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Abstract

We present a new approac to unbounded, fully symbolic model cheding of timed automata that

is basedon an e cien t translation of quanti ed separation logic to quantied Boolean logic. Our

technique presenesthe interpretation of clocks over the realsand can chedk any property expressed
in the timed  calculus. The core operations of eliminating quanti ers over real variables and
deciding separationlogic are respectively translated to eliminating quarti ers on Booleanvariables
and cheding Booleansatis abilit y (SAT). We canthus leveragewell-known techniquesfor Boolean
formulas, including Binary DecisionDiagrams (BDDs) and recert advancesin SAT and SAT-based
quarnti er elimination. We presen preliminary empirical results for a BDD-based implementation

of our method.
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1 Intro duction

Timed automata [2] have proved to be a useful formalism for modeling real-time systems. A timed
automaton is a generalization of a nite automaton with a set of real-valued clock variables. The
state spaceof atimed automaton thus hasa nite componert (over Booleanstate variables) and an
in nite  componert (over clock variables). Sewral model chedking techniques for timed automata
have been proposed over the past decade. These can be classi ed, on the one hand, as being
either symtolic or fully symiwlic, and on the other, as being bounded or unbounded. Symbolic
techniques use a symbolic represeniation for the in nite componert of the state space,and either
symbolic or explicit represenations for the nite componert. In cortrast, fully symbolic methods
employ a single symbolic represemation for both nite and in nite componerts of the state space.
Bounded model chedking techniques work by unfolding the transition relation d times, nding

counterexamples of length up to d, if they exist. As in the untimed case,these methods su er

from the limitation that, unlessa bound on the length of counterexamplesis known, they cannot
verify the property of interest. Unbounded methods, on the other hand, can produce a guaranee
of correctness.

The theoretical foundation for unbounded, fully symbolic model chedking of timed automata
was laid by Henzinger et al. [11]. The characteristic function of a set of states is a formula in
sepration logic, a quanti er-free fragmen of rst-order logic. Formulas in Separation Logic (SL)
are Boolean combinations of Boolean variables and predicates of the form x; ./ x; + ¢ where
12 >, g, X and x; are real-valued variables, and c is a constart. Quanti e d Sepration Logic
(QSL) is an extensionof SL with quarti ers over real and Boolean variables. The most important
model chedking operationsinvolve deciding SL formulas and eliminating quarti ers on real variables
from QSL formulas.

In this paper, we presen the rst approad to unbounded, fully symbolic model chedking of
timed automata that is basedon a Boolean encaling of SL formulas and that presenes the in-
terpretation of clocks over the reals. Unlike many other fully symbolic techniques, our method
can be used to model chedk any property in the timed calculus or Timed Computation Tree
Logic (TCTL) [3]. The main theoretical cortribution of this paper is a new technique for trans-
forming the problem of eliminating quarnti ers on real variables to one of eliminating quarti ers
on Boolean variables. In somecases,we can avoid intro ducing Boolean quanti cation altogether.
These techniques, in conjunction with previous work on deciding SL formulas via a translation
to Boolean satis abilit y (SAT) [17], allow us to leverage well-known techniques for manipulating
guanti ed Booleanformulas, including Binary DecisionDiagrams (BDDs) and recernt work on SAT
and SAT-based quarti er elimination [13].

Related Work. The work that is most closely related to ours is the approad based on
represerning SL formulas using Di erence Decision Diagrams (DDDs) [14]. A DDD is a BDD-like
data structure, where the node labels are generalizedto be separation predicatesrather than just
Boolean variables, with the ordering of predicatesinduced by an ordering of clock variables. This
predicate ordering permits the use of local reduction operations, sud as eliminating inconsistert
conmbinations of two predicatesthat involve the samepair of clock variables. Deciding a SL formula
represernied as a DDD is done by eliminating all inconsistert paths in the DDD. This is done by
enumerating all paths in the DDD and cheding the satis abilit y of the conjunction of predicates
on ead path using a constraint solver basedon the Bellman-Ford shortest path algorithm. Note
that ead path can be viewed as a disjunct in the Disjunctive Normal Form (DNF) represeration
of the DDD, and in the worst casethere can be exponertially many calls to the constraint solver.
Quanti er elimination is performed by the Fourier-Motzkin technique [10], which also requires



enumerating all possiblepaths. In cortrast, our Boolean encaling method is generalin that any
represenmation of Booleanfunctions may be used. Our decisionprocedureand quarti er elimination
schemeusea direct translation to SAT and Boolean quarti cation, respectively, avoiding the need
to explicitly enumerate eadh DNF term. In theory, the use of DDDs permits unbounded, fully
symbolic model cheking of TCTL; howewver, the DDD-based model cheder [14] can only chek
reachability properties (these can expresssafety and bounded-livenessproperties [1]).

Uppaal2zk and Kr onos are unbounded, symbolic model cheders that explicitly enumerate
the discrete componert of the state space. Kr onos usesDi erence Bound Matrices (DBMs) as
the symbolic represenation [19] of the in nite componert. Uppaal2k uses,in addition, Clock
Di erence Diagrams (CDDs) to symbolically represert unions of convex clock regions[6]. In a
CDD, a node is labeled by the dierence of a pair of clock variables, and ead outgoing edge
from a node is labeled with an interval bounding that di erence. Note that while Kr onos can
ched arbitrary TCTL formulas, Uppaal2k is limited to cheding readability properties and very
restricted livenessproperties such as AF p.

Red is an unbounded, fully symbolic model cheder basedon a data structure called the Clock
Restriction Diagram (CRD) [18]. The CRD is similar to a CDD, labeling eath node with the
di erence betweentwo clock variables. Howewer, ead outgoing edgefrom a node is labeled with an
upper bound, instead of an interval. Red represens separationformulas by a combined BDD-CRD
structure, and can model chedk TCTL formulas.

A fully symbolic version of Kr onos using BDDs has been deweloped by interpreting clock
variables over integers [8]; howeer, this approad is restricted to cheding reacdability for the
subclassof closedtimed automata®, and the encading blows up with the sizeof the integer constarts.
Rabbit [7] is atool basedon this approad that additionally exploits compositional methodsto nd
good BDD variable orderings. In comparison, our technique appliesto all timed automata and its
e ciency is far lesssensitive to the size of constarts. Also, the variable ordering methods usedin
Rabbit could be usedin a BDD-based implemertation of our technique.

Many fully symbolic, but bounded model chedking methods basedon SAT have beendeweloped
recerily (e.g.,[5, 15]). Thesealgorithms cannot be directly extendedto perform unbounded model
cheing.

The rest of the paper is organized as follows. We de ne notation and preser badground
material in Sections2 and 3. We describe our new cortributions in Sections4 and 5. We conclude
in Section 6 with experimental results and ongoing work.

2 Background

We begin with a brief presenation of badkground material, based on papers by Alur [2] and
Henzingeret al. [11]. We refer the readerto these papers for details.

2.1 Separation Logic

Sepration logic (SL), also known as di er ence logic, is a quarti er-free fragment of rst-order
logic. A formula in separationlogic is a Booleancombination of Booleanvariablesand segration
predicates (also known as di er ence bound constraints) involving real-valued variables, as given by
the following grammar:

n= true jfalsejbj: j N jxi X +tcCjxi>Xj+¢C

1Clock constraints in a closedtimed automaton do not contain strict inequalities.



We usea special variable xg to denotethe constart 0; this allows usto expressbounds of the form
X ¢ We will however useboth x ./ cand x ./ xg+ ¢, where./2 f>; g , assuits the context.
We will denote Booleanvariableshby b;by; bp;:::, real variablesby x; x1;X»2;:::, and SL formulas by
; 1, 2:.:.. Note that the relations > and su ce to represen equalities and other inequalities.

Characteristic functions of sets of states of timed automata are SL formulas. Deciding the
satis abilit y of a SL formula is NP-complete [11].

Quantied Separation Logic. Separationlogic can be generalizedby the addition of quan-
tiers over both Boolean and real variables. This yields quanti ed segration logic (QSL). The
satis abilit y problem for QSL is PSPACE-complete[12]. We will denote QSL formulasby ! ;! 4;:::.

2.2 Timed Automata

A timed automaton T is atuple hL;Lo; ;X;I;Ei, whereL isa nite setoflocations,Lyg L isa
nite set of initial locations, is a nite set of labels usedfor product construction, X is a nite
set of non-negative real-valued clock variables, | is a function mapping a location to a SL formula
(called a location invariant), and E is the transition relation, a subsetof L R L, where
is a set of SL formulas that form enabling guard conditions for ead transition, and R is a set of
clock resetassignments A location invariant is the condition under which the system can stay in
that location. A clock resetassignmen is of the form X; := Xo + c or X; := Xj, wherex;;x; 2 X
and c is an integer constart,? and indicates that the clock variable on the left-hand side of the
assignmen is resetto the value of the expressionon the right-hand side. We will denote guards by
s Ay
Two timed automata are composedby syndironizing over common labels. We refer the reader
to Alur's paper [2] for a formal de nition of product construction. Note that in cortrast to the
de nition of timed automata given by Alur [2], we allow location invariants and guards to be
arbitrary SL formulas, rather than simply conjunctions over separation predicatesinvolving clock
variables.

: _ _ _ \Y,
The invariant |t for the timed automaton T is dened aslt = |, [enql) =) I (D],
where enc(l) denotesthe Boolean encaling of location I. We will also denote a transition t 2 E
as =) A, where is a guard condition over both Boolean state variables (used to encade

locations) and clock variables of the system, and A is a set of assignmeis to clock and Boolean
state variables.

2.3 Timed Calculus and TCTL

We expressproperties of timed automata in a generalization of the  calculus called the timed
(T ) calculus. A formula' ofthe T calculusis generatedby the following grammar:

PE X gt ital 2t tejz X)X

Z is a speci c ation clock variable (i.e., z 62X) and X is a formula variable used in xp oint
computation. The formula ' ;. ' » meansthat the formula ' 1 is true at the presen state, and
remains true (as time elapses)until sometransition is taken, at which time formula ' , becomes
true; thus\." is essetially a next-state operator. The formula z:' is true in a state where' is true
after setting speci cation clock variable z to zero. The expression X :' standsfor the least xp oint
of ' , where X is a formula variable bound inside' ; denotesthe greatest xp oint operator.

Henzinger et al. [11] show that the T calculus can expressthe dense-real-timeversion of
Computation Tree Logic (CTL), Timed CTL (TCTL) [3]. TCTL generalizesCTL by allowing

2The assignmer x; := c is represerted asx; := Xo + ¢. Wherever we use x; to denote a clock variable, i > 0.




atomic propositionsto be any SL formula, and in addition cortains formulas of the form z:" where
Z is a speci cation clock variable and ' isa TCTL formula in which z appearsfree;the latter class
enablesoneto write time-bounded properties. We omit the details for brevity.

Seweral model cheders are specializedto ched readability properties. Using the notation of
the T calculus, a reachability property is a formula of the form

int =) - X [ err _(true . X)]

where it is the initial set of states,and ¢ characterizesthe bad states; the formula evaluates
to true if no error state is reachable from any initial state.

3 Fully Symbolic Mo del Checking

We use a model chedking algorithm given by Henzinger et al. [11]. This algorithm cheds that
a timed automaton T satis es a speci cation givenasa T formula ' . The algorithm always
terminates, and generatesa SL formula j' j, such that, if T is non-zeno(i.e., time can divergefrom
any state), then j' j is equivalent to | 1.

The algorithm is fully symbolic sinceit avoids the needto enumerate locations by represering
sets of values of both Boolean state variables and clock variables as SL formulas. It performs
badkward exploration of the state spaceand usesthe following three special operators over SL
formulas:

1. Time Elapse: 1 2 denotesthe set of all states that can read the state set , by
allowing time to elapse,while staying in state set 1 at all times in between. Formally,

1 229f XM o+ " 8 [Xo =) 1+ 19 (1)

where + denotesthe formula obtained by adding to all clock variables occurring in
computedas [xj+ =x;1 1 n], wherexq;Xo;::: ;X arethe clock variablesin ; (i.e.,
not including the zero variable xg).

2. Assignmen t:  [A], where A is a set of assignmerns, denotesthe formula obtained by simul-
taneously substituting in  the right hand side of eat assignmem in A for the left hand side.

Formally, if Aisthe list by := q;::: b= ;X1 = Xj, + C1;:i0 ;Xn = Xj, + Cy, Whereeadh
b is a Boolean variable, ead Xx; is a clock variable, and for ead x;,, j; = 0 or ¢ = 0, then
[Al= [ 1=bsiis w=hoXj, + c=xg; X, + Cn=Xn]

Assignmerts are thus performed via substitutions of variables.

3. Weakest Pre-condition: prer denotesthe weakest precondition of with respect to the
timed automaton T. Formally,

prer =1t~ ( _  pre(lt™ )
t2E

wherefor atransition t= =) A

pree( )= "~ [A]

Note that prer is de ned using assignmems and Boolean operations.

4



The model chedking algorithm is de ned inductively on the structure of T formulas:
ji=irn
A
P a_ta=ga_l e
a2 =0 A g 2))  prer(f 2))i
jz'j:=17"jlz = 0]
j X ' jis the result of the following iteration:
new .= false;
rep eat
old = _new; .
new = | [X = ouali;

until ( new =) old);
return  oq

As can be seenfrom the algorithm description above, apart from Boolean operators, the main
componerts of the algorithm are: quanti er elimination in the time elapseoperation, substitution of
state variablesin an assignmen, and the decisionprocedureusedto ched containment in xp oint
computation. For a fully symbolic model cheder that represerts state setsas SL formulas, these
model chedking operators can be de ned as operations in QSL. We elaborate below.

Time Elapse. Considerthe formula on the right hand side of Equation 1, the de nition of the
time elapseoperator. This formula is not in QSL, sinceit includes expressionghat are the sum of
two real variables (e.g., x + ). Howewer, it can be transformed to a QSL formula, by using instead
of and , variables and ~ that represen their negations:

9f XM 2+( )*8] = x0=) 1+ ( g 2

Formula 2 is expressiblein QSL, sincethe substitution [xj+ ( )=x;1 i n]canbecomputed
as [ =xo].® This yields,

9f  xo0™ 2 =x]*8( ~ xo =) 1[=xol)g 3)
Finally, we can rewrite Formula 3 purely in terms of existertial quarti ers:
9f X0 2o =xX]™:9(C xo TN 1[=xol)g (4)

A procedure for performing the time elapseoperation therefore requires one for eliminating
(existertial) quanti ers over real variables from a SL formula.

Checking Containmen t. Containment of one set of states, new, in another, ¢y, is chedked
by deciding the validity of the SL formula = ew =) old (Or equivalertly, the satis abilit y of

). There are seweral proceduresthat can decide separationformulas (e.g., [17, 4, 15]).

3Note that substituting xo by ~ or ~ can be viewed as shifting the zero referencepoint to a more negative value,
thus increasing the value of any clock variable relative to zero (e.g., [5, 14]).



4 Mo del Checking Operations using Boolean Encoding

We now shaw how to implemert the fundamenal model cheding operations using a Booleanencad-
ing of separationpredicates. We rst describe how our encaling allows us to replace quarti cation

of real variables by quarti cation of Boolean variables. This builds on previous work on deciding
a SL formula by transformation to a Boolean formula [17]. We then shonv how we represen SL
formulas as Boolean formulas, allowing the model chedking operations to be implemented as op-
erations in Quantied Boolean Logic (QBL), and enabling the use of QBL padages,e.g., a BDD

padkage.
In the remainder of this section, we will use to denote a SL formula over real variables
X1,X2;:::;Xn, and Booleanvariablesby; bp;::: ;b. Also, let ./; ./ 1;./22 f>; g .

4.1 From Real Quantication to Boolean Quantication

Considerthe QSL formula ! 5 = 9Xa: , wherea 2 [1::n].
Wetransform ! 5 to an equivalert QSL formula ! oo With quanti ers over only Booleanvariables
in the following three steps:

1. Encode se@ration predicates:

Consideread separationpredicatein  of the form x; ./ X; +cwheree|ther| = aorj = a. For
ead such predicate, we generatea corresponding Booleanvariable e J . Separationpredicates
that are negations of ead other are represertied by Boolean literals (true or complemerted
variables) that are negationsof ead other; howewver, for easeof presenation, we will extend
the naming corvertion for Booleanvariablesto Booleanliterals, writing e;  for the negation

of &;°.
Jig i li,:Ci ./
Let the added Booleanvariablesbe e 1€ 122,11 ;& m“™ for the upper boundson Xa,
154G 1§ ,:Cj /
and e})12;€,12"92; 11 e, /"I for the lower boundson it
1 ajj 2 | mo

We replace eath predlcate Xa .l Xj + c(or Xj ./ Xa+ C) in by the corresponding Boolean

variable e ° (or e .°). Let the resulting SL formula be & .

2. Add transitivity constraints:

Notice that there canbeassignmets to the e ° and e " © variablesthat have no corresponding
assignmen to the real valued variables. To dlsallow such assignmets, we place constraints
on theseadded Booleanvariables. Each constraint is generatedfrom two Booleanliterals that
encae predicatescortaining x5. We will refer to these constraints astransitivity constraints
for Xa.

A transitivit y constraint for X5 has one of the following types:

(a) ell C1 A e/Jz ;C2 _) (Xi ¥ Xj + ¢+ CZ),
Where if ./1=./5, then ./=./1, otherwise, we must duplicate this constraint for both
J=./1andfor .[=./5.

(b) e ’1 “ = e,'.’jz;CZ, wherec; > ¢; and eitheri = aorj = a.

(© el;j' =) eIJ ¢ whereeitheri = aorj = a.



Note that a constraint of type (a) involves a separation predicate (Xxj ./ Xj + ¢ + ¢2). This
predicate might not be presert in the original formula .4

After generating all transitivit y constraints for x5, we conjoin them to get the SL formula

a
cons*

3. Finally, generatethe QSL formula ! poo given below:

'/il;cil. /lzclz.... lim iCi /J1CJ1 /J2CJ2.... /J 0:Cino a
g ’elmr;na " geajl ’eajz 1t ’eaj 0 [cons/\ bool]

We formalize the correctnessof this transformation in the following theorem.

Theorem 1 !, and! poo are equivalent.

Proof: To shaw that ! 5 and ! oo are equivalent, weshowv that ! ; =) ! pggand! oo =) !a.

Denote the formula ! 5 =)  !poo by ! T @nd ! poo =) !a by !'% Note rst that the free
variables in both implications are the real-valued variables x1;X2;::: ;Xa 1;Xa+1;::: ;Xn and the
Booleanvariablesby; bp;::: ;b. For all i andj, the valuesassignedto x; and j by an assignmen
A are denoted by A[x;] and A[ly ] respectively.

1. We rst show that ! 1 is valid.
Let A denote an arbitrary assignmen to all free variables and to the bound real variable x 5
in !5 sud that A[! 5] = true . We extend A with an a/ssignmem to the Boolean variables
ligiCiq, igiCip. ... . ofimiCim li136 ligiCin. ot gl i;m0Ci _
e n e, a e ™ and et e 22 ey M ™Y, sudh that Al pooll = true
and henceA[! 1] = true .

De ne an ewaluation of the newly added Boolean variables according to the following rules:

A[eg;;j/] = AlXa ./ Xj + (] 8j 6 a, for all constarts ¢ and relations ./ (5)
A[eﬁ;/] = A[Xi ./ Xa+ ] 8i 6 a, for all constarts ¢ and relations ./ (6)

SinceA[! 4] = true , A[ ] = true . Further, using Equations 5 and 6, we can conclude that
Al bool = Al ] because §, is obtained from by replacing predicates (xa ./ xJ + ¢) and
(Xi ./ xa+ O (for all i;j and for all constarts c;c% with Boolean varlablese 2 ! and € C g

Therefore, A[ §,,] = true .

To shaw that A[! poo] = true , we needto additionally show that A[ &,,s] = true . We
consideran arbitrary transitivit y constraint of ead type:

(a) e’lcl’\ e’z"2 =) (X X+t o).
SupposeA[e/1 “] = A[e;;jz;CZ] = true . Then, by Equations 5 and 6, we conclude that
Alxi] /1 A[x ]+ ¢ and Alxa] /2 A[Xj]+ co. If ./1=./2=./, we can infer A[x;] ./
A[Xj] + ¢ + ¢, and thus A[x; ./ X; + c1 + ¢] = true . If ./16./5, then we can infer
AlXi /1 Xj+ 1+ ] = A[Xj ./2Xj + C1 + C] = true .

(b) e ’1 “ o) e«,”lz;c2 wherec; > ¢; and eitheri = aorj = a.
SupposeA[e’1 1= true . Then, by Equations 5 and 6, A[x; ./1 Xj + ¢1] = true . Since
C1 > ¢, A[X; ./2 Xj + ¢ = true , and henceA[e’2 ] = true .

4This addition is analogousto the \tigh tening" step performed in di erence-b ound matrix based algorithms



(c) e;j;c =) &;°, whereeitheri=aorj=a
Exactly as for type (b) constraints, A[e;j;c] = AlX; > xj + ¢] = true . Therefore,
Alxi xj + c]= true and henceA[ei;j;C] = true .

Thus, A satis es all transitivit y constraints, and henceA[ &,.s] = true , completing the proof

for the rst part.

. We now show that ! 2 is valid.

Let A denotean arbitrary assignmei to all free variablesand to the bound Booleanvariables
in ! oo SUch that A[! ho0] = true . We extend A with an evaluation of x5 sud that A[! 5] =
true and henceA[! 2] = true .

Since A[! pool] = true , we know that A[ &,,] = true (i.e., the transitivit y constraints are
satised by A) and A[ § ] = true .

Supposewe can nd a value A[x,] that satis es the following equations:
AlXa ./ Xj + ] = A[e;;;j’] 8j 6 a, 8 constarts ¢ (7)
A[Xi ./ Xa+ ¢ = A[eﬁ;/ 8i 6 a, 8 constarts ¢ (8)

Then, A[ 2.,1= A[ ] because {, is obtained from by replacing predicates(xa ./ Xj + C)

and (xj ./ xa+ ¢ (for all i; j and for all constarts c¢;c% with Booleanvariableseg;;j’ and eﬁg".

SinceA[ §.,,]1= true , A[ ]= true , and henceA[! 5] = true .

A value A[x4] that satis es Equations 7 and 8 exists if:
Alxa] Alxj]+c if Aleg; 1= true (9)
Alxal < Alxj]1+ ¢ if Aleg; |= false (10)
Alxa] > A[xj]+ C if Ale]= true (11)
Alxa] Alx]+c if Alef'] = false (12)

In the above equations, w.l.0.g., we use literals encading lower bounds on x, (e.g., €} ) in

place of those encading upper bounds (e.g., ej;ac;> )
Let
Ua = min (Alxj]1+ )
jic st eg; =false
and

La= max (Alxj]+ 0
jic sit: e;';j/ =true
U, and L, are respectively the tightest upper and lower bounds on A[x4].

De ne the ordering relation asfollows

_ if the tightest bounds are non-strict, i.e., A[xa] Ua and A[xa] La (13)
> otherwise

Then, the inequalities 9 to 12 can be satis ed if:

U, Lag (14)



In other words, if the minimum upper bound on A[x4] is greater (or greater than or equalto)
the maximum lower bound on A[x4].

To show that the above is true, it is enoughto show that for any pair of upper and lower
bounds on A[xg], the relation holds, and soit holds in particular for the minimum upper
bound and the maximum lower bound. For example,for the two inequalities A[xa] < A[X; ]+ ¢,
and A[xa] A[xk]+ c» to betrue we needthat A[xj]+ ¢ > A[xk] + Co.

Therefore, considertwo arbitrary indicesj and k di erent from a We needto considerfour
casesbasedon evaluations of the Boolean literals e ]'/ and e . Note that casesin which
both literals evaluate to true or both to false only give rise to two lower bounds or to two
upper bounds. By the transitivit y constraints of types (b) and (c), if the minimum upper
bound (or maximum lower bound) is satis ed, then every other upper bound (or lower bound)
will be satis ed.

The four casesare enumerated below:

(a) 5 = false;ey, = true.
ThIS implies that

Alx;] AlXa] cirandA[xa] Axk]+ ¢

We needto show that
AlxjJ+ c Alxe]+ ¢

Or
AlXjl  AXe]+ (2 )

The last inequality is true, sinceA satis es the transitivit y constraint e, " e =)
(Xj Xk+C2 c1).

(b) e = false;e?” = true .
This caseis identical to the one above, with  and > interchanged.
(c) e = false;el” = true .

This implies that
AlXj] Alxa] ciandAlxa] > Alxk]+ ¢

We needto shaw that
Alxj]+ a1 > Alxk] + ¢
Or
AlXj]1> Alxgl+ (.2 @)
The last inequality is true, sinceA satis es the transitivit y constraint ej;acl; eak =)
X > xk+ ¢ cl).

(d) ey = false;e, = true.

This caseis identical to the one above, with  and > interchanged.

Thus, we can conclude that Equation 14 is satis ed, and that completesthe proof of this
part.

_ . _ 0
Exam!ole 1 Le_t I'a = 9X4. whewre = Xa xo’_\ X1 Xa“X2 Xa. Then, 2 = eoa On Pl ea
8.ns IS the conjunction of the following constraints:

9



=) X1 X2
Then, ! =9e,%e.%e 012 A 2 1eygluatesto xg Xo X1 X
1 * bool 0;a’ “la “a;2 [ Cons bool] 0 2 1 2:

The quarti er transformation procedure described here works even when is replaced by a
QSL formula with quarti ers only over Boolean variables.

Note alsothat the transformation procedurewe preseri heredi ers from the one presened by
Strichman et al. [17] in that the latter is concernedwith preservingsatis abilit y only, whereasthe
former must produce an equivalent formula that presenes all satisfying assignmems to the free
variables.

4.2 Deciding SL form ulas

Supposewe want to decidethe satis abilit y of . Note that is satisable i the QSL formula
D100 = 9Xq;X2;111 1 Xn: IS.

Using Theorem 1, we can transform ! 1., to an equivalernt QSL formula ! oo With existertial
quarnti ers only over Boolean variables encading all separation predicates. As ! poq is a QBL
formula with only existertial quarti ers, we can simply discard the quanti ers and use a Boolean
satis abilit y cheder to decidethe resulting Boolean formula.

Note that the proceduredescribed above can be viewed as oneway to implemert the procedure
of Strichman et al. [17].

4.3 Representing SL Formulas as Boolean Form ulas

In our presenation up to this point, we have not usedany specic represetation of SL formulas.
In practice, we encade a SL formula as a Boolean formula . The encdling is performed as
follows. Consideread separationpredicatex; ./ xj + cin . Asin Section4.1 earlier, we intro duce
a Booleanvariable e;;/j;c for xi ./ Xj + ¢, only this time we do it for every single separation predicate.
Also as before, separation predicatesthat are negationsof ead other are represened by Boolean
literals that are negations of ead other. We then replace ead separation predicate in by its
corresponding Boolean literal. The resulting Boolean formula is

Clearly, , by itself, storesinsu cien t information for generatingtransitivit y constraints. There-
fore, we also store the 1-1 mapping of separation predicatesto the Boolean literals that encade
them. Howewer, this mapping is used only lazily, i.e., when generating transitivit y constraints
during quanti cation and in deciding SL formulas.

4.3.1 Substitution.

Given the represenation described above, we can implement substitution of a clock variable as

follows. For a clock variable xj, we perform the substitution [Xx; Xk + d] (where k = 0 or
. . . 0.c0 . .

d = 0), by replacing all Boolean variables of the form ei';’j'C and e«j;’i " for all j, by variables

el'(’fjC 4 and ej.’ko;co+d respectively, creating fresh replacemen variables if necessary Substitution of a

Booleanstate variable by the Booleanencaling of a separationformula is done by Booleanfunction

composition.
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5 Optimizations

The methods preseried in Section 4 can be optimized in a few ways. First, we can be more
selective in deciding when to add transitivit y constraints. Second,we can compute the time elapse
operator more e cien tly by a method that doesnot explicitly introduce the bound real variable
~, and hencedoes not introduce new quarti ers over Boolean variables. The third optimization

concernseliminating paths in a BDD represenation that violate transitivit y constraints. As is
well-known, the size of a BDD is very sensitive to the number and ordering of BDD variables.
In the caseof model cheking timed automata, new Boolean variables are created as the model
chedking proceeds,while generating transitivit y constraints, and while performing substitutions of
clock variables. This hasthe potential to add seweral BDD variables on ead iteration. Finally, we
can usean over-approximation technique to to reducethe number of BDD variablesadded on eah

model cheding iteration. While all four techniques preseried in this section help in reducing the
number of BDD variables, only the last two are specializedfor BDDs.

5.1 Determining if Bounds are Conjoined

Suppose is a SL formula with Boolean encading , and we wish to eliminate the quantier in
9xa: . As describedin Section4.1, a transitivit y constraint for x5 involvestwo Booleanliterals that
encade separation predicatesinvolving x5. For a syntactic represenation of , asthe number of
constraints grows, sodoesthe sizeof [ &,,s" 2,1, the Booleanencaling of [ &,,s" 2, Further,
new separation predicates can be added when a transitivit y constraint is generatedfrom an upper
bound and a lower bound on x5. For a BDD-basedimplementation, this correspondsto the addition
of a new BDD variable. We would therefore like to avoid adding transitivit y constraints wherewer
possible.

In fact, we only needto add a constraint involving an upper bound literal and a lower bound
literal if they are conjoinedin a minimized DNF represeration of .° From a geometricviewpoint,
this meansthat we ched that the predicates corresponding to the two literals are bounds for the
same corvex clock region. This ched can be posedas a Boolean satis abilit y problem, which
is easily solved using a BDD represettation of . Let the literals be e; and e,. Then, we use
cofactoring and Boolean operations to compute the following Boolean formula:

e1™ e[ Je=true ™ 1 ( Jer=fase )] N [ Jeo=true ™ ( Jer=taise )] (15)

Consider the subformula & " [ je=true ™ : ( je=fase)] for i = 1;2. This formula represens the
set of input combinations & in which e must be setto true in order for (€) to evaluate to true .
Thus, the conjunction of the subformulas for i = 1 and i = 2 is satis able only if there exists a
non-empty set of input combinations € in which both e; and e, must be set to true for (€) to
evaluate to true . Viewed alternately, Formula 15 expresseghe Boolean function corresponding to
the disjunction of all terms in the minimized DNF represenation of that contain both e; and e
in true form. Therefore, if Formula 15 is satis able, it meansthat e; and e, are conjoined, and we
must add a transitivit y constraint involving them both.

Note however, that since doesnot, by itself, represen the original SL formula , nding that
e, and e, are conjoinedin  doesnot imply that they are boundsin the sameconvex region of
Howewer, the corverseis true, soour method is sound.

5A consenativ e, syntactic variant of this idea has been proposedearlier by Strichman [16].
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5.2 Quantier Elimination by Eliminating Upp er Bounds on Xq

The de nition of the time elapseoperation introducestwo quantied non-clock real variables:
and ~.  We can exploit the special structure of the QSL formula for the time elapseoperation so
asto avoid introducing ~ altogether. Thus, we can avoid adding new quarti ed Boolean variables
encading predicatesinvolving ~

Consider the inner existertially quarnti ed SL formula in Formula 4 in Section 3, reproduced
here:

(" xo "M a[=Xo))
Grouping the inequality ~ ~ with the formula : {[=x¢], we get:
9f~ xo™(  Xo™: 1)[=Xolg (16)

Finally, treating asa clock variable, we can revert badk to  from ~, transforming Formula 16
to the following form:

9 xo™( xo": 1)+ ] (17)
Formula 17 is a special caseof the formula ! given by
I =9: XoN +

for someSL formula . From a geometric viewpoint, is aregionin R" and! is the shadav
of for alight sourceat 1 ". Examplesof and the corresponding! are shown in Figures 1(a)
and 1(c) respectively.

We can transform ! to an equivalent SL formula . by eliminating upper bounds on Xxg, i.e.,
Boolean variables of the form ei';"oc. The transformation is performed iterativ ely in the following
steps:

1. Let o= . Lete ™ el%%::: ;e " beBoolean literals encading all upper bounds on

Xo that occur in
Note that an upper bound literal eI ‘OCJ occursin , if it appearsin someterm in the min-

imized DNF represenation of . This can be ched<ed by evaluating the Boolean function

[ jei;j;(;cj cue o ( jei(j;(;cj - aise )» Where s the Booleanencading of , and cheding that it

is not false.
2. Forj = 1,2;:::;m, we construct ; asfollows:
_ _ . _ . /G 0;j 1
(2) Replaceall occurrencesof xj; ./j Xo+ G in j 1 with € 5" to get "
(b) Construct Sgnsl, the conjunction of all transitivit y constraints® for xg involving e I CJ
and clock variablesin 23 1,

(c) Construct the formula j, a disjunction of two terms:
j = f( bool consl)Je J_ Cj —true — f[ (Xi /] Xo + C] )] [ b00| je J_ Cj = false ]g
0 i 0

The rst disjunct is the region obtained by dropping the bound xj, ./j Xo + ¢ from
corvex sub-regionsof ; ; whereit is a lower bound on X;; , while letting time elapse
badckward. The seconddisjunct corresponds to sub-regionswhere : (xj; ./j Xo+ ¢) is
an upper bound; theseregionsare left unchanged.

5We can use the optimization technique of Section 5.1 in this step.
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The output of the above transformation, p, iS given by = m. The correctnessof this
procedureis formalized in the following theorem.

Theorem 2 ! and ., are equivalent.

Proof: We make use of the following lemmas.
Lemma 1 Forallj=1;:::;m,9: Xo”™ j 1+ s equivalentto 9: Xo™ |+

Proof:(Lemma 1)

We give the proof for an arbitrary j satisfying 1 | m. Let!; 1 and!; respectively denote
9j 107 1 X j 1t j1and9j:; Xo™ j+ j. Notice that we have renamedthe bound
variable .

1. First, weshovthat !'j ; =) !;. Let A beanassignmen to the free and bound variablesin
'j 1sud that A[!'; 4] = true . This meansthat A[ j 1+ j 1] = true . Extend A sothat
A[j]=A[j 1]. Thus,A[j 1 Xo]= A[j Xo] = true .

We considertwo cases.

(@) Casel: A[(xj; ./j Xo+ )+ j 1]= true.
Note that by construction,
0j 1_ e _
bool = | 1[ei,-1;ocJ =(xij /i %o+ G)]
From the two equalities above, and sinceA[ j] = A[; 1], we get
. 1= 0j 1 .
Al 1+ j 1= Al poa Je;;j;(;cjﬂrue + ]
In addition, the transitivit y constraints are satis ed, i.e.,

0j 1; . 1 =
A[ C(%nS elljdcj ~ true + ]] - tl‘ue
i

because génslje./ % gy T only involvesreal-valued variables. Therefore,
ij;O -

Al 1+ 0= A[( 8go|l 2gnsl)jei;j;acj=tru6 + ]
Thus, we concludethat
Al j 1+ j d=A[j+ j]=true
which in turn implies that
Alj 1 Xo™ j ot jal=A[; Xo™ j+ j]=tue

and so
Al 1= A[lj] = true

This concludesthe rst case.
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(b) Case2: A[(xj; ./j xo+ ¢)+ j 1] = false.
Since
0j 1_

1556
bool ~ ] 1[e|

=(xi; ./j Xo+ q)]

and, in addition, A[ ;] = A[; 1], we have
Al j 1+ 11=A[ 830.11'8;]{1;(;01':@'58 + ]
Now, sinceA[ j 1+ ; 1] = true , we get
Al boo, j /J I false + j]= true

and
All: (xi; /j Xo+ G)~ o

bool JeJ J-fale]dl- j]z true
i

and so, we concludethat
Al j+ j1=A[; xo”™ j+ j1=A[']= true
which concludescase?.
Thus,!; 1 =) ;.

. Wenextshovthat !'; =) ! 1.

Let A be an assignmen to the free and bound variablesin ! j such that A[! ;] = true . This
meansthat A[ j + ;] = true. We wish to extend A by an assignmen to ; ; so that
A[j 1+ j 1J=true andA[j 1 Xo] = true .

We considertwo cases.

() Casel: A[( 2 1 ggnsl)je:/j(;cjztrue + 1= true .
Ij;
Therefore,
Al 2 oo je i1 rue + j]= true (18)
ljs
and

Al Consl.ei';j;(;cj:true + j]= true
If A[(Xi; ./j Xo+ ¢)+ j]= true , then using the equality
o= g ale? =i, X0+ 6] (19)

wecansetA[; 1] = A[ ], which yields A[(xi; ./j Xo+ ¢)+ j 1] = true , and sousing
Equations 18 and 19, we get

Al j 1+ j dd=A[j+ j]=true (20)

However, if A[(xj, ./j xo+ ¢)+ ;]= false, then we must nd an alternate assignmen
to j 1, sudthat A[(xj, ./j Xo+ ¢)+ j 1] = true . Then, we can conclude, as above,
that Equation 20 holds.
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Consider, w.r.t. the assignmem A, all lower boundson xg that occurin ; 1+ ; (and

hencein o '+ ;); moreprecisely alower bound on x is a predicate (xo ./ k Xi, + )+ |
sudh that A[(Xo ./« Xi, + &)+ j]= true.

If no such lower bound on Xq exists, then we can set j ; to any value that results in
Al(xi; /j xo+ ¢)+ j 1] = true , becausethere is no lower bound to be violated by
increasingthe value of a clock variable.

So supposeat least one lower bound on X existsin ; 1. De ne the value vs as

Vs = min ( & Al + D (21)

k sit: A[(xo./kXi) +Ck)+ j]=true

Note that vs 0 sinceA[(Xo ./ Xi, + &) + j]= true for all k in Equation 21.
Let | bethe k for which the minimum on the right-hand side of Equation 21 is attained.
If there are many sud k, say ki;Kko;::: ;Kkq, setl accordingto the following rules:

I. If there existsk; for which ./, =>, set| to any onesud k;j.
ii. Otherwise selectl to be any one of kq;ko;::: ; Kg.
Thus,

Vs = O AlXj + il (22)
Next, we de ne a positive real number as follows:

o if./1=>,andwhere o2 (0;A[x;; Xi ¢ qJ)
= _ ’ (23)
0 otherwise
Note that A[xi, Xi, ¢ g]isnon-negative and is strictly positive when./|=>. This
is becausethere exists a transitivit y constraint in Sgnsl of the form
G
(&' ~XoJixi+a) =) (X .Jjx+g+a)

which occursin 363 as

e;;{fj = true
(Xo /1 xiy+¢) =) (i .Jj X +¢+a)
If ./;6./,, the following constraint also holds:
(X0 lixiy+ @) =) (xi.Jixi+¢qg+a)

SinceA[(xo ./| xj, + ¢) + ;] = true , the following equalities hold:

Al(xi; /5 xi, + g +a)+ j]1=AlX .Jj X + ¢ +¢]= true (24)

Al(xi; i xi + ¢ +a)+ j]1=AX; ./ X + ¢ +¢]= true (25)
Thus, Alxj; xi, ¢ ¢@]isnon-negative and is strictly positive when./|=>.

We now show that vg 0. If = 0,clearly vg 0. So,assumethat ./|=>, and
thus 2 (0;A[xj; xi ¢ ¢l]). Then we can concludethe following:

a Alx,] A[j]

a Al A[j]l A, x, ¢ d

a Ayl A[;] AkX]+ AX]l+¢g+¢g
G A1 Aljl
0 (sinceA[(xj ./j xo+ ¢)+ ;]= false)

Vs

I v
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Intuitiv ely, vg is a non-negative real number we can add to all clock variableswithout
violating lower boundson xgin ; 1+ ;.

Now, de ne A[ j 1] asfollows:
Alj 1= ALjl+ vs (26)

Sincevg 0,A[; 11 A[;l
Giventhe above assignmento j 3, we rst show that A[(xj, ./j Xo+ ¢)+ j 1] = true .
We have the following sequenceof equalities:

Al(xi; 1j X0+ )+ j 1l
= Alx]+ A[j 1 ./j g
= AlxylJjg AL 4l
= A[Xij]./j G Vst A[j]
= Alyl./; +gq miin( Alxic + j] o) Alj]
= All.Jp g+ (Alx + ]+ a) A[j]
= Alxyl.Jp AKX ]+ g+
= true (since 2 (0;A[x; x; ¢ ¢]) and from Eqn. 24)

We next show that the assignmemto ; i in Equation 26 presenesthe truth assignmen
to other boundson Xo; i.e., boundsin ; 1+ j otherthan (x;, ./j Xo+ ¢)+ j. Formally,
we show that for all boundsxg ./ Xj, + ¢« wherek 6 j:

Al(xo Jk Xi, + &)+ j 1] = A[(Xo Jk Xi, + &)+ ]
Note that the value of separation predicatesof the form Xiy, ¥ Xiy, ¥ Ckik, is una ected
by the assignmehto j or j 1.
If Al(Xo ./x Xi, + &)+ ] = false, then A[(xo ./k Xi, + &) + j 1] = false, since

Alj 1l AlLjl
On the other hand, if A[(xo ./ Xj, + &) + j]= true , then

Al(xo /K Xi, + &)+ | 1]

0.k AlXi ]+ c+ Al 1]

O./k AlXi ]+ e+ A[ ]+ vs

0./x (a+ Alxi D+ ALjl1+ ( o  Alxi + j])

( & AXi D/« ( a A

true  (since 0 and from Equations 21 and 22)

To sumup, we have shavn that A[(xj, ./j Xo+ ¢)+ j 1] = true , eventhough A[(x;; ./;
Xo+ G)+ j]= false. Thus, we can concludethat

Al j 1+ j 11=A[j+ j]= true

This completesthe proof for the rst case.
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. . 0 1: —
(b) Case2: All: (i, -/j X0+ G) " Py T/ 1 o] + 11 trUe

¥

Thus

0;j 1. —
Al be)O' Jei'{j.(;cj =false + j] = true

it

and

Al(xj; .Ij o+ )+ ;]= false
Letting A[; 1] = A[ j] and from Equation 19, we get
Al j 1+ j 1]= true
asrequired.
Thus,!; =) ! 1.

From parts 1 and 2 above, we concludethat ! ; 1 and!; are equivalert.

Lemma 2 Supmsethe SL formula  dces not contain any sepration predicates that are upper
bounds on Xg; i.e., any satisfying assignmentto setsall upper bounds on xo to false, and all
lower bound predicates to true . Then, 9 Xo”™ + is equivalentto

Proof:(Lemma 2)
We rst shovthat =) (9: Xo™ + ).

Let A be an assignmen to the variablesin  sud that A[ ] = true . We extend A with an
evaluation of sothat A[]= 0= A[xe]. Then, A[ Xo™ + ]=true, sinceA[l + ]=A[]
Therefore, A[9 : Xo™ + ]=true. Thus, =) (9: Xo™ + ).

Next, we show that (9: Xo™ + ) =9 . Let A be an assignmen suc that A[9:
XoN + ] = true. Thus, Al Xo] = true and A[ + ] = true. Since doesnot conain
any separation predicatesthat are upper bounds on xg, for any lower bound xg ./ Xk + ¢« On Xg,
Al(Xo ./k Xk + &) + ] = true and for an upper bound x; ./| Xo+ ¢ on Xg, A[(X; ./1 Xo+ )+ ]=
false.

Then, sinceA[] O,

Al(Xo ./k Xk + &) + 1= true = A[Xo./x (Xk + )+ &] = AlXo ./k Xk + ]

Similarly, for an upper bound predicate on xq, A[X; ./| Xo + ¢] = false.
It then follows that A[ ] = true .

From Lemma 1, we infer that ! = 9: XoN o+ isequivalent to 9: Xo™ m+
Additionally , since , doesnot contain any upper boundson Xxg, using Lemma 2, we concludethat
I isequivalent to ., = . This completesthe proof of Theorem 2.

Example 2 Letthe subformula of! be
= (X1 Xo+3"Xz Xot+2)_(X1<Xo+t3%"X2 Xt 3)

is depictad geometrically as the shada region in Figure 1(a). It comprisestwo sub-regions, one
for each disjunct. The lower bounds on theseregions, X1 Xo+ 3 and xo,  Xg+ 3, are upper
bounds on xo. We enade theseby e,.;’ and e,.5.
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Figure 1(b) shows 1, the result of eliminating el;;og’. Formally, we calculate

00 _ 3 . i3

bool = (€10 " X2 Xot+2)_(ieqg”" X2 Xot 3)
; ;3 —

s = (e15" X2 Xo+2) =) (X1 Xp+ 1)

Then, applying step 2(c) of the transformation, we get
1= (X2 Xo+2"x1 Xz+1)_ (X1<Xo+3"Xz Xo+ 3)

Similarly, in the next iteration, we introduce and eliminate 92;63 to get », shownin Figure 1(c),
which is equivalent to !

Note that the QSL formula obtained after eliminating the inner quanti er in Formula 4 is not
of the form ! |, and sowe cannot avoid introducing the variable.

X X X
2- 2- 2
1 1 X1 = X2

X1 =X+ 1
(@ o= (o) 1 () 2=1

Figure 1: Eliminating upp er bounds on Xp

X1=C X1= X2+t G+ C

X1 =X+ C+ C
( X2 = G

(a) Exact (b) Weakened

Figure 2: Weakening Transitivit y Constrain ts. The shadedareadenotesthe region satisfying
the constraint.

5.3 Overappro ximation by Weakening Transitivit y Constrain ts

In spite of the methods of Sections5.1and 5.2, generatingtransitivit y constraints while eliminating
the quartier on might createtoo many new BDD variables, causingthe BDD to blow up. In
the caseof readhability properties, a partial solution is to weaken the transitivit y constraints added
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S0 as to not create new variables, yielding an overapproximation of the time elapse operation.
For reachability properties, overapproximating the time elapse(\pre") operation makesour model
chedking procedureincomplete, but retains soundness.

Consider a transitivit y constraint for of type (a) asde ned in Section4.1, reproduced below:

e el 2)  (xi ] X+ ca+ )
We replacethe above constraint by the following weakened constraint:

et n el =) [(xi . 1Xo+ o) _ (Xo 2% + c2)] (27)
The di erence betweenthe two constraints is depicted geometrically in Figure 2.

Note that the consequeh of the weakened constraint (Formula 27) only involves separation
predicates involving X;;X;; and Xo, and these already occurred in formula  of Formula 4, since
they are the predicates in which  was substituted for xo. Thus, we avoid adding new BDD
variables.

5.4 Eliminating Infeasible Paths in BDDs

Suppose isthe Booleanencaling of SL formula . Let ¢ons denotethe conjunction of transitivit y
constraints for all real-valued variablesin , and let ons denote its Boolean encading. Finally,
denotethe BDD represerations of and ¢ons by Bdd( ) and Bdd( cons) respectively.

We would like to eliminate paths in Bdd( ) that violate transitivit y constraints, i.e., those
corresponding to assignmetts to variablesin  for which s = false. We can do this by us-
ing the BDD Restrict operator, replacing Bdd( ) by Restrict( Bdd( );Bdd( cons)). Informally,
Restrict( Bdd( ), Bdd( cons)) traversesBdd( ), eliminating a path on which ons is false as
long as it doesn't involve adding new nodes to the resulting BDD. Details about the Restrict
operator may be found in the paper by Coudert and Madre [9].

Sinceeliminating infeasible paths in a large BDD can be quite time consuming, we only apply
this optimization to the BDD for the set of reachable states, onceon ead xp oint iteration.

6 Exp erimental Results

We implemented a model cheder that usesBDDs to represen Boolean functions and incorporates
all the optimizations described in Section5. The model cheder is written in the OCaml language
and usesthe CUDD padkag€e’ for BDD manipulation. We have performed preliminary experimerts
comparing the performanceof our model cheder for both readhability and non-readability TCTL
properties, without usingthe over-appraximation schemeof Section5.3. For readhability properties,
we compareagainstthe other unbounded, fully symbolic model cheders, viz., a DDD-based chedker
(DDD ) [14] and Red version 4.1 [18], which have been shonvn to outperform Uppaal2zk and
Kr onos for readhability analysis. For non-readability properties, suc as cheding that a system
is non-zeno,we compareagainst Kr onos and Red, the only other unbounded model cheders that
ched sud properties.

As an illustrativ e example, we useFischer's protocol for mutual exclusion. Tools such as DDD
and Red that we compareagainst have beenshawvn to perform well on this examplefor reacability
properties. The automaton for the ith processin this protocol is showvn in Figure 3. We ran two

"http://visi.colorado.edu/~fa bio/ CUDD
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experiments with this example. The rst experiment comparedour model chedker againstDDD and
Red, cheding that the systempresenesmutual exclusion(a reacability property). In the second
experiment, we compared against Kr onos and Red for chedking that the product automaton is
non-zeno(a non-readability property). All experiments were run on a notebook computer with a
1 GHz Pentium-1 1l processorand 128 MB RAM, running Linux. Weran DDD , Kr onos, and Red
with their default options. For our implementation, we turned o dynamic variable reordering in
CUDD. To comeup with a static variable ordering, we classi ed the BDD variablesin our Boolean
encaling asfollows. The rst class,Ciq, consistsof variables encaling the sharedintegerid . For
ead i, classC(i) cortains the BDD variablesencaling locations and clock constraints for process.
Finally, classC(i; j) encalespredicatesrelating clock variables from processes and j. We useda
static variable ordering that groupstogether variablesin the sameclass,placesclassCiq at the top,
orders C(i) beforeC(j) if i < j, and placesC(i; j) right after C(j) for j > i. New BDD variables
added during model cheding are inserted into the order at positions that depend upon the class
they fall into. The samestatic variable order was usedfor the corresponding Booleanvariablesand

separation predicatesin DDD .
id=0 :=0 rdyli]
X[i]<=10

x[i]<=10

idle[i]

id!=i

id:=0 x[i]::%; id:=i

@ X[>10 & id=i

Figure 3: Fischer's mutual exclusion proto col. The timed automaton for the ith processis
shown.

wait]i]

Table 1 shavsthe results of the comparisonagainstDDD and Red for chedking mutual exclusion
for increasingnumbers of processesWe refer to our model cheker asTMV . For DDD and TMV
the table lists both the run-times and the peak number of nodesin the decisiondiagram for the
reachable state set. We nd that DDD outperforms TMV due to the blow-up of BDDs. In
spite of the optimizations of Section 5, the peak node court in the caseof DDD is lessthan that
for TMV for the larger bendhmarks. In particular, in addition to eliminating infeasible paths as
TMV does,the local reduction operations performed by DDD during node creation can eliminate
unnecessaryDDD nodes without adding any time overhead. For example, DDD can reduce a
function of the form e; * e, * e3 under the transitivit y constraint [e; ® e] =) ez to simply the
conjunction e; ® e2. The BDD Restrict operator cannot always achieve this as it is sensitive
to the BDD variable ordering. Furthermore, TMV contains many other BDDs, such as those
for the transitivit y constraints, to which we do not apply the Restrict optimization due to its
runtime overhead. Finally, in comparisonto Red, we seethat while TMV s faster on the smaller
benchmarks, Red's superior memory performance enablesit to complete for 7 processeswhile
TMV  runs out of memory.

Table 2 shawvs the comparisonwith Kr onos and Red for che&ing non-zenoness. The time
for Kr onos is the sum of the times for product construction and badkward model cheking. We
notice that while Kr onos does better for smaller numbers of processesthe product automaton
it constructs grows very quickly, becomingtoo large to construct at 6 processes.The run times
for TMV , on the other hand, grow much more gradually, demonstrating the advantages of a
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Number of | Red DDD T™MV
Processes| Time | Time Readc Set | Time Read Set
(sec.) | (sec.) | (peaknodes) | (sec.) | (peak nodes)
3 0.21| 0.06 130| 0.11 101
4 1.13| 0.14 352 | 0.38 316
5 453 | 0.33 854 | 1.85 1127
6 15.11| 0.90 2375| 17.41 4685
7 46.31| 2.65 6346 * *

Table 1: Checking mutual exclusion for Fischer's proto col. A \*' indicatesthat the model
chedker ran out of memory.

fully symbolic approach. For this property, the BDDs remain small even for larger numbers of
processes.Thus, TMV outperforms Red, especially as the number of processesncreases. These
resultsindicate that whenthe represeniation (BDDs) remainssmall, Booleanmethods for quarti er
elimination and deciding SL can outperform non-Boolean methods by a signi cant factor.

Number of | Kr onos Red ™MV
Processes| Time (sec.) | Time (sec.) | Time (sec.) Read Set
(peak nodes)
3 0.03 0.28 0.24 28
4 0.23 1.30 0.44 39
5 1.98 5.05 0.80 54
6 * 17.80 2.15 69
7 * 57.95 6.61 88

Table 2: Checking non-zenoness for Fischer's proto col. A \*' indicatesthat Kr onos exited
with an\out of memory" error.

Although they are preliminary, our results indicate that our model chedker basedon a general
purposeBDD padkage can outperform methods basedon specializedrepresenations of SL formu-
las. The drawbadk of our BDD-based implementation is its poor memory performance on some
examples. Howewer, there is still scope for improving our implementation, especially in nding
more e cien t ways of eliminating unnecessaryBDD nodesasis possiblewith DDDs. Furthermore,
note that the memory problems we face arise from our use of BDDs, while the techniques we have
preseried in this paper can make use of any represertation of Boolean functions. In particular,
we are starting to work on a SAT-based implemertation of our method; sud an implemertation
might better handle the growth in the number of Boolean variables. Finally, we are also explor-
ing heuristics for automatically generating good BDD variable orderings, sud as those basedon
compositional methods [7].
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