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Abstract

This paper describesa scalablealgorithm for the simultaneousmapping and localization
(SLAM) problem. SLAM is the problemof determiningthe locationof environmentalfea-
tureswith a roving robot. Many of today's populartechniquesarebasedon extendedKalman
�lters (EKFs),which requireupdatetime quadraticin thenumberof featuresin themap.This
paperdevelopsthenotionof sparseextendedinformation�lters (SEIFs),asa new methodfor
solvingtheSLAM problem.SEIFsexploit structureinherentin theSLAM problem,represent-
ing mapsthroughlocal,Web-like networksof features.By doingso,updatescanbeperformed
in constanttime, irrespective of the numberof featuresin the map. This paperpresentssev-
eraloriginal constant-timeresultsof SEIFs,andprovidessimulationresultsthatshow thehigh
accuracy of the resultingmapsin comparisonto the computationallymorecumbersomeEKF
solution.
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1 Intr oduction

Thesimultaneouslocalizationandmapping(SLAM) problemis theproblemof acquiringamap
of an unknown environmentwith a moving robot, while simultaneouslylocalizing the robot
relative to this map[6, 12]. TheSLAM problemaddressessituationswherethe robot lacksa
global positioningsensor, and insteadhasto rely on a sensorof incrementalego-motionfor
robot positionestimation(e.g.,odometry, inertial navigation). Suchsensorsaccumulateerror
over time,makingtheproblemof acquiringanaccuratemapa challengingone.Within mobile
robotics,theSLAM problemis oftenreferredto asoneof themostchallengingones[28].

In recentyears,the SLAM problemhasreceived considerableattentionby the scienti�c
community, anda �urry of new algorithmsandtechniqueshasemerged,asattested,for exam-
ple, by a recentworkshopon this topic [11]. Existingalgorithmscanbesubdividedinto batch
andonline techniques.The former provide sophisticatedtechniquesto copewith perceptual
ambiguities[2, 24,30], but they canonly generatemapsafterextensive batchprocessing.On-
line techniquesarespeci�cally suitedto acquiremapsastherobotnavigates[6, 27], which is
of greatpracticalimportancein many navigationandexplorationproblems[25]. Today's most
widely usedonlinealgorithmsarebasedon extendedKalman�lters (EKFs),basedon a semi-
nal seriesof papers[17, 18, 27, 26]. EKFscalculateGaussianposteriorsover the locationsof
environmentalfeaturesandtherobotitself.

A key bottleneckof EKFs—whichhasbeensubjectto intenseresearch—istheir computa-
tionalcomplexity. ThestandardEKF approachrequirestimequadraticin thenumberof features
in themap,for eachincrementalupdate.ThiscomputationalburdenrestrictsEKFsto relatively
sparsemapswith no more than a few hundredfeatures. Recently, several researchershave
developedhierarchicaltechniquesthatdecomposemapsinto collectionsof smaller, moreman-
ageablesubmaps[1, 8, 31]. While in principle,hierarchicaltechniquescansolve this problem
in linear time, mostof thesetechniquesstill requirequadratictime perupdate.However, they
do so with a muchreducedconstantfactor, enablingthemto managesigni�cantly morefea-
tures.Onerecenttechniqueupdatestheestimatein constanttime [13], but with a lossof global
consistency thatis particularlytroublesomewhencloseingloopsin cyclic environments[9]. A
differentline of researchhasreliedon particle�lters for ef�cient mapping[7]. TheFastSLAM
algorithm[16] andrelatedmappingalgorithms[19] requiretime logarithmic in thenumberof
featuresin themap,but they dependlinearlyon a particle-�lter speci�c parameter(thenumber
of particles),whosescalingwith environmentalsizeis still poorly understood.Noneof these
approaches,however, offer constanttime updatingwhile simultaneouslymaintainingglobal
consistency of themap.

Thispaperproposesanew SLAM algorithmwhoseupdatesrequireconstanttime, indepen-
dentof thenumberof featuresin themap.Ourapproachis basedonthewell-known information
form of theEKF, alsoknown astheextendedinformation�lter (EIF) [22]. To achieve constant
time updating,we develop an approximateEIF which maintainsa sparse representationof
environmentaldependencies.Empirical simulationresultsprovide evidencethat the resulting
mapsarecomparablein accuracy to thecomputationallymuchmorecumbersomeEKF solution,
which is still at thecoreof mostwork in the�eld.
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Ourapproachis bestmotivatedby investigatingtheworkingsof theEKF. Figure1 showsthe
resultof EKF mappingin anenvironmentwith 50 landmarks.The left panelshows a moving
robot, alongwith its Gaussianestimatesof the locationof all 50 point features.The central
informationmaintainedby theEKF solutionis acovariancematrixof thesedifferentestimates.
Thenormalizedcovariance,i.e., thecorrelation,is visualizedin thecenterpanelof this �gure.
Eachof the two axeslists the robot pose(x-y locationandorientation)followed by the x-y-
locationsof the 50 landmarks.Dark entriesindicatestrongcorrelations. It is known that in
the limit of SLAM, all x-coordinatesandall y-coordinatesbecomefully correlated[6]. The
checkerboardappearanceof thecorrelationmatrix illustratesthis fact.Maintainingthesecross-
correlations—ofwhich therearequadraticallymany in thenumberof featuresin themap—are
essentialto the SLAM problem. This observation hasgiven rise to the (false)suspicionthat
onlineSLAM is inherentlyquadraticin thenumberof featuresin themap.

Thekey insightthatmotivatesour approachis shown in theright panelof Figure1. Shown
thereis theinversecovariancematrix (alsoknown asinformationmatrix [15, 22]), normalized
just like thecorrelationmatrix. Elementsin this normalizedinformationmatrix canbethought
of asconstraints,or links, betweenthe locationsof differentfeatures:The darker an entry in
thedisplay, thestrongerthelink. As thisdepictionsuggests,thenormalizedinformationmatrix
appearsto benaturallysparse:it is dominatedby asmallnumberof stronglinks,andpossessesa
largenumberof links whosevalues,whennormalized,arenearzero.Furthermore,link strength
is relatedto distanceof features:Stronglinks are found only betweengeometricallynearby
features.Themoredistanttwo landmarks,theweaker their link. This observationsuggestthat
theEKF solutionto SLAM possessesimportantstructurethatcanbeexploitedfor moreef�cient
solutions.While any two featuresarefully correlatedin thelimit, thecorrelationarisesmainly
throughanetwork of local links, whichonly connectnearbylandmarks.

Our approachexploits this structureby maintaininga sparseinformationmatrix, in which
only nearbyfeaturesarelinkedthrougha non-zeroelement.Theresultingnetwork structureis
illustratedin theright panelof Figure2, wherediskscorrespondsto point featuresanddashed
arcsto links, asspeci�ed in the informationmatrix visualizedon the left. Shown alsois the
robot, which is linked to a small subsetof all featuresonly, calledactive featuresanddrawn
in black. Storing a sparseinformation matrix requireslinear space. More importantly, up-
datescanbeperformedin constanttime, regardlessof thenumberof featuresin themap. The
resulting�lter is a sparseextendedinformation�lter , or SEIF. We show empirically that the
SEIFstightly approximateconventionalextendedinformation�lters, which previously applied
to SLAM problemsin [20, 22] andwhich arefunctionallyequivalentto thepopularEKF solu-
tion.

Our techniqueis probablymost closely relatedto work on SLAM �lters that represent
relative distances,suchasNewman's geometricprojection�lter [23] andextensions[5], and
Csorba's relative �lter [4]. Neitherof thesealternative approachespermitsconstanttime up-
datingin SLAM, thoughit appearsthatthesetechniquescouldbedevelopedinto constanttime
algorithms,usingapproximationssimilar to theonesdescribedhere.Our work is alsorelated
to therich bodyof literatureon topologicalmapping[3, 10, 14, 32], which typically doesnot
representaboutdependenciesandcorrelationsin therepresentationof uncertainty.
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Figure1: Typicalsnapshotsof EKFsappliedto theSLAM problem:Shown hereis amap(left panel),acorrelation
(centerpanel),anda normalizedinformationmatrix (right panel).Noticethat thenormalizedinformationmatrix
is naturallyalmostsparse,motivatingourapproachof usingsparseinformationmatricesin SLAM.
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Figure 2: Illustration of the network of landmarksgeneratedby our approach.Shown on the left is a sparse
informationmatrix,andon theright a mapin which entitiesarelinkedwhoseinformationmatrix elementis non-
zero.As arguedin thepaper, thefactthatnotall landmarksareconnectedis akey structuralelementof theSLAM
problem,andat theheartof ourconstanttimesolution.

The remainderof this paperis organizedas follows. Section2 introducesthe extended
information�lter (EIF), which formsthebasisof our approach.This approachis not new, al-
thoughthe literatureappearsto lack a similarly compactderivationof EIFs. Building on this,
Section3 introducessparseSEIFs.First we provide threeconstant-timeresultsin Section3.1.
In particular, we show thatall �lter updatescanbecarriedout in constanttime if the informa-
tion matrix is sparse.This resultis somewhatsurprising,asa naive implementationof motion
updatesin information�lters requireinversionof theentireinformationmatrix, anO(N 3) op-
eration. Section3.2 describesanamortizedconstant-timealgorithmfor recoveringEKF-style
stateestimates,neededfor the linearizationof non-linearmotionandmeasurementfunctions.
Finally, Section3.3 describesour techniquefor enforcingsparsenessin SEIFs. Experimental
resultsareprovided in Section4, we we speci�cally compareour new approachto the EKF
solution.Theseresultssuggestthat thesparsenessconstraintintroducesonly very smallerrors
in theresultingmaps,whencomparedto thecomputationallymorecumbersomeEKF solution.
However, theseempiricalresultsarelimited in that they arebasedon simulateddataonly, and
they donotaddressdataassociationproblemsthatinherentlyarisein real-world SLAM.

2 ExtendedInf ormation Filters

This sectionreviews theextendedinformation�lter (EIF), which formsthebasisof our work.
EIFsarecomputationallyequivalentto extendedKalman�lters (EKFs),but they representin-
formationdifferently: insteadof maintaininga covariancematrix, theEIF maintainsaninverse
covariancematrix, alsoknown as informationmatrix. EIFs have previously beenappliedto
theSLAM problem,mostnotablyby Nettletonandcolleagues[20, 22], but they aremuchless
commonthantheEKF approach.

Most of thematerialin this sectionappliesequallyto linearandnon-linear�lters. We have

4



chosento presentall materialin theextended,non-linearform, sincerobotsareinherentlynon-
linear.

2.1 Information Form of the SLAM Problem

Let x t denotetheposeof therobotat time t. For rigid mobilerobotsoperatingin a planaren-
vironment,theposeis givenby its two Cartesiancoordinatesandtherobot'sheadingdirection.
Let N denotethenumberof features(e.g.,landmarks)in theenvironment.Thevariableyn with
1 � n � N denotestheposeof then-th feature.For example,for point landmarksin theplane,
yn maycomprisethe two-dimensionalCartesiancoordinatesof this landmark.In SLAM, it is
usuallyassumedthatfeaturesdonotchangetheirpose(or location)over time.

Therobotposex t andthesetof all featurelocationsY togetherconstitutethestateof the
environment.It will bedenotedby thevector

� t =
�

x t y1 : : : yN

� T
(1)

wheresuperscriptT refersto thetransposeof avector.
In theSLAM problem,it is impossibleto sensethestate� t directly—otherwisetherewould

be no mappingproblem. Instead,the robot seeksto recover a probabilisticestimateof � t .
Written in a Bayesianform, our goalshallbeto calculatea posteriordistribution over thestate
� t . Thisposterior

p(� t j zt ; ut ) (2)

is conditionedon pastsensormeasurementszt = z1; : : : ; zt andpastcontrolsut = u1; : : : ; ut .
Sensormeasurementszt might, for example,specify the approximaterangeand bearingto
nearbyfeatures.Controlsut specifythe robot motion commandassertedin the time interval
(t � 1;t].

Following therich EKF tradition in theSLAM literature,our approachrepresentsthepos-
terior p(� t j zt ; ut ) by a multivariateGaussiandistribution over thestate� t . Themeanof this
distributionwill bedenoted� t , andcovariancematrix � t :

p(� t j zt ; ut ) / exp
n
� 1

2(� t � � t )T � � 1
t (� t � � t )

o
(3)

Theproportionalitysignreplacesaconstantnormalizerthatis easilyrecoveredfrom thecovari-
ance� t . Therepresentationof theposteriorvia themean� t andthecovariancematrix � t is the
basisof theEKF solutionto theSLAM problem(andto EKFsin general).

Information�lters representthesameposteriorthrougha so-calledinformationmatrix H t

andaninformationvectorbt—insteadof � t and� t . Theseareobtainedby multiplying out the
exponentof (3):

= exp
n
� 1

2

h
� T

t � � 1
t � t � 2� T

t � � 1
t � t + � T

t � � 1
t � t

io

= exp
n
� 1

2 � T
t � � 1

t � t + � T
t � � 1

t � t � 1
2 � T

t � � 1
t � t

o
(4)
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We now observe thatthelast termin theexponent,� 1
2 � T

t � � 1
t � t doesnot containthefreevari-

able� t andhencecanbesubsumedinto theconstantnormalizer. Thisgivesustheform:

/ expf� 1
2 � T

t � � 1
t| {z }

=: H t

� t + � T
t � � 1

t| {z }
=: bt

� tg (5)

TheinformationmatrixH t andtheinformationvectorbt arenow de�ned asindicated:

H t = � � 1
t (6)

bt = � T
t H t (7)

Usingthesenotations,thedesiredposteriorcannow berepresentedin whatis commonlyknown
astheinformationformof theKalman�lter:

p(� t j zt ; ut ) / exp
n
� 1

2 � T
t H t � t + bt � t

o
(8)

As thereadermayeasilynotice,bothrepresentationsof themulti-variateGaussianposteriorare
functionallyequivalent(with theexceptionof certaindegeneratecases):TheEKF representa-
tion of themean� t andcovariance� t , andtheEIF representationof the informationvectorbt

andthe informationmatrix H t . In particular, theEKF representationcanbe`recovered' from
theinformationform via thefollowing algebra:

� t = H � 1
t (9)

� t = H � 1
t bT

t = � tbT
t (10)

Theadvantageof theEIF over theEKF will becomeapparentfurtherbelow, whentheconcept
of sparseEIFswill beintroduced.

Of particularinterestwill be thegeometryof the informationmatrix. This matrix is sym-
metricandpositive-de�nite:

H t =

0

B
B
B
B
B
@

Hx t ;x t Hx t ;y1 � � � Hx t ;yN

Hy1 ;x t Hy1 ;y1 � � � Hy1 ;yN

...
...

...
...

HyN ;x t HyN ;y1 � � � HyN ;yN

1

C
C
C
C
C
A

(11)

Eachelementin the informationmatrix constraintsone(on themaindiagonal)or two (off the
maindiagonal)elementsin thestatevector. We will referto theoff-diagonalelementsaslinks:
thematricesHx t ;yn link togethertherobotposeestimateandthelocationestimateof a speci�c
feature,and the matricesH yn ;yn 0 for n 6= n0 link togethertwo featurelocationsyn and yn0.
Althoughrarelymadeexplicit, themanipulationof theselinks is thevery essenceof Gaussian
solutionsto theSLAM problem.It will beananalysisof theselinks thatultimately leadsto a
constant-timesolutionto theSLAM problem.
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(a) (b)

Figure 3: The effect of measurementson the information matrix and the associatednetwork of features: (a)
Observingy1 resultsin a modi®cationof the informationmatrix elementsHx t ;y 1 . (b) Similarly, observingy2

affectsH x t ;y 2 . Bothupdatescanbecarriedout in constanttime.

2.2 MeasurementUpdates

In SLAM, measurementszt carryspatialinformationon therelationof therobot'sposeandthe
locationof a feature.For example,zt might betheapproximaterangeandbearingto a nearby
landmark.Without lossof generality, we will assumethateachmeasurementzt correspondsto
exactly onefeaturein themap. Sightingsof multiple featuresat thesametime mayeasilybe
processedone-after-another.

Figure3 illustratestheeffect of measurementson the informationmatrix H t . Supposethe
robotmeasurestheapproximaterangeandbearingto thefeaturey1, asillustratedin Figure3a.
This observation links therobotposex t to the locationof y1. Thestrengthof the link is given
by the level of noisein themeasurement.UpdatingEIFsbasedon this measurementinvolves
the manipulationof the off-diagonalelementsH x t ;y and their symmetriccounterpartsH y;x t

that link togetherx t andy. Additionally, the on-diagonalelementsH x t ;x t andHy1 ;y1 arealso
updated.Theseupdatesareadditive: Eachobservationof a featurey increasesthestrengthof
the total link betweentherobotposeandthis very feature,andwith it the total informationin
the �lter . Figure3b shows the incorporationof a secondmeasurementof a differentfeature,
y2. In responseto this measurement,theEIF updatesthelinks H x t ;y2 = H T

y2 ;x t
(andHx t ;x t and

Hy2 ;y2 ). As this examplesuggests,measurementsintroducelinks only betweentherobotpose
x t andobserved features.Measurementsnever generatelinks betweenpairsof landmarks,or
betweentherobotandunobservedlandmarks.

For a mathematicalderivationof theupdaterule, we observe thatBayesrule enablesusto
factorthedesiredposterior(2) into thefollowing product:

p(� t j zt ; ut ) / p(zt j � t ; zt � 1; ut ) p(� t j zt � 1; ut )

= p(zt j � t ) p(� t j zt � 1; ut ) (12)

The secondstepof this derivation exploited common(andobvious) independencesin SLAM
problems[29]. For the time being,we assumethat p(� t j zt � 1; ut ) is representedby �H t and
�bt . Thosewill bediscussedin thenext section,whererobotmotionwill beaddressed.Thekey
questionaddressedin this section,thus,concernstherepresentationof theprobabilitydistribu-
tion p(zt j � t ) andthe mechanicsof carryingout the multiplication above. In the `extended'
family of �lters, a commonmodelof robotperceptionis onein which measurementsaregov-
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ernedvia adeterministicnon-linearmeasurementfunctionh with addedGaussiannoise:

zt = h(� t ) + " t (13)

Here" t is anindependentnoisevariablewith zeromean,whosecovariancewill bedenotedZ .
Put into probabilisticterms,(13) speci�esa Gaussiandistribution over themeasurementspace
of theform

p(zt j � t ) / exp
n
� 1

2(zt � h(� t ))T Z � 1(zt � h(� t ))
o

(14)

Following therich literatureof EKFs,EIFsapproximatethis Gaussianby linearizingthemea-
surementfunctionh. Morespeci�cally, aTaylorseriesexpansionof h givesus

h(� t ) � h(� t ) + r � h(� t )[� t � � t ] (15)

wherer � h(� t ) is the �rst derivative (Jacobian)of h with respectto thestatevariable� , taken
� = � t . For brevity, we will write ẑt = h(� t ) to indicatethatthis is a predictiongivenour state
estimate� t . Thetransposeof theJacobianmatrix r � h(� t ) andwill bedenotedCt . With these
de�nitions, Equation(15) readsasfollows:

h(� t ) � ẑt + CT
t (� t � � t ) (16)

Thisapproximationleadsto thefollowing Gaussianapproximationof themeasurementdensity
(14):

p(zt j � t ) / exp
n
� 1

2(zt � ẑt � CT
t � t + CT

t � t )T Z � 1(zt � ẑt � CT
t � t + CT

t � t )
o

(17)

Multiplying out theexponentandregroupingtheresultingtermsgivesus

= exp
n
� 1

2 � T
t CtZ � 1CT

t � t + (zt � ẑt + CT
t � t )T Z � 1CT

t � t (18)

� 1
2(zt � ẑt + CT

t � t )T Z � 1(zt � ẑt + CT
t � t )

o

As before,the �nal termin theexponentdoesnot dependon thevariable� t andhencecanbe
subsumedinto theproportionalityfactor:

/ exp
n
� 1

2 � T
t CtZ � 1CT

t � t + (zt � ẑt + CT
t � t )T Z � 1CT

t � t

o
(19)

We arenow in the position to statethe measurementupdateequation,which implementthe
probabilisticlaw (12).

p(� t j zt ; ut )

/ exp
n
� 1

2 � T
t

�H t � t + �bt � t

o

� exp
n
� 1

2 � T
t CtZ � 1CT

t � t + (zt � ẑt + CT
t � t )T Z � 1CT

t � t

o

= expf� 1
2 � T

t ( �H t + CtZ � 1CT
t| {z }

H t

)� t + ( �bt + (zt � ẑt + CT
t � t )T Z � 1CT

t| {z }
bt

)� tg (20)
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(a) (b)

Figure 4: The effect of motion on the information matrix and the associatednetwork of features: (a) before
motion, and(b) after motion. If motion is non-deterministic,motion updatesintroducenew links (or reinforce
existing links) betweenany two active features,while weakeningthe links betweentherobotandthosefeatures.
Thisstepintroduceslinks betweenpairsof landmarks.

Thus,themeasurementupdateof theEIF is givenby thefollowing additive rule:

H t = �H t + CtZ � 1CT
t (21)

bt = �bt + (zt � ẑt + CT
t � t )T Z � 1CT

t (22)

In thegeneralcase,theseupdatesmaymodify theentireinformationmatrix H t andvectorbt ,
respectively. A key observation of all SLAM problemsis that the JacobianCt is sparse. In
particular, Ct is zeroexceptfor theelementsthatcorrespondto therobotposex t andthefeature
yt observedat time t.

Ct =
�

@h
@x t

0� � � 0 @h
@yt

0� � � 0
� T

(23)

Thissparsenessisdueto thefactthatmeasurementszt areonlyafunctionof therelativedistance
andorientationof the robot to the observed feature. As a pleasingconsequence,the update
CtZ � 1CT

t to the informationmatrix in (21) is only non-zeroin four places:the off-diagonal
elementsthatlink therobotposex t with theobservedfeatureyt , andthemain-diagonalelements
thatcorrespondto x t andyt . Thus,theupdateequations(21)and(22)arewell in tunewith our
intuitivedescriptiongivenin thebeginningof thissection,wherewearguedthatmeasurements
only strengthenthe links betweenthe robot poseand observed features,in the information
matrix.

To comparethis to theEKF solution,wenoticethateventhoughthechangeof theinforma-
tion matrix is local, theresultingcovarianceusuallychangesin non-localways.putdifferently,
thedifferencebetweentheold covariance�� t = �H � 1

t andthenew covariancematrix � t = H � 1
t

is usuallynon-zeroeverywhere.

2.3 Motion Updates

Thesecondimportantstepof SLAM concernstheupdateof the�lter in accordanceto robotmo-
tion. In thestandardSLAM problem,only therobotposechangesover time. Theenvironment
is static.

Theeffectof robotmotionon theinformationmatrixH t areslightly morecomplicatedthan
thatof measurements.Figure4a illustratesan informationmatrix andtheassociatednetwork
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beforethe robotmoves,in which the robot is linked to two (previously observed) landmarks.
If robot motion wasfree of noise,this link structurewould not be affectedby robot motion.
However, thenoisein robotactuationweakensthelink betweentherobotandall activefeatures.
HenceHx t ;y1 andHx t ;y2 aredecreasedby a certainamount.This decreasere�ects thefact that
thenoisein motion inducesa lossof informationof therelative locationof the featuresto the
robot. Not all of this informationis lost,however. Someof it is shiftedinto between-landmark
links Hy1 ;y2 , as illustratedin Figure 4b. This re�ects the fact that even thoughthe motion
induceda loss of information of the robot relative to the features,no information was lost
betweenindividual features.Robotmotion,thus,hastheeffect thatfeaturesthatwereindirectly
linkedthroughtherobotposebecomelinkeddirectly.

To derive theupdaterule,we begin with a Bayesiandescriptionof robotmotion. Updating
a �lter basedon robotmotionmotioninvolvesthecalculationof thefollowing posterior:

p(� t j zt � 1; ut ) =
Z

p(� t j � t � 1; zt � 1; ut ) p(� t � 1 j zt � 1; ut ) d� t (24)

Exploiting thecommonSLAM independences[29] leadsto

=
Z

p(� t j � t � 1; ut ) p(� t � 1 j zt � 1; ut � 1) d� t (25)

Thetermp(� t � 1 j zt � 1; ut � 1) is theposteriorat time t � 1, representedby H t � 1 andbt � 1. Our
concernwill thereforebe with the remainingterm p(� t j � t � 1; ut ), which characterizesrobot
motionin probabilisticterms.

Similar to themeasurementmodelabove, it is commonpracticeto modelrobotmotionby
anon-linearfunctionwith addedindependentGaussiannoise:

� t = � t � 1 + � t with � t = g(� t � 1; ut ) + Sx � t (26)

Hereg is themotionmodel,a vector-valuedfunctionwhich is non-zeroonly for therobotpose
coordinates,asfeaturelocationsarestaticin SLAM. Thetermlabeled� t constitutesthestate
changeattimet. Thestochasticpartof thischangeismodeledby � t , aGaussianrandomvariable
with zeromeanandcovarianceUt . ThisGaussianvariableis alow-dimensionalvariablede�ned
for therobotposeonly. HereSx is aprojectionmatrixof theform

Sx = ( I 0 : : : 0 )T (27)

whereI is an identity matrix of the samedimensionasthe robot posevectorx t andasof � t .
Each0 in (27) refersto anull matrix,of which thereareN in Sx . TheproductSx � t , hence,give
thefollowing generalizednoisevariable,enlargedto thedimensionof thefull statevector� :

Sx � t = ( � t 0 : : : 0 )T (28)

In EIFs,thefunctiong in (26) is approximatedby its �rst degreeTaylorseriesexpansion:

g(� t � 1; ut ) � g(� t � 1; ut ) + r � g(� t � 1; ut )[� t � 1 � � t � 1]

= �̂ t + A t � t � 1 � A t � t � 1 (29)
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HereA t = r � g(� t � 1; ut ) is thederivativeof g with respectto � at � = � t � 1 andut . Thesymbol
�̂ t is shortfor thepredictedmotioneffect, g(� t � 1; ut ). Pluggingthis approximationinto (26)
leadsto anapproximationof � t , thestateat time t:

� t � (I + A t )� t � 1 + �̂ t � A t � t � 1 + Sx � t (30)

Hence,underthisapproximationtherandomvariable� t is againGaussiandistributed.Its mean
is obtainedby replacing� t and� t in (30)by their respectivemeans:

�� t = (I + A t )� t � 1 + �̂ t � A t � t � 1 + Sx0

= � t � 1 + �̂ t (31)

The covarianceof � t is simply obtainedby scaledandaddingthe covarianceof the Gaussian
variableson theright-handsideof (30):

�� t = (I + A t )� t � 1(I + A t )T + 0 � 0 + SxUtST
x

= (I + A t )� t � 1(I + A t )T + SxUtST
x (32)

Updateequations(31)and(32)arein theEKF form, thatis, they arede�nedovermeansandco-
variances.Theinformationform is now easilyrecoveredfrom thede�nition of theinformation
form in (6) and(7) andits inversein (9) and(10). In particular, wehave

�H t = �� � 1
t =

h
(I + A t )� t � 1(I + A t )T + SxUtST

x

i � 1

=
h
(I + A t )H � 1

t � 1(I + A t )T + SxUtST
x

i � 1

(33)

and

�bt = �� T
t

�H t =
h
� t � 1 + �̂ t

i T �H t

=
h
H � 1

t � 1bT
t � 1 + �̂ t

i T �H t

=
h
bt � 1H � 1

t � 1 + �̂ T
t

i
�H t (34)

Theseequationsappearcomputationallyinvolved, in that they requirethe inversionof large
matrices.In thegeneralcase,thecomplexity of theEIF is thereforecubicin thesizeof thestate
space.In thenext section,weprovide thesurprisingresultthatboth �H t and�bt canbecomputed
in constanttime if H t � 1 is sparse.

3 SparseExtendedInf ormation Filters

Thecentral,new algorithmpresentedin this paperis theSparseExtendedInformationFilter,
or SEIF. SEIF differ from theextendedinformation�lter describedin theprevioussectionin
thatis maintainsasparseinformationmatrix. An informationmatrixH t is consideredsparseif
thenumberof links to therobotandto eachfeaturein themapis boundedby a constantthatis
independentof thenumberof featuresin themap.Theboundfor thenumberof links between
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the robot poseandotherfeaturesin the mapwill be denoted� x ; the boundon the numberof
links for eachfeature(notcountingthelink to therobot)will bedenoted� y. Themotivationfor
maintaininga sparseinformationmatrix wasalreadygiven above: In SLAM, the normalized
informationmatrix is alreadyalmostsparse.This suggeststhat by enforcingsparseness,the
inducedapproximationerroris small.

3.1 ConstantTime Results

Webegin by proving threeimportantconstanttime results,which form thebackboneof SEIFs.
All proofsof theseresultscanbefoundin theAppendix.

Lemma1: Themeasurementupdatein Section(2.2) requiresconstanttime, irrespective of
thenumberof featuresin themap.

This lemmaensuresthat measurementscanbe incorporatedin constanttime. Notice that
this lemmadoesnot requiresparsenessof the informationmatrix; rather, it is a well-known
propertyof information�lters in SLAM.

Lesstrivial is thefollowing lemma:
Lemma2: If theinformationmatrix is sparseandA t = 0, themotionupdatein Section(2.2)

requiresconstanttime. Theconstant-timeupdateequationsaregivenby:

L t = Sx [U� 1
t + ST

x H t � 1Sx ]� 1ST
x H t � 1

�H t = H t � 1 � H t � 1L t (35)
�bt = bt � 1 + �̂ T

t H t � 1 � bt � 1L t + �̂ T
t H t � 1L t

This resultaddressesthe importantspecialcaseA t = 0, that is, theJacobianof posechange
with respectto theabsoluterobotposeis zero.This is thecasefor robotswith linearmechanics,
andwith non-linearmechanicswherethereis no `cross-talk'betweenabsolutecoordinatesand
theadditivechangedueto motion.

In general,A t 6= 0, sincethe x-y updatedependson the robot orientation. This caseis
addressedby thenext lemma:

Lemma3: If the informationmatrix is sparse,the motion updatein Section(2.2) requires
constanttime if the mean� t is available for the robot poseand all active landmarks. The
constant-timeupdateequationsaregivenby:

	 t = I � Sx (I + [ST
x A tSx ]� 1)� 1ST

x

H 0
t � 1 = 	 T

t H t � 1	 t

� H t = H 0
t � 1Sx [U� 1

t + ST
x H 0

t � 1Sx ]� 1ST
x H 0

t � 1

�H t = H 0
t � 1 � � H t

�bt = bt � 1 � � T
t � 1(� H t � H t � 1 + H 0

t � 1) + �̂ T
t

�H t (36)

For A t 6= 0, a constanttime updaterequiresknowledgeof the mean� t � 1 beforethe mo-
tion command,for therobotposeandall active landmarks(but not thepassive features).This
informationis notmaintainedby thestandardinformation�lter , andextractingit in thestraight-
forwardway (via Equation(10)) requiresmorethanconstanttime. A constant-timesolutionto
thisproblemwill now bepresented.
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3.2 Amortized ApproximatedMap Recovery

Beforederiving an algorithmfor recovering the stateestimate� t from the informationform,
let us brie�y considerwhat partsof � t areneededin SEIFs,andwhen. SEIFsneedthe state
estimate� t of therobotposeandtheactive featuresin themap.Theseestimatesareneededat
threedifferentoccasions:(1) thelinearizationof thenon-linearmeasurementandmotionmodel,
(2) the motion updateaccordingto Lemma3, and(3) the sparsi�cationtechniquedescribed
furtherbelow. For linearsystems,themeansareonly neededfor thesparsi�cation(third point
above). Wealsonotethatweonly needconstantlymany of thevaluesin � t , namelytheestimate
of therobotposeandof thelocationsof active features.

As statedin (10), themeanvector� t is a functionof H t andbt :

� t = H � 1
t bT

t = � tbT
t (37)

Unfortunately, calculating(37)directly involvesinvertinga largematrix,whichwould requires
morethanconstanttime.

The sparsenessof the matrix H t allows us to recover the stateincrementally. In particu-
lar, we cando so on-line, as the datais beinggatheredandthe estimatesb andH arebeing
constructed.To doso,it will proveconvenientto pose(37)asanoptimizationproblem:

Lemma4: Thestate� t is themode�̂ t := argmax� t
p(� t ) of theGaussiandistribution, de-

®nedover thevariable�t :

p(� t ) = const: � exp
n
� 1

2 � T
t H t � t + bT

t � t

o
(38)

Here � t is a vector of the sameform and dimensionalityas � t . This lemmasuggeststhat
recovering � t is equivalentto �nding themodeof (38). Thus,it transformsa matrix inversion
probleminto an optimizationproblem. For this optimizationproblem,we will now describe
an iterative hill climbing algorithmwhich, thanksto thesparsenessof the informationmatrix,
requiresonly constanttimeperoptimizationupdate.

Our approachis aninstantiationof coordinatedescent.For simplicity, we stateit herefor a
singlecoordinateonly; our implementationiteratesaconstantnumberK of suchoptimizations
aftereachmeasurementupdatestep.Themode�̂ t of (38) is attainedat:

�̂ t = argmax
� t

p(� t )

= argmax
� t

exp
n
� 1

2 � T
t H t � t + bT

t � t

o

= argmin
� t

1
2 � T

t H t � t � bT
t � t (39)

We notethat theargumentof themin-operatorin (39) canbewritten in a form thatmakesthe
individual coordinatevariables� i;t (for thei -th coordinateof � t ) explicit:

1
2 � T

t H t � t � bT
t � t = 1

2

X

i

X

j

� T
i;t H i;j ;t � j ;t �

X

i

bT
i;t � i;t (40)

whereH i;j ;t is the elementwith coordinates(i; j ) in H t , andbi;t if the i -th componentof the
vectorbt . Takingthederivativeof thisexpressionwith respectto anarbitrarycoordinatevariable
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(a) (b)

Figure 5: Sparsi®cation:A featureis deactivatedby eliminating its link to the robot. To compensatefor this
changein informationstate,links betweenactive featuresand/ortherobotarealsoupdated.Theentireoperation
canbeperformedin constanttime.

� i;t givesus

@
@� i;t

8
<

:
1
2

X

i

X

j

� T
i;t H i;j ;t � j ;t �

X

i

bT
i;t � i;t

9
=

;
=

X

j

H i;j ;t � j ;t � bT
i;t (41)

Settingthis to zero leadsto the optimum of the i -th coordinatevariable� i;t given all other
estimates� j ;t :

� [k+1]
i;t = H � 1

i;i;t

2

4bT
i;t �

X

j 6= i

H i;j ;t �
[k]
j ;t

3

5 (42)

The sameexpressioncanconvenientlybe written in matrix notation,wereSi is a projection
matrix for extractingthei -th componentfrom thematrixH t :

� [k+1]
i;t = (ST

i H tSi )� 1ST
i

h
bt � H t �

[k]
t + H tSi ST

i � [k]
t

i
(43)

All otherestimates� i 0;t with i 0 6= i remainunchangedin thisupdatestep,thatis, � [k+1]
i 0;t = � [k]

i 0;t .
As is easilyseen,the numberof elementsin the summationin (42), andhencethe vector

multiplicationin (43), is constantif H t is sparse.Hence,eachupdaterequiresconstanttime. To
maintaintheconstant-timepropertyof our SLAM algorithm,we canafford a constantnumber
of updatesK per time step. This will generallynot lead to convergence,but the relaxation
processtakesplaceovermultiple timesteps,resultingin smallerrorsin theoverall estimate.

3.3 Sparsi�cation

The�nal stepin SEIFsconcernsthesparsi�cationof theinformationmatrix H t . Sparsi�cation
is necessarilyan approximative step,sinceinformation matricesin SLAM are naturally not
sparse—eventhoughnormalizedinformationmatricestendto bealmostsparse.In thecontext
of SLAM, it suf�ces to removelinks (deactivate)betweentherobotposeandindividual features
in themap;if donecorrectly, thisalsolimits thenumberof links betweenpairsof features.

To see,let usbrie�y considerthetwo circumstancesunderwhich a new link maybeintro-
duced. First, observinga passive featureactivatesthis feature,that is, introducesa new link
betweentherobotposeandthevery feature.Thus,measurementupdatespotentiallyviolatethe
bound� x . Second,motionintroduceslinks betweenany two active features,andhenceleadto
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violationsof the bound� y. This considerationsuggeststhat controlling the numberof active
featurescanavoid violationof bothsparsenessbounds.

Oursparsi�cationtechniqueis illustratedin Figure5. Shown thereis thesituationbeforeand
aftersparsi�cation.Theremoval of a link in thenetwork correspondsto settinganelementin
the informationmatrix to zero;however, this requiresthemanipulationof otherlinks between
the robot andotheractive landmarks.The resultingnetwork is only an approximationto the
originalone,whosequalitydependson themagnitudeof thelink beforeremoval.

We will now presenta constant-timesparsi�cationtechnique.To do so,it will prove useful
to partitionthesetof all featuresinto two subsets:

Y = Y + ] Y 0 ] Y � (44)

whereY + is the setof all active featuresthat shall remainactive. Y 0 areoneor moreactive
featuresthatwe seekto deactivate(remove thelink to therobot). Finally, Y � areall currently
passive features.

The sparsi�cationis bestderived from �rst principles. If Y + ] Y 0 containsall currently
active features,theposterior(2) canbefactoredasfollows:

p(x t ; Y j zt ; ut ) = p(x t ; Y 0; Y + ; Y � j zt ; ut )

= p(x t j Y 0; Y + ; Y � ; zt ; ut ) p(Y 0; Y + ; Y � j zt ; ut )

= p(x t j Y 0; Y + ; Y � = 0; zt ; ut ) p(Y 0; Y + ; Y � j zt ; ut ) (45)

In thelaststepweexploitedthefactthatif weknow theactive featuresY 0 andY + , thevariable
x t doesnot dependon the passive featuresY � . We canhencesetY � to an arbitraryvalue
without affectingtheconditionalposteriorover x t , p(x t j Y 0; Y + ; Y � ; zt ; ut ). Herewe simply
choseY � = 0.

To sparsifytheinformationmatrix, theposterioris approximatedby thefollowing distribu-
tion, in which we simply drop thedependenceon Y 0 in the �rst term. It is easilyshown that
thisdistributionminimizestheKL divergenceto theexact,non-sparsedistribution:

~p(x t ; Y j zt ; ut ) = p(x t j Y + ; Y � = 0; zt ; ut ) p(Y 0; Y + ; Y � j zt ; ut )

=
p(x t ; Y + j Y � = 0; zt ; ut )

p(Y + j Y � = 0; zt ; ut )
p(Y 0; Y + ; Y � j zt ; ut ) (46)

Thisposterioris calculatedin constanttime. In particular, webegin by calculatingtheinforma-
tion matrix for thedistributionp(x t ; Y 0; Y + j Y � = 0) of all variablesbut Y � , andconditioned
onY � = 0. This is obtainedby extractingthesubmatrixof all statevariablesbut Y � :

H 0
t = Sx;Y + ;Y 0 ST

x;Y + ;Y 0 H tSx;Y + ;Y 0 ST
x;Y + ;Y 0 (47)

With that, the onversion lemma leadsto the following information matricesfor the terms
p(x t ; Y + j Y � = 0; zt ; ut ) andp(Y + j Y � = 0; zt ; ut ), denotedH 1

t andH 2
t , respectively:

H 1
t = H 0

t � H 0
t SY0 (ST

Y0
H 0

t SY0 )� 1ST
Y0

H 0
t

H 2
t = H 0

t � H 0
t Sx;Y0 (ST

x;Y0
H 0

t Sx;Y0 )� 1ST
x;Y0

H 0
t (48)
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HerethevariousS-matricesareprojectionmatrices,analogousto thematrixSx de�ned above.
The�nal termin ourapproximation(46),p(Y 0; Y + ; Y � j zt ; ut ), hasthefollowing information
matrix:

H 3
t = H t � H tSx t (S

T
x t

H tSx t )
� 1ST

x t
H t (49)

Puttingtheseexpressionstogetheraccordingto Equation(46) yieldsthefollowing information
matrix, in which thelandmarkY 0 is now indeeddeactivated:

~H t = H 1
t � H 2

t + H 3
t

= H t � H 0
t SY0 (ST

Y0
H 0

t SY0 )� 1ST
Y0

H 0
t

+ H 0
t Sx;Y0 (ST

x;Y0
H 0

t Sx;Y0 )� 1ST
x;Y0

H 0
t

� H tSx t (S
T
x t

H tSx t )
� 1ST

x t
H t (50)

Theresultinginformationvectoris now obtainedby thefollowing simpleconsideration:

~bt = � T
t

~H t

= � T
t (H t � H t + ~H t )

= � T
t H t + � T

t ( ~H t � H t )

= bt + � T
t ( ~H t � H t ) (51)

All equationscanbe computedin constanttime. The effect of this approximationis the de-
activation of the featuresY 0, while introducingonly new links betweenactive features.The
sparsi�cationrule requiresknowledgeof the meanvector � t for all active features,which is
obtainedvia the approximationtechniquedescribedin the previous section. From (51), it is
obviousthat thesparsi�cationdoesnot affect themean� t , that is, H � 1

t bT
t = [ ~H t ]� 1[~bt ]T . Fur-

thermore,our approximationminimizesthe KL dovergenceto the correctposterior. These
propertyis essentialfor theconsistency of ourapproximation.

The sparsi�cationis executedwhenever a measurementupdateof a motion updatewould
violate a sparsenessconstraint. Active featuresare chosenfor deactivation in reverseorder
of the magnitudeof their link. This strategy tendsto deactivate featureswhoselast sighting
is furthestaway in time. Empirically, it inducesapproximationerrorsthat arenegligble for
appropriatelychosensparsenessconstraints� x and� y.

4 Experimental Results

Our presentexperimentsarepreliminary: They only rely on simulateddata,andthey require
known dataassociations.Ourprimarygoalwasto compareSEIFsto thecomputationallymore
cumbersomeEKF solutionthatis currentlyin widespreaduse.

An examplesituationcomparingEKFswith our new �lter canbe found in Figure6. This
resultis typical andwasobtainedusinga sparseinformationmatrix with � x = 6, � x = 10, and
a constanttime implementationof coordinatedescentthatupdatesK = 10 randomlandmark
estimatesin additionto the landmarkestimatesconnectedto therobotat any given time. The
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Figure6: Comparisonof EKFswith SEIFsusingasimulationwith N = 50 landmarks.In bothdiagrams,theleft
panelsshow the ®nal ®lter result,which indicateshighercertaintiesfor our approachdueto the approximations
involvedin maintainingasparseinformationmatrix. Thecenterpanelsshow thelinks (red:betweentherobotand
landmarks;green:betweenlandmarks).Therightpanelsshow theresultingcovarianceandnormalizedinformation
matricesfor bothapproaches.Noticethesimilarity!
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key observationis theapparentsimilarity betweentheEKF andtheSEIFresult.Bothestimates
arealmostindistinguishable,despitethefactthatEKFsusequadraticupdatetimewhereasSEIF
requireonly constanttime.

Wealsoperformedsystematiccomparisonsof threealgorithms:EKFs,SEIFs,andavariant
of SEIFsin which the exact stateestimate� t is available. The latter wasimplementedusing
matrix inversion(hencedoesnot run in constanttime). It allowed us to teaseapartthe error
introducedby theamortizedmeanrecoverystep,from theerrorinducedthroughsparsi�cation.
The following tabledepictsresultsfor N = 50 landmarks,after 500 updatecycles,at which
pointall threeapproachesarenearconvergence.

# experiments ®nal error ®nal # of links computation
(sofar) (with 95%conf. interval) (with 95%conf. interval) (perupdate)

EKF 1,000 (5:54 � 0:67) � 10� 3 1,275 O(N 2 )
SEIFwith exact� t 1,000 (4:75 � 0:67) � 10� 3 549 � 1:60 O(N 3 )
SEIF(constanttime) 1,00 (6:35 � 0:67) � 10� 3 549 � 1:59 O(1)

As theseresultssuggest,our approachapproximatesEKF very tightly. The residualmaper-
ror of our approachis with 6:35 � 10� 3 approximately14.6%higherthanthatof theextended
Kalman�lter . Thiserrorappearsto belargelycausedby thecoordinatedescentprocedure,and
is possiblyin�ated by thefactthatK = 10is asmallvaluegiventhesizeof themap.Enforcing
thesparsenessconstraintseemsnot to haveany negativeeffectontheoverallerrorof theresult-
ing map,astheresultsfor oursparse�lter implementationsuggest.However, these�ndings are
somewhatprematureandaresubjectto anongoingexperimentalveri�cation usingreal-world
data.

5 Discussion

This paperproposeda constanttime algorithmfor theSLAM problem.Our approachadopted
theinformationform of theEKF to representall estimates.Basedon theempiricalobservation
that in the information form, most elementsin the normalizedinformation matrix are near-
zero,we developeda sparseextendedinformation�lter , or SEIF. This �lter enforcesa sparse
informationmatrix,whichcanbeupdatedin constanttime. In thelinearSLAM case,all updates
canbeperformedin constanttime; in thenon-linearcase, additionalstateestimatesareneeded
thatarenotpartof theregularinformationform of theEKF. Weproposedaamortizedconstant-
time coordinatedescentalgorithm for recovering thesestateestimatesfrom the information
form.

Theapproachhasbeenfully implementedandcomparedto theEKF solution. Overall, we
found that SEIFsproduceresultsthat differ only marginally from that of the EKFs. Given
the computationaladvantagesof SEIFsover EKFs, we believe that SEIFsshouldbe a viable
alternative to EKF solutionswhenbuilding high-dimensionalmaps.

Our approachputsa new perspective on therich literatureon hierarchicalmapping,brie�y
outlinedin theintroductionto thispaper. LikeSEIF, thesetechniquesfocusupdatesonasubset
of all features,to gain computationalef�ciency. SEIFs,however, composessubmapsdynam-
ically, whereaspastwork relied on the de�nition of staticsubmaps.We conjecturethat our
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sparsenetwork structurescapturethe naturaldependenciesin SLAM problemsmuch better
thanstaticsubmapdecompositions,andin turn leadto moreaccurateresults.They alsoavoid
problemsthat frequentlyoccurat theboundaryof submaps,wheretheestimationcanbecome
unstable.However, theveri�cation of theseclaimswill besubjectto futureresearch.A related
paperdiscussestheapplicationof constanttime techniquesto informationexchangeproblems
in multi-robotSLAM [21].
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Appendix: Proofs

Proofof Lemma1: Measurementupdatesarerealizedvia (21) and(22), restatedherefor the
reader's convenience:

H t = �H t + CtZ � 1CT
t (52)

bt = �bt + (zt � ẑt + CT
t � t )T Z � 1CT

t (53)

Fromtheestimateof therobotposeandthe locationof theobservedfeature,thepredictionẑt

andall non-zeroelementsof theJacobianCt canbecalculatedin constanttime, for any of the
commonlyusedmeasurementmodelsg. Theconstanttime propertyfollows now directly from
thesparsenessof thematrix Ct , discussedalreadyin Section2.2. This sparsenessimpliesthat
only �nitely many valueshave to bechangedwhentransitioningfrom �H t to H t , andfrom �bt to
bt . Q:E:D:

Proofof Lemma2: For A t = 0, Equation(34) givesusthefollowing updatingequationfor
theinformationmatrix:

�H t = [H � 1
t � 1 + SxUtST

x ]� 1 (54)

Applying thematrix inversionlemma1 leadsto thefollowing form:

�H t = H t � 1 � H t � 1 Sx [U � 1
t + ST

x H t � 1Sx ]� 1ST
x H t � 1| {z }

=: L t

= H t � 1 � H t � 1L t (56)

Theupdateof the informationmatrix, H t � 1L t , is a matrix that is non-zeroonly for elements
thatcorrespondto the robotposeandtheactive features.To see,we notethat the term inside
the inversionin L t is a low-dimensionalmatrix which is of thesamedimensionasthemotion
noiseUt . The in�ation via the matricesSx andST

x leadsto a matrix that is zeroexcept for
elementsthat correspondto the robot pose.The key insight now is that the sparsenessof the
matrixH t � 1 impliesthatonly �nitely many elementsof H t � 1L t maybenon-zero,namelythose
correspondingto therobotposeandactive features.They areeasilycalculatedin constanttime.

For theinformationvector, weobtainfrom (34)and(56):

�bt = [bt � 1H � 1
t � 1 + �̂ T

t ] �H t

= [bt � 1H � 1
t � 1 + �̂ T

t ](H t � 1 � H t � 1L t )

= bt � 1 + �̂ T
t H t � 1 � bt � 1L t + �̂ T

t H t � 1L t

(57)

As above,thesparsenessof H t � 1 andof thevector�̂ t ensuresthattheupdateof theinformation
vectoris zeroexceptfor entriescorrespondingto therobotposeandtheactive features.Those
canalsobecalculatedin constanttime. Q:E:D:

1Theinversionlemma,asusedthroughoutthispaper, is statedasfollows:
�
H � 1 + SB ST � � 1

= H � H S
�
B � 1 + ST H S

� � 1
ST H (55)
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Proofof Lemma3: Theupdateof �H t requiresthede�nition of theauxiliary variable	 t :=
(I + A t )� 1. Thenon-trivial componentsof thismatrixcanessentiallybecalculatedin constant
timeby virtueof:

	 t = (I + SxST
x A tSxST

x )� 1

= I � I Sx (Sx I ST
x + [ST

x A tSx ]� 1)� 1ST
x I

= I � Sx (I + [ST
x A tSx ]� 1)� 1ST

x (58)

Notice that 	 t differs from the identity matrix I only at elementsthatcorrespondto therobot
pose,asis easilyseenfrom thefactthattheinversionin (58) involvesalow-dimensionalmatrix.

Thede�nition of 	 t allows us to derive a constant-timeexpressionfor updatingthe infor-
mationmatrixH :

�H t = [(I + A t )H � 1
t � 1(I + A t )T + SxUt ST

x ]� 1

= [(	 T
t H t � 1	 t| {z }
=: H 0

t � 1

) � 1 + SxUt ST
x ]� 1

= [(H 0
t � 1) � 1 + SxUt ST

x ]� 1

= H 0
t � 1 � H 0

t � 1Sx [U � 1
t + ST

x H 0
t � 1Sx ]� 1ST

x H 0
t � 1| {z }

=:� H t

= H 0
t � 1 � � H t (59)

Thematrix H 0
t � 1 = 	 T

t H t � 1	 t is easilyobtainedin constanttime,andby thesamereasoning
asabove,theentireupdaterequiresconstanttime. Theinformationvector�bt is now obtainedas
follows:

�bt = [bt � 1H � 1
t � 1 + �̂ T

t ] �H t

= bt � 1H � 1
t � 1

�H t + �̂ T
t

�H t

= bt � 1H � 1
t � 1( �H t + H t � 1 � H t � 1| {z }

=0

+ H 0
t � 1 � H 0

t � 1| {z }
=0

) + �̂ T
t

�H t

= bt � 1H � 1
t � 1(H t � 1 + �H t � H 0

t � 1| {z }
� � H t

� H t � 1 + H 0
t � 1) + �̂ T

t
�H t

= bt � 1H � 1
t � 1(H t � 1 � � H t � H t � 1 + H 0

t � 1) + �̂ T
t

�H t

= bt � 1 � bt � 1H � 1
t � 1(� H t � H t � 1 + H 0

t � 1) + �̂ T
t

�H t

= bt � 1 � � T
t � 1H t � 1H � 1

t � 1(� H t � H t � 1 + H 0
t � 1) + �̂ T

t
�H t

= bt � 1 � � T
t � 1(� H t � H t � 1 + H 0

t � 1) + �̂ T
t

�H t (60)

The update� H t is non-zeroonly for elementsthat correspondto the robot poseor active
features.Similarly, thedifferenceH 0

t � 1 � H t � 1 is non-zeroonly for constantlymany elements.
Therefore,only thosemeanestimatesin � t � 1 arenecessaryto calculatetheproduct� T

t � 1� H t .
Q:E:D:

Proofof Lemma4: Themode�̂ t of (38) is givenby

�̂ t = argmax
� t

p(� t )
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= argmax
� t

exp
n
� 1

2 � T
t H t � t + bT

t � t

o

= argmin
� t

1
2 � T

t H t � t � bT
t � t (61)

Thegradientof theexpressioninsidetheminimumin (61)with respectto � t is givenby

@
@� t

n
1
2 � T

t H t � t � bT
t � t

o
= H t � t � bT

t (62)

whoseminimum�̂ t is attainedwhenthederivative (62) is 0, thatis,

�̂ t = H � 1
t bT

t (63)

FromthisandEquation(37) it follows that �̂ t = � t . Q:E:D:
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