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Abstract

On the surface, the three on-line machine learning probéeral/zed in this thesis may seem unrelated.
The first is an on-line investment strategy introduced by Toower. We begin with a simple analysis that
extends to the case of fixed-percentage transaction costthéil describe an efficient implementation that
runs in time polynomial in the number of stocks. The secomtlem is k-fold cross validation, a popular
technique in machine learning for estimating the error adaaried hypothesis. We show that this is a valid
technigue by comparing it to the hold-out estimate. Finallydiscuss work towards a dynamically-optimal
adaptive binary search tree algorithm.
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Chapter 1

Introduction

The probabilistic method often makes an otherwise diffipulblem seem easy. Its cornerstone is us-
ing a probabilistic analysis for a deterministic probleme Wée the probabilistic method and other such
simplifying tools for three problems in machine learningnee three problems can all be viewed as varia-
tions on predicting from expert advice, a problem well séa@din machine learning theory and other areas
(49,12, 62].

In the first problem, the experts are an infinite family of isveent strategies. Our goal is to do almost
as well as the best of these strategies. Although the dhgonite analyze is completely deterministic, by
observing that its performance is the expected performaigeandom expert, the analysis becomes simple.
Using rapidly-mixing Markov chains, we are able to efficlgiinplement this strategy with a large number
of stocks.

In the second problem, we analyze k-fold cross-validatia@gmmon technique in machine learning for
estimating the error a hypothesis on data. The k-fold eséinssthe average of k estimates, which can be
thought of as expert suggestions. Despite the fact thag thetimates may be very correlated, we show that
their average is strictly better than an individual.

In the third problem, we are interested in the dynamic oplitsnaf binary search trees. We propose an
algorithm that also is a weighted average of all binary detmee algorithms. Again, while the algorithm
is completely deterministic, the analysis is probabitistiThis is one of the classic problems in on-line
algorithms, and the first problem is the most well-studiezbpegm in on-line portfolio selection.

1.1 On-line Analysis

On-line analysis, introduced by Sleator and Tarjan [5SAyvjates a metric for analyzing on-line algorithms.

An on-line algorithm is an adaptive algorithm, in that itea®s its input incrementally. In contrast, an
off-line algorithm receives all of its input at the start. rrexample, in caching, we have a sequence of
requested pages and a cache which can hagdges. Proceeding through the sequence, every time a page
is requested and is in the cache, we simply return that pageettr, every time a page is accessed and is
not in the cache, we must evict one of the pages in the cacheepiate it with the requested page. For
an off-line algorithm, the entire sequence of requests knin advance, and page replacement decisions
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can be made based on knowledge of future requests. For anealgorithm, the requests are revealed and
must be handled one at a time.

Given a cost metric, e.g. a cost of 1 for evicting a page, miiing the cost of an off-line algorithm
is an ordinary optimization problem. Sleator and Tarjanéthod of on-line analysis provides a framework
for comparing on-line algorithms. An on-line algorithmrisompetitivé if, for any sequence of requests,
its cost is no more thantimes the off-line optimal cost, plus some constarfbay at the completion of the
sequence, an on-line algorithm hagegretthat is the ratio of its cost to the minimum cost of an off-line
algorithm. This is the amount that the algorithm regretglitsices compared to the optimal choices made
with hindsight. Then the competitive ratiois the worst-case regret, modulo the constant additive term
Perhaps this is best illustrated with an example.

List Update Example

In the classic list update problem, we have a linked list efmi$, which may be thought of as folders in a
filing cabinet. Each time an item is requested, we have taehdarearly through the list until we find it. If
the item is at position in the list, this search cosis In the standard model, we are allowed to reinsert the
item anywhere in positions 2, . .. at no cost and perform arbitrary swaps of adjacent list itah@cost

of 1 per swap.

Sleator and Tarjan have shown that the move-to-front algwori which moves each requested item to
the front of the list, costs at most a factor of 2 more than @styalgorithm, for any sequence. Thus their
algorithm is 2-competitive, i.e. has a competitive ratid2pprovided that both algorithms begin with the
same list order [57].

A simple way to see thfsis to change the problem so that it is mandatory to move theestgd item to
the front of the list. This never increases the cost of a secpieore than a factor of two. To see this, think
of a new cost function where, if the requested item is at osit the search still costs but the reinsertion
at positionl < j < ¢ now costg — 1 (because we first move the item to the front at no cost and tbéarm
j — 1 swaps to move it to positiof). The new cost is always at least as large as the old cost,dvet n
more than twice as large, because the reinsertion cost ione tinan the search cost. Thus-aompetitive
algorithm under the new cost metric will Be competitive under the old.

Next, observe that an optimal thing to do is to never perfongnsawaps, even for an off-line algorithm.
To see this, suppose the last thing done after a request veagio: andy. Let us be lazy and delay this
swap until after the next request. If the next request ideeit nor y, then the delay has had no additional
cost. Ifz is requested, then we have actually decreased our seatdiychsand we no longer have to do the
(x,y) swap, since: is moved to the front in either case. Similarlyyifs requested, we have increased our
search cost but reduced the number of swaps, thus not clpiiginiotal cost. Since we can always delay
the last swap, we can actually delay all swaps indefinitelg,/move-to-front is optimal. Since the new cost
model differs by a factor of two from the old cost model, mewodront is 2-competitivell

On-line algorithms are adaptive and thus can be viewed asitgpalgorithms. For example, there are
many things one might learn from a sequence of accesses; auélfterz is requestedy will always be
requested before” However, on-line analysis show that the move-to-frogioaithm uses, up to a factor of
two, all the valuable information one might learn from thgusence, for the list update problem.

In addition, we can speak of the competitive ratitative to a restricted class of off-line algorithms.
In this case, the on-line algorithms are allowed to do moemtthe off-line algorithms, and we have a
competitive ratio bounding the performance of an on-lig@ethm to best of the restricted class of off-line

lIn generaly is a function of the problem size and the sequence length.
2Sleator and Tarjan use a more sophisticgteigntial functioranalysis.
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algorithms. For example, in the list update problem we migstrict the off-line algorithm to do swaps only
in positions that preceded the accessed element, whilentie@algorithm could do arbitrary swaps.

1.2 Universal Portfolios

Consider the investment strategy of dividing one’s monengvamongs stocks and letting it sit. This has
the on-line guarantee that, at any point in time, regardiétse market, it will have at least the performance
of 1/s times the performance of the best stock, where performangefined as the value of the investment
for an initial one-dollar investment. Since, over time &tpcices grow exponentially, this popular strategy
approaches the exponential growth rate of the best stock.

On the other hand, a Constant Rebalanced Portfolio (CRskbe same distribution of wealth among
a set of stocks each day. For example,(the, 0.5, 0.1) each day rebalances so that it 8% of its money
is stock 1,50% in stock 2, and 0% in stock 3. Thus there are infinitely many possible CRPs.

These CRPs capture the notion of “buy low, sell high.” As ttiegoof one stock increases (relative to the
others), it buys more, and as the relative price decreasssld. How low is low and how high is high? The
CRP smoothes these decisions based on a single parameg¢acfostock. Typically, if you could choose
the best parameters for your CRP in hindsight, you would lixegdexponentially better than the best stock.
CRPs capitalize on the relative volatility between stodksay be that two stocks, over a year, lost value,
but a CRP may have gained. Furthermore, like the previoatesgly, it has the nice property that if all the
stock prices ever return to their initial values, then itroatrhave lost money.

Thomas Cover has an algorithm called the UNIVERSAL portfolvhich performs almost as well as
the best CRP in hindsight [16]. The way it works is by averggiver all CRP& We present a simple
probabilistic analysis of the deterministic UNIVERSAL alghm, which relies on the fact the performance
of UNIVERSAL is the expected performance of a random CRP. Weethat any CRP that is “nearby”
the optimal CRP will perform near-optimally. Then, we shdatta random CRP has a high probability of
being nearby the optimal CRP. This analysis extends withmdification to the case of a fixed percentage
transaction cost. This is joint with Avrim Blum [8].

Since UNIVERSAL achieves the expected performance of aaen@RP, one might instead consider
investing everything in a single, random CRP. This is analego investing all of one’s money in a random
stock rather than dividing it evenly and letting it sit. PEpgeem to diversify their portfolio, perhaps because
they are risk averse. For example, they would rather be waéhmillion dollars for certain than B0%
chance at ten million dollars art#% chance of being bankrupt. Of course, for small amounts ofayon
this risk aversion is not as important. The UNIVERSAL's menhance is guaranteed, which we would argue
is better than a guarantee on its expected value.

Unfortunately, all previous implementations of UNIVERSALe exponential in the number of stocks,
with run times ofO (n*~1). In joint work with Santosh Vempala [42], we present an impé@tation which
is polynomial in the number of stocks based on random walks.tlis randomized algorithm, we prove
that with arbitrarily high probability, it performs arbétrily close to UNIVERSAL.

1.3 Bounds for K-Fold Cross Validation

K-fold cross validation is a common technique for measutitegerror of a hypothesis in machine learning.
First, we divide the given data infoequally sized folds. The standard hold-out estimate leaimgothesis
on the firstt — 1 folds and tests it on the last fold, an independent test ské KFfold estimate repeats

3Since the set of CRPs is infinite, this is an integral or, eajeivtly, the limit as we make a finer and finer grid on the set of
CRPs.
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this, learning ork — 1 folds and testing on the other fold, and averagesitkstimates. Thus, it is similar
to the above scenario, where presumably more measurenmeriistéer. We show that indeed the absolute
moments of our estimate’s error are smaller for k-fold thémokal-out of sizel /k of the data, even though
thek different estimates are by no means independent.

Previous analyses of k-fold cross-validation gave weaganity-check” bounds. This is partly because
they were viewing the k-fold estimate as an estimate of thar @f the hypothesis that is trained on all the
data. Unfortunately, nothing can be guaranteed for a bitecidearning algorithm in this setting, because we
have not a single test of this new hypothesis. Instead, we tie k-fold estimate as an estimate of the error
of the average of the k hypotheses generated. While thisiwhat is used in practice, it clearly identifies
the difficulty with bounding the k-fold estimate’s error -etHifference between the k constituent hypotheses
and the hypothesis trained on all the data. This is joint wath Avrim Blum and John Langford [9].

1.4 Splay Trees

Splay trees [58], discussed in Chapter 3, are adaptiveyosearch trees that operate in a manner similar
to move-to-front. Every time a node is accessed, it is rdtatehe root through a clever series of rotations
(the tree analog of swaps). The dynamic optimality conjectd splay trees, a longstanding open problem,
is simply the question of whether splay trees are constampetitive in the same way that move-to-front
is, i.e. when the cost is the depth of the accessed item pdusuimber of rotations performed.

The technique we used in the move-to-front analysis coutdrglly extend to splay trees. Suppose
we make it mandatory to immediately move the requested rothestroot exactly as splaying does. Then,
by the same reason as in move-to-front, we will increase tis¢ @f any algorithm by at most a constant
factor. Next, suppose we increase the cost of each rotayiarchnstant factor, further increasing the cost
by at most a factor of. Then, one might hope to show that the lazy approach wokksdelaying the last
rotation to the next round will not cost anything extra. Umdimately, this is not true for splay trees, but it
might be true for some variation on them, such as randomizlegy $srees [31, 1].

In this thesis, though, we try a slightly different approadie consider the set of all sequences of
rotations as a set of experts. Every tree is viewed as a pitapatistribution predicting the next request,
with nodes near the root having higher probability. We thaketa suitable weighted average of these
probability distributions and convert it back into a treeheTgood news is that the search cost, i.e. the
sum of the depths of accessed elements, is no more than abtisies the total cost of any sequence
of rotations. Unfortunately, the rotation cost might bettdig However, we hope that this is a step towards
finding a dynamically optimal binary search tree algoritfinis is joint work with Avrim Blum and Santosh
Vempala.



Chapter 2

Universal Portfolios

Thomas Cover's UNIVERSAL portfolio [16] is an on-line inuagent strategy with assumption-free
theoretical guarantees. In this chapter, we present a sianplysis of Cover’s investment strategy and
answer two open questions about his portfolios. First, oatysis shows that the UNIVERSAL properties
hold in the case of fixed percentage transaction costs. Haiysis was joint work with Avrim Blum [8].
Second, we present a polynomial-time implementation of WEBRSAL. That is, each day UNIVERSAL
specifies how much money to put in each stock. All previoushorg of doing this calculation took time
exponential in the number of stocks. We present an efficraptémentation based on random walks. This
is joint work with Santosh Vempala [42].

2.1 Constant Rebalanced Portfolios

The class of investment strategies we are interested inisi¢ghe set of constant rebalanced portfolios. A
constant rebalanced portfolio (CRP) keeps the same disisibof wealth among a set of stocks from day
to day. For example, the5, .5) CRP shown in Figure 2.1a keeps an equal amount of money intbeks

At the beginning of each day, it rebalances its holdings tintam this equality. In this fictitious market,
the price of Stock 1 alternately doubles and halves, whitepitice of the Stock 2 stays the same. When
the first stock doubles, the5, .5) CRP gains50% because half of its money is in this stock. When the
first stock halves, thé.5,.5) CRP only lose25%. So, every two days its value increases by a factor of
1.5 x 0.75 = 1.125. This is exponential growth at a rate t.5%, despite the fact that both stocks stay
within a factor of 2 of their original price.

To some extent, a CRP captures the notion of “buy low, seh hi§s the price of a stock drops relative
to others, the CRP buys more of it. As the relative price obalsincreases, the CRP sells. Of course, the
(.5,.5) CRP does not always do well. In Figure 2.1b, Stock 1 is condbamthe price of Stock 2 halves for
twenty days and then doubles for twenty days. During thetfirshty days, as Stock 2 drops, the CRP buys
more. Had Stock 2’s price never rebounded, this would haee b wrong thing to do. On this first half,
the best thing would be to keep all of one’s money in Stock lictvis exactly what g1, 0) CRP would do.
Over the whole time, though, a simple calculation showstti@best CRP to choose is thé, .5) CRP.

Another example may illustrate why it is valuable to know bi@est parameters for a CRP. Suppose that
75% of the time the first stock’s price doubled aRd it did very poorly, being reduced by a factor of
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a) 12
10 -
CRP(.5,.5)
o 81 UNIVERSAL
=
§ 6 - Stock 1
4 Stock 2
21 AANVYUYIANANAAAAAAAAAAA
0
Time
b) °
8 _
7 CRP(.5,.5)
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S 4-
3. Stock 2
2 _
1 _
S 7
Time

Figure 2.1: Fictitious markets: a) Stock 1 alternately baland doubles, Stock 2 is constant b) Stock 1 is
constant, Stock 2 drops exponentially but then returns
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¢. On the days where Stock 1 did poorly, suppose Stock 2's piacdled, and on the other days its price
dropped bye. Then the wealth of a CRP that keeps:aafraction of its wealth in Stock 1 aftet days is
roughly (22)%7"(2(1 — 2))%25", for smalle. The(0, 1) and(1,0) CRP essentially loose all their money.
The(.5,.5) CRP breaks even. However, thebs, .25) CRP makes exponential money, and thus so does the
UNIVERSAL. Moreover, the above function has a very sharpkpstar = 0.75. Thus it would be very
valuable to know the best parameter to use in hindsight.

Of course, there may be more than just two stocks. In gene€&Z&Rhas one parameter for each stock,
reflecting the fraction of its wealth to keep in that stockhds an additional parameter which is how often
to rebalance. In this thesis, we will assume daily rebatanddut due to various factors, such as volatility
or transaction costs, one might want to rebalance more siolfésn.

Notation and Definitions

Let s be the number of stocks in the market. Let GRFbe the CRP which keepsiafraction of its money
invested in stock < ¢ < s, for vector(v) € A. HereA is the simplex,

A={(v) €R*v; 20, v =1}
1

Let z¢ be the ratio of the closing price to opening price of stock dayd. Then theperformanceof
stocki overn days, the value of an initial one-dollar investment?jgi) = []_, ¢. With slight abuse of
notation, the performance of CRB is,

The performance of the UNIVERSAL algorithm will be writtefl, (UNIVERSAL). Finally, thelog-
performanceof an investment is simply the logarithm of its performan@ée log-performance indicates
how many digits are in the value of your holdings.

Log-concavity of CRP’s

One of the striking things about our examples is that, eveandh neither stock is never significantly higher
than its original price, we've made exponential amounts ofey. In fact, one can say that if the prices
of the stocks haven't changed, then any CRP can only have madey. This is an easy corollary of the
log-concavity of CRP’s.

Lemma 2.1 The log-performance of CRP) is a concave function db), i.e., for CRPSv), (w),

PN (CERCARETACER L A

2

Proof. This follows directly from the concavity of theg function.

log P, (w) — Zlog w )
d=1

" log(v) - (2% + log(w) - (a°
Zg<><>; glw) - (=)

v

d=1
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And this last expression is the right-hand side of the lenfina.

We can then say that the log-performance of a CRP will be at kb& weighted average of the log-
performances of the constituent stocks.

Corollary 2.2 log P,(v) > Y7, v;log P,(i).

In particular, if the price of every stock goes up (or downpgliyonstant factar over an arbitrary number
of days, then any CRP’s performance will change by a factait éast.

It is interesting to note that in the continuous case (thé& lamwe rebalance more and more often) the
above becomes an equality. Thus more frequent rebalancygnot necessarily be good. For example,
with continuous rebalancing, a CRP can never do better tiabést stock.

2.2 The UNIVERSAL Portfolio

It would be very valuable to know which stock is going to penficdhe best over the next twenty years. An
investor can almost achieve this growth by splitting theimmy among several stocks. If they divide their
money evenly betweenstocks, their performance will always be at lehét times the performance of the
best of these stocks, and usually better. Of course, thisasremon strategy.

It would be much more valuable to know which CRP is going tdqren best, because the best CRP
often performs exponentially better than the best stockyeabave seen from our examples. In particular,
the best CRP performs at least as well as the best stock,deetizeistrategy of investing everything in one
stock is a CRP. Cover uses the same splitting idea, but anmenget of CRPs, to asymptotically match the
growth rate of the best CRP. To be precise(@PT) be an optimal CRP, chosen in hindsight. Then, as in
[17],

Theorem 2.3 For All markets withs stocks and: days,

P.(UNIVERSAL ( n+s—1 )‘1
P,(OPT) - s—1
1

Equivalently,

log P,,(UNIVERSAIL S log P,(OPT) (s—1)logn+1

n n n

Looking at the daily log-performance above, we see thaeudifice in daily log-performance goes to
zero quickly. The term UNIVERSAL, like universal data comgsion, indicates this on-line asymptotic
optimality relative to a class of investment strategiesounfirst example, the best CRP is in fact the .5)
CRP, which has performance ¢f.125)"/2. Thus, the above guarantees UNIVERSAL a performance at
Ieast(1.125)”/ 2/n, but it performs even better. Alternatively, this may bensas a competitive ratio of
WH% relative to the class of CRPs.

UNIVERSAL can be thought of as the simple split algorithmt imstead of dividing its money evenly
among a set of stocks, it divides it evenly among all CRPs daed not transfer between them. Since the the
set of CRPs is infinite, this can be thought of as the limit, aswake a finer and finer grid on the simplex.
Figure 2.2 illustrates this for three stocks. The set of fs€RPs is a simplex. Each sample is a lock box,
invested according to the corresponding CRP, which stdttsam even fraction of the total wealth. Money
is never transferred between these lockboxes. Over timee sbthe lockboxes grow and others shrink, and
thus UNIVERSAL's distribution of wealth moves towards thgimal CRP. To be precise,
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Figure 2.2: Initially, the money is divided equally amongeadaf evenly-spaced lockboxes, each representing
a CRP. Over time, lockboxes change in size. The limit as timeloan of lockboxes increases without bound
is the UNIVERSAL portfolio.

Definition 2.4 (UNIVERSAL) On day,, UNIVERSAL has & fraction of its wealth in stock,
where

" IR du<v>
W= fA (oY (0}

Here, u is the uniform distribution oved, the simplex of possible CRPs.

This is the form in which Cover defines the algorithm for théemm distribution”. He also notes ([17]) that
P, (UNIVERSAL) = Eyen [Pn(v)] (2.2)

In other words, since UNIVERSAL is just an average over alRSRts performance is exactly the expected
performance of a random CRP.

Simple Analysis

We will first show a very simple analysis that gives a slightiyaker bound than the theorem. The key to
our analysis is to considerearbyCRPs. There is some CRP that is optimal in hindsight(€#9T). There
is a high probability that a random portfolio is nea®PT), and nearby portfolios perform nearly as well.
To be precise, let us sdy) is nearby(OPT) if v; > (1 — «)OPT,, for all i. For simplicity, let us first say
a=1/(n+1).

Then the performance of CR® on any given day will be at leagt— « times the performance of
CRP(OPT), because at leastla— « fraction of CRRv)’s wealth is distributed exactly like CRRPT).

Cover has shown the better bound gfrn+1) =~ "~ forthe Dirichelet1/2, ... ,1/2) ditribution, which has density proportional
to 1/4/I] v; on portfolio (v}. Our analysis does not apply to this dlstrlbutlon precistm;zause it is not uniform, and our efficient
algorithm does not work because it is not log-concave.
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A ={CRPs}

"Nearby" CRPs

Figure 2.3: There are many CRPs “nearby” the optimal CRP{laesk portfolios perform nearly as well.

Overn days, we get,

Bav)

P, (0PT) (1—a)" (2.2)

1 1
— [fora =
e ( n—l—l)

This is the sense in which nearby portfolios do nearly as.well

How many such nearby portfolios are there? This is easy t@aterbecause the set of nearby portfolios
is a simplex, translated from the origin to — «)(OPT) and shrunken by a factor of. The simplex has
dimensions — 1.

v

Vol {(v) € A|(v)is nearby(OPT)} = Vol{(1 — «a) (OPT) 4+ a(w)| (w) € A}
Vol { a(w)| (w) € A}
" VolA (2.3)

Because UNIVERSAL does as well as a random CRP (2.1), neanifpfios perform at least/e times
as well (2.2), and there ai¢/ (n + 1)*~! portfolios near the best CRP (2.3),

P, (UNIVERSAL)
P,(OPT)

1 1
> =
€

(n+ 1)1

Notice that this simple analysis is slightly worse than thargntee of Theorem 2.3.

To get the better bound, we considenearby portfolios. We saft) is a-nearby(v) if w; > (1 —a)uv;,
for all i. We think ofa as a function ofv), i.e. a random variable defined by- o« = min; v;/OPT;. Then,
from equations (2.1) and (2.2) we see that,

P.(UNIVERSAL)
P,(OPT) -

1
- / Proh,yea [(1— )" > «]de (24)

Eyeal(l —a)"]
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The last equality is an identity for random variables$inl].
By (2.3), the probability in the above integral is exadtly— ='/*)*~!. Making the change of variable
y = /" this yields,

1
/(1—961/”)5_1(196 =
0

1
n/ y' -y Ty =
0
1

n+s—1
s—1

The last equality can be found by integration by palis

2.3 Transaction Costs

In this section, we describe a simpler way to incorporatesiaation costs than in [8], which also gives better
guarantees. The model of transaction costs is still a fixecepéage commission< 1 on transactions, as
is common in financial modelirfd21].

The tricky part is defining a CRP in the presence of commisside use the followinghaive model
for how a CRRv) rebalances. At the beginning of the day it has some distdbutf wealth(v'). Without
commission, it would simply selt! — v; of every stock for whichy! > v; and then buy; — v/ of every
stock for whichv! < v;.

Definition 2.5 (naive model of rebalancing) In the presence of commissithe CRRv) with a
distribution of wealth of(v’) rebalances by selling! — v; of every stock for whick! > v; and
buying(1 — ¢)(v; — v!) of every stock for which! < v;.

Thus, if an investor had/ dollars distributed according @), then after rebalancing she will havév;
dollars worth of every stock she sold afid— ¢) M v; + cMv! dollars worth of every stock she bought. We
call this naive because it is as if the CRP investor is suedrevery time to find out that there is commission
(and that it is not perfectly rebalanced) but does nothirggal.

The previousophisticated modeif how a CRRv) rebalances [8] is much harder to implement. In that
model, the CRP chooses the minimal set of transactions forpeso that it is rebalanced exactly according
(v). This is a logical, natural definition that, in some ways térefits the term CRP. However, it requires
solving an optimization problem each day just to rebalarfegethermore, it lacks some properties of the
naive model that we believe are nice. For example, with nagbalancing, .5, .5) CRP always does at
least(.5)™ times as well as the better of the two stocks, owatays. The sophisticated model would do

2Alternatively, the last equality can be verified by the fallng puzzle. Suppose we piek+ s — 1 numbers irf0, 1] uniformly
at random. What is the probability that each of the firshumbers will be smaller than the each of the last 1 numbers?
On the one hand, it is equally likely that any given subsetiné s — 1 will be the largests — 1 numbers selected, so the

—1
answer is( n "S'f I 1 ) . On the other hand, we can break it down into cases, basecedartfest number among the first

n. The probability that, say, thdh number is greater than or equal to the fissand smaller than the last— 1 (for : < n) is
fol (1 — y)*~'y™ ' dy. Thus the answer can also be writteraimes this integral, and we have equality.

3This is as general as a cast< 1 on sales and, < 1 on purchases. To see this, imagine transfersipllars worth of one
stock to another and paying for commissions with the salég Would givex (1 — c.)/(1 + ¢&) dollars worth of the new stock,
which is equivalentto a commission of ¢ = (1 — ¢,)/(1 + ¢s) orc = (¢ + ¢) /(1 + ¢) < 1 charged on transactions.
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worse thar(.5)" if one stock’s price stayed the same and the other droppedadoy day. In essence, with
the sophisticated model, the failure of one stock affectdlser stock by a factor larger tham One would
be better off each day giving half of its stock to charity.

With the sophisticated model, it was shown that the boundhieofem (2.3) still holds if we replace
with (1 4 ¢)n. In this section, we will show that with naive model, the bdamd analysis work exactly as
is. It is worth pointing out that the two models are actuakyysimilar, differing in only a second order
term. Even though the naive rebalancer may not have ex&etlgdrrect distribution of wealth each day, it
will be off by at most g1 — ¢) factor. Furthermore, if prices do not change for severasdiyvill approach
the correct distribution exponentially quickly. Likewjsbe sophisticated model does have the property that
a(.5,.5) CRP will do at least.5(1 — ¢))" as well as the better of the two stocks.

Lemma 2.6 If (w) is a-nearby(v), then in the naive model of rebalancing,
Po(w) > (1 - a)" Py(v)

Proof. This intuitive statement is a little messy to prove (and na¢ in the sophisticated model). We prove
by induction o that the amount of money in each stock for GRPis at leas{1 — «)" times the amount
of money for CRFv). Suppose it is true on day. At the end of day:, say we havel/, and M,, dollars
distributed according tov’) and(w’), in our respective CRPs. Then, since stoblas changed by the same
amount,rgl, in both portfolios, we will have,

Mywi > (1 - a)"M,v! (2.5)
M, > (1 - a)nMU (26)
Myw; > (1-a)" M, (2.7)

After rebalancing, there are four cases depending on whetheh CRP sells or buys. We need to
show that the amount of money in every stock fa) is at least(1 — a)"*! times the amount of money
for (v). If both CRPs sell stock (v, > v; andw, > w;), then after rebalancing they havé,v; and
M,,w; worth of stocki, respectively. This satisfies the induction hypothesisdy)( If both CRPs buy
stocki, then they will havg(l — ¢)M,v; + ¢M,v! and (1 — ¢) M, w; + ¢M,,w} worth of stock:, which
is good good by (2.7) and (2.5). {i") buys and(w) sells, then we are okay because< v;, and thus
(1 — e)Myv; + eMyv! < Myv; < (1 — )" M, w;. Finally, if (v) sells and(w) buys, then we are okay
becausél — ¢) M, w; + cM,w: > Myw! > (1 — )" M,v! > (1 — )" M,v;

Finally, we define UNIVERSAL just as before as the averagdld@RPs. We must explain how UNI-
VERSAL performs its transactions each day, in the presem@mmission. Each constituent CRP is
issuing orders such as “buy stolor “sell stock;.” In accumulating all of these orders (an integral itself),
we will most likely have some offsetting transactions, vehene portfolio is buying stockand another is
selling it. Instead of performing the wasteful transacsiome donate the stock that was going to be used for
transaction costs to charity. Thus (2.1) still holds. Thevademma is exactly (2.2), and so the analysis still
holds.

Corollary 2.7 With naive rebalancing of CRPs, the UNIVERSAL guarante@hebrem 2.3 hold
in the presence of arbitrary commissier: 1 charged on all transactions.

2.4 Prediction From Expert Advice

The problem of prediction from expert advice is well-stublie machine learning theory and other areas
[49, 12, 22, 27, 35, 46, 62, 63]. There are many variationdiagroblem. Here, we’'ll discuss two related
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to the stock market. First, suppose meteorologists weiipaa logical manner. For example, when the
predict the chance of rain to loe< p < 1, say their reward i®g 2 + In pifitrains andlog 2 + log 1 — pif

it doesn’t. One benefit of this system is that if the meteaybelieves the true chance of rairpighen to
maximize her expected reward, she should predict rain withambility p*.

Now, say there we have the opportunity to be a meteorologesknow nothing about predicting rain,
but we have access toother meteorologists’ predictions each day. Next, preteatwe have a stock for
each meteorologist that decreases in price by a factpy when it rains and — p; when it doesn’t. Then
the total reward of meteorologisbvern days will ben In 2 + log perf, (7).

Imagine investingl /s in each of the meteorologists’ stocks, and letting it sit. dod way for us to
predict rain is to take a weighted average of the expertgliptiens each day, with weights equal to our
distribution of wealth. If we do this and our investment gdesvn by a factor of:(») on dayn, then our
reward on that day will béog 2 + log 2(n). Since our investment value is the average performanceeof th
stocks, we see thatlog 2+ log z(n) > nlog2+log(>_ perf, (i)/s). In particular, our reward will be at
least the reward of the best meteorologist milugss, regardless of the number of days. This is quite good
because it allows us to combine the opinions of a very largeban of meteorologists with little cost.

A second problem is that of predicting the average tempegattor simplicity, say predictions are in
[0, 1] and a meteorologist predictirgs rewarded byl — |f — #| if £ was the average temperature. What we
do here is in the style of the weighted majority algorithm][d8t differs slightly. For each expert, we again
have a stock. If on day, experti gets areward < r? < 1, then stock goes up by a factor af + .

Now again, imagine investing/s in each stock and letting it sit. Suppose we make our pregicti
according to a weighted average of thexpert predictions, with weights distributed accordinthefraction
of wealth we have in each stock on that day. Now, say our invest went up by a factor of + z(n) on
dayn. Then, the weighted average of the experts’ rewards on #yatvduld be:,,. By the convexity of z|,
our reward must be at leasf,. Since our investment’s value is always at legst times the value of any
stock,

s

1 4P
[Tt +2(n) > [ t+rf
Taking logs of both sides and using the fact thatOfet = < 1, zlog2 < log1 + 2 < z, we get,

Zx(n) > Zr?logQ—logs

n n

Since our total reward is at least z(n), we are doing within a constant factor of the best expert sigu
term logarithmic in the number of experts. If we repeat thevabanalysis but change the stock price by
1+ er?, then we get,

1
our reward> (1 — ¢)best expert’s reward 085
€

2.5 Efficient Implementation

In this section, we discuss implementing UNIVERSAL withtrainsaction costs. For such an implementa-
tion, one must specify, on each day, how much money to keegcim&tock. All previous implementations of
Cover’s algorithm are exponential in the number of stockk win times ofD (n*~1). A previous suggestion
was a randomized approximation based on sampling porsfériaon the uniform distribution [8]. However,
in the worst case, to have a high probability of performingadt as well as UNIVERSAL, they require

4If the reward were say in the case of rain antl— p otherwise, then she would have incentive to predict raih wibbability
p=0orp=1.



14 Universal Portfolios

O(n*~1) samples. We show that by sampling portfolios from a nonamifdistribution, only polynomially
many samples are required to have a high probability of pmiiftg nearly as well as UNIVERSAL. This
non-uniform sampling can be achieved by random walks onithplex of portfolios.

Since UNIVERSAL is really just an average of CRP’s, it is matto approximate the portfolio by sam-
pling [8]. However, with uniform sampling, one need¢én*~!) samples in order to have a high probability
of performing as well as UNIVERSAL, which is still exponeaitin the number of stocks. Intuitively, this is
because one needyn*~!) samples to have a high probability of having one ned@®kT). Here we show
that, with non-uniform sampling, we can approximate thefpbo efficiently. With high probability { — §),
we can achieve performance of at lefist- ¢) times the performance of UNIVERSAL. The algorithm is
polynomialinl/¢, log(1/4), s, andn.

The key to our algorithm is sampling according to a biasettitligion. Instead of sampling according
to 1, the uniform distribution om\, we sample according ta,, which weights portfolios in proportion to
their performance, i.e.,
> _ Pﬂ<v>

Ja Palw)dp(w)

We will later show how to efficiently sample from this biasesitdbution.

Based on the above and (2.1) UNIVERSAL can be thought of agpating each component of the

portfolio by taking the expectation of draws fram, i.e.,

dv, (v

u?‘ = / Uidl/n<?]> = E<U>Eyn [UZ] (28)
A

Thus our sampling implementation of UNIVERSAL averagessdréfomu,, :
Definition 2.8 (Universal biased sampley The Universal biased sampler, with samples, on the
end of dayn chooses a portfolige™) as the average of: portfolios drawn independently from),.

Now, we apply Chernoff bounds to show that with high prolagilor eachi, «? closely approximates
u?. In order to ensure that this biased sampling will getusu! close to 1, we need to ensure thétisn't
too small:

Lemma29 Foralll <:<sandn > 1,u? > 1/(n+s).

Proof. WLOG : = 1. Then,u} is a random variable between 0 and 1, so by (2.8) and ide@tidy,(

0t = Epes, o] = [ v () € Al 2 23)

Now we know from (2.3) that the volume dfv) € Alv; > z}is (1 — z)*~! times the volume of\.
Furthermore, the average performance of portfolios in dkisis at leastl — =)™ times the average over
A, because for each of days, a portfolio in this setv) = (z,0,...,0) + (1 — z)(w) performs at least
(1 — z) as well as the corresponding portfolie) € A. So the probability of this set undey, is at least
(1-2)""1(1 - 2)" and,

uy > /0 (1-2)"11=2)"d>=1/(n+ s).
|

Combining this lemma with Chernoff bounds, we get:

Theorem 2.10Withm = 2n%(s+n) log(sn/d)/e* samples, the Universal biased sampler performs
atleast(1 — ¢) as well as Universal, with probability at least— .
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Proof. Say eachu? is approximated by:¢. Furthermore, suppose eaep > u?(1 — ¢/n). Then, on
any individual day, the performance of the') is at least(1 — ¢/n) times as good as the performance of
(u?). Thus, ovem days, our approximation’s performance must be at least ¢/n)" > 1 — ¢ times the
performance of UNIVERSAL.

The multiplicative Chernoff bound for approximating a randvariabled < X < 1, with meanX, by
the sumS of m independent draws is,

Pris < (1-a)Xm] < emmXo?/2,

In our case, we are approximating eaghby m samples, our lemma shows that the expectatiarfef X
isX > 1/(d+ s) > 1/(n + s), and we want to be within = ¢/n. Since this must hold fors different
ud's, it suffices for,

e—me2/(2n2(s—|—n)) <
which holds for the number of sampleschosen in the theoreril.

The biased sampler will actually sample from a distributibat is close tas,,, call it p,,, with the
property that

/ v (0) = pa () () < o
A

for any desired, > 0 in time proportional tdog % Sinceu!” > 1/(s + n), we see that the mean of the

p,, distribution must bén + s)ep-nearby the mean af,, which isu?. Thus, if we choose, < m
then we will incur a performance loss of at m@st— ﬁ)” ~ e~ * overn days, and our run-time is only

logarithmic inL.
€0

The biased sampler

In this section we describe a random walk for sampling frommdimplex with probability density propor-
tional to

fv) = Pu(v)

Before we do this, note that sampling from the uniform digttion over the simplex is easy: pick- 1
realszy, ...,z 1 uniformly at random between 0 and 1 and sort them jntel ... <y, < 1; thenthe
vector(y1,y2 — y1,-- -, Ys—1 — Ys—2, 1 — ys—1) is uniformly distributed on the simplex.

There is another (less efficient) way. Start at some pointthe simplex. Pick a random poigtwithin
a small distancé of «. If y is also in the simplex, then move §oif it is not, then try again. Thetationary
distribution of a random walk is the distribution on the gsiattained as the number of steps tends to infinity.
Since this random walk isymmetrici.e. the probability of going from to y is equal to the probability of
going fromy to z, the distribution of the point reached aftesteps tends to the uniform distribution. In fact,
in a polynomial number of steps, one will reach a point whasgitution is nearly uniform on the simplex.

The symmetric random walk described above can be modifiedve Any desired target distribution.
This is called the Metropolis filter [52], and can be viewedaasombination of the walk with rejection
sampling: If the walk is at: and chooses the poinptas its next step, then move towith probability
min (1, %) and do nothing with the remaining probability (i.e. try agaiThe difficult question, though,
is whether or not the random walk is rapidly mixing, i.e. tia@ts a distribution close to the stationary one
in polynomial time. The answer is that it depends on the fioncf. Lovasz and Simonovits [50] have
shown that for a large class of log-concgyehe walk is rapidly mixing. The important parameters are ho
quickly f changes and how much of the probabilityfois on the border of the set.
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The simplest form of the random walk would be to discretizzghmplex by considering all points on
the simplex whose coordinates are of the foriV, wherem is any integer between 0 ard, and V is
a large fixed integer. Then a neighbor would be chosen bymidkio coordinates and adding to oheV
while subtracting from the other/N. However, we would like to use previous analysis to show thet
walk is rapidly mixing, rather than starting from scratch.

For the purposes of analysis, we consider the followingoamdalk. First rotate\ so that it is on the
planez = 0 and scale it by a factor df/+/2 so that it has unit diameter. We will only walk on the set of
points inA whose coordinates are multiples of a fixed parameter( (to be chosen below), i.e. points on
an axis parallel grid whose “unit” length & Any point on this grid hagn neighbors, 2 along each axis.

1. Start at a (uniformly) random grid point in the simplex.
2. SupposeX (1) is the location of the walk at time.

3. Lety be a random neighbor of (7).

4. If yisin A, then move to it, i.e. seX' (7 + 1) = y with probabilityp = min(1, %), and stay put
with probabilityl — p (i.e. X (7 + 1) = X (7)).

Let the set of grid points be denoted by We will actually only sample from the set of grid pointsin
that are not too close to the boundary, namely, each codedings at least, - for a small enough. For
convenience we will assume that each coordinate is atgast;. Let this set of grid points be denoted by
D. Each grid point: can be associated with a unique axis-parallel cube of lenhgdntered at. Call this
cubeC'(z). The step length is chosen so that for any grid point f(z) is close tof (y) for anyy € C'(z).

Lemma 2.11 If we choosé < ;‘(’fj:)i
have

then for any grid point in D, and any poiny € C'(z), we

L+ )™ f(2) < fly) < 1+ a)f(2).

Proof. Sincey € C'(z), max; |y; — z;| < 4. For any price relative™, the ration;f: iS at mostmax; Z—j
This can be written as

J Z; J Z;
Since each coordinate is at Ieg@i—n) we have that the ratio is at mgdt+ 26(s + n)). Thus the ratio%
is at most(1 + 26 (s + n))"” and the lemma followd

The stationary distribution of the random walk will be proportional tf(z) for each grid point. Thus
when viewed as a distribution on the simplex, for any pgiit the simplex,

T(y)(1+a)™ <dv(y) < 7(y)(1+a)

The main issue is how fast the random walk approaehé&fe return to the discrete distribution on the
grid points. Let the distribution attained by the randomknadter r steps b, i.e. p-(z) is the probability
that the walk is at the grid point after r steps. The progress of the random walk can be measured as the
distance between its current distributignand the stationary distribution as follows:

Ipr ==l = Ip-(2) — ()]
z€D

In [29], Frieze and Kannan derive a bound on the convergehttésorandom walk which can be used
to derive the following bound for our situation.
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Theorem 2.12 After r steps of the random walk,

r

___ar
lpr = 7[? < T (5 4 m)?

wherey > 0 is an absolute constant.

Corollary 2.13 For any«, > 0, afterO(sn*(s + n)* log ") steps,

lpr = 7l]* < <o

Proof (of theorem). Frieze and Kannan prove that

_yors? 1 Mnrgsd?
2l[p, — 7l < ¢ log — + —
T ~é
wherey > 0 is a constantq is the diameter of the convex body in which we are running émelom walk,
T« ISmingep 7(x), 8 is a parameter between 0 and 1, and

T = Z m(x).
xED:JJ—uleOlC(CE(;;)A <6
In words, 7y is the probability of the grid points whose cubes interseetsimplex in less tha# fraction
of their volume. The parametér is defined asnax, po(z) log ff((;’)), wherep, is the initial distribution on
the states.

For us the diametet is 1. We will setd = i and choosé small enough so that, is a constant. This
can be done for example with any< 2(51Tn) To see this, consider the simplex blown up by a facto} of
i.e. the setA = {yly > 0,3, y; = +}. Now the set of points with integer coordinates corresportti¢o
original grid points. LetB be the set of cubes on the border of this set, i.e. the voluneadi cube irB
that is in%A is less thar;};. Then by blowing up further by 1 unit, we get a set that corgtalhthese cubes.

But the ratio of the volumes is

(z+1°
(5)°
Also, the performance of these border grid points can onlfibe &) better than the corresponding (non-

blown up) points in the corresponding points. Thys< (1 + 6)" " < 2 for § < 2(51Tn)
Thus the bound above on the distance to stationary becomes

= (14 9)%.

762 1 2M's
[pr —wll? < e log — 4 2L
T 6

Next we observe that by our choice of starting point (unifawver the simplex)\1 is exponentially small.
Thus we can ignore the second term in the right hand side.llfFiwa note thatr, is at Ieast&s(sjn)”,
which simplifies the inequality to

7762

lpr = #lI* < e (s +n)”

Our choice ob (= O(m) implies the theorem (with a differeny). i

Unfortunately, in the presence of transaction costs, thipaance function is not necessarily log-
concave, and the above random walk does not necessaritiyrapix.
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2.6 Related Work

Cover introduced the notion of UNIVERSAL portfolios [16]yqving guarantees for bounded markets
with ¢; < z¢ < ¢,. He and Ordentlich then proved the UNIVERSAL guaranteestaféfem 2.3 [17]
for arbitrary markets. They also showed there that using @hwed average of CRPs according to a
Dirichelet(1/2, ... ,1/2) distribution, as opposed to a uniform average, the coniypetiatio in Theorem

2.3 isimproved t@(n + 1)52;1. Further, they later showed that this is the best possiblardying a lower
bound of0 ((2) 7 ) [18].

In fact, in a bounded market, other algorithms have been shovhave the universal property, i.e.
that they asymptotically approach the daily log-perforoeaaf the optimal CRP. Recently, Gaivorinski et.
al. showed that, with certain assumptions, simply using@R® which has done best until the current is
universal [32]. Helmbold et al. show that the so-called (r) algorithm is universal for bounded markets.
This algorithm maintains a single weight for each stock aamldsimple update rule. With the correct choice
of the parameter, they achieved better performance than UNIVERSAL on thegeeiments. Previous
experiments involving UNIVERSAL have generally been lieditto two or three stocks. This includes a
paper from last year by Cover and Julian [20]. Hopefully, tiessed sampling approach will enable larger
experiments.

Cover and Ordentlich also considgde informatiorj17], a single discrete value known each day, such
as the high temperature in New York. They then run a sepanakependent UNIVERSAL for each value of
side information and get the natural guarantees(i.e-1)*(*=1) with  different values of side information.
Singer extends the model by competing against portfoliashvwitch between different CRPs from time
to time [56].

Cover shows that UNIVERSAL can be applied to data compresdif], and Kalai et. al. apply it
to combining language models [41]. Foster and Vohra [28k labUNIVERSAL as making a grid on the
simplex and also relate UNIVERSAL to Blackwell's Approabiiay Theorem. Helmbold et. al. [37]
compare different efficient methods of finding the optimalFOR hindsight.

The questions which we address, those of transaction codtsfficient implementations, were raised
in[16, 37, 17, 18, 54, 19]. A nice survey of on-line investialgorithms, including our simple analysis,
appears in a book by Alan Borodin and Ran El-Yaniv [10].



Chapter 3

Bounds for K-Fold Cross-Validation

For many machine learning tasks, we are given a fixed-sizesgaiand would like to produce a hypoth-
esis generalizing the data. In addition, we often would éikeestimate of the accuracy of that hypothesis on
unseen data. This is especially useful for model selectitrere we have many hypotheses and we would
like to choose the best.

The scientific method proscribes that the data we use to geneuar hypothesis should be independent
from the data we use to estimate its accuracy. Thus a natie@is to divide the data into two partgining
datafor generating a hypothesis atekting data(also called the hold-out) for testing its error [53]. The
tradeoff is clear. Using moraining datashould presumably lead to a better hypothesis while using mo
testing datashould lead to a more accurate estimate of its error. Ther ledinh be made precise by Hoeffding
bounds. Assuming that the given data comes from the samédisin as future data, with high probability
the estimate will be close to the true error.

Is it possible to beat this hold-out estimate: for a data Esize » and training set of size:, can we get
a more accurate estimate than that of testing enm data? We show that k-fold cross-validation, one of
the most popular forms of cross-validation used in machéaenling, does in fact achieve this goal. In k-fold
cross-validation, depicted in Figure 3.3b, the data isddigiintok equal sizdolds Learning is performed
on all data not in one fold and testing is performed on thad-oeit fold. The results of these tests are then
averaged. So, k-fold cross-validation is exactly an aweafg: hold-out estimates of size/k of the data.

An extended abstract of this work, joint with Avrim Blum anghh Langford, appeared in COLT 99 [9].

There are three difficulties in showing that the k-fold erestimate is better than a hold-out estimate.
First, the errors measured on each fold are not necessadépendent. For example, consitigve-one-out
cross-validation, corresponding o= |datd, and suppose we are trying to learn the bias of an unfair coin.
Our naive learning algorithm believes that the coin p@deead$ = 1 if it has more examples of heads than
tails in the data, ang(head$ = 0, otherwise. Taking 100 examples with a fair coin, about 8%heftime
we will have 50 heads and 50 tails. In this case, when we leava beads, we will predict tails, and vice
versa. Thus the leave-one-out estimator will incorrecsiyneate that each hypothesis has error 1, when in
fact they all have errab.5. Since the: estimates are identical, the use of all of them was no bétéar just
one. We show that fat < k& < n, while these estimates may not be completely independent will still
be some independence between different folds.

A second difficulty is that, wittk different hypotheses, it is not clear what hypothesis tofas@&iture
predictions. Practitioners use a completely new hyposhesiich is trained on all the data. However,
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Data
a) Train Test
b) Test Train Train Train Train
Train Test Train Train Train
>
Train Train Test Train Train §
QD
Train Train Train Test Train S
Train Train Train Train Test
C) Train and Test

Figure 3.1: a) The (20%) hold-out estimate b) The 5-foldneate c) The resubstitution estimate

nothing can be said about this new hypothesis without asgysomething about the learning algorithm.
Previous k-fold bounds, which attempted to do this, wenséer sanity-chedkbecause they restricted the
VC dimension of the learning algorithm, required a notiolgpothesis stability, and only compared the k-
fold estimate to the resubstitution estimate [4]. We getiadxthese difficulties by usinglkafold hypothesis
which is a randomized combination of tkeconstituent hypotheses. That is, for a new object, we make a
prediction according to a random one of thaypotheses.

The last difficulty comes in comparing the k-fold estimatétte hold-out. We would like to say the k-
fold estimate is better than a hold-out of siz&:. Imagine that we will flip an unfair coin ten times, and we
want to estimate the probability of heags,The full estimator ;o = (total number of headg10” seems
better than the one-flip estimatqi,“= 1 if the first flip is a head ang; = 0 otherwise”, but in what sense?
Forp = 1/100, the chance thgp; — p| > 0.05 is 1/100, while the chance thgt;o — p| > 0.05 is nearly
10/100, namely the chance that any of the flips were heads, Ffpudoesn’t completely dominagg under
every conceivable notion of “better”. Instead, wiahbe said is that’ [|p10 — p|™] < F[|p1 — p|™], for
all m > 1.

The same absolute moments are what we use to compare thd &siinate to the hold-out. As a
corollary, we will show that Hoeffding bounds apply to thédtd estimate, just as they apply to the hold-out
estimate.

3.1 The Learning Model

In order to make theoretical guarantees about the qualigyrof estimates, we must in some way assume
that past data is correlated with future data. We choose plsitheoretical model based on a classification
problent. Say there is a finite set of objecks, e.g. pictures of food, and labels e.g. “pizza,” “donuts,”

1Our bounds must bimsanity check bounds.
2The analysis works for other types of learning problems dk we
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etc., such that each objecte X has a unique labé(z) € L. Furthermore, there is a distributi@hover
these objects. We are given labelled d&ia, /), (22, (2), ..., (2, ), Wherel; = [(xz;).

We think of a learning algorithm as a black box that takes patitraining datain the form of labeled
objects, and outputs laypothesis:, a (possibly randomized) function from objects to labeldeally we
would like to learn a hypothesiswhich is not only accurate on the data we've selefx:() = /(z;)), but
generalizes to unseen examples. The generalization ertareerror of a hypothesis is the probability,
underD, that it mislabels an objectrp[h(z) # [(z)]. For randomized:, this probability includes the
random choices makes. We would also like to have a high-accuracy estimat@isferror, such that
|(estimated errgr— (true erroj| is small.

3.2 Error Estimation

Our goal is to find a procedure that, given a black-box legralgorithm and a fixed amount of labeled data
drawn fromD, produces both learning a low-error hypothesis and acelyrastimating the true error of this
hypothesis undeP. In this section, we describe the error estimation part efitocedure.

The hold-out procedureshown in Figure 3.3a, is a natural method for learning a thgmis and esti-
mating its error on unseen objects. This procedure takasgts, labeled data, and divides into two parts.
The first is used as training data, i.e. input to the learnlggréhm. The hypothesis output by the learning
algorithm is then applied to the remaining data, andble-out estimatef the error is the fraction of data
correctly classified by the hypothesis. In as much as we éxpegjiven data to be similar to future data,
this is a good estimate of the error of the learned hypothesis

For a good learning algorithm, a larger training set woulpéfally give a better hypothesis. A larger
test set would hopefully give a better estimate of its erfidre k-fold procedureshown in Figure 3.3b, is
designed to effectively increase the size of the test sétonitdecreasing the size of the training set. This
procedure divides the data intoequalfolds For each fold, it trains the learning algorithm on the data i
thek — 1 remaining fold, and tests the learned hypothesis on thedgi¢bld. It then report the average of
thesek tests, each of which is really a hold-out estimate, aktfadd estimate

Of course there are many other possible procedures. Fopdeatimeresubstitution procedurgenerates
a hypothesis by training on all the data, and thgubstitution estimatis the fraction of these same data
that are incorrectly classified by the hypothesis. For maayring algorithms, the resubstitution estimate
is a very poor estimate of the error of the learned hypoth&sis example, rote memorization and nearest
neighbor learning algorithms always produce a zero estimirror, even when the hypothesis may be far
from correct.

3.3 Hypothesis Selection

In each of the three cases, we have described how to estiheatror of a hypothesis, but we have not
described which hypothesis to use, corresponding to tle. etn the case of the holdout, theld-out
hypothesiss trained on the training set only. One is tempted to sefetomplete hypothesise. the one
trained on all the data, as practitioners often do. Howekiere are several reasons for us not to choose this
hypothesis. First, the hold-out estimate is exactly amestg of the hold-out hypothesis. If the complete
hypothesis has much lower true error, then our estimate magty inaccurate. Second, since our learning
algorithm is a black box, we have no guarantee whatsoevdreoéitror of the complete hypothesis. The
learning algorithm may, for example, have run out of memayng to handle the extra data, and the
complete hypothesis could be awful.
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In practice, the hypothesis chosen for k-fold cross-vaiieis the complete hypothesis. However, for
the same reasons given above, it would be impossible to giggrdghe quality of the complete hypothesis
for a black-box learning algorithm. Instead, our k-fold edure outputs thke-fold hypothesiswhich is a
meta-hypothesis that, given an objectandomly chooses one of thegenerated hypothesksand outputs
the prediction of that hypothesis;(z). We believe that, from a theoretical point of view, this ie tiorrect
choice for the k-fold hypothesis because the k-fold eseénsan unbiased estimate of its error. This means
that the expected value @frue erroj — (estimated errgris zero, over data sets drawn frdn

One may be tempted to take a majority vote of the constitugmbtinesis, but again this may do better
or worse than the k-fold estimate. If hypotheses were alkbteepredict distributions over labels, rather
than just a single label, we might be tempted to useatrerage hypothesisvhich is an average of these
distributions. The validity of the k-fold estimate then iddepend on how we measure errors. Say errors
are measured using a loss functibnfor which a probabilityp assigned to the correct label counts as an
L(p) fraction of an error. IfL(p) = 1 — p, then the k-fold estimate would be an unbiased estimateeof th
average hypothesis, because the average hypothesis resribesrror as the k-fold hypothesis. For other
loss functions, the k-fold estimate may be biased. Interglst one can say that the average hypothesis will
have no larger error than the k-fold hypothesis as lonfj esconvex.

3.4 Notation

Recall thatX is the set of objects arfd is a fixed distribution oveX . We also have a fixed target functibn
X — L, the set of labels. A learning algorithm produces a hypasitesvhich is a (possibly randomized)
function from X to L. The error of this hypothesis on a particular example X ise,(z) = Pr{h(z) #
l(x)], where the probability is taken over randomizatiom:in Thetrue error of this hypothesis ig;, =

ExED[eh(x)]'

3.5 K-Fold Analysis

Say we have a labelled data set of sizeand1 < £ < n. We divide the data inté equally sizedolds
Then we generate hypotheses), ... , hi, whereh; is trained on all the data except tita fold. We let
€; = €, be the true error ok;, andé; be the measured error frequencyigfon the:th fold. As discussed
earlier, thek-fold hypothesigik, makes a prediction on an exampléy randomly choosing < : < k and
outputtingh; (z) . The true error of the k-fold hypothesis is the average ofrireerrors of its k hypotheses,

er(e) + exle) -+ eula)
E |

€K =

Finally, we let the k-fold error estimate be the average efftid estimatesik = (é; 4 éx + - - - + éx) /.
Notice that the estimated and true errors of theypotheses and k-fold hypothesiés, ¢;, éx, ék, are
random variables that are functions of the data set andiggsise randomization parameters of the learning

algorithm. We would like therror discrepancyék — ex| to be small in absolute value.

Themth moment of the error discrepancyhg|ék — ex|™]. We begin by showing that, for ath > 1,
the moments of the error discrepancy acelarger thanthose of a single hold-out of size/ k. Notice that
the error discrepancy of a single hold-outds — ¢,|. The following theorem takes the trivial observation
that the k-fold error is an unbiased estimate of the truereristep further. Expectations, unless otherwise
noted, are over complete data sets drawn i.i.d. flom
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Theorem 3.1 For all m > 1, E [(error discrepancy”] is no larger for the k-fold procedure than
for a hold-out of al /£ fraction of the data, i.e.,

Ef|lék — ex|™] < E[|é1 — 1]™].

Proof. Jensen’s inequality for any convex functigrand reals:; is,

f(x1+x2+---+xn) S+ S+ flen)

n n

Becausédz|™ is convex for allm > 1,

b — e+t ép — e |”

k
|61 — e + -+ |ép — ex|™
p— k .

|ék — ek|™ =

Using linearity of expectation and that, for< ¢ < k, E[|é; — é1|™] = E[|é; — €;|™] the expected value of
the right-hand side i&'[|é; — €1 |™], whereas the expected value of the left-hand sidd j& — ex|™]. This
completes the prooll

Now we wish to show that the k-fold error is a better estimaiewever, it is possible that the hold-
out error is a perfect estimate of the true error, if, for eglenthe learned hypothesis has true error equal
to 0 or 1. To say something meaningful, we need to assume &neihg algorithm has the property that
Prléy # e,] > 0 (all probabilities are taken over the draw of the full dat§.sén addition, our proof
will need to assume that the instance spacés finite, and that the learning algorithm is insensitive to
example ordering. This insensitivity can be enforced inkefald procedure simply by shuffling the training
examples randomly before giving them to the learning atgorj on each of thé runs. Thus we are not
violating the black-box assumption of our learning aldarit

It is interesting to note that the k-fold estimate can be idahto the single hold-out estimatelif= n

or k = 2. In the case wheré = n (leave-one-out), Kearns and Ron [45] give several nice gxasrof
poor performance. For instance, a learning algorithm teasuhe rule “if | have seen an even number of
positive examples then predict positive, else predict tiegjawill have the property that no matter what the
data is,é; = é5... = é,; thus the leave-one-out estimate will be exactly the same lagd-out of size
1. Furthermore, if the underlying distribution has 50% pesiexamples, then the true errors will be the
same as well. In the case whdre= 2, an example is as follows. Suppose that we are to predicathe |
of integers drawn uniformly in some ranfje . . . , 2t], and the truth is that all labels are 0. Our hypotheses
have a single parametgr On even integers it will predict O with probabilipyand 1 with probabilityl — p.
On odd integers it will do the opposite, predicting O with lpability p and 1 with probabilityl — p. Thus
the true error is 50% regardless mf Furthermore, our “learning” algorithm chooseso be the fraction
of even examples seen in the input. Nowkif= 2, we will have two hypotheses withy and ps, and
é1 = p1p2 + (1 — p1)(1 — p2) = é2. So the two-fold estimate, which is identical to the hold-estimate, is
no better an estimate of the 50% true error.

Theorem 3.2 Suppose the example space is finite, our learning algorighimsiensitive to example
ordering, and the hold-out estimate is not always perfeetfir[é, # é;] > 0. Then,foR < k < n
andm > 2,

El|éxk — ex|" < E[|é1 — e1|™],

where, unlike the previous theorem, we now have strict iaktyu
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Proof. Without loss of generality, we assume that all examples infioite example space have positive
probability so that every dataset has positive probabihityw, for a strictly convex function, such as/™,

m > 2, Jensen’s inequality holds with equality if and only if dflettermsz; are equal. Substituting
x; = é;—¢;, we seethatif; —e; # é; —e; for some dataset, then we are done. Otherwise, for contiaialic
assume that

é; —€; = ¢; — ¢;, forall data sets, and < 4,5 < n. (3.2)

Now, we consider several possible data sets. To describe tletS; be a set o% — 2 examples, leb;, be

a set of — 1 examples, and lefs, Sy, ..., S). be sets off examples each. The basic idea is that we will
be swapping the first element of the first fold with first eletraithe second fold. Specifically, the data sets
we consider (using semicolons to separate the folds) are:

A. z,x,51; 2',52; S3; Sy4;---
B. 2/,x,51; 2,52; S3; Sq;---
C. z,y,51; 2/, Sa; S35 Sq -+
D. 2.y, S1; 2,95 S3; Sa5---

To distinguish between the hypotheses of different datg set'll refer to the errors by their letters, edag;
refers to the true error of the hypothesis; trained on everything but thih fold in dataset B.

By the assumption of insensitivity to example order, we ha&ty; — €435 = ég3—€p3. By (3.1), we see
thaté 41 — €41 = ég1 —€p1. Similarly, insensitivity to example ordering implies tléas; —éc3 = éps—€ps
sowe havés, — écy = épy — épy. Noting thath 4, = hey andh g, = hpy, We subtract equations to get,

€41 — €41 — (éc1 —€c1) = ép1—€B1— (ép1 — €p1)

€41 — €01 = €B1— €p1.
Now, again using the fact thaty; = hcy; andhp, = hp, we have:

ear(®) —ear(y) = epi(z) —em(y),

wheree 4; (2) denotes the error df4; on examplez. Since this last equation holds for arbitrary:’, and
S;, it means that changing a single training exampléo(z’) does not change the quantityx) — e(y).
Thereforee;,(z) — exn(y) must be the same for any training set, because one trainirgasée changed
to any other by a sequence of individual changes. Sincedlaso true for arbitrary, this means the the
function f(z, y) = en(z) — exn(y) is well-defined (i.e., it doesn’t depend on the training Yataparticular,
we see that, (z) — €, = Eyeplen(z) — e (y)] is a constant quantity across training sets/for

This strict requirement that, () — €, is constant leads us to conclude thgtz) = e, (y) always. To
see this, consider the following data set:

E. Lylyeee s T3 Y Yy o3 3 537 547
By applying (3.1) to data set E, we see that
érp1 — €p1 = ep1(x) — €g1 = en2(y) — €ma.

But, from the previous paragraph, we know these differenoesot depend on the specific training data.
Thus,egi(z) — ép1 = er1(y) — €r1, er1(x) = er1(y), andey, () = e, (y) for anyh learned from training
data. This implies all individual fold error estimates aegfpctly accurate, violatingr[é; # ¢,] > 0.1
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Itis interesting to consider when the k-fold estimate wdlllauch better than the hold-out. It is sufficient
thaté; —e; have a significant chance of being different tidane;, i.e. that these variables are not completely
correlated. One scenario in which this is the case is whenhgee a form of hypothesis stability, which
could guarantee that is close toe;.

Finally, we show a worst-case type of result, that Hoeffdimginds can still be used for the k-fold
estimate, as if we had just a hold-out of sizg::

Theorem 3.3 Hoeffding bounds hold as if we usedk testing examples. In particular,
Priék > ek +a] < e~ 2a?n/k and Prék < ek — a] < e—2a%n/k.

Proof. The proof of Hoeffding bounds for the standard hold-out a#sge andé; with a hold-out set of size
s = n/k, e.g. [5], begins by bounding[e**(°=¢1)]. Then they use Markov’s inequality with this bound,

E[eAS(él—él):l

Prléy > e; 4 a] = Pre?(F1=1) 5 M) < o

However, since*** is a convex function of, Jensen'’s inequality implies that,

e/\s(éK—éK) _ e%(él_él+"'+ék—5k)
ers(é1—e1) 4ot eNs(Ex—ex)

<
- k

ThusE[eNeK=eK)] < E[eMé1—€1)] and the proof goes through.

3.6 Related Work

Leave-one-outross-validation, which is also common in practice, cqrogsls tok = n. There is more
prior work on this type of cross-validation [45, 55, 24, 69, 33, 44], as referenced by Kearns and Ron
[45]. Their bounds depend on the VC dimension [60] and hypsithstability [45]. Restrictions of some
kind seem unavoidable, as there are interesting examplkasuations where the leave-one-out estimate is
always off by 50% [45]. These terrible-case examples do xist &r k-fold cross-validation with smali,
because it is better than a hold-out set of correspondirgsizich is a good estimator. In addition, certain
algorithms, such as nearest neighbor, have been shownéogoad performance with leave-one-out [23].
Our bounds, however, are not very informative in the leave-out case, because we would be comparing
it to a hold-out of a single element.

As far as we know, the only other theoretical guarantees ektfold estimate are given by Anthony
and Holden [4], who extend the analysis of Kearns and Rontpi8ie k-fold setting. They judge the k-fold
error as an estimate of the true error of the hypothesisgdaim all the data. This is a natural formulation of
the problem, because in practice the hypothesis often ohissgkis untested hypothesis. However, because
the new hypothesis is untested, their performance guasudgpend on VC dimension, and their results are
sanity-check bounds which relate the k-fold error to theilbssitution error. For largé, leaving a small
number out, the resubstitution error may be a better estithean the corresponding hold-out, and their
bounds may bridge the gap between leave-oneott §) and typical k-fold £ is a small constant).

In very nice theoretical work, Kearns has analyzed the dgidunt of data to hold out for the purposes
of model selection [44]. In this setting, he would like toeslthe best hypothesis from a set of hypotheses
generated by learning algorithms. He shows that there &rime sense, an optimal amount of data to hold
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out for the purposes of testing these hypotheses. Since eabiglation is very useful for model selection
[43], it would be useful to do the same for k-fold cross-vatidn.

Other forms of cross-validation that are used in practictuiie the bootstrap [26] and jackknife esti-
mates [25]. Analyses of these are average case or asympgtiievould also be nice to provide meaningful
worst-case guarantees.

On another note, if the k-fold hypothesis is chosen as arageeof thek generated hypotheses rather
than the randomizing hypothesis, it is similar to baggid@[1lin that situation, the goal is to reduce the
generalization error, which Breiman claims can be achidyeceducing the variance in the hypothesis. On
the other hand, we are concerned more with the variance irewar discrepancy. Thus decreasing the
generalization error of the final hypothesis would make tHel# error a worse estimate. It would also
be interesting to explore the connection between hypathestability, which Breiman discusses for the
purposes of reducing generalization error, to hypothéalslgy, which Kearns and Ron [45] trace back to
Devroye and Wagner [24] for the purposes of accurate ertonason.

Finally, progressive validationintroduced in [9] is another method of beating the hold-dive still

have a hold-out of size:, but when testing théh element of the hold-out, we train on the training sed
the first: — 1 elements of the hold-out.



Chapter 4

Splay Trees

In this chapter, we first describe splay trees and then digtigsmajor open question about splay trees
— the so called dynamic optimality conjecture [58]. We dopraive the dynamic optimality of splay trees.
Instead, we describe a binary search tree algorithm with wiacall dynamic search optimality. We hope
that this algorithm may lead to a dynamically optimal algam.

4.1 Binary Search Trees

A binary search tree (BST) is a data structure for storingaljoordered set of (key,object) pairs, such as
(name,social security number) with the standard lexiqaigiaordering on names. Each node in the tree
represents one object, and everything in the left subtrest have a key less than the node, while everything
in the right subtree must have a key greater than the nodeoufgourposes, we are not interested in the
actual objects or even the specific values of the keys (j&st thlative ordering), so we will assume that
the trees only contain integer keys2, ..., n. An example of such a tree containing integers is shown in
Figure 4.1.

In general, the operations on such trees include inserdeletion, access(finding a key), and various
other operations. In fact, we will specifically be interekte just the access operations. For the access
operation, we simply have to start at the root of the tree amderdown the edges until we find the accessed
node. The search cost of an access is simply the depth ofddat n

You can see that if a tree is very deep, then the search costaxfaess may be very high. A BST of
nodes has depth betwek » andn. One traditional way to ensure low-cost accesses waslancethe
tree, i.e. make sure that it doesn’t have more thgiog n) depth. This can be achieved by several methods
such as AVL trees [2] and red-black trees [34]. The standaay to restructure a tree is by rotations. A
rotation, shown in Figure 4.1, is a way of swapping a child patent node in a BST, such that the order
properties of a BST are preserved.

4.2 Static and Dynamic Optimality

As mentioned, the search cost of a node is simply the deptiadohbde. In addition, we would like to allow
algorithms to perform arbitrary rotations, at a cost of oaerptation. An on-line algorithm is said to have
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dynamic optimality if it has a constant competitive ratie, ,i

Definition 4.1 (Dynamic optimality) An algorithm is dynamically optim&its cost on an arbitrary
sequence of accesseglisn + DYNAMIC-OPT, where DYNAMIC-OPT is the minimum cost of this
sequence of accesses for a dynamic BST algorithm that pagtsritption.

Sleator and Tarjan have conjectured that splay trees, défirtee next section, are dynamically optimal
[58]. While they were not able to prove this, they did shstatic optimalityfor splay trees, a weaker
condition stating that the algorithm is constant competitelative to the class of static BSTs, i.e.,

Definition 4.2 (Static optimality) An algorithm is statically optimal ifsicost on an arbitrary se-
quence of accessesn+STATIC-OPT, where STATIC-OPT is the minimum cost of this sequence
of accesses for a static BST that does no rotations.

Various other properties of BST algorithms have been pregp@nd shown for splay trees, but they
are almost all corollaries of dynamic optimality. In padii&r, dynamic optimality implies of course static
optimality and the much more difficult dynamic finger conjeet, proved by Cole [13, 14, 15]. Tarjan has
proven the sequential access theorem, stating that thefcstessing noddsthroughn by splays isO(n),
regardless of the starting tree [59]. This is also necessarglition for dynamic optimality to be true.

We believe that there is some dynamically optimal BST atgari which would be progress towards the
dynamic optimality of splay trees.

Conjecture 4.3 There is some on-line BST algorithm that is dynamicallyropti

In trying to prove this conjecture, we ignore the computagiocosts associated with deciding which
nodes to rotate. Of course, this allows us to propose sormilkidisly inefficient algorithms, but our main
goal is to find out if the above conjecture is true or false.

Dynamic optimality, for any BST algorithm, may be difficutt &chieve for two reasons. First of all, the
algorithm has to decide which nodes to keep near the roobrfeég it has to be able to get these nodes near
the root without using too many rotations. We show that tis diifficulty is not insurmountable. Thatis, we
break the cost of an access into two parts g@ch cosand therotation cost Then, we have an algorithm
with dynamic search optimalityneaning that its search costi$n+DYNAMIC-OPT), where DYNAMIC-
OPT is still the minimum total cost (search cost + rotatiostg@ST algorithm, for any sequenteThis
type of unfair competitive analysis, where the cost furnrcior the on-line algorithm is different than the
cost function of the off-line algorithm, is not uncommon.[Aurthermore, static optimality can be viewed
in the same way, if we consider the cost of rotations to beitefirost for off-line algorithms.

Definition 4.4 (Dynamic search optimality) An algorithm has dynamic skangtimality if itssearch
cost on any sequence of accessé&s(is+ DYNAMIC-OPT, where DYNAMIC-OPT is the minimum
cost of this sequence of accesses for a dynamic BST algdtitiirpays 1 per rotation.

There is no especially strong evidence suggesting that &lyagorithm is dynamically optimal. A nat-
ural approach to disproving this would be to present a set@iisnces, and argue that no on-line algorithm
can handle all these sequences in a dynamically optimal emnamhe simplest form of this argument would
be that the on-line algorithm cannot “guess” which node comext and therefore has too many nodes to
keep near the root. However, the existence of an algorithimayinamic search optimality implies that this
type of argument is not possible.

LI rotations are free, a natural idea is at each step, to ehthwstree of the optimal off-line algorithm so far. This istas
simple as it sounds, because off-line optimality is ambigud-or example, suppose you start with a 7 node “line” tregepth 7.
After several accesses to node 1, the deepest node, anyabpffriine algorithm must have brought it to the root. Thare 132
equally optimal ways to do this, all using 6 rotations.
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Wilber [65] made some progress by proving lower bounds fbtiné algorithms. In particular, he has
shown that a random sequence of accessgs,in, ... ,n} costs an expected(logn) per access for off-
line algorithms. This is another necessary condition faradyic optimality to be possible. For, any on-line
algorithm costs an expectédlog ) justin search cost (not counting rotations) since the aeedepth of a
node isf(log n).

We go slightly farther in analyzing the cost of random segesnWe show that the number of sequences
with off-line costk is less thare'?* for any k. For information-theoretic reasons, dynamic optimality o
any BST algorithm would imply that there are less tB4rsuch sequencésEssentially, we give a way to
describe off-line rotations in 12 bits per rotation, eveough there are, in general,— 1 possible rotations
one can perform.

4.3 Splay Trees

Splay trees are an adaptive BST algorithm. When an elemantessed, several rotations are performed in
the tree to move that node to the root. There are three cased ba the position of the accessed element
in the tree:

A. If z is a child of the root, rotate up in the tree.
B. If z is aleft child of a right child (or a right child of a left chijdthen rotate: up twice.

C. If z is a left child of a left child (or a right child of a right chijdthen first rotate:’s parent up and
thenz up.

It is not difficult to see that every rotation described abdeereases’s depth in the tree by one. When a
node is accessed, the above is applied unslat the root. For a good survey of splay trees, see [3].

We view thecostof an access to be the depth of the element (with the root balepth 1) plus the
number of rotations performed. For splay trees, this co3tis 1 if a node at deptl is accessed. For a
static tree, i.e. no rotations are performed, it is simpl\Bleator and Tarjan proved t&atic optimalityof
splay trees. This says that splay trees are as good, to wittomstant factor, as any static tree.

Theorem 4.5 (Static optimality of splay trees [58]) Starting from angéronn nodes, the cost of
an arbitrary sequence of accesses by splaying(is + STATIC-OPT, where STATIC-OPT is the
minimum cost of this sequence of accesses for a static tree.

From this theorem, we see immediately that the average eostgoess in splaying i3(log ) as long
asm > n, because the static complete binary search tree has ldgpth

4.4 Related Work

On-line analysis was invented by Sleator and Tarjan [57]e $tate of affairs with regards to splay tree
conjectures and theorems is described well in [3]. In terhtkeoff-line optimal algorithm, little is known.
Wilber [65] has shown a particular sequence that hayalog ») lower bound. The sequence involves
writing down the numbers between 0 afd— 1 in binary in order, using: bits each. Then simply reverse
the bits in each number, i.€010 — 0101.

2Given an on-line algorithm, such as splaying, any accessesem can be described by the location of each node in ite-corr
sponding tree. This can be described using 3 symbols (igfftt, and stop) and has length proportional to the search Thsre is
no need to describe the rotations performed by the on-ligerithm, since those can be determined from the accesssegugo,
for any on-line algorithm, there are at ma&tsequences costing less thian
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Lucas shows that a constant competitive optimal off-lig@athm exists that rotates edges which form
a connected subtree containing the root and the next eleémbetaccessed [51]. She also shows that if
and its descendents are never accessed, then the optimdttaigneed not rotate them.

Sleator and Tarjan prove most of their results by assignamgpal weightso,, . . . , w, to the different
nodes. They define a potential which assigns each node ahanlstthe log of the sum of weights on it
and all of its children. The total potential is the sum of #heasnks, and they show that the amortized cost
of splayingz is at most3(r(t) — r(z)) + 1, wherer(¢) is the rank of the root angd(z) is the rank ofz.
From this theorem, they are able to establish the balancedh® stating that the amortized cost per access
isO(log n), the static optimality theorem, and the static finger theprehich says that for a fixed element
1 <y < n the amortized cost of splayingis O(log |z — y| + 1).

The dynamic finger theorem, which would follow from dynamgtimality, was proven by Cole [13, 14,
15]. This states that the amortized cost of splayirig O(log |z — y| + 1), wherey was the node splayed
prior tox.

Several variants on splaying have been suggested inclaojrgown splaying, semi-splaying (where
the node being splayed isn’t moved all the way to the root), [&88d randomized splaying [31, 1]. Splay
trees have also been applied to data compression [33].

4.5 Lower bound

We assume that the nodes in the tree are simply the numbgys.. , », andm is the length of the access
sequence. We further assume that all algorithms, on- adiheffbegin with the same fixed tree, say, rooted
atn and having depth. In this section, we prove the following. The constantis not really important,
and we are mostly interested in the fact that 29$%).

Theorem 4.6 The number of access sequences having optimal off-liné:éestt most!2*, for all
k > 0, regardless of. or m.

Proof. We use an information theoretic argument based on the théitaicone can concisely describe any
sequence having optimal off-line cast To summarize, we will argue that it is possible to describg a
access sequence via the trees used in the optimal off-lgwitim and get a description that is of size
O(k). First, loosing a factor of two, we assume that the off-litgméthm moves the next node accessed to
the root prior to its access. Then, it suffices to describeséiggience of trees, because the accesses will just
be their roots. To do this, we describe the set of rotationf®praed from each tree to the next, which we do
in at most6r; bits if there are-; rotations. This implies that there are at mp$t possible sequences of cost
k because there are at ma&t descriptions of lengthk. However, we lose an overall factor of two due to
the following assumption.

As several people have observed, we may assume that tHae#lgorithm rotates the next node to be
accessed to the root before each access. This adds at mesbraofatwo to the optimal cost. Given any
off-line algorithm, we can modify it by making it rotate a retb the root immediately before accessing it.
If the item was at deptH, then we have paid an addition&l- 1, but we have decreased the search cost by
d — 1. Immediately after the access, we can reverse the rotgtdinstations are reversible), and move the
node back to where it was at a costdf 1. Thus, we have paidl(d — 1) when the former algorithm paid
onlyd — 1.

Like Lucas [51], we think of a rotation as an edge rotationakihanges a single edge from either left
to right or right to left. Of course, the nodes adjacent to @geemay change. But based on our assumption
that the next access is rotated to the root, it is not diffimuttee that all the edges on its path to the root must
be rotated at least once.
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Lucas argues that without further loss of generality one assume that the set of edges rotated by an
optimal off-line algorithm form a single connected compuoinat includes the root and the next node to
be accessed. Briefly, this is because any rotations of eddés this connected component could easily be
delayed (using lazy programming) until they are in such aneated component. Their delay will not affect
the search cost, since these rotations cannot affect thh défhe next access, nor does their delay affect
the rotation costs.

Next, observe that regardless of the order of the rotatimms.can completely describe the result of the
rotations in6w bits if there arew edges. First, describe the subset of edges that were raaédr more
times. Since this is a rooted subtree, one can describe sirig the symbols left (00), right (01) and up
(1), to form a cycle that traverses each edge twice, usinggadd3w bits. Next describe their position in
the resulting tree. In the resulting tree, these edges tilllbg a rooted subtree, so one can describe them
also with3w bits. First note that the set of nodes in this subtree doesi@hge even as the positions of
the edges do. Secondly, notice that the shape of this sutiirepletely determines the positions of all the
nodes, because this is a BST. Finally, note that off-linewtlgm has to perform at least rotations.

Thus, one can describe the optimal sequence of trees (asdtBuaccess sequence)6in bits if it
performsr rotations. Since we lose a factor of two due to our first assiempthis proves the theorer.

4.6 Dynamic Search Optimality

In this section, we will consider probability distributi®nA tree can be thought of predicting the next access,
where it predicts nodes closer to the root with higher prdlgt=rom our lower bound, we see

Corollary 4.7 There is a probability distribution over arbitrary sequescof accesses, that assigns
probability at leas 3% to an access sequence of optimal off-line dost

Proof. Choose a cost according to the distributioh/2*. By Theorem 1, there are at mast* sequences
of that costll

It is easy to convert a BST into a probability distributipsuch thap(j) > 3-depthy) Simply choose
J by beginning at the root, going left, right, or stopping,feagth probability 1/3 (when possible). It is also
possible to convert a probability distribution into a tree.

Observation 4.8 For a probability distributionp over individual accesses, we can create a BST
such that dpth(a) < 1 — log p(a) for any nodex.

Proof: For the root, choose the firstsuch thatzi‘lp(i) < 1/2and)’Y  p(i) < 1/2. Recurse on the
numbers less than(normalizingp) to create the left subtree, and the numbers greater:tf@nthe right
subtree. It is easy to see that the total probability of arptree rooted at deptt is at most1 /29! so a
node of probability (i) cannot be deeper thanlog p(i). B

We can combine these two ideas to make an on-line algorithm.
Theorem 4.9 For any probability distributiorp over access sequences, we can create an on-line
algorithm with search cost at most — log p(ajaz . . . a,,) for every access sequencgis . . . @y, .

Proof. The distributionp can be thought of as predicting the next access from thequs\accesses. In
particular, the conditional probability of the next accga®n the previous accesses is,

D bipto b P01+ i1 ibigy b))
Zb,‘,...,bm p(a1 .. .ai_lbin_l e bm) '

pi(a;) = plaglaray .. .a;_1) =
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We can writep as a product of the conditional distributions of accgs®.,

m

plaag...an) = Hpi(ai).

1

Our on-line algorithm works as follows. For thilh access, we have enough information to compyte
We then converp; into a tree by the method of Observation 1. Thus, the depthadss:; in this tree will
be no more tham — log p;(a;). Our total search over. accesses is at most

Zl —log pi(a;) = m —logplaray .. .ay).
1

Corollary 4.10 There is an on-line algorithm that has dynamic search oplitjmdn particular, on
any access sequence, its search cost is at most 14 timesttimabpff-line total cost.

Proof. We use the probability distribution of Corollary 1 in comaiion with Theorem 2 to get a total cost
of m plus 13 times the optimal off-line cost. But is no larger than the optimal off-line cof.

4.7 Future Work

In trying to go from dynamic search optimality to dynamiciomlity, we must find a way to ensure that the
number of rotations is small, i.e. not much more than the tatst of the optimal algorithm. It would suffice
to find a dynamlically search optimal algorithm whose ratattost was bounded by a constant times the
search cost. This is not true for the algorithm we have prego@ur algorithm makes no attempt to save on
rotations, and goes from a probability distribution to @tedter each access, using in no way the previous
tree.

One possibility would be to carefully analyze how it is theg probability distribution over next accesses
changes. When nodeis accessed, how exactly does it affect the probability afenpbeing accessed
next? If one understood this well, then perhaps one coulcerbetwveen consecutive distributions with few
rotations.

It would be nice to extend the technique we used for the moyvfesint analysis in the introduction to
splay trees. Suppose we make it mandatory to immediatelerii@/requested node to the root exactly as
splaying does. Then, by the same reason as in move-to-fweniill increase the cost of any algorithm by
at most a constant factor. Next, suppose we increase thefoeath rotation by a constant factgrfurther
increasing the cost by at most a factorofThen, one might hope to show that the lazy approach wogks, i.
delaying a rotation to the next round will not cost anythimgy@ Unfortunately, this is not true for splay
trees, but it might be true for some variation on them, sualaadomized splay trees [31, 1].
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