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Abstract

For many discriminative classi�ers,it is desirableto convert anunnormalizedcon�dencescoreoutputfrom theclassi�er
to a normalizedprobability estimate.Sucha methodcanalsobe usedfor creatingbetterestimatesfrom a probabilistic
classi�er thatoutputspoorestimates.Typicalparametricmethodshaveanunderlyingassumptionthatthescoredistribution
for a classis symmetric;we motivatewhy this assumptionis undesirable,especiallywhen the scoresare output by a
classi�er. Two asymmetricfamilies,anasymmetricgeneralizationof a GaussianandaLaplacedistribution,arepresented,
andamethodof �tting themin expectedlineartime is described.Finally, anexperimentalanalysisof parametric�ts to the
outputsof two text classi�ers,nä�ve Bayes(which is known to emit poor probabilities)anda linearSVM, is conducted.
Theanalysisshowsthatoneof theseasymmetricfamiliesis theoreticallyattractive(introducingfew new parameterswhile
increasing�e xibility), computationallyef�cient, andempiricallypreferable.
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1 Intr oduction

Classi�ersthatgiveprobabilityestimatesaremore�e xible
in practicethanthosethatgive only a simpleclassi�cation
or even a ranking. Probability estimatescan be usedin
a Bayesianrisk model (Duda et al., 2001) to make cost-
sensitivedecisions(Zadrozny & Elkan,2001),for combin-
ing decisions(Bourlard& Morgan,1990),and for active
learning(Lewis& Gale,1994;Saar-Tsechansky & Provost,
2001).However, a probabilityestimatemusthavestronger
constraintsthan simply falling in the interval

� �������

to be
useful.They mustbe“good” in somesense.

Calibration formalizes the conceptthat probabilities
emittedby a classi�er adhereto a �x edstandard.A classi-
�er is saidto bewell-calibratedif asthenumberof predic-
tions goesto in�nity the predictedprobability goesto the
empiricalprobability (DeGroot& Fienberg, 1983). Occa-
sionally“calibration” is usedlooselyin theliteratureto in-
dicatea methodgeneratesgoodprobabilityestimates(see
PerformanceMeasuresbelow).

Focus on improving probability estimateshas been
growing in themachinelearningliterature. Zadrozny and
Elkan (2001) provide a corrective measurefor decision
trees(termedcurtailment) andanon-parametricmethodfor
recalibratingnä�ve Bayes. Our work providesparametric
methodsapplicableto nä�ve Bayeswhich complementthe
non-parametricmethodsthey proposewhendatascarcityis
anissue.In addition,their non-parametricmethodsreduce
theresolutionof thescoresoutputby theclassi�er, but the
methodsheredo not have sucha weaknesssincethey are
continuousfunctions.

Thereis avarietyof otherwork thatthispaperextends.
Lewis andGale(1994)uselogisticregressionto recalibrate
nä�veBayesthoughthequalityof theprobabilityestimates
arenot directly evaluated;they aresimply usedin active
learning.Platt(1999)usesa logistic regressionframework
thatmodelsnoisyclasslabelsto produceprobabilitiesfrom
theraw outputof anSVM. His work showedthatthispost-
processingmethodnot only canproduceprobability esti-
matesof similar quality to regularizedlikelihood kernel
methods,but it alsotendsto producesparserkernels. Fi-
nally, Bennett(2000)obtainedmoderategainsby applying
Platt's methodto therecalibrationof nä�ve Bayesbut also
found therewere more problematicareasthan when this
methodwasappliedto SVMs.

Recalibratingpoorly calibratedclassi�ersis not a new
problem. Lindley et al. (1979) �rst proposedthe ideaof
recalibratingclassi�ers,andDeGrootandFienberg (1983;
1986)gavethenow acceptedstandardformalizationfor the
problemof assessingcalibrationinitiatedby others(Brier,
1950;Winkler, 1969).

2 ProblemDe�nition & Approach

2.1 Problem De�nition

Thegeneralproblemwe areconcernedwith is highlighted
in �gure 1. A classi�er producesa predictionabouta dat-
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Figure1: We areconcernedwith how to performthebox
highlightedin grey. The internalsarefor onetype of ap-
proach.

apointandgivessomescore�
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 indicatingthestrengthof
its decisionthatthedatapointbelongsto thepositiveclass.
We assumethroughoutthereareonly two classes:thepos-
itiveandthenegativeclass('+' and'-' respectively). 1

Sincewe areconcernedwith usingmethodsthat will
alsowork acceptablywhenthereis little data,we focuson
parametricmethods.Therearetwo generaltypesof para-
metricapproaches.The�rst of thesetriesto �t theposterior
function directly, i.e. thereis onefunction estimatorthat
performsa directmappingof thescore� to theprobability

�

	���� �
	��

�
 . Thesecondtypeof approachbreakstheprob-
lemdown asshown in thegrey boxof �gure 1. An estima-
tor for eachof theclass-conditionaldensities(i.e. ��	���� ��


and��	��
����
 ) is produced,thenBayes'ruleandtheclasspri-
orsareusedto obtaintheestimatefor

�

	���� �
	��

�
 .

1Whentheoriginal � classesaremutually exclusive, thebinaryclas-
si�ers' predictionsmustbe combinedinto one �nal prediction(and the
separateprobability estimatesmustbe normalized). In the experiments
below, we deal only with the casewhen the original � classesare not
mutuallyexclusive (i.e. anexamplemaybelongto morethanoneclass).



2.2 Moti vation for Asymmetric Distrib u-
tions

Most of the previous parametricapproachesto this prob-
lem2 either directly or indirectly (when �tting only the
posterior) correspondto �tting Gaussiansto the class-
conditionaldensities;they differ only in thecriterionused
to estimatethe parameters.We can visualizethis as de-
picted in �gure 2. Since increasing � usually indicates
(when the classi�er hasgood accuracy) increasedlikeli-
hoodof belongingto thepositive class,thentherightmost
distributionusuallycorrespondsto ��	���� ��
 .
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Figure2: Typical View of ClassDiscriminationbasedon
Gaussians

However, using standardGaussiansfails to capitalize
on a basiccharacteristiccommonlyseen. Namely, if we
have a raw outputscorethat canbe usedfor discrimina-
tion, then the empirical behavior betweenthe modes(la-
bel B in �gure 2) is often very different thanthat outside
of themodes(labelsA andC in �gure 2). Intuitively, the
areabetweenthemodescorrespondsto thehard examples,
which aredif�cult for this raw outputscoreto distinguish,
while theareasoutsidethemodesaretheextremeexamples
thatareusuallyeasilydistinguished.This suggeststhatwe
may want to uncouplethe scaleof the outsideandinside
segmentsof thedistribution (asdepictedin �gure 3).

As a result,anasymmetricdistribution maybea more
appropriatechoicefor applicationto theraw outputscoreof
aclassi�er. Notethattheasymmetricdistributionsdepicted
in �gure 3 areableto placetheestimatedmodemuchmore
closelyto thetruemodebecauseit canseparatelyallocate
its outsideand insidemass;whereasthe symmetricform
shiftsthemodetowardthelong tail of theoutsidemass.

Ideally (i.e. perfectclassi�cation) therewill be some
scores

���

and
���

suchthatall exampleswith scoregreater
than

���

arepositiveandall exampleswith scoreslessthen
���

are negative. Furthermore,no examplesfall between
2A notableexceptionis (Manmathaetal., 2001)whichusesamixture

model.
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Figure3: Gaussiansvs. AsymmetricGaussians.A Short-
coming of SymmetricDistributions — The vertical lines
show themodesasestimatednonparametrically.
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� correspondsto the
margin in someclassi�ers,andanattemptis oftenmadeto
maximizethis quantity. Perfectclassi�cationcorresponds
to usingtwo veryasymmetricdistributions,but in thiscase,
theprobabilitiesareactuallyoneandzeroandmany meth-
odswill work for typical purposes.

Practically, someexampleswill fall between
���

and
���

, andit is oftenimportantto estimatetheprobabilitiesof
theseexampleswell (sincethey correspondto the “hard”
examples). Justi�cationscan be given for both why you
may�nd moreandlessexamplesbetween

�
�

and
�

�

than
outsideof them,but therearefew empiricalreasonsto be-
lieve thatthedistributionsshouldbesymmetric.

A natural�rst candidatefor anasymmetricdistribution
is to generalizea commonsymmetricdistribution,e.g. the
Laplaceor theGaussian.An asymmetricLaplacedistribu-
tion canbe achieved by placingtwo exponentialsaround
themodein thefollowing manner:
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where
�

,
�

, and



arethemodelparameters.
�

is themode
of thedistribution,

�

is theinversescaleof theexponential
to theleft of themode,and




is theinversescaleof theex-
ponentialto theright of themode.Wewill usethenotation
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 to referto thisdistribution.

We can createan asymmetricGaussianin the same



manner:
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where
�

, � � , and � � are the model parameters.To refer
to this asymmetricGaussian,we usethe notation � 	�� �

�

�

���

�

���


 .
Thesedistributionsallow us to �t our datawith much

greater�e xibility at thecostof only �tting six parameters.
Wecouldinsteadtry mixturemodelsfor eachcomponentor
otherextensions,but mostotherextensionsrequireat least
asmany parameters(andcanoftenbe morecomputation-
ally expensive). In addition,the motivation above should
providesigni�cant causeto believetheunderlyingdistribu-
tionsactuallybehave in this way. Furthermore,this family
of distributionscan still �t a symmetricdistribution, and
�nally , in the empiricalevaluation,evidenceis presented
thatdemonstratesthis behavior.

To the author's knowledge,neitherfamily of distribu-
tionshasbeenpreviously usedin machinelearning. Both
are termedgeneralizationsof an AsymmetricLaplacein
(Kotzetal., 2001),but wereferto themasdescribedabove
to re�ect thenatureof how wederivedthemfor this task.

3 Estimating the Parameters of the
Asymmetric Distrib utions

This sectiondevelops the methodfor �nding maximum
likelihoodestimates(MLE) of theparametersfor theabove
asymmetricdistributions. In order to �nd the MLEs, we
have two choices:(1) usenumericalestimationto estimate
all threeparametersat once(2) �x thevalueof

�

, andesti-
matetheothertwo (

�

and



or ��� and ��� ) givenourchoice
of

�

, thenconsideralternatevaluesof
�

. Becauseof the
simplicity of analysisin the latter alternative, we choose
this method.

3.1 Asymmetric LaplaceMLEs

For � ��� �� 
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Now, we �x

�

andcomputethe maximumlikelihood for
thatchoiceof

�

. Then,we cansimply considerall choices
of

�

andchoosetheonewith themaximumlikelihood(or
equivalentlytheloglikelihood)overall choicesof

�

.
The completederivation of the following solution is

givenin appendixA. We de�ne thefollowing values:
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Notethat
9

� and
9

� arethesumof theabsolutediffer-
encesbetweenthe � belongingto the left andright halves
of thedistribution (respectively) and

�

. Finally theMLEs
for

�

and



for a �x ed
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Theseestimatesarenotwholly unexpectedsincewewould
obtain $




B


 if wewereto estimate
�

independentlyof



. The
eleganceof the formulaeis that the estimateswill tendto
be symmetriconly insofar as the datadictateit (i.e. the
closer

9

� and
9

� areto beingequal,theclosertheresulting
inversescales).

By continuityarguments,when
,

�

�

, we assign
�

�




�DC�E where C�E is a small constantthat actsto disperse
thedistribution to a uniform. Similarly, when

,GF

�

�

and
9

�

�

�

, we assign
�

�HC�I JLK where C�I J"K is a very large
constantthatcorrespondstoanextremelysharpdistribution
(i.e. almostall massat

�

for thathalf).
9

�

�

�

is handled
similarly.

Assumingthat
�

falls in somerange
� M �ON �

dependent
upononly theobserveddatapoints,thenthis alternative is
alsoeasilycomputable.Given

,

�

�

1

�

�

,

�

�

1

� , wecancom-
putetheposteriorandtheMLEs in constanttime. In addi-
tion, if thescoresaresorted,thenwecanperformthewhole
processquiteef�ciently . Startingwith theminimum

�

�

M

we would like to try, we loop throughthescoresonceand
set

,

�

�

1

�

�

,

�

�

1

� appropriately. Thenwe increase
�

and
just steppast the scoresthat have shifted from the right
sideof thedistribution to theleft. Assumingthenumberof
candidate

�

s are P�	RQ 
 , this processis P�	�Q 
 , andtheover-
all processis dominatedby sortingthescores,P�	RQTSVU4WXQ 


(or expectedlineartime). SimpleC codeimplementingthis
algorithmis givenin appendixB.

Thereis noneedto let
�

�

belessthan
�

�

for thisprob-
lem. Enforcing this makesestimatingthe parametersfor
both distributions expectedtime P�	

,
�

,
�


 . When en-
forcing this, onecaneasilymake theadditionalconstraint
thatif thereareties(generallyunlikely),prefertheestimate
with highervaluefor

���

�

���

. However, enforcingthese
constraintsis rarelyneededin practice(sinceclassi�ersare
attemptingto separatethe data); in addition, it is usually
preferableto representthe fact that the classi�er scoreis
reversed(i.e. lower scorestend to meanmembershipin
positiveclass).



3.2 Asymmetric GaussianMLEs

For � � � �  
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 . The
MLEs canbeworkedoutsimilar to theabove.

Weassumethesamede�nitions asabove(thecomplete
derivationis givenin appendixC), andin addition,let:
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Theanalyticalsolutionfor themaximumlikelihoodes-
timatesfor a �x ed

�

is:
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By continuityarguments,when
,
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, weassign�
�
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�

� C�I JLK , andwhen
, F
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and
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(resp.
9
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�

),
we assign�

�

� C�E (resp. �
�

� C�E ).
Again,thesamecomputationalcomplexity analysisap-

plies to estimatingtheseparameters.AppendixD givesC
codeimplementingthisalgorithm.

4 Experimental Analysis

4.1 Methods

For eachof the methodsthat usea classprior, we usea
smoothedadd-oneestimate,i.e.

�
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 �

6 	 6
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$

�

� whereN
is thenumberof datapoints.For methodsthat �t theclass-
conditionaldensities,��	���� ��
 and��	���� ��
 , theresultingden-
sitiesareinvertedusingBayes'ruleasdescribedabove.

For recalibratinga classi�er (i.e. correctingpoorprob-
ability estimatesoutputby theclassi�er), it is usualto use
the log-oddsof the classi�er's estimateas �
	 ��
 . The log-
oddsare de�ned to be SVU4W�
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6 � �




	

�

6 � � . The normal decision
threshold(minimizingerror)in termsof log-oddsis atzero
(i.e.

�

	���� ��
 �

�

	 � � ��
 �

��! 


).
As discussedin (Lindley et al., 1979),the log-oddsis

usefulsinceit scalestheoutputsto aspace
�

���

�

�

�

where
normal (and similar distributions) are applicable. Lewis
andGale(1994)give a moremotivatingviewpoint thatwe
cansee�tting thelog-oddsasa dampeningeffect (correct-
ing for theinaccurateindependenceassumption)andabias
correction(for possiblyinaccurateestimatesfor thepriors).
We note that in general�tting the log-oddscan serve to
boostor dampenthe signal from the original classi�er as
thedatadictate.

4.1.1 Gaussians

A Gaussianis �t to eachof the class-conditionaldensi-
ties, usingthe usualmaximumlikelihoodestimates.This
methodis denotedin thetablesbelow asGauss.

4.1.2 Asymmetric Gaussians

An asymmetric Gaussianis �t to each of the class-
conditionaldensitiesusing the maximumlikelihood esti-
mationproceduredescribedabove. Intervals betweenad-
jacentscoresaredividedby 10 in testingcandidate

�

s, i.e.
8 pointsbetweenactualscoresoccurringin thedatasetare
tested.This methodis denotedasA. Gaussbelow.

4.1.3 LaplaceDistrib utions

EventhoughLaplacedistributionsarenot typically applied
to this task,we alsotried this methodto isolatewhy ben-
e�t is gainedfrom theasymmetricform. TheusualMLEs
wereusedfor estimatingthe locationandscaleof a clas-
sical symmetricLaplacedistribution asdescribedin Kotz
et al. (2001).We denotethis methodasLaplacebelow.

4.1.4 Asymmetric LaplaceDistrib utions

An asymmetric Laplace is �t to each of the class-
conditionaldensitiesusing the maximumlikelihood esti-
mationproceduredescribedabove. As with theasymmet-
ric Gaussian,intervalsbetweenadjacentscoresaredivided
by 10 in testingcandidate

�

s. This methodis denotedas
A. Laplacebelow.

4.1.5 Logistic Regression

This methodis the �rst of two methodswe evaluatedthat
directly �t theposterior,

�

	���� �
	 ��
 
 . Both methodsrestrict
thesetof familiesto a two-parametersigmoidfamily; they
differ primarily in their modelof classlabels.As opposed
to theabovemethods,onecanarguethatanadditionalboon
of thesemethodsis they completelypreserve the ranking
given by the classi�er. Whenthis is desired,thesemeth-
odsmay be moreappropriate.The previousmethodswill
mostly preserve the rankings,but they can deviate if the
datadictateit. Thus,they maymodelthedatabehavior bet-
ter at thecostof departingfrom a monotonicityconstraint
in theoutputof theclassi�er.

Lewis andGale(1994)uselogistic regressionto recal-
ibrate nä�ve Bayesfor subsequentusein active learning.
Themodelthey useis:
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(6)

Insteadof usingtheprobabilitiesdirectly outputby the
classi�er, they usethe loglikelihoodratio of the probabil-
ities, SVU4W�
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	���6

�

� , as the score �
	 ��
 . Insteadof using this



below, we will usethe log-oddsratio. This doesnot effect
themodelasit simply shiftsall of thescoresby a constant
determinedby thepriors.

We referto thismethodasLogReg below.

4.1.6 Logistic Regressionwith NoisyClassLabels

Platt(1999)proposesa framework thatextendsthelogistic
regressionmodel above to incorporatenoisy classlabels
andusesit to produceprobability estimatesfrom the raw
outputof anSVM classi�er.

Thismodeldiffersfrom theLogReg modelonly in how
theparametersareestimated.Theparametersarestill �t us-
ing maximumlikelihoodestimation,but a modelof noisy
classlabels is usedin addition to allow for the possibil-
ity that theclasswasmislabeled.Thenoiseis modeledby
assumingthereis a �nite probabilityof mislabelingaposi-
tive exampleandof mislabelinga negativeexample;these
two noiseestimatesaredeterminedby thenumberof posi-
tive examplesandthenumberof negativeexamples(using
Bayes'rule to infer theprobabilityof incorrectlabel).

Eventhoughtheperformanceof this modelwould not
be expectedto deviate much from LogReg, we evaluate
it for completeness.We refer to this methodbelow as
LR+Noise.

4.2 Data

We examinedthe above methodson several “real world”
text corpora,including the MSN Web Directory, Reuters,
andTREC-APdatasets. Sincethe categoriesundercon-
siderationin the experimentsare not mutually exclusive,
theclassi�cationwasdoneby training Q binaryclassi�ers,
whereQ is thenumberof classes.

4.2.1 MSN Web Dir ectory

The MSN Web Directory is a large collection of hetero-
geneouswebpages(from a May 1999websnapshot)that
have been hierarchicallyclassi�ed. We used the same
train/testsplit of 50078/10024documentsasthat reported
in DumaisandChen(2000).

TheMSN Webhierarchyis a 7-level hierarchy, but we
have restrictedour analysisto the 13 top-level categories.
The classproportionsin the trainingsetvary from

�4! � 
��

to ���

!

���

�

. In the testingset, they rangefrom
� ! �����

to
�

�4! 
	�
�

. Theclassesaregeneralsubjectcategoriessuchas
Health& FitnessandTravel& Vacation. Humanindexers
assignthedocumentsto zeroor morecategories.Thereare
approximately130K binary decisionsmadeover the test
documents(i.e. 13classestimes10024testdocuments).

For the experimentsbelow, only the top 1000 words
with highestmutual informationfor eachclasswereused
(Dudaet al., 2001);approximately195K wordsappearin

at least3 trainingdocuments(thoseoccurringin lessthan
3 wereremoved).

4.2.2 Reuters

TheReuters21578corpus(Lewis, 1997)containsReuters
news articles from 1987. For this dataset, we usedthe
ModAptestandardtrain/testsplit of 9603/3299documents
(8676unuseddocuments).Theclassesareeconomicsub-
jects(e.g., “acq” for acquisitions,“earn” for earnings,etc.)
that humanindexers decidedappliedto the document;a
documentmay have multiple subjects.Thereareactually
135classesin this domain(only 90 of which occurin the
training and testingset); however, we only examinedthe
10 mostfrequentclasses(similar to (Dumaiset al., 1998;
Joachims,1998;McCallum& Nigam,1998;Platt,1999))
as we believed we had a signi�cant enoughvariation of
classfrequency overall thecorporaused.3

The class proportionsin the training set vary from
� ! �����

to ���

!

��


�

. In thetestingset,they rangefrom
�4!����

to ���

!

�


��

. Thereareapproximately33K binarydecisions
to bemadeover thetestset.

For the experimentsbelow we usedonly the top 300
wordswith highestmutualinformationfor eachclass;ap-
proximately15K wordsappearin at least3 trainingdocu-
ments.

4.2.3 TREC-AP

The TREC-AP corpusis a collectionof AP news stories
from 1988 to 1990. We usedthe sametrain/testsplit of
142791/66992documentsthat wasusedin (Lewis et al.,
1996). As describedin (Lewis & Gale, 1994) (seealso
(Lewis, 1995)),the categoriesarede�ned by keywordsin
a keyword �eld. The title andbody �elds areusedin the
experimentsbelow.

Thefrequenciesof the20classesarethesameasthose
reportedin (Lewis et al., 1996). The classproportionsin
the training setvary from

��! �




�

to �

! �

�

�

. In the testing
set,they rangefrom

��! �

�

�

to
��!

���

�

. Thereareapproxi-
mately1.3M binarydecisionsto bemadeover thetestset.

For the experimentsdescribedbelow, we useonly the
top 1000 words with the highestmutual information for
eachclass;approximately123K wordsappearin at least
3 trainingdocuments.

4.3 Classi�ers

We selectedtwo classi�ers for evaluation. A linear SVM
classi�er which is a discriminative classi�er thatdoesnot

3A separatecomparisonover all 90 categories in a slightly non-
standardversionof Reuters(Yang& Liu, 1999)wasconductedthatcom-
paredLogReg, LR+Noise, andA. Laplace. Thatevaluationalsosupported
theclaimsmadehere.



normallyoutputprobabilityvalues,andanä�veBayesclas-
si�er whoseprobabilityoutputsaretypicallypoor(Bennett,
2000; Domingos& Pazzani,1996) but can be improved
(Bennett,2000;Zadrozny & Elkan,2001).

4.3.1 SVM

For linearSVMs,weusetheSmoxtoolkit whichis basedon
Platt's SequentialMinimal Optimization algorithm. The
featureswererepresentedascontinuousvalues. We used
theraw outputscoreof theSVM as � 	��

 sinceit hasbeen
shown to be appropriatebefore(Platt, 1999). The normal
decisionthreshold(assumingwe areseekingto minimize
errors)for thisclassi�er is at zero.

4.3.2 Na�̈veBayes

The nä�ve Bayesclassi�er model is a multinomial model
(McCallum & Nigam, 1998). We smoothedword and
classprobabilitiesusingaBayesianestimate(with theword
prior) anda Laplacem-estimate,respectively. We usethe
log-oddsestimatedby the classi�er as �
	 ��
 . The normal
decisionthresholdis at zero.

4.4 PerformanceMeasures

We use log-loss (Good, 1952) and squarederror (Brier,
1950; DeGroot& Fienberg, 1986)to evaluatethe quality
of theprobabilityestimates.DeGrootandFienberg (1983)
show how thesetwo scoringrulescanbebrokendown into
asumof two terms— onecorrespondingto calibration(as
de�ned above) andanotherto re�nement. It is beyondthe
scopeof this article to delve into theseissues,but these
scoringruleshavebeentypically usedto assessthequality
of probability estimateswithout breakingdown the score
into its componentparts.In theliteratureachieving abetter
scoreaccordingto theseruleshassometimesbeenloosely
termedimproving “calibration” but actually meaningthe
overallqualitywasimproved(via improvingoneor bothof
thecomponents).

For a datum � with class� 	 ��
 . � �

�

� % (i.e. thedata
have known labelsandnot probability values),log-lossis
de�ned as

�

	 � 	 ��
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is theKroneckerdeltafunction.Thesquarederror
is
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.
We report the sumof thesemeasuresaswell as their

averages,averagelog-lossandmeansquarederror(MSE).
In addition,we alsocomparetheerror rateof theclas-

si�ers at their default thresholdsandwith theprobabilities.
This givesan ideaof how the probability estimateshave
improvedwith respectto thedecisionthreshold

�

	���� ��
 �

��! 


.4

4We note that this measureshouldnot be usedalonewhen judging
thequality of a probabilitydistribution sincethis measureonly indicates
whethertheestimatestendto thecorrectsideof ������� �
	���
�� � .

Weuseaastandardpairedsign-test(Yang& Liu, 1999)
to determinestatisticalsigni�cancein thedifferenceof all
measures.Only pairsthatthemethodsdisagreeonareused
in the sign test. This test comparespairs of scoresfrom
two systemswith the null hypothesisthat the numberof
itemsthey disagreeon arebinomiallydistributed(i.e. each
systemdoesbetterabouthalf the time they disagree).We
usea signi�cancelevel of � �

��! ���

.

4.5 Experimental Methodology

In orderto generatethescoresthateachmethodusesto �t
its probabilityestimates,we use� ve-fold cross-validation
on the training data. We note that even though it is
computationallyef�cient to perform leave-one-outcross-
validation for the nä�ve Bayesclassi�er, this may not be
desirablein all casessincethedistributionof scorescanbe
biasedasaresult(i.e. theclass-conditionaldensitiesmight
show alargerseparationthanwouldbeexpectedin held-out
data). Of course,aswith any applicationof Q -fold cross-
validation,it is alsopossibleto biastheresultsby holding

Q too low andunderestimatingtheperformanceof the�nal
classi�er.

4.6 Results

The resultsfor recalibratingnä�ve Bayesaregiven on the
left of tables1 and2. For producingprobabilisticoutputs
for SVMs, theresultsaregivenon theright of tables1 and
2.

Wecanbreakthingsdown asthesigntestdoesandjust
look at wins andlosseson the itemsthat themethodsdis-
agreeon. Lookedat in this way only two methods(nä�ve
Bayesand A. Gauss) ever have more pairwisewins than
A. Laplace; thosetwo sometimeshave morepairwisewins
on log-lossandsquarederror even thoughthe total never
wins (i.e. they aredraggeddown by heavy penalties).The
reasonsfor this behavior is discussedbelow.

In addition, this comparisonof pairwisewins means
thatfor thosecaseswhereLogReg andLR+Noisehavebet-
ter scoresthan A. Laplace, it would not be deemedsig-
ni�cant by thesigntestat any level sincethey do not have
morewins. For example,of the130Kbinarydecisionsover
theMSN Webdataset,A.Laplacehadapproximately101K
pairwisewins versusLogReg andLR+Noise.

No method ever has more pairwise wins than
A. Laplace for the error rate comparisonnor does any
methodeveryachieveabettertotalnumber.

In order to give the readera better senseof the be-
havior of thesemethods,�gures 4-12 show the �ts pro-
ducedby thesemethodsversusthe actualdatabehavior
(as estimatednonparametricallyusing a �x ed width ker-
nel) for classEarn in Reuters.Figures4-6 show theclass-
conditionaldensities.Figures7-9 show theestimationsof



Table1: Resultsfor nä�veBayes(left) andSVM (right). Thebestentryfor a corpusis in bold. Entriesthatarestatistically
signi�cantly betterthanall otherentriesareunderlined.A

�

denotesthemethodis signi�cantly betterthanall othermethods
exceptfor nä�veBayes. A � denotestheentry is signi�cantly betterthanall othermethodsexceptfor A. Gauss(andna�̈ve
Bayesfor thetableon theleft).

Log-loss Error
�

Errors
MSN Web
Gauss -60656.41 10503.30 10754
A.Gauss -57262.26 8727.47 9675
Laplace -45363.84 8617.59 10927
A.Laplace -36765.88 6407.84� 8350
LogReg -36470.99 6525.47 8540
LR+Noise -36468.18 6534.61 8563
nä�veBayes -1098900.83 17117.50 17834
Reuters
Gauss -5523.14 1124.17 1654
A.Gauss -4929.12 652.67 888
Laplace -5677.68 1157.33 1416
A.Laplace -3106.95� 554.37� 726
LogReg -3375.63 603.20 786
LR+Noise -3374.15 604.80 785
nä�veBayes -52184.52 1969.41 2121
TREC-AP
Gauss -57872.57 8431.89 9705
A.Gauss -66009.43 7826.99 8865
Laplace -61548.42 9571.29 11442
A.Laplace -48711.55 7251.87� 8642
LogReg -48250.81 7540.60 8797
LR+Noise -48251.51 7544.84 8801
nä�veBayes -1903487.10 41770.21 43661

Log-loss Error
�

Errors
MSN Web
Gauss -54463.32 9090.57 10555
A. Gauss -44363.70 6907.79 8375
Laplace -42429.25 7669.75 10201
A. Laplace -31133.83 5003.32 6170
LogReg -30209.36 5158.74 6480
LR+Noise -30294.01 5209.80 6551
LinearSVM N/A N/A 6602
Reuters
Gauss -3955.33 589.25 735
A. Gauss -4580.46 428.21 532
Laplace -3569.36 640.19 770
A. Laplace -2599.28 412.75 505
LogReg -2575.85 407.48 509
LR+Noise -2567.68 408.82 516
LinearSVM N/A N/A 516
TREC-AP
Gauss -54620.94 6525.71 7321
A. Gauss -77729.49 6062.64 6639
Laplace -54543.19 7508.37 9033
A. Laplace -48414.39 5761.25� 6572�

LogReg -48285.56 5914.04 6791
LR+Noise -48214.96 5919.25 6794
LinearSVM N/A N/A 6718

theposterior, (i.e.
�

	����	��
 � �
	 ��
 
 ). Figures10-12show the
estimationsof the log-odds,(i.e. log 


	
��������6 ��	�� ���




	�����������6 ��	 � ��� ). The
differencesbetweenLogReg andLR+Noisewerenot visi-
ble to theeye in thesegraphs;thusonly oneline is shown
for both.In orderto helpthereaderquantifythedifferences
in these�ts, we presenta detailedbreakdown of log-loss
andsquarederrorfor classEarn in tables3 and4.

4.7 Discussion

We startby noting several pointsof interestobservablein
�gures 4-11 and then move on to more generalobserva-
tions. First, the training and testdistributions in �gure 4
areclearlydifferent.Thetrainingdistribution in bothcases
(for recalibratingnä�ve Bayesandproducingprobabilistic
outputsfor SVMs) is harderto separatethanthe testdis-
tribution. Thereare two primary reasonswhy this might
be the case. The �rst is that Reutersis a time sequence
of news stories,and the train/testsplit is a split at one
point in time. Therefore,theactualdistributionmightdrift.

Thesecondpossibleexplanationis thatusing5-fold cross-
validationmightbeunderestimatingtheperformanceof the
�nal classi�er. While few detailsareobservablein �gures
7-9, it shouldgive thereadera generalsenseof thebehav-
ior of theposteriorof thesefunctions.Finally, in �gure 11,
onepotentialbene�t of theA.LaplacemethodoverLogReg
andLR+Noiseis demonstrated.Logistic regressioncorre-
spondsto a line in this space(thusthename),but this can
overconstrainit at times.Whereas,A. Laplacecorresponds
to a piecewise linear function of threeline segments(the
hingesoccurat the modesof the class-conditionaldensi-
ties). This allows A. Laplaceto �nd a better�t in these
cases.

Severalmoregeneralobservationscomefrom examin-
ing theperformanceof thesemethodsover thevariouscor-
pora. The�rst is thatA. Laplace, LR+Noise, andLogReg,
quite clearlyoutperformtheothermethods.Thereis usu-
ally little differencebetweentheperformanceof LR+Noise
andLogReg (bothasshown hereandon a decisionby de-
cision basis),but this is unsurprisingsinceLR+Noisejust



Table2: Averagesfor calibratingnä�ve Bayes(left) andSVM (right). Thebestentry for a corpusis in bold. Entriesthat
arestatisticallysigni�cantly betterthanall otherentriesareunderlined.A

�

denotesthemethodis signi�cantly betterthan
all othermethodsexceptfor nä�ve Bayes. A � denotesthe entry is signi�cantly betterthanall othermethodsexceptfor
A. Gauss(andnä�veBayesfor thetableon theleft).

Avg LL MSE Error
MSN Web
Gauss -0.4655 0.0806 0.0825
A.Gauss -0.4394 0.0670 0.0742
Laplace -0.3481 0.0661 0.0839
A.Laplace -0.2821 0.0492� 0.0641
LogReg -0.2799 0.0501 0.0655
LR+Noise -0.2799 0.0501 0.0657
nä�veBayes -8.4328 0.1314 0.1369
Reuters
Gauss -0.1674 0.0341 0.0501
A. Gauss -0.1494 0.0198 0.0269
Laplace -0.1721 0.0351 0.0429
A. Laplace -0.0942� 0.0168� 0.0220
LogReg -0.1023 0.0183 0.0238
LR+Noise -0.1023 0.0183 0.0238
nä�veBayes -1.5818 0.0597 0.0643
TREC-AP
Gauss -0.0432 0.0063 0.0072
A. Gauss -0.0493 0.0058 0.0066
Laplace -0.0459 0.0071 0.0085
A. Laplace -0.0364 0.0054� 0.0065
LogReg -0.0360 0.0056 0.0066
LR+Noise -0.0360 0.0056 0.0066
nä�veBayes -1.4207 0.0312 0.0326

Avg LL MSE Error
MSN Web
Gauss -0.4179 0.0698 0.0810
A. Gauss -0.3404 0.0530 0.0643
Laplace -0.3256 0.0589 0.0783
A. Laplace -0.2389 0.0384 0.0473
LogReg -0.2318 0.0396 0.0497
LR+Noise -0.2325 0.0400 0.0503
LinearSVM N/A N/A 0.0507
Reuters
Gauss -0.1199 0.0179 0.0223
A. Gauss -0.1388 0.0130 0.0161
Laplace -0.1082 0.0194 0.0233
A. Laplace -0.0788 0.0125 0.0153
LogReg -0.0781 0.0124 0.0154
LR+Noise -0.0778 0.0124 0.0156
LinearSVM N/A N/A 0.0156
TREC-AP
Gauss -0.0408 0.0049 0.0055
A. Gauss -0.0580 0.0045 0.0050
Laplace -0.0407 0.0056 0.0067
A. Laplace -0.0361 0.0043� 0.0049�

LogReg -0.0360 0.0044 0.0051
LR+Noise -0.0360 0.0044 0.0051
LinearSVM N/A N/A 0.0050

addsnoisyclasslabelsto theLogReg model.With respect
to thethreedifferentmeasures,LR+NoiseandLogReg tend
to performslightly better(but never signi�cantly) at some
taskswith respectto log-lossandsquarederror. However,
A. Laplacealwaysproducesthe leastnumberof errorsfor
all of thetasks,thoughat timesthedegreeof improvement
is not signi�cant.

Thebasicobservationmadeaboutnä�ve Bayesin pre-
viouswork is that it tendsto produceestimatesvery close
to zeroandone(Bennett,2000;Lewis & Gale,1994).This
meansif it tendsto beright enoughof thetime, it will pro-
duceresultsthatdonotappearsigni�cant in asigntestthat
ignoressizeof difference(asthe onehere). The totalsof
thesquarederrorandlog-lossbearout thepreviousobser-
vationthat“when it' swrongit' s really wrong”.

Thereare several interestingpoints about the perfor-
manceof the asymmetricdistributions as well. First,
A. Gaussperformspoorlybecause(similar to nä�veBayes)
there are some exampleswhere it is penalizeda large
amount. This behavior resultsfrom a generaltendency

to perform like the picture shown in �gure 3 (note the
crossover at the tails). While the asymmetricGaussian
tendsto placethemodemuchmoreaccuratelythana sym-
metricGaussian,its asymmetric�e xibility combinedwith
its distancefunctioncausesit to distributetoomuchmassto
theoutsidetails while failing to �t aroundthemodeaccu-
ratelyenoughto compensate.Figure3 isactuallyaresultof
�tting thetwo distributionsto realdata(anexcerptof �gure
5). As a result,at thetails therecanbea largediscrepancy
betweenthe likelihood of belongingto eachclass. Thus
whenthereareno outlierstheA. Gausscanperformquite
competitively, but whenthereis anoutlier theA.Gausscan
be penalizedquite heavily for it. Thereareenoughsuch
casesoverall that it seemsclearly inferior to the top three
methods.

However, the asymmetricLaplaceplacesmuch more
emphasisaroundthemodebecauseof thedifferentdistance
function(think of the“sharppeak”of anexponential).As
a resultmostof themassstayscenteredaroundthemodes,
while theasymmetricparametersstill allow more�e xibility
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Figure4: Nonparametricestimation(usinga �x edwidth kernel,i.e. datacenteredbin) of classconditionalscoredensities
in thetrainingandthetestsetfor classEarn in Reuters.Thepositiveclass(i.e. Earn) is thedistributionontheright in each
graph,andthenegativeclass(i.e. � Earn) is thaton theleft in eachgraph.

Table3: Detailedresultsfrom onebinary classi�cationtaskfor recalibratingnä�ve Bayes.The taskis discriminationof
classEarn in theReuterscorpus.

Over Training Over Testing
Error

�

MSE Error
�

MSE
Gauss 686.45 0.0715 143.57 0.0435
A. Gauss 392.14 0.0408 78.05 0.0237
Laplace 835.05 0.0870 223.98 0.0679
A. Laplace 378.26 0.0394 70.93 0.0215
LogReg 433.44 0.0451 91.36 0.0277
LR+Noise 434.30 0.0452 91.55 0.0278

Over Training Over Testing
Log-loss Avg LL Log-loss Avg LL

Gauss -3501.49 -0.3636 -862.07 -0.2613
A. Gauss -2361.48 -0.2459 -747.71 -0.2266
Laplace -4259.04 -0.4435 -1261.26 -0.3823
A. Laplace -2176.02 -0.2266 -492.50 -0.1493
LogReg -2684.12 -0.2795 -595.72 -0.1806
LR+Noise -2684.17 -0.2795 -596.39 -0.1808

thanthestandardLaplacein �tting thedata.

We could extend the signi�cance tests here with a
Wilcox signedranktest(which is anextensionof thesign
test to considersizeof win as well by ranking the abso-
lute differences)(DeGroot,1989).Thoughtheexpectation
is that this would changefew of the comparisonsexcept
thoseagainstnä�ve Bayes(sinceall of the methodspost
very largepairwisewins againstit).

Finally, wecanmakea few observationsabouttheuse-
fulnessof thevariousperformancemetrics.First, log-loss
only awardsa�nite amountof creditasthedegreeto which
somethingis correctimproves(i.e. therearediminishing
returnsas it approacheszero),but it can in�nitely penal-
ize for a wrongestimate.Thus,it is possiblefor oneout-
lier to skew thetotals,but misclassifyingthisexamplemay
not matterfor any but a handfulof actualutility functions
(oneswith extremelyhighskew) usedin practice.Secondly,
squarederrorhasaweaknessin theotherdirection.Thatis,
its penaltyandrewardareboundedin

� � � ���

, but if thenum-

berof errorsaresmall enough,it is possiblefor a method
to appearbetterwhen it is producingwhat we generally
considerunusefulprobabilityestimates.For example,con-
sidera methodthatonly estimatesprobabilitiesaszeroor
one(which nä�ve Bayestendsto but doesn't quitereachif
you usesmoothing).This methodcouldwin accordingto
squarederror, but with just oneerror it would never per-
form betteron log-lossthanany methodthatassignssome
non-zeroprobability to eachoutcome.For thesereasons,
werecommendthatneitherof theseareusedin isolationas
they eachgive slightly different insightsto the quality of
theestimatesproduced.Theseobservationsarestraightfor-
wardfrom themetricde�nitions but areunderscoredby the
evaluation.

5 Futur e Work

A promisingextensionto thework presentedhereis a hy-
brid distribution of a Gaussian(on theoutsideslopes)and
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Figure5: Estimatedclassconditionalscoredensitiesof variousmethodsversusthenonparametricdensityof thetraining
datafor classEarn in Reuters.
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Figure6: Estimatedclassconditionalscoredensitiesof variousmethodsversusthenonparametricdensityof the testing
datafor classEarn in Reuters.

exponentials(on the innerslopes).Fromtheempiricalev-
idencepresentedin (Platt, 1999), the expectationis that
suchadistributionmightallow moreemphasisof theprob-
ability massaroundthe modes(as with the exponential)
while still providing more accurateestimatestoward the
tails. Comparingit to amixturemodel,suchasthatusedin
(Manmathaet al., 2001)for combiningsearchengineout-
put,mayalsoprovideusefulinsights.

Finally, extendingthesemethodsto theoutputsof other
discriminativeclassi�ersis anopenarea.We arecurrently
evaluatingtheappropriatenessof thesemethodsfor theout-
put of a votedperceptron (Freund& Schapire,1999). By
analogyto the log-odds,the operative scorethat appears

promisingis S�U W

weightperceptronsvoting
�

weightperceptronsvoting
� .

6 Summary and Conclusions

We have reviewed a wide variety of parametricmethods
for producingprobabilityestimatesfrom theraw scoresof
a discriminative classi�er and for recalibratingan uncali-
bratedprobabilisticclassi�er. In addition,we have intro-
ducedtwo new families that attemptto capitalizeon the
asymmetricbehavior thattendsto arisefrom learningadis-
crimination function. We have given an ef�cient way to
estimatetheparametersof thesedistributions.

While thesedistributionsattemptto strikeabalancebe-
tweenthegeneralizationpower of parametricdistributions
and the �e xibility that the addedasymmetricparameters
give, the asymmetricGaussianappearsto have too great
of an emphasisaway from the modes. In striking con-
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Figure7: Nonparametricestimationof posterior(usingBayes'rule to invert densitiesin �gure 4) in the trainingandthe
testsetfor classEarn in Reuters.
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Figure8: Estimatedposteriorsof variousmethodsversusthenonparametricestimationof theposteriorof thetrainingdata
for classEarn in Reuters.

trast, the asymmetricLaplacedistribution appearsto be
preferableover several largetext domainsanda varietyof
performancemeasuresto theprimarycompetingparamet-
ric methods,thoughcomparableperformanceis sometimes
achieved with one of two varietiesof logistic regression.
Given the easeof estimatingthe parametersof this distri-
bution, it is a good�rst choicefor producingquality prob-
ability estimates.
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Figure10: Nonparametricestimationof log-oddsin thetrainingandthetestsetfor classEarn in Reuters.
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Figure11: Estimatedlog-oddsof variousmethodsversusthenonparametricestimationof thelog-oddsof thetrainingdata
for classEarn in Reuters.
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Figure12: Estimatedlog-oddsof variousmethodsversusthenonparametricestimationof thelog-oddsof thetestingdata
for classEarn in Reuters.

Table4: Detailedresultsfrom onebinaryclassi�cationtaskfor producingprobabilisticoutputsfor anSVM. The taskis
discriminationof classEarn in theReuterscorpus.

Over Training Over Testing
Error

�

MSE Error
�

MSE
Gauss 231.42 0.0241 52.82 0.0160
A. Gauss 165.27 0.0172 37.76 0.0114
Laplace 405.15 0.0422 108.95 0.0330
A. Laplace 164.72 0.0172 37.59 0.0114
LogReg 165.41 0.0172 38.61 0.0117
LR+Noise 165.66 0.0173 38.71 0.0117

Over Training Over Testing
Log-loss Avg LL Log-loss Avg LL

Gauss -1462.49 -0.1523 -384.73 -0.1166
A. Gauss -1195.92 -0.1245 -393.64 -0.1193
Laplace -2368.40 -0.2466 -717.30 -0.2174
A. Laplace -1015.49 -0.1057 -268.56 -0.0814
LogReg -1034.93 -0.1078 -292.21 -0.0886
LR+Noise -1035.07 -0.1078 -292.06 -0.0885



Appendix A: Derivation of MLEs for Asymmetric LaplaceDistrib ution
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Thepartialderivativesare: 	
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We thencaniteratethroughalternatechoicesfor
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Appendix B: C codefor MLE of Asymmetric Laplace

Thiscodeis alsocurrentlyavailableathttp://www.cs.cmu.edu/˜pbennett/asymmetric/aLaplace.c.

/* For the data given in scores,
finds the maximum likelihood set of parameters for
an asymmetric Laplace family

p(x | THETA, BETA, GAMMA)=
if (x <= THETA) then

(BETA * GAMMA)/(BETA + GAMMA)exp[- BETA (THETA - X) ]
else

(BETA * GAMMA)/(BETA + GAMMA)exp[- GAMMA(X - THETA) ]

candidate thetas are restricted to the range [min,max]
*/
void find_aLaplace_parameters(double * scores, /* vector of scores - assumed to

be sorted least to greatest */
long int N, /* number of scores */
double min, /* min mode to try */
double max, /* max mode to try */
double defaultm, /* default mode if N == 0 */
int num_interval_slices, /* breaks scores[i] and

scores[i + 1] into
this many pieces to
try as candidate
modes */

/* next three are return values of distribution */
double * final_theta,
double * final_beta,
double * final_gamma) {

double max_ln_posterior, ln_posterior;
double max_init = 0;
double prev_score_theta = min;
double theta = prev_score_theta, beta, gamma;
long int num_left = 0, num_right = N;
double sum_left = 0, sum_right = 0;
double diff_left, diff_right;
int done = 0, slice_num = 0;
long int i;

if (N == 0) {
/* no scores */
*final_theta = defaultm;
*final_beta = EPSILON_ZERO;
*final_gamma = EPSILON_ZERO;
return;

}

/* loop through and get the sum of all scores */
for (i = 0; i < N; i++) {

sum_right += scores[i];
}



i = 0;
do {

/* update sufficent statistics */
while ((i < N) && (scores[i] <= theta)) {

/* move this example from the right of threshold to the left */
num_left++;
num_right--;
sum_left += scores[i];
sum_right -= scores[i];
i++;

}
diff_left = num_left * theta - sum_left;
diff_right = sum_right - num_right * theta;

/* compute beta */
if (diff_left == 0) {

/* default value for beta */
beta = EPSILON_INF;

}
else {

/* compute closed MLE for beta */
beta = N / (diff_left + sqrt(diff_left) * sqrt(diff_right));

}

/* compute gamma */
if (diff_right == 0) {

/* default value for gamma */
gamma = EPSILON_INF;

}
else {

/* compute closed MLE for gamma */
gamma = N / (diff_right + sqrt(diff_left) * sqrt(diff_right));

}

/* compute log posterior */
ln_posterior = (N * (log(beta * gamma) - log(beta + gamma))

- beta * diff_left - gamma * diff_right);

/* update set of best parameters */
if (max_init) {

if (ln_posterior > max_ln_posterior) {
*final_theta = theta;
*final_beta = beta;
*final_gamma = gamma;
max_ln_posterior = ln_posterior;

}
}
else {

*final_theta = theta;
*final_beta = beta;
*final_gamma = gamma;
max_ln_posterior = ln_posterior;
max_init = 1;



}

/* get new choice for theta */
if (theta == max) {

/* already tried max so we're done */
done = 1;

}
else {

double next = max;
if (i != N)

next = scores[i];
slice_num++;
if ((slice_num % num_interval_slices) == 0) {

prev_score_theta = next;
theta = prev_score_theta;
slice_num = 0;

}
else {

theta = slice_num * ((next - prev_score_theta) /
num_interval_slices) + prev_score_theta;

}
/* check if that's the bound */
if (theta > max)

done = 1;
}

} while (!done);
}
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Thepartialderivativesare:
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We thencaniteratethroughalternatechoicesfor
�
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For comparisonof thesymmetryof this solutionto theasymmetricLaplace,we canalsowrite thesolutionas:

���

�

:<;�=

�

9

 

���

�

�

,

 

���

�

9

 

���

�

�

�

9

 

���

�

�

,

 

���

���

�

:<;�=

�

9

 

���

�

�

,

 

���

�

9

 

���

�

�

�

9

 

���

�

�

,

 

���

!

(24)

Thesecondpartof eachequationis equalto 	

�(�

�

:<;�=

�

���

�

:<;�=




 

���

.



Appendix D: C Codefor MLE of Asymmetric Gaussian

Thiscodeis alsocurrentlyavailableathttp://www.cs.cmu.edu/˜pbennett/asymmetric/aGaussian.c.

/* For the data given in scores,
finds the maximum likelihood set of parameters for
an asymmetric Gaussian family

p(x | THETA, BETA, GAMMA)=
if (x <= THETA) then

(2 / (sqrt(2 * pi) (BETA + GAMMA))) exp [-1/2 ((x -
THETA) / BETA)ˆ2]

else
(2 / (sqrt(2 * pi) (BETA + GAMMA))) exp [-1/2 ((x -

THETA) / GAMMA)ˆ2]

candidate thetas are restricted to the range [min,max]
*/
void find_aGaussian_parameters(double * scores, /* vector of scores - assumed

to be sorted least to
greatest */

long int N, /* number of scores */
double min, /* min mode to try */
double max, /* max mode to try */
double defaultm, /* default mode if N == 0 */
int num_interval_slices, /* breaks scores[i] and

scores[i + 1] into
this many pieces to
try as candidate

modes */
/* next three are return values of distribution */
double * final_theta,
double * final_beta,
double * final_gamma) {

double max_ln_posterior, ln_posterior;
double max_init = 0;
double prev_score_theta = min;
double theta = prev_score_theta, beta, gamma;
long int num_left = 0, num_right = N;
double sum_left = 0, sum_right = 0;
double sum_squares_left = 0, sum_squares_right = 0;
double diff_left, diff_right, diff_left_3root, diff_right_3root;
int done = 0, slice_num = 0;
long int i;

if (N == 0) {
/* no scores */
*final_theta = defaultm;
*final_beta = EPSILON_INF;
*final_gamma = EPSILON_INF;
return;

}

/* loop through and get the sum and sum of square of all scores */
for (i = 0; i < N; i++) {



sum_right += scores[i];
sum_squares_right += (scores[i] * scores[i]);

}

i = 0;
do {

/* update sufficent statistics */
while ((i < N) && (scores[i] <= theta)) {

double score_squared = scores[i] * scores[i];
/* move this example from the right of threshold to the left */
num_left++;
num_right--;
sum_left += scores[i];
sum_right -= scores[i];
sum_squares_left += score_squared;
sum_squares_right -= score_squared;
i++;

}
diff_left = sum_squares_left - 2 * sum_left * theta + theta * theta * num_left;
diff_right = sum_squares_right - 2 * sum_right * theta + theta * theta * num_right;
diff_left_3root = cbrt(diff_left);
diff_right_3root = cbrt(diff_right);

/* compute beta */
if (diff_left == 0) {

/* default value for beta */
beta = EPSILON_ZERO;

}
else {

/* compute closed MLE for beta */
beta = (sqrt(diff_left

+ diff_left_3root * diff_left_3root * diff_right_3root)
/ sqrt(N));

}

/* compute gamma */
if (diff_right == 0) {

/* default value for gamma */
gamma = EPSILON_ZERO;

}
else {

/* compute closed MLE for gamma */
gamma = (sqrt(diff_right

+ diff_right_3root * diff_right_3root * diff_left_3root)
/ sqrt(N));

}

/* compute log posterior */
ln_posterior = ( /* N * (log(2) - log(sqrt(2 * pi))) -- constant for all

choices */
N * (- log (beta + gamma))
- 0.5 * diff_left / (beta * beta)
- 0.5 * diff_right / (gamma * gamma));



/* update set of best parameters */
if (max_init) {

if (ln_posterior > max_ln_posterior) {
*final_theta = theta;
*final_beta = beta;
*final_gamma = gamma;
max_ln_posterior = ln_posterior;

}
}
else {

*final_theta = theta;
*final_beta = beta;
*final_gamma = gamma;
max_ln_posterior = ln_posterior;
max_init = 1;

}

/* get new choice for theta */
if (theta == max) {

/* already tried max so we're done */
done = 1;

}
else {

double next = max;
if (i != N)

next = scores[i];
slice_num++;
if ((slice_num % num_interval_slices) == 0) {

prev_score_theta = next;
theta = prev_score_theta;
slice_num = 0;

}
else {

theta = slice_num * ((next - prev_score_theta) /
num_interval_slices) + prev_score_theta;

}
/* check if that's the bound */
if (theta > max)

done = 1;
}

} while (!done);
}
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