qin > qout . Thelikelihoodratio is:

D(S) =
maxqin� qout Õsk

i 2S� k Pr(ck
i � Po(bk

i qin)) Õsk
i 2G� (1:::kbase)� S� k Pr(ck

i � Po(bk
i qout))

maxqall Õsk
i 2G� (1:::kbase)

Pr(ck
i � Po(bk

i qall ))

=
maxqin� qout Õsk

i 2S� k e� bk
i qinqin

ck
i Õsk

i 2G� (1:::kbase)� S� k e� bk
i qout qout

ck
i

maxqall Õsk
i 2G� (1:::kbase)

e� bk
i qall qall

ck
i

=
maxqin� qout e� Binqinqin

Cine� Boutqout qout
Cout

maxqall e� Ball qall qall
Call

where“in” aresumsover region Sat time k, “all” aresumsover all spaceandtime,and“out” are
sumsoverall spaceandtimeexceptS� k. Thisquantityis maximizedatqin = Cin

Bin
, qout = Cout

Bout
, and

qall = Call
Ball

, assumingCin
Bin

> Cout
Bout

; otherwisewehaveD(S) = 1. In theformercase,wehave:

D(S) =
e� Cin

�
Cin
Bin

� Cin
e� Cout

�
Cout
Bout

� Cout

e� Call

�
Call
Ball

� Call
=

�
Cin
Bin

� Cin
�

Cout
Bout

� Cout

�
Call
Ball

� Call

Notethat,eventhoughthis is identicalin appearanceto theglobally adaptive, purelyspatialscan
statistic,it is differentsincethe “out” and“all” arede�ned including counts/baselinesfrom all
previousdaysin additionto thecounts/baselinesoutsidetheregionon thecurrentday.

To computethe p-value,we compareDmax of the original grid to Dmax of a large numberof
replicagrids,wherea replicagrid hasall countsck

i generatedfrom Po(qall bk
i ). Again, prior days

neednot be regenerated,thoughregeneratingthemmay impactthe score. We canalsogenerate
replicasby permutingthecountsin space-time.
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2.1.3 Daily adaptive

In this case,we comparethe null hypothesisH0: for eachday k, the rate equalsqall ;k for all
locations,to thealternative hypothesisH1(S): for thepresentdayk, therateequalsqin insidethe
region andqout outside,qin > qout , andfor all otherdaysk the rateequalsqall ;k for all locations.
Thelikelihoodratio is:

D(S) =
maxqin� qout Õsk

i 2S� k Pr(ck
i � Po(bk

i qin)) Õsk
i 2(G� S)� k Pr(ck

i � Po(bk
i qout))

maxqall Õsk
i 2G� k Pr(ck

i � Po(bk
i qall ))

=
maxqin� qout Õsk

i 2S� k e� bk
i qinqin

ck
i Õsk

i 2(G� S)� k e� bk
i qout qout

ck
i

maxqall Õsk
i 2G� k e� bk

i qall qall
ck

i

=
maxqin� qout e� Binqinqin

Cine� Boutqout qout
Cout

maxqall e� Ball qall qall
Call

where“in” aresumsover region Sat time k, “all” aresumsover all spaceat time k, and“out” are
sumsover G� S at time k. This quantityis maximizedat qin = Cin

Bin
, qout = Cout

Bout
, andqall = Call

Ball
,

assumingCin
Bin

> Cout
Bout

; otherwisewehaveD(S) = 1. In theformercase,wehave:

D(S) =
e� Cin

�
Cin
Bin

� Cin
e� Cout

�
Cout
Bout

� Cout

e� Call

�
Call
Ball

� Call
=

�
Cin
Bin

� Cin
�

Cout
Bout

� Cout

�
Call
Ball

� Call

In this case,the “out” and“all” arede�ned only usingcounts/baselinesfrom thepresentday, so
this is identicalto thegloballyadaptive,purelyspatialscanstatistic.

To computethe p-value,we compareDmax of the original grid to Dmax of a large numberof
replicagrids,whereareplicagrid hasall countsck

i generatedfrom Po(qall ;kbk
i ). Again,prior days'

countsneednot be regenerated,sinceregeneratingthemwill not impactthe score. We canalso
generatereplicasby permutingthecurrentday's countsin space.

2.2 Persistentclusters

The testsfor persistentclustersassumethat the rateof a clusterremainsconstantover time; asa
result,thederivationsarealmostidenticalto the1-dayclustertests,with sumstakenovertheentire
durationof aclusterratherthanonly asingleday.

2.2.1 Globally sensitive

In this case,we comparethenull hypothesisH0: therateequalsq0 over all locationsandtimes,to
thealternative hypothesisH1(S): therateis qin > q0 at timeskmin: : :kmax in region S, andequals
q0 overall otherlocationsandtimes.Thelikelihoodratio is:

Dkmax
kmin

(S) =
maxqin� q0 Õsk

i 2S� (kmin:::kmax) Pr(ck
i � Po(bk

i qin))

Õsk
i 2S� (kmin:::kmax) Pr(ck

i � Po(bk
i q0))
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=
maxqin� q0 Õsk

i 2S� (kmin:::kmax) e� bk
i qinqin

ck
i

Õsk
i 2S� (kmin:::kmax) e� bk

i q0q0
ck

i

=
maxqin� q0 e� Binqinqin

Cin

e� Binq0q0
Cin

where“in” aresumsover region Sat timeskmin: : :kmax. This quantityis maximizedat qin = Cin
Bin

,

assumingthis quantityis greaterthanq0; otherwisewe have Dkmax
kmin

(S) = 1. In theformercase,we
have:

Dkmax
kmin

(S) =
e� Cin

�
Cin
Bin

� Cin

e� Binq0q0
Cin

=
�

Cin

q0Bin

� Cin

eq0Bin� Cin

To computethe p-value,we compareDmax of the original grid to Dmax of a large numberof
replicagrids,wherea replicagrid hasall countsck

i generatedfrom Po(q0bk
i ).

2.2.2 Globally adaptive

In this case,we comparethenull hypothesisH0: therateequalsqall over all locationsandtimes,
to the alternative hypothesisH1(S): the rateequalsqin at the timeskmin: : :kmax in region S, and
equalsqout overall otherlocationsandtimes,qin > qout . Thelikelihoodratio is:

Dkmax
kmin

(S) =
maxqin� qout Õsk

i 2S� (kmin:::kmax) Pr(ck
i � Po(bk

i qin)) Õsk
i 2out Pr(ck

i � Po(bk
i qout))

maxqall Õsk
i 2G� (1:::kbase)

Pr(ck
i � Po(bk

i qall ))

=
maxqin� qout Õsk

i 2S� (kmin:::kmax) e� bk
i qinqin

ck
i Õsk

i 2out e� bk
i qout qout

ck
i

maxqall Õsk
i 2G� (1:::kbase)

e� bk
i qall qall

ck
i

=
maxqin� qout e� Binqinqin

Cine� Boutqout qout
Cout

maxqall e� Ball qall qall
Call

where“in” aresumsover regionSat timeskmin: : :kmax, “all” aresumsoverall spaceandtime,and
“out” aresumsover all spaceandtime exceptS� (kmin: : :kmax). This quantity is maximizedat
qin = Cin

Bin
, qout = Cout

Bout
, andqall = Call

Ball
, assumingCin

Bin
> Cout

Bout
; otherwisewe have Dkmax

kmin
(S) = 1. In the

formercase,wehave:

Dkmax
kmin

(S) =
e� Cin

�
Cin
Bin

� Cin
e� Cout

�
Cout
Bout

� Cout

e� Call

�
Call
Ball

� Call
=

�
Cin
Bin

� Cin
�

Cout
Bout

� Cout

�
Call
Ball

� Call

To computethe p-value,we compareDmax of the original grid to Dmax of a large numberof
replicagrids,whereareplicagridhasall countsck

i generatedfromPo(qall bk
i ). Wecanalsogenerate

replicasby permutingthecountsin space-time.
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2.2.3 Daily adaptive

In this case,we comparethe null hypothesisH0: for eachday k, the rate equalsqall ;k for all
locations,to thealternative hypothesisH1(S): for dayskmin: : :kmax, therateequalsqin;k insidethe
region andqout;k outside,qin;k=qout;k = q � 1, andfor all otherdaysk, therateequalsqall ;k for all
locations.Thelikelihoodratio is:

Dkmax
kmin

(S) =
maxq� 1Õkmax

k= kmin
maxqout;k Õsk

i 2S� k Pr(ck
i � Po(bk

i qqout;k)) Õsk
i 2(G� S)� k Pr(ck

i � Po(bk
i qout;k))

Õkmax
k= kmin

maxqall ;k Õsk
i 2G� k Pr(ck

i � Po(bk
i qall ;k))

=
maxq� 1Õkmax

k= kmin
maxqout;k Õsk

i 2S� k e� bk
i qqout;k

�
qqout;k

� ck
i Õsk

i 2(G� S)� k e� bk
i qout;kqout;k

ck
i

Õkmax
k= kmin

maxqall ;k Õsk
i 2G� k e� bk

i qall ;kqall ;k
ck

i

=
maxq� 1Õkmax

k= kmin
maxqout;k e� Bin;kqqout;k

�
qqout;k

� Cin;ke� Bout;kqout;kqout;k
Cout;k

Õkmax
k= kmin

maxqall ;k e� Ball ;kqall ;kqall ;k
Call ;k

where“in,k” are sumsover region S at time k, “all,k” are sumsover all spaceat time k, and
“out,k” aresumsover G� Sat time k. Thenumeratoranddenominatoraremaximizedat qout;k =

Call ;k
qBin;k+ Bout;k

andqall ;k = Call ;k
Ball ;k

respectively, giving us:

Dkmax
kmin

(S) =
maxq� 1Õkmax

k= kmin
e� Call ;kqCin;k

�
Call ;k

qBin;k+ Bout;k

� Call ;k

Õkmax
k= kmin

e� Call ;k

�
Call ;k
Ball ;k

� Call ;k

= max
q� 1

kmax

Õ
k= kmin

qCin;k

�
Ball ;k

qBin;k + Bout;k

� Call ;k

Maximizing with respectto q requires�nding theroot of a polynomialof degreekmax� kmin+ 1;
approximate(gradient)methodsmayalsobeused.

To computethe p-value,we compareDmax of the original grid to Dmax of a large numberof
replica grids, wherea replica grid hasall countsck

i generatedfrom Po(qall ;kbk
i ). We can also

generatereplicasby permutingeachday's countsin space.

2.3 Emerging clusters

While thetestsfor persistentclustersassumethattherateof a clusterremainsconstantover time,
this is typically not truein domainssuchasepidemiology:whenadiseaseoutbreakoccurs,disease
ratewill typically risecontinuallyover thedurationof theoutbreakuntil theoutbreakreachesits
peak,at which point it will level off or decrease.Our main goal in the epidemiologicaldomain
is to detectemerging outbreaks(i.e. thosethat have not yet reachedtheir peak),so we focuson
�nding clusterswherethediseaserateis monotonicallyincreasing(i.e. non-decreasing)over the
durationof thecluster.
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2.3.1 Globally sensitive

In this case,we comparethenull hypothesisH0: therateequalsq0 over all locationsandtimes,to
thealternative hypothesisH1(S): therateis qk at timesk = kmin: : :kmax in region S(wheretheqk
arenon-decreasingandat leastq0), andequalsq0 overall otherlocationsandtimes.Thelikelihood
ratio is:

Dkmax
kmin

(S) =
maxq0� qkmin� :::� qkmaxÕkmax

k= kmin
Õsk

i 2S� k Pr(ck
i � Po(qkbk

i ))

Õkmax
k= kmin

Õsk
i 2S� k Pr(ck

i � Po(q0bk
i ))

=
maxq0� qkmin� :::� qkmaxÕkmax

k= kmin
Õsk

i 2S� k e� qkbk
i (qk)

ck
i

Õkmax
k= kmin

Õsk
i 2S� k e� q0bk

i (q0)ck
i

=
maxq0� qkmin� :::� qkmaxÕkmax

k= kmin
e� qkBin;k (qk)

Cin;k

Õkmax
k= kmin

e� q0Bin;k (q0)Cin;k

=
maxq0� qkmin� :::� qkmaxÕkmax

k= kmin
e� qkBin;k (qk)

Cin;k

e� q0Bin (q0)Cin

Now, we mustmaximizethe numeratorsubjectto the constraintson the qk. To do so, let E =
E1 : : :Ep be a partitioning of kmin: : :kmax into setsof consecutive integers,suchthat 1) for all
k1;k2 2 Ei , qk1 = qk2 = Qi , and2) for all Ei1;Ei2, wherei1 < i2, Qi1 < Qi2. In otherwords,theEi
de�ne a partitioningof kmin: : :kmax into time periodswherethediseaserateis constant.Notethat
qmin: : :qmaxareuniquelyde�ned by thepartitionsE = f Eig andtheratesQ = f Qig. A pair (E;Q)
is optimalwhentheresultingqk maximizeDkmax

kmin
(S). Wecanthenwrite:

Dkmax
kmin

(S) =
maxE1:::Ep maxQ1:::Qp ÕEi e

� QiBin;i (Qi)
Cin;i

e� q0Bin (q0)Cin

wherethein; i arethesumsof thein;k for all k 2 Ei .

Lemma 2.1 A necessaryconditionfor (E;Q) to beoptimalis that for all i, Qi = Cin;i
Bin;i

.

Proof Let usassumea�x edpartitioningE = f Eig, with strictly increasingQi , andaskwhetherthe
Qi areoptimalfor thoseEi . We notethat,in theabsenceof constraintson theQi , eachexpression
e� QiBin;i (Qi)

Cin;i is maximizedatQi = Cin;i
Bin;i

. Moreover, thescoreis convex with respectto Qi . Thus,

if someQi < Cin;i
Bin;i

, we can increasethe scoreby raising that Qi slightly (without changingthe

orderingof Qi), sothegivenQi arenot optimal. Similarly, if someQi > Cin;i
Bin;i

, we canincreasethe
scoreby lowering thatQi slightly (without changingtheorderingof Qi), so thegivenQi arenot
optimal.Thusfor theQi to beoptimal,wemusthaveQi = Cin;i

Bin;i
for all i.

Lemma 2.2 A necessaryconditionfor (E;Q) to beoptimalis that for all i1 < i2,
Cin;i1
Bin;i1

<
Cin;i2
Bin;i2

.
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Proof OtherwiseeitherQi1 6=
Cin;i1
Bin;i1

, or Qi2 6=
Cin;i2
Bin;i2

, or Qi1 � Qi2. In the�rst two cases,thecondition
of Lemma2.1is violated,sotheQi arenotoptimal. In thethird case,therestrictionthattheQi are
strictly increasingis violated,sotheQi arenot legal.

Thuswecanwrite:

Dkmax
kmin

(S) =
maxE1:::Ep ÕEi e

� Cin;i

�
Cin;i
Bin;i

� Cin;i

e� q0Bin (q0)Cin

= eq0Bin� Cin (q0)� Cin max
E1:::Ep

Õ
Ei

�
Cin;i

Bin;i

� Cin;i

wherethepartitioningE = f Eig mustsatisfytheconditionof Lemma2.2, i.e. the ratios Cin;i
Bin;i

are
strictly increasingwith i.

Lemma 2.3 A necessarycondition for the partitioning E to be optimal is that for each Ei =

k1 : : :k2, for all k such that k1 � k < k2, wehave
å k

j= k1
c j

å k
j= k1

b j
�

å
k2
j= k+ 1 c j

å
k2
j= k+ 1 b j

.

Proof OtherwisethereexistssomeEi = k1 : : :k2, andsomek suchthatk1 � k< k2, where
å k

j= k1
c j

å k
j= k1

b j
<

Qi <
å

k2
j= k+ 1 c j

å
k2
j= k+ 1 b j

(noteQi is a weightedaverageof thetwo ratios).We cannow increasethescoreby

separatingEi into two partitionsEi1 = k1 : : :k andEi2 = k+ 1: : :k2, whereQi1 is slightly lessthan
Qi , andQi2 is slightly morethanQi (without otherwisechangingtheorderof Qi). ThusE is not
optimal.

Lemma 2.4 A partitioning E satisfyingtheconditionsof Lemmas2.2and2.3 is unique, andthus
thatpartitioning is optimal.

Proof Assumetwo partitioningsE1 and E2 satisfyingthe conditionsof Lemmas2.2 and 2.3.
Considerthe �rst i suchthat E1

i 6= E2
i . Let E1

i = k0 : : :k1 andE2
i = k0 : : :k2, assumingwithout

lossof generalitythat k1 > k2. Now considerthe �rst j > i suchthatE2
j = k3 : : :k4 andk4 � k1.

Thuswe have k0 � k2 < k3 � k1 � k4. Let uswrite µ(k0 : : :k2) =
å

k2
j= k0

c j

å
k2
j= k0

b j
andde�ne theotherµ(�)

similarly. Applying theconditionof Lemma2.2 to E2, we know µ(k0 : : :k2) < µ(k3 : : :k4). Also,
if k2 + 1 < k3, we know µ(k0 : : :k2) < µ(k2 + 1: : :k3 � 1) < µ(k3 : : :k4). Applying theconditionof
Lemma2.3 to E2, we know that if k1 < k4, we have µ(k3 : : :k1) � µ(k3 : : :k4) � µ(k1 + 1: : :k4).
From theseinequalities,we know µ(k3 : : :k1) > µ(k0 : : :k3 � 1). But applying the condition of
Lemma2.3 to E1, we know µ(k0 : : :k3 � 1) � µ(k3 : : :k1), which is a contradiction. Thus the
partitioningsatisfyingtheconditionsof Lemmas2.2and2.3 is unique.Sincethesearenecessary
conditionsfor optimality, anda uniquepartitioningsatis�es theseconditions,we know that the
partitioningis optimal.
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Finally, we give analgorithmwhich producestheoptimalpartitioningE. This “stepmethod”
usesa stackdatastructure,whereeachelementof thestackrepresentsa partitionEi by a 5-tuple
(start,end,C, B, Q). Thealgorithmstartsby pushing(kmax, kmax, Ckmax, Bkmax, max(q0; Ckmax

Bkmax
)) onto

thestack.Thenfor eachk, from kmax� 1 down to kmin, wedo thefollowing:

temp = (k, k, C_k, B_k, max(q_0, C_k / B_k))
while (temp.Q >= stack.top.Q)

temp2 = stack.pop
temp = (temp.start, temp2.end, temp.C+temp2.C, temp.B+temp2.B,

max(q_0, (temp.C+temp2.C)/(temp.B+temp2.B)))
stack.push(temp)

Theorem2.5 ThestepmethodproducestheoptimalpartitioningE.

Proof We �rst notethatthemethodsatis�estheconditionsof Lemma2.1(sinceQi = Ci
Bi

for each
partition Ei), and Lemma2.2 (sincethe while loop ensuresthe orderingof Qi). To show that
themethodsatis�estheconditionof Lemma2.3,we show thateachnew partitioncreatedby the
“merge step” temp = (temp.start,temp2.end,: : :) maintainsthis condition as an invariant. Let
Etemp = k0 : : :k1, andEtemp2 = k1 + 1: : :k2. We know thatEtemp andEtemp2 satisfythecondition
of Lemma2.3, andwe mustshow that themergedpartitionEnew alsosatis�esthis condition. In
otherwords,we aregiven µ(k0 : : : i) � µ(i + 1: : :k1) for all i (k0 � i < k1), andµ(k1 + 1: : : i) �
µ(i + 1: : :k2) for all i (k1 + 1 � i < k2). We alsoknow that temp.Qis at leasttemp2.Q,sincethe
mergesteponly takesplaceif thisconditionholds,soµ(k0 : : :k1) � µ(k1+ 1: : :k2). Toshow thatthe
mergedpartitionsatis�estheconditionof Lemma2.3,wemustshow thatµ(k0 : : : i) � µ(i + 1: : :k2)
for all i (k0 � i < k2). We know this is truefor i = k1, but mustalsoprove it for i < k1 andi > k1.
For i < k1, wehaveµ(k0 : : : i) � µ(k0 : : :k1) � µ(i + 1: : :k1) andµ(k0 : : :k1) � µ(k1+ 1: : :k2). Thus
µ(k0 : : : i) � µ(i + 1: : :k1) andµ(k0 : : : i) � µ(k1 + 1: : :k2), soµ(k0 : : : i) � µ(i + 1: : :k2) asdesired.
For i > k1, wehaveµ(k1+ 1: : : i) � µ(k1+ 1: : :k2) � µ(i + 1: : :k2) andµ(k0 : : :k1) � µ(k1+ 1: : :k2).
Thusµ(k0 : : :k1) � µ(i + 1: : :k2) andµ(k1+ 1: : : i) � µ(i + 1: : :k2), soµ(k0 : : : i) � µ(i + 1: : :k2) as
desired.

2.3.2 Globally adaptive

In this case,we comparethenull hypothesisH0: therateequalsqall over all locationsandtimes,
to thealternativehypothesisH1(S): therateis qk at timeskmin: : :kmax in regionS(wheretheqk are
non-decreasingandat leastqout), andequalsqout overall otherlocationsandtimes.Thelikelihood
ratio is:

Dkmax
kmin

(S) =
maxqout � qkmin� :::� qkmaxÕsk

i 2S� (kmin:::kmax) Pr(ck
i � Po(qkbk

i )) Õsk
i 2out Pr(ck

i � Po(qoutbk
i ))

maxqall Õsk
i 2G� (1:::kbase)

Pr(ck
i � Po(qall bk

i ))

=
maxqout � qkmin� :::� qkmaxÕsk

i 2S� (kmin:::kmax) e� qkbk
i (qk)

ck
i Õsk

i 2out e� qoutbk
i (qout)

ck
i

maxqall Õsk
i 2G� (1:::kbase)

e� qall bk
i (qall )

ck
i
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=
maxqout � qkmin� :::� qkmaxÕkmax

k= kin
e� qkBin;k (qk)

Cin;k � e� qoutBout (qout)
Cout

maxqall e� qall Ball (qall )
Call

=
maxqout � qkmin� :::� qkmaxÕkmax

k= kin
e� qkBin;k (qk)

Cin;k � e� qoutBout (qout)
Cout

e� Call

�
Call
Ball

� Call

Now, we mustagain maximizethe numeratorsubjectto the constraintson the qk. We canuse
almostthesamestepmethodasbefore,exceptthatwedonotneedto enforcetheconstraintqk � q0,
but we do needto setqout suchthat qout � qkmin. Thuswe let E = E1 : : :Ep be a partitioningof
out [ (kmin: : :kmax) into setsof consecutive integers,suchthat1) for all k1;k2 2 Ei , qk1 = qk2 = Qi ,
and2) for all Ei1;Ei2, wherei1 < i2, Qi1 < Qi2. Wecanthenwrite:

Dkmax
kmin

(S) =
maxE1:::Ep maxQ1:::Qp ÕEi e

� QiBi (Qi)
Ci

e� Call

�
Call
Ball

� Call

=
maxE1:::Ep ÕEi e

� Ci

�
Ci
Bi

� Ci

e� Call

�
Call
Ball

� Call

=
maxE1:::Ep ÕEi

�
Ci
Bi

� Ci

�
Call
Ball

� Call

wheretheCi arethesumsof theCin;k for all k 2 Ei , plusCout if out 2 Ei , andsimilarly for theBi.
To �nd the optimal partitioningE of out [ (kmin: : :kmax), we usethe following stepmethod.

First,wepush(kmax, kmax, Ckmax, Bkmax,
Ckmax
Bkmax

) ontothestack.Thenfor eachk, from kmax� 1 down
to kmin, wedo thefollowing:

temp = (k, k, C_k, B_k, C_k / B_k)
while (temp.Q >= stack.top.Q)

temp2 = stack.pop
temp = (temp.start, temp2.end, temp.C+temp2.C, temp.B+temp2.B,

(temp.C+temp2.C)/(temp.B+temp2.B))
stack.push(temp)

Finally, wedo thesamefor the“out” partition,treating“out” asanarbitraryintegerlessthankmin:

temp = (out, out, C_out, B_out, C_out / B_out)
while (temp.Q >= stack.top.Q)

temp2 = stack.pop
temp = (temp.start, temp2.end, temp.C+temp2.C, temp.B+temp2.B,

(temp.C+temp2.C)/(temp.B+temp2.B))
stack.push(temp)

Correctnessof thestepmethodfollows from thesameargumentasabove.
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2.3.3 Daily adaptive

In this case,we comparethe null hypothesisH0: for eachday k, the rate equalsqall ;k for all
locations,to thealternative hypothesisH1(S): for dayskmin: : :kmax, therateequalsqin;k insidethe
region andqout;k outside,qin;k=qout;k = qk (qk non-decreasingandat least1) andfor all otherdays
k, therateequalsqall ;k for all locations.Thelikelihoodratio is:

Dkmax
kmin

(S) =
max1� qkmin� :::� qkmaxÕkmax

k= kmin
maxqout;k Õsk

i 2SPr(ck
i � Po(qkqout;kbk

i )) Õsk
i 2G� SPr(ck

i � Po(qout;kbk
i ))

Õkmax
k= kmin

maxqall ;k Õsk
i 2GPr(ck

i � Po(qall ;kbk
i ))

=
max1� qkmin� :::� qkmaxÕkmax

k= kmin
maxqout;k Õsk

i 2Se� qkqout;kbk
i
�
qkqout;k

� ck
i Õsk

i 2G� Se� qout;kbk
i
�
qout;k

� ck
i

Õkmax
k= kmin

maxqall ;k Õsk
i 2Ge� qall ;kbk

i
�
qall ;k

� ck
i

=
max1� qkmin� :::� qkmaxÕkmax

k= kmin
maxqout;k e� qkqout;kBin;k

�
qkqout;k

� Cin;ke� qout;kBout;k
�
qout;k

� Cout;k

Õkmax
k= kmin

maxqall ;k e� qall ;kBall ;k
�
qall ;k

� Call ;k

=
max1� qkmin� :::� qkmaxÕkmax

k= kmin
maxqout;k e� qout;k(qkBin;k+ Bout;k)(qk)

Cin;k
�
qout;k

� Call ;k

Õkmax
k= kmin

maxqall ;k e� qall ;kBall ;k
�
qall ;k

� Call ;k

=
max1� qkmin� :::� qkmaxÕkmax

k= kmin
e� Call ;k(qk)

Cin;k
�

Call ;k
qkBin;k+ Bout;k

� Call ;k

Õkmax
k= kmin

e� Call ;k

�
Call ;k
Ball ;k

� Call ;k

= max
1� qkmin� :::� qkmax

kmax

Õ
k= kmin

(qk)
Cin;k

�
Ball ;k

qkBin;k + Bout;k

� Call ;k

Now, we mustmaximizethis expressionsubjectto theconstraintson theqk, but it is not immedi-
atelyclearhow to accomplishthis. Onepossibilitywould beto usea stepmethodon theq values�

Cin;kBout;k
Cout;kBin;k

�
, but wehavenotyetbeenableto prove theoptimalityof thismethod.

2.4 Parametrized clusters

Herewe assumethat therateincreasesover thedurationof theclusteraccordingto someknown,
parametrizeddistribution. We focushereon the casewherethe rate is exponentiallyincreasing
(multiplied by f on every time step).Similar expressionsmaybederived for thecaseof a linear
increasein rate(i.e. rateis increasedby D onevery timestep).

2.4.1 Globally sensitive

In this case,we comparethenull hypothesisH0: therateequalsq0 over all locationsandtimes,to
thealternative hypothesisH1(S): therateis f k� kmin+ 1q0 at timesk = kmin: : :kmax in region S, and
equalsq0 overall otherlocationsandtimes.Thelikelihoodratio is:

Dkmax
kmin

(S) =
maxf � 1Õsk

i 2S� (kmin:::kmax) Pr(ck
i � Po(bk

i f
k� kmin+ 1q0))

Õsk
i 2S� (kmin:::kmax) Pr(ck

i � Po(bk
i q0))
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=
maxf � 1Õsk

i 2S� (kmin:::kmax) e� f k� kmin+ 1q0bk
i (f k� kmin+ 1q0)ck

i

Õsk
i 2S� (kmin:::kmax) e� q0bk

i (q0)ck
i

=
maxf � 1Õkmax

k= kmin
e� f k� kmin+ 1q0Bin;k(f k� kmin+ 1q0)Cin;k

Õkmax
k= kmin

e� q0Bin;k(q0)Cin;k

= max
f � 1

kmax

Õ
k= kmin

e(1� f k� kmin+ 1)q0Bin;kf (k� kmin+ 1)Cin;k

Maximizingwith respectto f requires�nding therootof apolynomialof degreekmax� kmin+ 1;
approximate(gradient)methodsmayalsobeused.

2.4.2 Globally adaptive

In this case,we comparethenull hypothesisH0: therateequalsqall over all locationsandtimes,
to thealternative hypothesisH1(S): therateis f k� kmin+ 1qout at timeskmin: : :kmax in region S, and
equalsqout overall otherlocationsandtimes.Thelikelihoodratio is:

Dkmax
kmin

(S) =
maxf � 1;qout Õsk

i 2S� (kmin:::kmax) Pr(ck
i � Po(bk

i f
k� kmin+ 1qout)) Õsk

i 2out Pr(ck
i � Po(bk

i qout))

maxqall Õsk
i 2G� (1:::kbase)

Pr(ck
i � Po(bk

i qall ))

=
maxf � 1;qout Õsk

i 2S� (kmin:::kmax) e� bk
i f k� kmin+ 1qout (f k� kmin+ 1qout)ck

i Õsk
i 2out e� bk

i qout (qout)ck
i

maxqall Õsk
i 2G� (1:::kbase)

e� bk
i qall (qall )ck

i

=
maxf � 1;qout Õkmax

k= kmin
e� Bin;kf k� kmin+ 1qout (f k� kmin+ 1qout)Cin;k � e� Boutqout (qout)Cout

maxqall e� Ball qall (qall )Call

=
maxf � 1;qout (qout)Call e� qout (Bout+ å Bin;kf k� kmin+ 1)f å (k� kmin+ 1)Cin;k

maxqall e� Ball qall (qall )Call

=
maxf � 1e� Call

�
Call

Bout+ å Bin;kf k� kmin+ 1

� Call
f å (k� kmin+ 1)Cin;k

e� Call

�
Call
Ball

� Call

= max
f � 1

�
Ball

Bout + å Bin;kf k� kmin+ 1

� Call

f å (k� kmin+ 1)Cin;k

wherethesummationsaretakenfrom k = kmin: : :kmax, “all” aresumsoverall spaceandtime,and
“out” aresumsover all spaceandtime exceptS� (kmin: : :kmax). Again,maximizingwith respect
to f requires�nding therootof apolynomialof degreekmax� kmin+ 1.
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2.4.3 Daily adaptive

In this case,we comparethe null hypothesisH0: for eachday k, the rate equalsqall ;k for all
locations,to thealternative hypothesisH1(S): for dayskmin: : :kmax, therateequalsqin;k insidethe
region andqout;k outside,qin;k=qout;k = f k� kmin+ 1, f � 1; andfor all otherdaysk, the rateequals
qall ;k for all locations.Thelikelihoodratio is:

Dkmax
kmin

(S) =
maxf � 1Õkmax

k= kmin
maxqout;k Õsk

i 2SPr(ck
i � Po(bk

i f
k� kmin+ 1qout;k)) Õsk

i 2G� SPr(ck
i � Po(bk

i qout;k))

Õkmax
k= kmin

maxqall ;k Õsk
i 2GPr(ck

i � Po(bk
i qall ;k))

=
maxf � 1Õkmax

k= kmin
maxqout;k Õsk

i 2Se� bk
i f k� kmin+ 1qout;k(f k� kmin+ 1qout;k)ck

i Õsk
i 2G� Se� bk

i qout;k(qout;k)ck
i

Õkmax
k= kmin

maxqall ;k Õsk
i 2Ge� bk

i qall ;k(qall ;k)ck
i

=
maxf � 1Õkmax

k= kmin
maxqout;k e� Bin;kf k� kmin+ 1qout;k(f k� kmin+ 1qout;k)Cin;ke� Bout;kqout;k(qout;k)Cout;k

Õkmax
k= kmin

maxqall ;k e� Ball ;kqall ;k(qall ;k)Call ;k

=
maxf � 1Õkmax

k= kmin
maxqout;k e� qout;k(Bout;k+ Bin;kf k� kmin+ 1)f (k� kmin+ 1)Cin;k(qout;k)Call ;k

Õkmax
k= kmin

maxqall ;k e� Ball ;kqall ;k(qall ;k)Call ;k

=
maxf � 1Õkmax

k= kmin
e� Call ;k

�
Call ;k

Bout;k+ Bin;kf k� kmin+ 1

� Call ;k
f (k� kmin+ 1)Cin;k

Õkmax
k= kmin

e� Call ;k

�
Call ;k
Ball ;k

� Call ;k

= max
f � 1

kmax

Õ
k= kmin

�
Ball ;k

Bout;k + Bin;kf k� kmin+ 1

� Call ;k

f (k� kmin+ 1)Cin;k

Again, maximizingwith respectto f requires�nding the root of a polynomialof degreekmax�
kmin+ 1.

3 Inferring baselinesfr om previouscounts

We now considervariousmethodsof inferring baselinesfrom the time seriesof previouscounts.
First, thebuilding-aggregatedtimeseries(BATS)methodconsidersthetimeseriesfor eachspatial
locationseparately, computingthe baselinefor that locationfrom that time series.The resulting
countsandbaselinesareaggregatedto agrid, andthenoneof theabovescanstatisticsis used.For
replicagrids, eachlocation's count is regeneratedindependentlyunderthe null hypothesis,and
theseareaggregatedto a grid asbefore.Second,thecell-aggregatedtime series(CATS) method
aggregatesthe time seriesfor all locationsin a grid cell into a singletime series.Thenthe time
seriesfor eachgrid cell is consideredseparatelyto generateeachgrid cell'sbaseline,andthenone
of theabovescanstatisticsis used.For replicagrids,eachcell'scountis regeneratedindependently
underthenull hypothesis.Third, theregion-aggregatedtimeseries(RATS)methodcreatesasingle
timeseriesfor eachregion it searches(by aggregatingthetimeseriesof theindividualcells),com-
putesthebaselinefor theregion from thattimeseries,andappliesoneof thescanstatisticsabove.
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TheRATSmethodattemptsto accountfor spatialcorrelationsbetweencells,but thelackof asep-
aratebaselinepercell makesrandomizationdif�cult (sincewe would have to modelcorrelations
betweencellsandgeneratecountsfrom this correlateddistribution). Instead,we areconsidering
variousalternativemethodsof dealingwith themultiplehypothesistestingproblem,includinguse
of theFalseDiscoveryRate(FDR)criterion.

For all of thesemethods,a varietyof univariatetime seriesmethodsmaybeusedto infer the
baselineof a location,cell, or region from its time seriesof pastcounts. Theseincludesimple
mean,maximum,andmoving averagemethods;we arealsoconsideringmethodswhich allow us
toadjustfor dayof weekeffects,etc.Missingdataisaseriousproblemfor all of thesemethods.For
BATS,wemayusetimeseriesapproacheswhichadjustfor thepresenceof missingdata;for CATS
andRATS,we mustinfer thesemissingvaluesbeforeaggregatingdataat thecell or region level.
For the over-the-counterdrug salesdata,our currentbestapproachis an exponentiallyweighted
moving average(EWMA) approach,appliedto day-of-week-adjustedcounts;the adjustmentis
madeby estimatingtheproportionof weeklycountsfalling oneachday.

4 Relatedwork

In thespatio-temporalclusterdetectionliterature,threemain approacheshave beenproposedby
Martin Kulldorff et al.: the retrospective space-timescanstatistic (Kulldorff et al., 1998), the
prospectivespace-timescanstatistic(Kulldorff, 2001),andthespace-timepermutationscanstatis-
tic (Kulldorff et al., 2004). The�rst two of theseapproachesarevery similar in that they usethe
globally adaptive testfor detectingpersistentclusters(Section2.2.2),assumingthatbaselinesare
givenbasedon censuspopulationestimates.Themaindifferenceis thattheretrospective statistic
searchesover all space-timeintervals,while theprospective statisticsearchesover thoseintervals
endingat thepresenttime, asdescribedabove. Kulldorff (2001)alsogivesa methodof adjusting
the prospective statisticfor repeatedtime-periodictests,i.e. if we want a falseprobability of a
over aninterval of longerthan1 day. This is straightforward,comparingDmax of theoriginal grid
to Dmax of replicagrids, whereclustersin the replicagrid canendbeforethe presentday. The
globally adaptive statisticassumesthat countsareproportionalto populationeverywhere,with a
constantof proportionalitythat is �x edthroughspaceandtime. This assumptionis clearly false:
asa result,thestatisticsmaypick up purelyspatialclustersresultingfrom spatialvariationin the
underlyingrate(e.g.differentpartsof thecountryhavedifferentdiseaserates),or purelytemporal
clustersbasedon temporal�uctuations in rate (e.g. seasonalaffectsor long-termtrends). The
daily adaptive testcoulddealwith temporalclusters,while spatialclustersarebestdealtwith by
inferringbaselinesfrom thetimeseriesof countsinsteadof usingcensuspopulations.

Kulldorff et al. (2004)attemptto �x bothproblemsby proposingthespace-timepermutation
scanstatistic. This statisticagain usestheglobally adaptive testfor detectingpersistentclusters,
anddoesaprospectiveanalysis.Themaindifferencefrom thepreviousapproachesis thatbaselines
areinferredfrom thetime seriesof counts:theinferenceis doneby assumingthatcasesareinde-

pendentlydistributedin spaceandtime,andthusthatbk
i = E[ck

i ] = (å k ck
i )(å i c

k
i )

å i å k ck
i

. Thentheglobally

adaptive likelihoodis usedasbefore;notethatBall is setequaltoCall by construction,andthusthe

denominator
�

Call
Ball

� Call
canbe ignored. Randomizationis doneby permutingthedatesandloca-
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tionsof cases.In ourview, thismethodhasseveraldisadvantages.First,by makingtheassumption
of independenceof spaceandtime, thestatisticsfor thecurrentperiodareaffectedby space-time
interactionoccurringatany time in thepastaswell; wecannotadjustfor known space-timetrends
andaskwhetherthecurrentperiodhashighercountsthanexpectedeventaking thesetrendsinto
account.This is why weproposethespatialtimeseriesmethod:by separatelyexaminingthetime
seriesof pastcountsat eachspatiallocation(or aggregatedsetof spatiallocations),we attemptto
predictthecurrentcountfor that locationor setof locations.Thespace-timepermutationstatistic
usesthecountsof thecurrentperiodto infer thebaselinesfor thecurrentperiod,thuslosingpower
(sincebaselineswill beincreasedby increasedcounts,reducingthepowerto detecttheseincreased
counts).Additionally, sincetheexpectedcountat eachlocationis known, a globally sensitive test
(with q0 = 1,sinceweexpectcountto equalbaseline)shouldbeusedinsteadof agloballyadaptive
test.Finally, thespace-timepermutationstatisticassumespersistentclusters(i.e. constantdisease
rateover the outbreakperiod)while real outbreakstypically exhibit a diseaseratethat increases
over the outbreakperiod; thus testsfor emerging clustersshouldbe able to detectan emerging
outbreakmorequickly thanthespace-timepermutationscanstatistic.

Several other spatio-temporalclusterdetectionmethodshave also beenproposed. Iyengar
(2004)searchesover “truncatedrectangularpyramid” shapesin space-time,thusallowing detec-
tion of clusterswhichmoveandgrow/shrinklinearly in spaceover time. Thegloballyadaptivetest
for persistentclustersis again used,asin Kulldorff 's statistics,andbaselinesareassumedto be
given. Assuncaoet al. (2004)assumea spatio-temporalPoissonpoint process:theexact location
of eachpoint in time andspaceis given, ratherthanaggregatingpointsto discretelocationsand
intervals.A teststatisticsimilar to thespace-timepermutationscanstatisticis derived,assuminga
Poissonintensityfunctionthatis separablein spaceandtime.
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