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Abstract

For mary discriminative classi ers, it is desirableto cornvertan unnormalizedcon dencescoreoutputfrom the classi er
to a normalizedprobability estimate. Sucha methodcanalso be usedfor creatingbetterestimatedrom a probabilistic
classi erthatoutputspoorestimatesTypical parametrianethodshave anunderlyingassumptiorthatthe scoredistribution
for a classis symmetric;we motivate why this assumptioris undesirable gspeciallywhen the scoresare outputby a
classi er. Two asymmetridamilies,anasymmetriggeneralizatiorof a Gaussiarmnda Laplacedistribution, arepresented,
andamethodof tting themin expectedineartimeis describedFinally, anexperimentabnalysisof parametricts to the
outputsof two text classi ers, nave Bayes(which is known to emit poor probabilities)anda linear SVM, is conducted.
Theanalysisshavsthatoneof theseasymmetridamiliesis theoreticallyattractive (introducingfew new parametersvhile
increasinge xibility), computationallyef cient, andempirically preferable.
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1 Intr oduction

Classi ersthatgive probability estimatesaremore e xible

in practicethanthosethatgive only a simpleclassi cation
or even a ranking. Probability estimatescan be usedin

a Bayesianrisk model (Dudaet al., 2001) to make cost-
sensitve decisiongZadrozry & Elkan,2001),for combin-
ing decisions(Bourlard & Morgan, 1990), andfor actve

learning(Lewis & Gale,1994;SaarTsechansk& Provost,
2001).However, a probability estimatemusthave stronger
constraintsthan simply falling in the interval to be
useful. They mustbe“good” in somesense.

Calibration formalizesthe conceptthat probabilities
emittedby a classi er adhereto a x edstandardA classi-
er is saidto bewell-calibratedif asthenumberof predic-
tions goesto in nity the predictedprobability goesto the
empirical probability (DeGroot& Fienbeg, 1983). Occa-
sionally“calibration” is usedlooselyin theliteratureto in-
dicatea methodgenerategood probability estimategsee
PerformanceMeasuesbelow).

Focus on improving probability estimateshas been
growing in the machinelearningliterature. Zadrozry and
Elkan (2001) provide a correctve measurefor decision
treeqtermedcurtailmen) andanon-parametricnethodor
recalibratingnave Bayes. Our work provides parametric
methodsapplicableto nave Bayeswhich complementhe
non-parametricmmethodghey proposevhendatascarcityis
anissue.In addition,their non-parametrienethodsreduce
theresolutionof the scoresoutputby the classi er, but the
methodsheredo not have sucha weaknessincethey are
continuoudunctions.

Thereis avarietyof otherwork thatthis paperextends.
Lewis andGale(1994)uselogisticregressiorto recalibrate
nave Bayesthoughthe quality of the probability estimates
are not directly evaluated;they are simply usedin actve
learning.Platt(1999)usesalogistic regressiorframenvork
thatmodelsnoisyclasdabelsto produceprobabilitiesfrom
theraw outputof anSVM. His work shavedthatthis post-
processingnethodnot only can produceprobability esti-
matesof similar quality to regularizedlikelihood kernel
methods but it alsotendsto producesparseikernels. Fi-
nally, Bennett(2000)obtainedmoderategainsby applying
Platt's methodto the recalibrationof nave Bayeshut also
found there were more problematicareasthan when this
methodwasappliedto SVMs.

Recalibratingpoorly calibratedclassi ersis not a new
problem. Lindley et al. (1979) rst proposedhe ideaof
recalibratingclassi ers,andDeGrootandFienbeg (1983;
1986)gavethenow acceptedtandardormalizationfor the
problemof assessingalibrationinitiated by others(Brier,
1950;Winkler, 1969).

2 ProblemDe nition & Approach

2.1 ProblemDe nition

The generalproblemwe areconcernedvith is highlighted
in gure 1. A classi er producesa predictionabouta dat-
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Figure 1: We areconcernedvith how to performthe box
highlightedin grey. Theinternalsarefor onetype of ap-
proach.

apointandgivessomescore indicatingthe strengthof
its decisionthatthe datapointbelongsto the positiveclass.
We assumehroughouthereareonly two classesthe pos-
itive andthenegative class('+' and'-' respectiely). *

Sincewe are concernedvith using methodsthat will
alsowork acceptablywhenthereis little data,we focuson
parametrianethods.Therearetwo generaltypesof para-
metricapproachesThe rst of thesdriesto t theposterior
functiondirectly, i.e. thereis onefunction estimatorthat
performsadirectmappingof thescore to the probability

. The seconaype of approactbreaksthe prob-
lem down asshowvn in thegrey boxof gure 1. An estima-
tor for eachof the class-conditionatlensities(i.e.
and ) is producedthenBayes'rule andtheclasspri-
orsareusedto obtainthe estimatefor

lwhentheoriginal classesaremutually exclusive, the binary clas-
si ers' predictionsmustbe combinedinto one nal prediction(andthe
separateprobability estimatesnustbe normalized). In the experiments
belon, we deal only with the casewhenthe original classesare not
mutuallyexclusive (i.e. anexamplemaybelongto morethanoneclass).



2.2 Motivation for Asymmetric Distribu-
tions

Most of the previous parametricapproacheso this prob-
len? either directly or indirectly (when tting only the
posterior) correspondto tting Gaussiango the class-
conditionaldensitiesthey differ only in the criterionused
to estimatethe parameters.We can visualizethis as de-
pictedin gure 2. Sinceincreasing usually indicates
(whenthe classi er hasgood accurag) increasedikeli-

hoodof belongingto the positive class,thenthe rightmost
distribution usuallycorrespond$o
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Figure 2: Typical View of ClassDiscriminationbasedon
Gaussians

However, using standardGaussiangails to capitalize
on a basiccharacteristiccommonlyseen. Namely if we
have a raw outputscorethat canbe usedfor discrimina-
tion, thenthe empirical behaior betweenthe modes(la-
bel B in gure 2) is often very differentthanthat outside
of the modes(labelsA andC in gure 2). Intuitively, the
areabetweerthe modescorrespond$o the hard examples,
which aredif cult for this raw outputscoreto distinguish,
while theareautsidethemodesaretheextremeexamples
thatareusuallyeasilydistinguishedThis suggestshatwe
may wantto uncouplethe scaleof the outsideandinside
segmentsof the distribution (asdepictedn gure 3).

As aresult,anasymmetriadistribution maybe a more
appropriatehoicefor applicationto theraw outputscoreof
aclassi er. Notethattheasymmetridistributionsdepicted
in gure 3areableto placetheestimatednodemuchmore
closelyto thetrue modebecauset canseparatehallocate
its outsideand inside mass;whereashe symmetricform
shiftsthe modetowardthelongtail of the outsidemass.

Ideally (i.e. perfectclassi cation)therewill be some
scores and suchthatall exampleswith scoregreater
than arepositive andall exampleswith scoredessthen

are negative. Furthermoreno examplesfall between

2A notableexceptionis (Manmathaetal., 2001)which usesa mixture
model.
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Figure3: Gaussiangs. AsymmetricGaussiansA Short-
coming of SymmetricDistributions— The vertical lines
shav the modesasestimatechonparametrically

and . Thedistance correspondso the
maugin in someclassi ers,andanattemptis oftenmadeto
maximizethis quantity Perfectclassi cation corresponds
to usingtwo very asymmetridistributions,but in thiscase,
theprobabilitiesareactuallyoneandzeroandmary meth-
odswill work for typical purposes.

Practically someexampleswill fall between and

, andit is oftenimportantto estimatethe probabilitiesof
theseexampleswell (sincethey correspondo the “hard”
examples). Justi cations can be given for both why you
may nd moreandlessexamplesbetween and than
outsideof them,but therearefew empiricalreasongo be-
lieve thatthedistributionsshouldbe symmetric.

A natural rst candidatdor anasymmetridistribution
is to generalizea commonsymmetricdistribution, e.g. the
Laplaceor the GaussianAn asymmetrid_aplacedistribu-
tion canbe achieved by placingtwo exponentialsaround
themodein thefollowing manner:

@
where , ,and arethemodelparameters. isthemode
of thedistribution, istheinversescaleof the exponential

to theleft of themode,and is theinversescaleof the ex-
ponentialto theright of themode.We will usethenotation
to referto this distribution.

We can createan asymmetricGaussianin the same



manner:

)

where , , and arethe model parameters.To refer
to this asymmetricGaussianwe usethe notation

Thesedistributionsallow usto t our datawith much

greatere xibility atthe costof only tting six parameters.

We couldinsteadry mixturemodelsfor eachcomponenbr
otherextensionsput mostotherextensiongequireat least
asmary parametergandcanoften be more computation-
ally expensve). In addition,the motivation above should
provide signi cant causeo believetheunderlyingdistribu-
tionsactuallybehaein thisway. Furthermorethis family
of distributions canstill t a symmetricdistribution, and
nally , in the empirical evaluation, evidenceis presented
thatdemonstratethis behaior.

To the authors knowledge,neitherfamily of distribu-
tions hasbeenpreviously usedin machinelearning. Both
are termedgeneralization®f an Asymmetric Laplacein
(Kotzetal., 2001),but we referto themasdescribedabove
to re ect thenatureof how we derivedthemfor this task.

3 Estimating the Parameters of the
Asymmetric Distrib utions

This sectiondevelopsthe methodfor nding maximum
likelihoodestimateg¢MLE) of theparameteror theabove
asymmetricdistributions. In orderto nd the MLEs, we
have two choices:(1) usenumericalestimatiorto estimate
all threeparameterstonce(2) x thevalueof , andesti-
matetheothertwo ( and or and ) givenourchoice
of , thenconsideralternatevaluesof . Becauseof the
simplicity of analysisin the latter alternative, we choose
thismethod.

3.1 Asymmetric Laplace MLEs

For wherethe arei.i.d. and
, thelikelihoodis .
Now, we x  andcomputethe maximumlik elihood for

thatchoiceof . Then,we cansimply considerall choices
of andchoosethe onewith the maximumlik elihood (or
equivalentlytheloglikelihood)overall choicesof

The completederivation of the following solution is

givenin appendixA. We de ne thefollowing values:

Notethat and arethesumof theabsoluteiffer-
encesbetweerthe belongingto theleft andright halves
of the distribution (respectrely) and . Finally the MLEs
for and fora xed are:

—=0)

Theseestimatesrenotwholly unexpectedsincewe would
obtain— if wewereto estimate independentlpf . The
eleganceof the formulaeis that the estimateswill tendto
be symmetriconly insofar asthe datadictateit (i.e. the

closer and aretobeingequaltheclosertheresulting
inversescales).
By continuityargumentswhen , We assign
where is a small constantthat actsto disperse

the distribution to a uniform. Similarly, when and

, We assign where is a very large
constanthatcorrespondgo anextremelysharpdistribution
(i.e. almostall massat for thathalf). is handled
similarly.

Assumingthat falls in somerange dependent
upononly the obsered datapointsthenthis alternatve is
alsoeasilycomputableGiven , We cancom-
putethe posteriorandthe MLEs in constantime. In addi-
tion, if thescoresaresorted thenwe canperformthewhole
procesgyuite ef ciently . Startingwith theminimum
we would lik e to try, we loop throughthe scoresonceand
set appropriately Thenwe increase and
just step pastthe scoresthat have shifted from the right
sideof thedistributionto theleft. Assumingthe numberof
candidate sare , this procesds , andthe over-
all procesds dominatedby sortingthe scores,

(or expectedineartime). SimpleC codeimplementinghis
algorithmis givenin appendixB.

Thereisnoneedtolet belessthan  for this prob-
lem. Enforcingthis makes estimatingthe parametergor
both distributions expectedtime When en-
forcing this, onecaneasilymake the additionalconstraint
thatif thereareties(generallyunlikely), prefertheestimate
with highervaluefor . However, enforcingthese
constraintss rarelyneededn practice(sinceclassi ersare
attemptingto separatehe data);in addition, it is usually
preferableto representhe fact that the classi er scoreis
reversed(i.e. lower scorestendto meanmembershign
positive class).



3.2 Asymmetric GaussianMLEs

For wherethe arei.i.d. and
, thelikelihoodis . The
MLEs canbeworkedoutsimilarto theabove.
We assumehesamede nitions asabove (thecomplete
derivationis givenin appendixC), andin addition,let:

Theanalyticalsolutionfor themaximumlik elihoodes-
timatesfora x ed is:

4
®)
By continuityargumentsywhen , Weassign
, andwhen and (resp. ),
we assign (resp. ).

Again,thesamecomputationatompleity analysisap-
pliesto estimatingtheseparametersAppendixD givesC
codeimplementingthis algorithm.

4 Experimental Analysis

4.1 Methods

For eachof the methodsthat usea classprior, we usea
smoothedadd-oneestimate,i.e. —— whereN
is the numberof datapointsFor methodghat t theclass-
conditionaldensities, and , theresultingden-
sitiesareinvertedusingBayes'rule asdescribedbove.

For recalibratinga classi er (i.e. correctingpoor prob-
ability estimateutputby the classi er), it is usualto use
the log-oddsof the classi er's estimateas . Thelog-
oddsare de ned to be . The normal decision
thresholdminimizing error)in termsof log-oddsis atzero
(i.e. ).

As discussedn (Lindley et al., 1979),the log-oddsis
usefulsinceit scaleghe outputsto aspace where
normal (and similar distributions) are applicable. Lewis
andGale(1994)give amoremotivating viewpointthatwe
cansee tting thelog-oddsasa dampeningffect (correct-
ing for theinaccuraténdependencassumptionandabias
correction(for possiblyinaccurateestimategor thepriors).
We notethatin general tting the log-oddscan sene to
boostor dampenthe signalfrom the original classi er as
thedatadictate.

4.1.1 Gaussians

A Gaussians t to eachof the class-conditionabensi-
ties, usingthe usualmaximumlik elihood estimates.This
methodis denotedn thetablesbelonv asGauss

4.1.2 Asymmetric Gaussians

An asymmetric Gaussianis t to each of the class-
conditionaldensitiesusing the maximumlik elihood esti-
mation proceduredescribedabore. Intervals betweenad-
jacentscoresaredividedby 10in testingcandidate s, i.e.

8 pointsbetweeractualscoresoccurringin thedatasetare
tested.This methodis denotedasA. Gausshelow.

4.1.3 Laplace Distributions

EventhoughLaplacedistributionsarenottypically applied
to this task,we alsotried this methodto isolatewhy ben-
e t is gainedfrom theasymmetridorm. The usualMLEs
were usedfor estimatingthe locationand scaleof a clas-
sical symmetricLaplacedistribution asdescribedn Kotz
etal. (2001).We denotethis methodasLaplacebelow.

4.1.4 Asymmetric Laplace Distrib utions

An asymmetric Laplace is t to each of the class-
conditionaldensitiesusing the maximumlik elihood esti-
mationproceduredescribedabove. As with the asymmet-
ric Gaussianintervalsbetweeradjacenscoresaredivided
by 10 in testingcandidate s. This methodis denotedas
A. Laplacebelow.

4.1.5 Logistic Regression

This methodis the rst of two methodswe evaluatedthat
directly t theposterior . Both methodgestrict
the setof familiesto atwo-parametesigmoidfamily; they
differ primarily in their modelof classlabels. As opposed
to theaboremethodspnecanarguethatanadditionalboon
of thesemethodsis they completelypresere the ranking
given by the classi er. Whenthis is desired thesemeth-
odsmay be moreappropriate.The previous methodswill
mostly presere the rankings,but they candeviate if the
datadictateit. Thus,they maymodelthedatabehaior bet-
ter at the costof departingfrom a monotonicityconstraint
in the outputof theclassi er.

Lewis andGale (1994)uselogistic regressiorto recal-
ibrate nave Bayesfor subsequentisein active learning.
Themodelthey useis:

(6)

Insteadof usingthe probabilitiesdirectly outputby the
classi er, they usethe loglikelihoodratio of the probabil-
ities, , asthe score . Insteadof usingthis




belov, we will usethelog-oddsratio. This doesnot effect
themodelasit simply shiftsall of the scoresby a constant
determinedy thepriors.

We referto this methodasLogRey below.

4.1.6 Logistic Regressionwith Noisy ClassLabels

Platt(1999)proposes framavork thatextendsthelogistic
regressionmodel above to incorporatenoisy classlabels
andusesit to produceprobability estimatedrom the raw
outputof anSVM classi er.

This modeldiffersfrom the LogRey modelonly in how
theparameterareestimatedTheparameterarestill t us-
ing maximumlik elihood estimation but a modelof noisy
classlabelsis usedin additionto allow for the possibil-
ity thatthe classwasmislabeled.The noiseis modeledby
assuminghereis a nite probabilityof mislabelinga posi-
tive exampleandof mislabelinga negative example;these
two noiseestimatesaredeterminedy the numberof posi-
tive examplesandthe numberof negative examplesusing
Bayes'rule to infer the probability of incorrectlabel).

Eventhoughthe performanceof this modelwould not
be expectedto deviate much from LogRey, we evaluate
it for completeness.We refer to this methodbelon as
LR+Noise

4.2 Data

We examinedthe abore methodson several “real world”
text corpora,including the MSN Web Directory Reutes,
and TREC-APdatasets. Sincethe categoriesundercon-
siderationin the experimentsare not mutually exclusive,
theclassi cationwasdoneby training binaryclassi ers,
where is thenumberof classes.

4.2.1 MSN Web Directory

The MSN Web Directory is a large collection of hetero-
geneousveb pages(from a May 1999web snapshot}hat
have been hierarchically classi ed. We usedthe same
train/testsplit of 50078/10024ocumentsasthatreported
in DumaisandChen(2000).

The MSN Web hierarchyis a 7-level hierarchy but we
have restrictedour analysisto the 13 top-level catayories.
The classproportionsin the training setvary from
to . In the testing set, they rangefrom to

. Theclassesregenerakubjectcategyoriessuchas
Health& Fitnessand Travel& Vacation Humanindexers
assignthe documentdo zeroor morecateyories.Thereare
approximatelyl30K binary decisionsmadeover the test
documentgi.e. 13 classedimes10024testdocuments).

For the experimentsbelow, only the top 1000 words
with highestmutualinformationfor eachclasswereused
(Dudaetal., 2001); approximatelyl 95K wordsappeaiin

at least3 training documentgthoseoccurringin lessthan
3 wereremoved).

4.2.2 Reuters

The Reuter21578corpus(Lewis, 1997)containsReuters
news articlesfrom 1987. For this dataset, we usedthe
ModApte standardrain/testsplit of 9603/329%ocuments
(8676unuseddocuments).The classesre economicsub-
jects(e.g., “acq” for acquisitions;earn” for earningsetc.)
that humanindexers decidedappliedto the document;a
documentmay have multiple subjects.Thereareactually
135 classesn this domain(only 90 of which occurin the
training and testingset); however, we only examinedthe
10 mostfrequentclasseqsimilar to (Dumaiset al., 1998;
Joachims,1998; McCallum & Nigam, 1998; Platt, 1999))
aswe believed we had a signi cant enoughvariation of
classfrequeng overall the corporaused®

The class proportionsin the training set vary from

to . In thetestingset,they rangefrom
to . Thereareapproximately33K binary decisions
to bemadeoverthetestset.

For the experimentsbelov we usedonly the top 300
wordswith highestmutualinformationfor eachclass;ap-
proximatelyl5K wordsappeaiin at least3 training docu-
ments.

4.2.3 TREC-AP

The TREC-AP corpusis a collectionof AP news stories
from 1988to 1990. We usedthe sametrain/testsplit of
142791/66992documentghat wasusedin (Lewis et al.,
1996). As describedin (Lewis & Gale, 1994) (seealso
(Lewis, 1995)),the categgoriesarede ned by keywordsin
a keyword eld. Thetitle andbody elds areusedin the
experimentsbelow.

Thefrequencie®f the 20 classesrethe sameasthose
reportedin (Lewis et al., 1996). The classproportionsin
the training setvary from to . In the testing
set,they rangefrom to . Thereare approxi-
mately1.3M binarydecisiongo be madeover thetestset.

For the experimentsdescribedoelon, we useonly the
top 1000 words with the highestmutual information for
eachclass;approximatelyl 23K words appearin at least
3 trainingdocuments.

4.3 Classiers

We selectedwo classi ersfor evaluation. A linear SVM
classi er which is a discriminative classi er that doesnot

SA separatecomparisonover all 90 cateories in a slightly non-
standardrersionof ReutergYang& Liu, 1999)wasconductedhatcom-
paredLogRea, LR+Noise andA. Laplace Thatevaluationalsosupported
theclaimsmadehere.



normallyoutputprobabilityvaluesandanave Bayesclas-
si er whoseprobabilityoutputsaretypically poor(Bennett,
2000; Domingos& Pazzani,1996) but can be improved
(Bennett,2000;Zadrozry & Elkan,2001).

43.1 SVM

ForlinearSVMs, we usethe Smoxoolkit whichis basedn
Platt's SequentialMinimal Optimization algorithm. The
featureswere representecs continuousvalues. We used
theraw outputscoreof the SVM as sinceit hasbeen
shawvn to be appropriatebefore(Platt, 1999). The normal
decisionthreshold(assumingwe are seekingto minimize
errors)for this classi eris at zero.

4.3.2 NaveBayes

The na've Bayesclassi er modelis a multinomial model
(McCallum & Nigam, 1998). We smoothedword and
classprobabilitiesusingaBayesiarestimatgwith theword
prior) anda Laplacem-estimateyespectiely. We usethe
log-oddsestimatedby the classi er as . Thenormal
decisionthresholds at zero.

4.4 Performance Measures

We use log-loss (Good, 1952) and squarederror (Brier,
1950; DeGroot& Fienbeg, 1986)to evaluatethe quality
of the probability estimatesDeGrootandFienbeg (1983)
shav how thesetwo scoringrulescanbebrokendown into
asumof two terms— onecorrespondingo calibration(as
de ned above) andanotherto re nement It is beyondthe
scopeof this article to delve into theseissues,but these
scoringruleshave beentypically usedto assesshe quality
of probability estimatesvithout breakingdown the score
into its componenparts.In theliteratureachieving a better
scoreaccordingto theseruleshassometimeseenloosely
termedimproving “calibration” but actually meaningthe
overallqualitywasimproved(viaimproving oneor bothof
thecomponents).

For adatum with class (i.e. thedata
have known labelsandnot probability values),log-lossis
de ned as
where is theKroneclerdeltafunction. Thesquarecerror
is .

We reportthe sum of thesemeasuresswell astheir
averagesaverageog-lossandmeansquarecerror (MSE).

In addition,we alsocomparethe errorrateof the clas-
si ers attheir defaultthresholdsaandwith the probabilities.
This gives an idea of how the probability estimateshave
improvedwith respecto the decisionthreshold

4

4We note that this measureshould not be usedalonewhen judging
the quality of a probability distribution sincethis measureonly indicates
whethertheestimatesendto the correctsideof

We useaastandargairedsign-tes{Yang& Liu, 1999)
to determinestatisticalsigni cancein the differenceof all
measuresOnly pairsthatthemethodglisagreenareused
in the sign test. This testcomparespairs of scoresfrom
two systemswith the null hypothesisthat the numberof
itemsthey disagreeon arebinomially distributed(i.e. each
systemdoesbetterabouthalf the time they disagree).We
useasigni cancelevel of

4.5 Experimental Methodology

In orderto generatehe scoreghateachmethodusesto t
its probability estimatesye use ve-fold cross-alidation
on the training data. We note that even though it is
computationallyef cient to perform lease-one-outcross-
validation for the nave Bayesclassi er, this may not be
desirabldn all casesincethedistribution of scorescanbe
biasedasaresult(i.e. the class-conditionadlensitieamight
shaw alargerseparatiothanwouldbeexpectedn held-out
data). Of course,aswith ary applicationof -fold cross-
validation,it is alsopossibleto biastheresultsby holding

toolow andunderestimatinghe performancef the nal
classier.

4.6 Results

The resultsfor recalibratingnave Bayesare given on the
left of tables1 and2. For producingprobabilisticoutputs
for SVMs, theresultsaregivenon theright of tablesl and
2.

We canbreakthingsdown asthe signtestdoesandjust
look at wins andlosseson the itemsthatthe methoddis-
agreeon. Lookedat in this way only two methods(na've
Bayesand A. Gaus$ ever have more pairwisewins than
A. Laplace thosetwo sometime$ave morepairwisewins
on log-lossand squarecerror even thoughthe total never
wins (i.e. they aredraggeddown by heary penalties).The
reasongor this behaior is discussedbelow.

In addition, this comparisonof pairwisewins means
thatfor thosecaseswhereLogRe andLR+Noisehave bet-
ter scoresthan A. Laplace it would not be deemedsig-
ni cant by the signtestat ary level sincethey do not have
morewins. For example,of the130K binarydecisionsover
theMSN WebdatasetA. Laplacehadapproximately 01K
pairwisewins versus_ogR& andLR+Noise

No method ever has more pairwise wins than
A. Laplace for the error rate comparisonnor does ary
methodevery achieve a bettertotal number

In orderto give the readera better senseof the be-
havior of thesemethods, gures 4-12 shav the ts pro-
ducedby thesemethodsversusthe actual data behaior
(as estimatednonparametricallyusinga x ed width ker-
nel) for classEarnin Reuters.Figures4-6 show the class-
conditionaldensities.Figures7-9 shav the estimationsof



Tablel: Resultsfor nave Bayes(left) andSVM (right). Thebestentryfor acorpusis in bold. Entriesthatarestatistically
signi cantly betterthanall otherentriesareunderlined A denotethemethods signi cantly betterthanall othermethods
exceptfor naveBayes A denotegheentryis signi cantly betterthanall othermethodsexceptfor A. Gauss(andna've

Bayedfor thetableontheleft).

| Log-loss | Error | Errors
MSN Web
Gauss -60656.41 | 10503.30| 10754
A.Gauss -57262.26 | 8727.47 | 9675
Laplace -45363.84 | 8617.59 | 10927
A.Laplace -36765.88 | 6407.84 | 8350
LogRg -36470.99 | 6525.47 | 8540
LR+Noise -36468.18 | 6534.61 | 8563
naveBayes| -1098900.83| 17117.50| 17834
Reuters
Gauss -5523.14 | 1124.17 | 1654
A.Gauss -4929.12 652.67 888
Laplace -5677.68 | 1157.33 | 1416
A.Laplace -3106.95 554.37 726
LogRg -3375.63 603.20 786
LR+Noise -3374.15 604.80 785
naveBayes| -52184.52 | 1969.41 | 2121
TREC-AP
Gauss -57872.57 | 8431.89 | 9705
A.Gauss -66009.43 | 7826.99 | 8865
Laplace -61548.42 | 9571.29 | 11442
A.Laplace -48711.55 | 7251.87 | 8642
LogReg -48250.81 | 7540.60 | 8797
LR+Noise -48251.51 | 7544.84 | 8801
naveBayes| -1903487.10 41770.21| 43661

| Log-loss | Error [ Errors
MSN Web
Gauss -54463.32| 9090.57 | 10555
A. Gauss -44363.70| 6907.79 | 8375
Laplace -42429.25| 7669.75 | 10201
A. Laplace | -31133.83| 5003.32 | 6170
LogRe -30209.36| 5158.74 | 6480
LR+Noise | -30294.01| 5209.80 | 6551
LinearSVM N/A N/A 6602
Reuters
Gauss -3955.33 | 589.25 | 735
A. Gauss -4580.46 | 428.21 | 532
Laplace -3569.36 | 640.19 | 770
A. Laplace | -2599.28 | 412.75 505
LogRe -2575.85 | 407.48 | 509
LR+Noise -2567.68 | 408.82 516
LinearSVM N/A N/A 516
TREC-AP
Gauss -54620.94| 6525.71 | 7321
A. Gauss -77729.49| 6062.64 | 6639
Laplace -54543.19| 7508.37 | 9033
A. Laplace | -48414.39| 5761.25 | 6572
LogRe -48285.56| 5914.04 | 6791
LR+Noise | -48214.96| 5919.25 | 6794
LinearSVM N/A N/A 6718

theposterior (i.e. ). Figures10-12shaw the
estimationsof the log-odds,(i.e. log ). The
differenceshetween_ogRe and LR+Noisewerenot visi-
ble to the eye in thesegraphs;thusonly oneline is shavn
for both. In orderto helpthereadeiquantifythedifferences
in these ts, we presenta detailedbreakdevn of log-loss
andsquarecerrorfor classEarnin tables3 and4.

4.7 Discussion

We startby noting several pointsof interestobsenablein
gures 4-11 and then move on to more generalobsena-
tions. First, the training andtestdistributionsin gure 4
areclearlydifferent. Thetrainingdistributionin bothcases
(for recalibratingnave Bayesand producingprobabilistic
outputsfor SVMSs) is harderto separatehanthe testdis-
tribution. Therearetwo primary reasonsvhy this might
be the case. The rst is that Reutersis a time sequence
of news stories, and the train/testsplit is a split at one
pointin time. Thereforetheactualdistribution might drift.

The secondbossibleexplanationis thatusing5-fold cross-
validationmightbeunderestimatinghe performancef the
nal classi er. While few detailsareobsenablein gures
7-9,it shouldgive thereadera generalsenseof the beha-
ior of the posteriorof thesefunctions.Finally, in gure 11,
onepotentialbene t of the A. LaplacemethodoverLogRey
andLR+Noiseis demonstratedLogistic regressiorcorre-
spondgo a line in this space(thusthe name),but this can
overconstraint attimes.WhereasA. Laplacecorresponds
to a piecavise linear function of threeline segments(the
hingesoccur at the modesof the class-conditionatiensi-
ties). This allows A. Laplaceto nd a bettert in these
cases.

Severalmoregeneralbbsenationscomefrom examin-
ing the performancef thesemethodsoverthevariouscor
pora. The rst is thatA. Laplace LR+Noise andLogRey,
quite clearly outperformthe othermethods.Thereis usu-
ally little differencebetweerthe performancef LR+Noise
andLogRey (bothasshavn hereandon a decisionby de-
cision basis),but this is unsurprisingsinceLR+Noisejust



Table2: Averagedor calibratingnave Bayes(left) andSVM (right). The bestentryfor a corpusis in bold. Entriesthat
arestatisticallysigni cantly betterthanall otherentriesareunderlined A denoteghe methodis signi cantly betterthan
all othermethodsexceptfor nave Bayes A denoteghe entryis signi cantly betterthanall othermethodsexceptfor

A. Gauss(andnave Bayedor thetableon theleft).

| AygLL | MSE | Error

MSN Web

Gauss -0.4655 | 0.0806 | 0.0825
A.Gauss -0.4394 | 0.0670 | 0.0742
Laplace -0.3481 | 0.0661 | 0.0839
A.Laplace | -0.2821 | 0.0492 | 0.0641
LogRg -0.2799 | 0.0501 | 0.0655
LR+Noise | -0.2799 | 0.0501 | 0.0657
naveBayes| -8.4328 | 0.1314 | 0.1369
Reuters

Gauss -0.1674 | 0.0341 | 0.0501
A. Gauss -0.1494 | 0.0198 | 0.0269
Laplace -0.1721 | 0.0351 | 0.0429
A. Laplace | -0.0942 | 0.0168 | 0.0220
LogRg -0.1023 | 0.0183 | 0.0238
LR+Noise | -0.1023 | 0.0183 | 0.0238
naveBayes| -1.5818 | 0.0597 | 0.0643
TREC-AP

Gauss -0.0432 | 0.0063 | 0.0072
A. Gauss -0.0493 | 0.0058 | 0.0066
Laplace -0.0459 | 0.0071 | 0.0085
A. Laplace | -0.0364 | 0.0054 | 0.0065
LogReg -0.0360 | 0.0056 | 0.0066
LR+Noise | -0.0360 | 0.0056 | 0.0066
naveBayes| -1.4207 | 0.0312 | 0.0326

addsnoisy classlabelsto the LogRey model. With respect
to thethreedifferentmeasured,R+NoiseandLogRey tend
to performslightly better(but never signi cantly) at some
taskswith respecto log-lossandsquarederror. However,

A. Laplacealwaysproducegheleastnumberof errorsfor

all of thetasks thoughat timesthe degreeof improvement
is notsigni cant.

The basicobsenation madeaboutnave Bayesin pre-
viouswork is thatit tendsto produceestimatesrery close
to zeroandone(Bennett,2000;Lewis & Gale,1994).This
meansgf it tendsto beright enoughof thetime, it will pro-
duceresultsthatdo notappearsigni cant in asigntestthat
ignoressize of difference(asthe onehere). The totals of
thesquareckerrorandlog-lossbearout the previous obser
vationthat“whenit' swrongit' s really wrong”.

There are several interestingpoints aboutthe perfor
mance of the asymmetricdistributions as well.  First,
A. Gaussperformspoorly becausésimilarto nave Bayes)
there are some exampleswhere it is penalizeda large
amount. This behaior resultsfrom a generaltendeng

| AygLL [ MSE | Error

MSN Web

Gauss -0.4179| 0.0698 | 0.0810
A. Gauss -0.3404| 0.0530 | 0.0643
Laplace -0.3256| 0.0589 | 0.0783
A. Laplace | -0.2389| 0.0384 | 0.0473
LogRe -0.2318| 0.0396 | 0.0497
LR+Noise | -0.2325| 0.0400 | 0.0503
LinearSVM N/A N/A 0.0507
Reuters

Gauss -0.1199| 0.0179 | 0.0223
A. Gauss -0.1388| 0.0130 | 0.0161
Laplace -0.1082| 0.0194 | 0.0233
A. Laplace | -0.0788| 0.0125 | 0.0153
LogRe -0.0781| 0.0124 | 0.0154
LR+Noise -0.0778| 0.0124 | 0.0156
LinearSVM N/A N/A 0.0156
TREC-AP

Gauss -0.0408| 0.0049 | 0.0055
A. Gauss -0.0580| 0.0045 | 0.0050
Laplace -0.0407| 0.0056 | 0.0067
A. Laplace | -0.0361| 0.0043 | 0.0049
LogRe -0.0360| 0.0044 | 0.0051
LR+Noise | -0.0360| 0.0044 | 0.0051
LinearSVM N/A N/A 0.0050

to perform like the picture shovn in gure 3 (note the
crosseer at the tails). While the asymmetricGaussian
tendsto placethe modemuchmoreaccuratelythana sym-
metric Gaussianits asymmetric e xibility combinedwith
its distancdunctioncausedt to distributetoomuchmasso
the outsidetails while failing to t aroundthe modeaccu-
ratelyenoughto compensaterigure3is actuallyaresultof
tting thetwo distributionsto realdata(anexcerptof gure
5). As aresult,atthetails therecanbe alarge discrepang
betweenthe likelihood of belongingto eachclass. Thus
whenthereareno outliersthe A. Gausscanperformquite
competitively, but whenthereis anoutlierthe A. Gausscan
be penalizedquite heavily for it. Thereare enoughsuch
caseverall thatit seemsclearly inferior to the top three
methods.

However, the asymmetricLaplaceplacesmuch more
emphasigsroundthemodebecausef thedifferentdistance
function (think of the “sharppeak” of anexponential).As
aresultmostof the massstayscenteredaroundthe modes,
while theasymmetrigparameterstill allow more e xibility
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Table3: Detailedresultsfrom onebinary classi cationtaskfor recalibratingnave Bayes. The taskis discriminationof

classkarnin the Reuterscorpus.

Over Training Over Testing Over Training Over Testing

Error MSE | Error MSE Log-loss| AvgLL | Log-loss | AvgLL
Gauss 686.45| 0.0715| 143.57 | 0.0435 Gauss -3501.49| -0.3636| -862.07 | -0.2613
A. Gauss | 392.14| 0.0408| 78.05 | 0.0237 A. Gauss | -2361.48| -0.2459| -747.71 | -0.2266
Laplace 835.05| 0.0870| 223.98| 0.0679 Laplace -4259.04| -0.4435| -1261.26| -0.3823
A. Laplace| 378.26| 0.0394| 70.93 | 0.0215 A. Laplace| -2176.02| -0.2266 | -492.50 | -0.1493
LogRey 433.44| 0.0451| 91.36 | 0.0277 LogRe -2684.12| -0.2795| -595.72 | -0.1806
LR+Noise | 434.30| 0.0452| 91.55 | 0.0278 LR+Noise | -2684.17| -0.2795| -596.39 | -0.1808

thanthestandard_aplacein tting thedata.

We could extend the signi cance tests here with a
Wilcox signedranktest(which is an extensionof the sign
testto considersize of win aswell by ranking the abso-
lute differences)DeGroot,1989). Thoughthe expectation
is that this would changefew of the comparisonsexcept
thoseagainstnave Bayes(sinceall of the methodspost
very large pairwisewins againsit).

Finally, we canmake afew obsenationsaboutthe use-
fulnessof the variousperformanceametrics. First, log-loss
only awardsa nite amountof creditasthedegreeto which
somethingis correctimproves(i.e. thereare diminishing
returnsasit approachegero),but it canin nitely penal-
ize for a wrong estimate.Thus, it is possiblefor oneout-
lier to skew thetotals,but misclassifyingthis examplemay
not matterfor ary but a handfulof actualutility functions
(oneswith extremelyhigh skew) usedn practice.Secondly
squareckrrorhasaweaknesi theotherdirection. Thatis,
its penaltyandrewardareboundedn , butif thenum-

ber of errorsare smallenoughiit is possiblefor a method
to appearbetterwhenit is producingwhat we generally
considemnusefulprobability estimatesFor example,con-
sidera methodthat only estimategprobabilitiesaszeroor
one(which nave Bayestendsto but doesnt quite reachif
you usesmoothing). This methodcould win accordingto
squarecerror, but with just one error it would never per
form betteron log-lossthanary methodthatassignssome
non-zeroprobability to eachoutcome. For thesereasons,
we recommendhatneitherof theseareusedin isolationas
they eachgive slightly differentinsightsto the quality of
theestimateproduced Theseobsenationsarestraightfor
wardfrom themetricde nitions but areunderscorethy the
evaluation.

5 Future Work

A promisingextensionto the work presentedhereis a hy-
brid distribution of a Gaussiar(on the outsideslopes)and
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datafor classEarnin Reuters.

exponentialgyon theinnerslopes).Fromthe empiricalev-
idencepresentedn (Platt, 1999), the expectationis that
sucha distribution might allow moreemphasi®f theprob-
ability massaroundthe modes(as with the exponential)
while still providing more accurateestimatestoward the
tails. Comparingt to a mixturemodel,suchasthatusedin
(Manmathaet al., 2001)for combiningsearchengineout-
put, mayalsoprovide usefulinsights.

Finally, extendingthesemethodgo the outputsof other
discriminatve classi ersis anopenarea.We arecurrently
evaluatingtheappropriatenessf thesemethoddor theout-
put of a votedperception (Freund& Schapire, 1999). By

analogyto the log-odds,the operatve scorethat appears
weightperceptronsoting
weightperceptronsoting

promisingis

6 Summary and Conclusions

We have reviewed a wide variety of parametricmethods
for producingprobability estimategrom the raw scoresof

a discriminatize classi er andfor recalibratingan uncali-

bratedprobabilisticclassi er. In addition, we have intro-

ducedtwo new families that attemptto capitalizeon the
asymmetridehaior thattendsto arisefrom learningadis-

crimination function. We have given an ef cient way to

estimatehe parametersf thesedistributions.

While thesedistributionsattempto strike abalancebe-
tweenthe generalizatiorpower of parametriaistributions
andthe exibility that the addedasymmetricparameters
give, the asymmetricGaussiarappearso have too great
of an emphasisaway from the modes. In striking con-
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trast, the asymmetricLaplacedistribution appearsto be
preferableover seserallarge text domainsanda variety of
performanceneasureso the primary competingparamet-
ric methodsthoughcomparablg@erformanceés sometimes
achieved with one of two varietiesof logistic regression.
Giventhe easeof estimatingthe parametersf this distri-
bution, it is agood rst choicefor producingquality prob-
ability estimates.

Acknowledgements

We aregratefulto FranciscdPereirafor the signtestcode,
Anton Likhodedor for logistic regressioncode,and John
Platt for the code supportfor the linear SVM classi er
toolkit Smox Also, we sincerelythank Chris Meek and

JohnPlattfor the very usefuladviceprovidedin the early
stagesof this work. Thanksalsoto JaimeCarbonelland
JohnLafferty for their usefulfeedbaclonthe nal versions
of this paper



Test
Gauss -------
A.Gauss
Laplace
A.laplace --~-~
08 | LogRegand LR+Noise - - 1
0.6 - ; g
= /
h=2 /
2 /
x /
I
04 q
02 1
o Ezzps s o= 1 1 1
-250 -200 -150 -100 -50 0 50 100 150

s(d) = naive Bayes log-odds

Figure9: Estimatedoosteriorsof variousmethodsversusthe nonparametri@stimationof the posteriorof thetestingdata

for classEarnin Reuters.

200

Train
Test

log P(+ | s(d)) - log P(- | s(d))
~
T

150

P(+ | s(d))

log P(+ | s(d)) - log P(- | s(d))

Log Odds

0.8

0.6

0.4

0.2

"Test

Gauss -------
A.Gauss --------
Laplace

A.Laplact
LogReg and LR+Noise --------

s(d) = linear SVM raw score

T
Train
Test

-4 -2 0 2 4 6
s(d) = linear SVM raw score

Figure10: Nonparametri@stimationof log-oddsin thetrainingandthetestsetfor classEarnin Reuters.

ol ]
I
@
8
3
o -2 1
=)
<}
3
4t ]
6 1 1 1 1 1 1 1
-250 -200 -150 -100 -50 0 50 100
s(d) = naive Bayes log-odds
8 T
Train B
Gauss ------- ;
A.Gauss
6L Laplace / i
place --—-

A.Lay
LogReg and LR+Noise -~

log P(+ | s(d)) - log P(- | s(d))
~
T

Log Odds
N
T

S 1
-250 -200 -150 -100 -50 0 50 100
s(d) = naive Bayes log-odds

Figure11: Estimatedog-oddsof variousmethodsrersusghe nonparametriestimationof thelog-oddsof thetrainingdata

for classEarnin Reuters.

150

log P(+ | s(d)) - log P(- | s(d))

Log Odds

15

.
1S5}
T

@
T

A.la
LogReg and LR+Noise -

-4 -2 0 2 4 6
s(d) = linear SVM raw score



- log P(- | s(d))
>

log P(+ | s(d))

Log Odds
o

A.Gauss --------
Laplace

A.laplace -~
LogReg and LR+Noise --------

L
-250 -200

L L
-150 -100

L
-50

L L
0 50

L
100

s(d) = naive Bayes log-odds

150

Test "

Gauss -------

A.Gauss --------
Laplace

A.laplace ----
LogReg and LR+Noise --------

s(d) = linear SVM raw score

Figure12: Estimatedog-oddsof variousmethodsversusthe nonparametriestimationof thelog-oddsof thetestingdata
for classEarnin Reuters.

Table4: Detailedresultsfrom onebinary classi cationtaskfor producingprobabilisticoutputsfor an SVM. Thetaskis
discriminationof classEarnin the Reuterscorpus.

Over Training Over Testing Over Training Over Testing

Error MSE | Error MSE Log-loss| AvgLL | Log-loss| AvgLL
Gauss 231.42| 0.0241| 52.82 | 0.0160 Gauss -1462.49| -0.1523| -384.73 | -0.1166
A. Gauss | 165.27| 0.0172| 37.76 | 0.0114 A. Gauss | -1195.92| -0.1245| -393.64 | -0.1193
Laplace 405.15| 0.0422| 108.95| 0.0330 Laplace -2368.40| -0.2466| -717.30 | -0.2174
A. Laplace| 164.72| 0.0172| 37.59 | 0.0114 A. Laplace| -1015.49| -0.1057 | -268.56 | -0.0814
LogRe 165.41| 0.0172| 38.61 | 0.0117 LogRe -1034.93| -0.1078| -292.21 | -0.0886
LR+Noise | 165.66| 0.0173| 38.71 | 0.0117 LR+Noise | -1035.07| -0.1078| -292.06 | -0.0885




Appendix A: Derivation of MLEs for Asymmetric Laplace Distrib ution
For wherethe arei.i.d. and , thelikelihoodis:
(7

We desireto nd the maximumlikelihood estimategor and . Todoso,we x andcomputethe maximum
likelihoodfor thatchoiceof . Then,we cansimply considerall choicesof andchoosethe one with the maximum
likelihood(or equivalentlytheloglikelihood)over all choicesof .

Theloglikelihoodwe mustcomputethenis:

(8)
9)
— — (10)

— (11)

_ (12)

— (13)

Thepartialdervativesare: — —— and— ——— . We cansetthe derivativesto zeroandsolve
themanalyticallyto nd fora x ed :

— — (14)

We thencaniteratethroughalternatechoicesfor .
For comparisorof the symmetryof this solutionto theasymmetricGGaussianwe givethescaleparameterg§i.e. inverses
of and ) asfollows:

(15)

The secondpartof eachequationis equalto



Appendix B: C codefor MLE of Asymmetric Laplace

This codeis alsocurrentlyavailableat http://www.cs.cmu.edu/"pbennett/asymtric/alaplae.c.

/* For the data given in scores,
finds the maximum likelihood set of parameters for
an asymmetric Laplace family

p(x | THETA, BETA, GAMMA)=
if (x <= THETA) then
(BETA * GAMMA)/(BETA + GAMMA)exp[- BETA (THETA - X) ]

else
(BETA * GAMMA)/(BETA + GAMMA)exp[- GAMMAX - THETA) ]
candidate thetas are restricted to the range [min,max]
*/
void find_alaplace_parameters(double * scores, [* vector of scores - assumed to
be sorted least to greatest */
long int N, /* number of scores *
double min, /* min mode to try */
double max, /* max mode to try */
double defaultm, /* default mode if N == 0 *
int  num_interval_slices, [* breaks scores]i] and
scores|i + 1] into
this many pieces to
try as candidate
modes */
/* next three are return values of distribution */
double * final theta,
double * final beta,
double * final_ gamma) {
double max_In_posterior, In_posterior;
double max_init = O;
double prev_score_theta = min;
double theta = prev_score_theta, beta, gamma;
long int num_left = 0, num_right = N;
double sum_left = 0, sum_right = O;
double diff_left, diff_right;
int done = 0, slice hum = 0;
long int i
if (N ==0) {
/* no scores *
*final_theta = defaultm;
*final_beta = EPSILON_ZERO;
*final_gamma = EPSILON_ZERO;
return;
}

/* loop through and get the sum of all scores */
for (i =0; i <N; i++) {
sum_right  += scores|i];

}



[
do

= 0;
{
[* update sufficent statistics */
while (i < N) && (scores]i] <= theta)) {
/* move this example from the right of threshold to the left
num_left++;

num_right--;

sum_left  += scores]i];

sum_right -= scores]i];

i++;
}
diff_left = num_left * theta - sum_left;
diff_right = sum_right - num_right * theta;

/* compute beta */

if  (diff_left == 0) {
[*  default value for beta */
beta = EPSILON_INF;

}
else {

/* compute closed MLE for beta *

beta = N/ (diff_left + sqrt(diff_left) *sqrt(diff_right));
}

[* compute gamma */

if  (diff_right == 0) {
[* default value for gamma?*/
gamma = EPSILON_INF;

}
else {
[* compute closed MLE for gamma*/
gamma= N / (diff_right + sqrt(diff_left) *sqri(diff_right));
}
[* compute log posterior */
In_posterior = (N * (log(beta * gamma) - log(beta + gamma))
- beta * diff_left - gamma* diff_right);

[* update set of best parameters */
if  (max_init) {

if  (In_posterior > max_In_posterior) {
*final_theta = theta;
*final_beta = beta;
*final_gamma = gamma;
max_In_posterior = In_posterior;
}
}
else {
*final_theta = theta;
*final_beta = beta;
*final_gamma = gamma;
max_In_posterior = In_posterior;

max_init = 1;

*/



}

[* get new choice for theta */
if (theta == max) {
[* already tried max so we're done */
done = 1,
}
else {
double next = max;
if (i !'= N)
next = scores]i];
slice_num-++;
if  ((slice_num % num_interval_slices) == 0) {
prev_score_theta = next;
theta = prev_score_theta;
slice num = 0;
}
else {
theta = slice_num * ((next - prev_score_theta) /
num_interval_slices) + prev_score_theta;
}

/* check if that's the bound */
if (theta > max)
done = 1;
}
} while (!done);

}



Appendix C: Derivation of MLEs for Asymmetric GaussianDistrib ution

For wherethe arei.i.d. and , thelikelihoodis:
(16)

We desireto nd the maximumlik elihoodestimatedor and . Todoso,we x andcomputethe maximum
likelihoodfor thatchoiceof . Then,we cansimply considerall choicesof andchoosethe one with the maximum
likelihood(or equivalentlytheloglikelihood)over all choicesof .

Theloglikelihoodwe mustcomputethenis:

(17)

(18)

_ _ (19)

- — (20)

- — (21)

S - (22)

Thepartialderivativesare: —  — and— — ——. Wecansetthederivativesto zeroandsolve
themanalyticallyto nd fora x ed only onefeasiblesolution:

(23)

We thencaniteratethroughalternatechoicesfor .
For comparisorof the symmetryof this solutionto theasymmetrid_aplace we canalsowrite the solutionas:

(24)

The secondpartof eachequationis equalto



Appendix D: C Codefor MLE of Asymmetric Gaussian

This codeis alsocurrentlyavailableat http://www.cs.cmu.edu/"pbennett/asymtric/aGussian.c

/* For the data given in scores,
finds the maximum likelihood set of parameters for
an asymmetric  Gaussian family

p(x | THETA, BETA, GAMMA)=
if (x <= THETA) then
2 I (sqrt(2 * pi) (BETA + GAMMA))) exp [-1/2 ((x -
THETA) / BETA)2]
else
2 I (sqrt(2 *p
THETA) /| GAMMA)™2]

i) (BETA + GAMMA))) exp [-1/2 ((x -

candidate thetas are restricted to the range [min,max]
*/
void find_aGaussian_parameters(double * scores, [* vector of scores - assumed
to be sorted least to
greatest  */
long int N, /* number of scores *
double min, /* min mode to try */
double max, /* max mode to try */
double defaultm, /* default mode if N == */
int  num_interval_slices, /* breaks scores]i] and
scores|i + 1] into
this many pieces to
try as candidate
modes */
/* next three are return values of distribution
double * final_theta,
double * final_beta,
double * final_ gamma) {
double max_In_posterior, In_posterior;
double max_init = O;
double prev_score_theta = min;
double theta = prev_score_theta, beta, gamma;
long int num_left = 0, num_right = N;
double sum_left = 0, sum_right = O;
double sum_squares_left = 0, sum_squares_right = 0;
double diff_left, diff_right, diff_left 3root, diff_right_3root;
int done = 0, slice num = 0;
long int i
if (N ==0) {
/* no scores */
*final_theta = defaultm;
*final_beta = EPSILON_INF;
*final_gamma = EPSILON_INF;
return;
}

/* loop through and get the sum and sum of square of all scores */
for (i =0; i <N; i++) {



sum_right  += scoreg]i];

sum_squares_right += (scores]i] * scoresli]);
}
i =0
do {
[* update sufficent statistics */
while (i < N) && (scores]i] <= theta)) {
double score_squared = scores]i] * scores|i];
/* move this example from the right of threshold to the left */
num_left++;
num_right--;
sum_left  += scores]i];
sum_right -= scores]i];
sum_squares_left += score_squared;
sum_squares_right -= score_squared;
i++;
diff_left = sum_squares_left - 2 * sum_left * theta + theta * theta * num_left;
diff_right = sum_squares_right - 2 * sum_right * theta + theta * theta * num_right;
diff_left 3root = cbrt(diff_left);
diff_right_3root = cbrt(diff_right);

[* compute beta */
if  (diff_left == 0) {
[* default value for beta */
beta = EPSILON_ZERO;
}
else {
[* compute closed MLE for beta *
beta = (sqrt(diff_left
+ diff_left_3root * diff_left_3root * diff_right_3root)
I sqrt(N));
}

[* compute gamma */
if  (diff_right == 0) {
[* default value for gamma?*/
gamma = EPSILON_ZERO,;
}
else {
[* compute closed MLE for gamma*/
gamma = (sqrt(diff_right
+ diff_right_3root * diff_right_3root * diff_left_3root)
[ sqrt(N));
}

/* compute log posterior */
In_posterior =( / N* (log(2 - log(sqrt(2 * pi)) -- constant  for all
choices */
N * (- log (beta + gamma))
- 0.5 * diff_left /| (beta * beta)
- 0.5 * (diff_right / (gamma * gamma));



[* update set of best parameters */
if  (max_init) {

if  (In_posterior > max_In_posterior) {
*final_theta = theta;
*final_beta = beta;
*final_gamma = gamma;
max_In_posterior = In_posterior;
}
}
else {
*final_theta = theta;
*final_beta = beta;
*final_gamma = gamma;
max_In_posterior = In_posterior;
max_init = 1;
}
/* get new choice for theta */
if (theta == max) {
[* already tried max so we're done */
done = 1,
}
else {
double next = max;
if (i !'= N)
next = scores]i];
slice_num-++;
if  ((slice_num % num_interval_slices) == 0) {
prev_score_theta = next;
theta = prev_score_theta;
slice_ num = 0;
}
else {
theta = slice_num * ((next - prev_score_theta) /
num_interval_slices) + prev_score_theta;
}

/* check if that's the bound */
if (theta > max)
done = 1;
}
} while (Idone);

}
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