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Abstract

We consider a two-player, sequential location game, with n stages. At each stage, players 1 and
2 choose locations from a feasible set in sequence. After all moves are made, consumerseach
purchaseone unit of the good from the closest location. Since player 1 has a natural �rst-mo ver
disadvantage here (player 2 can obtain a payo� of 1

2 just by replicating player 1's moves), we
examineher minmax payo�. When the number of stagesis known to both players we show that (i)
if the feasiblelocations form a �nite set in R d, player 1 must obtain at least 1

d+1 in the single-move
game (ii) in the original Hotelling game (uniformly distributed consumerson the unit interval),
player 1 obtains 1

2 even in the multiple stage game. However, player 1's minmax payo� su�ers
if she does not know the number of moves, but player 2 does. In the Hotelling game, where the
number of stagesis either 1 or 2, player 1's payo� falls to 5

12. If shehasno information at all about
n, we provide a lower bound for her minmax payo�: it must at least equal half the payo� of the
single-stagegame.
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1 In tro duction

Starting with the classicHotelling model (Hotelling, 1929), there is an extensive literature on loca-
tion games.Thesegameshave beenapplied in several di�eren t contexts, including �rms competing
in a market (Gabscewiczand Thisse, 1992,provide a survey), political competition among parties
or candidates (seeShepsle,1991, for a survey), and facilit y location (surveyed by Eiselt, Laporte,
and Thisse, 1993).

In this paper, we considerminmax payo�s in a sequential location gamewith two players. After
players have chosentheir locations, each consumerbuys one unit of the product from the closest
player, breaking ties uniformly at random. We consider the game without prices: Each player
maximizes its market share. Since we allow players to locate at previously occupied locations, it
is immediate that player 1 has a �rst-mo ver disadvantage in this game. By replicating the moves
of player 1, the secondplayer obtains a payo� no worse than 1

2 . Hence,we focus on the minmax
payo� of player 1.

We consider the location game without prices. This version is commonly applied to, e.g.,
political contests and the facilit y location problem. As Osborne and Pitchik (1987) show, the
(simultaneous-move) game with prices may not possessa pure strategy equilibrium. With mixed
strategy equilibria, the range of possibleoutcomesmay be large. Further, characterizing the set of
mixed strategy equilibria can be di�cult. For a similar reason,we consider the sequential rather
than simultaneous location game.1

We �rst examine a classof gamesin which the set of feasiblelocations is �nite, and contained
in R d. Without lossof generality, consumersare distributed over R d (so there are d attributes of
the product a consumercaresabout). In the single-stagegame(with each player choosing just one
location), we characterizecompletely the set of feasibleminmax payo�s for player 1 over all choices
of consumerdistribution and location set. In this case,the minmax payo� of player 1 is equivalent
to her payo� in a subgame-perfect equilibrium.

We show that there exists such a location game in R d, such that observed market sharesare
a result of a subgame-perfect equilibrium of this game if and only if the share of the �rst mover
is between 1

d+1 and 1
2 , and the sharesof the players sum to 1. That is, over all location gamesin

d-dimensional Euclidean space,the minimum payo� to player 1 in a subgame-perfect equilibrium
is 1

d+1 , and the maximum is 1
2 . Further, for any y 2 [ 1

d+1 ; 1
2 ], there exist instancesof the gamesuch

that r 1 = y. With a location set in R 2, player 1 must obtain at least 1
3 of the payo�.

This model is, therefore, testable in the terminology of Brown and Matzkin (1996), who use
the Tarski-Seidenberg theorem to provide testable restrictions on the equilibrium manifold of an
exchangeeconomy. The Tarski-Seidenberg theorem holds for a �nite systemof polynomial inequal-
ities, so cannot be used in our setting, since the consumerdistribution may be continuous. We
therefore provide a direct proof of our result.

This result providesan upper bound for the sizeof the �rst-mo ver disadvantage in such a game.
Entry timing gamesare often characterized by a trade-o� betweenfactors that imply a �rst-mo ver
advantage (for example, in the political context, an early entrant has more time to raise money)
and thosethat lead to a disadvantage. Our result implies that, ceterisparibus, if the payo� increase
asa result of a �rst-mo ver advantage exceeds d� 1

2(d+1) (so that total payo� exceeds1
2), playersshould

seekimmediate entry in the single-stagegame.
We then considera multi-stage gamein which the two players move sequentially at each stage,

with player 1 picking a location �rst, followed by player 2. General results on multi-stage games
1Prescott and Vischer (1977) show that the outcomes of a sequential location game can di�er signi�can tly from

those that obtain in a simultaneous move game.
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may not be feasible. In particular, player 1's payo� neednot be monotone in the number of stages.
We provide two examplesto demonstrate this. In one, we construct a game, in which, player 1
obtains 1

2 in a subgame-perfect equilibrium of the single-stage,but only 1
3 in the two-stagegame.

Conversely, we exhibit a game in which player 1's payo� convergesto 1
2 as the number of stages

grows.
In the original Hotelling game (with the location set being the unit interval, and consumers

uniformly distributed over this interval), we show that in the n-move game,for any n, the minmax
payo� of player 1 is 1

2 . In fact, we demonstrate a set of locations such that, if �rm 1 occupieseach
location in this set, it obtains a payo� of at least 1

2 .
Such gameshavealsobeenstudied in computational geometry, under the label \V oronoi games."

In these games, the location set is continuous, and the consumersare assumedto be uniformly
distributed over somecompact set. Co-location of players is not permitted. Cheonget al. (2002),
show that when the Voronoi gameis played on a squarewith uniform demand,with a large enough
number of moves, and the secondplayer locates all her points after observing all of player 1's
moves, player 2 obtains a payo� of at least 1

2 + � for a �xed constant � . Someof the results we
obtain here are cited as open questionsby Cheonget al. In particular, we characterize the value of
the sequential gameand the corresponding optimal strategies,when played in a high dimensional
space. For the Voronoi gameon the uniform line and uniform circle, Ahn et al. (2001) show that
player 1 has a strategy which guarantees her a payo� of strictly more than 1

2 , while player 2 can
get a payo� arbitrarily closeto 1

2 without actually getting 1
2 . Variations of the original single-move

Hotelling game with multiple players, have also been consideredunder the name of \competitiv e
facilit y location." Eiselt et al. (1993) is an excellent survey of someof this work.

We next consider an \online" game, in the same\adv ersarial" spirit as the online algorithms
literature in computer science(Borodin and El Yaniv, 1998). Much of this literature examines
single-player decisionproblems,with nature being an adversary that choosesthe input to minimize
the player's payo� (or maximize her cost). The player must therefore make decisions that are
\robust" with respect to future inputs. Single-player online games studied previously include
location gameswhere demand arrives over time (Mettu and Plaxton, 2000) and auctions (Bar-
Yossefet al., 2002).

To extend this framework to our two-player game,we assumethat player 2 knows exactly the
number of stages,but player 1 knows only that the number of stagesis in somefeasible set. In
this case,the minmax payo� of player 1 contains an additional minimization over the set of stages.
Hence,this minmax payo� is no longer interpretable asoccurring in a subgame-perfect equilibrium.

Supposeplayer 1 knows that there are one or two stagesto the game,whereasplayer 2 knows
the actual number of stages. Then, even in the original Hotelling game, player 1 can no longer
guarantee a payo� of 1

2 ; in fact, we show that her minmax payo� is 5
12. Finally, supposeplayer

1 has no information about the number of stages(i.e., she believes that this can be any positive
integer). By replicating the previous moves of player 2, player 1 obtains a payo� no worse than
half the payo� it gets in an equilibrium of the single-stagegame. This provides a lower bound for
player 1's minmax payo�.

The rest of this paper is organizedasfollows. We begin by describing the model and de�nitions
in Section 2. In Section 3 we study the multiple move gamewhen both players know the number
of moves. In Section 4, we extend theseresults to the online game,where player 1 doesnot know
n. We concludein Section 5.

2



2 Preliminaries

Consider R d with d � 1, endowed with the Euclidean distance function, � . Consumersare dis-
tributed on R d, with distribution F (�) de�ned over the Borel � � algebra on R d. Without loss of
generality, the total massof consumersis normalized to 1.

There are two players. L � R d denotesa compact set of points at which players may locate.2

The game has n stages. At each stage, the players move in sequence. First, player 1 chooses
a location in L , and then player 2 responds. At any stage, either player is allowed to choose a
location already occupied by either of the players. The gameis therefore represented as a 4-tuple,
(n; d;L; F ).

Let si denote the location chosenby player 1 at stagei , and t i the location chosenby player 2.
Let Si and Ti denote the �rst i moves of players 1 and 2 respectively, with S0 = T0 = ; . A pure
behavior strategy for player 1 at stage i is a map ai : Si � 1 � Ti � 1 ! L . Similarly, a pure strategy
for player 2 at stage i is a map bi : Si � Ti � 1 ! L . A pure strategy for player 1 in the gameas a
whole is denoted A = (a1; : : : ; an ) and similarly for player 2.

After each player has chosen its n locations, each consumer buys 1 unit of the good from
the closest location. If the closest location is not unique, the consumer randomizes with equal
probabilit y over the set of closestlocations.

Given a multiset Y of locations and somepoint v in R d, de�ne � (v; Y ) = miny2 Y � (v; y) as the
distance between v and the point in Y closest to v. Let � Y (v) = jf y 2 Y : � (v; y) = � (v; Y )gj
be the number of points in Y which are at minimum distance from v. The demand gathered by
a point y 2 Y is de�ned as r (y; Y n f yg) =

R
v2 R d :� (v;y)= � (v;Y )

1
� Y (v) dF(v). Now let S and T be

the locations chosen by player 1 and player 2 respectively. Then, player 1's payo� is given by
r (S;T) =

P
s2 S r (s;S [ T nf sg). Player 2's payo� is r (T; S) = 1� r (S;T). Note that by de�nition,

for any move x and set of movesY , we have r (x; Y ) � r (x; y) 8y 2 Y .
The strategy choices of the two players, a and b, imply chosen locations, S(a;b) and T(a;b)

respectively. Notationally, for convenience,we often suppressthe dependenceof S;T on a;b. The
minmax payo� of player is de�ned as r 1 = maxa minb r (S(a;b); T(a;b)).

Since this is a constant-sum game, a strategy of player 2 that minimizes the payo� of player
1 must maximize the payo� of player 2. Hence,when n is known to both players, the strategies
(â; b̂) that lead to player 1 earning its minmax payo� constitute a subgame-perfect equilibrium of
the game.

3 Kno wn num ber of stages

In this section, we examine the gamewhen the number of stagesis known to both players. First,
suppose there is a single stage in the game, so that each player moves only once. The single-
stage game is particularly suited to model political competition, where a location is interpreted
as choosing a political platform (see Shepsle,1991, for a survey). Whereas much of the spatial
literature on political competition has consideredthe simultaneous-move game, Osborne (1993)
notes that a sequential game may be more appropriate. Osborne considersa multi-agent game
in which agents can choose their platforms at any time, but platforms once chosen cannot be

2Without loss of generality, we assumethat L spans R d (in other words, the convex hull of L is d-dimensional).
Otherwise, we can project the d-dimensional space orthogonally to the subspacespanned by L . The orthogonal
projection � has the property that for any two location points l1 ; l2 2 L and a demand point x 2 R d , � (l1 ; x) �
� (l2 ; x) , � (l1 ; � (x)) � � (l2 ; � (x)). Thus payo�s and equilibrium strategies in the game remain una�ected.
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changed. In focusing on the minmax payo� to player 1, we essentially bound the size of the �rst
mover disadvantage in this model.

We �rst consider the caseof a �nite location set.3 Let Gd(1) = (1; d;L; F ) denote an instance
of the single-stagelocation gamein d-dimensional Euclidean space,where L is a �nite location set
and d is also �nite. Let Gd denote the set of such games.

It is clear that r 1 � 1
2 , sinceplayer 2 can ensurer 2 = 1

2 via the strategy b = a, which replicates
each move of player 1. How low can the minmax payo� of player 1 be? The following example
shows that, when the location set is in R 2, player 1's payo� can be as low as 1

3 .
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Figure 1: A location game in the Euclidean plane. Points a;b; and c have demandsx, 1
2(1 � x)

and 1
2(1 � x) respectively, and, L = f a0; b0; c0g. Lines are labeledby the Euclidean distancebetween

their endpoints.

Example 1 Considerthe gamegivenby Figure 1, with L = f a0; b0; c0g, and f (a) = f (b) = f (c) = 1
3 ,

where f (v) denotesthe density of demand at v. Player 2's best responseis as follows: If Player 1
choosesa0, player 2 choosesb0; if player 1 choosesb0, player 2 choosesc0; otherwise,player 2 chooses
a0. Given this, player 1 is indi�eren t over f a0; b0; c0g. Whichever location it chooses,it obtains a
payo� of 1

3 , with player 2 obtaining 2
3 .

In fact, we show that this game represents the worst casefor player 1 over all such location
gamesin R 2. That is, there does not exist a demand distribution and a �nite location set in R 2,
such that player 1 obtains a subgame-perfect equilibrium payo� strictly lessthan 1

3 in this single-
move location game. The result extendsmore generally: in R d, player 1 must obtain at least 1

d+1 ,
and there exists a gamein which it obtains exactly 1

d+1 (so the bound is tight).
3Finiteness of the location set is necessaryto prove Theorem 1 below. The demand distribution F (�) may be

contin uous.
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Recall that, when the number of stagesis known to both players, the minmax payo� of player
1 is identical to its payo� in a subgame-perfect equilibrium. We therefore state our result in terms
of subgame-perfect equilibrium payo�s.

Theorem 1 There exists a location game Gd(1) 2 Gd such that r 1; r2 are payo�s in a subgame-
perfect equilibrium of Gd(1) if and only if r 1 2 [ 1

d+1 ; 1
2 ] and r 2 = 1 � r 1.

Proof of Theorem:
It is immediate that, in any equilibrium, r 1 + r2 = 1. Hence,we prove that r 1 2 [ 1

d+1 ; 1
2 ].

\If " part:
Given a value x 2 [ 1

d+1 ; 1
2 ], we construct a game Gd(1) for which r 1 = x. This essentially

reconstructs Example 1 in d dimensions. We �rst construct the game in the (d + 1)-dimensional
Euclidean space(for easeof exposition), then project it down to the d-dimensionalEuclidean space.

De�ne d̂ = 1 +
P d

i=1 i2 = 1 + d(d+1)(2 d+1)
6 . Fix � > 0 such that � � 1.

The set of location points is L = f l1; l2; : : : ; ld+1 g. The i th co-ordinate of point l i is � 1, and all
other co-ordinatesof point l i are 0.

There are also d+ 1 demandpoints vi . Let f represent the density of demand. Set f (v1) = x 2
[ 1
d+1 ; 1

2 ] and f (vi ) = 1
d(1 � x) 8i > 1. Demand point vi has i th co-ordinate 1 � � , and for j 6= i , the

j th co-ordinate is � [(j � i )mod d].
This inducesthe following distance function betweendemand points and location points:

� 2(l i ; vj ) =

(
2 � 2� [1 + (j � i )mod d] + d̂� 2 : i 6= j

d̂� 2 : i = j:

For any demandpoint vj , wecande�ne a precedencerelation � j asl i � j l i 0 if � (l i ; vj ) < � (l i 0; vj ).
It follows that for every j , we have l j � j l (j +1) mod d � j l (j +2) mod d � j : : : � j l (j � 1)mod d. This
precedencerelation is identical to that induced by a Condorcet voting paradox (Condorcet, 1785)
instance with d + 1 voters and d + 1 choices.

It is now immediate that r 1(l i ; l (i � 1)mod d) = x for i = 1, and r 1(l i ; l (i � 1)mod d) = 1
d(1 � x) for

i > 1. For x 2 [ 1
d+1 ; 1

2 ], we have x � 1
d(1 � x). Player 1's equilibrium strategy, therefore, is to

choosel1, and the resulting payo� is r 1 = x.
Finally, weobtain our d-dimensionalinstanceby orthogonally projecting D to the d-dimensional

hyperplaneformed by the points in L . Such a projection reduceseach � 2(l i ; vj ) by the sameamount,
and hencepreserves the precedencerelation � j .

\Only if " part:
Note �rst that, for any Gd(1) 2 Gd, we have r 1 � 1

2 in any subgame-perfect equilibrium. By
choosing t = s, Player 2 earnsr 2 = 1

2 , and so can do no worse in equilibrium. Hence,r 1 � 1
2 .

We show that for any Gd(1) 2 Gd, we have r 1 � 1
d+1 in any subgame-perfect equilibrium. De�ne

a precedencerelation on L , as follows: l � l 0 if and only if r 1(l ; l0) < 1
d+1 . We need to show that

there exists a point l 2 L such that there is no l 0 2 L with l � l0. First, we prove that � is acyclic
on L ; that is, there is no sequenceof elements (l1; l2; : : : ; lm ) in L with l1 � l2 � l3 � : : : � lm � l1.

For any two location points x; y 2 L , de�ne H xy = f v 2 R d : � (x; v) � � (y; v)g to be the
half-spacecontaining points in R d which are at least as closeto y as to x. For any subsetS of R d,
let F (S) =

R
v2 S dF(v) represent the total demand of all points in S. It follows that if x � y, then

F (H xy ) > d
d+1 .

Suppose� inducesa cycle in L ; let this cycle be l1 � : : : � lm � l1. For easeof notation, de�ne
lm+1 = l1, and L 0 = f l1; : : : ; lm g. Consider the half-spacesH l i ;l i +1 for 1 � i � m. Given a set X ,
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let X denote the complement of X . Since F (H l i ;l i +1 ) > d
d+1 , if must be that F (H l i ;l i +1 ) < 1

d+1 .
Hence,for any set K of d+ 1 or fewer indices, F ([ k2 K H lk ;l k +1 ) < 1, so F (\ k2 K H lk ;l k +1 ) > 0. That
is, any d + 1 or fewer half-spacesmust have an intersection with strictly positive demand.

We now appeal to the following theorem due to Helly, 1921(seealso Eckho�, 1993).

Helly's Theorem : Let C be a family of convex sets in R d, and suppose C is �nite or each
member of C is compact. If every d+ 1 or fewer members of C havea non-empty intersection, then
all members of C havea non-empty intersection.

We can now de�ne C = f H l i ;l i +1 : 1 � i � mg and use Helly's Theorem, since each H l i ;l i +1

is convex. It follows that \ m
i=1 H l i ;l i +1 is non-empty. Choose any point o 2 \ m

i=1 H l i ;l i +1 , and
renormalize all points in L relative to o as the origin. Note that by de�nition of H l i ;l i +1 , we have
� (l i ; o) � � (l i +1 ; o), for all i , 1 � i � m. Then, lm+1 = l1 implies that all the points l i areequidistant
from the origin and the origin lies on the hyperplanesde�ned by f v 2 R d : � (v; l i ) = � (v; l i +1 )g, for
i 2 f 1; : : : ; mg .

Now let � i bethe vector l i +1 � l i . Then, each half-spaceis givenby H l i ;l i +1 = f u 2 R d : u�� i � 0g.
Werefer to l i +1 and l i asthe location points de�ning � i . SinceL 0 is a cycle,wealsohave

P m
i=1 � i = 0.

That is, a positive linear combination of thesevectors � i sumsto zero.
Now, Carath�eodory's theorem (seeEckho�, 1993) implies that there exists a positive combina-

tion of at most d + 1 of the vectors � i that sums to zero. Without loss of generality, let these be
� 1; : : : ; � d0 (d0 � d+ 1), and let � i be positive reals such that

P d0

i =1 � i � i = 0. Let the corresponding
half-spacesbe called H i .

Next considerany point x lying in X = \ d0

i =1 H i . Sincex � � i � 0 for all i , 1 � i � d0, we must
have 0 � x � � i � i = �

P
j � d0;j 6= i x � � j � j � 0, implying that x � � i = 0 for all i � d0. In other words,

x is equidistant from the location points de�ning each vector � i , so the entire set X consistsonly
of points equidistant from the location points of the vectors � i .

For each half-space H i , we have F (H i ) � d
d+1 + F (X )

2 . Moreover, F (X ) > 0, since X �

\ m
i=1 H l i ;l i +1 , and F (\ m

i=1 H l i ;l i +1 ) > 0. So we have F ([ i<d 0H i [ X ) < d0� 1
d+1 � d0� 1

2 F (X ) + F (X ) �
d

d+1 + F (X )
2 . Therefore, F (\ i<d 0H i nX ) > 1

d+1 � F (X )
2 . But \ i<d 0H i nX is disjoint from H d0, which

has demand greater than d
d+1 + F (X )

2 . This contradicts the fact that the total demand is 1.
We have shown that the relation � is acyclic. An acyclic relation on a �nite set must contain a

point l0 which is not precededby any other point l 0 2 L. Such a point can be found by starting at
any point l 2 L , and moving to any point l 0 2 L such that l0 � l . Since� is acyclic and L is �nite,
this processmust terminate at an l0 such that there is no point l0 2 L with l0 � l . This completes
the proof of the \only if " part.

Remarks :

1. As part of the proof of Theorem 1, we show that for any game Gd(1) 2 Gd, there exists
a point l 2 L , such that a half spacede�ned by l and any other point l 0 2 L contains at
most d

d+1 demand. This concept is similar to the concept of centerpoints, used widely in
Computational Geometry (seeEdelsbrunner, 1987). Given a demand distribution with �nite
support, a centerpoint always exists; however, it may not lie in the set L . We can overcome
this problem by picking a point l 2 L which is closest to the centerpoint. If such a point l
is unique (for example, when L is convex), then the theorem holds. On the other hand, if it
is not unique, picking any one of the closestpoints only implies r 1 � 1

2(d+1) , necessitatinga
proof basedon �rst principles, as given above.

2. Finiteness of the location set, L , is used in the \if " part of the theorem. The following
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example, a variant of the largest number game, indicates that there is no extension to a
countably in�nite set. Consider the unit interval, [0; 1]. Let f (0) = 1 (so that all demand is
at the point 0). Let L = f 1

n gn2 Z + , where Z+ is the set of positive integers. For any point l1

chosenby player 1, player 2 can �nd a point closer to 0, and obtain a payo� of 1.

3. In the game in Gd constructed in the \If " part of Theorem 1, with x = 1
d+1 , consider the

payo� of player 1 as the number of movesn increases(with both players knowing n). While
the number of movesis lessthan d+ 1, player 1 can weakly increaseher payo� by locating at
each stageat a location whereshehasnot located yet. When the number of movesis d+ 1 or
more, the strategy of �rst locating at all points in L and then replicating player 2's previous
move guaranteesa payo� which convergesfrom below to 1

2 as n increases.

Given the last remark above, one might conjecture that, in the multi-stage game, the minmax
payo� of player 1 is weakly increasingin the number of moves,n. However, the following example
demonstratesthat this is not always true.

Example 2 Consider two replicas of the game in Example 1, with location sets L i = f a0
i ; b0

i ; c0
i g

for i = 1; 2. The demanddensity is 1
6 at each of the points in D i = f ai ; bi ; ci g, for i = 1; 2. Further,

let a0
j be the closest location point in L j to the demand points D i , for i = 1; 2 and j 6= i . Let

� (ai ; a0
j ) > 2 for i = 1; 2 and j 6= i , so that the points in L j are su�cien tly far from the points in

D i .
Supposen = 1, so that each player moves just once. Player 1's optimal action is to choose

either a0
1 or a0

2. If player 1 choosesa0
1, player 2's best responseis to chooseany of f a0

1; a0
2; b0

2; c0
2g,

with a corresponding best responseset if player 1 choosesa1. In either case,player 1 obtains a
payo� of 1

2 .
Now, supposen = 2. Without lossof generality, supposeplayer 1 choosesa location in L 1 with

her �rst move. Conditional on choosinga point in L 1, locating at a0
1 is an optimal action for player

1. Now, player 2 responds by locating at b0
1. Consider player 1's best response. If shechoosesany

point in L 2, player 2 will choosethe corresponding point in L 2 such that it obtains 2
3 of the demand

closestto each of L 1 and L 2, and hencecapturesa payo� of 2
3 in the game. If shechoosesany point

in L 1, player 2 will then choosea0
2, obtaining all of the demandclosestto L 2, and at worst 1

3 of the
demand closestto L 1, for an overall payo� no worse than 2

3 . Hence,player 1 can obtain no more
than 1

3 in the 2-move game.

Example 2 and Remark 3 above suggestthat there is no generalresult on the equilibrium payo�s
as n increases.Sinceresults on the generaln-move gameare di�cult to obtain, we next study the
game in Hotelling's original setting, where the demand is distributed uniformly over [0; 1], and
L = [0; 1]. Let H (n) = (n; 1; [0; 1]; U[0; 1]) denote the Hotelling game with n rounds, L = [0; 1],
and F (x) = x for x 2 [0; 1]. We �rst show that there is no second-mover advantage in H (n). In
particular, for any �xed n, there exists a set of location points S that player 1 can choosewhich
implies that its payo� is at least 1

2 , regardlessof the strategy of player 2.

Theorem 2 For the gameH (n), we haver 1 = 1
2 .

Proof: Consider S = (s1; s2; : : : ; sn ), where si = 1
2n + (i � 1)

n . This divides the unit line into n + 1
intervals|the two border intervals are of length 1

2n , while the internal intervals are of length 1
n .

Let the secondplayer's chosenlocation points be given by T = (t 1; : : : ; tn ). We will show that
each point t i gets payo� at most 1

2n . This implies that r 1 � 1
2 . As observed earlier, player 2 can

obtain a payo� of 1
2 by simply replicating each of player 1's moves (i.e. set t i = si for each i ). It
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is easyto seethat, even in the absenceof any points t i , the total demand captured by point si in
this caseis at most 1

n for any i .
Consider the point t i . First consider the casewhen t i = sj for some j . Clearly, the market

share of point t i is at most 1
2n from our observation above. Next consider the casethat t i lies in

one of the border intervals. Again, sincethe length of these intervals is 1
2n , the market shareof t i

is at most 1
2n .

Finally, consider the casewhen t i lies in someinterval (sj ; sj +1 ). If there is at least one other
point tk in this interval, t i and tk may share the total demand in that interval, each getting at
most 1

2n . If t i is the only point in this interval, then, it gets 1
2(sj +1 � t i ) demand from the left

and 1
2(t i � sj ) demand from the right. Combining the two, we have that t i gets at most 1

2n of the
demand. Thus player 2 obtains a payo� no greater than 1

2 .

A similar result was obtained independently by Ahn et al. (2001), in the context of Voronoi
games,which di�er from our location gamesin that co-location is not allowed in Voronoi games.

Note that player 1's strategy in Theorem 2 is independent of player 2's strategy T. Thus, player
1's strategy guarantees her a payo� of at least 1

2 even when both players move simultaneously at
each round, or indeed, even if the order of moves is completely arbitrary .

4 Pla yer 1 does not know the num ber of stages

Next, we consideran \online" version of the location game. In this game,the number of stages,n,
is known to player 2 but not to player 1. Instead, player 1 merely knows that n 2 N , where N is
somefeasibleset for the number of stages.

In terms of minmax payo�s, this changesthe 
a vor of the gamecompletely. The minmax payo�
of player 1 now contains an additional uncertain element, the number of stagesin the game. As a
result, the minmax payo�s in the gamecan no longer be thought of as equilibrium payo�s. Given
location setsS;T for the two players, and a known number of stagesn, let r 1(S;T; n) = r (Sn ; Tn )
denote player 1's payo� in the game. Then, when player 1 does not know the number of stages,
her minmax payo� is given by r 1(N ) = maxa minb minn2 N r1(S(a;b); T(a;b); n).

To illustrate the nature of the di�cult y in analyzing this case,suppose�rst that N = f 1; 2g,
that is, player 1 knows that the number of stagesis either 1 or 2. In contrast with Theorem 2,
the following theorem shows that, in the set-up of the original Hotelling gameH , player 1 can no
longer ensurea payo� of 1

2 acrossall possibleoutcomes.

Theorem 3 Suppose player 1 knows that n 2 N = f 1; 2g, and player 2 knows n. Then, in the
gameH (N ), we haver 1(N ) = 5

12.

Proof: We �rst show that r 1(N ) � 5
12. Consider the following strategy for player 1. It �rst locates

at s1 = 1
2 . If n = 1, player 2 will alsochooset1 = 1

2 , soplayer 1 earnsexactly 1
2 (that is, r 1(1) = 1

2).
Supposen = 2. Without loss of generality (w.l.o.g.), player 2's �rst move is to t 1 � s1. If

t1 > 1
3 , player 1 then choosess2 = t1 � � , for somesmall � > 0. Now, regardlessof player 2's second

move, player 2 obtains a payo� at most 1
2 + ( 1

2 � t1)=2 � 7
12. By locating at 1

2 + � , for somesmall
� > 0, player 2 obtains a payo� that approximates (but is strictly lessthan) 7

12.
On the other hand, if player 2 �rst locatesat t 1 � 1

3 , then player 1 then choosess2 = 5
6 . Now,

if player 2 choosest2 > s1, it earnsa payo� at most 7
12. If t2 = s1, its payo� is at most 13

24. For any
other point t2 < s1, its payo� is at most 1

2 . In any case,r 2 � 7
12, so r 1(2) � 5

12. Hence,r 1(N ) � 5
12.

Next we show that r 1(N ) � 5
12. Supposenot. Then, player 1's �rst move must be to some

point in ( 5
12; 7

12) (elser 1(1) � 5
12). W.l.o.g, supposeplayer 1's �rst move is to s1 2 ( 5

12; 1
2 ]. Suppose
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n = 2, and consider the following sequenceof play. Player 2 choosest 1 = 2
3(1 � s1) < s1. At the

secondstage, if player 1 moves to s2 < s1, then player 2 makes its secondmove to t2 = s1 + � for
somesmall � > 0. Otherwise, player 2 moves to somet 2 > s1 that obtains maximum payo�. The
latter payo� is at least 1

3(1 � s1). A simple calculation again shows that in either of these cases,
player 2 earnsa payo� of at least 2

3 � s1
6 � 7

12.

The above theorem shows that if H is played with the number of stagesrestricted to being no
more than 2, then player 1's minmax payo� is lower than 1

2 . What if player 1 has no information
at all about the number of stages?The techniquesusedfor the above theorem do not extend easily
to larger n, since the number of casesincreasesrapidly as n increases. However, we show below
that a simple strategy guaranteesa payo� of 1

4 to player 1 irrespective of the number of rounds in
the game.

We �rst show a more general theorem that applies to all sequential two-player location games,
including H and those in Gd. The theorem shows that in a multi-stage game,player 1 must obtain
at least 1

2 of its payo� in the single-stagegame, even when it has no knowledgeof the number of
stages(that is, the set of feasiblestages,N , is the set of positive integers). We prove the theorem
by exhibiting a particular strategy that earns this payo�: locate at the single-stageequilibrium
location, then replicate each move of player 2.

Theorem 4 Supposethat, in a subgame-perfect equilibrium of a single stagelocation game,player
1 earns r 1 = � . Consider the multiple-stagegamein which player 1 knowsthat n 2 Z + , but player
2 knowsn. In this game, r 1(Z+ ) � �

2 .

Proof: Consider the following strategy for player 1. At stage1, shechoosesa location s1 that yields
the payo� of a single-stageequilibrium, � . For i > 1, player 1 replicates player 2's previous move,
so that si = t i � 1. For any location y 2 S [ T, we have r (y; S [ T n f yg) � r (y; s1) � 1 � � .

Now, r 1(S;T; n) �
P n

i=2 r (si ; S[ T nf si g) =
P n� 1

i=1 r (t i ; S[ T nf t i g) = r (T; S) � r (tn ; S[ T nf tn g).
This implies 2r 1(S;T; n) � 1 � r (tn ; S [ T n f tn g) � � . Thus, r 1(Z+ ) � minn r1(S;T; n) � �

2 .

An immediate implication is that player 1 can obtain at least 1
2(d+1) in any gamein Gd, and at

least 1
4 in the gameH , when shedoesnot know the number of stages.

Corollary 5 Supposeplayer 1 has no information about n, but player 2 knowsn.
(i) for any location gameGd(Z+ ) 2 Gd, we haver 1 2 [ 1

2(d+1) ; 1
2 ].

(ii) for the gameH (Z+ ), we haver 1 � 1
4 .

5 Conclusion

We have shown that in a one move location game in R d, player 1 can always guarantee at least
1

d+1 of the total payo�. If player 1 earns a payo� strictly less that 1
d+1 , this payo� could not

have emergedfrom a subgame-perfect equilibrium of the location gamein d-dimensionalEuclidean
space.Conversely, for every x 2 [ 1

d+1 ; 1
2 ], there exists a location gamesuch that player 1 obtains a

market shareexactly x in equilibrium. Hence,the model is testable.
In the multiple-move gameon a unit line, when both players know the number of moves,both

obtain a payo� of 1
2 in a subgame-perfect equilibrium. It would be interesting to generalizethis

result to gamesin higher dimensions.
The situation changeswhen player 1 doesnot know the number of moves. Even if the number

of movesis 1 or 2, in the gameon a unit line, player 1 obtains a payo� strictly lessthan 1
2 . However,
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we demonstrate a strategy for player 1, using which she can obtain at least half the payo� of the
single-move gamein a subgameperfect equilibrium. An interesting open problem is to completely
characterize this minmax payo�.
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