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Abstract

We present a new approach to unbounded, fully symbolic model checking of timed automata that
is basedon an e�cien t translation of quanti�ed separation logic to quanti�ed Boolean logic. Our
technique preservesthe interpretation of clocks over the realsand can check any property expressed
in the timed � calculus. The core operations of eliminating quanti�ers over real variables and
deciding separation logic are respectively translated to eliminating quanti�ers on Booleanvariables
and checking Booleansatis�abilit y (SAT). We can thus leveragewell-known techniquesfor Boolean
formulas, including Binary DecisionDiagrams (BDDs) and recent advancesin SAT and SAT-based
quanti�er elimination. We present preliminary empirical results for a BDD-based implementation
of our method.
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1 In tro duction

Timed automata [2] have proved to be a useful formalism for modeling real-time systems.A timed
automaton is a generalization of a �nite automaton with a set of real-valued clock variables. The
state spaceof a timed automaton thus hasa �nite component (over Booleanstate variables) and an
in�nite component (over clock variables). Several model checking techniques for timed automata
have been proposed over the past decade. These can be classi�ed, on the one hand, as being
either symbolic or ful ly symbolic, and on the other, as being bounded or unbounded. Symbolic
techniques usea symbolic representation for the in�nite component of the state space,and either
symbolic or explicit representations for the �nite component. In contrast, fully symbolic methods
employ a single symbolic representation for both �nite and in�nite components of the state space.
Bounded model checking techniques work by unfolding the transition relation d times, �nding
counterexamples of length up to d, if they exist. As in the untimed case, these methods su�er
from the limitation that, unlessa bound on the length of counterexamples is known, they cannot
verify the property of interest. Unbounded methods, on the other hand, can produce a guarantee
of correctness.

The theoretical foundation for unbounded, fully symbolic model checking of timed automata
was laid by Henzinger et al. [11]. The characteristic function of a set of states is a formula in
separation logic, a quanti�er-free fragment of �rst-order logic. Formulas in Separation Logic (SL)
are Boolean combinations of Boolean variables and predicates of the form x i ./ x j + c where
./ 2 f >; �g , x i and x j are real-valued variables, and c is a constant. Quanti�e d Separation Logic
(QSL) is an extensionof SL with quanti�ers over real and Boolean variables. The most important
model checking operations involve decidingSL formulas and eliminating quanti�ers on real variables
from QSL formulas.

In this paper, we present the �rst approach to unbounded, fully symbolic model checking of
timed automata that is based on a Boolean encoding of SL formulas and that preserves the in-
terpretation of clocks over the reals. Unlike many other fully symbolic techniques, our method
can be used to model check any property in the timed � calculus or Timed Computation Tree
Logic (TCTL) [3]. The main theoretical contribution of this paper is a new technique for trans-
forming the problem of eliminating quanti�ers on real variables to one of eliminating quanti�ers
on Boolean variables. In somecases,we can avoid introducing Boolean quanti�cation altogether.
These techniques, in conjunction with previous work on deciding SL formulas via a translation
to Boolean satis�abilit y (SAT) [17], allow us to leveragewell-known techniques for manipulating
quanti�ed Boolean formulas, including Binary DecisionDiagrams (BDDs) and recent work on SAT
and SAT-based quanti�er elimination [13].

Related W ork. The work that is most closely related to ours is the approach based on
representing SL formulas using Di�erence Decision Diagrams (DDDs) [14]. A DDD is a BDD-lik e
data structure, where the node labels are generalizedto be separation predicatesrather than just
Boolean variables, with the ordering of predicates induced by an ordering of clock variables. This
predicate ordering permits the use of local reduction operations, such as eliminating inconsistent
combinations of two predicatesthat involve the samepair of clock variables. Deciding a SL formula
represented as a DDD is done by eliminating all inconsistent paths in the DDD. This is done by
enumerating all paths in the DDD and checking the satis�abilit y of the conjunction of predicates
on each path using a constraint solver basedon the Bellman-Ford shortest path algorithm. Note
that each path can be viewed as a disjunct in the Disjunctiv e Normal Form (DNF) representation
of the DDD, and in the worst casethere can be exponentially many calls to the constraint solver.
Quanti�er elimination is performed by the Fourier-Motzkin technique [10], which also requires
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enumerating all possiblepaths. In contrast, our Boolean encoding method is general in that any
representation of Booleanfunctions may beused. Our decisionprocedureand quanti�er elimination
schemeusea direct translation to SAT and Boolean quanti�cation, respectively, avoiding the need
to explicitly enumerate each DNF term. In theory, the use of DDDs permits unbounded, fully
symbolic model checking of TCTL; however, the DDD-based model checker [14] can only check
reachabilit y properties (these can expresssafety and bounded-livenessproperties [1]).

Uppaal2k and Kr onos are unbounded, symbolic model checkers that explicitly enumerate
the discrete component of the state space. Kr onos usesDi�erence Bound Matrices (DBMs) as
the symbolic representation [19] of the in�nite component. Uppaal2k uses, in addition, Clock
Di�erence Diagrams (CDDs) to symbolically represent unions of convex clock regions [6]. In a
CDD, a node is labeled by the di�erence of a pair of clock variables, and each outgoing edge
from a node is labeled with an interval bounding that di�erence. Note that while Kr onos can
check arbitrary TCTL formulas, Uppaal2k is limited to checking reachabilit y properties and very
restricted livenessproperties such as AF p.

Red is an unbounded, fully symbolic model checker basedon a data structure called the Clock
Restriction Diagram (CRD) [18]. The CRD is similar to a CDD, labeling each node with the
di�erence betweentwo clock variables. However, each outgoing edgefrom a node is labeledwith an
upper bound, instead of an interval. Red represents separationformulas by a combined BDD-CRD
structure, and can model check TCTL formulas.

A fully symbolic version of Kr onos using BDDs has been developed by interpreting clock
variables over integers [8]; however, this approach is restricted to checking reachabilit y for the
subclassof closedtimed automata1, and the encoding blowsup with the sizeof the integerconstants.
Rabbit [7] is a tool basedon this approach that additionally exploits compositional methods to �nd
good BDD variable orderings. In comparison,our technique applies to all timed automata and its
e�ciency is far lesssensitive to the sizeof constants. Also, the variable ordering methods used in
Rabbit could be used in a BDD-based implementation of our technique.

Many fully symbolic, but boundedmodel checking methods basedon SAT have beendeveloped
recently (e.g., [5, 15]). Thesealgorithms cannot be directly extendedto perform unboundedmodel
checking.

The rest of the paper is organized as follows. We de�ne notation and present background
material in Sections2 and 3. We describe our new contributions in Sections4 and 5. We conclude
in Section 6 with experimental results and ongoing work.

2 Background

We begin with a brief presentation of background material, based on papers by Alur [2] and
Henzingeret al. [11]. We refer the reader to thesepapers for details.

2.1 Separation Logic

Separation logic (SL), also known as di�er ence logic, is a quanti�er-free fragment of �rst-order
logic. A formula � in separationlogic is a Booleancombination of Booleanvariablesand separation
predicates (also known as di�er ence bound constraints) involving real-valued variables, as given by
the following grammar:

� ::= true j false j b j : � j � ^ � j x i � x j + c j x i > x j + c

1Clock constraints in a closed timed automaton do not contain strict inequalities.
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We usea special variable x0 to denote the constant 0; this allows us to expressboundsof the form
x � c. We will however use both x ./ c and x ./ x0 + c, where ./ 2 f >; �g , as suits the context.
We will denoteBooleanvariablesby b;b1; b2; : : : , real variablesby x; x1; x2; : : : , and SL formulas by
�; � 1; � 2; : : : . Note that the relations > and � su�ce to represent equalities and other inequalities.

Characteristic functions of sets of states of timed automata are SL formulas. Deciding the
satis�abilit y of a SL formula is NP-complete [11].

Quan ti�ed Separation Logic. Separation logic can be generalizedby the addition of quan-
ti�ers over both Boolean and real variables. This yields quanti�ed separation logic (QSL). The
satis�abilit y problem for QSL is PSPACE-complete[12]. We will denoteQSL formulas by ! ; ! 1; : : : .

2.2 Timed Automata

A timed automaton T is a tuple hL; L 0; � ; X ; I ; Ei , where L is a �nite set of locations, L 0 � L is a
�nite set of initial locations, � is a �nite set of labels used for product construction, X is a �nite
set of non-negative real-valued clock variables, I is a function mapping a location to a SL formula
(called a location invariant ), and E is the transition relation, a subsetof L � 	 � R � � � L , where
	 is a set of SL formulas that form enabling guard conditions for each transition, and R is a set of
clock reset assignments. A location invariant is the condition under which the system can stay in
that location. A clock reset assignment is of the form x i := x0 + c or x i := x j , where x i ; x j 2 X
and c is an integer constant, 2 and indicates that the clock variable on the left-hand side of the
assignment is reset to the value of the expressionon the right-hand side. We will denoteguardsby
 ;  1; : : : .

Two timed automata are composedby synchronizing over common labels. We refer the reader
to Alur's paper [2] for a formal de�nition of product construction. Note that in contrast to the
de�nition of timed automata given by Alur [2], we allow location invariants and guards to be
arbitrary SL formulas, rather than simply conjunctions over separation predicates involving clock
variables.

The invariant I T for the timed automaton T is de�ned as I T =
V

l2L [enc(l) =) I (l )],
where enc(l) denotes the Boolean encoding of location l . We will also denote a transition t 2 E
as  =) A, where  is a guard condition over both Boolean state variables (used to encode
locations) and clock variables of the system, and A is a set of assignments to clock and Boolean
state variables.

2.3 Timed � Calculus and TCTL

We expressproperties of timed automata in a generalization of the � calculus called the timed �
(T � ) calculus. A formula ' of the T � calculus is generatedby the following grammar:

' ::= X j � j : ' j ' 1 _ ' 2 j ' 1 . ' 2 j z:' j �X :' j � X :'

z is a speci�c ation clock variable (i.e., z 62X ) and X is a formula variable used in �xp oint
computation. The formula ' 1 . ' 2 means that the formula ' 1 is true at the present state, and
remains true (as time elapses)until sometransition is taken, at which time formula ' 2 becomes
true; thus \ . " is essentially a next-state operator. The formula z:' is true in a state where ' is true
after setting speci�cation clock variable z to zero. The expression�X :' standsfor the least �xp oint
of ' , where X is a formula variable bound inside ' ; � denotesthe greatest �xp oint operator.

Henzinger et al. [11] show that the T � calculus can express the dense-real-time version of
Computation Tree Logic (CTL), Timed CTL (TCTL) [3]. TCTL generalizesCTL by allowing

2The assignment x i := c is represented as x i := x0 + c. Wherever we use x i to denote a clock variable, i > 0.
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atomic propositions to be any SL formula, and in addition contains formulas of the form z:' where
z is a speci�cation clock variable and ' is a TCTL formula in which z appearsfree; the latter class
enablesone to write time-bounded properties. We omit the details for brevity.

Several model checkers are specialized to check reachabilit y properties. Using the notation of
the T � calculus, a reachabilit y property is a formula of the form

� init =) : �X :[� er r _ (true . X )]

where � init is the initial set of states, and � er r characterizesthe bad states; the formula evaluates
to true if no error state is reachable from any initial state.

3 Fully Symbolic Mo del Checking

We use a model checking algorithm given by Henzinger et al. [11]. This algorithm checks that
a timed automaton T satis�es a speci�cation given as a T � formula ' . The algorithm always
terminates, and generatesa SL formula j' j, such that, if T is non-zeno(i.e., time can divergefrom
any state), then j' j is equivalent to I T .

The algorithm is fully symbolic sinceit avoids the needto enumerate locations by representing
sets of values of both Boolean state variables and clock variables as SL formulas. It performs
backward exploration of the state spaceand uses the following three special operators over SL
formulas:

1. Time Elapse: � 1
� � 2 denotes the set of all states that can reach the state set � 2 by

allowing time to elapse,while staying in state set � 1 at all times in between. Formally,

� 1
� � 2

:= 9� f � � x0 ^ � 2 + � ^ 8� [x0 � � � � =) � 1 + � ]g (1)

where � + � denotesthe formula obtained by adding � to all clock variables occurring in � ,
computed as � [x i + � =xi ; 1 � i � n], where x1; x2; : : : ; xn are the clock variables in � i (i.e.,
not including the zero variable x0).

2. Assignmen t: � [A], where A is a set of assignments, denotesthe formula obtained by simul-
taneously substituting in � the right hand sideof each assignment in A for the left hand side.
Formally, if A is the list b1 := � 1; : : : ; bk := � k ; x1 := x j 1 + c1; : : : ; xn := x j n + cn , where each
bi is a Boolean variable, each x j is a clock variable, and for each x j l , j l = 0 or cl = 0, then

� [A] = � [� 1=b1; : : : ; � k=bk ; x j 1 + c1=x1; : : : ; x j n + cn=xn ]

Assignments are thus performed via substitutions of variables.

3. W eakest Pre-condition: preT � denotesthe weakest precondition of � with respect to the
timed automaton T . Formally,

preT � = I T ^ (� _
_

t2E

pret (I T ^ � ))

where for a transition t =  =) A

pret (� ) =  ^ � [A]

Note that preT is de�ned using assignments and Boolean operations.
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The model checking algorithm is de�ned inductiv ely on the structure of T � formulas:

� j� j := I T ^ �

� j: ' j := I T ^ :j ' j

� j' 1 _ ' 2 j := j' 1j _ j' 2 j

� j' 1 . ' 2 j := j(j' 1 j _ j' 2 j) � preT (j' 2 j)j

� jz:' j := j' j[z := 0]

� j�X :' j is the result of the following iteration:
� new := false;
rep eat

� old := � new ;
� new := j' [X := � old ]j;

un til (� new =) � old );
return � old ;

As can be seenfrom the algorithm description above, apart from Boolean operators, the main
components of the algorithm are: quanti�er elimination in the time elapseoperation, substitution of
state variables in an assignment, and the decisionprocedureusedto check containment in �xp oint
computation. For a fully symbolic model checker that represents state sets as SL formulas, these
model checking operators can be de�ned as operations in QSL. We elaborate below.

Time Elapse. Consider the formula on the right hand sideof Equation 1, the de�nition of the
time elapseoperator. This formula is not in QSL, sinceit includes expressionsthat are the sum of
two real variables (e.g., x + � ). However, it can be transformed to a QSL formula, by using instead
of � and � , variables � and � that represent their negations:

9� f � � x0 ^ � 2 + (� � ) ^ 8� [� � � � x0 =) � 1 + (� � )]g (2)

Formula 2 is expressiblein QSL, sincethe substitution � [x i + (� � )=xi ; 1 � i � n] can be computed
as � [� =x0].3 This yields,

9� f � � x0 ^ � 2[� =x0] ^ 8� (� � � � x0 =) � 1[�=x 0])g (3)

Finally, we can rewrite Formula 3 purely in terms of existential quanti�ers:

9� f � � x0 ^ � 2[� =x0] ^ :9 � (� � x0 ^ � � � ^ : � 1[�=x 0])g (4)

A procedure for performing the time elapseoperation therefore requires one for eliminating
(existential) quanti�ers over real variables from a SL formula.

Checking Con tainmen t. Containment of one set of states, � new , in another, � old, is checked
by deciding the validit y of the SL formula � = � new =) � old (or equivalently, the satis�abilit y of
: � ). There are several proceduresthat can decideseparation formulas (e.g., [17, 4, 15]).

3Note that substituting x0 by � or � can be viewed as shifting the zero referencepoint to a more negative value,
thus increasing the value of any clock variable relativ e to zero (e.g., [5, 14]).
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4 Mo del Checking Op erations using Bo olean Enco ding

We now show how to implement the fundamental model checking operations usinga Booleanencod-
ing of separationpredicates. We �rst describe how our encoding allows us to replacequanti�cation
of real variables by quanti�cation of Boolean variables. This builds on previous work on deciding
a SL formula by transformation to a Boolean formula [17]. We then show how we represent SL
formulas as Boolean formulas, allowing the model checking operations to be implemented as op-
erations in Quanti�ed Boolean Logic (QBL), and enabling the useof QBL packages,e.g., a BDD
package.

In the remainder of this section, we will use � to denote a SL formula over real variables
x1; x2; : : : ; xn , and Boolean variables b1; b2; : : : ; bk . Also, let ./; ./ 1; ./ 22 f >; �g .

4.1 From Real Quan ti�cation to Bo olean Quan ti�cation

Consider the QSL formula ! a
:= 9xa:� , where a 2 [1::n].

We transform ! a to an equivalent QSL formula ! bool with quanti�ers over only Booleanvariables
in the following three steps:

1. Encode separation predicates:

Considereach separationpredicate in � of the form x i ./ x j + c whereeither i = a or j = a. For
each such predicate, wegeneratea corresponding Booleanvariable e./;c

i;j . Separationpredicates
that are negations of each other are represented by Boolean literals (true or complemented
variables) that are negationsof each other; however, for easeof presentation, we will extend
the naming convention for Booleanvariablesto Booleanliterals, writing e>; � c

j;i for the negation

of e� ;c
i;j .

Let the addedBooleanvariablesbe e
./ i 1 ;ci 1
i 1 ;a ; e

./ i 2 ;ci 2
i 2 ;a ; : : : ; e./ i m ;ci m

i m ;a for the upper boundson xa,

and e
./ j 1 ;cj 1
a;j 1

; e
./ j 2 ;cj 2
a;j 2

; : : : ; e
./ j m 0;cj m 0

a;j m 0
for the lower bounds on it.

We replace each predicate xa ./ x j + c (or x i ./ xa + c) in � by the corresponding Boolean
variable e./;c

a;j (or e./;c
i;a ). Let the resulting SL formula be � a

bool.

2. Add transitivity constraints:

Notice that there canbeassignments to the e./;c
i;a and e./;c

a;j variablesthat haveno corresponding
assignment to the real valued variables. To disallow such assignments, we place constraints
on theseaddedBooleanvariables. Each constraint is generatedfrom two Booleanliterals that
encode predicatescontaining xa. We will refer to theseconstraints as transitivity constraints
for xa.

A transitivit y constraint for xa has one of the following types:

(a) e./ 1 ;c1
i;a ^ e./ 2 ;c2

a;j =) (x i ./ x j + c1 + c2),
where if ./ 1= ./ 2, then ./ = ./ 1, otherwise, we must duplicate this constraint for both
./ = ./ 1 and for ./ = ./ 2.

(b) e./ 1 ;c1
i;j =) e./ 2 ;c2

i;j , where c1 > c2 and either i = a or j = a.

(c) e>;c
i;j =) e� ;c

i;j , where either i = a or j = a.
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Note that a constraint of type (a) involves a separation predicate (x i ./ x j + c1 + c2). This
predicate might not be present in the original formula � .4

After generating all transitivit y constraints for xa, we conjoin them to get the SL formula
� a

cons.

3. Finally, generatethe QSL formula ! bool given below:

9e
./ i 1 ;ci 1
i 1 ;a ; e

./ i 2 ;ci 2
i 2 ;a ; : : : ; e./ i m ;ci m

i m ;a :9e
./ j 1 ;cj 1
a;j 1

; e
./ j 2 ;cj 2
a;j 2

; : : : ; e
./ j m 0;cj m 0

a;j m 0
:[� a

cons ^ � a
bool]

We formalize the correctnessof this transformation in the following theorem.

Theorem 1 ! a and ! bool are equivalent.

Proof: To show that ! a and ! bool are equivalent, we show that ! a =) ! bool and ! bool =) ! a.
Denote the formula ! a =) ! bool by ! 1 and ! bool =) ! a by ! 2. Note �rst that the free

variables in both implications are the real-valued variables x 1; x2; : : : ; xa� 1; xa+1 ; : : : ; xn and the
Boolean variables b1; b2; : : : ; bk . For all i and j , the valuesassignedto x i and bj by an assignment
A are denoted by A[x i ] and A[bj ] respectively.

1. We �rst show that ! 1 is valid.

Let A denote an arbitrary assignment to all free variables and to the bound real variable x a

in ! a such that A[! a] = true . We extend A with an assignment to the Boolean variables
e

./ i 1 ;ci 1
i 1 ;a ; e

./ i 2 ;ci 2
i 2 ;a ; : : : ; e./ i m ;ci m

i m ;a and e
./ j 1 ;cj 1
a;j 1

; e
./ j 2 ;cj 2
a;j 2

; : : : ; e
./ j m 0 ;cj m 0

a;j m 0
, such that A[! bool] = true

and henceA[! 1] = true .

De�ne an evaluation of the newly added Boolean variables according to the following rules:

A[ec;./
a;j ] = A[xa ./ x j + c] 8j 6= a, for all constants c and relations ./ (5)

A[ec;./
i;a ] = A[x i ./ xa + c] 8i 6= a, for all constants c and relations ./ (6)

Since A[! a] = true , A[� ] = true . Further, using Equations 5 and 6, we can conclude that
A[� a

bool] = A[� ] because� a
bool is obtained from � by replacing predicates (xa ./ x j + c) and

(x i ./ xa + c0) (for all i; j and for all constants c;c0) with Boolean variables ec;./
a;j and ec0;. /

i;a .
Therefore, A[� a

bool] = true .

To show that A[! bool] = true , we need to additionally show that A[� a
cons] = true . We

consideran arbitrary transitivit y constraint of each type:

(a) e./ 1 ;c1
i;a ^ e./ 2 ;c2

a;j =) (x i ./ x j + c1 + c2).

SupposeA[e./ 1 ;c1
i;a ] = A[e./ 2 ;c2

a;j ] = true . Then, by Equations 5 and 6, we conclude that
A[x i ] ./ 1 A[xa] + c1 and A[xa] ./ 2 A[x j ] + c2. If ./ 1= ./ 2= ./ , we can infer A[x i ] ./
A[x j ] + c1 + c2, and thus A[x i ./ x j + c1 + c2] = true . If ./ 16= ./ 2, then we can infer
A[x i ./ 1 x j + c1 + c2] = A[x i ./ 2 x j + c1 + c2] = true .

(b) e./ 1 ;c1
i;j =) e./ 2 ;c2

i;j , where c1 > c2 and either i = a or j = a.

SupposeA[e./ 1 ;c1
i;j ] = true . Then, by Equations 5 and 6, A[x i ./ 1 x j + c1] = true . Since

c1 > c2, A[x i ./ 2 x j + c2] = true , and henceA[e./ 2 ;c2
i;j ] = true .

4This addition is analogousto the \tigh tening" step performed in di�erence-b ound matrix basedalgorithms
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(c) e>;c
i;j =) e� ;c

i;j , where either i = a or j = a.

Exactly as for type (b) constraints, A[e>;c
i;j ] = A[x i > x j + c] = true . Therefore,

A[x i � x j + c] = true and henceA[e� ;c
i;j ] = true .

Thus, A satis�es all transitivit y constraints, and henceA[� a
cons] = true , completing the proof

for the �rst part.

2. We now show that ! 2 is valid.

Let A denotean arbitrary assignment to all free variablesand to the bound Booleanvariables
in ! bool such that A[! bool] = true . We extend A with an evaluation of xa such that A[! a] =
true and henceA[! 2] = true .

Since A[! bool] = true , we know that A[� a
cons] = true (i.e., the transitivit y constraints are

satis�ed by A) and A[� a
bool] = true .

Supposewe can �nd a value A[xa] that satis�es the following equations:

A[xa ./ x j + c] = A[ec;./
a;j ] 8j 6= a, 8 constants c (7)

A[x i ./ xa + c] = A[ec;./
i;a ] 8i 6= a, 8 constants c (8)

Then, A[� a
bool] = A[� ] because� a

bool is obtained from � by replacing predicates(xa ./ x j + c)

and (x i ./ xa + c0) (for all i; j and for all constants c;c0) with Booleanvariablesec;./
a;j and ec0;. /

i;a .
SinceA[� a

bool] = true , A[� ] = true , and henceA[! a] = true .

A value A[xa] that satis�es Equations 7 and 8 exists if:

A[xa] � A[x j ] + c if A[ec;�
a;j ] = true (9)

A[xa] < A[x j ] + c if A[ec;�
a;j ] = false (10)

A[xa] > A[x j ] + c if A[ec;>
a;j ] = true (11)

A[xa] � A[x j ] + c if A[ec;>
a;j ] = false (12)

In the above equations, w.l.o.g., we use literals encoding lower bounds on x a (e.g., ec;�
a;j ) in

place of those encoding upper bounds (e.g., e� c;>
j;a ).

Let
Ua = min

j;c s:t: ec;. /
a;j = false

(A[x j ] + c)

and
L a = max

j;c s:t: ec;. /
a;j = true

(A[x j ] + c)

Ua and L a are respectively the tightest upper and lower bounds on A[x a].

De�ne the ordering relation � as follows

� =

(
� if the tightest bounds are non-strict, i.e., A[xa] � Ua and A[xa] � L a

> otherwise
(13)

Then, the inequalities 9 to 12 can be satis�ed if:

Ua � L a (14)
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In other words, if the minimum upper bound on A[xa] is greater (or greater than or equal to)
the maximum lower bound on A[xa].

To show that the above is true, it is enough to show that for any pair of upper and lower
bounds on A[xa], the relation � holds, and so it holds in particular for the minimum upper
bound and the maximum lower bound. For example,for the two inequalities A[x a] < A[x j ]+ c1

and A[xa] � A[xk ] + c2 to be true we needthat A[x j ] + c1 > A[xk ] + c2.

Therefore, consider two arbitrary indices j and k di�eren t from a. We needto consider four
casesbasedon evaluations of the Boolean literals ec1 ;. /

a;j and ec2 ;. /
a;k . Note that casesin which

both literals evaluate to true or both to false only give rise to two lower bounds or to two
upper bounds. By the transitivit y constraints of types (b) and (c), if the minimum upper
bound (or maximum lower bound) is satis�ed, then every other upper bound (or lower bound)
will be satis�ed.

The four casesare enumerated below:

(a) ec1 ;>
a;j = false; ec2 ;�

a;k = true .
This implies that

A[x j ] � A[xa] � c1 and A[xa] � A[xk ] + c2

We needto show that
A[x j ] + c1 � A[xk ] + c2

Or
A[x j ] � A[xk ] + (c2 � c1)

The last inequality is true, sinceA satis�es the transitivit y constraint e� c1 ;�
j;a ^ ec2;�

a;k =)
(x j � xk + c2 � c1).

(b) ec1 ;�
a;j = false; ec2 ;>

a;k = true .
This caseis identical to the one above, with � and > interchanged.

(c) ec1 ;>
a;j = false; ec2 ;>

a;k = true .
This implies that

A[x j ] � A[xa] � c1 and A[xa] > A[xk ] + c2

We needto show that
A[x j ] + c1 > A[xk ] + c2

Or
A[x j ] > A[xk ] + (c2 � c1)

The last inequality is true, sinceA satis�es the transitivit y constraint e� c1 ;�
j;a ^ ec2;>

a;k =)
(x j > xk + c2 � c1).

(d) ec1 ;�
a;j = false; ec2 ;�

a;k = true .
This caseis identical to the one above, with � and > interchanged.

Thus, we can conclude that Equation 14 is satis�ed, and that completes the proof of this
part.

�

Example 1 Let ! a = 9xa:� where � = xa � x0^ x1 � xa^ x2 � xa. Then, � a
bool = e� ;0

0;a ^ e� ;0
1;a ^ e� ;0

a;2 .
� a

cons is the conjunction of the following constraints:
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1. e� ;0
0;a ^ e� ;0

a;2 =) x0 � x2

2. e� ;0
1;a ^ e� ;0

a;2 =) x1 � x2

Then, ! bool = 9e� ;0
0;a ; e� ;0

1;a ; e� ;0
a;2 :[� a

cons ^ � a
bool] evaluatesto x0 � x2 ^ x1 � x2.

�

The quanti�er transformation procedure described here works even when � is replaced by a
QSL formula with quanti�ers only over Boolean variables.

Note also that the transformation procedurewe present here di�ers from the one presented by
Strichman et al. [17] in that the latter is concernedwith preserving satis�abilit y only, whereasthe
former must produce an equivalent formula that preserves all satisfying assignments to the free
variables.

4.2 Deciding SL form ulas

Supposewe want to decide the satis�abilit y of � . Note that � is satis�able i� the QSL formula
! 1::n = 9x1; x2; : : : ; xn :� is.

Using Theorem 1, we can transform ! 1::n to an equivalent QSL formula ! bool with existential
quanti�ers only over Boolean variables encoding all separation predicates. As ! bool is a QBL
formula with only existential quanti�ers, we can simply discard the quanti�ers and usea Boolean
satis�abilit y checker to decidethe resulting Boolean formula.

Note that the proceduredescribed above can be viewed asoneway to implement the procedure
of Strichman et al. [17].

4.3 Represen ting SL Form ulas as Bo olean Form ulas

In our presentation up to this point, we have not usedany speci�c representation of SL formulas.
In practice, we encode a SL formula � as a Boolean formula � . The encoding is performed as
follows. Considereach separationpredicate x i ./ x j + c in � . As in Section4.1 earlier, we intro duce
a Booleanvariable e./;c

i;j for x i ./ x j + c, only this time we do it for every singleseparationpredicate.
Also as before, separation predicates that are negationsof each other are represented by Boolean
literals that are negations of each other. We then replace each separation predicate in � by its
corresponding Boolean literal. The resulting Boolean formula is � .

Clearly, � , by itself, storesinsu�cien t information for generatingtransitivit y constraints. There-
fore, we also store the 1-1 mapping of separation predicates to the Boolean literals that encode
them. However, this mapping is used only lazily, i.e., when generating transitivit y constraints
during quanti�cation and in deciding SL formulas.

4.3.1 Substitution.

Given the representation described above, we can implement substitution of a clock variable as
follows. For a clock variable x i , we perform the substitution [x i  xk + d] (where k = 0 or
d = 0), by replacing all Boolean variables of the form e./;c

i;j and e./ 0;c0

j;i , for all j , by variables

e./;c � d
k;j and e./ 0;c0+ d

j;k respectively, creating fresh replacement variables if necessary. Substitution of a
Booleanstate variable by the Booleanencoding of a separationformula is doneby Booleanfunction
composition.
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5 Optimizations

The methods presented in Section 4 can be optimized in a few ways. First, we can be more
selective in deciding when to add transitivit y constraints. Second,we can compute the time elapse
operator more e�cien tly by a method that does not explicitly introduce the bound real variable
� , and hencedoes not introduce new quanti�ers over Boolean variables. The third optimization
concernseliminating paths in a BDD representation that violate transitivit y constraints. As is
well-known, the size of a BDD is very sensitive to the number and ordering of BDD variables.
In the caseof model checking timed automata, new Boolean variables are created as the model
checking proceeds,while generating transitivit y constraints, and while performing substitutions of
clock variables. This has the potential to add several BDD variables on each iteration. Finally, we
can usean over-approximation technique to to reducethe number of BDD variablesaddedon each
model checking iteration. While all four techniques presented in this section help in reducing the
number of BDD variables, only the last two are specializedfor BDDs.

5.1 Determining if Bounds are Conjoined

Suppose� is a SL formula with Boolean encoding � , and we wish to eliminate the quanti�er in
9xa:� . As described in Section4.1, a transitivit y constraint for x a involvestwo Booleanliterals that
encode separation predicates involving xa. For a syntactic representation of � , as the number of
constraints grows, sodoesthe sizeof [� a

cons ^ � a
bool], the Booleanencoding of [� a

cons ^ � a
bool]. Further,

new separation predicatescan be added when a transitivit y constraint is generatedfrom an upper
bound and a lower bound on xa. For a BDD-basedimplementation, this correspondsto the addition
of a new BDD variable. We would therefore like to avoid adding transitivit y constraints wherever
possible.

In fact, we only need to add a constraint involving an upper bound literal and a lower bound
literal if they are conjoined in a minimized DNF representation of � .5 From a geometricviewpoint,
this meansthat we check that the predicatescorresponding to the two literals are bounds for the
same convex clock region. This check can be posed as a Boolean satis�abilit y problem, which
is easily solved using a BDD representation of � . Let the literals be e1 and e2. Then, we use
cofactoring and Boolean operations to compute the following Boolean formula:

e1 ^ e2 ^ [� je1= true ^ : (� je1= false )] ^ [� je2= true ^ : (� je2= false )] (15)

Consider the subformula ei ^ [� jei = true ^ : (� jei = false )] for i = 1; 2. This formula represents the
set of input combinations e in which ei must be set to true in order for � (e) to evaluate to true .
Thus, the conjunction of the subformulas for i = 1 and i = 2 is satis�able only if there exists a
non-empty set of input combinations e in which both e1 and e2 must be set to true for � (e) to
evaluate to true . Viewed alternately, Formula 15 expressesthe Boolean function corresponding to
the disjunction of all terms in the minimized DNF representation of � that contain both e1 and e2

in true form. Therefore, if Formula 15 is satis�able, it meansthat e1 and e2 are conjoined, and we
must add a transitivit y constraint involving them both.

Note however, that since� doesnot, by itself, represent the original SL formula � , �nding that
e1 and e2 are conjoined in � doesnot imply that they are bounds in the sameconvex region of � .
However, the converseis true, so our method is sound.

5A conservativ e, syntactic variant of this idea has been proposedearlier by Strichman [16].
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5.2 Quan ti�er Elimination by Eliminating Upp er Bounds on x0

The de�nition of the time elapseoperation introduces two quanti�ed non-clock real variables: �
and � . We can exploit the special structure of the QSL formula for the time elapseoperation so
as to avoid introducing � altogether. Thus, we can avoid adding new quanti�ed Boolean variables
encoding predicates involving � .

Consider the inner existentially quanti�ed SL formula in Formula 4 in Section 3, reproduced
here:

9� (� � x0 ^ � � � ^ : � 1[� =x0])

Grouping the inequality � � � with the formula : � 1[�=x 0], we get:

9� f � � x0 ^ (� � x0 ^ : � 1)[�=x 0]g (16)

Finally, treating � as a clock variable, we can revert back to � from � , transforming Formula 16
to the following form:

9� [� � x0 ^ (� � x0 ^ : � 1) + � ] (17)

Formula 17 is a special caseof the formula ! � given by

! � = 9�:� � x0 ^ � + �

for someSL formula � . From a geometric viewpoint, � is a region in R n and ! � is the shadow
of � for a light sourceat 1 n . Examples of � and the corresponding ! � are shown in Figures 1(a)
and 1(c) respectively.

We can transform ! � to an equivalent SL formula � ub by eliminating upper bounds on x0, i.e.,
Boolean variables of the form e./;c

i; 0 . The transformation is performed iterativ ely in the following
steps:

1. Let � 0 = � . Let e./ 1 ;c1
i 1 ;0 ; e./ 2 ;c2

i 2 ;0 ; : : : ; e./ m ;cm
i m ;0 be Boolean literals encoding all upper bounds on

x0 that occur in � .

Note that an upper bound literal e./ j ;cj
i j ;0 occurs in � , if it appears in someterm in the min-

imized DNF representation of � . This can be checked by evaluating the Boolean function
[� j

e
. / j ;c j
i j ;0 = true

^ : (� j
e

. / j ;c j
i j ;0 = false

)], where � is the Boolean encoding of � , and checking that it

is not false.

2. For j = 1; 2; : : : ; m, we construct � j as follows:

(a) Replaceall occurrencesof x i j ./ j x0 + cj in � j � 1 with e./ j ;cj
i j ;0 to get � 0;j � 1

bool .

(b) Construct � 0;j � 1
cons , the conjunction of all transitivit y constraints6 for x0 involving e./ j ;cj

i j ;0

and clock variables in � 0;j � 1
bool .

(c) Construct the formula � j , a disjunction of two terms:

� j = f (� 0;j � 1
bool ^ � 0;j � 1

cons )j
e

. / j ;c j
i j ;0 = true

g _ f [: (x i j ./ j x0 + cj )] ^ [� 0;j � 1
bool j

e
. / j ;c j
i j ;0 = false

]g

The �rst disjunct is the region obtained by dropping the bound x i j ./ j x0 + cj from
convex sub-regionsof � j � 1 where it is a lower bound on x i j , while letting time elapse
backward. The seconddisjunct corresponds to sub-regionswhere : (x i j ./ j x0 + cj ) is
an upper bound; theseregionsare left unchanged.

6We can use the optimization technique of Section 5.1 in this step.
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The output of the above transformation, � ub, is given by � ub = � m . The correctnessof this
procedureis formalized in the following theorem.

Theorem 2 ! � and � ub are equivalent.

Proof: We make useof the following lemmas.

Lemma 1 For all j = 1; : : : ; m, 9�:� � x0 ^ � j � 1 + � is equivalent to 9�:� � x0 ^ � j + � .

Proof:(Lemma 1)
We give the proof for an arbitrary j satisfying 1 � j � m. Let ! j � 1 and ! j respectively denote
9� j � 1:� j � 1 � x0 ^ � j � 1 + � j � 1 and 9� j :� j � x0 ^ � j + � j . Notice that we have renamedthe bound
variable � .

1. First, we show that ! j � 1 =) ! j . Let A be an assignment to the free and bound variables in
! j � 1 such that A[! j � 1] = true . This meansthat A[� j � 1 + � j � 1] = true . Extend A so that
A[� j ] = A[� j � 1]. Thus, A[� j � 1 � x0] = A[� j � x0] = true .

We consider two cases.

(a) Case1: A[(x i j ./ j x0 + cj ) + � j � 1] = true .
Note that by construction,

� 0;j � 1
bool = � j � 1[e./ j ;cj

i j ;0 =(x i j ./ j x0 + cj )]

From the two equalities above, and sinceA[� j ] = A[� j � 1], we get

A[� j � 1 + � j � 1] = A[� 0;j � 1
bool j

e
. / j ;c j
i j ;0 = true

+ � j ]

In addition, the transitivit y constraints are satis�ed, i.e.,

A[� 0;j � 1
cons j

e
. / j ;c j
i j ;0 = true

+ � j ] = true

because� 0;j � 1
cons j

e
. / j ;c j
i j ;0 = true

+ � j only involves real-valued variables. Therefore,

A[� j � 1 + � j � 1] = A[(� 0;j � 1
bool ^ � 0;j � 1

cons )j
e

. / j ;c j
i j ;0 = true

+ � j ]

Thus, we concludethat

A[� j � 1 + � j � 1] = A[� j + � j ] = true

which in turn implies that

A[� j � 1 � x0 ^ � j � 1 + � j � 1] = A[� j � x0 ^ � j + � j ] = true

and so
A[! j � 1] = A[! j ] = true

This concludesthe �rst case.

13



(b) Case2: A[(x i j ./ j x0 + cj ) + � j � 1] = false.
Since

� 0;j � 1
bool = � j � 1[e./ j ;cj

i j ;0 =(x i j ./ j x0 + cj )]

and, in addition, A[� j ] = A[� j � 1], we have

A[� j � 1 + � j � 1] = A[� 0;j � 1
bool j

e
. / j ;c j
i j ;0 = false

+ � j ]

Now, sinceA[� j � 1 + � j � 1] = true , we get

A[� 0;j � 1
bool j

e
. / j ;c j
i j ;0 = false

+ � j ] = true

and
A[[: (x i j ./ j x0 + cj ) ^ � 0;j � 1

bool j
e

. / j ;c j
i j ;0 = false

] + � j ] = true

and so, we concludethat

A[� j + � j ] = A[� j � x0 ^ � j + � j ] = A[! j ] = true

which concludescase2.

Thus, ! j � 1 =) ! j .

2. We next show that ! j =) ! j � 1.

Let A be an assignment to the free and bound variables in ! j such that A[! j ] = true . This
means that A[� j + � j ] = true . We wish to extend A by an assignment to � j � 1 so that
A[� j � 1 + � j � 1] = true and A[� j � 1 � x0] = true .

We consider two cases.

(a) Case1: A[(� 0;j � 1
bool ^ � 0;j � 1

cons )j
e

. / j ;c j
i j ;0 = true

+ � j ] = true .

Therefore,

A[� 0;j � 1
bool j

e
. / j ;c j
i j ;0 = true

+ � j ] = true (18)

and
A[� 0;j � 1

cons j
e

. / j ;c j
i j ;0 = true

+ � j ] = true

If A[(x i j ./ j x0 + cj ) + � j ] = true , then using the equality

� 0;j � 1
bool = � j � 1[e./ j ;cj

i j ;0 =(x i j ./ j x0 + cj )] (19)

we can set A[� j � 1] = A[� j ], which yields A[(x i j ./ j x0 + cj ) + � j � 1] = true , and so using
Equations 18 and 19, we get

A[� j � 1 + � j � 1] = A[� j + � j ] = true (20)

However, if A[(x i j ./ j x0 + cj ) + � j ] = false, then we must �nd an alternate assignment
to � j � 1, such that A[(x i j ./ j x0 + cj ) + � j � 1] = true . Then, we can conclude,as above,
that Equation 20 holds.
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Consider, w.r.t. the assignment A, all lower bounds on x0 that occur in � j � 1 + � j (and
hencein � 0;j � 1

bool + � j ); moreprecisely, a lower bound on x0 is a predicate(x0 ./ k x i k + ck )+ � j

such that A[(x0 ./ k x i k + ck ) + � j ] = true .
If no such lower bound on x0 exists, then we can set � j � 1 to any value that results in
A[(x i j ./ j x0 + cj ) + � j � 1] = true , becausethere is no lower bound to be violated by
increasingthe value of a clock variable.
So supposeat least one lower bound on x0 exists in � j � 1. De�ne the value vs as

vs = min
k s:t: A [(x0 ./ k x i k + ck )+ � j ]= true

(� ck � A[x i k + � j ]) (21)

Note that vs � 0 sinceA[(x0 ./ k x i k + ck ) + � j ] = true for all k in Equation 21.
Let l be the k for which the minimum on the right-hand side of Equation 21 is attained.
If there are many such k, say k1; k2; : : : ; kd, set l according to the following rules:

i. If there exists ki for which ./ k i = > , set l to any one such ki .
ii. Otherwise select l to be any one of k1; k2; : : : ; kd.

Thus,

vs = � cl � A[x i l + � j ] (22)

Next, we de�ne a positive real number � as follows:

� =

(
� 0 if ./ l = > , and where � 0 2 (0; A[x i j � x i l � cj � cl ])

0 otherwise
(23)

Note that A[x i j � x i l � cj � cl ] is non-negative and is strictly positive when ./ l = > . This
is becausethere exists a transitivit y constraint in � 0;j � 1

cons of the form

(e./ j ;cj
i j ;0 ^ x0 ./ l x i l + cl ) =) (x i j ./ j x i l + cj + cl )

which occurs in � 0;j � 1
cons j

e
. / j ;c j
i j ;0 = true

as

(x0 ./ l x i l + cl ) =) (x i j ./ j x i l + cj + cl )

If ./ j 6= ./ l , the following constraint also holds:

(x0 ./ l x i l + cl ) =) (x i j ./ l x i l + cj + cl )

SinceA[(x0 ./ l x i l + cl ) + � j ] = true , the following equalities hold:

A[(x i j ./ j x i l + cj + cl ) + � j ] = A[x i j ./ j x i l + cj + cl ] = true (24)

A[(x i j ./ l x i l + cj + cl ) + � j ] = A[x i j ./ l x i l + cj + cl ] = true (25)

Thus, A[x i j � x i l � cj � cl ] is non-negative and is strictly positive when ./ l = > .
We now show that vs � � � 0. If � = 0, clearly vs � � � 0. So, assumethat ./ l = > , and
thus � 2 (0; A[x i j � x i l � cj � cl ]). Then we can concludethe following:

vs � � = � cl � A[x i l ] � A[� j ] � �

> � cl � A[x i l ] � A[� j ] � A[x i j � x i l � cj � cl ]

= � cl � A[x i l ] � A[� j ] � A[x i j ] + A[x i l ] + cj + cl

= cj � A[x i j ] � A[� j ]

� 0 (since A[(x i j ./ j x0 + cj ) + � j ] = false)
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Intuitiv ely, vs � � is a non-negative real number we can add to all clock variableswithout
violating lower bounds on x0 in � j � 1 + � j .
Now, de�ne A[� j � 1] as follows:

A[� j � 1] = A[� j ] + vs � � (26)

Sincevs � � � 0, A[� j � 1] � A[� j ].
Given the above assignment to � j � 1, we �rst show that A[(x i j ./ j x0 + cj ) + � j � 1] = true .
We have the following sequenceof equalities:

A[(x i j ./ j x0 + cj ) + � j � 1]

= A[x i j ] + A[� j � 1] ./ j cj

= A[x i j ] ./ j cj � A[� j � 1]

= A[x i j ] ./ j cj � vs + � � A[� j ]

= A[x i j ] ./ j � + cj � min
k

(� A[x i k + � j ] � ck ) � A[� j ]

= A[x i j ] ./ j � + cj + (A[x i l + � j ] + cl ) � A[� j ]

= A[x i j ] ./ j � + A[x i l ] + cj + cl

= true (since � 2 (0; A[x j � x l � cj � cl ]) and from Eqn. 24)

We next show that the assignment to � j � 1 in Equation 26 preservesthe truth assignment
to other boundson x0; i.e., boundsin � j � 1+ � j other than (x i j ./ j x0+ cj )+ � j . Formally,
we show that for all bounds x0 ./ k x i k + ck where k 6= j :

A[(x0 ./ k x i k + ck ) + � j � 1] = A[(x0 ./ k x i k + ck ) + � j ]

Note that the value of separationpredicatesof the form x i k 1
./ x i k 2

+ ck1k2 is una�ected
by the assignment to � j or � j � 1.
If A[(x0 ./ k x i k + ck ) + � j ] = false, then A[(x0 ./ k x i k + ck ) + � j � 1] = false, since
A[� j � 1] � A[� j ].
On the other hand, if A[(x0 ./ k x i k + ck ) + � j ] = true , then

A[(x0 ./ k x i k + ck ) + � j � 1]

= 0 ./ k A[x i k ] + ck + A[� j � 1]

= 0 ./ k A[x i k ] + ck + A[� j ] + vs � �

= 0 ./ k (ck + A[x i k ]) + A[� j ] + (� cl � A[x i l + � j ]) � �

= (� ck � A[x i k ]) ./ k (� cl � A[x i l ]) � �

= true (since � � 0 and from Equations 21 and 22)

To sum up, we have shown that A[(x i j ./ j x0 + cj ) + � j � 1] = true , even though A[(x i j ./ j

x0 + cj ) + � j ] = false. Thus, we can concludethat

A[� j � 1 + � j � 1] = A[� j + � j ] = true

This completesthe proof for the �rst case.
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(b) Case2: A[[: (x i j ./ j x0 + cj ) ^ � 0;j � 1
bool j

e
. / j ;c j
i j ;0 = false

] + � j ] = true .

Thus
A[� 0;j � 1

bool j
e

. / j ;c j
i j ;0 = false

+ � j ] = true

and
A[(x i j ./ j x0 + cj ) + � j ] = false

Letting A[� j � 1] = A[� j ] and from Equation 19, we get

A[� j � 1 + � j � 1] = true

as required.

Thus, ! j =) ! j � 1.

From parts 1 and 2 above, we concludethat ! j � 1 and ! j are equivalent.
�

Lemma 2 Suppose the SL formula � does not contain any separation predicates that are upper
bounds on x0; i.e., any satisfying assignment to � sets all upper bounds on x 0 to false, and all
lower bound predicates to true . Then, 9�:� � x0 ^ � + � is equivalent to � .

Proof:(Lemma 2)
We �rst show that � =) (9�:� � x0 ^ � + � ).

Let A be an assignment to the variables in � such that A[� ] = true . We extend A with an
evaluation of � so that A[� ] = 0 = A[x0]. Then, A[� � x0 ^ � + � ] = true , since A[� + � ] = A[� ].
Therefore, A[9�:� � x0 ^ � + � ] = true . Thus, � =) (9�:� � x0 ^ � + � ).

Next, we show that (9�:� � x0 ^ � + � ) =) � . Let A be an assignment such that A[9�:� �
x0 ^ � + � ] = true . Thus, A[� � x0] = true and A[� + � ] = true . Since � does not contain
any separation predicatesthat are upper bounds on x0, for any lower bound x0 ./ k xk + ck on x0,
A[(x0 ./ k xk + ck ) + � ] = true and for an upper bound x l ./ l x0 + cl on x0, A[(x l ./ l x0 + cl ) + � ] =
false.

Then, sinceA[� ] � 0,

A[(x0 ./ k xk + ck ) + � ] = true = A[x0 ./ k (xk + � ) + ck ] = A[x0 ./ k xk + ck ]

Similarly, for an upper bound predicate on x0, A[x l ./ l x0 + cl ] = false.
It then follows that A[� ] = true .

�

From Lemma 1, we infer that ! � = 9�:� � x0 ^ � 0 + � is equivalent to 9�:� � x0 ^ � m + � .
Additionally , since� m doesnot contain any upper boundson x0, using Lemma 2, we concludethat
! � is equivalent to � m = � ub. This completesthe proof of Theorem 2.

�

Example 2 Let the subformula � of ! � be

� = (x1 � x0 + 3 ^ x2 � x0 + 2) _ (x1 < x0 + 3 ^ x2 � x0 + 3)

� is depicted geometrically as the shaded region in Figure 1(a). It comprises two sub-regions, one
for each disjunct. The lower bounds on these regions, x1 � x0 + 3 and x2 � x0 + 3, are upper
bounds on x0. We encode theseby e� ;3

1;0 and e� ;3
2;0 .
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Figure 1(b) shows� 1, the result of eliminating e� ;3
1;0 . Formally, we calculate

� 0;0
bool = (e� ;3

1;0 ^ x2 � x0 + 2) _ (: e� ;3
1;0 ^ x2 � x0 + 3)

� 0;0
cons = (e� ;3

1;0 ^ x2 � x0 + 2) =) (x1 � x2 + 1)

Then, applying step 2(c) of the transformation, we get

� 1 = (x2 � x0 + 2 ^ x1 � x2 + 1) _ (x1 < x0 + 3 ^ x2 � x0 + 3)

Similarly, in the next iteration, we intr oduce and eliminate e� ;3
2;0 to get � 2, shown in Figure 1(c),

which is equivalent to ! � .
�

Note that the QSL formula obtained after eliminating the inner quanti�er in Formula 4 is not
of the form ! � , and so we cannot avoid introducing the � variable.

3 x1

x2

2-

3

(a) � 0 = �

3 x1

x2

2-

3

x1 = x2 + 1
(b) � 1

3 x1

x2

2-

3

x1 = x2

(c) � 2 = ! �

Figure 1: Eliminating upp er bounds on x0

x1 = x2 + c1 + c2

(a) Exact

x1 = c1

x2 = c2

x1 = x2 + c1 + c2

(b) Weakened

Figure 2: W eakening Transitivit y Constrain ts. The shadedarea denotesthe region satisfying
the constraint.

5.3 Overappro ximation by Weakening Transitivit y Constrain ts

In spite of the methods of Sections5.1 and 5.2, generatingtransitivit y constraints while eliminating
the quanti�er on � might create too many new BDD variables, causing the BDD to blow up. In
the caseof reachabilit y properties, a partial solution is to weaken the transitivit y constraints added
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so as to not create new variables, yielding an overapproximation of the time elapseoperation.
For reachabilit y properties, overapproximating the time elapse(\pre") operation makesour model
checking procedureincomplete, but retains soundness.

Consider a transitivit y constraint for � of type (a) as de�ned in Section 4.1, reproduced below:

e./ 1 ;c1

i; �
^ e./ 2 ;c2

� ;j
=) (x i ./ x j + c1 + c2)

We replacethe above constraint by the following weakenedconstraint:

e./ 1 ;c1

i; �
^ e./ 2 ;c2

� ;j
=) [(x i ./ 1 x0 + c1) _ (x0 ./ 2 x j + c2)] (27)

The di�erence betweenthe two constraints is depicted geometrically in Figure 2.
Note that the consequent of the weakened constraint (Formula 27) only involves separation

predicates involving x i ; x j ; and x0, and these already occurred in formula � of Formula 4, since
they are the predicates in which � was substituted for x0. Thus, we avoid adding new BDD
variables.

5.4 Eliminating Infeasible Paths in BDDs

Suppose� is the Booleanencoding of SL formula � . Let � cons denotethe conjunction of transitivit y
constraints for all real-valued variables in � , and let � cons denote its Boolean encoding. Finally,
denote the BDD representations of � and � cons by Bdd(� ) and Bdd(� cons) respectively.

We would like to eliminate paths in Bdd(� ) that violate transitivit y constraints, i.e., those
corresponding to assignments to variables in � for which � cons = false. We can do this by us-
ing the BDD Restrict operator, replacing Bdd(� ) by Restrict( Bdd(� ); Bdd(� cons)) . Informally,
Restrict( Bdd(� ), Bdd(� cons)) traversesBdd(� ), eliminating a path on which � cons is false as
long as it doesn't involve adding new nodes to the resulting BDD. Details about the Restrict
operator may be found in the paper by Coudert and Madre [9].

Sinceeliminating infeasible paths in a large BDD can be quite time consuming,we only apply
this optimization to the BDD for the set of reachable states, onceon each �xp oint iteration.

6 Exp erimen tal Results

We implemented a model checker that usesBDDs to represent Boolean functions and incorporates
all the optimizations described in Section 5. The model checker is written in the OCaml language
and usesthe CUDD package7 for BDD manipulation. We have performedpreliminary experiments
comparing the performanceof our model checker for both reachabilit y and non-reachabilit y TCTL
properties, without using the over-approximation schemeof Section5.3. For reachabilit y properties,
we compareagainst the other unbounded,fully symbolic model checkers, viz., a DDD-basedchecker
(DDD ) [14] and Red version 4.1 [18], which have been shown to outperform Uppaal2k and
Kr onos for reachabilit y analysis. For non-reachabilit y properties, such as checking that a system
is non-zeno,we compareagainst Kr onos and Red , the only other unboundedmodel checkers that
check such properties.

As an illustrativ e example,we useFischer's protocol for mutual exclusion. Tools such as DDD
and Red that we compareagainst have beenshown to perform well on this examplefor reachabilit y
properties. The automaton for the i th processin this protocol is shown in Figure 3. We ran two

7http://vlsi.colorado.edu/~fa bio/ CUDD
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experiments with this example. The �rst experiment comparedour model checker againstDDD and
Red , checking that the systempreservesmutual exclusion(a reachabilit y property). In the second
experiment, we compared against Kr onos and Red for checking that the product automaton is
non-zeno(a non-reachabilit y property). All experiments were run on a notebook computer with a
1 GHz Pentium-I I I processorand 128MB RAM, running Linux. We ran DDD , Kr onos , and Red
with their default options. For our implementation, we turned o� dynamic variable reordering in
CUDD. To comeup with a static variable ordering, we classi�ed the BDD variables in our Boolean
encoding as follows. The �rst class,Cid , consistsof variables encoding the shared integer id . For
each i , classC(i ) contains the BDD variablesencoding locations and clock constraints for processi .
Finally, classC(i; j ) encodespredicatesrelating clock variables from processesi and j . We useda
static variable ordering that groupstogether variables in the sameclass,placesclassC id at the top,
orders C(i ) before C(j ) if i < j , and placesC(i; j ) right after C(j ) for j > i . New BDD variables
added during model checking are inserted into the order at positions that depend upon the class
they fall into. The samestatic variable order wasusedfor the corresponding Booleanvariablesand
separation predicates in DDD .

x[i]<=10
id!=i

x[i]>10 & id=i

x[i]:=0; id:=iid:=0

idle[i]
rdy[i]

x[i]<=10

id=0   x[i]:=0

crit[i] wait[i]

Figure 3: Fischer's mutual exclusion proto col. The timed automaton for the i th processis
shown.

Table1 showsthe resultsof the comparisonagainstDDD and Red for checking mutual exclusion
for increasingnumbersof processes.We refer to our model checker asTMV . For DDD and TMV ,
the table lists both the run-times and the peak number of nodes in the decision diagram for the
reachable state set. We �nd that DDD outperforms TMV due to the blow-up of BDDs. In
spite of the optimizations of Section 5, the peak node count in the caseof DDD is lessthan that
for TMV for the larger benchmarks. In particular, in addition to eliminating infeasible paths as
TMV does,the local reduction operations performed by DDD during node creation can eliminate
unnecessaryDDD nodes without adding any time overhead. For example, DDD can reduce a
function of the form e1 ^ e2 ^ e3 under the transitivit y constraint [e1 ^ e2] =) e3 to simply the
conjunction e1 ^ e2. The BDD Restrict operator cannot always achieve this as it is sensitive
to the BDD variable ordering. Furthermore, TMV contains many other BDDs, such as those
for the transitivit y constraints, to which we do not apply the Restrict optimization due to its
runtime overhead. Finally, in comparisonto Red , we seethat while TMV is faster on the smaller
benchmarks, Red 's superior memory performance enables it to complete for 7 processeswhile
TMV runs out of memory.

Table 2 shows the comparison with Kr onos and Red for checking non-zenoness.The time
for Kr onos is the sum of the times for product construction and backward model checking. We
notice that while Kr onos does better for smaller numbers of processes,the product automaton
it constructs grows very quickly, becoming too large to construct at 6 processes.The run times
for TMV , on the other hand, grow much more gradually, demonstrating the advantages of a
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Number of Red DDD TMV
Processes Time Time Reach Set Time Reach Set

(sec.) (sec.) (peak nodes) (sec.) (peak nodes)
3 0.21 0.06 130 0.11 101
4 1.13 0.14 352 0.38 316
5 4.53 0.33 854 1.85 1127
6 15.11 0.90 2375 17.41 4685
7 46.31 2.65 6346 * *

Table 1: Checking mutual exclusion for Fischer's proto col. A \*" indicates that the model
checker ran out of memory.

fully symbolic approach. For this property, the BDDs remain small even for larger numbers of
processes.Thus, TMV outperforms Red , especially as the number of processesincreases.These
results indicate that when the representation (BDDs) remainssmall, Booleanmethods for quanti�er
elimination and deciding SL can outperform non-Boolean methods by a signi�cant factor.

Number of Kr onos Red TMV
Processes Time (sec.) Time (sec.) Time (sec.) Reach Set

(peak nodes)
3 0.03 0.28 0.24 28
4 0.23 1.30 0.44 39
5 1.98 5.05 0.80 54
6 * 17.80 2.15 69
7 * 57.95 6.61 88

Table 2: Checking non-zenoness for Fischer's proto col. A \*" indicates that Kr onos exited
with an \out of memory" error.

Although they are preliminary, our results indicate that our model checker basedon a general
purposeBDD packagecan outperform methods basedon specializedrepresentations of SL formu-
las. The drawback of our BDD-based implementation is its poor memory performance on some
examples. However, there is still scope for improving our implementation, especially in �nding
more e�cien t ways of eliminating unnecessaryBDD nodesas is possiblewith DDDs. Furthermore,
note that the memory problems we facearise from our useof BDDs, while the techniques we have
presented in this paper can make use of any representation of Boolean functions. In particular,
we are starting to work on a SAT-based implementation of our method; such an implementation
might better handle the growth in the number of Boolean variables. Finally, we are also explor-
ing heuristics for automatically generating good BDD variable orderings, such as those basedon
compositional methods [7].
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