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Abstract

We shav a reductionto propositionallogic from a Booleancombinationof inequalitiesof the
formv; > v; + ¢ andwv; > v; + ¢, wherec is a constanianduw;, v; arevariablesof typer eal
ori nt eger . Equalitiesanduninterpretedunctionscanbe expressedn this logic aswell. We
discussthe advantagesof usingthis reductionascomparedo competingmethodsandpresent
experimentakesultsthatsupportour claims.

Thisresearctlwassupportedn partby the Office of Naval ResearcfONR) andthe Naval Re-
searchLaboratory(NRL) undercontractno. N00014-01-1-0796andthe GigascaleResearch
Centerundercontract98-DT-660.Thesecondauthoris supportedn partby aNationalDefense
ScienceandEngineeringGraduate-ellowship.



Keywords: Verification,Decision-procedureseparatiorogic, differenceogic, SAT



1 Intr oduction

Recentadvancesin SAT solving make it worthwhile to try and reducehard decision
problemsthatweresofar solved by designatedlgorithms to the problemof deciding
apropositionaformula.ModernSAT solverscanfrequentlydecideformulaswith hun-
dredsof thousandsef variablesn ashortamouniof time. They areusedfor solvingava-

riety of problemssuchasAl planning,AutomaticTestPatternGeneratiofATPG)[21],
BoundedVodel Checking[4],andmore.In this papemwe shav suchareductionto SAT

from atheoryof sepaationpredicates, i.e., formulasthatcontainthestandardoolean
connectves,aswell aspredicate®f theformv; > v; + c where> € {>, >}, cisacon-
stant,andv;, v; arevariablesof typer eal ori nt eger . Theotherinequalitysignsas
well asequalitiescanbeexpressedn thislogic. Uninterpretedunctionscanbehandled
aswell sincethey canbereducedo Booleancombinationf equalities[1].

Separatiompredicatesare usedin verification of timed systemsschedulingprob-
lems, and more. Hardware modelswith ordereddatastructureshave inequalitiesas
well. For example,if the model containsa queueof unboundedength, the test for
he introducesinequalities.In fact, mostinequalitiesin verification condi-
tions, Pratt obsened [17], are of this form. Furthermore sincetheoremproverscan
decidemixed theories(by invoking an appropriatedecisionprocedurefor eachlogic
fragment[20]),restrictingour attentionto separatiorpredicatesdoesnot meanthat it
is helpful only for purecombinationf thesepredicatesRatherit meanghatthe new
decisionprocedurecanshorterthe verificationtime of ary formulathatcontainsa sig-
nificantnumberof thesepredicates.

Thereductionto SAT we suggests basedon two steps First, we encodethe sepa-
ration predicatesasnew Booleanvariables.Secondwe addconstraintson thesevari-
ables,basedon an analysisof the transitvity of the original predicatesThe idea of
Booleanencodingof predicatesn this context wasintroducedby Goel et al. [13] for
decidingequality logic, althoughthey did not compensatdor the lost transitvity by
adding constraintsThey encodeeachequality predicate with a nev Boolean
variablee;;, and computethe BDD correspondingdo the resultingBooleanformula.
Then,they searchthe BDD for a consistenpathleadingto ‘1’, i.e., anassignmento
the e;; variablesthatis consistentvith the transitvity requirement®f equality (e.g.,
anassignmeng;;  e; ) € is inconsistenbecausét doesnot respecthe
transitvity requirementf thecorresponding@qualitypredicates)Theoriginal formula
is satisfiabldf andonly if suchapathis found.Bryantetal. [6] latersuggestedb avoid
the searchphasgwhich is worst-casexponential)by explicitly addingthe transitivity
constraintdo theformula. The equalitypredicatecanberepresentedsanundirected
graph,wherethe nodesarethevariablesandthereis anedgebetweertwo nodes and

if andonly if thereis a predicate in theformula. Transitvity of equalityforbids
anassignmenin which all edgesof a cycle exceptoneareassignedrRUE. Thus, it is
sufficientto addsucha constrainfor eachsimplecycle in the graph.The currentwork

! Thetermsepaation predicatess adoptedrom Pratt[17],who consideredseparatiortheory’,
amorerestrictedcasen which all theconstraintsareof theformv;  v; + ¢, andconjunction
is theonly Booleanoperatorallowed. This logic is alsoknown as‘dif ferencedogic’.



canbe seenasa naturalextensionof [6] to the moregeneralsegmentof logic, namely
alogic of separatiompredicates.

The restof the paperis organizedasfollows. In the next sectionwe briefly sur
vey someexisting methodgor decidingseparatiorpredicatesanddiscusshe principle
differencedetweenthesemethodsand SAT. We describeour methodin sections3 to
5:in Section3 we presenbur basicgraph-basedecisionprocedureln Section4 we
shav how triangulatingthe graphcanreducethe complexity of the procedurén some
interestingcasegwhile makingit morecomplex in others).In Section5 we extendthe
procedureto handleintegers. We concludein Section6 by comparingrun-timesof
thesuggestednethodandthetheoremproverICS[11,12], whenappliedto a variety of
realisticexamplesfrom hardwaredesignsandtimed systems.

2 SAT vs.other decisionprocedures

Therearemary methodsor decidinga formulaconsistingof a conjunctionof separa-
tion predicatesFor example,a known graph-basedecisionproceduréor this type of
formulas(frequentlyattributedto Bellman,1957)worksasfollows: givenaconjunction
of separatiorpredicates , it constructsa constaintsgraph, which is a directedgraph
,  inwhichthe setof nodesis equalto the setof variablesn , andnodev; has
adirectededgewith ‘weight’ ¢ to nodev; iff theconstrainty; v; +cisin . Itisnot
hardto seethat s satisfiableff thereis nocyclein  with a negative accumulated
weight. Thus,deciding is reducedo searchinghe graphfor suchcycles.Variations
of this procedureveredescribedfor examplein [17], andareimplementedn theorem
proverssuchas Coq[2]. The Bellman-Ford algorithm[8] canfind whetherthereis a
negative cycle in sucha graphin polynomialtime, andis consideredsthe standardn
solvingtheseproblems. It is used,for example,whencomputingDifferenceDecision
Diagrams(DDD) [14]. DDD’s aresimilar to BDDs, but insteadof Booleanvariables,
their nodesare labeledwith separatiorpredicatesin orderto computewhethereach
pathin the DDD leadsto ‘0’ or ‘1’, the Bellman-Ford procedurds invoked separately
for eachpath.
Most theoremprovers can decidethe more generalproblemof linear arithmetic.
Linear arithmeticpermitspredicatesf theform . ;u; > (the coeficients
areconstants)They usuallyapply variableeliminationmethodsmostno-
tably the FourierMotzkin techniqug5], whichis usedin PVS[16],ICS, IMPS[10]and
others.Otherapproacheicludethe graph-theoreti@analysisdueto Shostak19], the
Simplex method[9],the Sup-Infmethod[18],andmore.All of thesemethodshowever,
needto be combinedwith case-splittingn orderto handledisjunctions. Normally this
is thebottleneckof the decisionprocesssincethe numberof sub-problemshatneedto
besolvedis worstcaseaxponential Onemaythink of case-splittingasa two stepsalgo-
rithm: first, theformulais cornvertedto Disjunctive Normal Form (DNF); secondgeach
clauseis solved separatelyThus,the complexity of this problemis dominatedby the
sizeof the generatedNF. For this reasormoderntheoremproverstry to refrainfrom

2 Notethatevenif theformuladoesnotincludedisjunctionsoriginally, disjunctionsarenormally
addedo it by thedecisionproceduravhenreducinguninterpretedunctions.



explicit case-splittingThey apply‘lazy’ case-splittingsplitting only whenencounter
ing a disjunction)that only in the worst casegeneratesll possiblesub-formulasas
describedhbore. Oneexceptionto theneedfor casesplitting in the presencef disjunc-
tionsis DDDs. DDDs do not requireexplicit case-splittingjn the sensethatthe DDD
datastructureallows termsharing.Yet the numberof sub-problemshataresolvedcan
still be exponential.

Reducingheproblemto decidingapropositionaformula(SAT) obviously doesnot
avoid the potentialexponentiablow-up. Thevariousbranchingalgorithmsusedin SAT
solverscanalsobe seenas case-splittingBut thereis a differencebetweenapplying
case-splittingo formulasandsplitting the domain.While the formerrequiresaninvo-
cationof a (theory-specificprocedurefor decidingeachcaseconsideredthe second
is aninstantiationof the formulawith a finite numberof assignmentsThus, the latter
amountgo checkingwhetherall clausesresatisfiedunderoneof theseassignments.

Thisdifferencewe now argue,is thereasorfor themajorperformancegapbetween
CNF - SAT solversandalternatve decisionprocedureshat have the sametheoretical
compleity. Wewill demonstratéheimplicationsof thisdifferenceby consideringhree
importantmechanismén decisionprocedurespruning, learningandguidance In the
discussiorthatfollows, we referto thetechniquesppliedin the Chaf [15] SAT solver.
Most modernSAT solverswork accordingto similar principles.

— Pruning. Instantiationin SAT solversis doneby following a binary decisiontree,
whereeachdecisioncorresponds$o choosinga variableandassigningt aBoolean
value.This methodmakesit very easyto applypruning:onceit discoversa contra-
dictory partial assignment , it backtracksand consequenthall assignmentshat
contain arepruned.It is not clearwhetheran equivalentor otherpruningtech-
niguescanbe appliedin case-splittingover formulas,otherthanstoppingwhena
clauseis evaluatedo true(or false,if we checkvalidity).

— Learning Everytime a conflict (anunsatisfiectlause)s encounteretby Chaf, the
partial assignmenthat led to this conflict is recordedwith the aim of preventing
the samepartial assignmenfrom beingrepeatedin otherwords,all assignments
that containa ‘bad’ sub-assignmerthat was encounteredn the pastare pruned.
Learningis appliedin differentwaysin otherdecisionproceduresaswell. For ex-
ample,PVSrecordssub-goalst hasprovenandaddsthemasanantecedento yet
unprovensub-goalswith thehopeit will simplify their proofs.In regardto separa-
tion theory we arenot awareof a specificlearningmechanismbut it's not hardto
think of one. Our argumentin this caseis thereforenot thatlearningis harderor
impossiblein otherdecisionprocedures ratherthatby reducingproblemsto SAT,
onebenefitsfrom the existing learningtechniqueshatwerealreadydevelopedand
implementedvertheyears.

— Guidance By ‘guidance’we meanprioritizing the internal stepsof the decision
procedureFor example,considerthe formula , Where s unsatisfiable
andhardto solve,and s satisfiablebut easyto solve. If the clausesaresolved
from left to right, solvingthe above formulawill take longerthansolving
We experimentedvith severalsuchformulasin bothICS andPVS,andfoundthat
changingthe orderof expressionsan have a significantimpacton performance,
which meanghatguidancds indeedproblematidn the generakcase.



The succes®f guidancedepend®n the ability to efficiently estimatehow hard
it is to processeachsubformulaand/orto whatextentit will simplify therestof the
proof. Both of thesemeasuresireeasyto estimateén CNF-SAT solving,andhard
to estimatewhenprocessingnoregeneralsubformulas.Guidancein SAT is done
whenchoosingthe next variableand Booleanvaluein eachlevel in the decision
tree. Thereare mary heuristicsfor makingthis choice.For example:choosethe
variableandassignmenthatsatisfieghelargestnumberof clausesThus,thehard-
nessof whatwill remainto prove aftereachdecisionis estimatedy thenumberof
unsatisfiectlauses.

Moderntheoremproversnormallyalsotry to guidethe proof. The SVCtheorem
prover[3], for example,ordersits sub-expressionsccordingto a recursve defini-
tion of ‘hardness’constant@rethe simplest;add’ expressionareashardastheir
mostcomple child, etc. Evaluatingeasierexpressiondirst resultson averagein
fasterdecisions.

Not only thatthesemechanismsare harderto integratein the alternatve procedures,
they becomealmostimpossibleto implementin the presencef mixedtheories(what
canbelearnedfrom solvinga sub-goalwith e.g.bit-vectorsthatwill speedup another
sub-goalwith lineararithmetic,evenif bothreferto the samevariables?)This is why
reducingmixedtheoriesto acommontheorylik e propositionalogic malesit easierto
enjoy the potentialspeed-umainedby thesetechniquesMany decidabletheoriesthat
arefrequentlyencounteredn verificationhave known efficient reductionsto proposi-
tional formulas.Thereforea similar reductionfrom separatiorpredicatedroadenghe
logic thatcanbe decidedby solvinga single SAT instance.

3 A graph theoretic approach

Let beaformulaconsistingof the standardoropositionalkconnectvesandpredicates
of theformv; > v; + ¢ andv; I> ¢, wherec is aconstantandv;, v; arevariablesof type

real (wetreatintegervariablesn Section5). We decide in threestepsasdescribed
belon. A summaryof the procedureandanexamplewill begivenin Section3.4.

3.1 Normalizing
As afirst step,we normalize .

1. Rewrite v; > casv; > v + ¢.®
2. Rewrite equalitiesasconjunctionof inequalities.

3. Rewrite* "and‘ ’ predicatesis'>’ and‘>’, e.g.,rewritev; v; + c asv; >
V; C.

Sv canbethoughtof asa specialariablethatalwayshasacoeficient‘0’ (anideaadopted
from [19]).



3.2 Booleanencodingand basicgraph construction

After normalizing , our decisionprocedureabstractsll predicatesy replacingthem
with new Booleanvariables By doing so, the implicit transitvity constraintsof these
predicatesrelost. We useagraphtheoreticapproactto representhis ‘lost transitiity’
and,in thenext step,to derive a setof constraintshatcompensatéor thisloss.

Let , beaweighteddirectedmultigraph,whereevery edgee € is a4-
tuple v;,v5,¢, definedasfollows:v; isthesourcenode v; is thetargetnode c is the
weight,and € {>, >} isthetypeof theedge We will denoteby e, e, e and

e thesourcetamget,weight,andtype of anedgee, respectiely. We will alsodefine
thedualedgeof e, denoteck, asfollows:

1. ife , ,¢,> ,thene , 5 G
2. ife , ,¢, > ,thene y sy Cy> .

Informally, e representthecomplementonstrainiof e. Thuse  e.
We encode andconstruct asfollows:

1. Booleanencodingandbasicgraphconstruction
(a) Add anodefor eachvariablein
(b) Replacesachpredicateof theformv; > v; + ¢ with aBooleanvariablee; ; ,
andadd v;,vj,¢,> to
(c) Replaceeachpredicateof theform v; > v; + c with aBooleanvariablee; ; ,
andadd v;,v;,¢,> to
2. Adddualedees.
Foreachedgee € e.

We denotethe encodedBooleanformulaby . Sinceevery edgein is associated
with a Booleanvariablein  (while its dual is associatedvith the negation of this
variable),we will referto edgesandtheir associatediariablesinterchangeablyhen
themeanings clearfrom the context.

3.3 Identifying the transiti vity constraints

Thetransitivity constraintdmposedby separatiorpredicatecanbeinferredfrom pre-
viouswork onthislogic[17,19]. Beforewe statetheseconstraint§ormally, we demon-
stratethemon a simplecycle of size2. Let v > v +c¢ and v > v +c
betwo predicatesn . It is easytoseethatif ¢ +¢ > then is unsatisfiable.
Additionally, if ¢ + ¢ andatleastoneof > ,> isequalto‘>’, then is
unsatisfiableswell. The constrainton the otherdirectioncanbeinferredby applying
theabove constraintgo thedualsof and :ife¢ +¢ ,orife +c¢ andat
leastoneof > ,> isequalto® ', then is unsatisfiable.

We continueby formalizingandgeneralizingheseconstraints.

Definition 1. A directedpathof length  fromw; to v; is a list of edgese e  s.t.
e v;, € v;and €e; e; .Adirectedpathis calledsimple if
no nodeis repeatedn thepath.



We will usecapitallettersto denotedirectedpaths,andextendthenotations e, e

and e topathsasfollows.Let e e beadirectedpath.Then e ,
e and ; €; . is definedasfollows:
2 if €; >
> if i €; >’
otherwise

We alsoextendthe notationfor dualedgedo pathsif isadirectedpath,then isthe
directedpathmadeof the dualedgesof

Definition 2. A Transitve Sub-Graph(TsG) is a sub-gaph comprised
of two directedpaths and , Starting and endingin the samenodes,i.e.,

and . iscalledsimpleif both and aresimpleandthe
onlynodesshaedby and are and

Thetransitivity requirementsf adirectedcycle® andaTsc arepresentedh Fig. 1.
Theserequirementsanbe inferredfrom previous work on this logic, andwill not be
formally provedhere.

Rules Rules

‘> R1,R2 ‘> '>' R1T,R?

‘>" R3,R4 > ‘> R3,R4

else R2,R3 else R2’, R3’
R1 :if > i 0 R1 :if > , i J
R2 :if , ;1 R2' :if , i j
R3 :if >, ;i 0 R3 :if > s i i
R4 :if , i 1 R4’ :if , i J
(a) Cycles (b) Transitivesub-gaphs

Fig. 1. Transitvity requirement®f cycles(a) andtransitive sub-graphgb)

Bothsetsof ruleshave redundang dueto thedualedgesFor example eachcycle has
adualcycle with anoppositedirectionand . Applying the four rules
to bothcycleswill yield exactly the sameconstraints\We canthereforeconsidercycles
in onedirectiononly. Alternatively, we canignoreR3 andR4, sincethefirst two rules
yield thesameresultwhenappliedto the dualcycle. Neverthelessve continuewith the
setof four rulesfor easeof presentation.

Definition 3. Acycle (alternativelya TsG ) is satisfiedby assignment , denoted
,if  satisfiedts correspondingonstaintsasdefinedn Fig. 1.

4 By a‘directedcycle’ we meana closeddirectedpathin which eachsub-gcle is iteratedonce.
It is obviousthatiterationsover cyclesdo not addtransitiity constraints.



We will denoteby e theBooleanvalueassignedo e by anassignment . We will
usethe notation i , to expresgthefactthatrule R is appliedto and
is not satisfiedby

Proposition1. Let and bea TsG anda directedcyclein
respectivelyThen iff

Proof. Eachrule hasthreeparts:the conditionunderwhich it is applied(the values

of , and ), the antecedenbf the rule (the valuesof , and
) andthe consequencef therule (the valuesof , and ). We first

investigateherelationshipdetween and with respecto thesethreeelements:

1. (Applied rule) > > > . Similarly, >
> > . Thus,for , appliesto iff appliesto
Consequentlyrule R is appliedto iff ruleR is appliedto
2. (Booleanvalueof therule’s antecedentlet  denoteone of the four inequality
signs. + . Theequivalenceof the
antecedendf eachrule andits primedversionis implied.

3. (Booleanvalue of the rule’s consequencender ) By definition of dual edges,
€j e; and €j e;. By definitionof and ,
€; €; €; and €; €j €;. The

equivalenceof the Booleanvalueunder of eachrule andits primedversionis
implied.

Giventheserelationships:

(if) LetR bearulethatis notsatisfiecdby inrespecto ,i.e. i . Thecor
respondinguleR ischecledfor (item1). TheBooleanvaluesof boththeantecedent
andconsequencef R arethesameasR ’s(items2 and3), andtherefore doesnot
satisfyR aswell. Thus, i

(onlyif) A similarargumentto theif caseSwapR with R and with

Examplel. We demonstratéheduality betweerTsc’ sandcycleswith acycle where
‘>" and > (Fig. 2(a)). Assume assignsl to all of edges,i.e.,
. Consequently

(a) (b)

Fig. 2. A cycle (a) and a possibledual transitive sub-graph(b). Solid edgesrepresenstrict in-
equality(>) while dashededgegepresentveakinequalities(* >’).



Weconstruct from by substitutinge.g.,e with its dual(Fig. 2(b)). isaTsG made

of thetwo directedpaths e ,e ,e and e , thatsatisfy >
‘>"and > (because e ). Accordingto Fig. 1(b), we apply
R3’ andR4’. Butsince e e , R3" is not satisfied Thus,

Propositionl impliesthatit is sufficient to concentrateon either TsG’s or cycles.In
therestof this paperwe will concentraten cycles,sincetheir symmetrymakesthem
easierto handle.

Thefollowing propositionwill allow usto concentrat@nly on simplecycles.

Proposition2. Let bea nonsimplecyclein , andlet bean assignmento
edees. If thenthere existsa sub-gaphof that formsa simplecycle s.t.

Proof. Lete¢ ¢, > bethesimplecyclesin (it is possiblethatsomeedgesare
sharedby thesecycles).We distinguishbetweerseveralcases:

1. 1f > thenfor all . G > andthereforerulesR1 andR2
apply If then > and c c . At leastone
of thesecycles,sayc;, hasapositveweight,i.e. ¢; > .Since c¢; > and

cj then ¢;. For R2, theargumentis similar: if then
and c c . Thereexistsacyclec; s.t. ¢ , and
since ¢; > and ¢ then ¢j.

2. Else,if > , theproofis similarto the previouscaseswapR1 with R3 and

R2 with R4 andchangeheinequalitiesaccordingly:swap’ >’ with > and  with

3. Else, . We againsplit the proof:
(a If , then and c c f
c c , we needto show that R2 is appliedto at least
oneof them.But since thenfor atleastoneof thesecycles,sayc;,
c; > ,andthereforeR2is appliedtoc;. Thus, ¢;. Else thereexists
acyclec; s.t. ¢ . Thus c; or ¢;, dependinn  ¢; .
(b) If , then > and c c f
c c , we needto shov thatR3 is appliedto atleastoneof
them.But since thenfor atleastoneof them,sayc;, ¢; >,
andthereforeR3 is appliedto ¢;. Thus, ¢;. Else,thereexistsacycle ¢;
st. ¢ > .Thus c; or ¢;, dependinpn  ¢; .

We have shaovedthatin all casesf is not satisfiedby , thenthereexistsa simple
cycle,whichis asub-graptof , thatis not satisfiedoy

Thus,our decisionprocedureaddsconstraintdo  for every simplecycle in ac-

cordingto Fig. 1(a).

3.4 A decisionprocedure and its complexity

To summarizehis section,our decisionprocedureconsistf threestages:



1. Normalizing . After this steptheformulacontainsonly the‘>" and‘>’ signs.

2. Deriving from by encoding ’s predicatesith new Booleanvariables Each
predicateaddsan edgeand its dual to the inequalitygraph , asexplainedin
Section3.2

3. Addingtransitivity constraintor every simplecyclein accordingo Fig. 1(a).

We delaythe correctnesgroof (soundnesandcompletenessp Section4.2, afterwe
introducesomechangedo this basicprocedure.

Example2. Considertheformula

v

> >

After step2 we have
e e e

(for simplicity we refer to weak inequality predicateshy a negation of their duals).
Togetherwith the dualedges,  containsone cycle with weight 1 consistingof the
vertices , , , andthedualof this cycle. Consideringhe former, accordingto R3 we
addto theconstraint

e € €

Theconstrainton thedualcycleis equivalentandis thereforenot computed.

This exampledemonstratethatthe suggestegroceduranay generateedundanton-
straints(yet noneof themmakesthe proceduréncomplete) Thereis no reasorto con-
sidercyclesthattheir edgesarenot conjoinedin the DNF of . In [22] we prove this
obsenationandexplain how the above procedurecanbe combinedwith conjunctions
matricesin orderto avoid redundantconstraints.The conjunctionsmatrix of  is a

matrix, computablén polynomialtime, thatstatefor eachpair of predicates
in  whetherthey would appearin the sameclauseif the formulawastransformedo
DNF. Thisinformationis sufficient for concludingwhethera given cycle ever appears
asawholein asingleDNF clause Only if theanswelis yes,we addtheassociatedon-
straint.We referthereadeito theabove referencdor moredetailson thisimprovement
(notethatthe experimentdn Section6 did notincludethis optimization).

Complexity. Thecompleity of enumeratinghe constraintgor all simplecyclesis lin-
earin thenumberof cycles.Theremaybeanexponentiaihumberof suchcycles.Thus,
while the numberof variablesis fixed, the numberof constraintscan be exponential
(yetboundedby ). SAT is exponentialin the numberof variablesandlinearin the
numberof constraintsThereforethe complexity of the SAT checkingstagein our pro-
cedureis tightly boundedby O (0] , whichis similar to the complexity
of the Bellman-Ford procedurecombinedwith case-splittingThe only agumentin fa-
vor of our methodis thatin practice SAT solversarelesssensitve to the numberof
variables,and are more affectedby the connectvity betweenthem. The experiments
detailedin Section6 provesthatthis obsenationappliesat leastto the setof examples



we tried. The SAT phasewvasneverthebottleneckin our experimentsratherit wasthe
generatiorof theformula.

Thus,themoreinterestingquestioris whetherthecycle enumeratiophasds easier
thancasesplitting, asbothareexponentiain . Theansweiis thatnormallythereare
significantlymoreclausego derive andcheckthantherearecyclesto enumerateThere
aretwo reasondor this: first, the samecyclescanberepeatedn mary clausessecond,
in satisfiableformulasmary clausesio not containacycle atall.

4 Compactrepresentationof transiti vity constraints

Explicit enumeratiorof cycleswill resultin constraintsin the caseof Fig. 3(a),
regardlessof the weightson the edgesIn mary caseghis worst casecanbe avoided
by addingmore edgego the graph.The generalideais to projectthe informationthat
is containedin a directedpath (i.e., the accumulatedveight andtype of edgesin the
path)to asingleedgelf therearetwo or morepathsthatbearthe sameinformation,the
representatiowill bemorecompactin Sectiord.2wewill elaborateontheimplication
of this changeon the complexity of the procedure.

4.1 Fromcyclesto triangles

The main tool that we will usefor deriving the compactrepresentations chordal
graphs Chordalgraphs(a.k.a.triangulatedgraphs)are normally definedin the con-
text of undirected,unweightedgraphs.A chordalgraphin that context is a graphin
which all cyclesof size4 or morecontainaninternalchord (an edgebetweemon ad-
jacentvertices).Chordalgraphswere usedin [6] to representransitvity constraints
(of equality in their case)in a conciseway. We will usethemfor the samepurpose.
Yet, thereareseveralaspectsn which is differentfrom the graphconsideredn the
standardefinition:  is adirectedmultigraphwith two typesof edgestheedgesare
weightedandeachoneof themhasa dual.

Definition 4. Let beasimplecyclein . Letwv; andv; betwo nonadjacentnodes
in . We denotethe pathfromv; to v; by ; ;. A chord e fromu; to v; is called ; ;-
accumulatingf it satisfieghesetwo requirements:

1. e ij
2. e ‘>if ij ‘> or if ij “and ‘>'. Otherwise
e ‘>

Thisdefinitionrefersto the caseof onepathbetween and , andcanbeeasilyextended
if thereis morethanonesuchpath.Note thatthe definitionof e relieson  ;; ,

whichis basedntheedgeof the‘otherside’ of thecycle. Sincetherecanbemorethan
onepath ;;, andeachonecanhave differenttypesof edgesmakingthegraphchordal
may requirethe additionof two edgesetween and , correspondingo thetwo types
of inequality signs.As will be shovn in Section4.2, our decisionprocedurerefrains
from explicitly checkingall thepaths ; ;. Ratheiit addsthesetwo edgesautomatically
when ;; .

Definitiondjf givesriseto thefollowing obsenation,which we statewithout proof:

10



@ (b)

Fig.3.(a)In aclosed -diamondsshapehereare simplecycles.(b) Theedge accumulates
thepath ; ; ,

Proposition3. Lete bea ; ;-accumulatingchord in a simplecycle , and let
e i j. Thefollowing equivalenciesold: and

Example3. In Fig. 3(b), eachedgeis marked with its identifier e; andweight ;. By

Definition4,eisa ; j-accumulatingchord.Let e ij ee,e .Then
asobsenedin Propositiors, ‘ "and i Ci
Definition 5. is calledchordalif all simplecyclesin of sizegreateror equalto

4 containan accumulatingchord.

We leave the questionof how to make chordalto the next section.We first prove
thefollowing proposition:

Proposition4. Let beasimplecyclein achordalgraph , andlet beanassign-
mentto theedgesof . If thenthere existsa simplecycle of size3in s.t.

Proof Let beasimplecyclein of sizegreaterthan3. Since  is chordal,it
containsanaccumulatingchorde from e.g.v; to v;.
We denotethe pathfrom v; to v; by ; ; andthe cycle throughe by, i.e.
e i ; (in Fig. 3(b), e,e ,e ).Recallthat only if . We
now considertwo cases:

1. e .
Accordingto Proposition3, and . Thus,the same
rulesapplyto and , andthe antecedentsf the rulesare evaluatedthe same.
Sincewe assumedhat e , thenthe consequencef all rulesarealso
evaluatedequally Thus, ; Iff i

2. e .
Considerthe cycle i; e (in Fig. 3(b), e ,e ,e ). By definition
of e ande, and . Thus,both R2 andR3 are applied,and

the antecedentf bothrulesis true,which impliesthatboth of their consequences
shouldbetrue.By definitionof dualedgesthefollowing holds:  ; ;
e e . Thus, assigns ; ; ande thesameBooleanvalue,andtherefore
is either0 or 1. In thefirst case , andin thesecond

11



In both casesve founda cycle thatis not satisfiedby  andis smallerthan . If either

or isof size3 or less,we assignit to  andwe aredone.Otherwise we apply
this proofrecursvely with either or . Sincebotharesmallerthan , terminationis
guaranteed.

4.2 The enhanceddecisionprocedure and its complexity

Basedon the above results,we changethe basicdecisionprocedureof Section3. We
adda stagefor makingthe graphchordal,andrestrictthe constraintsadditionphaseto
cyclesof size3 or less:

1. In the graphconstructionstageof Section3.2, we adda third stepfor makingthe
graphchordal;

3. Make thegraphchordal.

While
(a) Chooseanunmarledvertex € andmarkit.
(b) For eachpairof edges , ,¢, , , ,c, € ,where and are
unmarledverticesand
Add | ,¢ +c, andits dualto
If ,add , ;¢ +c¢, andits dualto

2. Ratherthan enumeratingconstraintsfor all simple cycles, as explainedin Sec-
tion 3.3, we only concentrat®n cyclesof size2 and3.

Variousheuristicccanbeusedfor decidingtheorderin whichverticesarechoserin step
3(a). Ourimplementatiorfollows a greedycriterion: it removesthe vertex thatresults
in the minimumnumberof addededges.

Proposition5. Thegraph , asconstructedn step3, is chordal.

Proof. Falselyassumehatthereexistsasimplecycle e e , > ,thatdoes
not containanaccumulatingchord.Let v , denotethefirst nodein that
wasmarkedin step3(a).

Lete beanedgefromv tov ande beanedgefromwv tov °.Usingthe

notationof Definition 4, e,e . We split thediscussiorto two cases:

1.if e e then and accordingto step3(b) we add
an edgee v o, , e + e to . e satisfieshoth
requirementsor a -accumulatinghord: e and e

(since thelatteris equivalentto the requirementn

thedefinition).

2. Else,we addthe two edgese v ,vo , e + e , > ande
v ,vu , e + e , > .Bothsatisfythefirstrequirementor a -
accumulatingchord: e e ; oneof themsatisfieghesec-
ondrequiremen{dependingnthevalueof ). Thus,oneof theseedges
isa -accumulatingchord.

5 I or we changeheindicesaccordingly

12



Thus,in all cases containsanaccumulatinghord,which contradictour assumption.
Thus, ischordal.

We now have all thenecessargomponentsgor proving the soundnesandthecom-
pletenessf this procedure:

Proposition6. is satisfiableif andonlyif s satisfiable

Proof. (if) Fig. 1(a)stateghetransitivity constraintghatarelost dueto the abstraction
of theseparatiompredicatesAccordingto Propositior2, every assignmenthatviolates
one of theseconstraintsn the abstractedormula , alsoviolatesa constrainton a

simplecyclein . Propositiorb assuresisthat  is chordal,andaccordingo Propo-
sition 4, in a chordalgraphtransitvity of simple cyclesis guaranteedy preserving
transitvity of cycleswhosesizeis lessor equalto three.Sincewe addthe constraints
of Fig. 1(a) for every cycle of sizelessor equalto three, retainsthe transitvity of

. Thus, is satisfiableif  is satisfiable(only if) Encodingeachpredicatewith a

new Booleanvariableis consenrative. The addedconstraintsare exactly thosethatare
imposedby transitvity of theinequalitysigns.Thus, is satisfiableonly if  is satis-
fiable.

Complexity. In the worst case the processof makingthe graphchordalcanaddan
exponentialnumberof edges.Considerthe following examplethat demonstrateghis
worst-caséehaior.

Example4. Considerthe graphin Figure4. It is cyclic on  verticesv ,v , ,v .
Thereare edgesgoingfromv; tow; for andalsofromv towv to
closethe cycles.Thus,we seethatthereare  simplecyclesin this graph,andsothe
cycle enumeratiorbasedechniquenasexponentialcompleity.

However, the chordalgraphbasedechniquewill alsodemonstratexponentialbe-
havior onthis example.Theweightson the edgesarechoserasfollows:

1. For , theweightsonedgegjoingfromv; tov; are , * , * |

%
2. Theweightson edgegyoingfromv towv are , , ,

We canseethat no matterwherewe startaddingchords,we will endup addingone
chordfor every weightbetween and . Thus,we will endupadding chords.

Combiningthe worst-casepossibility of an exponentialnumberof edgeswith the
compleity of SAT, the procedureappeargo be doubleexponential.However, notice
that the transitvity constraintsgeneratedrom the chordal graphare Horn clauses.
Therefore given an assignmento the Booleanencodingof the original formula, the
transitvity constraintsare implied in linear time. Hence,the SAT solver canbe re-
strictedto case-splitonly on the Booleanvariablesencodingthe original setof pred-
icates,andthis resultsin SAT run-timethatis exponentialin the numberof clauses
andlinearin the numberof transitvity constraintsTherefore the overall procedurds
exponentiain thenumberof original predicategoriginaledgesn theconstraingraph).
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Fig. 4. Graphthatresultsin anexponentialnumberof chordaledgesheingadded.

Also, in mary casesthe chordalmethodcanreducecomplexity: considey for ex-
ample,a graphsimilar to the onein Fig. 3(a), whereall edgesare of the sametype. If
all the top edgeshave a uniform weightc¢ andall the bottom edgeshave a different
uniformweightc , it canbeshowvn thatthenumberof addededgesandhencethenum-
ber of constraintsjs quadraticin . Alternatively, if all the diamondsare ‘balanced’,
i.e., the accumulatedveight of the top and bottom pathsof eachdiamondare equal,
the numberof addededgess linearin . The secondexampleincludesthe frequently
encounteredasein which all weightsareequalto 0. Thus,in bothcaseghesizeof the
formulaandthe compleity of generatingt is smallerthanin the explicit enumeration

methodof Section3.

5 Integer domains

In our discussiorsofarwe assumedhatall variablesn theformulaareof typer eal .
We now extendouranalysido integer sepagtion predicatesi.e., predicate®f theform
v; > v; + ¢, wherev; andv; aredeclaredasintegers(predicatesnvolving bothtypes
of variablesareassumedo beforbidden).We adda preprocessingtageright after is

normalized:

1. Transform to NegationNormalForm(NNF), i.e.,negationsareallowedonly over
atomicpredicatesandeliminatenegationsby reversinginequalitysigns.

5 Thereis no needto actuallytransformtheformula. It is sufiicient to predictwhatwould bethe
inequalitysignof eachpredicatdf theformulawastransformedo thisform. This canbedone
simply by countingthe numberof negationsnestingeachpredicate.
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2. Replaceall integerseparatiorpredicatef theform v; > v; 4+ ¢ wherec is notan
integerwith v; > v; + ¢ .

3. Replaceeachinteger predicateof the form v; > v; + cin by the predicate
v 2 vj+c+

The procedurenow continuesasbefore,assumingll variablesareof typer eal .

Exampleb. Considettheunsatisfiabldormula > + where
and areintegers.After the preprocessingtep > + >

Wedenoteby thenormalizedcombinatiorof integerseparatiompredicategi.e.,after
stepl). It is obviousthat islogically equivalentto theoriginalformula . We denote
by  theresultof applyingsteps2 and3to . We now needto prove the following
proposition:

Proposition 7. is satisfiableff s satisfiable

We prove Proposition7 in two stepscorrespondingo the lasttwo stepsof the prepro-
cessingstage.

Lemmal. Letv; > v; + c be aninteger sepaation predicatein ~ whee ¢ is non-
integer. Derive  from  byreplacingthis predicatewithv; > v; + ¢ . Thenfor every
assignment , iff

Proof. Sincethereare no negationsin and , it is sufficient to prove thatif a
predicatds satisfiedn oneformulait canbe satisfiedn the other

(if) Suppose; > v; +cis evaluatedo trueunder . We canrewrite thisasv; v;D>c.
The LHs is integral while the RHS is non-integral. Thereforeclearlyv; v; > ¢ is
alsotrueunder . Thus . (onlyif) Trivial.

Applying this proof inductively on the predicatesn provesthe correctnes®f
thefirst step.We denotethe formularesultingfrom thefirst stepas

Lemma?2. Let beanormalizedcombinatiorof integer sepaation predicatesvhere
all constantsare integers, and let be the resultof applyingthe secondstepin the
preprocessingtageto . Then s satisfiableff  is satisfiable

Proof. Sincethereareno negationsin both formulas,it is sufficient to prove thatall
predicatesn oneformulacanbe satisfiedn the othet

(if) Let bean(integer)assignmens.t. ,andlet bethesetof predicates
in  of theformv; > v; + ¢ thataresatisfiedby . Sincev; andv; areintegers,then
clearlyv; > v; + ¢+ issatisfiedoy . Thus,

(onlyif) Let beanassignmens.t. .Letv v betherealvaluesassigned
by towv v ,thevariablesin . Also,let bethe setof predicatesn that
aresatisfiedby . Definev v for . Note that by definition,

v v for all . We definethe assignment asfollows:v v for

. We now showv that  satisfiesall the predicatesn . Notethatthereare
no strictinequalitiesin . Let v; > v; + c beapredicatein  thatwasobtained
by substitutingout a predicate  v; > v; + ¢ in .Since is satisfiedby
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v; >wv; +c. Usingthepossiblerangeforv v , wegetv; > v, >v; +c 2>

v; +c , whichimpliesthatv, > v;+c . Now, let v; > vj + c beapredicate
in thatoccuredn .Weseethatv, + >v; >v; +c¢2>v; + ¢, whichimplies
thatv; >v; +¢ . ButsincetheRrHs isinteger, thenv; > v; + c. Thus,bothtypes
of predicatesresatisfiedunder . We concludethat ,hence issatisfiable.

6 Experimental results

To testwhethercheckingthe encodedpropositionalformula  is indeedeasierthan
checkingtheoriginalformula , wegenerate@numberof sampldormulasandchecled
thembeforeandafterthe encodingWe checledtheoriginal formulaswith the ICS the-
oremprover, andchecledtheencodedormula  with the SAT solver Chaf [15].

First, we generatedormulasthathave the ‘diamond’ structureof Fig. 3(a), with
conjoineddiamonds Although artificial exampleslik e this oneare not necessarilye-
alistic, they areusefulfor checkingthe decisionproceduraindercontrolledconditions.
Eachdiamondhadthefollowing propertiesthetop andbottompathshave conjoined
edgesach;thetop andbottompathsaredisjointed;the edgesn thetop pathrepresent
strictinequalitieswhile theedgesn thebottompathrepresentveakinequalitiesThus,
thereare  simpleconjoinedcycles,eachof size( + ).

Examples. The formula belov representshe diamondstructurethat we usedin our
benchmarkor . For betterreadability we usethe notationof edgesratherthan
the onefor their associated@ooleanvariablesWe denoteby 7( /) the  nodein the
top (bottom)pathof the  diamond.Also, for simplicity we chosea uniform weight
¢, whichin practicevariedaswe explain below.

i (%7 iaca> i Vi 3 Cy > Vi, i:caz i Vi ,C,Z Vi U ,C >

By adjustingthe weightsof eachedge,we were ableto control the difficulty of the
problemfirst, we guaranteethatthereis only onesatisfyingassignmenito theformula,
which makesit moredifficult to solve (e.g.,in Example6, if we assigne for all
top edges,andc for all bottomedges,andc for the last,
closing edge,only the paththroughthe top edgesis satisfiable);secondthe weights
onthebottomandtop pathsareuniform (yet the diamondsarenot balanced)which, it
canbeshawn, causes quadratiagrowth in thenumberof addededgesandconstraints.
This, in fact,turnedoutto bethebottleneckof our procedureAs illustratedin thetable,
Chaf solved all SAT instancesn negligible time, while the proceduregor generating
the CNF formula (titled ‘CNF’) becamdessand lessefficient. However, in all cases
exceptthe last one,the combinedrun time of our procedurewvasfasterthanthe three
theoremproverswe experimentedwith. In a secondbatch(not listedin the table),we
changedill weightsto ‘1. This,ontheonehand balancedhediamondgeachdiamond
‘collapsed’into a single chordwith a weight ) andhenceresultedin linear growth.
On the other hand,it madethe formula unsatisfiablepecausell pathshave positive
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accumulatedveight. Generatinghe formula becamesasy(lessthana second)for all
instanceswhile therewasno significantchangen theruntimesof thetheorenprovers.
The tablein Fig. 5 includesresultsfor 7 cases.The resultsclearly demonstrateéhe
easinessf solvingthepropositionakencodingn comparisorwith theoriginal formula.

Topology Separation
n | d |ICS|DDD|CNF|SAT|Total
4| 2 |59
5| 2 |95.1
714 | * |16
10 5 | * | *
25| 5 | * | *
50| 5 | * | * 2 2

100 5 | * | * | 32 33

250 5 | * | * |754|1.6|755.

500 5 * * * *

Fig. 5. Resultsin secondsywhenappliedto a diamond-shapedraphswith  diamondsgachof
size . denotesuntime exceeding  sec.

As amorerealistictest,we experimentedvith formulasthataregeneratedn hard-
wareverificationproblemsTo generatéheseformulaswe usedthe UCLID verification
tool [7]. Thesehardwaremodelsincludea load-storeunit from anindustrialmicropro-
cessor an out-of-orderexecutionunit, and a cachecoherencegrotocol. The formulas
were generatedy symbolically simulatingthe modelsfor several stepsstartingfrom
aninitial state, andcheckinga safetypropertyattheendof eachstep.Fig. 6(a)summa-
rizestheseresults.Finally, we alsosolved formulasgeneratediuring symbolicmodel
checkingof timed systemsTheseexamplesarederived from a railroad crossinggate
controllerthatis commonlyusedin the timed systemditerature.Fig. 6(b) shows the
resultsfor theseformulas.

Acknowledgments We thank S. Germanfor giving us the cache-protocoexample,
andS. Lahiri for helpingwith the experimentsThefirst authoralsowishesto thankD.
Kroeningfor his guidancehroughthe mazeof algorithmsthatvarioustheoremprovers
use.
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