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Abstract

The problemof space-timeclusterdetectionarisesin a variety of applicationsjncluding disease
suneillanceandbrainimaging. In this work, we brie y review the stateof the artin space-time
clusterdetectionfocusingon space-timescanstatisticsandwe derive a numberof new statistics.
First, we distinguishbetweentestsfor clusterswith higher diseaseratesinside the clusterthan
outside(asin the traditional spatialscanstatisticsframewvork) andtestsfor clusterswith higher
countsthanexpected(asis appropriatevheninferring the expectedcountsin a region from the
time seriesof pastcounts). Secondwe distinguishbetweentestsfor “persistent’clusters(where
the diseasaate remainsconstantthroughoutthe durationof a cluster)andtestsfor “emeging”
clusters(wherethe diseaseaateincreasesnonotonicallythroughthe durationof a cluster). These
new statisticsfor spatio-temporatlusterdetectionwill sere asthe basisfor our future work in
detectionof emeging space-timelusters.
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1 Intr oduction

The problemof detectingspace-timeclustersarisesin a variety of applicationsjncludingdisease
suneillanceand brain imaging. In general,spatio-temporamethodscan be divided into three
classes:sspatialmodelingtechniquesuchas“diseasemapping, whereobsened valuesare spa-
tially smoothedo infer the distribution of valuesin space-timge.g. ClaytonandKaldor, 1987,
Besagetal., 1991); testsfor a generaltendeng of the datato cluster(e.g. Knox, 1964; Mantel,
1967); andtestswhich attemptto infer the locationof clusters(e.g. Kulldorff etal., 1998;Kull-
dorff, 2001;Kulldorff etal.,2004).We focusonthelatterclassof methodssincethesearetheonly
methodswhich allow usto both answerwhetherary signi cant clustersexist, andif so, identify
theseclusters.

Let usassumehatwe have a setof datacollectedat a setof discretetime stepsk = 1:::Kpase
andat a setof discretespatiallocationss;. For eachs at eachtime stepk, we aregivena count
c}‘ and (optionally) a baselineb}(. For example,in epidemiology the countsmay be the number
of diseasecasedn a given spatialregion over a given time intenval, or somerelatedobsenable
guantity suchasthe numberof Emegeny Departmentisits or OTC drug sales. The baselines
may be given(basedn resultsfrom a controlgroup,or anat-risk populationderived from census
data),or may be inferred basedon the time seriesof counts.In all caseswe assumehat counts
ck are generatecby somedistribution with meanproportionalto bkg¥, wheregk is the rate (or
expectedratio of countto baseline).Our goal,then,isto nd whetherthereis ary region (setof
locationss) andtime interval (k = kmin:::Kkmax for which the ratesare signi cantly higherthan
expected;in epidemiology this may correspondo a diseaseoutbreak. Within this very general
framework, therearea numberof questionsve canask:

1. Which spatialregionsto searchover?We typically searcloverthesetof all regionsof some
given shapeandvariablesize. For simplicity, we assumeherethat the spatiallocationss;
areaggre@atedto a d-dimensionabrid, andsearchover the setof all d-dimensionahyper
rectangularegionsonthegrid.

2. Which temporalintervalsto searchover? For prospectiveanalysiswe searchonly over in-
tenalsendingatthepresentime, while for retrospectiveanalysisve searcloverall intenals
includingthoseendingbeforethe presentime.

3. Whatdistributionsareassumed#or simplicity, we assumethatc}‘ aregeneratedndepen-
dently from Poissondistributions with meangbX. We could alsotake otherfactorssuch
asextra-Poissorvariation (overdispersionpndspatialcorrelationinto account;we do this
someavhatin the CATS andRATS methoddliscussedbelaw, sincetheseperformaggreation
of countsat the level of grid cellsandregionsrespectiely. In the BATS methoddiscussed
belaw, which considersa separatéime seriedor eachbuilding, we do notaccounfor corre-
lation. We canalsouseNormaldistributionsinsteadof Poissorto modeldistributionswith
dispersiordifferentfrom the meanandspatiallyvarying.

4. Do we wantto infer baselinegrom the time seriesof previous counts,or arethe baselines
given? For the time being, we assumethat baselinesare given; we discussmethodsof
inferring baselinegrom previouscountsin Section3.



In any case,the value of the space-timestatisticDmax is taken to be the maximumover all
spatialregionsS G of D(S), whereD(S) is the maximum Dkkmx(S) for all temporalintervals
K= Kmin:::kmax FOr retrospectie analysis,we have 1 = kmin Kkmax Koase fOr prospectre
analysiswehavel Kmnin Kmax= Kbase

Now, in orderto decidewhich statistichkmm;X(S) tousewemust rst decidewhatsortof regions
we arelooking for. In particular:

1. Do we wantto detectregions suchthatthe ratesc{(:b{( are signi cantly higherthansome
prior expectationgp, or suchthatthey aresigni cantly higherinsidetheregionthanoutside?
We call the former “globally sensitve” tests,sincethey aresensitve to globalincreasesn
rate. For the latter, we mustdecidewhetherto adjustfor the overall global rate (“globally
adaptve” tests)or to adjustseparatelyor eachday's rate(“daily adaptve” tests).

2. Do we expectthe rateto be constantover the time durationof a cluster or do we expect
the rateto be increasingover the time durationof a cluster? In the rst case,we have a
testfor persistentclusters,while in the secondcase,we have a testfor emeging clusters.
We canalsomake several otherassumptionssuchasa rateincreasingaccordingto some
parametrizedlistribution (ex. linearincreasegxponentialincrease).

Basedon our answergo thesetwo questionsywe mayde ne anumberof differentstatisticsas
de nedin Section2.

2 Space-timestatistics

We rst considerthe caseof a simple prospectie space-timescanstatistic, wherewe want to
detectonly if thereareary space-timelusterson the presentlayk = kpase In this casewe have
thesamestatisticavhethemwe assumehattheclusteris persistentemeging, etc.;theonly relevant
guestionis whetherour testis globally sensitve, globally adaptve, or daily adaptve. After that,
we presenthe more generalspace-timescanstatisticsfor persistentlusters,emenging clusters,
andparametrizedlustersn turn.

2.1 1-dayclusters
2.1.1 Globally sensitve

In this case we comparehe null hypothesisHg: therateequalsgp over all locationsandtimes,to
the alternatve hypothesisH1(S): therateis higherthanqp at the presentime k in region S, and
equalsyp over all otherlocationsandtimes. Thelikelihoodratio is:
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where“in” aresumsoverregion Sattime k. Thisquantityis maximizedatq, = (Bil: assuminghis
guantityis greaterthanqp; otherwisewe have D(S) = 1. In theformercasewe have:
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Notethatprior daysarenotaccountedor, exceptpossiblyin computingthebaselinesthis statistic
is exactly identicalto the globally sensitve, purely spatialscanstatistic.

To computethe p-value,we compareD % Of the original grid to Dyax Of a large numberof
replicagrids,whereareplicagrid hasall countsc}‘ generatedrom Po(qobik). Notethatprior days
neednot beregeneratedsincethesedo notimpactthescore.

2.1.2 Globally adaptive

In this case we comparethe null hypothesisHp: therateequalsgy over all locationsandtimes,
to thealternatve hypothesisH(9): therateequalsg, atthepresentimek in region S, andequals
Jou Over all otherlocationsandtimes,gin > qoy. Thelikelihoodratiois:
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where“in” aresumsover region Sattimek, “all” aresumsover all spaceandtime, and“out” are
sumsover all spaceandtime exceptS k. This quantityis maximizedatgin = g2, oy = 52, and

Qall = %:::, assumin :: > gg—ﬁ; otherwisewe have D(S) = 1. In theformercasewe have:
G G
eCn Co Mg Cox Car ™ Cp M oCoy O
D _ Bin Bou _ Bin Bou
(9= Can - Cai
e Ca Gau Ca
Bail Bail

Notethat, eventhoughthisis identicalin appearance the globally adaptve, purely spatialscan
statistic, it is differentsincethe “out” and*“all” arede ned including counts/baselineom all
previousdaysin additionto the counts/baselinesutsidetheregion onthe currentday.

To computethe p-value,we compareDmax Of the original grid to Dyax Of a large numberof
replicagrids, wherea replicagrid hasall countscr generatedrom Po(qa”bik). Again, prior days
neednot be regeneratedthoughregeneratinghemmay impactthe score. We canalsogenerate
replicasby permutingthe countsin space-time.
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2.1.3 Daily adaptive

In this case,we comparethe null hypothesisHo: for eachday k, the rate equalsqy for all
locations,to the alternatve hypothesisH1(S): for the presentayk, the rateequalsgi, insidethe
region andqey outside,gin > dou, andfor all otherdaysk the rateequalsgy.k for all locations.
Thelikelihoodratiois:
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where“in” aresumsover region Sattimek, “all” aresumsover all spaceattime k, and“out” are

sumsover G Sattime k. This quantityis maximizedat gin = g2, Qou = 24, andgay = %:'I:,

assumin :: > %; otherwisewe have D(S) = 1. In theformercasewe have:
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In this casethe “out” and“all” arede ned only usingcounts/baselineBom the presentday, so
thisis identicalto the globally adaptve, purely spatialscanstatistic.

To computethe p-value,we compareDyax Of the original grid to Dyax Of a large numberof
replicagrids,whereareplicagrid hasall countsx:ik generatedrom Po(qa”;kb}‘). Again, prior days'
countsneednot be regeneratedsinceregeneratinghemwill notimpactthe score. We canalso
generateeplicasby permutingthe currentday's countsin space.

2.2 Persistentclusters

Thetestsfor persistentlustersassumehatthe rateof a clusterremainsconstantover time; asa
result,thederivationsarealmostidenticalto the 1-dayclustertests with sumstakenovertheentire
durationof aclusterratherthanonly a singleday.

2.2.1 Globally sensitve

In this case we comparehe null hypothesisHg: therateequalsgp over all locationsandtimes,to
the alternatve hypothesisH1(S): therateis qgin > o attimeskmin:::kmaxin region S andequals
go over all otherlocationsandtimes. Thelikelihoodratiois:
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where“in” aresumsover region S at timeskmin: ::Knax This quantityis maximizedat g, = CBi;

assuminghis quantityis greaterthanqp; otherwisewe have ij(S) = 1. In theformercasewe
have:
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To computethe p-value,we compareDmax Of the original grid to Dyax Of a large numberof
replicagrids,whereareplicagrid hasall countscik generatedrom quob{().

2.2.2 Globally adaptive

In this case we comparethe null hypothesisHg: the rateequalsgy over all locationsandtimes,
to the alternatve hypothesisH1(S): the rateequalsgi, at the timeskmin:::kmax in region S, and
equalsgoy over all otherlocationsandtimes,qin > Qqoy. Thelikelihoodratiois:
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where“in” aresumsover region Sattimeskmin: : : kmax “all” aresumsover all spaceandtime, and
“out” aresumsover all spaceandtime exceptS (Kmin:::Kmay. This quantityis maximizedat
. = % - CL'J = @ i in > CLLI i ax -

Oin = B, Qou = goy, andgq = g2, assumingg? > g2 otherwisewe have D, 7=(S) = 1. In the
formercasewe have:
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To computethe p-value,we compareDnax Of the original grid to Dyax Of a large numberof
replicagrids,whereareplicagrid hasall countsc}‘ generatedrom Pd(qq bik). We canalsogenerate
replicasby permutingthe countsin space-time.



2.2.3 Daily adaptive

In this case,we comparethe null hypothesisHo: for eachday k, the rate equalsqy for all
locations to thealternatve hypothesisH(S): for dayskmin::: kmax therateequalsgi, k insidethe
region andqoyk outside gink=douk = q 1, andfor all otherdaysk, the rateequalsgyk for all
locations.Thelikelihoodratiois:
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where“in,k” are sumsover region S at time k, “all,k” are sumsover all spaceat time k, and
“out,k” aresumsover G Sattime k. Thenumeratoanddenominatoaremaximizedat qoyk =
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Maximizing with respecto g requires nding theroot of a polynomialof degreekmax Kmint 1;
approximatggradient)methodsmayalsobeused.

To computethe p-value,we compareDnax Of the original grid to Dyax Of a large numberof
replicagrids, wherea replicagrid hasall countsc!‘ generatedrom Po(qa”;kb}(). We canalso
generateeplicasby permutingeachday's countsin space.

2.3 Emerging clusters

While thetestsfor persistentlustersassumehattherateof a clusterremainsconstanover time,
thisis typically nottruein domainssuchasepidemiologywhenadiseas®utbreakoccursdisease
ratewill typically rise continuallyover the durationof the outbreakuntil the outbreakreachests
peak,at which pointit will level off or decrease Our main goalin the epidemiologicaldomain
is to detectemeging outbreakdi.e. thosethat have not yet reachedheir peak),sowe focuson
nding clusterswherethe diseasaateis monotonicallyincreasingi.e. non-decreasing)ver the
durationof the cluster



2.3.1 Globally sensitive

In this case we comparehe null hypothesidHg: therateequalsgg over all locationsandtimes,to
the alternatve hypothesisH1(S): therateis gk attimesk = Knin:::Kmnaxin region S (wherethe gy
arenon-decreasingndatleastqp), andequalsgp overall otherlocationsandtimes. Thelikelihood
ratiois: N 3
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Now, we mustmaximizethe numeratorsubjectto the constraintson the gx. To do so, let E =
E1:::Ep be a partitioning of kmin:::Kkmax into setsof consecutie integers, suchthat 1) for all
ki;ko 2 B, qk, = Ok, = Qi, and2) for all Ej;; Ei,, whereiy < iz, Qi; < Qj,. In otherwords,the E;
de ne apartitioningof kmin: : : kmax into time periodswherethe diseaseateis constant.Note that
Omin: : - Omax areuniquelyde ned by the partitionsk = f Ejg andtheratesQ = f Q;g. A pair(E; Q)
is optimalwhentheresultinggk maX|m|zeDkk$;X(S). We canthenwrite:

maxg,:::e, MaxQ,::Q, C)Ei e QiBini (Qi)Cin;i
e %Bn (o)™

wherethein;i arethesumsof thein; k for all k 2 E;.

Dir=(S) =

Lemma 2.1 A necessargonditionfor (E; Q) to beoptimalis thatfor all i, Q; = %

Proof Letusassume x edpartitioningE = f E;jg, with strictly increasingQ;, andaskwhetherthe
Qi areoptimalfor thoseE;. We notethat,in theabsencef constrainton the Q;, eachexpression
e QiBini (Q)C'”' is maximizedatQ; = C'“' . Moreover, thescoreis corvex with respecto Q;. Thus,

CIFII

if someQ; < , We can mcreasethe scoreby raising that Q; slightly (without changingthe

orderingof Q.) sotheglvenQ. arenot optimal. Similarly, if someQ; > C'”' , We canincreasdhe

scoreby lowering that Q; slightly (without changingthe orderingof Q;), Isotheglven Q; arenot
optimal. Thusfor the Q; to be optimal,we musthave Q; = g::: foralli. |

Cm |1 < Cin;i2

Lemma 2.2 A necessargonditionfor (E; Q) to beoptimalis thatfor all i; < iz, g B2
inio



Proof OtherwiseeitherQ;, 6 C:”'l orQ;, 6 Q,”' ,orQi; Q. Inthe rst two casesthecondition

of Lemma2.1is wolated,sotheQ. arenotoptlmal In thethird casetherestrictionthatthe Q; are
strictly increasings violated,sothe Q; arenotlegal. |}
Thuswe canwrite:
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wherethe partitioningE = f E;g mustsatisfythe conditionof Lemma2.2,i.e. theratios g are
strictly increasingwith i. ’

Lemma 2.3 A necessarycondition for the partitioning E to be optimal is that for eath E; =

2 ko
Cj a:51.1Ci
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Proof OtherwisehereexistssomeE; = kj :::ky, andsomek suchthatk; k< k2,where 4. klb' <
J kl ]

k
Qi< k2 k1) (noteQ; is aweightedaverageof thetwo ratios). We cannow increasehe scoreby
J k+ 1]

separatingds; into two partitionsE;, = k;:::kandEj, = k+ 1:::kp, whereQj, is slightly lessthan
Qi, andQ, is slightly morethanQ; (without otherwisechangingthe orderof Q;). ThusE is not

optimal. |

Lemma 2.4 A partitioning E satisfyingthe conditionsof Lemmasg2.2and2.3is unique andthus
that partitioningis optimal.

Proof Assumetwo partitioningsE! and E? satisfyingthe conditionsof Lemmas2.2 and 2.3.
Considerthe rst i suchthatE! 8 E2. Let E! = ko:::ky andE? = ko:::kp, assumingwithout

lossof generalitythatk; > kp. Now conS|derthe rst j>i suchthatE2 = k3:::kg andks k.
k2

Thuswe haveky ky< k3 ki kg Letuswrite p(ko:::kp) = “ andde ne the otherp( )

J ko i

similarly. Applying the conditionof Lemma2.2to E2, we know p(ko:::ko) < p(Ka:::ks). Also,
if ko+ 1< k3, weknow p(ko:::ko) < p(ko+ 1:::ks 1) < Ww(ks:::kg). Applying theconditionof
Lemma2.3to E?, we know thatif ki < ks, we have p(ks::: k1)  p(ka:::ka)  p(ke+ 1:::Ka).
From theseinequalities,we know p(ks:::ki) > W(ko:::ks 1). But applyingthe condition of
LemmaZ2.3to EL, we know p(ko:::ks 1)  p(ks:::ky), which is a contradiction. Thusthe
partitioningsatisfyingthe conditionsof Lemmas2.2 and2.3is unique. Sincethesearenecessary
conditionsfor optimality, and a unique partitioning satis es theseconditions,we know that the
partitioningis optimal. |}



Finally, we give analgorithmwhich produceghe optimal partitioningE. This “step method”
usesa stackdatastructure whereeachelementof the stackrepresents partition Ej by a 5-tuple

(start,end,C, B, Q). Thealgorithmstartsby pushing(kmax Kmax Ciayx Bkmaxe MaX(do; gt%n:i)) onto
thestack.Thenfor eachk, from kmax 1 down to kpin, we do thefollowing:

temp = (k, k, Ck, Bk max(g_ 0, Ck/ BKk)
while  (temp.Q >= stack.top.Q)
temp2 = stack.pop
temp = (temp.start, temp2.end, temp.C+temp2.C, temp.B+temp2.B,
max(q_0, (temp.C+temp2.C)/(temp.B+temp2.B)))
stack.push(temp)

Theorem 2.5 Thestepmethodproduceghe optimalpartitioning E.

Proof We rst notethatthe methodsatis esthe conditionsof Lemmaz2.1 (sinceQ; = % for each
partition E;), and LemmaZ2.2 (sincethe while loop ensureghe orderingof Q;). To show that
the methodsatis esthe conditionof Lemma2.3, we shav thateachnew partition createdby the
“merge step” temp = (temp.starttemp2.end, ::) maintainsthis conditionas an invariant. Let
Etenp = Ko:::Ky, andEienp2 = ki + 1:::ko. We know that Erenp andEtenpe Satisfythe condition
of Lemmaz2.3, andwe mustshav thatthe meigedpartition E,gy alsosatis esthis condition. In
otherwords,we aregiven u(ko:::1) Wi+ 1:::kq) foralli (ko i< ky), andp(ky+ 1:::0)
Mi+ 1:::ko) foralli (kg+ 1 i< k). We alsoknow thattemp.Qis at leasttemp2.Q sincethe
megesteponly takesplaceif thisconditionholds,sop(ko:::ki1) [(ki+ 1:::ky). Toshavthatthe
meigedpartitionsatis estheconditionof Lemma2.3,we mustshav thatp(ko:::1)  p(i+ 1:::kp)
foralli (ko i< ko). Weknow thisis truefor i = kg, but mustalsoprove it for i < k; andi > kj.
Fori< ki, wehavep(ko:::i) p(ko:::ky) p(i+ 1:::kg) andu(ko:::ky) p(ki+ 1:::kp). Thus
M(Ko:::i)  p(i+ 1:::ky) andp(ko:::1)  W(ke+ 1:::kp), sou(ko:::i) p(i+ 1:::ko) asdesired.
Fori> ki, wehavep(ki+ 1:::1)  W(ke+ 1:::ko)  p(i+ 1:::ko) andu(ko:::ky) p(ki+ 1:::kp).
Thusp(ko:::ky) p(i+ 1:::ko) andpu(ke+ 1:::1) i+ 1:::ko), sopu(ko:::i)  M(i+ 1:::ko) as
desired. |}

2.3.2 Globally adaptive

In this case we comparethe null hypothesisHg: the rateequalsgy over all locationsandtimes,
to thealternatve hypothesidH1(S): therateis gk attimeskmin: : : kmaxin region S (wherethegy are
non-decreasingndatleastqqy), andequalsgey overall otherlocationsandtimes. Thelikelihood
ratiois:
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Now, we mustagain maximizethe numeratorsubjectto the constraintson the gx. We canuse
almostthesamestepmethodasbefore exceptthatwe donotneedo enforcetheconstrainjx  qo,
but we do needto setqoy suchthatgoy Ok, Thuswelet E = E;:::Ep bea partitioning of
ou[ (kmin:::kmax into setsof consecutie integers,suchthatl) for all ky; ko 2 Ej, gk, = 0k, = Qi,
and2) for all Ej;; Ej,, whereiq < iz, Qj; < Qj,. We canthenwrite:
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wheretheC; arethe sumsof theCi, for all k2 E;, plusCoy if out 2 E;, andsimilarly for the B;.

To nd the optimal partitioningE of out [ (Kmin:::Kmnay, We usethe following stepmethod.
First, we push(Kmax Kmax Ckpaxr Bk gt::i) ontothestack.Thenfor eachk, from kmax 1 down
to Kmin, we do thefollowing:

temp = (k, k, Ck Bk Ck/ BK)
while (temp.Q >= stack.top.Q)
temp2 = stack.pop

temp = (temp.start, temp2.end, temp.C+temp2.C, temp.B+temp2.B,
(temp.C+temp2.C)/(temp.B+temp2.B))
stack.push(temp)

Finally, we dothe samefor the“out” partition,treating“out” asanarbitraryintegerlessthankmin:

temp = (out, out, C out, B out, C out / B_out)
while (temp.Q >= stack.top.Q)
temp2 = stack.pop
temp = (temp.start, temp2.end, temp.C+temp2.C, temp.B+temp2.B,
(temp.C+temp2.C)/(temp.B+temp2.B))
stack.push(temp)

Correctnessf the stepmethodfollows from the sameargumentasabove.
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2.3.3 Daily adaptive

In this case,we comparethe null hypothesisHo: for eachday k, the rate equalsqy for all
locations to thealternatve hypothesisH(S): for dayskmin::: kmax therateequalsgi, k insidethe
region andgey:k outside gin:.k=0ou:k = dk (dk Non-decreasingndatleastl) andfor all otherdays
k, therateequalsgy for all locations.Thelikelihoodratiois:

max; g qkmaxok:ixmmma&ou;kquzsPF(CE‘ PkoQou;kbE()) O#QG sPr(CE( PC(Qou;kbE())

Dmix(s) = ~ ~ K k
O nin My Odeo P PAGainkby))

& Kmax ~ Ok¥out:kbK of out:kbE ot
max, Ok - kaaxok: i maxlou;kongSe KFouk™ Ok Oout;k Os'fZG g€ KT Qou;k

Kmin
k

~ ~ bk C
Ol kin My Odeog @ O Gtk

~ B Cink +Boir. Cou:k
maxq Gy o qkmaxok:ixmin ma)hou;ke Ok%out;k Bin;k OkCloutk K@ Gout;kBout;k Jout:k

A «Bal: Callik
O maxy,, e Qall:kBall k Qallk 2

n

~ Kma. (B Bos- Cin:k Callk
max g G Ol kfmn MaXg,,4 € out;k(OkBin;k ou,k)(qk) " Qourk

A «Ball: Call k
Ok:ixmmma)han;ke Gall;kPall;k Oall -k

Calnk
Callik(q,)Cink ___Calle 720
max g qkmaxok—km.n (ak) T

Cail-
kmax Ca” ‘K Call K allk
O e all;k
Cail-
. Bail -k all k
= max O (O R S—
1 Gkpin = Gkmaxk= ki OkBin:k + Bout:k

Now, we mustmaximizethis expressiorsubjectto the constrainton the g, but it is notimmedi-
ately clearhow to accomplishthis. Onepossibilitywould be to usea stepmethodon the g values

gg‘;"fg:ft , but we have notyetbeenableto prove the optimality of this method.

2.4 Parametrized clusters

Herewe assumehatthe rateincrease®ver the durationof the clusteraccordingto someknown,

parametrizedlistribution. We focus hereon the casewherethe rateis exponentiallyincreasing
(multiplied by f on every time step). Similar expressionsnay be derived for the caseof a linear

increasan rate(i.e. rateis increasedy D on every time step).

2.4.1 Globally sensitve

In this case we comparehe null hypothesidHg: therateequalsgg over all locationsandtimes,to
the alternatve hypothesisH1(S): therateis f & knint 1y attimesk = kmin:::kmaxin region S, and
equalsgp over all otherlocationsandtimes. Thelikelihoodratio is:

max l©§28 (Kmin:::Kmax) PT(CI( del(fk kimin® 1q0))
O#?S (Kmin:::Kma) Pr(ct  Po(bk))

Dn(9) =
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~ k kmint 1 k i K
maX 104os (kmin:::kmax)ef b (£ K- Kmin® 1)

~ K k
0425 (knin'itkmad € Gobf (qg) i

~ k int1 ’ ) .
max 1Ok:a>< ine fk Kmin* CIOBm;k(fk Kmin+ 1q0)Cm;k
~ ki - .

Okgax ine QOBln,k(qO)Cm,k

= max %X e(l fk kfT]WLl)QOBin;kf (k kmint )Cinx
" 1 k=Ko
Maximizingwith respectof requiresnding therootof apolynomialof degreekmax Kmint 1;
approximatggradient)methodsmayalsobe used.

2.4.2 Globally adaptive

In this case we comparethe null hypothesisHg: the rateequalsgy over all locationsandtimes,
to the alternatve hypothesisH1(S): therateis f ¥ knin*1g, ;. attimeskmin:::kmaxin region S, and
equalsgey over all otherlocationsandtimes. Thelikelihoodratiois:

MaX 10 Od2s (kinkenad Pr(ct  Po(bkfk kmm+lqOu))©#<20uPI’(C=( Pa(bkou))

D(9) = -
o MaX Od26 (1::tkpasd Pr(c  Pa(bfGan))

~ ki K Kmint 1 . K K Kk
ma 1:Gou O#<ZS (kmin:;;kmax)e bif Kmin CIOLI(fk Kmin* lqOLI)CI O#<20ue b| QOu(qou)Cl

~ K K
MaX Od26 (1::tkpasd € b el (1)

~ ) kK Kmint 1 . .
MaX 1.y Ok=?<):nine Binkf < *min® g0y (f k' Kmin* 1q0u)cm;k e BouGou (qou)cou
maXxy,, € Ball Gall (g ) Call

max 1-q0u(q0u:)calle Oout (Bout @ Bin;kfk kmin+1)f a(k kmint DCink

maxg,, € Bail Gail (qa”)Cau

C
C C Al £ 8 (K Kmint 1)Cin;
max 1€ all Bou+éBin.a:fk kT fa( Kmin+ 1)Cin:k
B Cail
Can Call
e = Ball
B Cal |
=m all fa(k Kmin+ 1)Cin:k

ax S .
f 1 BOLI + a Bm,kf k km'n+1

wherethesummationsaretakenfromk = Kmin:::Kmax “all” aresumsover all spaceandtime, and
“out” aresumsover all spaceandtime exceptS (kmin:::Kmnay. Again, maximizingwith respect
tof requiresnding therootof apolynomialof degreekmax Kmint+ 1.
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2.4.3 Daily adaptive

In this case,we comparethe null hypothesisHo: for eachday k, the rate equalsqy for all

locations to thealternatve hypothesisH(S): for dayskmin:::kmax therateequalsgi, k insidethe
region andqoy k Outside,Gink=dou:k = f kmn*1 f  1; andfor all otherdaysk, the rateequals
Qall:k for all locations.Thelikelihoodratiois:

max 10 Z%  MaXg, OdosPrc  PobifH kmn*1g0,4)) Ogos sPHCC  PAbGoux))
Okzixmmma&au;késrzepr(cr Po(b{‘Gaii )

D9 =

~ ~ pf K Kmint1g ek Kmint 1 K ~ bXg - k
max 10, MG Odos® ' ™ Fok(FC M 20011)T Oga 58 74 *(Goutsk)

~ ~ K k
O\, 1 Mgy Oio g€ (G )

~ ) k kmint1 . :
max 1Ok:€i<):nin max]ou;ke Binkf  “min qou;k(fk Kmin+ 1qou;k)cln;ke BoLt;onu;k(qou;k)Cou;k

~ Bai: . Cal-
Ok:i):nmma)@an;ke aII,kanI,k(qa”;k) all k

S (Bow:kct Binf K kmin* )£ (K kmin+ 1)Cin; Call;
max 1Ok=?(xminma)hou;ke Oout:k(Bou:k+ Bin:k min )f( Kmin )m’k(qOLI;k) all;k

Oy Mgy € BIKRIK Gy ) St

Carl-
A~ Km Ca1- C I1:k all;k K DG
max 1O|<=:il<xmine e Bouk+ Bi:kfk Kmin* 1 f (k- kamint 1)Cin
- Callk
~ Kmax Caix  Callk ;
Ol= kenin © Bailk
Kgax . Callk
= max QO Baitik £ (K Kmin+ 1)Cink

P L k= kenin Bou:k + Bin;kfk min* 1

Again, maximizingwith respecto f requires nding theroot of a polynomialof degreekmax

Kmin+ 1.

3 Inferring baselinesrom previous counts

We now considervariousmethodsof inferring baselinegrom the time seriesof previous counts.
First, thebuilding-aggrgatedtime serieg BATS) methodconsiderghetime seriesfor eachspatial
locationseparatelycomputingthe baselinefor thatlocationfrom thattime series. The resulting
countsandbaselinesreaggregatedto a grid, andthenoneof theabove scanstatisticds used.For
replicagrids, eachlocation's countis regeneratedndependentlyunderthe null hypothesis,and
theseareaggrgatedto a grid asbefore. Secondthe cell-aggrgatedtime series(CATS) method
aggregatesthe time seriesfor all locationsin a grid cell into a singletime series. Thenthe time
seriedfor eachgrid cell is consideregeparatelyo generateeachgrid cell's baselineandthenone
of theabove scanstatisticds used.For replicagrids,eachcell's countis regenerateihdependently
underthenull hypothesisThird, theregion-aggrgatedtime seriegRATS) methodcreates single
time seriedor eachregion it searchegby aggreatingthetime seriesof theindividual cells),com-
putesthe baselingfor theregion from thattime seriesandappliesoneof the scanstatisticsabove.
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TheRATS methodattemptdo accountor spatialcorrelationdetweercells, but thelack of asep-
aratebaselineper cell makesrandomizatiordif cult (sincewe would have to modelcorrelations
betweencells andgeneratecountsfrom this correlateddistribution). Instead,we are considering
variousalternatve methodsof dealingwith the multiple hypothesigestingproblem,includinguse
of the FalseDiscovery Rate(FDR) criterion.

For all of thesemethodsa variety of univariatetime seriesmethodsmay be usedto infer the
baselineof a location, cell, or region from its time seriesof pastcounts. Theseinclude simple
mean,maximum,andmoving averagemethodswe arealsoconsideringmethodswhich allow us
to adjustfor dayof weekeffects,etc. Missingdatais aseriougproblemfor all of thesemethodsFor
BATS, we mayusetime seriesapproachewhich adjustfor thepresencef missingdata;for CATS
andRATS, we mustinfer thesemissingvaluesbeforeaggregating dataat the cell or region level.
For the over-the-countedrug salesdata,our currentbestapproachs an exponentiallyweighted
moving average(EWMA) approachappliedto day-of-week-adjustedounts;the adjustmenis
madeby estimatinghe proportionof weekly countsfalling on eachday:

4 Relatedwork

In the spatio-temporatlusterdetectionliterature,threemain approachesave beenproposedy
Martin Kulldorff et al.: the retrospectie space-timescanstatistic (Kulldorff et al., 1998), the
prospectre space-timescanstatistic(Kulldorff, 2001),andthe space-timg@ermutatiorscanstatis-
tic (Kulldorff etal., 2004). The rst two of theseapproachearevery similar in thatthey usethe
globally adaptve testfor detectingpersistentlusters(Section2.2.2),assuminghatbaselinesre
givenbasedon censugpopulationestimatesThe maindifferenceis thatthe retrospectie statistic
searchesver all space-timentervals, while the prospecitre statisticsearchesver thoseintenals
endingatthe presentime, asdescribecaborve. Kulldorff (2001)alsogivesa methodof adjusting
the prospectie statisticfor repeatedime-periodictests,i.e. if we wanta falseprobability of a
over anintenval of longerthanl day. Thisis straightforvard,comparingD max Of the original grid
to Dmax Of replicagrids, whereclustersin the replicagrid canendbeforethe presentday The
globally adaptve statisticassumeshat countsare proportionalto populationeverywhere with a
constanf proportionalitythatis x edthroughspaceandtime. This assumptioris clearlyfalse:
asaresult,the statisticsmay pick up purely spatialclustersresultingfrom spatialvariationin the
underlyingrate(e.qg. differentpartsof the countryhave differentdiseaseates),or purelytemporal
clustersbasedon temporal uctuations in rate (e.g. seasonahffects or long-termtrends). The
daily adaptve testcould dealwith temporalclusterswhile spatialclustersare bestdealtwith by
inferring baselinegrom thetime seriesof countsinsteadof usingcensugopulations.

Kulldorff etal. (2004)attemptto x both problemsby proposingthe space-timgermutation
scanstatistic. This statisticagain usesthe globally adaptve testfor detectingpersistentlusters,
anddoesaprospectre analysis.Themaindifferencerom thepreviousapproachess thatbaselines
areinferredfrom thetime seriesof counts:theinferencels doneby assuminghatcasesareinde-

pendentlydistributedin spaceandtime, andthusthatbk = E[ck] = @L)(‘ZL—') Thentheglobally

ajakg
adaptve likelihoodis usedasbefore;notethatBy,) is setequalto Cy) by constructlonandthusthe

Can
Cau a

1l
denominator canbeignored. Randomizations doneby permutingthe datesandloca-
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tionsof casesln ourview, this methodhassereraldisadwantagesFirst, by makingtheassumption
of independencef spaceandtime, the statisticsfor the currentperiodareaffectedby space-time
interactionoccurringatary time in the pastaswell; we cannotadjustfor known space-timerends
andaskwhetherthe currentperiodhashighercountsthanexpectedeven taking thesetrendsinto
account.Thisis why we proposehe spatialtime seriesmethod:by separatelyxaminingthetime
seriesof pastcountsat eachspatiallocation(or aggregatedsetof spatiallocations) we attemptto
predictthe currentcountfor thatlocationor setof locations.The space-timgermutatiorstatistic
useghecountsof the currentperiodto infer the baselinesor the currentperiod,thuslosingpower
(sincebaselinesvill beincreasedy increasedounts reducingthepowerto detectthesencreased
counts).Additionally, sincethe expectedcountat eachlocationis known, a globally sensitve test
(with go = 1, sincewe expectcountto equalbaselineshouldbeusednsteadf aglobally adaptve
test. Finally, the space-timgermutatiorstatisticassumegpersistentlusters(i.e. constantlisease
rate over the outbreakperiod) while real outbreakdypically exhibit a diseasaatethatincreases
over the outbreakperiod; thustestsfor emeging clustersshouldbe able to detectan emeging
outbreakmorequickly thanthe space-timgermutatiorscanstatistic.

Several other spatio-temporatluster detectionmethodshave also beenproposed. lyengar
(2004)searchesver “truncatedrectangulapyramid” shapesn space-timethusallowing detec-
tion of clustersvhich move andgrow/shrinklinearly in spaceovertime. Theglobally adaptve test
for persistentlustersis again used,asin Kulldorff's statistics,and baselinesaare assumedo be
given. Assuncacet al. (2004)assumea spatio-temporalPoissorpoint processthe exactlocation
of eachpointin time andspaces given, ratherthanaggreating pointsto discretelocationsand
intervals. A teststatisticsimilar to the space-timgermutatiorscanstatisticis derved,assuminga
Poissornintensityfunctionthatis separablen spaceandtime.
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