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Abstract

This paperdescribesa scalablealgorithm for the simultaneousmapping and localization
(SLAM) problem. SLAM is the problemof determiningthe location of ernvironmentalfea-
tureswith a roving robot. Mary of today's populartechniquesarebasedon extendedkalman
lters (EKFs),which requireupdatetime quadraticdn the numberof featuresn the map. This
paperdevelopsthe notion of sparseextendedinformation lters (SEIFs),asa newv methodfor
solvingthe SLAM problem.SEIFsexploit structureinherentin the SLAM problem,represent-
ing mapsthroughlocal, Web-like networks of features By doingso,updatesanbe performed
in constantime, irrespectve of the numberof featuresin the map. This paperpresentsev-
eraloriginal constant-timeesultsof SEIFs,andprovidessimulationresultsthatshav the high
accurag of theresultingmapsin comparisorto the computationallymore cumbersoméKF

solution.
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1 Intr oduction

Thesimultaneousocalizationandmapping(SLAM) problemis theproblemof acquiringamap
of an unknavn ervironmentwith a moving robot, while simultaneouslytocalizing the robot
relative to this map[6, 12]. The SLAM problemaddressesituationswherethe robotlacksa
global positioningsensoyr and insteadhasto rely on a sensorof incrementalego-motionfor
robot positionestimation(e.g.,odometry inertial navigation). Suchsensorsaccumulatesrror
over time, makingthe problemof acquiringanaccuratenapa challengingone. Within mobile
robotics,the SLAM problemis oftenreferredto asoneof the mostchallengingoneg[28].

In recentyears,the SLAM problemhasreceved considerablettentionby the scienti c
community anda urry of new algorithmsandtechniquesiasemeged,asattestedfor exam-
ple, by arecentworkshopon this topic [11]. Existingalgorithmscanbe subdvidedinto batch
andonline techniques.The former provide sophisticatedechniquego copewith perceptual
ambiguitieq2, 24, 30], but they canonly generatenapsafter extensve batchprocessingOn-
line techniquesare speci cally suitedto acquiremapsasthe robot navigates[6, 27], which is
of greatpracticalimportancan mary navigationandexplorationproblemg25]. Today's most
widely usedonline algorithmsarebasedon extendedKalman lters (EKFs),basedon a semi-
nal seriesof paperd17, 18, 27, 26]. EKFs calculateGaussiarposteriorsover the locationsof
environmentalfeaturesandtherobotitself.

A key bottleneckof EKFs—whichhasbeensubjectto intenseresearch—isheir computa-
tionalcomplity. ThestandardEKF approachequiredime quadratian thenumberof features
in themap,for eachincrementalipdate.This computationaburdenrestrictsEKFsto relatively
sparsemapswith no more than a few hundredfeatures. Recently several researcherbave
developedhierarchicatechniqueshatdecomposenapsinto collectionsof smaller moreman-
ageablesubmapgl, 8, 31]. While in principle, hierarchicatechniquexansolve this problem
in lineartime, mostof thesetechniquesstill requirequadratictime perupdate.However, they
do so with a muchreducedconstantfactor enablingthemto managesigni cantly morefea-
tures.Onerecenttechniqueupdateghe estimaten constantime [13], but with alossof global
consisteng thatis particularlytroublesomeavhencloseingloopsin cyclic ervironmentg9]. A
differentline of researchhasreliedon particle lters for ef cient mapping[7]. TheFastSLAM
algorithm[16] andrelatedmappingalgorithms[19] requiretime logarithmicin the numberof
featuresn themap,but they dependinearly on a particle- Iter speci ¢ parametefthenumber
of particles),whosescalingwith environmentalsizeis still poorly understood.Noneof these
approacheshowever, offer constanttime updatingwhile simultaneouslymaintainingglobal
consisteng of themap.

This paperproposesnev SLAM algorithmwhoseupdatesequireconstantime,indepen-
dentof thenumberof featuresn themap.Ourapproachs basednthewell-known information
form of the EKF, alsoknown asthe extendednformation Iter (EIF) [22]. To achieve constant
time updating,we develop an approximateEIF which maintainsa spaise representatiorof
environmentaldependenciesEmpirical simulationresultsprovide evidencethat the resulting
mapsarecomparableén accurag to thecomputationallymuchmorecumbersom&KF solution,
whichis still atthe coreof mostwork in the eld.



Ourapproachs bestmotivatedby investicgatingtheworkingsof the EKF. Figurel shavsthe
resultof EKF mappingin anenvironmentwith 50 landmarks.The left panelshavs a moving
robot, alongwith its Gaussiarestimatef the locationof all 50 point features. The central
informationmaintainedoy the EKF solutionis a covariancematrix of thesedifferentestimates.
Thenormalizedcovariance|.e., the correlation,is visualizedin the centerpanelof this gure.
Eachof the two axeslists the robot pose(x-y locationand orientation)followed by the x-y-
locationsof the 50 landmarks. Dark entriesindicatestrongcorrelations. It is known thatin
the limit of SLAM, all x-coordinatesandall y-coordinatesdbecomefully correlated6]. The
checlerboardappearancef the correlationmatrixillustratesthis fact. Maintainingthesecross-
correlations—ofvhich therearequadraticallymary in thenumberof featuresn the map—are
essentiato the SLAM problem. This obsenation hasgivenrise to the (false)suspicionthat
onlineSLAM is inherentlyquadratian the numberof featuresn the map.

Thekey insightthatmotivatesour approachs shavn in theright panelof Figure1l. Shavn
thereis theinversecovariancematrix (alsoknown asinformationmatrix [15, 22]), normalized
justlike the correlationmatrix. Elementsn this normalizednformationmatrix canbethought
of asconstraintspr links, betweenthe locationsof differentfeatures:The darker an entryin
thedisplay thestrongetthelink. As thisdepictionsuggeststhe normalizednformationmatrix
appearso benaturallysparseit is dominatedy asmallnumberof stronglinks, andpossesses
largenumberof links whosevalues whennormalizedarenearzero.Furthermorelink strength
is relatedto distanceof features:Stronglinks are found only betweengeometricallynearby
features.The moredistanttwo landmarksthe wealer their link. This obsenation suggesthat
theEKF solutionto SLAM possessamportantstructurethatcanbeexploitedfor moreef cient
solutions.While ary two featuresarefully correlatedn thelimit, the correlationarisesmainly
througha network of local links, which only connectnearbylandmarks.

Our approachexploits this structureby maintaininga sparseinformationmatrix, in which
only nearbyfeaturesarelinkedthrougha non-zeroelement.Theresultingnetwork structureis
illustratedin theright panelof Figure2, wherediskscorresponds$o point featuresanddashed
arcsto links, asspeci ed in the information matrix visualizedon the left. Shovn alsois the
robot, which is linked to a small subsetof all featuresonly, calledactive featuresanddrawn
in black. Storing a sparseinformation matrix requireslinear space. More importantly up-
datescanbe performedin constantime, regardlessof the numberof featuresn the map. The
resulting Iter is a spaise extendedinformation lter , or SEIFE We shov empirically that the
SEIFstightly approximatecorventionalextendednformation lters, which previously applied
to SLAM problemsin [20, 22] andwhich arefunctionally equialentto the popularEKF solu-
tion.

Our techniqueis probably most closely relatedto work on SLAM lters that represent
relative distancessuchas Newman's geometricprojection Iter [23] andextensiong5], and
Csorbas relative Iter [4]. Neitherof thesealternatve approachegermitsconstantime up-
datingin SLAM, thoughit appearshatthesetechniquesouldbe developedinto constantime
algorithms,usingapproximationsimilar to the onesdescribechere. Our work is alsorelated
to therich body of literatureon topologicalmapping[3, 10, 14, 32], which typically doesnot
represenaboutdependencieandcorrelationsn therepresentationf uncertainty
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iteration: 0 error: 0.0000%

error: 0.0152%
—

Figure 1. Typicalsnapshotsf EKFsappliedto the SLAM problem:Shavn hereis amap(left panel),acorrelation
(centerpanel),anda normalizedinformationmatrix (right panel). Notice thatthe normalizedinformationmatrix
is naturallyalmostsparsemotivating our approactof usingsparsenformationmatricesn SLAM.



Figure 2: lllustration of the network of landmarksgeneratedby our approach. Shavn on the left is a sparse
informationmatrix, andon the right a mapin which entitiesarelinked whoseinformationmatrix elements non-
zero.As amguedin thepaperthefactthatnotall landmarksareconnecteds a key structuralelemenbof the SLAM
problem,andatthe heartof our constantime solution.

The remainderof this paperis organizedasfollows. Section2 introducesthe extended
information Iter (EIF), which formsthe basisof our approach.This approachs not new, al-
thoughthe literatureappeargo lack a similarly compactderivation of EIFs. Building on this,
Section3 introducessparseSEIFs. First we provide threeconstant-timeesultsin Section3.1.
In particular we show thatall Iter updatesanbe carriedoutin constantime if theinforma-
tion matrix is sparse.This resultis somavhat surprising,asa nave implementatiorof motion
updatesn information Iters requireinversionof the entireinformationmatrix, an O(N 3) op-
eration. Section3.2 describesin amortizedconstant-timealgorithmfor recovering EKF-style
stateestimatesneededor the linearizationof non-linearmotion and measuremerfunctions.
Finally, Section3.3 describesur techniquefor enforcingsparseness SEIFs. Experimental
resultsare provided in Section4, we we speci cally compareour nev approacho the EKF
solution. Theseresultssuggesthatthe sparsenessonstrainintroducesonly very smallerrors
in theresultingmapswhencomparedo the computationallymorecumbersom&KF solution.
However, theseempiricalresultsarelimited in thatthey arebasedon simulateddataonly, and
they do notaddresslataassociatiorproblemsthatinherentlyarisein real-world SLAM.

2 ExtendedInformation Filters

This sectionreviews the extendedinformation lter (EIF), which formsthe basisof our work.
ElFsarecomputationallyequivalentto extendedKalman Iters (EKFs),but they representin-
formationdifferently: insteadof maintaininga covariancematrix, the EIF maintainsaninverse
covariancematrix, alsoknown asinformationmatrix. EIFs have previously beenappliedto
the SLAM problem,mostnotablyby Nettletonandcolleague$20, 22], but they aremuchless
commonthanthe EKF approach.

Most of the materialin this sectionappliesequallyto linearandnon-linear Iters. We have



choserto presengll materialin the extendednon-linearform, sincerobotsareinherentlynon-
linear

2.1 Information Form of the SLAM Problem

Let x; denotethe poseof therobotattimet. For rigid mobile robotsoperatingin a planaren-
vironment,the poseis givenby its two Cartesiarcoordinatesndtherobot's headingdirection.
LetN denotethenumberof featureqe.g.,landmarks)n theervironment.Thevariabley, with
1 n N denotesheposeof then-th feature.For example,for pointlandmarksn theplane,
yn may comprisethe two-dimensionalCartesiarcoordinatef this landmark.In SLAM, it is
usuallyassumedhatfeaturesdo not changeheir pose(or location)over time.

Therobotposex; andthe setof all featurelocationsY togetherconstitutethe stateof the
environment.It will bedenotedoy thevector

C= Xy Tt ow 1)
wheresuperscripll refersto thetransposef a vector
In the SLAM problem,it isimpossibleto sensehestate  directly—otherwise¢herewould
be no mappingproblem. Instead,the robot seeksto recover a probabilisticestimateof .
Writtenin a Bayesiarform, our goalshallbeto calculatea posteriordistribution over the state
t. Thisposterior

p( ¢jz';u) 2)

Sensormeasurementg, might, for example, specify the approximaterangeand bearingto
nearbyfeatures.Controlsu; specifythe robot motion commandassertedn the time intenal
(t 1t
Following therich EKF traditionin the SLAM literature,our approachrepresentshe pos-
teriorp( ¢ j z';u') by a multivariate Gaussiardistribution over the state ;. The meanof this
distribution will bedenoted ;, andcovariancematrix :
n [0}

p(ejzhu) 1 oexp (¢ " (Moo W) (3)

Theproportionalitysignreplaces constanhormalizerthatis easilyrecoveredfrom the covari-
ance ;. Therepresentatioof theposteriorviathemean ; andthecovariancematrix . isthe
basisof the EKF solutionto the SLAM problem(andto EKFsin general).

Information lters representhe sameposteriorthrougha so-calledinformationmatrix H
andaninformationvectorbh—insteadof ; and . Theseareobtainedby multiplying outthe

exponentof (3):
: 1 h T 1 T 1 T 1 o
= exp 5 ot ot t 2 t ottt og ot
n [0}
— 17T 1 T 1 17T 1
= exp 3¢ ¢ttt 3ot (4)



We now obsenre thatthelasttermin the exponent, % [ ! doesnot containthe free vari-

able ; andhencecanbe subsumeanto the constanhormalizer This givesustheform:
I expf 30 b+ T

Pz d ey v 14

= H¢ =

zt_; t9 (5)
o}

Theinformationmatrix H; andtheinformationvectorb, arenow de ned asindicated:

Hy = tl (6)
bh = tTHt (7)

Usingthesenotationsthedesiredoosteriorcannow berepresentedh whatis commonlyknown
astheinformationform of the Kalman lIter:

n [0}
p(ejzhu) / exp 3 (Hic+ho (8)
Asthereademayeasilynotice,bothrepresentationsf the multi-variateGaussiaiposteriorare
functionally equvalent(with the exceptionof certaindegeneratecases).The EKF representa-
tion of themean ; andcovariance ¢, andthe EIF representationf the informationvectorh,

andtheinformationmatrix H;. In particular the EKF representatiocanbe ‘recovered’ from
theinformationform via thefollowing algebra:

= H,! 9)
H o'l = (10)

The advantageof the EIF over the EKF will becomeapparenturtherbelon, whenthe concept
of sparseElFswill beintroduced.

Of particularinterestwill be the geometryof the informationmatrix. This matrix is sym-
metricandpositve-de nite:

t

t

1
HXt;Xt HXt;Y1 th;yN
H, = % Hy'l;xt Hy.l;yl | Hyll;YN E (11)
HyN Xt HYN Y1 HyN YN

Eachelementn the informationmatrix constraintone (on the main diagonal)or two (off the
maindiagonal)elementsn the statevector We will referto the off-diagonalelementsaslinks:
thematricesH,,.,, link togethertherobotposeestimateandthe locationestimateof a speci ¢
feature,and the matricesHy, ., , for n 8 n°link togethertwo featurelocationsy, and yyo.
Althoughrarely madeexplicit, the manipulationof theselinks is the very essencef Gaussian
solutionsto the SLAM problem. It will be ananalysisof theselinks thatultimatelyleadsto a
constant-timesolutionto the SLAM problem.
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Figure 3: The effect of measurementen the information matrix and the associatedetwork of features: (a)
Observingy; resultsin a modi®cationof the information matrix elementsHy, .y, . (b) Similarly, observingy»
affectsH,, .y, . Bothupdatesanbe carriedoutin constantime.

2.2 MeasurementUpdates

In SLAM, measurementg carryspatialinformationontherelationof therobot's poseandthe
locationof afeature.For example,z; might be the approximateangeandbearingto a nearby
landmark.Withoutlossof generalitywe will assumehateachmeasuremert; correspond$o
exactly onefeaturein the map. Sightingsof multiple featuresat the sametime may easilybe
processedne-afteranother

Figure 3 illustratesthe effect of measurementsn the informationmatrix H;. Supposédhe
robotmeasureshe approximate@angeandbearingto thefeaturey,, asillustratedin Figure3a.
This obsenationlinks therobotposex; to thelocationof y;. The strengthof thelink is given
by the level of noisein the measurementUpdatingEIFs basedon this measurementvolves
the manipulationof the off-diagonalelementsH,, ., and their symmetriccounterpartd,.,,
thatlink togetherx; andy. Additionally, the on-diagonaklementsH,,.,, andH,,.,, arealso
updated.Theseupdatesareadditive: Eachobsenation of a featurey increaseshe strengthof
thetotal link betweenthe robotposeandthis very feature, andwith it the total informationin
the lter. Figure3b shaws the incorporationof a secondmeasuremendf a differentfeature,
y2. In responsgo this measurementhe EIF updateghelinks Hy,y, = HJ,, (andH,,, and
Hy,.y,). Asthis examplesuggestsmeasurementstroducelinks only betweerthe robotpose
Xy andobsenred features.Measurementaever generatdinks betweenpairsof landmarks,or
betweertherobotandunobseredlandmarks.

For a mathematicatlerivation of the updaterule, we obsene that Bayesrule enablegisto
factorthedesiredposterior(2) into thefollowing product:

t

p(jzhu) 1 pzj oz Hu)p(jzt Hud)
= pzj ) p(jzt Hul) (12)

The secondstepof this derivation exploited common(and obvious) independences SLAM
problems[29]. For the time being,we assumethatp( ; j z' *;u') is representedby H; and
h. Thosewill bediscussedn the next sectionwhererobotmotionwill beaddressedThe key
questionaddressedh this section thus,concerngherepresentatioof the probability distribu-
tion p(z; j () andthe mechanicof carryingout the multiplication above. In the "extended'
family of Iters, acommonmodelof robotperceptions onein which measurementaregov-



ernedvia adeterministionon-lineameasuremerfunctionh with addedGaussiamoise:
zz = h(o)+" (13)

Here", is anindependennoisevariablewith zeromean whosecovariancewill bedenotedZ.
Putinto probabilisticterms,(13) speci esa Gaussiardistribution over the measuremergpace
of theform

oz ) | exp iz h()TZ Mz h()
(14)

Following therich literatureof EKFs, EIFsapproximatehis Gaussiarby linearizingthe mea-
surementunctionh. More speci cally, a Taylor seriesexpansionof h givesus

h( +) h( )+r h( [ ] (15)

wherer h( ;) isthe rst derwvative (Jacobianpf h with respecto the statevariable , taken

= . Forbrevity, we will write 2, = h( ) to indicatethatthisis a predictiongivenour state
estimate . Thetranspos®f the Jacobiammatrixr h( ) andwill bedenotedC;. With these
de nitions, Equation(15) readsasfollows:

h( 1) X+ CtT( t t) (16)

This approximatiorleadsto thefollowing Gaussiarapproximatiorof the measuremerdensity
(14):

n 0]
P(zcj ) / exp 3z & Cl(+Cl )'Z Nz & C (+C )
(17)
Multiplying outthe exponentandregroupingtheresultingtermsgivesus
n
= exp % tTCtZ 1CtT t + (Zt X+ CtT t)TZ 1CtT t (18)

(0]
Nz 2+C! )'Z Yz 2&+C )

As before,the nal termin the exponentdoesnot dependon the variable ; andhencecanbe

subsumedhto the proportionalityfactor:
n

0
/ exp % tTCtZ 1C£r t T (Zt 2‘t + CtT t)TZ 1CtT t (19)
We arenow in the positionto statethe measuremenipdateequation,which implementthe
probabilisticlaw (12).

p(ejzu)
I exp 2 !H¢(+h
n
exp 1[Gz 1CtTt+(zt 2+ Cl 'z C

= expf 3 (Het 1CT) tpt(z A CT t)T 1CT}) (20)

(o]

{z
b
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Figure 4: The effect of motion on the information matrix and the associatedhetwork of features: (a) before
motion, and (b) after motion. If motionis non-deterministicmotion updatesntroducenew links (or reinforce
existing links) betweenary two active featureswhile wealeningthelinks betweernthe robotandthosefeatures.
This stepintroducedinks betweerpairsof landmarks.

Thus,themeasuremenipdateof the EIF is givenby thefollowing additive rule:

Hi = H(+Cz ] (21)
bh = b+ (z 2t+CtT 0)'Z lCtT (22)

In the generalcase theseupdatesnay modify the entireinformationmatrix H; andvectorh,
respectrely. A key obsenation of all SLAM problemsis that the JacobianC; is spaise In
particular C; is zeroexceptfor theelementghatcorrespondo therobotposex; andthefeature
y; obseredattimet.

T

G = &0 0g 0 0 (23)

Thissparseness dueto thefactthatmeasurementg areonly afunctionof therelatve distance
and orientationof the robot to the obsened feature. As a pleasingconsequencehe update
CiZ IC/ to theinformationmatrix in (21) is only non-zerain four places:the off-diagonal
elementghatlink therobotposex; with theobsenredfeaturey;, andthemain-diagonaélements
thatcorrespondo x; andy;. Thus,theupdateequationg21) and(22) arewell in tunewith our
intuitive descriptiongivenin the beginning of this section wherewe arguedthatmeasurements
only strengtherthe links betweenthe robot poseand obsenred features,in the information
matrix.

To comparehisto the EKF solution,we noticethateventhoughthe changeof theinforma-
tion matrixis local, theresultingcovarianceusuallychangesn non-localways. put differently,
the differencebetweertheold covariance = H, * andthenew covariancematrix = H, *
is usuallynon-zeroceverywhere.

2.3 Motion Updates

Thesecondmportantstepof SLAM concerngheupdateof the Iter in accordancéo robotmo-
tion. In the standardSLAM problem,only therobotposechangesvertime. The ervironment
IS static.

Theeffect of robotmotionontheinformationmatrix H, areslightly morecomplicatedhan
that of measurementdgrigure 4aillustratesan informationmatrix andthe associateshetwork



beforethe robotmoves,in which therobotis linkedto two (previously obsened) landmarks.
If robot motion wasfree of noise,this link structurewould not be affectedby robot motion.
However, thenoisein robotactuationvealensthelink betweertherobotandall active features.
HenceH,,,,, andH,, .y, aredecreasetyy a certainamount.This decreasee ects thefactthat
the noisein motioninducesa lossof informationof the relative locationof the featureso the
robot. Not all of this informationis lost, however. Someof it is shiftedinto between-landmark
links Hy,.,,, asillustratedin Figure 4b. This re ects the fact that even thoughthe motion
induceda loss of information of the robot relatve to the features,no information was lost
betweerindividual features Robotmotion, thus,hastheeffectthatfeatureghatwereindirectly
linkedthroughtherobotposebecomdinkeddirectly.

To derive the updaterule, we begin with a Bayesiandescriptionof robotmotion. Updating
a lter basednrobotmotionmotioninvolvesthe calculationof thefollowing posterior:

z
p(jz' Hu) = PCej ¢ 1z Hu)p(1jzt Hu)dy (24)
ExploitingthecommonSLAM independenceg®9] leadsto
z
= p(ej e nu)p(ejzt Hut Hdy (25)

Thetermp( { 1 j z' %;ut ) istheposteriorattimet 1, representetty H; ; andl, ;. Our
concernwill thereforebe with the remainingtermp( { j ¢ 1;U;), which characterizesobot
motionin probabilisticterms.

Similar to the measuremennhodelabove, it is commonpracticeto modelrobotmotion by
anon-linearfunctionwith addedndependenGaussiamoise:

t = t1t ¢ with t = 0( ¢ 1;u) + Skt (26)

Hereg is themotionmodel,a vectorvaluedfunctionwhichis non-zeroonly for therobotpose
coordinatesasfeaturelocationsarestaticin SLAM. Thetermlabeled ; constituteghe state
changettimet. Thestochastigpartof thischangas modeledvy ., aGaussiamandomvariable
with zeromeanandcovariancdJ;. This Gaussiawvariableis alow-dimensionaVvariablede ned
for therobotposeonly. HereS; is a projectionmatrix of theform

S = (1 0:::0)" (27)

wherel is anidentity matrix of the samedimensionasthe robot posevectorx; andasof ;.
EachOin (27)refersto anull matrix, of whichthereareN in Sy. TheproductS, , hencegive
thefollowing generalizedhoisevariable,enlagedto the dimensionof thefull statevector :

Sct = (¢ 0:::0) (28)
In EIFs,thefunctiong in (26) is approximatedy its rst degreeTaylor seriesexpansion:
g( ¢t 15U) g ¢ su)+r g( ¢ Ut 1 t 1
= At+Att 1 At t 1 (29)
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HereA; =r d( ¢ 1;u) isthedervative of gwith respecto at =  ; andu;. Thesymbol
" is shortfor the predictedmotioneffect, g( ¢ 1;u;). Pluggingthis approximatiorinto (26)
leadsto anapproximatiorof ¢, thestateattimet:

t (|+At)t1+/\t At ¢ 1+ St (30)
Henceunderthis approximatiortherandomvariable  is again Gaussiardistributed. Its mean
is obtainedby replacing  and . in (30) by theirrespectre means:

N

(IT+A) ¢t 1+t At 1+S50

AN

= ottt (31)

t

The covarianceof  is simply obtainedby scaledandaddingthe covarianceof the Gaussian
variableson theright-handsideof (30):

t

(I+A) (20 +A) ' +0 0+ SUS/
(I +A) ¢ (1 +A) +SUSS (32)

Updateequationg31) and(32) arein the EKF form, thatis, they arede ned over meansandco-
variancesTheinformationform is now easilyrecoveredfrom thede nition of theinformation
formin (6) and(7) andits inversein (9) and(10). In particular we have

h i
Ho= (o= (1+A) (1l + A)T+ SUS]
h i
= (I +A)H, 11(' + AT+ SxUtS;(r
(33)
and
. h N
h = [Hy = t 1+ ¢ Hq
h Nt
= th 11b(T1+ t Hi
i
= b H L+ "] H (34)

Theseequationsappearcomputationallyinvolved, in that they requirethe inversionof large
matrices.In thegenerakasethecompleity of the EIF is thereforecubicin thesizeof thestate
spaceln thenext sectionwe provide the surprisingresultthatboth H, andb, canbe computed
in constantimeif H; ; is sparse.

3 SparseExtendedInformation Filters

The central,new algorithmpresentedn this paperis the Spase ExtendednformationFilter,
or SEIF. SEIF differ from the extendedinformation Iter describedn the previous sectionin
thatis maintainsa sparseinformationmatrix. An informationmatrix H; is consideresgparseif
thenumberof links to therobotandto eachfeaturein the mapis boundedoy a constanthatis
independentf the numberof featuresn the map. The boundfor the numberof links between

11



the robot poseand otherfeaturesin the mapwill be denoted ; the boundon the numberof

links for eachfeature(notcountingthelink to therobot)will bedenoted . Themotivationfor

maintaininga sparseinformationmatrix was alreadygiven above: In SLAM, the normalized
information matrix is alreadyalmostsparse. This suggestghat by enforcingsparsenesshe

inducedapproximatiorerroris small.

3.1 ConstantTime Results

We beagin by proving threeimportantconstantime results which form the backboneof SEIFs.
All proofsof theseresultscanbefoundin the Appendix.

Lemmal: The measuremenipdatein Section(2.2) requiresconstantime, irrespectve of
the numberof featuresn the map.

This lemmaensureghat measurementsanbe incorporatedn constantime. Notice that
this lemmadoesnot requiresparsenessf the information matrix; rather it is a well-known
propertyof information lters in SLAM.

Lesstrivial is thefollowing lemma:

LemmazZ: If theinformationmatrixis sparseandA. = 0, themotionupdaten Section(2.2)
requiresconstantime. The constant-timeipdateequationsaregivenby:

Le = SqU; '+ SiH; 1S 'S{H: 1
He = He 1 Hye gl (35)
h = b+ AtTHt 1 bkt AtTHt 1L+
This resultaddressethe importantspecialcaseA; = 0, thatis, the Jacobiarof posechange
with respecto theabsoluteobotposeis zero. Thisis thecasefor robotswith linearmechanics,
andwith non-lineamechanicsvherethereis no “cross-talk'betweerabsolutecoordinatesand
theadditive changedueto motion.
In general,A; 6 0, sincethe x-y updatedependson the robot orientation. This caseis
addressetly thenext lemma:
Lemmaa3: If the informationmatrix is sparsethe motion updatein Section(2.2) requires

constanttime if the mean . is available for the robot poseand all active landmarks. The
constant-timeipdateequationsaregivenby:

IS+ [S{AS] ) 'S)

(He 1o
HY 1SlU *+ S{HYP 1S 'S{HY
He = HY, H,
Ta( He Hea+ HY )+ “TH (36)
For A; 6 O, a constanttime updaterequiresknowledge of the mean  ; beforethe mo-
tion commandfor therobot poseandall active landmarkgbut not the passve features).This
informationis not maintainedy thestandardnformation Iter , andextractingit in thestraight-

forwardway (via Equation(10)) requiresmorethanconstantime. A constant-timesolutionto
this problemwill now be presented.
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3.2 Amortized Approximated Map Recovery

Before deriving an algorithmfor recovering the stateestimate ; from the informationform,

let usbrie y considerwhatpartsof  areneededn SEIFs,andwhen. SEIFsneedthe state
estimate  of therobotposeandthe active featuresn the map. Theseestimatesareneededt

threedifferentoccasions(1) thelinearizationof thenon-lineameasuremergndmotionmodel,
(2) the motion updateaccordingto Lemma3, and (3) the sparsi cationtechniquedescribed
furtherbelow. For linearsystemsthe meansareonly neededor the sparsi cation(third point

above). We alsonotethatwe only needconstantlymary of thevaluesin {, namelytheestimate
of therobotposeandof thelocationsof active features.

As statedn (10),themeanvector . is afunctionof H; andh:

¢ = H 'R o= (37)

Unfortunately calculating(37) directly involvesinvertinga large matrix, which would requires
morethanconstantime.

The sparsenessf the matrix H; allows usto recover the stateincrementally In particu-
lar, we cando so on-line, asthe datais being gatheredandthe estimatedo andH arebeing
constructedTo do so,it will prove convenientto pose(37) asanoptimizationproblem:

Lemma4: Thestate  is themode” := argmax, p( ) of the Gaussiartlistribution, de-

®nedoverthevariable ;:

n 0
p(«) = const exp 3 (Hi+H . (38)

Here ; is a vector of the sameform and dimensionalityas ;. This lemmasuggestghat
recovering . is equivalentto nding the modeof (38). Thus,it transformsa matrix inversion
probleminto an optimizationproblem. For this optimizationproblem,we will now describe
aniteratie hill climbing algorithmwhich, thanksto the sparsenessf the informationmatrix,
requiresonly constantime peroptimizationupdate.

Our approachs aninstantiationof coordinatedescentFor simplicity, we stateit herefor a
singlecoordinateonly; ourimplementatiornteratesa constannumberK of suchoptimizations
aftereachmeasuremenipdatestep. Themode” of (38)is attainedat:

N
t

argmax p( 1)
! 0

n
argmaxexp 3 [H¢ (+ B
t

argmin 3 "Hy ¢ B 4 (39)

We notethatthe argumentof the min-operatoiin (39) canbe written in a form thatmakesthe
individual coordinatevariables ;1 (for thei-th coordinateof ;) explicit:
X X X
% (Heo ¢ = % o i;TtHi;J';t it _ hTt irt (40)
i i
whereH;; ; is the elementwith coordinateg(i; j) in H¢, andh; if thei-th componenof the
vectorh. Takingthederiative of thisexpressiorwith respecto anarbitrarycoordinatevariable
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(@) (b)

Figure 5: Sparsi®cation:A featureis deactvatedby eliminatingits link to the robot. To compensatdor this
changein informationstate links betweeractive featuresand/ortherobotarealsoupdated.The entireoperation
canbeperformedn constantime.

it givesus
g X X X 2 X
@@ - % i;TtHi;j ot hTt HO
it i i ’

Settingthis to zeroleadsto the optimum of the i-th coordinatevariable ;; given all other
estimates ;:

Hi;j ittt hTt (41)
j

2 3

X
k+1 k
i[;t+ I = Hiit 4bf, Hij .t j[;t]5 (42)
i6i
The sameexpressioncan corveniently be written in matrix notation,were S; is a projection
matrix for extractingthei-th componenfrom thematrix H,:

h i
o= (STHS) 'sT b He T+ HisST (43)
All otherestimates jo; with i°6 i remainunchangedh this updatestep thatis, [t = [

As is easilyseenthe numberof elementsn the summationin (42), andhencethe vector
multiplicationin (43),is constantf H; is sparseHence eachupdaterequiresconstantime. To
maintainthe constant-timgropertyof our SLAM algorithm,we canafford a constannumber
of updatesK pertime step. This will generallynot leadto corvergence,but the relaxation
processakesplaceover multiple time stepsresultingin smallerrorsin the overall estimate.

3.3 Sparsi cation

The nal stepin SEIFsconcernghesparsi cationof theinformationmatrix H;. Sparsi cation
is necessarilyan approximatve step, sinceinformation matricesin SLAM are naturally not
sparse—eenthoughnormalizedinformationmatricestendto be almostsparseln the contet
of SLAM, it sufces to remove links (deactvate)betweertherobotposeandindividual features
in themap;if donecorrectly this alsolimits the numberof links betweerpairsof features.

To see et usbrie y considerthetwo circumstancesinderwhich anew link may beintro-
duced. First, observinga passve featureactivatesthis feature,thatis, introducesa new link
betweertherobotposeandthevery feature.Thus,measuremenipdategpotentiallyviolatethe
bound . Secondmotionintroducedinks betweenrary two active featuresandhenceleadto

14



violationsof the bound . This consideratiorsuggestshat controlling the numberof active
featurescanavoid violation of bothsparsenedsounds.

Oursparsi cationtechniquasillustratedin Figure5. Shavnthereis thesituationbeforeand
after sparsi cation. Theremoval of a link in the network correspondso settingan elementin
theinformationmatrix to zero; however, this requiresthe manipulationof otherlinks between
the robot and otheractive landmarks. The resultingnetwork is only an approximationto the
original one,whosequality depend®n the magnitudeof thelink beforeremoval.

We will now present constant-timesparsi cationtechnique.To do so, it will prove useful
to partitionthe setof all featurednto two subsets:

Y = Y']YO]Y (44)

whereY * is the setof all active featuresthat shall remainactive. Y ° areone or more active
featureghatwe seekto deactvate (remove thelink to therobot). Finally, Y areall currently
passve features.

The sparsi cationis bestderived from rst principles. If Y* ] Y° containsall currently
active featuresthe posterior(2) canbefactoredasfollows:

p(xe;Y jz5uY) = px; YO YT Y jzhu)
p(xe YO Y'Y Zhu) p(Y% Yty jzhuh)
pP(xej Y% Y'Y =0,25u) p(Y% Y™ Y jzhu) (45)

In thelaststepwe exploitedthefactthatif we know theactive featuresy ° andY * , thevariable
X¢ doesnot dependon the passie featuresY . We canhencesetY to an arbitraryvalue
without affecting the conditionalposteriorover x;, p(x; j Y% Y*;Y ;Zz!;u!). Herewe simply
choseY = 0.

To sparsifytheinformationmatrix, the posterioris approximatedy the following distribu-
tion, in which we simply drop the dependencen Y © in the rst term. It is easilyshavn that
this distribution minimizesthe KL divergenceto the exact,non-sparselistribution:

BX; Y jzhuY) = pxjY*;Y =0,z5u) p(Y% Yy jzihuh
p(x; YT jY = 0;z5u)
p(Y*jyYy =0z,ut)

p(Y% Y™y jzhuh) (46)

This posterioris calculatedn constantime. In particular we begin by calculatingtheinforma-
tion matrix for thedistributionp(x;; Y% Y* j Y = 0) of all variablesbutY , andconditioned
onY = 0. Thisis obtainedby extractingthe submatrixof all statevariablesbutY :

HY = Scv+voSgy woHiSey+ivoSiy+ o (47)

With that, the onversionlemmaleadsto the following information matricesfor the terms
pPX;;Y*jY =0z%u)andp(Y*jY = 0;z';u'), denotecH! andH?, respectiely:

Hl
HY

HY  HSy(Sy,HiSy,) 'Sy H?
HY  HiSivo(SivoHiSeve) 'SevoHY (48)
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HerethevariousS-matricesareprojectionmatrices analogougo the matrix Sy de ned above.
The nal termin ourapproximation(46),p(Y?% Y™*;Y jz';u!), hasthefollowinginformation
matrix:

Hts = H; Htsxt( tsx) lST (49)

Puttingtheseexpressiongogetheraccordingto Equation(46) yieldsthefollowing information
matrix, in which thelandmarky ° is now indeeddeactvated:

e = H{ HZ+H}
= Ht HSq(SyHiSv) "SyH?
+Htos><;Yo( StveHiSxvo) 15xTY0
HS (S HiSx) "SiH (50)

Theresultinginformationvectoris now obtainedby thefollowing simpleconsideration:

s

{ Ht

= tT(Ht Hy + Hy)

= {Hi+ [(Fi Hy)

b+ [(He Hy) (51)

All equationscanbe computedin constanttime. The effect of this approximationis the de-
activation of the featuresY °, while introducingonly new links betweenactive features. The
sparsi cationrule requiresknowledgeof the meanvector  for all active featureswhich is
obtainedvia the approximationtechniquedescribedn the previous section. From (51), it is
obviousthatthe sparsi cationdoesnot affectthe mean +, thatis, H, 't = [H,] *[&]". Fur
thermore,our approximationminimizesthe KL dovergenceto the correctposterior These
propertyis essentiafor the consisteng of our approximation.

The sparsi cationis executedwheneer a measuremenipdateof a motion updatewould
violate a sparsenessonstraint. Active featuresare chosenfor deactvation in reverseorder
of the magnitudeof their link. This stratgy tendsto deactvate featureswhoselast sighting
is furthestaway in time. Empirically, it inducesapproximationerrorsthat are neggligble for
appropriatelychosersparsenessonstraints , and

4 Experimental Results

Our presentexperimentsare preliminary: They only rely on simulateddata,andthey require
known dataassociationsOur primary goalwasto compareSEIFsto the computationallynore
cumbersom&KF solutionthatis currentlyin widespreadise.

An examplesituationcomparingEKFswith our new Iter canbefoundin Figure6. This
resultis typical andwasobtainedusinga sparsanformationmatrixwith , = 6, x = 10, and
a constantime implementatiorof coordinatedescenthatupdatek = 10randomlandmark
estimatesn additionto the landmarkestimatesonnectedo therobotat arny giventime. The
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Figure 6: Comparisorof EKFswith SEIFsusinga simulationwith N = 50 landmarksln bothdiagramstheleft
panelsshav the ®nal ®lter result,which indicateshighercertaintiesfor our approactdueto the approximations
involvedin maintaininga sparseénformationmatrix. Thecenterpanelsshav thelinks (red: betweertherobotand
landmarksgreen:betweernandmarks) Theright panelshawv theresultingcovarianceandnormalizednformation
matricesfor bothapproacheaNotice the similarity!
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key obsenationis theapparensimilarity betweerthe EKF andthe SEIFresult. Both estimates
arealmostindistinguishableglespitehefactthatEKFsusequadratiaupdateime whereasSEIF
requireonly constantime.

We alsoperformedsystematicomparison®f threealgorithms:EKFs, SEIFs,anda variant
of SEIFsin which the exact stateestimate . is available. The latter wasimplementedusing
matrix inversion(hencedoesnot run in constantime). It allowed usto teaseapartthe error
introducedby theamortizedmeanrecovery step,from theerrorinducedthroughsparsi cation.
The following table depictsresultsfor N = 50 landmarksafter 500 updatecycles, at which
pointall threeapproachearenearcorvergence.

# experiments ®nal error ®nal# of links computatior

(sofar) (with 95%conf.intenal) | (with 95%conf.intenal) | (perupdate)
EKF 1,000 (5:54 0:67) 10 3 1,275 O(N?2)
SEIFwith exact ¢ 1,000 (4:75 0:67) 10 3 549 1:60 O(N?3)
SEIF(constantime) 1,00 (6:35 0:67) 10 3 549 1:59 0(1)

As theseresultssuggestpur approachapproximate€EKF very tightly. The residualmaper-

ror of our approachis with 6:35 10 3 approximatelyl4.6%higherthanthatof the extended
Kalman lter . This errorappearso belargely causedy the coordinatedescenprocedureand
is possiblyin ated by thefactthatk = 10is asmallvaluegiventhesizeof themap.Enforcing
thesparsenessonstrainseemsnotto have arny negative effectontheoverall errorof theresult-
ing map,astheresultsfor our sparselter implementatiorsuggestHowever, thesendings are
someavhat prematureandare subjectto an ongoingexperimentalveri cation usingreal-world

data.

5 Discussion

This paperproposed constantime algorithmfor the SLAM problem. Our approachadopted
theinformationform of the EKF to represenall estimatesBasedon theempiricalobsenation
thatin the information form, mostelementsin the normalizedinformation matrix are near
zero,we developeda sparse extendedinformation Iter, or SEIE This Iter enforcesa sparse
informationmatrix, whichcanbeupdatedn constantime. In thelinear SLAM caseall updates
canbeperformedn constantime;in thenon-linearcase additionalstateestimatesareneeded
thatarenot partof theregularinformationform of the EKF. We proposedhamortizedconstant-
time coordinatedescentalgorithm for recovering thesestateestimatesrom the information
form.

Theapproachasbeenfully implementecandcomparedo the EKF solution. Overall, we
found that SEIFs produceresultsthat differ only mamginally from that of the EKFs. Given
the computationabdwantagesof SEIFsover EKFs, we believe that SEIFsshouldbe a viable
alternatve to EKF solutionswhenbuilding high-dimensionaiaps.

Our approachputsa new perspectie on therich literatureon hierarchicaimapping brie y
outlinedin theintroductionto this paper Like SEIF, thesetechniquedocusupdaten asubset
of all featuresto gain computationakf ciency. SEIFs,however, composesubmapslynam-
ically, whereaspastwork relied on the de nition of static submaps.We conjecturethat our
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sparsenetwork structurescapturethe naturaldependenciesn SLAM problemsmuch better
thanstaticsubmapdecompositionsandin turn leadto moreaccurataesults. They alsoavoid

problemsthatfrequentlyoccurat the boundaryof submapswherethe estimationcanbecome
unstable However, theveri cation of theseclaimswill be subjectto futureresearchA related
paperdiscusseshe applicationof constantime techniquego informationexchangeproblems
in multi-robotSLAM [21].
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Appendix: Proofs

Proofof Lemmal: Measurementipdatesarerealizedvia (21) and (22), restatecherefor the
readers corvenience:

Ht = Ht + CtZ 1CtT (52)
h = bh+(z 2a+C )'Z'C/ (53)

Fromthe estimateof the robot poseandthelocationof the obsered feature,the prediction?;
andall non-zercelementof the JacobiarC; canbe calculatedn constantime, for ary of the
commonlyusedmeasuremennodelsg. The constantime propertyfollows now directly from
the sparsenessf the matrix C;, discussedlreadyin Section2.2. This sparsenessnpliesthat
only nitely mary valueshave to be changedvhentransitioningfrom H; to H, andfrom b to
o Q:E:D:

Proofof Lemmaz2: For A; = 0, Equation(34) givesusthe following updatingequationfor
theinformationmatrix:

He = [H 3+ SUS ! (54)

Applying the matrixinversionlemmat leadsto thefollowing form:

H¢ Hi 1 Hyq 1l3x[Ut T+ SIH{715x] 1S{H; }
=Lt

= Ht 1 Hy 1l (56)

The updateof the informationmatrix, H; ;L¢, is a matrix thatis non-zeroonly for elements
thatcorrespondo the robot poseandthe active features.To see,we notethatthe terminside
theinversionin L; is a low-dimensionamatrix which is of the samedimensionasthe motion
noiseU;. Thein ation via the matricesS, andS] leadsto a matrix thatis zero exceptfor
elementghat correspondo therobot pose. The key insightnow is thatthe sparsenessf the
matrixH; ; impliesthatonly nitely mary elementof H; ;L; maybenon-zeronamelythose
correspondingo therobotposeandactive featuresThey areeasilycalculatedn constantime.
For theinformationvector we obtainfrom (34) and(56):

b

b oH by + "TIH,
[ 1H, 11"' AtT](Ht 1 Hi 1lky)
b1+ AtTHt 1 bl + AtTHt 1Lt

(57)

As above, thesparsenessf H; ; andof thevector " ; ensureshattheupdateof theinformation
vectoris zeroexceptfor entriescorrespondingo the robotposeandthe active features.Those
canalsobecalculatedn constantime. Q:E:D:

!Theinversionlemma,asusedthroughouthis paper is statedasfollows:

H1+SBST " = H HS B '+STHS 'S™H (55)
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Proofof Lemma3: Theupdateof H; requiresthe de nition of theauxiliary variable  :=

(I + A,) . Thenon-trivial component®f this matrix canessentiallybe calculatedn constant
time by virtue of:

t

(I + SKSTASS)
| 1S(SdS] + [S{AS] 1) 'S
I S(I +[STAS] D) 'S) (58)

Noticethat  differsfrom theidentity matrix | only at elementghatcorrespondo the robot
pose asis easilyseerfrom thefactthattheinversionin (58) involvesalow-dimensionamatrix.

Thede nition of  allows usto derive a constant-timesxpressiorfor updatingthe infor-
mationmatrixH:

Hy

[+ AQH L(1 + AT + SUST] !
Gy 2 p " e SUST
=HP
[(H ) Y+ SUusi]?
Hto 1 r'to 1Sx[U; 1y S;{'Z"to 15x] 1SIHtO%
= H(
HY 1 H (59)

ThematrixH? ; = [H, ; iseasilyobtainedin constantime, andby the samereasoning
asabove, theentireupdaterequiresconstantime. Theinformationvectorh is now obtainedas

follows:

b

o aH 5+ " TTH,

b 1H, SHe+ “TH

b 1H, S(He+ "'t 14 H }"‘ |Ht01{7 HY })"‘ "TH,
=0 =0

He 1+ HY )+ "TH,

B H AL

Ht
HeS(He 1w He Hea+ H2 )+ "TH,
1 h 1Ht l1( Ht Ht 1t Hto 1)"' AtTHt
1 tTlHt 1Ht 11( Ht Ht 1t Hto 1)"' AtTHt
b1 [, Ho Heo+HY )+ "TH, (60)

o o o

The update H; is non-zeroonly for elementsthat correspondo the robot poseor active
features Similarly, thedifferenceH? ;, H; ; is non-zerconly for constantlymary elements.
Therefore only thosemeanestimatesn  ; arenecessaryo calculatethe product [ ; H;.

Q:E:D:

Proofof Lemma4: Themode*; of (38)is givenby

A
t

argmax p( )
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n (0]
argmaxexp L [H, + 0 .
t

2

argmin 3 "Hy ¢ B 4 (61)

Thegradientof the expressionnsidethe minimumin (61) with respecto ; is givenby

Oy g = W, (62)
@t 2
whoseminimum 4 is attainedwhenthedervative (62) is 0, thatis,
A= HOW (63)
FromthisandEquation(37)it followsthaty = ;. Q:E:D:
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